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expression in this algebra. A system so described has two aspects: an informal network
geometry arising from the algebraic expression, and a space of states and transition given
by its evaluation in Span(Graph). Note that Span(Graph) yields purely compositional
descriptions of systems.

ﬁzxxﬁ In this paper we give an alternative globally (non-compositional) view of the same systems.
Petri nets In order to do this we make mathematically precise the network geometry in terms of
Monoidal categories monoidal graphs, and assignment of state in terms of morphisms of monoidal graphs. We
Spans of graphs call such globally described systems networks with state. To relate networks with state and

Span(Graph) systems we use the algebra of cospans of monoidal graphs.
As an illustration we give a new representation of a (non-compositionally described) class
of Petri nets in the compositional setting of Span(Graph). We also present a tool for
calculating with networks with state.
Both algebras, of spans and of cospans, are symmetric monoidal categories with commu-
tative separable algebra structures on the objects.
We include a short section, following [2], in which we show that a simple modification of
the algebra allows the description of networks in which the tangling of connectors may be
represented, yielding a connection with the theory of knots.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In 1997 Katis, Sabadini and Walters introduced a parallel algebra of automata, Span(Graph), in [1]| and at the same
conference [3] showed how P|T nets could be embedded in this algebra. In 2000 [4]| the same authors introduced a re-
lated sequential algebra of automata, namely Cospan(Graph) and showed how the two algebras combined could model
hierarchical systems with evolving geometry. Many of the remarks we make in this paper apply both to Span(Graph) and
Cospan(Graph) though we concentrate in this paper on the parallel algebra.

A system described in Span(Graph) (which we will call a Span(Graph) system) has two aspects: (i) an algebraic ex-
pression and (ii) its evaluation in Span(Graph). In [1] we showed how an algebraic expression yields an informal network
geometry, and its evaluation an automaton of states and transitions of the system.

It is intrinsic to Span(Graph) systems that their geometry and state space are given compositionally. The aim of this
paper is to give an alternative description of Span(Graph) systems, both of their network geometry and of their state space,
a description which is global and non-compositional.
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Remark 1. All the systems we will consider are described at level of their control structure. Hence will be assumed finite,
that is have a finite set of states and transitions. Moreover they will have only a finite number of components.

1.1. The global geometry of Span(Graph) systems

The algebra Span(Graph) is a symmetric monoidal category with extra structure and the informal pictorial representa-
tions of expressions in the algebra given in [1] followed the string diagrams [5] for expressions in monoidal categories. The
diagrams used were not however formally justified, and shared the defect of string diagrams of being progressive, that is
that composition is done from left to right (see Caveat 3.2 of [5]). This means that the diagrams are very close to the alge-
braic expressions they represent. The natural geometry of systems does not have this simple form - consider, for example,
the geometry of a Petri net or of a circuit diagram. We give here instead a precise mathematical formulation of the global
(non-compositional) geometry of Span(Graph) systems in terms of monoidal graphs which we believe correspond very well
to natural system geometry.

The one possible objection to monoidal graphs as network geometries is that components have two sides (instead of n
sides); this arises from the fact that we need to relate the global geometry to the algebra Span(Graph) which has nullary,
unary, and binary operations.

1.2. The global state space of Span(Graph) systems

The second contribution of this paper is to show how not only the geometry but also the state space of a Span(Graph)
system may be given globally and non-compositionally. We define what we call networks with state to be a morphism of
monoidal graph from the network geometry to the large monoidal graph of Spans of graphs. This amounts to the assignment
of state and transitions to each component and each connector of the network in a consistent way. The global space of states
and transitions is then given by a limit.

1.3. Relating global with compositional

In order to prove that systems described globally as networks with state are the same as compositional Span(Graph) sys-
tems we need of course to describe networks with state compositionally. This involves introducing open networks (without
states) as certain cospans of monoidal graphs and their algebra, as well as open networks with state.

Once we have made the connection we are able to give, as an illustration, a new representation of a (non-compositionally
defined) class of Petri nets, C/E nets, as Span(Graph) systems, a representation more faithful than that of [3] to the geometry
of Petri nets.

The separation of the two aspects of Span(Graph) systems into their geometry and their state space also permits us to
give an efficient tool for calculating random behaviours of Span(Graph) systems.

14. Earlier work

The geometry of monoidal categories began with Penrose [6], and Joyal and Street [7] and is surveyed in [5] (though
that papers does not consider the structure here discussed). The two main algebras of this paper, Spans and Cospans,
were introduced by ]. Benabou [8]. The algebra of Span(Graph), symmetric monoidal categories in which each object has a
commutative separable algebra structure compatible with the tensor product, what have been called elsewhere [9] WSCC-
categories (WSCC=well-supported compact closed) has been studied in detail by Sabadini and Walters with collaborators
Katis and Rosebrugh, especially in [1,10,4,11-13], beginning with the work on relations with Carboni [14] in 1987.

The work has numerous antecedents in computer science — we mention just S. Eilenberg [15], S.L. Bloom, Z. Esik [16],
Gh. Stefanescu [17]. The algebra has connections with quantum field theory [18], and as we will describe in this paper with
the theory of knots.

There are many other models of networks consisting of components and connectors (see the introduction to [19] and
references therein, though it fails to mention [1] which is earlier than most of the other models and influenced some) but
they lack the connections with algebra, geometry and physics.

Other authors, like Baez, Fong, and collaborators, used an approach similar to our in order to describe an algebra of
networks applied to control theory and circuit diagrams (see for example [20,21] and [22]).

1.5. Outline of the paper

Since to read the present paper it is crucial to have a thorough understanding of how systems are modelled in [1] we
begin in the Section 2 with an informal review of the Span(Graph) model as well as of the related sequential algebra
Cospan(Graph) [4]. The elements of Span(Graph) are spans of graphs, and the main operation is communicating-parallel
composition of automata; the elements of Cospan(Graph) are cospans of graphs and the main operation is sequential com-
position of automata.
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Notice that in speaking of the category of cospans we should consider cospans only up to an isomorphism of the central
graph of the cospan. In practice we will always consider representative cospans, and any equation we state will be true only
up to isomorphism. The same proviso should be applied to our discussion later of spans, and systems.

In Section 3 we introduce the abstract notion of monoidal graph, a notion already explicit for example in [7], which is
the notion we use to represent closed networks. We describe a way of picturing monoidal graphs as nets of components
with ordered sets of (left-hand and right-hand) ports which are joined by wires. We then introduce certain cospans of
monoidal graphs which we use to represent open networks. We describe explicitly the algebra of open networks, which as
mentioned in 1.1 is a symmetric monoidal category whose objects have commutative separable algebra structures. Finally
we give the theorem that the algebra of open networks is free and hence any open system may be written as an expression
in the algebra in terms of constants and components.

In the Section 4 we define network with state. The technical definition requires morphisms of monoidal graphs, but may
be described intuitively as follows: an open network with state is an open network each wire of which has an associated
graph, (and hence each port of a component has an associated graph), and each component of which has a span of graphs
from the product of graphs of the left-hand ports to the product of graphs of the right-hand ports. We describe the global
states space of an open net with state as a certain limit of the state space of the components, a definition which agrees
with the usual engineering view of a circuit. The equivalence of networks with state and Span(Graph) systems is shown
here, we illustrate with examples.

In the same section we show how to model C/E nets by particular networks with state, giving some simple examples
including a mutual exclusion Petri net. We would like to make clear some perhaps unconventional aspects of our modelling.
Firstly we consider concurrent execution of the C/E net since we believe this is the natural semantics (if two independent
events have conditions satisfied we see no reason why both should not occur together). Interleaving seems to us an unnatu-
ral semantics which however we could model by introducing a non-deterministic scheduler component. The second unusual
aspect is that we put a spatial ordering on incoming arcs to a transition (and also on outgoing arcs). This in no way changes
the modelling possibilities or behaviours of C/E nets, but does have the advantage of connecting net theory with other parts
of mathematics and physics: we have included Section 6 on tangles to emphasize this. We believe that the introduction
of commutative monoidal categories (rather than symmetric monoidal categories) in [23] was a mistaken direction. In an
example we indicate another problem we see with Petri nets, namely that sequential processes are represented in terms of
parallel components leading to unnecessary state explosion.

In Section 5 we describe a tool, written by Filippo Schiavio, for executing random behaviours in nets with state.

Section 6 reviews material taken from an earlier mathematical paper [2] which shows that a closely related algebra
allows the description of networks in which the tangling of connections may be represented. The only new material in this
section is an example of the correspondence between geometric and algebraic proofs of the equality of tangled networks.
We include this material to show the connection of the network-with-state model to geometry and physics, indicating its
mathematical maturity.

Finally, the Section 7 contains a summary and some indications of further research questions.

2. Review of the Span and Cospan algebras of automata

We give an informal review of the Span and Cospan algebras of automata (we suggest that for a better comprehension
of this paper and for more details it is advisable to see the original papers). The algebra Cospan(Graph) was introduced
in [4] as a sequential algebra for automata, with essentially the Kleene operations of sequential composition, choice and
iteration. What is missing in Kleene is the operation of communicating parallel composition, and joint actions, fundamental
to describe any mechanism. Consider for example how to gearwheels interact during their movement by simultaneous
change of their state

The algebra Span(Graph) was introduced in [1] as a “parallel” algebra for automata. l.e. the two fundamental operations
are parallel composition with or without communication. The automata are open (that is, have interfaces or ports) as is
necessary to achieve compositionality. Communication is through synchronization on common actions of the control of
different components (not message passing). Communicating automata evolve simultaneously, not in interleaving. In order
to have an algebra with at most binary operations the interfaces must be grouped into two sets, what we call respectively
the left and right combined ports. There is no implication that left ports are input ports, or that right ports are output ports.

In both cases the algebra involved is a well-known one introduced by Jean Benabou in 1967 [8] and developed in 1987
by Carboni, Walters [14] as an algebra of relations, which provides a natural mathematical framework for describing nets of
automata, both graphically with circuit-like diagrams, and as terms in a suitable algebra.

We describe first the abstract algebra of Benabou.

2.1. The algebra of spans

Definition 1. Give a category C with finite limits we define a new category Span(C) as follows: Objects of Span(C) are
the same objects of C. Arrows of Span(C) from A to B are spans, that is pairs of arrows (f : X — A, g: X — B) of C with
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common domain, often written:

X
N
A B
Composition of spans (f: X — A,g: X —B)and (k:Y — B,h:Y — C) is by pullback (restricted product):
X XB Y
X Y
Jj/ X ,y \<
A B C

The identity span of object A is (14, 14). The category Span(C) is actually symmetric monoidal with the tensor of two spans
(f:X—>A,g:X—>B)and (h:Y—>C,k:Y—> D) being (f xh:XxY—>AxC,gxk:XxY — BxD).

In [1] we introduced an informal geometric description (in the style of monoidal category string diagrams) for the
operations in Span(C). For example, we represented spans (X - Ax B,X—->CxD), (Y >CxD,Y — E) and (Z — F,
X — G) by pictures of components with ports:

A c C
B X D D Y E F z <

Then the composite of the first two spans is pictured as:

A c
B X D Yy —~

while the tensor of the first and third is pictured as:

A | | C
B X D
F 7 G

In addition there are constants of the algebra which are pictured as operation on wires which enable the depiction
of fanning out of wires and feedback, and hence of general circuit diagrams. In the following, when we will consider
Span(Graph) as an algebra of automata where parallel with or without communication are the main operations, we will
use the expression parallel feedback.

2.2. The algebra of cospans
Definition 2. There is a dual construction Cospan(C) for categories C with finite colimits. In fact, Cospan(C) = Span(C°P),

but it is better seen as follows: Objects of Cospan(C) are the same as objects of C. Arrows of Cospan(C) from A to B are
cospans, that is, pairs of arrows (f : A— X, g: B — X) of C with common codomain, also written as:

A B

N

X
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Composition (f:A— X,g:B— X)and (h:B— Y,k:C—Y) is by pushout: (glued sum)

The identity cospan of object A is (14,14).

Again there are constants of the algebra which are pictured as operation on wires which enable the depiction of joining of
wires and sequential feedback. As before when we will consider Cospan(Graph) as an algebra of automata where sequential
compositions are the main operations we will use the expression sequential feedback.

2.3. Span(Graph), a parallel algebra of automata

Span(Graph) is the category of spans in the category of (finite) directed graphs. Consider a span of graphs (§p : X — A,
81 : X — B). The graph X may be considered as the graph of states and transitions of an automata with interfaces (or
communication ports, using name more used in circuit theory). The graph A is the graph of states and transitions of the
combined left ports and B is the graph of states and transitions of the combined right ports. The graph morphism &
associates to a state and to a transition of the automaton X the corresponding state and transition of the left ports A; the
morphism 8; does the same for the right ports.

For all the examples of this paper the left and right ports have only one state so that we tend to ignore that; then &g
and 81 are a double labelling of the transitions of the automaton X by transitions on the left ports and transitions on the
right ports. More intuitively each transition of the component has an effect on all its interfaces, maybe the null effect.

In the case that the left and right ports have one state, the operations of composition and tensor of spans have a simple
description in terms of operations on automata. The tensor of two automata has states being pairs of states, one of each
automata, and has as transitions pairs of transitions between the corresponding pairs of states. The composition of automata
has similarly states being pairs of states, and transitions being pairs of transitions but only those pairs of transitions whose
labels on the connected ports are the same.

Example 1. In the following example the left and right ports are both graphs with one state and two transitions & and
s which are displayed on the ports. The automaton has ten states and ten transition (in a circle through the states). The
morphisms &g and §; are indicated by doubly-labelling the transitions of the automaton (so, for example, §o(0 — 1) = ¢ and
31(0—> 1) =s).

0<L5 o5 pEls
le/s
&8 4 £,8
1 /s le/s
5
| ¢e/s
9‘7‘98‘%7%6

We are actually interested in a variation of this example which we shall call DecimalDigit or more shortly DD which has
the same ports but in addition to the ten transitions above also ten loops one on each state, each labelled (¢/¢). The label
€ is to be thought of as a null label.

Using composition in Span(Graph) we can form a new automaton DecimalCounter as the span composition of (for sim-
plicity only) three DD’s:

DD DD DD ——




N. Sabadini et al. / Theoretical Computer Science 664 (2017) 144-163 149
or in more detail (though omitting the loops) as:

Oe/s 1e/s 28/8 3 Oa/s 1E/s 25/5 3 Oe/s 1e/s 25/3 3

* e/s * e/s * e/s

£,8 £,8 £,8 £,8

s/s ls/c s/s ls/e s/s ls/q
5 5 5
iy e/s E/S E/S 6 9 €/s s/s s/s 6 %75 s/s s/s s/s 6

Now we could calculate the composite in Span(Graph) by first composing two DD’s and then composing the result with
the third DD. This is the compositional algebraic viewpoint.

However there is a global geometrical alternative in which we build the final automata directly: a state of DecimalCounter
is a triple of states one of each DD, and a transition of DecimalCounter is a triple of transitions with the property that the
labels on the connected ports agree. The labels on the transitions of DecimalCounter are the labels on the non-connected ports.

For example, starting in state (0, 1, 8) the following is a sequence of transitions of DecimalCounter:

(e/s)

©0,1,8) 2, (0.1,9) 2,

L0 0,1,9) 2 0.2,0)

(remember the ¢/& loops on each state of DD) so a transition s on the right-most port increments the counter. In fact,
starting from state (0, 0, 0), after 123 transitions labelled s on the right, the state of the network is (1, 2, 3).
Notice that the transition

9,99 2, 0.0, 0

occurs in one step.

Remark 2. The main point of this paper is to make mathematically explicit this relation between global/geometrical and
compositional/algebraic points of view, as an example we give an embedding of the geometric C/E nets in the compositional
algebra of Span(Graph).

Remark 3. If one wants a parallel algebra of automata which also includes initial and final states of the automata, a slight
variation of the above is possible: instead of the category of graphs take the category (I + J)\Graph whose objects are
graph morphisms (I + J) — X, that is consist of two graph morphisms I — X and | — X, to be thought of as the initial
states and final states of X. Then the parallel algebra is Span((I + J)\Graph).

Remark 4. In [24,25] we described a probabilistic versions of Span(Graph) and Cospan(Graph) in which communicating
parallel composition involves conditional probability, arising from the fact that incompatible transition cannot occur and
hence probabilities must be normalized. This yields a compositional theory of Markov chains.

2.4. Cospan(Graph), a sequential algebra of automata

Cospan(Graph) is the category of cospans in the category of (finite) directed graphs. Consider a cospan of graphs (o :
E — X,y1: F — X). The graph X may be considered as the graph of states and transitions of an (unlabelled) automaton.
The graph E is the graph of initial states and transitions and F is the graph of final states and transitions — usually E and F
have only states and not transitions. The graph morphisms yp and y; are often inclusion morphisms of the initial and final
states in X.

Remark 5. If one wants a sequential algebra of automata which have labelled transitions, a slight variation of the above is
possible: instead of the category of graphs take the category Graph/(A x B) whose objects are graph morphisms X — A x B,
that is consist of two graph morphisms X — A and X — B, to be thought of as the left and right labellings of X. Then the
sequential algebra is Cospan(Graph/(A x B)).
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2.5. Cospans and spans of graphs

The two algebras we have described may be combined in a natural way. Consider four graph morphisms (8o : X — A, 81 :
X— B,y0:E— X,y1: F— X). From these we may obtain an arrow in the parallel algebra Span(Graph)\(E + F), and also
in the sequential algebra Cospan(Graph/(A x B)), and hence we may apply both sequential and parallel operations to such
automata, obtaining hierarchical nets of automata with evolving geometry. There is a distributive law of parallel composition
over sequential. For some details of this see [4].

3. Networks
3.1. Closed networks

We formalize the notion of closed network by the notion of monoidal graph given in following definition:

Definition 3. A monoidal graph M consists of two finite sets My (wires) and M (components) and two functions domain :
M1 — Mj and codomain : M1 — M{ where Mj is the free monoid on Mp. We call the monoidal graph M discrete when
M =0.

Remark 6. This notion is slighty different from the usual notion of hypergraph. Directed graph are examples of monoidal
graphs in which the domain and codomain functions land in Mg rather than Mg. For these it is usual to speak of elements
of My as edges or arcs, and elements of My as vertices. We will see shortly that the language of components and wires is
more suitable when the domain and codomain functions are words rather than single letters.

We can represent a monoidal graph by a list of arcs (the elements of M) with the tail of the arc being its domain, and
the head of the arc its codomain. An example with M;={A;,B1,C1,D1,A2,B2.C2.D2.E} and Mo={X1,Y1,Z1,W1,X2,Y2,Z3,W3} iS:
A1:X1—>Yq
Bi1:Y1 —> Z4
C1:Z1—> Wy
Di: W1 - Xj
Ay Xo—> Yy
By:Yy,— 72>
Cy:Zy7—> Wy
Dy Wy — X5
E:Z1Zy — Y1Y2
Definition 4. If A: X1Xy--- X — Y1Yy--- Y, is a component of monoidal graph M then we call the elements of the set

{1,2,---,mj} the left-hand ports of A, and the elements of {1, 2,---,n} the right-hand ports of A. Notice that either the set
of left-hand ports or of right-hand ports may be empty.

Remark 7. We insist that as in Span(Graph) the left ports and right ports do not have an interpretation as input and output
ports respectively. However, in the context of this paper in which the main examples are Petri nets we shall also use the
term input port for a left-hand port, and output port for a right-hand port. For this reason we also indicate input ports by
arrows on wires entering the component, and output ports by arrows on wires exiting the component.
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The notion of ports of a component gives rise to a different geometric representation of monoidal graph which explains
why we regard such a graph as a closed network. The elements of M; are represented as components with ports, the
elements of My are represented as connectors or wires, and the domain and codomain functions describe how the ports
are joined to the connectors.

The order on the ports is indicated by a small square in the component nearest to the first left-hand port (in the example
below, see in particular the component E : Z1Z; — Y1Y3). The right-hand ports are taken in the same order as the left-hand
ports.

Note: After this section we shall usually omit the indicator of the order of the ports, where the intended order is clear.

Remark 8. It might be objected that the simple monoidal graph with two wires X, Y and one component A : X — Y should
not be considered as a closed network. However while the component A has left and right ports, the monoidal graph itself
does not have specified left and right ports. We will see when we define open networks in the next section that this graph may
have external ports specified in many different ways.

We will need later the definition of morphism of monoidal graph.

Definition 5. A morphism « from monoidal graph M to N consists of two functions a1 : M1 — N7 and «g : Mg — Ng such
that domainy o o1 = (ctg)™* o domainy; and codomainy o o1 = (¢tg)™* o codomainy;, where (a)* is the monoid homomorphism
between free monoids induced by the function «p.

Remark 9. It is not difficult to verify that monoidal graphs with these morphisms form a category, denoted MonGraph,
which is in fact a presheaf topos.

3.2. Open networks

In order to show that the globally described notion of network may be also described compositionally we need a notion
of open network. An open network is a monoidal graph together with left and right interfaces. The formal definition is as
follows:

Definition 6. An open network consists of a monoidal graph M, two sets S ={1,2,---,m} and T ={1,2,---,n} and two
functions yp: S — My, y1 : T — M. We denote the open network as M: S — T. If both sets S and T are empty the only
content of the network is the monoidal graph, that is, the network is closed.
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We sketch an example in which the sets S =T ={1, 2, 3}. Notice it has the same form as a single component.

An open network has a simple standard categorical description. It is a cospan of monoidal graphs between discrete
monoidal graphs.

3.3. The algebra of open networks

The algebraic structure that cospans (open networks) admit is that they form the arrows of a symmetric monoidal category
in which every object has a commutative separable algebra structure compatible with the tensor [14,1] - what we call WSCC
categories. We first give a definition of WSCC category assuming knowledge of symmetric monoidal categories.

Definition 7. A commutative separable algebra in a symmetric monoidal category consists of an object X and four arrows
V:X®X—> X, A:X—>X®X,n:1— Xand e: X— I making (X, V,n) a commutative monoid, (X, A, e) a cocommutative
comonoid and satisfying the equations

IxdV)IAR1Ix)=AV=(VR1x)(IxRA): XX > X®X
VA =1y.

There are two important derived operations of a commutative separable algebra X, namely € : X ® X — [ =eV and
n:l— X®X=An.

Proposition 1. Given object X with a commutative separable algebra structure the arrows n: 1 — X ® X and € : X @ X — [ satisfy
the equations (where Tt is the twist of the symmetry):

(D) €®1x)(Ax@N)=1x=(1x ®€)(n ® 1x)
(i) et =€eand tn=n.
Proof. We prove only (i) as an illustration. To see that (¢ ® 1x)(1x ® n) = 1x notice that
ER1x)(VR1x)(Ax®A)(Ix®n) =(e®1x)AV(1x®n) =1x - 1x =1x;
The first equality is an application of the first displayed axiom of definition 2.5 in [1]. The second equality comes from the

monoid and comonoid axioms. O

Remark 10. Axiom (i) says that X is a self-dual object. The reader can translate these into equations between string diagrams,
which are representations of expressions. An example is the string diagram for (i):
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Definition 8. The operations of the algebra of open networks The open network composition of M: S — T with N: T — R
is composition of cospans of monoidal graphs; that is, the components of the composite are the disjoint union of the
components of M and N whereas the wires of the composite are the quotient of the disjoint union of the wires of M and
N obtained by equating the images of elements of T (under y;) in M with corresponding images of the elements of T
(under yp) in N. The open network tensor of M and N is formed by taking disjoint unions of both wires and components.

Similarly the constants of the algebra of networks, can be given by using the constants of the algebra of the monoidal
graph. We don’t give a precise definitions but we present them by picturing.

e
—— ] e [
—— —

3.4. The algebra of open networks is free

Theorem 1. Given a monoidal graph M the free symmetric strict monoidal category constructed from M adjoining commutative
separable algebra structures to the objects of M is the full subcategory of Cospan(MonGraph/M) whose objects are discrete monoidal
graphs over (labelled in) M.

Proof. In [12] the special case for graphs rather than monoidal graphs is proved by demonstrating (in Proposition 3.3 of
that paper) a normal form for arrows in the free category (with structure). Since the proof of the theorem we are describing
here (even if it is more general of the one in [12]) requires a straightforward modification of the normal form in which a
sum of edges is replaced by a sum of components of M. So we leave the proof for the reader. O

We denote this full subcategory as Csp(MonGraph/M). The components of M lie in Csp(MonGraph/M) as cospans as
follows: if A: X1X3---Xm — Y1Y2--- Yy is a component of M then the corresponding cospan is

where the elements A, X1, X2,---, Xm, Y1, Y2, -+, Yy are now labels - that is, if in the original monoidal graph X; = X»
then in the cospan the corresponding wires are distinct but have the same label X; = X, in M.

Remark 11. The first practical use of this theorem is that from the components of M we can generate any open (or closed)
monoidal graph containing these components by evaluating an expression in the algebra Csp(MonGraph/M) starting from
single components.

As an example we describe the monoidal graph M of Section 3.1 as an expression in Csp(MonGraph/M) in terms of
single components. The following expression evaluates to M:

(€y, ®€y,)(1y, ® (Vy, ® Vy,)(A1D1C1 ® E® A2D2C2)(Az,B1 ® Az, B2)) ® 1v,) (y, ® Ny,)
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as can be seen by examining the string diagram for this expression:

Yy
X
Z1 C1 W D, Lioa,
B,
i)
By
V4 X
2 C Wa Dy 2| 4,
Ys

Remark 12. A theorem similar to Theorem 1, for ordinary graphs only, was described by Gadducci, Heckel and Llabres [26]
for application to graph rewriting.

4. Networks with state

The aim of this section is to attach automata to each of the components and wires of a monoidal graph; that is, to add
states and state transitions to each part of the network. This will be done globally, but also have a compositional description.

4.1. Adding state to networks

A cospan of monoidal graphs with these extra labelling automata is what we use to model open networks with state.

Again this has a standard categorical description. Consider the monoidal category Span(Graph): composition is pullback,
tensor is product. Span(Graph) is a WSCC category, but now A : X — X x X is the span with left-leg the identity and
right-leg the diagonal of the product, and V : X x X — X is the reverse of the span A. Let |Span(Graph)| be the (large)
monoidal graph whose wires are the objects of Span(Graph) (that is, graphs) and whose components are spans of graph
morphisms between products of graphs. Then

Definition 9. An open network with state is an arrow in the monoidal category

Csp(MonGraph/|Span(Graph)|).

Hence a closed network with state is a morphism of monoidal graphs from MonGraph to |Span(Graph)|.
Note that Csp(MonGraph/|Span(Graph)|) is also a WSCC category.

The definition simply means that associated with each wire of an open network there is a graph, and to each component
A:X1Xy---Xm — Y1Y2--- Y, a span of graphs between the products of the graphs labelling the wires.

Definition 10. The process of forming the global state space of a network with state is the functor preserving the WSCC
structure

globalstate : Csp(MonGraph/|Span(Graph)|) —> Span(Graph),

which is induced, using the freeness of the domain category, from the inclusion of the components of |Span(Graph)| in
Span(Graph).

Theorem 2. The functor globalstate can be obtained by calculating a global limit in Graph.

Proof. The details of the limit are as follows: the diagram in Graph has as objects all the labelling graphs of the wires, as
well as all the labelling graphs of the spans; the arrows arise from the labelling spans - one arrow from the labelling graph
of the span to each labelling graph of the associated wires. The proof is described in [13], an article on the compositionally
of the calculation of limits and colimits. O

Remark 13. The meaning of this is that a state (state transition) of an open network with state is a tuple of states (state
transitions), one for each component, such that the states (state transitions) agree in the related wire graphs; the traditional
engineering way of looking at a parallel network.
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Corollary 1. The systems described by networks with state are the same as Span(Graph) systems.

Proof. Consider the functor
globalstate : Csp(MonGraph/|Span(Graph)|) —> Span(Graph).

An arrow in the domain may be thought of as either (i) algebraically, an expression in Span(Graph) (the compositional view of
asystem) or (ii) geometrically, a network (cospan of monoidal graphs) labelled in graphs. The functor globalstate may be obtained
by calculating either (i) by evaluating the expression in Span(Graph) or (ii) by calculating a global limit. O

Remark 14. If a network with state is given geometrically the global state space is calculated by a limit. However, if a
network with state is given compositionally then there are two methods of calculating the global states and state transitions
of a system: (i) evaluating the expression in the codomain, or (ii) by evaluating the expression in the domain to obtain the
geometry of the system and then taking a limit. For calculating random behaviours (ii) is much more efficient and we take
advantage of this efficiency in the tool described in Section 5.

Example 2. We describe DecimalCounter, the decimal counter with three digits given above. Consider the monoidal graph
M with one component C and one wire X with C: X — X. Then arrows in Csp(MonGraph/M) are open monoidal graphs
built out of the open monoidal graph corresponding to this component. The example we wish to consider is the composite
CCC: X — X in Csp(MonGraph/M) which is an open monoidal graph with graphical representation

Now by the freeness of Csp(MonGraph/M) a monoidal graph morphism from M to |[Span(Graph)| induces a structure
preserving functor

Csp(MonGraph/M) — Csp(MonGraph/|Span(Graph)|)

which takes the open monoidal graph CCC : X — X to a network with state. To describe the decimal counter we choose
the following morphism of monoidal graphs M — |Span(Graph)|: X goes to the graph with one vertex and edges ¢, s and
C goes to the span of graphs DD.

The decimal counter now consists of three such automata joined in parallel according to the pattern of the open
monoidal graph CCC: X — X:

4.2. Petri nets in an algebra of automata

In the same volume, Proceedings AMAST '97, in which Katis, Sabadini and Walters introduced the Span(Graph) algebra
of automata, they also showed [3] how to embed P/T nets into this compositional setting.

The advantages of an algebra are clear: an algebra permits new conceptually significant components to be constructed,
it permits encapsulation, and further it permits recursive definitions (we present an interesting example of recursion in an
algebra which includes also sequential operations in [4]).

There was a possible infelicity in this embedding: both places and transitions were represented as components. We give
here a new embedding in which conditions are represented by components, and events by wires. For simplicity we consider
the case of C/E nets. We will make particular reference to the monoidal graph of Section 3.1 regarded as a C/E net for a
simple mutual exclusion protocol.

Beware: In view of the multitude of variations in the literature of the notions of Petri net, of names for the elements of
Petri nets, and of behaviours of Petri nets, we need to be clear about which usages we intend in this article.

We will use names associated with C/E nets. What are sometimes called places we will call conditions; what are some-
times called transitions of a net we will call events. We will speak of the preconditions and postconditions of an event. The set
of events for which a condition is a precondition we call the postset of a condition. The set of events for which a condition
is a postcondition we call the preset of a condition. We call a subset of conditions a marking of the net.

The behaviour we intend for a C/E net is as follows: an event may occur in a marking only when its preconditions are
all satisfied (that is, are in the marking), and its postconditions are all unsatisfied (not in the marking). After the occurrence
the preconditions are all unsatisfied, and the postconditions are all satisfied. Two different events can occur concurrently if
and only if there is no element in common to the pre- and post-conditions of one event with the pre- and post-conditions
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of the other. We notice that two concurrent events are not necessarily firing simultaneously in a marking. That is, two
concurrent events can be asynchronous. In order to describe this behaviour in our formalism we add a loop labelled € in
every state. A firing of the net in a marking is a subset of the concurrent events in the marking. A behaviour of a net is a
sequence of firings beginning with an initial marking.

It is clear from our geometric picture that the notion of monoidal graph is very close to that of Petri net if we think
of the components as conditions, and the wires as events and the ports as connections between the conditions and the
events. However there is a difference: the input ports of a component have an order on them, as do the output ports. The
ordering is fundamental when relating the work to other parts of mathematics, physics and engineering: for example, circuit
components have an ordering on the ports.

In the influential paper [23] Meseguer and Montanari made a different connection: they identified places with wires and
transitions with components, and considered the unusual and to us unnatural notion of commutative monoidal category,
where there is no ordering on the ports.

Notice that, under the correspondence which we will describe in detail below, the monoidal graph introduced in Sec-
tion 2.1 is (apart from the fact that the ports of the components are ordered) that corresponding to the following Petri net
of a simple mutual exclusion protocol:

Definition 11. For each condition of a Petri net A/ choose an order on the preset of the condition, and also on postset of
the condition. Form from N the monoidal graph denoted ® (/') in which the components are the conditions, and the wires
are the events; if A is a condition with ordered preset X1, X2, ---, X, and ordered postset Yq,Y>,---,Y, we associate to
condition A the component A: X1 X - X — Y1Ya - Yy

Definition 12. Given a Petri net A/ we consider closed network with states ®(A\/) as follows. Each condition A becomes
a component with two states 0 and 1. Each event X becomes a wire whose graph has one state, and which has two
transitions, an & transition and a transition which represents the occurrence of the event X, conventionally named fx, but
in examples often labelled in such a way to make the meaning of the occurrence clear.

Finally we describe the transitions of the components. Each state of a component has transitions from the state to itself
labelled ¢ on each of the ports (that is, projecting to ¢ on each of the input and output wires). Further if a condition A is
a precondition of the event X, then in the graph associated to A there is an arc from 1 to O labelled fx on the port X and
€ on all other ports. Lastly, if a condition A is a postcondition of the event X, then in graph associated to A there is an arc
from O to 1 labelled fx on the port X and ¢ on all other ports.

Notice that the global state space of the closed network has 2% elements where k is the number of conditions in the
Petri net; a state corresponds exactly to a marking of the C/E net.

We give some pictorial examples which should clarify these definitions, and make clear also that a global transition
of the network with state corresponds exactly to a firing of the C/E Petri net. The examples may strike one at first as a
complicated way to describe C/E nets, but the advantage is that the behaviour is programmable by automata. This allows
descriptions quite different from the simple control structures of Petri nets. For examples, see [1,10,4] and Example 6 of this

paper.

Important Note: In the following examples we omit all mention of ¢ transitions on the wires. Strictly speaking each wire
should have an ¢ transition, and each transition of each component should have as many labels as there are ports - the
purely & transitions should have label ¢ on all ports, the other transitions should have all ports except one labelled &. We
have indicated only the non-¢ labels.
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Example 3. Consider the following Petri net with any initial marking:

X

O—>f

O—>»

Y

The network with states obtained from the Petri net is:

Ix

0<«—1

The satisfaction of a condition in a marking of the Petri net corresponds to state 1 in the corresponding component. If
the common postcondition is unsatisfied in a marking then either of the events may occur (but at most one) provided the
precondition of the event is satisfied.

Example 4. Consider the following Petri net with any initial marking:

Y
The network with state obtained from the Petri net is:
X fx
—_— 1
fx
01
Iy
fy
—_— 1
Y

If a postcondition of an event is unsatisfied and the precondition is satisfied then that event may occur (but at most one
event).

Example 5. The mutual exclusion protocol Notice that in the following example we have not used the name fx for the non-¢
transition of event X; we have used suggestive names. For example, Pinc; means the occurrence of a non-critical event of
process 1; Piin means the occurrence of the event of process 1 entering the critical region.
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The following network with state corresponding to a Petri net may have any initial marking but the intended initial
marking is that each process has one token in a non-critical condition, and the middle mutex component has a token.

Remember that a global state transition consists of a state transition in each component such that the labelling on
common wires is the same. In each global state there is a state transition which is & on each wire. Other global state
transitions involve at least one non-¢ label on wires; that is, involve the occurrence of one or more corresponding events.
It is straightforward to see that these global state transitions correspond exactly to firings of the C/E net.

Example 6. The example Petri net of Remark 15 models a mutual exclusion protocol for two processes P1, P each of which
can be in three non-critical states or one critical state. The protocol involves a mutex component which can be free or busy.
A natural way to describe each process is to present an automaton. In the case of Py it might be:

critical

Note that non critical actions are &-labelled because they are not important in mutual exclusion context and can be inter-
preted as silent actions.
Using these automata the protocol can be formalized by a simpler network with state:

S1—>»S2—>S3

Pyout Pyin
critical

Psout

critical
Psout, Psin

Pyout

S§1—>»S2—>S3
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Notice that the state space of the Petri net has 2° elements, whereas the state space of the network with state just
introduced has 2° elements. This is due to the fact that the Petri net permits markings which are not intended in the
modelled system.

In the Petri net there are 2* possible marking of each process and 2 markings of the mutex component yielding a total
of 24 x 2 x 2% =29 possible marking. The intention however is that each process has 4 possible states, and the mutex
component 2 yielding 4 x 2 x 4 = 2° states for the system. The point is that a sequential process represented as an n
state automaton is necessarily represented as a Petri net with n components and hence an exponential (in n) number of
possible markings. The advantage of the more general notion of network with state is that each entity of the system can be
encapsulated as a single component, and sequential processes may be represented sequentially.

Remark 15. Recently Montanari and collaborators [27] have studied compositional theories of Petri Nets using the Tile Model,
and ideas of Sobocinski [28,29] and [3,1]. There is some similarity between the work of [28] and the work presented here,
namely that symmetric monoidal categories with structured objects are used. However instead of the separation between
geometric gluing using cospans and communicating actions using spans Sobocinski has different operations which we do
not regard as optimal. In particular it shares the problem of Petri nets of representing sequential processes inevitably with
parallel components. To be more clear, in our model the distributed system is given by sequential components connected
throught interfaces.

The problem arise from the fact that Petri nets are not intended to model sequential components.

Note that to model a sequential process with n states in a Petri net we have to use n conditions, with one event between
each pairs of adjacient conditions (exactly what we done in the mutual exclusion example). That is, the process with n states
becomes a Petri net with 2" possible markings. In order to represent the original sequential behaviour with n states the
Petri net must be equipped with an initial marking where only a single condition has a token. The net with a different
initial marking can have a totally different behaviour (even highly concurrent).

5. A tool for networks with state

The second author has developed a program for calculating the network from an expression in Cospan(MonGraph/
|[Span(Graph)|) and producing random executions. We want to emphasize that the generation of random behaviours is
scalable in the presence of many of components, thanks to the fact that we avoid the compositional evaluation of the
expression in Span(graph). Instead a behaviour is built by taking at each step a tuple of transitions admissible starting from
the current state.

The application accepts as input the definition of components (labelled automata), networks of components, described
as algebraic expressions, and commands to generate output diagrams representing the structure and behaviour of given
expressions. The program is entirely developed in Java by using two external applications for input/output management,
respectively Antlr3 and Graphviz. The first application is a language tool that provides a framework for constructing recog-
nizers, interpreters, compilers, and translators from grammatical descriptions. The second is a graph generation tool, used
for drawing networks and state/transition diagrams. The program together with examples, including the mutual exclusion
protocol described in this paper, are available at [30].

6. Tangled networks

This section is a brief review of some results in [2] together with some new material relating algebraic and geometric
proofs. We include it to illustrate the fact that the algebra we have described above is not ad hoc, but fits neatly into the
general theory of the relation between monoidal categories and geometry which has had such an explosive development in
recent years in mathematics and physics. We mention only four items [31,32,18,5] from the vast literature.

Definition 13. A braided strict monoidal category ([33]) is a category C with a functor, called tensor, ® : C x C— C and a
“unit” object I together with a natural family of isomorphisms 74,5 : A® B — B ® A called twist satisfying

1) ® is associative and unitary on objects and arrows,
2) the following diagrams commute for objects A, B, C:

ARB®C BRC®A

rh /8;

BRA®C
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and
AQB®C i CoA®B
lm %’
ARC®B

We will denote the n-fold tensor product of an object A by A™.

Definition 14. A commutative Frobenius algebra in a braided monoidal category consists of an object G and four arrows
V:GRG—G, A:G—->G®G,n:1— G and e: G — I making (G, V,n) a monoid, (G, A, e) a comonoid and satisfying the
equations

1@V AR®R1)=AV=(VR®15)(1c®A):GRGC—->GCGRG
Vi=V:GQG—>GC
TA=A:G—>GCQRGC

where 7 is the braiding.

Definition 15. Given a monoidal graph M the free braided strict monoidal category in which the objects of M are equipped with
commutative Frobenius algebra structures is called TCircDy. Its arrows are called tangled circuit diagrams.

6.1. Equality of tangled circuits

We give an example of a proof of the equality of two tangled circuits, an example given in [2] but without the equational
proof provided here.

Proposition 2. If R : X x Y — [ is an arrow in the monoidal graph M then
Rt{}( =ex(Ix®R®1x)(nx @1y ® 1x) =Rty y.
We give two proofs, first an algebraic proof and then a geometric version of the same proof.

Proof. (Algebraic) Consider the middle expression. It clearly suffices to prove that it is equal to the first expression.

ex(Ix®RR1x)(nx @1y ® 1x)
1

=ex(Ix @ 1x @ R)(1x ® Txgy x)(Mx ® 1y ® 1x) (naturality of twist)
=ex(1x®1x@R)(1x ® ‘L';lx ®1y)(1xR®1x ® I}T’}()(nx R1y ®1x) (property of twist)
=R(ex®1x®1y)(1x ® T)?lx R1ly)(Nx®1x® 1y)(77;§<) (functoriality)
=R(exTy y ®1x @ 1Y) (1x ® Ty y ® 1y)(Nx ® 1x ® 1y)(Ty §) (commutativity)
=R(ex®1x® 1Y)(T)Z]X R1x¥1y)(1x ® ‘Eglx R1ly)(x®1x ® 1y)(r{}<) (functoriality)
=R(ex ® Ix ® 1y) (Txgy x ® 1y) (1x ® 1x @ 1y)(1y ) (property of twist)
=R(€x®1x®1Y)(1X®Tlx®1y)1’{}< (naturality)
=Rty (duality) O

Proof. (Geometric) First a picture of the equations:

R - ' - X =
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It is clearly sufficient to prove the first equation. Consider:

R _ @ (naturality)

_ }@ (commutativity)

(naturality)

D% R (duality)

Notice that the geometric proof skips some steps since the functoriality and the properties of twist are geometrically

obvious. O

6.2. Dirac’s belt trick

We claim that the following two circuits are equal in TCircD, that is that a rotation through 47 of a component | — X3
is equal to the identity. We suspect, but are unable to prove, that a rotation through 27 is not the identity.

pu
RO\ /“5

We give a sketch of a proof only. We may prove that the first (twisted) circuit is equal to
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Naturality gives equality to

=]

and then to

N

which is equal to the untwisted circuit.

Remark 16. For further connections with braids and knots, including the compositional calculation of knot groups and
colourings, see [2].

7. Conclusions and further research

We believe we have presented a very natural and mathematically appropriate model of networks with state, which can
be described both globally and compositionally, giving as an example C/E nets, in terms of the algebras of spans of graphs,
and cospans of monoidal graphs.

We did not present an algebra of sequential processes with state, which naturally would be represented in terms of
cospans of graphs. The paper [10] describes systems constructed by sequential (cospans of graphs) and parallel (spans of
graphs) operations but does not include the network algebra (cospans of monoidal graphs). An aim would be to have a
model with all three aspects. The paper [10] also includes the beginnings of recursive definitions, and we are currently
researching this direction.
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