
Model Checking in Span(Graph)Robbie Gates1, Piergiulio Katis1, N. Sabadini2, R.F.C.Walters11 School of Mathematics and Statistics, University of Sydney, Australia,2 Dipartimento di Scienze dell'Informazione, Universit�a di Milano,ItalyKatis, Sabadini and Walters have introduced in [2] an algebra for systemswith boundaries, namely Span(Graph). To an expression in the algebra thereis an associated graphical representation, which corresponds to the distributednature of the system. The original motivation for considering Span(Graph) in[2] was to have a compositional algebra of �nite transition systems with opera-tions relating to those of [1], [5], and Kurshan. It the purpose of this note to givea new application of this algebras, namely to model checking. Given a system asan expression in Span(Graph) the algebra allows the de�nition of notions suchas subsystem, state internal to a subsystem, local independence of actions etc.Using these transparent compositional notions we are able to give a clear andintuitive account of model checking techniques and to give complexity results ina variety of cases. The existing techniques of partial order model checking, forexample [V88], [V93], are on the contrary based on non-compositional models ofconcurrency and as a result the problem of �nding local independence, stubbornsets, etc is di�cult. The compositional structure is in fact available to designersof systems, but the information is ignored in these approaches.The spans of re
exive graphs considered are �nite, linear and come equippedwith an initial vertex. Given an expression 	 of such spans, we call an edge of (thehead of the value of) 	 atomic if it is one of the following types: re
exive in eachcomponent of 	 ; re
exive in all but one component of 	 ; or re
exive in all but twocomponents of 	 , these two non-re
exive edges agreeing as a non-re
exive actionon a common boundary (in other words, the two edges engage in a non-trivialsynchronisation). De�ne the graph ~	 to be the subgraph of 	 comprising thevertices reachable from the initial vertex of 	 and the atomic edges between thesevertices. (The initial vertex of 	 comprises the initial vertices of each componentof 	 .) In analysing behaviours of 	 the linearity of the compoents ensure thatit is enough to consider behaviours in ~	 , that is behaviours comprising atomicedges, when searching for deadlock. We now describe methods for constructingsubgraphs G of ~	 such that (a) G contains the initial vertex and (b) everydeadlock reachable in ~	 (and hence in 	) is reachable in G. An internal statefor a span is a vertex v such that v is not a deadlock and each edge with sourcev is labelled by re
exive edges on all of the boundaries. Given a subset S ofthe set of components used to construct 	 there is an associated subexpression.We denote the set of sub-expressions of 	 by P(	). A deadlock analysis for anexpression 	 : I ! I of spans is a function F : Vert(	) ! P(	) such that, foreach vertex v of 	 , if F (v) does not comprise all the components of 	 then therestriction of v to F (v) is an internal state for F (v). Given a deadlock analysis Ffor 	 , we can de�ne a subgraph 	F of ~	 to be the smallest subgraph satisfying



the following speci�cation: the subgraph 	F contains the initial vertex; and if vis a vertex of 	F then 	F contains those edges e with source v such that, foreach component G not in F (v), the restriction of e to G is a re
exive edge. Inother words, 	F is constructed by starting at the initial state and then, at eachvertex v, only considering motions in F (v). Though 	F is a subgraph of 	 , it canbe used to detect deadlock in the original system. In fact, we have the followingresult. Suppose F is a deadlock analysis of 	 . Then all the reachable deadlocks of	 are (reachable) in 	F . A deadlock analysis provides us with an algorithm forsearching for deadlocks. When searching we only need to consider the subgraph	F { that is, motions in the sub-systems determined by the deadlock analysis.In some cases the deadlock analysis F can be chosen such that the number ofvertices of the graph 	F grows polynomially (rather than exponentially) withthe number of components. We present a simple example as illustration. It isusually the case that to minimise the size of 	F we should choose F such thateach F (v) contains as few components as possible. In some examples it happensthat, for each v, there is a unique smallest F (v) to choose. This is the casewith the dining philosophers. Let 	 = Fb((F � P )n) be the system of n diningphilosophers and n forks. Now consider the subgraph ~	 comprising the atomicedges; an edge of ~	 corresponds to one fork being picked up or put down. Letvinit be the initial state corresponding to no philosopher having a fork. Thereis only one choice for F (vinit), it must be the whole system. There are n edgeswith source vinit, each of these corresponding to one philosopher picking uphis right fork. Suppose the vertex w is the target of one of these n edges; saythat it corresponds to the ith philosopher having his right fork. The smallestcandidate for F (w) is fP(i�1)(mod n); F(i�1)(mod n); Pig. So, although there aremany edges in the original system with source w, we need only consider twoof these: one corresponds to the ith philosopher taking his left (that is, second)fork; and the other corresponds to the (i � 1)(mod n)th philosopher taking hisright fork. If we continue to construct the deadlock analysis F in this way, we�nd that the number of vertices in 	F is 3n2� 3n+2. (The reader should checkthat the unique reachable deadlock of this system { the vertex corresponding toeach philosopher having his right fork { is indeed found by this method.) Thisquadratic polynomial is the one given in [4], which there describes the numberof markings of a Petri net needed to detect deadlock using the stubborn setmethod.References1. A. Arnold, Finite transition systems, Prentice Hall, 1994.2. Katis P, Sabadini N, Walters RFC, Span(Graph): an algebra of transition systems,Proceedings AMAST '97, SLNCS 1349, 322-336, 1997.3. Valmari A., On-the-
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