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Abstract

We show that, for any braided compact closed bicategory %, the bicategory
Ladj (%) of left adjoints in 4 also admits a braided compact closed structure.

1. Introduction

Over the last few years monoidal bicategories have been studied in connection with
physics and geometry ([1, 2, 4, 7, 8]) and of particular interest to these applications
have been the notions of a braiding for a tensor and a dual for an object. In this paper,
we prove a theorem which demonstrates how an old construction (the bicategory of
squares [5]) can be used to define braided compact closed bicategories which arise in
the study of topological quantum field theories.

Specifically, the main theorem of this paper states the following. Suppose Sq (%)
is the monoidal bicategory of squares in a monoidal bicategory #. Then an object
f:A — B of Sq (%) has a right bidual if and only if (i) both A and B have right
biduals in Z4 and (ii) the arrow f has a right adjoint in 4.

A compact closed bicategory is defined to be a braided monoidal bicategory in
which every object has a right bidual. A consequence of the above mentioned theorem
is that the full sub-bicategory Ladj (%) of Sq (#) comprising left adjoints is compact
closed if # is compact closed.

Instances of the construction of a bicategory Ladj (#) of left adjoints can be found
in work on the categorical structures (first identified in [11]) which arise in the study
of topological quantum field theories. For example, in [2] the notion of a cobordism
category is defined and a topological quantum field theory is taken to be a structure-
preserving morphism from a topological cobordism category to an algebraic one. (In
this paper we do not take into account the ‘vertical” composition of squares that is
considered in [2].)

A typical candidate for a topological cobordism category is Ladj (Cobord), where
Cobord is a (higher dimensional) category of cobordisms of compact, oriented smooth
manifolds; and typical candidates for algebraic cobordism categories can be obtained
by iterating the construction Ladj on the category Hilb of finite dimensional Hilbert
spaces.
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The original motivation for this work arose out of a general program to use
monoidal bicategories with feedback for studying concurrency. The reader is referred
to |9] for an overview of this work.

Most of the technical definitions in this paper are taken from [3] and, as is done
there, we first deal with Gray monoids (which are strict monoidal bicategories), using
the coherence theorem of [6] to transfer our definitions and results.

2. Preliminaries
In order to facilitate calculations —in particular, the passage between algebraic and
diagrammatic representations of expressions — horizontal and vertical composition
will be written in diagrammatic order: if f: A — B and f": B — C are arrows then
f-f': A— C denotes their composite (we also use the symbol - to denote horizontal
composition of 2-cells); and, if a: f = g and §: g = h are 2-cells, then c @ 3: f = h
denotes their vertical composite.

1. Gray monoids

To begin with, we recall the definition of a Giray monoid 4 from [3]. It is a 2-
category equipped with the following data:
(@) an object I;
(b) for all objects A, two 2-functors La, Ra: M — M satisfying conditions
LA(B) = Rp(A) (and define A ® B = Ly(B)),
Ly =R =1y,
Lagp =Lp-La, Ragp=Ra-Rp, La-Rp=Rp-Lua,
for all objects A, B (remember that we are writing composition in diagram-

matic order); and
(¢) for all arrows f: A — A’ g: B — B’, an invertible 2-cell

AeB 2 4 o8
LA(Q)\L Uegg iLA/(g) .
! ! !
A®B m A'® B
The structure 2-cells cy 4, are subject to the following four axioms:

(i) if both f and g are identity arrows then ¢y, is an identity 2-cell;
(ii) for all arrows f: A — A’, g: B — B’ and h: C' — (', there are equalities

Lalcgn) = CLawins CrLsm = Crunh RolCrg) = Crro)
(iii) for all arrows f,h: A — A, g,k: B — B’ and 2-cells a: f = h, 8:g = k,

Rp(f)

Rp(f) ) -

AR B—A'"® B A® B URp(a) A ® B
\_/
\ Rp(h) /
| EAD  Lag Yers Latg) _ Lak Lyky| La f) Lal9);
\ / Ry (f - Uen,k \
A® B URp(e) A @B A B’ A @ B’
\—/ B’
Ry (h)
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(iv) for all arrows f:A— A", g:B— B, f"A' - A" ¢:B — B",

Rp(f) Rp(f')

AR B— A @B——A"® B
/ R -f!
LA(Q)J/ Yerg lLAwg) berg ing) A® B 2T A" ® B
, Belf) , Berf) , _ , ,
AR B — A @B ——A"® B = Lalg-g) bepprg.gr Lan(g-g).
Jepr g
L 4 e o Lai(g g L " " "
A<g>l Cfq l alg’) i (g A®B RB”(f_f,)A ® B
" / " " "
A®B W)A ® B W)A ® B

Perhaps not apparent from these axioms is the fact that if either f or g is an identity
arrow then cy 4 is an identity 2-cell. Henceforth, the symbol .# will denote a Gray
monoid.

Following the conventions of [3], we put L(g) = A® g, La(f) = A® G, Rp(f) =
f®B,Rg(a) =a®B, La(g)-Re(f) = f®gand Ls(8) Rp/(a) = a® . (Note that
Rp(f)-La(g) could be another choice for what we denote by f® g; but the structure
2-cell ¢y 4 provides as isomorphism between these two choices.) In order to avoid the
proliferation of symbols, we will sometimes suppress the symbol ®, for example we
may write fg for f ® g; and, when the context is clear, we will omit the subscripts
of the structure 2-cells cy 4.

2-2. Biduals

Recall that a right bidual for an object A of .# comprises an object B, an arrow
e: A® B — I and, for all objects C, D, adjoint pseudo-inverses to the functor

e*: M (C,B® D) — MAC,D),

given by ¢*(f) = (A® f) - (e ® D). In such a case, the object B is often referred
to as a right bidual for A (and A is called a left bidual for B). As right biduals are
determined up to equivalence, we write A° for B. The following proposition [10]
gives an alternative definition for biduals. Its proof is relatively straightforward, but
involves non-trivial manipulations of the structure 2-cells c of ..

PropositioN 1. To give a right bidual for A is to give an object A°, two arrows
e: ARA° — Tandn: I — A°® A as well as two invertible 2-cells e: (AQn)-(e@A) = 14
and 1: 140 = (N ® A°) - (A° ® e) such that the following two equations hold.

€

AA° 1

! AAce Y e e
JAn X\ I

(o] o e} o = AAO 41 ]
AA m‘AA AA EF AA ~___7

JeA®
1

€
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n

A°A I
/ l . l \
nA°A n
InA — AOAT I.
Ao At Az A4 A
UA°e

1

If A has a right bidual as above we call e: A® A° — I a pairingandn: I — A°®Aa
copairing for A. Also, e and 7 are respectively called the counit and unit isomorphisms
for A. Of course, when we say e: A® A° — [ is a pairing for A we mean there exists a
right bidual for A of the form (A°, e, n,€,n) (this quintuple being interpreted in the
sense of the above proposition).

We end this section, by using the structure of objects with biduals to establish a
correspondence which will be fundamental to the proof of the main theorem (Section
3).

First we establish some notation. Suppose that A and B are objects of .# with right
biduals (A°,ea,m4,€4,14) and (B°,eg,np,€ep,np). Let (=)°: M (B, A) — M (A°, B°)
be the functor mapping g: B — A to

g° = (npA®) - (B°gA®) - (B%ea): A° — B°.
We also define a functor (—)*: . #(A°, B°) — (B, A) as follows: given an arrow
h: A° — B°, define the arrow h*: B — A to be the composite (Bn,) - (BhA) - (egA).
Let ¢: (g°)* = g be the invertible 2-cell
[(Bnpna)-c 'Je[c™" -esA]o[ep-g-eal
Let 1: (Ana) - (fg°A) - (egA) = f - g be the invertible 2-cell defined by
[ (egA)] o [f- 4.
Let 0:g- f = (Bna) - (Bg°f) - (egB) be the invertible 2-cell defined by
(™" f) e ((Bna)- o).

1iven a 2-cell of the form a:eyq = (fg°) - ep, define the 2-cell @:14 = f - g to be

1a
m
AT 4404 = A.
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This construction, of course, has a dual: given a 2-cell of the form 8:n4-(g° f) = np,
define the 2-cell B:g - f = 15 to be

The following proposition follows from the basic properties of biduals.

ProrosiTioN 2. The above associations o — & and 3 +— ﬁ establish bijections
MNAA® I|(ea, (fg°) - ep) = M|A,Al(14, [ - g)
and
’%[IvBOB](nA ’ (gof)anB) = %[Ba B](g : f7 1B)

2-3. Squares in M

Let 2 be the category comprising the ‘free living arrow’. For any 2-category C,
define the 2-category Sq (C) of squares in C to be the 2-category of 2-functors, op-lax
transformations and modifications from 2 to C. So an object of Sq (C) is an arrow
fiA — A’ in C and an arrow from f:A — A’ to g: B — B’ in Sq (C) is a pair of
arrows h: A — B, i: A’ — B’ in C together with a 2-cell of the form

A—">p
fl Ja l!] .
A —— B’
The arrows of Sq (C) are called squares in C. There is an obvious pair of 2-functors

Dom, Cod:Sq (C) — C which are locally fully faithful.

ProrosiTioN 3. If M is a Gray monoid then Sq (M) admits a Gray monoid structure
such that the two 2-functors Dom, Cod: Sq (M) — M preserve the Gray monovd structure
on the nose.

Proof. The unit for the Gray monoid structure of Sq (.#) is the object 1;:1 — 1.
Consider the following two squares.

A—scC B—*-p
fl b lh gi ' l
A/*l)c/ B mBD/

We define L;, R;:Sq (#) — Sq(.#) on objects by Ls(¢) = Ri(f) = f ®4 and on
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arrows by:

AB—2E~ AD Ap -2~ cp

Agl VAB lAi Ail Ye im

Ly(p) = AB'— =AD", Ri(a) = AD' —— = CD’
fB’J/ Ye! lfD’ fD’l JaD’ lhD’

A/Bl Alm,; A/D/ A/D/ lD/; C/D/

There is a unique way to define L; and R; on 2-cells so that Dom and Cod preserve
this structure. Similarly there is a unique choice for the structure 2-cells c of Sq (.#).
That this data is well defined is a straightforward exercise in the calculus of the
structure 2-cells of a Gray monoid. That the structure 2-cells for Sq (.#) satisty the
axioms for a Gray monoid is guaranteed by the fact that Dom and Cod are locally
fully faithful.

In order to avoid confusing the Gray monoid structure of .# with that of Sq (%),
we will denote the ‘tensor product’ of the latter by the symbol §. For example, if f
is an arrow of .# and (3 is a square in .# (as in the proof of the above proposition),
then the square L;(3) defined by the Gray monoid structure on Sq (.#) is denoted
fi6.

3. The main theorem

In this section we prove the following theorem.

THEOREM 1. Let f: A — B be an arrow of a Gray monoid M. The object f of Sq (M)
has a right bidual if and only if (1) both A and B have right biduals in M and (ii) the
arrow f has a right adjoint in M .

In order to facilitate the proof, we break down the notions of both an adjoint as
well as a bidual into two parts.

Suppose f: A — Band g: B — A are arrows and A\: 14 = f-gand u:g- f = 1p
are 2-cells, in a 2-category. We call the triple (g, A, pt) a right proto-adjoint for f if
1p=(A-f)e(f-p);and we call it a right coproto-adjoint for fif 1, = (g-A) e (u-g).
Of course, if (g, A, @) is both a right proto-adjoint and a right coproto-adjoint for f,
then g is a right adjoint for f.

Suppose that X and Y are objects, e: XY — I and n: I — Y X are arrows and
e (Xn)(eX) = 1x and n: 1y = (nY)-(Ye) are invertible 2-cells in a Gray monoid. We
call the quadruple (Y, e, n,€) a right proto-bidual for X and we call the quadruple
(Y,e,n,n) a richt coproto-bidual for X. Of course, the data (Y,e,n,e,n) defines a
right bidual for X if the two equations of Proposition 1 hold.

The 2-functors Dom, Cod: Sq (.#) — .# preserve biduals. Explicitly, if an object
f:A— BofSq(.#)hasaright bidual (h: C — D, e, n,€,n), then (C, Dom (e), Dom (n),
Dom (€), Dom (1)) is a right bidual of A in .# and (D, Cod (e), Cod (n), Cod (€), Cod (n))
is a right bidual of B in ./Z.
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In this case, without loss of generality we may assume that the pairing e and

copairing n for f will be squares of the form

AAOLI

f.tf’i {e ll

BBO?I,

I— A°A

1i In J{g"f ,

[ —= B°B,

where (A° ea,n4,€4,14) is a right bidual for A, (B°,ep,np, €g,np) is a right bidual
for B and g: B — A is an arrow in .#. Notice that, in this case, we can apply the
constructions e — & and n — 7 of Proposition 2.

LemMA 1. Suppose A and B have right biduals A° and B° in a Gray monoid M.
Let f:A — B and g:B — A be any arrows. Then the following two conditions are
equivalent.

(i) In Sq (), (9°,e,n,¢€) is a right proto-bidual for f such that Dom (e) = ey,
Dom (n) = na, Dom (€) = €4, Cod (e) = ep, Cod (n) = np and Cod (¢) = €p.
(i) In M, (g,€,7) is a right proto-adjoint for f.

Proof. Let t:f-g-f = (Ana) - (f9°f) - (egB) be the invertible 2-cell

Ana . fa
Ui
AA°A W BB°A @7) A X
AA°fJ/ Ye if

AA°B—>BB°B—B
fg°B esB

A straightforward calculation shows

1a
Jei!
A A
A—"2 4404 2255 4 1A
4 SN f
YT pger | wetr |f = A ve A——=B.
N7
BB°B———=B fa
EBB
fa-f
We also have
f9f
A
AT A4 A of
fl Litn ifg"f = A .5 B
. 4T ~_ 7
BmBB BEB?'B Ip
lep
1B
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Combining these last two equalities, we get

1

Yei!
AL ppe At g A2y
] i v
Uit £9°f  ye f ;.
i yor s
B—5.> BB°B =B B——B

leB
1

This last equality defines a 2-cell in Sq (.#) whose domain is the square (ftn) - (eff).
The result is now immediate.

Of course, there is a ‘co’ version of this lemma obtained by replacing e with 7
and replacing the words proto-adjoint and proto-bidual with coproto-adjoint and
coproto-bidual, respectively. (This ‘co’ version is proved in a similar way.)

Note that if both condition (i) of the above lemma as well as the ‘co’ version of
condition (i) hold, then the fact that the 2-functors Dom and Cod are locally fully
faithful implies that (¢°, e, n,€,7) is a right bidual for f in Sq (.#).

Theorem 1 now follows from the above lemma and its ‘co’ version.

4. Compact closed Gray monoids and Ladj
We begin by recalling from [3]| the notion of a braided Gray monoid (though,
for our purposes, we find it more natural to consider structure 2-cell isomorphisms
with the reverse orientation). A braiding for a Gray monoid .# consists of arrows
pxy: X ®Y — Y ® X which are equivalences for all objects X,Y and invertible

2-cells
PX,Y WXpyVZ
XY —YX WXYZ ——WXZY
fgl Ups.g J/Qf PW,XYZ\L Jww,x,v,z lpw,xzy
X’Y’p Y'X' XWYZ XZWY
Xy’ Xpwy,z

satisfying a number of conditions which we will not repeat here. We will call
pxy: XY — Y X a braid arrow, ps, a type-a-braid 2-cell and ww x v,z a type-b-
braid 2-cell. A braided Gray monoid is a Gray monoid .# together with a braiding
for ..

If A/ is a braided Gray monoid then we can also define a braiding for Sq (.#). (In
this section, we will suppress the symbol § and merely use juxtaposition to denote
the ‘tensor’ on Sq (.#).) Suppose z: X — X' and y:Y — Y’ are objects of Sq (#).
Then the braid arrow pg ,:zy — yx in Sq (.#) is the type-a-braid 2-cell p, , of .#.

Suppose
x> x Y~y
I\L o \Lx/ yl %% \Ly'
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are squares in .. The type-a-braid 2-cell

Py
ry —s yx

¢vl Vg~ lwb

x/y/ y/x/
Pl y!

in Sq () is the unique 2-cell py . of Sq(.#) satisfying Dom (py,) = prg and
Cod (pg,y) = pg,5- So the type-a-braid 2-cell py ., of Sq (.#) naturally has the structure
of a cube in ./#:

gf gf

YX Y'X' YX Y'X'
X,Y X,Y Px’ y!
7 T e T
XY Y L) y'a! XY T XY’ y'a!
u'pm,y = Upz/,y’
—_ gf p— — o — =/
Ty YX———>Y X zy Yoy z'y Y X
%;,7 Yot %;,7/ %;7/
Xy —— XY XYy — XY

Suppose w: W — W, 2: X — X, y:Y — Y and 2: Z — Z are objects of Sq (.#).
Then the type-b-braid 2-cell w,, 5 4 - is defined to be the unique 2-cell of Sq (.#) such
that Dom (wy zy,2) = ww,x,v,z and Cod (Wy 24.2) = ww x 77

That the structure 2-cells pg , and wy, .. satisfy the conditions for a braiding
follow from the fact that the 2-functors Dom and Cod are locally fully-faithful.

Recall from [3] that a right autonomous Gray monoid is a monoidal bicategory
such that every object has a right bidual. We define a compact closed Gray monoid
to be a braided right autonomous Gray monoid. A compact closed Gray monoid
is autonomous in the sense of [3] (that is, every object has both a right and a left
bidual).

Definition 1. If .4 is a Gray monoid then Ladj (.#) is defined to be the full and
locally-full sub-bicategory of Sq (.#) comprising objects f: A — B such that f is a
left adjoint (that is, has a right adjoint) as an arrow of .Z. We call Ladj (.#) the
Gray monoid of left adjoints in .Z.

Note that the tensor product of two left adjoint arrows is still left adjoint, and
that if g is a right adjoint arrow then ¢° is a left adjoint. The following result now
follows from Theorem 1.

CoroLLARY 1. If M is a right autonomous (resp. compact closed) Gray monoid then
Ladj () is right autonomous (resp. compact closed).

5. The bicategory of left adjoints
The higher dimensional algebraic structures that appear in nature tend to be
‘weaker’ than their lower dimensional counterparts. In particular, we find that
monoidal bicategories — that is, one object tricategories — often arise in practice rather
than Gray monoids. (Of course, a Gray monoid is a type of monoidal bicategory.) It
is the case, however, that for any monoidal bicategory # there exists a Gray monoid
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M and strong monoidal biequivalence (that is, a triequivalence) E: %4 — 4. This
follows from the coherence theorem for tricategories (|6]). In this section we extend
the results of the previous section to the setting of monoidal bicategories.

Strong monoidal biequivalences between monoidal bicategories preserve adjoints
and right biduals. If % is a monoidal bicategory then we can define the monoidal
bicategory Sq (4) of squares in £ (which coincides with the earlier definition in
the case of Gray monoids). Moreover, given any strong monoidal homomorphism
F: % — % we can define a strong monoidal homomorphism Sq (F): Sq (%) — Sq (%).
If F' is a biequivalence then so is Sq (F'). Also, the notions of a right autonomous,
braided and compact closed Gray monoid can be extended in the obvious way to the
setting of monoidal bicategories.

For any 4, there exists an op-lax transformation

Dom

/\
Sq (%) Iy A,
\J

Cod

where v¢ = f. For any homomorphism F:# — %, we have that Sq (F) - Domg =
Domg- F', Sq (F)-Codg = Codyg- F and Sq (F)-v¢ = 74 F. The extension of Theorem
1 is now straightforward.

THEOREM 2. Let f: A — B be an arrow of a monoidal bicategory B. The object f of
Sq (#) has a right bidual if and only if (i) both A and B have right biduals in B and
(ii) the arrow f has a right adjoint in A.

Proof. Let # be a monoidal bicategory and let £: % — ./ be a strong monoidal
biequivalence with codomain a Gray monoid. Let f: A — B be an arrow of # —
that is, an object of Sq (%). Since E and Sq (E) are biequivalences, we have that the
following four conditions are equivalent.

(a) The object f has a right bidual.

(b) The object Sq (E)(f) has a right bidual.

(c) Dom (Sq (E)(f)) and Cod (Sq (E)(f)) have right biduals and (i) sqe s, has a
right adjoint.

(d) A and B have right biduals and (ii) f has a right adjoint.

CoroLLARY 2. If B is a right autonomous (resp. compact closed) bicategory then
Ladj (%) s right autonomous (resp. compact closed).
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