
An Automata Model of Distributed SystemsP. Katis1, R. Rosebrugh2, N. Sabadini1, and R.F.C. Walters11 Dipartimento di Scienze CC. FF. MM., Universit�a degli Studi dell'Insubria, Como,Italy2 Department of Mathematics and Computer Science, Mount Allison University,Sackville, New Brunswick, CanadaAbstract. Three examples of the use of case-place automata are given:(i) a compositional model checking algorithm, (ii) a formalization of theIWIM coordination model, and (iii) an example of the representation ofmobile processes.1 IntroductionThere are a variety of automata models of concurrent systems based on prod-ucts of automata, the most prominent being asynchronous automata [16], andthe synchronous product of automata of Arnold and Nivat [6]. These theorieshowever have limitations in the modelling of distributed systems. The �rst isthat they have a �xed geometry. The fact that asynchronous automata have a�xed dependence relation has been regarded in the concurrency community as aserious drawback. Secondly the theories lack compositionality. To achieve com-positionality and variability of geometry is precisely the purpose of the algebraof case-place automata developed in this paper.In previous articles [10], [11], the authors have introduced automata suitablefor describing the normal communicating-parallel activity of workers, which au-tomata we called spans of graphs from their categorical origin, but which mightbe more appropriately called place automata. In section 2 of this paper we showhow place automata may be used to do compositional model checking in thestyle of (but with important di�erences from) [8], [9].In section 3 we give the formal de�nition of case place (or CP) automaton.We introduce the operations of parallel composition and restricted sum. We thenshow how CP automata may be used to formalize the IWIM (`idealized workersand idealized managers') coordination model, doing a case study of a distributedbucket sort. This work has also been reported in [13]. In section 4 we show howmobility of processes may be modelled using CP automata, introducing at thesame time two extra feedback operations on CP automata.In the remainder of the introduction we describe the notation we use for setsand functions and their operations.



Notation By a graph G we mean a set G0 of vertices and a set G1 of (directed)arcs, together with two functions d0; d1 : G1 ! G0 which specify the sourceand target, respectively, of each arc. A morphism from G to H consists of afunction from vertices to vertices, and a function from arcs to arcs which respectsthe source and target functions; an isomorphism is a morphism for which bothfunctions are bijections.We shall frequently use the following simple algebra of sets and functions inour constructions below. Given two sets X and Y the cartesian product of X andY will be denotedX�Y; and the sum (disjoint union) ofX and Y will be denotedX+Y . Associated with the cartesian product and sum constructions there are avariety of special functions: the projections prX : X�Y ! X; prY : X�Y ! Y;the diagonal �X : X ! X�X; the product twist X�Y ! Y �X ; the injectionsof the sum inX : X ! X+Y; inY : Y ! X+Y; the codiagonalrX : X+X ! X;and the sum twist X + Y ! Y + X: We denote the composition of function' : X ! Y with  : Y ! Z by  � ' : X ! Z: Given two functions ' : X ! Y ; : Z !W; there are functions '+  : X +Z ! Y +W and '�  : X �Z !Y �W: Given two functions ' : X ! Z;  : Y ! Z; an abbreviation for thecomposite function rZ � ('+ ) : X+Y ! Z is ('j ): Given sets X;Y; Z, thereis the distributive law bijection �X;Y;Z : X � Y +X �Z ! X � (Y +Z): If T isa one point set then for any X; there are isomorphisms T �X �= X �= X � T:Finally there is a unique function from the empty set ; to any other set X; andfurther ; �X �= ;: For further details of this algebra see [15].2 Place automata and model checkingThe model of concurrent system we use is that of a span of graphs [11]. Compo-sition of systems on interfaces is as considered in [11]. For the purposes of thispaper a somewhat simpli�ed version of the model is su�cient, which we describebrie
y.De�nition 1. Consider an alphabet A which contains a special null symbol .Consider graphs for which at every vertex there is a speci�ed null loop. Then aplace automaton is a tuple X=(X;m; n; @0; @1) where X is such a graph, m;nare natural numbers, and @0 : arcs(X)! Am; @1 : arcs(X)! An; are labellingsof the arcs of X by tuples of letters in the alphabet A with the property that nullloops are alway labelled by tuples of null symbols.The graph X is called the graph of states (vertices) and transitions (arcs) ofthe automaton. The number m is the number of left interfaces of the system;the number n that of the right interfaces. The alphabet A is the set of possibletransitions on the interfaces of the system. If � is a transition of X then @0(�) isthe m-tuple of transitions on the left interfaces which occurs when the transition� occurs; @1(�) is the corresponding n-tuple of transitions on the right interface.Where there is no confusion we will denote the labelling functions for any systemby the same letters @0; @1: We represent a system graphically by a rectanglecontaining the labelled graph, with m wires on the left and n on the right.



A behaviour of the place automaton X is a path in the graph X: A reachableplace automaton is a place automaton with a speci�ed initial state x0 2 X; withthe property that each state of X is reachable by a behaviour commencing at x0.A deadlock state of X is a state out of which there is only one transition, thenull transition.A morphism ' from automaton X to automaton Y (both with the same number ofleft and right interfaces) we mean a graph morphism which respects the left andright labellings. Morphism ' is path-lifting if given vertex x 2 X and transition� : '(x) ! y 2 Y there is a path x! x1 ! x2 ! :::! xn such that '(xn) = y,all except the last edge in the path are taken by ' to the null loop on '(x), and'(xn�1 ! xn) = �: For reachable automata we require also that the intial stateis preserved by morphisms.Example 1. The two place automata we need for the example are the philosopherP and the fork F described diagrammatically as follows - except that we haveomitted the null-loop at each vertex:-?�6 	 R� I1 234 12 3Philosopher Forkl= =lu==u l= =lu= =uFor each automaton 1 is the initial state. The state 1 of the fork means free,2 means locked to the left, 3 means locked to the right. The symbols l and umean lock and unlock respectively. The transition l= : 1! 2 of the philosophermeans lock the left fork, and do nothing on the right.For the purposes of this section we need only describe two operations onsystems (further operations may be found in [11]).De�nition 2. (Communicating parallel) The communicating parallel compos-ite of systems X = (X;m; n; @0; @1) and Y = (Y; n; p; @0; @1) is X � Y = (X �Y;m; p; @0; @1) where X �Y has vertices all pairs of vertices (x; y) (x 2 X; y 2 Y );and arcs all pairs (�; �) (� 2 X; � 2 Y ) such that the right labelling of � equalsthe left labelling of �: The left and right labellings of (�; �) are the left labellingof � and the right labelling of � respectively. For reachable automata X ; Y wedenote by X �R Y the part of X � Y reachable from state (x0; y0):De�nition 3. (Feedback) The feedback of system X = (X;m+ 1; n+ 1; @0; @1)is Fb(X ) = (Fb(X);m; n; @0; @1) where Fb(X) has vertices all vertices of X andarcs all arcs � 2 X such that the n + 1 st right label equals the m + 1 st leftlabelling of �: The left and right labellings of � 2 Fb(X) are the �rst m leftlabels and the �rst n right labels of � respectively. For a reachable automaton Xwe denote by FbR(X ) the part of Fb(X ) reachable from x0:Example 2. The classical dining philosopher problem is Fb(P � F � P � F � ::: � P � F):The reachable part of the dining philosopher problem is FbR(P�RF�RP�RF�R:::�RP�RF):



Minimization Given a reachable place automaton X we will now de�ne aconstruction min(X ) which is often much smaller than X and which has theproperty that there is a path lifting morphism "X : X ! min(X ): As a simpleconsequence of the path lifting property is that deadlocks are preserved, so that�nding (reachable) deadlocks in X reduces to �nding deadlocks in min(X ), then�nding the inverse images of deadlocks in X and checking which of these statesare deadlock states of X . Notice that path lifting morphisms ' do not have theproperty that '(x) is deadlock implies the x is deadlock.De�nition 4. Given a relation R on the states of X de�ne a new relation E(R)as follows: (x; y) 2 E(R) if (i) for any labelled transition a=b : x ! x0 inX there is a path y = y0 ! y1 ! y2 ! ::: ! yn with the �rst n � 1 stepslabelled = , with (x; yi) 2 R for i = 0; 1; ::; n � 1; and with (x0; yn) 2 R;and (ii) the symmetric property for y in terms of x: Commence with the totalrelation T - any x is related to any y: Then Ek(T ) (k = 1; 2; 3; :::) eventuallystabilizes as an equivalence relation on the states of X (a notion closely relatedto the maximal autobisimulation as described in [6]): De�ne the set of states ofmin(X ) to be the equivalence classes of states of X under this relation. There isa transition a=b : [x] ! [y] in min(X ) if there is such a labelled transition forany representatives of the classes.Remark 1. The minimization of any closed system, for example the dining philoso-phers, has one state and one null loop.Proposition 1. The morphism "X : X ! min(X ) is surjective and path lifting,and has the property that given any path lifting morphism ' : X ! Y there is aunique path lifting morphism � : Y ! min(X ) such that � � ' = "X :The other crucial property of "X : X ! min(X ) is that it has the followingcompositional properties (which means that it can be calculated compositionallyrather than globally):Proposition 2. min(X�RY) = min(min(X ) �R min(Y));min(FbR(X )) = min(FbR(min(X ));"min(X )�Rmin(Y) � ("X �R "Y) = "X�RY ;"FbR(min(X ) � FbR("X ) = "FbR(X ):The algorithm based on these ideas is as follows: given a system which is pre-sented as an expression in the operations of communicating parallel and feedback,calculate min of the system by successively evaluating an operation, and thencalculating min of the result. Record the morphisms " which arise in the cal-culation. When min of the system is obtained, succesively �nd all the deadlockstates, and then inverse images along the calculated " 's.



The dining philosophers The result of applying this algorithm to the diningphilosopher problem is as follows:min(P�RF) is a �ve vertex graph with 15 arcs. The expressionmin(P�RF�RP�RF)may then be evaluates as min(min(P�RF)�R min(P�RF)): Calculatingmin(P�RF�RP�RF�RP�RF)in a similar way we obtain the surprizing result thatmin(P�RF�RP�RF�RP�RF) �= min(P �R F �R P �R F):That is, min((P�RF)n) �= min((P�RF)2) for all n � 2: This means that thecalculation of the minimization of (P�RF)n has linear time complexity. If theextra function is added to the algorithm of checking when min((P�RF)k) �=min((P�RF)l) for two di�erent stages k; l of the algorithm then the time com-plexity of calculating min((P�RF)n) becomes constant.The �nal stage of calculating min of the dining philosophers is to calculateFbR(min((P�RF)n)) and then minimize the result, yielding one state and onenull edge as expected.The process of retrieving the deadlocks involves tracing back through the"'s checking considering only deadlock states as you go. The �rst step of theprocess involves noting that the only state of the �nal minimization is a deadlock.However among its images in FbR(min((P�RF)n)) only one is a deadlock state.Repeating, the inverse image of the deadlock in FbR(min((P�RF)n�1 �R (P�RF)))consists of one state which is a deadlock. And so on. The information usedin doing this calculation is the expression for the dining philosophers and theminimization functions " for the open systems consisting of one, two and threephilosophers with forks.3 CP automata and the IWIM model of coordinationArbab introduced in [1] a model of coordination he called `idealized workers andidealized managers' (IWIM) on which the language MANIFOLD is based. Inthis model workers are rather like circuit components which process their inputand produce output without knowledge as to which other components they areconnected. In normal activity a group of workers is rather like a circuit. Themanager of a group of workers on the other hand knows nothing of the detailedactivities of its workers but is able to recon�gure them in response to certainevents.In this section we extend the notion of place automata de�ned above to obtaina new kind of automaton, and operations on these automata, to formalize theIWIM model. The novelty is that the extension permits the description of themanager's activity in changing the con�guration of the workers.The automata we introduce, which we call case place automata (CP au-tomata), are in the �rst place graphs - the vertices represent states and the



arcs transitions. Each CP automata has in addition interfaces (as for place au-tomata) which allow parallel communication. The interfaces are distinguishedinto left interfaces (often input) and right interfaces (often output). An interfaceis represented mathematically by a labelling of the transitions of the automatonin an alphabet. The idea is that when a transition occurs in the automaton thecorresponding label occurs on the interface. Having such interfaces allows us todescribe communicating parallel composition (restricted product denoted � ; andfree product denoted � ) of automata; in such a composite a state is a pair ofstates, and a transition is a pair of transitions, one of each automaton, whichagree or synchronize on the common interface. An expression of automata usingthese compositions is a circuit.The new aspect of CP automata is that they have in addition to interfacesalso conditions. Very often the state space of an automaton decomposes naturallyinto a disjoint sum of cases. For example, in representing a system consistingof a producer, a bu�er and a consumer, the actions of the producer and theconsumer are determined by three relevant cases of the bu�er empty, full, andpartly full. We are concerned here with cases relevant to activating (creating)or disactivating (destroying) automata (including channels between automata),what we call in-conditions or out-conditions respectively. A condition is a subsetof the set of states and it represents states in which the con�guration may changein a particular way. However it is crucial not to think of conditions just as initialand terminal states. In purely sequential programming it is reasonable to think inthis way, but when there are several active processes one of the active processesmay die in a particular terminal state while the others are in general activity -that is, the global state of the system in which a change of con�guration occursis a terminal state in only one component. To permit a change of con�gurationin only one component of a system it is crucial to allow the whole state spaceamong the in- and out-conditions. Formally, we gather the various in-conditionsinto a single function (usually not the inclusion of a subset) which lands in theset of states of the automaton. Similarly the out-conditions consist of a functioninto the state space of the automaton.With the structure of in- and out-conditions we de�ne the restricted sum(denoted + ) of CP automata which expresses the deactivation of the �rst au-tomaton in one of its out-conditions followed be the activation of the second inone of its in-conditions.As a case study of the use of CP automata, we give a detailed descriptionthe distributed sort/numerical optimization of [4], showing that the managerprocess in these algorithms is the recursive equationS = A+D � (A� S) � M;which when instantiated to yield the sort algorithm, for example, yieldsSort = Atomsort+Divert � (Atomsort � Sort) �Merge:We prove distributive laws between the parallel and restricted sum operationswhich allow us to solve this recursive equation.



As an example of the use of CP automata in expressing mobility we describeanother example, a variant of the Dining Philosopher problem in which dinersmay move, and which requires two further operations on CP automata casefeedback , and place feedback.3.1 The IWIM coordination modelArbab in a series of papers [1], [2], [5], has described a conceptual model ofcoordination, idealized workers and idealized managers (IWIM), on which hislanguage MANIFOLD is based. The essential features of IWIM are as follows:{ The elements of the model are processes; each process may partake of tworoles - a worker role and a manager role. There is only one type of processhowever, a fact which leads to the possibility of describing hierarchical sys-tems, in which the role of a process may be managerial at one level whilethat of a worker at the next.{ In the role of worker a process has no knowledge of the processes with whichit may be communicating. In this sense it is like a component in an electricalcircuit. Its role is simply to process what arrives at its ports and dispatchresults to its ports. It can also broadcast events which allow the manager tomake decisions about rearrangement of its workers.Its communications are anonymous, a feature that characterizes exogenousmodels.{ In the role of a manager a process has no knowledge of the precise activitiesof its workers. It knows simply their con�guration and certain events, as aresult of which it is able to decide on a change of topology of the workers.{ The manager may be useful for a variety of di�erent jobs, in which workers ofone type are substituted by workers of another type. This leads to reusabilityof management structures.3.2 CP automataThe algebra we use to formalize the IWIM model has as elements certain au-tomata, which we call case-place automata (or CP automata).De�nition 5. A CP automaton G consists of a graph G; four sets X;Y;A;Band four functions @0 : G1 ! X; @1 : G1 ! Y;
0 : A! G0; 
1 : B ! G0:A behaviour of G is a path in the graph G.The graph G is called the centre of the automaton. We remark that @0; @1may be thought of as labellings of the arcs of G in the alphabets X;Y ; respec-tively. These labellings will be used in the restricted product of two CP automata,the operation which expresses communicating parallel processes. Alternatively,



one may think of the vertices and arcs of G as the states and transitions of thesystem, whereas the elements of X;Y are the transitions of the interfaces. Wecall X the left interface of the automaton, and Y the right interface - automatacommunicate through these interfaces. Often the interface sets will be productsof sets; for example the left interface of G may be X = U � V; and the rightinterface may be Y = Z �W; and we then speak of U and V as the left inter-faces, and Z and W as the right interfaces. If we ignore the functions 
0, 
1 aCP automaton is a (particular type of) span of graphs as de�ned in [11], wherethe reader may �nd more details and examples.The set A represents a condition on the states in which the automaton maycome into existence, and the set B a condition in which it may cease to exist. Wecall A the in-condition of the automaton, and B the out-condition. The functions
0; 
1 of a CP automaton will be used in the restricted sum of CP automata -an operation which expresses change of con�guration of processes. The meaningof the in- and out-conditions will become clearer in the section on the restrictedsum of automata, and in the example of the distributed sort. Often the conditionsets will be sums of sets; for example the in-condition may be A = D +E; andwe then speak of D and E as in-conditions.There is a useful graphical representation of CP automata (ignoring the con-ditions this is described in [11]). For example, we will represent a CP automatonwith left interface U � V; right interface Z �W; in-condition D + E; and out-condition B; by a diagram of the following sort:G....... ..............UV ZWD E
BFor simplicity we use the same names @0; @1; 
0; 
1 for the four functionsof any CP automaton where there is no risk of confusion, introducing furthersu�xes when clari�cation is needed. We use symbols X;Y; Z; U; V;W::: for the(left and right) interfaces, and symbols A;B;C;D;E; F; I; ::: for the (in- andout-) conditions.Example 3. An example of a CP automaton is provided by a Mealy automatonwith input set X , output set Y , internal states G0, initial states A and �nalstates B: The arrows of the graph G are provided by the transitions of theautomaton. The functions 
0; 
1 are inclusions. The reader is warned that thisexample gives a false impression of the strength of the model we are describing.It is essential, for example, in expressing the changing geometry of a systemthat the functions 
0; 
1 not be restricted solely to inclusions. The sets A andB are not to be thought of as initial and �nal states, but rather as conditionsunder which a change of geometry might occur. Another di�erence with Mealy



automata is that the sets X and Y need not be input and output but ratherinterfaces on which synchronization occurs with connected components.Remark 2. We want to describe a program for a manager that will co-ordinate afamily of workers in order to produce a distributed bucket sort algorithm. Thereare three types of workers: an atomic sort, a divert and a merge. In terms of themodel presented here, the manager will be a recursive equation built out of theoperations of CP automata. There will be three variables in the expression, onevariable A is to play the role of the atomic sort and will require the followingstructure: it has a single input line and a single output line; the in-condition hasthe form A0+I+F , where I is a one element set that represents the initial stateof the atomic sort, F represents states in which the atomic sort is full, and A0denotes the set of all states of the atomic sort; the out-condition of A is A0+F .The second variable D is to play the role of the divert (input to second outputline) which has the following structure: it has one input line and two outputline; the in-condition is I +D0; and out-condition D0; where I is a one elementset that represents the initial state and D0 denotes the set of all states of thedivert. The third variableM is to play the role of the merge (of two sorted lists)which has the following structure: it has two input lines and one output line; thein-condition is I +M0; and out-condition M0; where I is a one element set thatrepresents the initial state and M0 denotes the set of all states of the merge.In order to obtain from the manager program an actual sort it is necessary toinstantiate the variables as CP automata with appropriate functionality. In thispaper we will not describe such CP automata, but rather give some illustrative�nite state abstractions. The same manager program can be used with di�erentinstantiation of the variables to produce other algorithms. This fact is in keepingwith the spirit of the IWIM model; in particular, the separation of coordinationfrom computation. The manager is not concerned with inner workings of itsworkers; the manager's only concern is the coordination of its workers. Themanager's decision to create or destroy its workers, or to recon�gure its networkof workers, is based on events it receives from the workers. In our framework,these events are represented by conditions.Example 4. Consider the set X = fx; g (the underscore symbol is intended torepresent the null action). The following diagram speci�es the centre A of a CPautomaton A, and its left and right interfaces, both being the set X: Note thatwe have indicated the functions @0; @1 by labelling the arcs of the graph.i x= ef:q �� �: KKX = fx; g X = fx; gA=x= x= =x= ==xTo complete the de�nition of A we must also describe the in-conditions andout-conditions. The vertex set A0 of the centre A of A will be one of the in- and



also one of the out-conditions. Consider two further sets I = fig and F = ffg(subsets of A0); denote the inclusion of I in A0 by incI ; and the inclusion ofF in A0 by incF : Then the in-condition set of A is A0 + I + F and 
0 =(1A0 j incI j incF ): The out-condition set of A is A0 + F and 
1 = (1A0 j incF ):Example 5. A behaviour of A (a path in the centre of A) commencing in statei consists in repeatedly accepting symbols x in state i until perhaps a changeeither to state e or to state f when it can output symbols x. In any state itcan idle by accepting and outputting null symbols. This CP automaton is quiteabstract and has many possible meanings. One particular concrete realization isa bounded sorting program - what we will call an atomic sort. Symbol x is anabstraction of the symbols to be sorted. State i is an abstraction of those statesin which the sorter is receiving symbols. State e is the abstraction of those statesin which the sorter has received an end of list symbol. State f is an abstractionof those states in which the sorter has reached its capacity (full states). In eithere or f the sorter may output symbols in sorted order.Two more examples useful for the analysis of the distributed sort algorithm:Example 6. Let X = fx; g: Consider the graph D with vertex set D0 = f0gand three labelled edges x= ; : 0 ! 0, = ; : 0 ! 0; = ; x : 0 ! 0: Thisforms the centre of a CP automaton D with left interface X and right interfaceX �X . Take the in-condition to be I +D0; where I is a one element set, andout-condition D0: Since the CP automaton has only one state the functions 
0,
1 are uniquely de�ned.Again D is an abstract automaton. One of its concrete realizations is a pro-gram which diverts input to the second line of its output only.Example 7. Let X = fx; g: Consider the graph M with vertex set M0 = f0gand four labelled edges x; = : 0 ! 0, ; = : 0 ! 0, ; x= : 0 ! 0, ; =x: Thisforms the centre of a CP automaton M with left interface X � X and rightinterface X . Take the in-condition to be I +M0; where I is a one element set,and out-conditionM0: Since the CP automaton has only one state the functions
0, 
1 are uniquely de�ned.One of the concrete realizations of M is the merge of two queues, whichproduces a sorted output if the two lists are sorted.We will need in section 4.1 the notion of isomorphism of CP automata.De�nition 6. Given two CP automata G =(G;X; Y;A;B; @0;G ; @1;G ; 
0;G ; 
1;G)and H =(H;X; Y;A;B; @0;H; @1;H; 
0;H; 
1;H) an isomorphism from G to H is agraph isomorphism ' : G ! H such that @0;H � ' = @0;G ; @1;H � ' = @1;G ; ' �
0;G = 
0;H; ' � 
1;G = 
1;H:3.3 OperationsParallel composition



De�nition 7. Given two CP automataG = (G; X; Y;A;B; @0; @1; 
0; 
1);H = (H; Y; Z; C;D; @0; @1; 
0; 
1)the restricted product (communicating parallel composition) of G and H, denotedG �H is the CP automaton whose set of vertices is G0�H0 and whose set of arcs isthat subset of G1�H1 consisting of pairs of arcs (g; h) such that @1(g) = @0(h):The interfaces and conditions of G � H are X;Z;A � C;B � D; and the fourfunctions are @0;G�H(g; h) = @0;G(g); @1;G�H(g; h) = @1;H(h);
0;G�H = 
0;G � 
0;H ; 
1;G�H = 
1;G � 
1;H :Diagrammatically we represent the restricted product as follows:G H..................X Y ZA� C
B �DClosely related to the restricted product is the free product of CP automata.De�nition 8. Given two CP automataG = (G; X; Y;A;B; @0; @1; 
0; 
1);H = (H; Z;W;C;D; @0; @1; 
0; 
1)the free product (parallel composition with no communication) of G and H,denoted G �H is the CP automaton whose set of vertices is G0�H0 and whoseset of arcs is G1 �H1: The interfaces and conditions of G �H are X � Z; Y �W;A� C;B �D; and the four functions are@0;G�H = @0;G � @0;H; @1;G�H = @1;G � @1;H;
0;G�H = 
0;G � 
0;H ; 
1;G�H = 
1;G � 
1;H :Diagrammatically we represent the free product as follows:



GH..............
A� C
B �DX YZ W

Example 8. Consider the following expression in three types of components de-scribed in Remark 1: D � (A�A) �M:The diagrammatic representation of this is
D AA MX X............

(I +D0)� (A0 + I + F )� (A0 + I + F )� (I +M0)
D0 � (A0 + F )� (A0 + F )�M0When the variables are instantiated with the particular automata described inexamples 2, 3, and 4, a behaviour of the resulting CP automaton is (an abstractedversion of) the following: the symbols received by D are passed to the secondsorter A; while both the �rst and second sorters continue to work in paralleleventually outputting their results to the mergeM. If the second sorter becomesfull it can accept no further symbols.If we ignore the functions 
0 , 
1 of the CP automata the restricted productof CP automata is the span composition of [11] and the free product is the tensorproduct of the corresponding spans of graphs. For some examples of how theseoperations may be used to model concurrent systems see that paper. We willsee further examples in the section on the distributed sort below. From a circuittheory point of view these operations correspond, respectively, to the series andparallel operations of circuit components. In the context of this paper the twooperations correspond to the communicating parallel composition of workers intheir normal activity. The communication of the parts of a product is anonymous- each automaton has a precisely de�ned interface, and has no knowledge of theautomata with which it is communicating.



Restricted sumDe�nition 9. Given two CP automataG = (G; X; Y;A;B; @0; @1; 
0; 
1);H = (H; X; Y;B;C; @0; @1; 
0; 
1)the restricted sum (change of con�guration) of G and H, denoted G +H is theCP automaton whose set of arcs is G1 +H1 and whose set of vertices is (G0 +H0)= � ; that is (G0 +H0) quotiented by the relation 
1;G(b) � 
0;H(b) (for allb 2 B). The interfaces and conditions of G +H are X;Y;A and C; and the fourfunctions are @0;G+H = (@0;G j @0;H); @1;G+H = (@1;G j @1;H);
0;G+H = inG0 � 
0;G ; 
1;G+H = inH0 � 
1;H :A behaviour of G +H is initially a behaviour of G; and then, if a state inthe image of B is reached, the behaviour may change to a behaviour of H: Theintended interpretation is that initially only the process G exists; when a statein B is reached the process G may die and the process H be created. We will seein the next section that this is the correct interpretation in a dynamic algorithmlike the distributed sort.The diagrammatic representation of the restricted sum is as follows:GH
.....................XX YY
ABCAdjusting the conditions Given two CP automata we wish to compose, itmay happen that the conditions are not appropriate to allow the composition,but that a modi�cation is necessary. To this end we allow adjustment of condi-tions by composition with any of the special functions described in section 1.2.For example, the atomic sort A is de�ned with in-condition A0 + I +F and outcondition A0 + F: Composing 
0 : A0 + I + F ! A0 with inI : I ! A0 + I + F;and composing 
1 : A0 + F ! A0 with inF : F ! A0 + F we obtain a new CPautomaton with the same centre and interfaces but new in-condition I and newout-condition F: This new automaton we denote AIF . In general an adjustment ofin-condition we denote by adding a superscript, and adjusting an out-conditionby adding a subscript. This notation is very e�cient, though there is clearly insome cases the possibility of ambiguity.



Remark 3. Notice that the restricted sum seems very close to sequential com-position. However this is deceptive; consider the parallel composite G �H oftwo processes, where G has out-condition T (a one element terminal state), andH has in- and out-condition H0: Notice that G � H has out-condition T � H0which may be adjusted by composing with the isomorphism T �H0 �= H0. Theinterpretation of the restricted sum (G �H)H0 + H is that the process G diesupon reaching its terminal state leaving the process H still running.3.4 Distributed sortWe will now describe the distributed sort algorithm using the components andoperations described above. The idea is that the sort S begins with an atomicsort A which completes its activity if it receives an end of list before becomingfull. If however the atomic sort becomes full a diversion D; a new atomic sort A,and a mergeM are created and con�gured as D � (A�A) � M (see the diagramin section 3.1). The sort process is recursive; that is, if the second sort becomesfull new diversions, atomic sorts, and merges are created, and so on.First we describe how the transition from the atomic sort A to two parallelsorters D � (A�A) � M can be described using the restricted sum. Recall thatD � (A�A) � M has in-condition(I +D0)� (A0 + I + F )� (A0 + I + F )� (I +M0):We compose the in-condition function of D � (A�A) � M with the compositeof F �= I � F � I � I and inI � inF � inI � inI to obtain a new in-conditionfor D � (A�A) �M; namely F: Similarly we can adjust the out-condition ofD � (A�A) � M to be D0 � A0 � F �M0: We can obviously adjust the out-condition of A to be F , so now the restricted sumAIF+(D � (A�A) � M)FD0�A0�F�M0may be formed. In the speci�c instantiation we have previously considered, thee�ect is to equate the full state f of single atomic sorter A to the quadruple ofstates, the initial state of D; the state f of the �rst atomic sorter, the state i ofthe second atomic sorter of D � (A�A) � M; and the initial state of theM: Thatis, the �rst atomic sorter is just the continuation of the single sorter, whereasthe second atomic sorter is newly created in its initial state. A diagram of theresult is: AAAD Mf ffi ..................................D � (A�A) �M



In a similar way the expression A+D � (A� S) �M may be formed for anyprocess S with appropriate in-condition of an initial state. The manager processof the recursive sort is then the unevaluated equationS = A+D � (A� S) � M:
For A;D;M as given above the solution of the evaluated expression is adistributed sort, but in [4] the authors show how the same protocol may be usedto perform parallel/distributed numerical optimization of a complex function bysupplying a di�erent A, an evaluator, each instance of which takes in an inputunit describing a subdomain of a function, and produces its best estimate of theoptimum value of the function in that subdomain; and a di�erentM , a selector,each instance of which produces as its output the best optimum value it receivesas its input.We will now do some rough calculations with this equation ignoring for themoment the important aspect of in- and out-conditions. The calculation will bemade more precise and justi�ed in the next section.The equation S = A+D � (A� S) � M may be formally expanded using thedistributive laws (section 4.1) which exist between the products and the re-stricted sum.S = A+D � (A� S) � M= A+D � (A� (A+D � (A� S) �M)) � M= A+D � (A�A) � M+D � (A� (D � (A� S) � M)) � M= :::= A+D � (A�A) � M+D � (A� (D � (A�A) �M)) � M+ ::::
The terms in the �nal (in�nite) expansion correspond precisely to the se-quence of geometries possible for the distributed sort:



AAAAAA
D M............D D MM.......Distributive laws We would now like to make more precise the distributivelaws we have used in expanding the expression for the distributed sort. ConsiderCP automata G; H; K.Proposition 3. The following distributive laws hold provided the in- and out-conditions indicated are among those of the associated CP automaton, and theinterfaces of the automata are appropriate for the operations:GAB � (HCD +KDE ) �= GAG0 � HCD + GG0B � KDE ; (1)(HCD +KDE ) � GAB �= HCD � GAG0 +KDE � GG0B ; (2)GAB � (HCD +KDE ) �= GAG0 �HCD + GG0B �KDE ; (3)(HCD +KDE )� GAB �= HCD � GAG0 +KDE � GG0B : (4)Proof. We give the proof of the �rst only. The arcs in the left-hand side areeither pairs (g; h) (g 2 G1; h 2 H1) such that @1(g) = @0(h) or pairs (g; h)(g 2 G1; h 2 K1) such that @1(g) = @0(k). But this is precisely what arcs inthe right-hand side are. The vertices on the left-hand side are pairs of the form(g; [l]) (g 2 G0; l 2 H0 + K0) where [l] denotes the equivalence class of l withrespect to the equivalence generated by 
1(d) � 
0(d) (d 2 D): The verticeson the right-hand side are equivalence classes of pairs [(g; l)] (l 2 H0 + K0)with respect to the equivalence relation generated by 
1(g; d) � 
0(g; d), that is,(g; 
1(d)) � (g; 
0(d)) (g 2 G0; d 2 D): There is a clear bijection between thevertices of the left hand and right hand sides. This de�nes an isomorphism ofgraphs which clearly respects the interfaces and conditions.



In making a precise expansion of the equationS = A+D � (A� S) �Mwe will see that there are some distinctions that are worth making which wehave neglected until now. First the equation is not really an equation but anisomorphism. Second we must specify in- and out conditions for S - we take thein-condition to be a one point set I (the initial state) and the out-condition tobe ; (the empty set). The equation now takes the precise formSI; �= AIF +DID0 � (AFA0 � SI; ) � MIM0 :Let us now expand this isomorphism using the distributive laws. Substitutingfor SI; in the right hand side we getSI; �= AIF +DID0 � (AFA0 � (AIF +DID0 � (AFA0 � SI; ) � MIM0)) � MIM0�= AIF +DID0 � (AFA0 �AIF +AA0A0 � (DID0 � (AFA0 � SI; ) � MIM0)) � MIM0�= AIF +DID0 � (AFA0 �AIF ) � MIM0 +DD0D0 � (AA0A0 � (DID0 � (AFA0 � SI; ) � MIM0)) � MM0M0 :Careful examination of this expansion reveals that the in- and out-conditionsof the various parts are exactly the appropriate ones.4 CP automata and mobilityWe illustrate the use of CP automata in describing mobility of processes, intro-ducing also two further operations, case and place feedback.De�nition 10. Given a CP automatonG = (G; X � Y; Z � Y;A;B; @0; @1; 
0; 
1);the place feedback of G with respect to Y , denoted PfbY (G) is the CP automatonwhose set of vertices is G0 and whose set of arcs is that subset of G1 consistingof arcs g such that (prY � @1)(g) = (prY � @0)(g): The interfaces and conditionsof PfbY (G) are X;Z;A;B;with the four functions de�ned as follows:@0;PfbY (G) = prX � @0;G ; @1;PfbY (G) = prZ � @1;G ;
0;PfbY (G) = 
0;G ; 
1;PfbY (G) = 
1;G :The diagrammatic representation of PfbY (G) involves joining the right inter-face Y to the left interface Y:



De�nition 11. Given a CP automatonG = (G; X; Y;A+B;C +B; @0; @1; 
0; 
1);the case feedback of G with respect to B, denoted CfbB(G) is the CP automatonwhose set of arcs is G1 and whose set of vertices is G0= � ; that is G0 quotientedby the relation (
1 � inB)(b) � (
0 � inB)(b) (for all b 2 B). The interfaces andconditions of CfbB(G) are X;Y;A and C; and the four functions are de�ned asfollows: @0;CfbB(G) = @0;G ; @1;CfbB(G) = @1;G ;
0;CfbB(G) = 
0;G � inA; 
1;CfbB(G) = 
1;G � inC :The diagrammatic representation of CfbB(G) involves joining the out-conditionB to the in-condition B:The example we would like to describe is a variant of the Dining PhilosopherProblem which we call So�a's Birthday Party. Instead of a circle of philosophersaround a table with as many forks, we consider a circle of seats around a tableseparated by forks on the table. Then there are a number of children (not greaterthan the number of seats). The protocol of each child is the same as that of aphilosopher. However in addition, if a child is not holding a fork, and the seatto the right is empty, the child may change seats - the food may be better there.To describe this we need six CP automata { a child C; an empty seat E ; a forkF ; two transition elements L and R; and an identity 1X of X (a wire). Theinterface sets involved are X = fx; g and Y = f ; u; lg:The transition elements have left and right interfaces X � Y: The graph Lof the transition element L has two vertices p and q and three labelled edges; = ; : q ! q; x; = ; : q ! p; ; = ; : p ! p: Its in-condition is Q = fqg,and its out-condition is P = fpg: The graph R of the of the transition elementR also has two vertices p and q; and has three labelled edges ; = ; : q ! q;; =x; : q ! p; ; = ; : p ! p: Its in-condition is also Q = fqg, and itsout-condition is P = fpg:The empty seat E has left and right interfaces X � Y: The graph E of theempty seat has one vertex e and one labelled edge ; = ; : e! e: Its in-conditionis P and its out-condition is Q: The functions 
0; 
1 are uniquely de�ned.The identity 1X has left and right interface X: Its graph has one vertex �and two labelled edges = : � ! � and x=x : � ! �: Its in- and out-conditionsare the empty set ;:The child C has labelled graph as follows:
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X X
YYThe states have the following interpretation: in state 0 the child has no forks;in state 1 it has a fork in its left hand; in state 2 it has both forks; in state 3 it hasreturned it left fork. The action l is to be interpreted as locking a fork, and theaction u as unlocking a fork. The child's in-condition is P and its out-conditionis Q: The function 
0 takes p to 0; the function 
1 takes q to 0:The fork F has labelled graph as follows:ji
� 1 01 2i1 l=u= =l=u= = =Y YThe fork's in-condition and out-condition are ;: Its states are to be inter-preted as follows: in state 0 the fork is free; in state 1 it is locked on the left; instate 2 it is locked on the right.Let S =CfbP (C +R + E + L): This CP automaton has the following inter-pretation { it can either be a child (on a seat) or an empty seat. The transitionelements R and L allow the seat to become occupied or vacated. Then So�a'sBirthday Party is given by the expressionPfbX�Y (S � (1X �F) � S � (1X �F) � ::: � S � (1X �F)):This CP automaton has the behaviour as informally described above.We can reobtain the classical Dining Philosopher problem as follows: modifythe interfaces of C and F by composing with the projectionX�Y ! Y to obtainnew automata C0 and F 0: Take all in- and out-conditions to be the empty set ;:Then the Dining Philosopher (as formulated in [12]) is given by the expressionPfbY (C0 � F 0 � C0 � F 0�::: � C0 � F 0):5 AcknowledgmentsThe authors gratefully acknowledge stimulating conversations with Fahrad Arbab.In fact, the research of section 3 of this paper was carried out in response to a
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