
On the algebra of feedback and systems withboundaryPiergiulio Katis1, N. Sabadini2, R.F.C.Walters11 School of Mathematics and Statistics, University of Sydney, Australia2 Dipartimento di Scienze dell'Informazione, Universit�a di Milano, Italy1 IntroductionThe authors have introduced elsewhere [22], [23] two complementary algebras forsystems with boundaries. The �rst is 
(�(Set;�)), loops in the suspension ofthe monoidal category (Set;�), an algebra of deterministic input-driven systemsin which the natural feedback operation has delay. The second is Span(Graph),an algebra of nondeterminstic systems (and also speci�cations of systems), whichis a compact closed bicategory, or more a discrete cartesian bicategory, in whichthe natural feedback is instantaneous. These two categories are representativesof two broader classes of algebras and, generally, there are functors from the �rsttype of algebra to the second.In this paper we will introduce the notion of a category with feedback, whichincludes traced symmetric monoidal categories [20] (an example of which isSpan(Graph)) as well as a new class of algebras, the arrows of which we termifo systems (an example of which is 
(�(Set;�))). In this context, we can con-sider functors between categories with feedback { functors which model andfacilitate the interplay between systems and their behaviours which occurs whenspecifying, building and analysing machines or programs.Further, to each of these algebras there is an associated geometry. That is, toan expression in the algebra there is an associated geometric realization, whichcorresponds to the distributed nature of the system. (When considering cate-gories of circuits, the usual circuit diagrams are obtained; in the context of algo-rithms, 
ow charts with feedback are obtained.) This relation between algebraand geometry is in the line of the Penrose diagrams [37] for the tensor calculus,and the more recent developments in geometry and physics on braided tensor cat-egories [19], Frobenius algebras, cobordism etc. This connection between algebraand geometry is being exploited to provide a graphical user interface for a com-puter program [15] written by Robbie Gates for calculating in Span(Graph).For our present purposes, we will only indicate how pictures of expressions canbe drawn, defering a formal treatment of this geometric realization to anotherpaper.Over the last few years, compact closed and traced monoidal categories havereceived some attention from theoretical computer scientists, a notable examplebeing Samson Abramsky's work on Interaction Categories and Game Semantics



([1], [2]). In most of these models, the internal state and dynamics of systems areabstracted away and the interfaces are endowed with more structure in order tomodel particular paradigms of communication. (This is re
ected by the fact thatthese structures naturally form categories rather than bicategories.) In contrastto this, the theory here described permits an explicit description of the internaldynamics of systems as well as the process of abstraction needed in order tospecify deterministic systems. For example, the model 
(�(Set;�)) describesdeterministic systems whose boundaries only carry enough structure to describe`
ows' or transitions of data. By passing to the algebra Span(Graph), however,one can describe more abstract speci�cations for such systems (such as commu-nication protocols) { and, moreover, what it means for systems to satisfy suchspeci�cations.We take the view that a program should be an expression (which is really astructure preserving morphism whose domain is a free algebra) in some algebraof processes, and the value of this expression is the computing system built bythis program. Recall that the origin of the word algebra is al jebr, meaningbone-setting or the reuni�cation of broken parts { and just as the reuni�cationof broken bones comprises more than either the assembled bone fragments orthe newly set bone, the valuation of an expression in a speci�c algebra comprisesmore than either its syntax (the terms in the free algebra corresponding to theexpression) or its semantics (the value of the expression).It is the purpose of this note to give a brief introduction to and demonstratethe wide range of applicability of these algebras. After surveying the range ofexamples we concentrate on three new ones: (i) explaining how the algebra maybe used in model checking; (ii) showing that continuous linear systems are anexample of the algebra, which includes a model of RLC circuits; and (iii) giv-ing a formalization of double-entry accounting and other systems satisfying thecontinuity equation.We acknowledge the support for this project by the Australian ResearchCouncil, Italian MURST 40% and the Italian CNR. This paper crystallized dur-ing the Summer School on Category Theory and Computer Science held atMount Alison University (New Brunswick, Canada) in June 1998, and we wouldlike to thank the organizers and participants of this event.2 The algebra of ifo systemsPerhaps the best known notion of categorical feedback is that of a traced monoidalcategory ([20]). Over the last few years, the authors (motivated mostly by ap-plications to Computer Science and Engineering) have developed an alternativede�nition of a category with feedback which is closely related to traced monoidalcategories, though there is more structure in that categories with feedback admita notion of delay. We de�ne an input-feedback-output system (or ifo system, forshort) in a symmetric monoidal category (C;
) to be an arrow in the free cat-egory with feedback on (C;
). After brie
y describing a number of motivating2



examples of ifo systems, we discuss behaviours, delays and the connection withtraced monoidal categories.2.1 The loops-suspension constructionIn this section the loops-suspension monad on the category of symmetricmonoidalcategories is used to de�ne the notion of an ifo system.Let (C;
) be a monoidal category. The category 
(�(C;
)) of loops in thesuspension of (C;
) has the same objects as C and an arrow from X to Y isa pair (U;�) where � : X 
 U ! U 
 Y is a map in C. The identity arrow atX is (I; �) where I is the unit for 
 and � : X 
 I ! I 
 X is the obviousisomorphism. The composite of (U;�) : X ! Y and (V; �) : Y ! Z is the arrow(UV; (U�) � (�V )) : X ! Z, where juxtaposition denotes the tensor product.The identity and associative laws for composition do not hold on the nose; thisis because 
(�(C;
)) is really a bicategory, namely the bicategory of functors,oplax transformations and modi�cations from the additive monoid of naturalnumbers to the suspension of (C;
). This construction was introduced in [22]and what we will be considering here is the category obtained by consideringisomorphism classes of arrows of the bicategory there described.We call an arrow of 
(�(C;
)) an input-feedback-output system in (C;
),or an ifo system for short. (In [22], such a structure was called a process in(C;
).) Given an ifo system (U;�) : X ! Y , we refer to X as the input, U asthe internal state and Y as the output of the system. The morphism � is calledthe dynamics of the ifo system.A discrete, deterministic dynamical system in a category C is usually de�nedto be an endomorphism in C ([34]). Notice that an ifo system with input andoutput I is such a dynamical system.If (C;
) admits a symmetry sX;Y : XY ! Y X then 
(�(C;
)) can beequipped with a symmetric monoidal structure: the tensor product of (U;�) :W ! Y and (V; �) : X ! Z is(UV; (UsY;VZ) � (�
 �) � (WsX;UV )) :WX ! Y Z:We can also equip 
(�(C;
)) with a feedback operation: given an arrow (V; �) :XU ! UY , de�ne FbUX;Y (V; �) : X ! Y to be (UV; (sV;UY ) � �). (Note thatthis is di�erent to the feedback operation de�ned in [22].) It is straightforwardto check that the functionsFbUX;Y : 
(�(C;
))(XU;UY )! 
(�(C;
))(X;Y )de�ne a functor Fb : (
�)2(C;
)! 
(�(C;
)).For any (C;
) there is an inclusion Inf : (C;
)! 
(�(C;
)) which mapsan arrow f : X ! Y to the ifo system (I; i �f � j) : X ! Y , where j : X
 I ! X3



and i : Y ! I 
 Y are the canonical isomorphisms. We call an ifo system of theform Inf(f) an in�nitesimal.When feeding back an output U as in FbUX;Y (V; �) : X ! Y , we make Upart of the internal state. In particular, if f : XU ! UY is an arrow in C, thenFbUX;Y (Inf(f)) is the ifo system (U; f) : X ! Y . So the internal state of any ifosystem can be viewed as the result of feeding back an in�nitesimal, hence theterm input-feedback-output.The loops-suspension construction is a monad on the category of symmetricmonoidal categories: the above feedback functors Fb comprise (the componentsof) the multiplication for this monad, and the inclusion functors Inf of in�nites-imal ifo systems comprise the unit. We de�ne a category with feedback to be analgebra Fb : 
(�(E;
)) ! (E;
) for this monad. So, ifo systems in (C;
) arethe arrows in the free category with feedback E = 
(�(C;
)) on (C;
).An important structure that a category with feedback E bears is a fam-ily of arrows which we call delays. The delay at X is de�ned to be the arrowFbXX;X (1X
X ) : X ! X in E and it is denoted �X . For example, the delay at Xin the category of ifo systems in (C;
) is the arrow�X = FbXX;X (1X
X ) = (X; 1X
X ) : X ! Xof 
(�(C;
)).To each expression in the algebra of a category with feedback there is anassociated geometric realization, along the lines of [20]. This will be treated ina future paper; now we are content to give rules for drawing a picture of anyexpression. For the purposes of this paper, we will mean by an expression awell-formed word in the two sorted algebra of a category with feedback (the twosorts being objects and arrows).Let Fb : 
(�(E;
)) ! (E;
) be a category with feedback.If � :W 
 : : :
X ! Y 
 : : :
Z is an arrow of E, then we draw it as follows.
....

. ....

.W

Z
α

X

YOf course, if the domain (resp. codomain) of � is the unit I for the tensor thenwe do not draw any wires on the left (resp. right) side of the component.The identity arrow 1X : X ! X and the symmetry sX;Y : X 
 Y ! Y 
Xare drawn as follows.
X

X X
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Y

YThe composite of � : X ! Y with � : Y ! Z is drawn as follows.4



Zα YX βWe often leave out the label on the middle wire.The tensor product of � :W ! X and � : Y ! Z is drawn as follows.
Zβ

αW

Y

XIf � : X 
 U ! U 
 Y is a an arrow of E then we draw FbUX;Y (�) : X ! Yas follows.
U Y

αXAs the above picture is cumbersome to draw, we will draw a picture of another(in a sense, equivalent) expression. If � : X 
 U ! Y 
U is an arrow of E thenwe draw FbUX;Y (sY;U ��) as follows.
Y

α
X

UThe reason for the box on the fedback wire will be made clear in a later sectionwhen we compare categories with feedback with traced monoidal categories.Suppose the category with feedback E is a category
(�(C;
)) of ifo systemsand f : X ! Y is an arrow of C. Then we draw the ifo system Inf(f) as follows.
YfX2.2 Examples of ifo systemsCircuits One of the original motives in [22] for considering the loops-suspensionconstruction was to obtain a deterministic model of asynchronous circuits inwhich the state might be an element of an in�nite data type.We de�ne a circuit in a distributive category D to be an ifo system in (D;�).When the distributive category is Set, we de�ne a behaviour of the circuit (U;�) :5



X ! Y to be an in�nite sequence of triples (xi; ui; yi)i 2 (X�U�Y )Nsatisfyingthe di�erence equation (ui+1; yi) = �(xi; ui). (The object N is the set of naturalnumbers.) Think of the input xi as an action that begins at time i and ends attime i + 1; transforming the internal state of the circuit from ui to ui+1; andhaving a corresponding output yi which also starts at time i and ends at timei+ 1. We now calculate some examples (and properties) of behaviours.If f : X ! Y is a function then the behaviour of the in�nitesimal Inf(f)is an in�nite sequence of the form (xi; yi)i where yi = f(xi); so an input xi isinstantaneously transformed into the output f(xi).A behaviour for the composite of (U;�) : X ! Y with (V; �) : Y ! Z,is a sequence of the form (xi; ui; vi; zi)i such that ui+1 = projU � �(xi; ui) and(vi+1; zi) = �(yi; vi) where yi = projY ��(xi; ui). Thus the output yi of the �rstcircuit serves as the input for the second circuit (from time i to time i+ 1).If (V; �) : XU ! UY is an circuit then a behaviour of FbUX;Y (V; �) : X ! Yis a sequence of the form (xi; ui; vi; yi)i such that (vi+1; ui+1; yi) = �(xi; ui; vi).This sequence can be thought of as a behaviour of (V; �) : XU ! UY for whichthe output U is delayed by one unit of time and then (instantaneously) fed backto the input U .The behaviour of the delay �X : X ! X is a sequence of triples of the form(xi+1; xi; xi)i2N. As the output sequence of such a delay comprises the inputsequence delayed by one unit of time (plus an initial output), it would be moreprecise to call such a component a unit delay.We now model a pair of nor gates fed back to one another. Let B = f0; 1g,let nor : B � B ! B be the function de�ned by a nor b = not(a or b), let� : B ! B � B be the diagonal, and let � be the circuit (B;�) : I ! B.Consider the following circuit.
B

κ
κ nor

nor

BIt is straightforward to check that a behaviour of this circuit is a sequence(xi; yi; ui; vi)i2N2 (B4)Nsatisfying(xi+1; yi+1; ui+1; vi+1) = (xi; yi; xi nor vi; yi nor ui):Here the variables x and y are the internal states (as well as constant outputs)of the two � circuits and the variables u and v are the internal states resultingfrom the two instances feedback.As a �nal example, we construct a circuit which outputs the Fibonacci num-bers. Let + : R� R! R be addition on the reals, let � : R! R� R be the6



diagonal function and let � be the delay circuit at R. De�ne F : I ! R to bethe following circuit.
R

∆
∆

+

δ

RNotice that F has internal state R�R and its output behaviour, when startedin state (1; 1) 2 R� R, will give the Fibonacci numbers. (More precisely, theoutput from time i to time i+ 1 will be the (i+ 1)th Fibonacci number.)Of course, di�erent notions of behaviour are more appropriate in other cir-cumstances. For example, we de�ne an i-o behaviour of (U;�) : X ! Y tobe a sequence (xi; yi)i2Nsuch that there exists an in�nite sequence of triples(xi; ui; yi)i 2 (X � U � Y )Nsuch that (ui+1; yi) = �(xi; ui). It is clear that thei-o behaviours of (U;�) : X ! Y comprise a relation i-o(U;�) : XN! YN. If Fis the Fibonacci circuit described above then i-o(F ) : I ! RNis the subset ofsequences (ri)i2Nsatisfying, for all i 2 N, the recurrence relation ri+2 = ri+1+ri.Relations of the form XN! YNprovide a useful calculus for specifying(input-output behaviours of) circuits. In fact, in [7] and [18] relations were usedin this way to model circuits. Note, however, that the i-o behaviour of circuitswith input and output I (such as the example above involving the nor function)are trivial as there are only two relations from INto IN. More will be said onbehaviours in the next section.In [47] it was shown that distributive categories provide a setting for de�ningdata-types; they also have the required structures for modelling asynchronouscircuits as ifo systems. In [50] and [26], di�erent speci�cations on the data typesand arrows of 
(�(Set;�)) are used to give certain subcategories of ifo sys-tems which capture di�erent paradigms of communication between circuit com-ponents. In particular, the notion of a pulse circuit is used for constructingasynchronous circuits for computing recursive functions as well as asynchronouspipelines (abstracted from Sutherland's micropipeline [43]).Algorithms The other original motivation for the loops-suspension construc-tion was to give an algebra of algorithms in a distributive category of data types.We de�ne an Elgot automaton in a distributive categoryD to be an ifo systemin (D;+). Generally, a behaviour of an Elgot automaton (U;�) : X ! Y in Setis taken to be a possibly in�nite sequence x; u0; u1; : : : satisfying u0 = �(x) andui+1 = �(ui). (Of course, the sequence terminates if for some n, �(un) 2 Y .)A more abstracted notion of the behaviour of this Elgot automaton is a partialfunction f : X * Y �N where f(x) = (y; n) if the the above behaviour sequencex; u0; u1; : : : terminates with un = y. (We call such a structure a partial functionwith duration.) One could abstract away the temporal aspect altogether, and7



consider the partial function g : X * Y which describes only the result of thecomputation of the automaton (so g(x) is de�ned if there exists an n such thatthe sequence x; u0; u1; : : : terminates with un = g(x) 2 Y ).The notions of input and output for an Elgot automaton are di�erent tothose for circuits; an input in this case is an initial state (rather than an action)and an output is a terminal state. As was pointed out in [22], the algebra ofElgot automata allows one to decompose the state-space of a system (in thatit uses coproducts) while the algebra of circuits allows one to decompose theunderlying space of a system (in that it uses products). Moreover, the pictureof an expression of Elgot automata should be thought of as a 
ow chart withfeedback, while the picture of an expression of circuits should be thought of asa circuit diagram.We now construct an Elgot automaton which computes factorial. Considerthe function f :Z2!Z2+Z2: (x; y) 7! � (xy; y � 1; 1) if y = 1(xy; y � 1; 2) otherwiseSo f(x; y) lies in the �rst summand of Z2 +Z2 if and only if y = 1. Let r :Z2 +Z2 ! Z2 be the codiagonal, let i : Z! Z2 be the function sending r toi(r) = (1; r) and let � :Z2!Zbe the projection onto the �rst variable. Belowwe construct an Elgot automaton which computes the partial function � :Z*Zsatisfying �(r) (is de�ned if and only if r is a positive integer and in which case)equals r!.
∆ πZ Z

ZxZ

i fIf D is the initial distributive category ([14]) with N �= N + I (N is the datatype of the natural numbers with predecessor and successor) then the algebra ofElgot automata inD can be used to obtain the classical computation of recursivefunctions [40]. But further, when instead the data type of real numbers is taken[46], with its operations as an ordered ring, the functions computable on thereals, in the sense of Blum, Shub and Smale, [6] are obtained.There is a second tensor product on 
(�(D;+)) which is inherited fromthe cartesian product of D. (It is, in fact, a lax tensor product on the bicate-gory 
(�(D;+))). This models the important operation of computing functionsasynchronously and synchronizing on completion.It is clear that both for circuits and Elgot automata we are using more thanthe algebra of ifo systems as the distributivity of products over sums in thecategory D plays a critical role in our constructions. Further work is needed togive a general de�nition of an algebra of input-output systems which itself hasthe required `distributive' operations to construct these examples.8



Finite State Automata In [5] a 2-category of nondeterministic �nite stateautomata over an alphabet A is described, including a behaviour functor tomatrices of languages, and an account of the Kleene theorem, and minimal re-alization. This construction turns out to be a special case of loops-suspension,namely that applied to the additive category of matrices on the semiring ofsubsets of A*, with direct sum as the tensor product involved.Linear system theory Another case of the loops-suspension construction,
(�(Vect;�)), gives an algebra of discrete linear systems; that is input-outputsystems governed by a system of linear recurrence relations with constant coef-�cients ([38]). What is more surprising is that the same category can be used tomodel continuous linear systems, as will be described in a later section.Mealy Automata An ifo system in (Set�nite;�) is just a deterministic Mealyautomaton ([41]). Further, an ifo system in the category of relations (Rel;
) is anon-deterministic Mealy automaton. So ifo systems also provide an algebra forMealy automata.2.3 BehaviourIn order to study categories of ifo systems, we often consider structure preservingfunctors (in some cases these are strong monoidal homomorphisms) to other(bi)categories. Often such functors deserve the name behaviour.For example, there is a strong monoidal homomorphismB : 
(�(Set;�))! (Span(Set);
);where Span(Set) is the bicategory of spans ([4]) in Set. It maps an object Xto the set XNand, if (U;�) : X ! Y is a circuit, B(U;�) is the span of setsXN W ! YNwhere W = f(xi; ui; yi)i2N j �(xi; ui) = (ui+1; yi)g. So anelement of B(U;�) is a behaviour of (U;�) as described in the previous subsectionon circuits.As (Span(Set);
) is a discrete Cartesian bicategory ([12]), it is also com-pact closed and thus admits a traced monoidal structure. Explicitly, the trace isde�ned as follows. Consider the span � from XU to UY comprising the mapsf : W ! XU and g : W ! UY . Then TrUX;Y (�) is the span of the formX  E ! Y where E = fw 2W j projU � f(w) = projU � g(w)g.It is straightforward to check that the homomorphism B does not preservefeedback. This fact will be remarked on in Section 3 wherein we will see that Bcan be factored through a homomorphismD : 
(�(Set;�))! Span(Graph(Set)):By composingB with the homomorphismSpan(Set)! Rel to the category ofrelations (which is the universal homomorphism from a bicategory to a locally9



ordered category), we obtain another behaviour functor 
(�(Set;�)) ! Relwhich only records the input-output aspect of the behaviour of a circuit (asdescribed in the earlier section on circuits).We often refer to the domain of a behaviour functor as the machine cate-gory (for the functor); and the codomain as the behaviour category. Behaviourcategories tend to provide more abstract models of dynamical systems than thecorresponding machine categories. For example, a span of sets from XNto YNdoes not explicitly model the internal dynamics of a system as does a circuit fromX to Y ; and a relation from XNto YNdescribes neither the internal dynamicsnor the internal state.Often we abstract away more than just the dynamics and internal state.In the next subsection examples of behaviour functors will be given which alsoabstract away the temporal aspects of ifo systems.2.4 Delays and traced monoidal categoriesA traced monoidal category [20] is a balanced monoidal category (E;
) equippedwith a family of functions TrUX;Y : E(X 
 U; Y 
 U ) ! E(X;Y ) satisfying anumber of axioms. The following theorem identi�es traced symmetric monoidalcategories as a class of categories with feedback. (Of course, in the presence ofthe symmetry, one could equally give funtions of the form E(X 
 U;U 
 Y ) !E(X;Y ).) The proof uses Lemma 2.1 of this last mentioned paper, which statesthat slidings of crossings and twists su�ce for all slidings in the presence of theother traced monoidal axioms.Theorem 1. A traced symmetric monoidal category is a category with feedbackwhere the delay at each object is the identity.This theorem may be interpreted as saying that a trace is an instantaneousfeedback. When drawing the feedback operation in a traced monoidal category(viewed as an algebra for the loops-suspension monad) we leave the box o� thefed-back wire.From the point of view of the geometry of tensor calculus it may seem thattraced monoidal categories provide a more natural theory. The existence of thedelays, however, is intimately related to the notion of internal state and is crit-ical for our theory: in order to describe the process (as well as the e�ect) ofcomputation, we need to model the evolution of the internal state of a system.Of course, the above theorem allows us to construct the free traced monoidalcategory on a symmetric monoidal category: �rst form the category of ifo sys-tems and then force the delays to be identities. (One can then apply the Intconstruction of [20] to obtain the free compact closed category on a symmetricmonoidal category.)As we saw earlier, algorithms can be viewed as ifo systems in (D;+), whereD is a distributive category. We mention this now in order to note that thefree traced monoidal category on (Set�nite;+) does not yield partial functions,10



but rather `partial functions with possibly several unde�ned elements' { in otherwords, cospans X !W  Y in Set�nite where the arrow Y !W is an inclusion.It is possible to extend the loops-suspension construction from symmetric tobraided monoidal categories. We will not pursue this direction as our presentinterest is in the algebraic foundations of dynamical systems rather than thegeometry of tensor calculus; however, we do mention that (as one would expect)there is a close connection between the free traced monoidal category on thecategory of braids ([19]) and categories of tangles ([13]).When studying dynamical systems, we often want to consider `equilibrium'behaviours. In some cases, the corresponding behaviour functors land in tracedmonoidal categories and may be constructed in the following way.Suppose (C;
) is a symmetric monoidal category and let Tr : 
(�(E;
)) !(E;
) be a traced symmetric monoidal category (viewed as an algebra for theloops-suspension monad). Given a strong symmetric monoidal functor G : C!E, we can form the composite functorTr �
(�(G)) : 
(�(C;
)) ! Ewhich is a morphism of categories with feedback. Notice that if �X is the delayat X 2 C, then Tr �
(�(G))(�X ) = 1G(X).For example, take the functor G to be the inclusion of (Set;�) into thecategory (Rel;
) of relations. Then the corresponding functor
(�(Set;�))! Relmaps a circuit (U;�) : X ! Y to the relation R : X ! Y where xRy if andonly if there exists u 2 U such that �(x; u) = (u; y). Such an internal state u iscalled an equilibrium state for input x and output y. This behaviour functor intoRel has `eliminated' time, unlike the functor into Rel described in the previoussection, in the sense that it maps delays to identities. Clearly it gives a moreabstract measure of a circuit.As another example, take the functor G to be the inclusion of (Set;+) intothe category (Par;+) of partial functions. The resulting functor
(�(Set;+))! Parmaps an Elgot automaton (U;�) : X ! Y to the partial function f : X * Ywhich describes the result of the computation of the Elgot automaton (as de�nedin the earlier section on algorithms). We can use the fact that this functor pre-serves composition, tensor and feedback when calculating the partial functionscomputed by expression of Elgot automata. For example, it is straightforwardto verify that the partial function of the Elgot automaton constructed earlier forcomputing factorial satis�es the required �xed point equations for factorial.In circuit theory, an important notion is that of a stabilizing circuit: if aninput is held �xed then after some time the internal state will stabilize as willthe output. Further work is needed in order to express this notion of equilibriumas a combination of (or in a way related to) these last two functors.11



3 Span(Graph)In this section we introduce the discrete Cartesian bicategory of spans of graphsand describe its relationship to categories of ifo systems (in categories withproducts) via a homomorphismD. We further indicate how it provides an algebrafor labelled transition systems thus serving as a tool for specifying concurrentsystems.3.1 Systems with boundariesLet Graph(C) denote the category of directed graphs in C. We will denote adirected graph as a pair of arrows s; t : E ! V or, if C has products, as an arrowof the form (s; t) : E ! V 2. A graph is often thought of as a dynamical systemin C: the object of edges E represent motions of a system, the object of verticesV represent states and the source and target maps s and t give the starting and�nishing states of a motion. Deterministic dynamical systems are graphs of theform 1V ; s : V ! V ; that is, they are endomorphisms.If C is a �nitely complete category let Span(Graph(C)) denote the bicat-egory of spans of graphs in C. In this section, we will only consider its full andlocally full sub-bicategory whose objects are `one vertex' graphs { that is, graphswhose object V of vertices is terminal in C. We will denote this bicategory bySpGr(C). (It is, in general, important to consider arbitrary spans of graphs, forexample, when specifying protocols.)Note that as SpGr(C) is a discrete Cartesian bicategory ([12]), it is also(self-dual) compact closed and thus admits a traced monoidal structure. Whendrawing pictures of expressions in SpGr(C) we will leave the arrow heads o�the input wires of components.Given a span A  G ! B, we refer to A and B as the left and rightboundaries respectively, the graph G is called the head or centre of the span andthe two morphisms are named the left and right legs. The opposite of a spanis formed by swapping the left and right legs. (This is the dual constructionavailable in any compact closed category.) We think of such a span as modellingthe states and transitions of a system with boundaires, the legs of the spanrestricting the state and motion of the whole to the boundaries. If A and B areone vertex graphs { as in SpGr(C) { then, on the boundaries, we are recordinginformation pertaining only to the motion of the system and not the state; inother words, we are only considering `
ows' across the boundaries. (In Section6 we indicate how this algebra can be used to model systems governed by thecontinuity equation.)Given a �nitely complete C with terminal object 1, letD : 
(�(C;�)) ! SpGr(C)be the homomorphism speci�ed as follows. The object X is mapped to the onevertex graph (!; !) : X ! 12; we often denote this graph by X. Let (U;�) :12



X ! Y be an ifo system where � = (�; 
) : XU ! UY . Then D(U;�) has ascentre the graph (proj2; �) : XU ! U2, as left leg the map proj1 : XU ! Xand as right leg the map 
 : XU ! Y . It is straightforward to check thatD is a strong monoidal homomorphism which identi�es 
(�(C;�)) as a sub-monoidal bicategory of SpGr(C). We call the arrows of this sub-bicategorydeterministic input-driven systems in C. Deterministic input-driven systems canbe characterized (for appropriate categories C) as spans of graphs whose left legsatis�es the discrete op-�bration condition. (This observation relates the workat hand to [31] and [32]; the relation of spans and cospans of categories to ifoand other input-output systems was studied in detail in [21].)Notice that if we feedback an input-driven system in SpGr(C) using thetrace, we do not necessarily obtain another input-driven system. For example,consider TrBI;I(D(Inf(not))), where B = f true ; false g and not : B ! B is theusual negation function.However, the homomorphismD does satisfy the propertyD(FbUX;Y (f)) �= TrUX;Y (D(f � (X�U )));where f is an ifo system with input XU and output UY , and �U is the delay atU . After Theorem 1, we remarked that a trace is an instantaneous feedback. Inview of the above stated property of D, it would be reasonable to say that thefeedback of ifo systems is a delayed trace. (The feedback TrU in Span should bethought of as glueing the two boundaries U thus forcing the relevant transitionsto be the same. Of course, it is common practice in Engineering to delay feedbackbecause of the problems that can arise from such a glueing operation.)Consider the case (C;
) = (Set;�). Let N be the graph 1N; s : N! Nwheres is the successor function on the set of natural numbers. We think of a graphmorphism N ! G as a behaviour of G. As the functor F = Graph(N;�) :Graph(Set) ! Set preserves limits, we can consider the homomorphism of bi-categoriesSpan(F) : SpGr(Set) ,! Span(Graph(Set))! Span(Set):The homomorphismB : 
(�(Set;�))! (Span(Set);
) described in Section 2.3can be factored as the composite Span(F) � D.As was made clear in [33], an extra structure which categories of dynamicalsystems (in which the objects are models of systems) should bear is a time objectT (or a collection of such objects) which should serve as a domain for behaviour inthe sense that a T -behaviour of a system G should be a map T ! G. For example,the above graph N is usually taken to be the time object in Graph(Set). Ofcourse, once given a time object, behaviour functors can be formed as above. InSection 5.3 we will see an example of a time object which parametrizes behavioursof continuous systems.In the context of bicategories of systems with boundaries such as SpGr or
(�(Set;�)) (in which the arrows are models of systems) it is more appropriate13



to consider time arrows as domains for behaviours. We will not pursue this here,but we remark that the structures necessary for de�ning such behaviours areclosely related to the squares de�ned in Section 6.It is possible to extend the loops-suspension construction from monoidalcategories to monoidal bicategories. (In order to obtain the desired 2-cells, weneed to equip these bicategories with a sub-category of `in�nitesimal' arrows;such structures are examples of equipments [11], [10].) We mention this in orderto note that the sub-bicategory SpGr(C) of Span(Graph(C)) is biequivalent to
(�(Span(C);
)). The reader can check that to give an an ifo system (U;�) :X ! Y in Span(C) is just to give a span of graphs in C with domain (!; !) :X ! 12 and codomain (!; !) : Y ! 12.Furthermore, the above homomorphism D can be constructed as 
(�(I)),where I : (C;�) ! (Span(C);
) is the obvious inclusion. Similarly, Elgot au-tomata can be represented as cospans of graphs by realizing
(�(Cospan(C);+))as a sub-bicategory of Cospan(Graph(C)).In the process of designing and analysing (deterministic) systems it is oftennecessary to consider operations which yield non-deterministic systems and thisis why we are interested in the passage from ifo systems to spans. For example,the opposite of the diagonal �� : X 
X ! X and the opposite of the terminal!� : I ! X play an important role in the design of systems though they arenot ifo systems. In Section 5 we will see that in order to analyse (in fact, toconstruct) RLC circuits we need to pass from the algebra of ifo systems to thecompact closed bicategory SpGr(Vect).Deterministic systems tend to have an in�nite state-space, but when design-ing systems we often deal with �nite abstractions. It is worth mentioning thatthe word `abstraction' has two meanings here: it can refer to the process of ab-straction or it can refer to the result of this process. This process of abstractioncan be described (via 2-cells) in SpGr(Set); in fact, we can de�ne an algebraof abstractions. We will not discuss this further other than saying it is closelyrelated to the constructions presented in Section 6. With respect to the secondmeaning of abstraction, we will now demostrate how spans of �nite and re
exivegraphs provide an algebra for specifying concurrent systems.3.2 Transition systemsThe original motivation for considering Span(Graph(Set)) in [23] was to havea compositional algebra of �nite transition systems [3]. The algebra and its as-sociated geometry allow the consideration of spatial distribution of the parts ofa system. One of the �rst things we observed is that there is a class of tran-sition systems, which we called linearizable, for which interleaving semantics isreasonable, and for these systems we de�ned the analogue of the Hoare paralleloperation, thus establishing a clear connection with Hoare's CSP. It was alsostraightforward to give a compositional account of P/T nets in Span(Graph)[24], where the geometry is the usual geometry of nets.14



Of course transition systems have a wide variety of applications, and the ge-ometry we obtain �ts in very naturally with these applications. For example, it ispossible to model in Span(Graph) ([50], [27]) non-deterministic asynchronouscircuits with �nite state (for which the associated geometry yields the usual cir-cuit diagrams) obtaining a compositional version of the general multiple winnermodel described in Brzozowski and Seger [8]. It is also possible to model com-munication protocols for which the associated geometry is similar to the 
owcharts of [17]. In addition, new applications were suggested by our algebra, one[25] being a formalization of double-entry accounting, which we describe in Sec-tion 6. Below we provide a brief introduction to SpGr(Set) as an algebra forspecifying concurrent systems.In this section we will only be concerned with the sub-bicategory ofSpGr(Set)comprising spans of �nite, re
exive graphs (where we also require the legs of thespans to be re
exive graph morphisms). If A is a �nite set, then denote also byA the one-vertex re
exive graph with edge-set A+f-g, the symbol - representingthe re
exive edge. So a span of re
exive graphs from A to B can be thought ofas a labelled transition system with labels in the set (A + f-g) � (B + f-g) �=A � B + A + B + 1. More generally, a span of re
exive graphs whose domainand codomain are products of one vertex graphs can be viewed as a transitionsystem labelled in a `distributed' alphabet.A span A  G ! B of re
exive graphs is called linear if no edge of G islabelled by both A and B; that is, the label of each edge lands in the subsetA+B + 1 � (A+ f-g) � (B + f-g).As an example, let us consider the simple distributed resource allocationproblem. A group of n people go to a Chinese restaurant for dinner. After beingsat down at a round table, they are told there is a resource problem: thereare only n chopsticks. The diners decide to share the chopsticks (placing onebetween each adjacent pair of diners), and each diner agrees to obey the followingprotocol: when a diner decides he wants to eat he must �rst pick up his rightchopstick and then pick up his left; and when he has eaten enough, he must �rstput down his right chopstick and then put down his left. Note that a diner isnot allowed to put down his right chopstick until he has picked up his left. Thisresource allocation protocol is distributed because there is no global control ofthe use of the chopsticks { each diner (and each chopstick) acts independentlyof the other diners (and the other chopsticks).In SpGr(Set) we model diners and chopsticks by linear spans of re
exivegraphs, and the whole system is modelled by an expression involving these spans.Let A = fa; bg, and let � : A! A be the span of graphs depicted below.15
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which yields the following sequence of states.(0; 0; 0; 0); (1; 1;0;0); (2;1;0;2); (3;0;0; 2); (0;0;0; 0); (0;0; 0; 0); (1;1; 1; 1); : : :Notice that the system cannot leave the vertex (1; 1; 1; 1). This is called a dead-lock state and such vertices will be discussed in the next section. Though theabove system is small, the relevance of the re
exive-edges for modelling concur-rency should be apparent; for example, in the above behaviour the second dinerwas able to wait for a turn to get his right chopstick. Also, it is clear that sucha system comes equipped with an initial state { for example, our interpretationwould not make sense if we were to start the two diner system in state (1; 0; 1; 0).The basic components of the diner system (namely, � and �) are linear. Itshould be clear, however, that the composite of linear systems is not linear; ifit was, the trace involved in the above example would not have enabled the lastchopstick to synchronize with the �rst diner. However, the composite of linearsystems is linearizable (a concept de�ned in [23]) { and it is this fact whichexplains the applicability of interleaving models of concurrency.4 Model checkingGiven a system as an expression in Span(Graph) the algebra allows the def-inition of notions such as subsystem, state internal to a subsystem, local inde-pendence of actions etc. Using these transparent notions we are able to give aclear and intuitive account of model checking techniques, and to give complexityresults in a variety of cases.One of the di�culties with automated veri�cation of state-based models ofconcurrent systems is the so-called `exponential explosion of state'. For example,the number of vertices of (the value) of an expression in Span(Graph) growsexponentially with the number of its components. However, when checking forcertain properties, we can exploit independence of the various parts of the systemin order to avoid consideration of all the states of that system. Model checkingis an area of Computer Science devoted to managing this exponential growth ofstate.For example, if we want to check for deadlock in a system which comprisedn totally independent components running in parallel, we only need to checkeach component individually. In this case, the number of states needed for thedetection of deadlock increases linearly with the number of components. Thoughin most interesting cases the components are not totally independent, partialindependence can sometimes be exploited to reduce the exponential growth ofstate.In the model proposed here, total independence corresponds to a state-spacewhich can be decomposed into a product of graphs. Partial independence cor-responds to noting that certain parts of the state-space (such as the edges outof some vertex) can be decomposed into a product. This section is part of jointwork ([16]) being carried out with Robbie Gates. It is closely related to themethod of generating reduced reachability graphs via stubborn sets ([45], [44]).17



The spans of re
exive graphs considered in this section are �nite, linear andcome equipped with an initial vertex. Given an expression 	 of such spans, wecall an edge of (the head of the value of) 	 atomic if it is one of the followingtypes: re
exive in each component of 	 ; re
exive in all but one component of	 ; or re
exive in all but two components of 	 , these two non-re
exive edgesagreeing as a non-re
exive action on a common boundary (in other words, thetwo edges engage in a non-trivial synchronisation).De�ne the graph ~	 to be the subgraph of 	 comprising the vertices reachablefrom the initial vertex of 	 and the atomic edges between these vertices. (Theinitial vertex of 	 comprises the initial vertices of each component of 	 .) As thefollowing proposition indicates, when analysing behaviours of 	 it is enough toconsider behaviours comprising atomic edges.PropositionThe reachable vertices of ~	 contain all the reachable vertices of 	 .A deadlock for a graph is a vertex v such that the only edge with source v isthe re
exive edge. We now describe methods for constructing subgraphs G of ~	such that (a) G contains the initial vertex and (b) every deadlock reachable in~	 (and hence in 	 ) is reachable in G. In other words, to check for deadlock in	 it is enough to check for deadlock in such a sub-graph G.An internal state for a span is a vertex v such that v is not a deadlock andeach edge with source v is labelled by re
exive edges on all of the boundaries. Bya sub-expression of an expression 	 we mean a subset S of the set of componentsused to construct 	 . We call such a subset S a sub-expression because it is clearhow it can determine an expression � built from the components in S, as wellas a graph morphism from (the head of) 	 to (the head of) � which projectsonto the components in S. We call this graph morphism the restriction of 	 toS. For example, consider spans Gi : Ai ! Ai+1 with A1 = A5, and let 	 bethe expression Fb(G1;G2;G3;G4). If S = fG1; G4g then the obvious candidatefor the above mentioned � is G4;G1. If S = fG1; G3g then � is G1 
 G3. Wedenote the set of sub-expressions of 	 by P(	 ).De�nitionA deadlock analysis for an expression 	 : I ! I of spans is a functionF : Vert(	 )! P(	 ) such that, for each vertex v of 	 , if F (v) does not compriseall the components of 	 then the restriction of v to F (v) is an internal state forF (v).Given a deadlock analysis F for 	 , we can de�ne a subgraph 	F of ~	 tobe the smallest subgraph satisfying the following speci�cation: the subgraph 	Fcontains the initial vertex; and if v is a vertex of 	F then 	F contains those edgese with source v such that, for each component G not in F (v), the restriction ofe to G is a re
exive edge. In other words, 	F is constructed by starting at theinitial state and then, at each vertex v, only considering motions in F (v).Though 	F is a subgraph of 	 , it can be used to detect deadlock in theoriginal system. In fact, we have the following result.18



Theorem Suppose F is a deadlock analysis of 	 . Then all the reachable dead-locks of 	 are (reachable) in 	F .A deadlock analysis provides us with an algorithm for searching for deadlocks.When searching we only need to consider the subgraph 	F { that is, motionsin the sub-systems determined by the deadlock analysis. A deadlock analysisis useful if 	F is signi�cantly smaller than 	 . We know of some cases wherethe deadlock analysis F can be chosen such that the number of vertices of thegraph 	F grows polynomially (rather than exponentially) with the number ofcomponents. Below we present two simple examples.Example 1 Consider the expression 	 =Nni=1Gi, where each Gi is a span fromI to I (that is, has a trivial boundary). This is a model of n totally independentsystems operating in parallel.Clearly the number of vertices of 	 (and ~	 ) grows exponentially with n. (Ofcourse, to make sense of this last remark we need to assume that the numberof vertices of any Gi is less than some �xed number.) Let F : Ver(	 ) ! P(	 )be the deadlock analysis de�ned as follows: F (v1; : : : ; vn) = fGig where i is theleast number such that vi is not a deadlock, if such an i exists { and if such ani does not exist then F (v1; : : : ; vn) = fG1; : : : ; Gng. The number of vertices of	F grows linearly with n.Note that in this example, (v1; : : : ; vn) is a deadlock for 	 if and only if eachvi is a deadlock for Gi. The above analysis can be described as follows. Firstcheck if G1 has a reachable deadlock: if it does not then we are done; and ifit does then check G2. Repeat for G2, and so-on. In other words, to check fordeadlock in a system comprising independent parts, we need only check eachpart individually.Example 2 It is usually the case that to minimise the size of 	F we shouldchoose F such that each F (v) contains as few components as possible. In someexamples it happens that, for each v, there is a unique smallest F (v) to choose.This is the case with our diners at the Chinese restaurant.Let 	 = TrAI;I((� ��)n) be the system of n diners and n chopsticks as de�nedin the previous section. Now consider the subgraph ~	 comprising the atomicedges; an edge of ~	 corresponds to one chopstick being picked up or put down.Let vinit be the initial state corresponding to no diner having a chopstick. Thereis only one choice for F (vinit), it must be the whole system. There are n edgeswith source vinit , each of these corresponding to one diner picking up his rightchopstick. Suppose the vertex w is the target of one of these n edges; say that itcorresponds to the ith diner having his right chopstick. The smallest candidatefor F (w) is fP(i�1)(mod n); F(i�1)(mod n); Pig. So, although there are many edgesin the original system with source w, we need only consider two of these: onecorresponds to the ith diner taking his left (that is, second) chopstick; and theother corresponds to the (i � 1)(mod n)th diner taking his right chopstick.If we continue to construct the deadlock analysis F in this way, we �ndthat the number of vertices in 	F is 3n2 � 3n + 2. (The reader should check19



that the unique reachable deadlock of this system { the vertex corresponding toeach diner having his right chopstick { is indeed found by this method.) Thisquadratic polynomial is the one given in [45], which there describes the numberof markings of a Petri net needed to detect deadlock using the stubborn setmethod.5 Continuous linear system theoryThe mathematical structure of a graph can, in some cases, model continuoussystems: the passive and active restrictions of a graph can be thought of asgiving the position p and velocity v of an in�nitesimal motion rather than sourceand target of a discrete motion. In other words, in an appropriate setting, agraph (p; v) : M ! S2 can model a system with state-space S and a spaceof in�nitesimal motions M . Of course, this interpretation of a graph is onlymeaningful if the tangent bundle of the space S is isomorphic to S2.In this section we will see that an input-output system governed by a systemof linear di�erential equations [38] can be considered as an ifo system in (Vect;�).There are two homomorphismsD and I to SpGr(Vect), and behaviours of spansare solutions of di�erential equations. Within the theory of continuous linearsystems is of course the theory of linear RLC circuits; in fact, we shall see thatthere are a class of arrows in 
(�(Vect;�)) whose image under D are (modelsof) capacitors and whose image under I are inductors. The geometry associatedto an expression in our algebra is, of course, the classical circuit picture. We endthe section by indicating how the loops-suspension construction can be modi�edso as to obtain a more general theory of continuous input-output systems.5.1 
(�(Vect;�)) and SpGr(Vect)Let Vect be the category of �nite dimensional vector spaces over the reals R.Recall that Vect is a linear category in that �nite products equal �nite sums(which is the direct sum �). Given a graph (p; v) :M ! S2 in Vect we de�ne abehaviour of this graph to be a di�erentiable function f : R!M such thatddt(p � f) = (p � f)0 = v � f:(In order to de�ne behaviours we have to go outside the world of graphs in Vect,which indicates this is not really the appropriate place to model continuoussystems. We will address this point at the end of this section.)By a behaviour of a span of graphs we mean a behaviour of the head of thespan. Of course, via composition with the legs, this induces behaviours of theboundaries.For example, consider the identity arrow of an object X of SpGr(Vect).(Recall that X is a one vertex graph.) The head of the span is the graph (!; !) :X ! 12 and a behaviour of this span is just a di�erentiable function f : R! X.20



A more interesting example is the span fromX to X whose head is the graph1 = (�1; �2) : X2 ! X2, whose left leg is the �rst projection �1 : X2 ! X andwhose right leg is the second projection �2 : X2 ! X. A behaviour of this spanis a function (f; g) : R! X2 such that f 0 = g. Notice that the correspondingbehaviours on left and right boundaries are f and g respectively. We call such anarrow a di�erentiator since the behaviour on the right boundary is the derivativeof the behaviour on the left.Another example is obtained by interchanging the roles of position and veloc-ity in the above example. More precisely, consider the span from X to X whosecentre is the graph twistX : X2 ! X2 and whose left and right legs are the �rstand second projections respectively. We call such a span an integrator since aninput (left boundary behaviour) is integrated, instantaneously appearing as anoutput (right boundary behaviour). Notice that the integrator is isomorphic tothe opposite of the di�erentiator (that is, by swapping the left and right legs ofthe di�erentiator we obtain the integrator).It is clear that the notion of behaviour is compositional, in the sense that if� : X ! Y and � : Y ! Z are spans then to give a behaviour of � � � is togive behaviours of � and � that agree on the common boundary Y . Of course,this fact can be expressed by describing a structure preserving homomorphismbehaviour from SpGr(Vect) to a suitable semantic category.Recall that an arrow in 
(�(Vect;�)) fromX to Y is a linear transformationof the form X � U ! U � Y . Noting that U � Y is in fact a product, we willwrite such arrows as (�; �) : XU ! UY .Let D : 
(�(Vect;�)) ! SpGr(Vect) be the homomorphism described inSection 3. So D maps an arrow (�; �) : XU ! UY to the span from X to Ywith head (�2; �) : XU ! U2, left leg �1 : XU ! X and right leg � : XU ! Y .Clearly, to give a behaviour of D(�; �) is to give a pair of di�erentiablefunctions (f; g) : R ! XU such that g0 = �(f; g). Using vector notation, abehaviour of the system (including the boundaries) is a triple (x(t); u(t); y(t))such that u0 = ��xu�y = ��xu� :ApplyingD to the delay �X yields the integrator described above. (So an integra-tor is governed by a di�erential equation.) Of course, a behaviour ofD(FbRI;I(1R)) �=TrRI;I(D(�R)) is a scalar multiple Aet : R! R of the exponential function { itbeing a solution to the equation x0 = x.There is an involution Graph ! Graph which is the functor mapping agraph to its dual (that is, it sends a graph (s; t) : E ! V 2 to the graph (t; s) :21



E ! V 2). This induces an involution dual : SpGr! SpGrwhich is the identityon objects.Let I : 
(�(Vect;�)) ! SpGr(Vect) be the homomorphism dual � D. SoI maps an arrow (�; �) : XU ! UY to the span from X to Y with head(�; �2) : XU ! U2, left leg �1 : XU ! X and right leg � : XU ! Y . Noticethat the head of I(�; �) is the dual graph of D(�; �).Clearly, to give a behaviour of I(�; �) is to give a triple (x(t); u(t); y(t)) suchthat u = ��x0u0�y = � �xu� :Notice that we could view the above as an integral equation { that is, the integralof u from 0 to t is constrained to equal a linear function of x and u (plus aconstant).Applying I to the delay �X yields the di�erentiator described above. (Soa di�erentiator is governed by an integral equation.) We invite the reader to(evaluate the expressions and) consider behaviours of I(�1; �2) � D(�1; �2) andD(�1; �2) � I(�1; �2) in relation to the fundamental theorem of calculus.The pair of homomorphisms D and I exist in the general case of ifo systemsin a category with �nite limits; for example, the homomorphismI : 
(�(Set;�))! SpGr(Set)determines the subbicategory comprising spans whose left leg satis�es the dis-crete �bration condition. As we are considering the image of ifo systems under Das deterministic, perhaps (as suggested by Robin Cockett) we should call theirimage under I co-deterministic.5.2 Towards an algebraic foundation for electrical circuit theoryWe are now in a position to de�ne the basic components needed to build RLCcircuits. Let X = R2. We will be thinking of the �rst variable i of X as currentand the second variable v as voltage. Resistors, capacitors and inductors willbe de�ned to be certain spans X ! X. Of course, a behaviour of such a spaninduces a behaviour (i(t); v(t); j(t); w(t)) 2 (XX)Ron the boundaries; it is thesebehaviours that we consider below.Resistors For any R 2 R, let �R : X ! X be the transformation (i; v) 7!(i; v�Ri). The resistor of resistance R is the span D(Inf(�R)) : X ! X. Noticethat this equals I(Inf(�R)), and we denote this span also by �R. A behaviour(i; v; j; w) of the resistor �R satis�es, for all t, the condition i = j and w = v�Ri.This latter equation can be written in the more familiar form V = v �w = Ri.CapacitorsFor anyC 2 R, let �C : XR! RX be the transformation (i; v; q) 7!(i; i; v� qC ). The capacitor of capacitance C is the span D(R; �C) : X ! X, which22



we denote by �C . The induced boundary behaviours (i; v; j; w) satisfy i = j andV 0 = (v �w)0 = q0C = iC .Inductors For any L 2 R, let �L : XR! RX be the transformation (i; v; p) 7!(i; i; v � Lp). Notice that �L = � 1L . The inductor of inductance L is the spanI(R; �L) : X ! X which we denote by �L. The induced boundary behaviours(i; v; j; w) satisfy i = j and V = (v �w) = Lp = Li0.Kirchho� Wires The Kirchho� diagonal wire is the span W1;2 from X toX2 which has as centre the graph (!; !) : R3 ! 12, as left leg the transforma-tion (i1; i2; v) 7! (i1 + i2; v) and as right leg the transformation (i1; i2; v) 7!(i1; v; i2; v). It is important to note that this is not the diagonal of the discreteCartesian structure of SpGr(Vect). Other Kirchho� wires can be constructedfrom W1;2 using the compact closed structure of SpGr(Vect) .RLC circuits The bicategory RLC of RLC circuits is the smallest self-dualcompact closed sub-bicategory of SpGr(Vect) containing the above basic com-ponents. Rather than just an arrow in RLC, by an RLC circuit we sometimesmean an expression built out of resistors, inductors, capacitors and the Kirchho�diagonal wire using only the self-dual compact closed structure of SpGr(Vect)(that is, composition, tensor product, the identity 1X : X ! X; the symmetrysX;X : XX ! XX, the unit �X : 1 ! XX and the counit � : XX ! 1.) Ofcourse, the pictures of these expressions are similar to the classical RLC circuitdiagrams.This theory permits a more subtle analysis than given by classical linearcircuit theory by virtue of the fact that the internal state of a component is ex-plicitly described. For example, the composite of two capacitors is not a capacitoras its internal state is R2. However, it has the same input-output behaviours asa capacitor (if started in appropriate initial states); in fact, the diagonal func-tion � : R! R2 provides a 2-cell from the capacitor �C2+C1C1C2 to the composite�C2 � �C1 .Though there is no reason to expect that an RLC circuit will be a determin-istic system, we know of many interesting RLC circuits which do lie in the imageof the homomorphism D. For example, there are isomorphismsTrXI;I(�L � �C) �= TrRI;I(�R� � 1LC � �R) �= D(FbRI;I(�R� � 1LC )):Given this fact, we can now �nd the behaviours of the RLC circuit TrXI;I(�L ��C) by using the theory of linear algebra to calculate eigenvalues of the lineartransformation FbRI;I(�R� � 1LC ).By going outside the algebra of RLC circuits it is possible to construct iso-morphisms, such as the �rst one mentioned in the previous paragraph, by usingthe axioms of the discrete Cartesian structure of SpGr(Vect). Some of thesecalculations involve the diagonal �, which (if it has any physical signi�cance)23



should not be viewed as a wire (in the sense of Kirchho�'s law) but rather as acomponent which allows a current to a�ect several parts of a system.It is possible to construct the isomorphismTrXI;I(�L � �C) �= TrRI;I(�R� � 1LC � �R)by �rst decomposing the capacitor and the inductor into expressions involvingdiagonals and (images under D and I of) delays and in�nitesimals, and thensuitably rearranging the expression. The following pictures may illuminate theseremarks.
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ent-The splittings of wires represent diagonal � : R ! R2 components and thefunctions which determine the potential di�erence areC : R2! R : (q; v) 7! v � qCand L : R2! R : (p; v) 7! v � Lp:For the calculation of the above isomorphism, it is important to note that thedi�erentiator I(�R) is the opposite (or dual) span of the integrator D(�R). Ofcourse, there is an alternative picture in which the potential di�erence is viewedto be causing the current to 
ow.The reader may like to contrast this approach to electrical circuit theory withthe one proposed in [42]. When modelling dynamical systems one could take asprimary the underlying space of the system and the quantities (functions) vary-ing over it (which leads to cohomology theories etc.) as is done in the previouslycited paper. One can also take as primitive some notion of a process (which mustentail concepts such as input, output and feedback) and, in this case, it is natu-ral to ask what kind of algebra these processes form. It is this last question weare endeavouring to answer here. In the next subsection we provide a setting formodelling more general continuous systems (for example, non-linear circuits).5.3 A parametrized theory of ifo systems and spansThe structures in this section should be understood in a more general context.Rather than considering a graph (p; v) : M ! S2 as a model of a continuous24



system, we should consider the notion of a space S equipped with a generalizedtangent bundle { namely, a mapM ! SI , where the object SI is (the domain of)the tangent bundle of S (and I is the in�nitesimal object of synthetic di�erentialgeometry [30], [35]).In fact, we can develop much of the theory presented here parametrized bycopointed endofunctors position : R) 1C which preserve products. The discretecase is given by R(A) = A2 with position = proj1 and the continuous case isgiven by R(A) = AI with position = ev0.A deterministic R-system is a coalgebra A ! R(A) for T . In the discretecase this is equivalent to an endomorphism and in the continuous case this is avector �eld. A general R-system is a pair of objects A and B together with amap A! R(B). A morphism of systems from � : A! R(B) to �0 : A0 ! R(B0)is a pair of maps f : A! A0 and g : B ! B0 such that �0 � f = R(g) � �.An ifo R-system with input X, internal state U and output Y is a map(�; �) : XU ! (RU )Y such that positionU � � = projU : XU ! U . (Note that,for the discrete case R(A) = A2, an R-ifo system is equivalent to an ifo systemas previously de�ned via the loops-suspension construction.)We still obtain a homomorphism from the bicategory of ifo R-systems tospans of R-systems. There is a natural operation of R-feedback, but the notionof an R-delay (and the connection with the trace of Span) appears to be lessstraightforward.The time object T (as discussed in Section 3.1) which parametrizes the be-haviours of continuous systems is (1R; 1) : R! R2 �= RI, where 1 : R! R is theconstant function at 1. It is straightforward to check that to give a behaviour ofa continuous system X (as described in this section) is to give a morphism ofcontinuous systems from T to X.Of course, we were able to present the examples of this section in terms ofgraphs since, for all X = Rn, we have XI �= X2 (in an appropriate categoryof smooth maps). A relationship between the continuous and the discrete cases(which incorporates behaviours) could perhaps be understood by considering thepassage between XI , X [0;1] and X2, where [0; 1] is the interval.The details of this general theory will be given elsewhere wherein we will alsodescribe connections with the work on coalgebras done by Jacobs and Rutten[39].6 The continuity equationUp to this point we have not seriously used the two dimensional structure ofthe bicategory Span(Graph). In order to obtain an algebra of systems suchas accounts { which are essentially distributed dynamical systems with valuesrecorded in the integers { we will use the 2-cells of Span(Graph).A quantity varying over a space X is often viewed as a fuction from X intosome ring. We will adapt this view to the present setting. The ring is replaced bya family of spans called standard accounts and, instead of considering a functionfrom a space into a ring, we consider (roughly speaking) a 2-cell from a span25



into one of these standard accounts. Such a 2-cell is called an account and canbe viewed as a system satisfying a discrete version of the continuity equation.Moreover, we have an algebra of such structures; in [25] we call an expression inthis algebra a system of accounts with partita doppia, it being a formalizationof double-entry accounting, �rst described in [36].The construction of this algebra will take place in two stages. First we de-scribe pre-accounts which have values only associated to their motions (=edges);these systems satisfy the condition that, for any motion, the total in-
ow equalsthe total out-
ow. Then we modify this construction in order to describe thestandard accounts in which the value of a state (=vertex) of a system can berecorded. The section �nishes with an indication of how the same basic construc-tion can be used to model continuous systems satisfying the continuity equation([9]).Bicategorical preliminariesLet us �rst recall a basic construction on bicategories. Suppose f : A ! B andg : C ! D are arrows in some bicategory B. A square in B from f to g comprisestwo arrows h : A ! C and h0 : B ! D together with a 2-cell � : g � h ) h0 � f .(We sometimes call f and g the sides of the square.) Such squares naturally formthe arrows of a bicategory Sq(B) in which composition is given by horizontallypasting squares (that is, pasting them side by side). If B admits a monoidalstructure then so too does its bicategory of squares. Now consider the full andlocally-full sub-bicategory Ladj(B) of Sq(B) whose objects f : A ! B are leftadjoints as arrows in B. It is the case that if B is compact closed then so too isLadj(B) ([28]).Each morphism f : G ! H in a category G determines a span f� in Gwhose left leg is the identity and whose right leg is f . These spans f� can becharacterized as those arrows of Span(G) which are left adjoints. A square inSpan(G) from f� to g� amounts to giving a diagram inG whose shape resemblesa tent. We thus obtain the result that the bicategory Ladj(Span(G)) of tentsin G is compact closed.Pre-accountsWe now begin the description of pre-accounts. Let C be the chaotic categorywhose objects are �nite sequences (�i) of +'s and �'s. This category admitsan obvious compact closed structure. Let C : C ! Span(Graph(Set)) be thehomomorphismwhich maps (�i) to the one-vertex graph with edge-set QiN andthe arrow (�i)! (�j) to the span C(�i);(�j ) whose centre is the one-vertex graphwith edge-set f((xi); (yj)) 2Yi N�Yj N j Xi �ixi =Xj �jyjg:This homomorphism is strong monoidal, and the spans C(�i);(�j) are called stan-dard pre-accounts. These spans have a close connection with the Kirchho� wiresdescribed in the previous section on RLC circuits.26



Suppose S = (�i) and T = (�j) are strings of plus and minus signs andf : X !QiN and g : Y !Qj N are graph morphisms. We de�ne a pre-accountfrom (S; f) to (T; g) to comprise a span of graphs R : X ! Y and a square ofthe form � : g� �R ) C(�i);(�j) � f�. We think of this structure as recording the
ow of quantities across the boundaries of a system R for which the total in-
owof each transition equals the total out-
ow. Note that as the centre of the spanC(�i);(�j ) is a one-vertex graph, the pre-account does not associate any values tothe vertices of R.Pre-accounts form a sub-compact closed bicategory of Ladj(Span(Graph)).An expression in this algebra can be thought of as a system whose componentscan make transactions across the boundaries on which they are joined, but whereeach component's net transaction is zero. Perhaps one could use this algebra togive a simplistic model of a barter system: transactions cannot incur debit norcredit and the accumulation of value is not possible.AccountsWe will now modify the above functor C : C ! Span(Graph) in order to obtainthe model of accounting described in [25]; essentially this is done by introducinginternal state into the standard pre-accounts.The standard account from + to + is the span of graphs from N to N whosecentre has as vertex-set the set of integers, and wherein an edge � : r ! s is apair (x; y) of natural numbers such that s � r = x � y. The left leg of the spanmaps (x; y) to x and the right leg maps (x; y) to y. We denote this span by A+;+.We think of the edge (x; y) : r ! s as a motion of the system which on the leftboundary corresponds to an input (or in-
ow) of x and on the right boundarycorresponds to an output (or out-
ow) of y.If S = (�i) and T = (�j) are strings of +'s and �'s then the standard accountAS;T from S to T is the composite C+;T �A+;+ �CS;+ of standard pre-accountswith the standard account from N to N. An edge � : r ! s in (the centre of) thisstandard account is a pair of tuples of natural numbers (xi) and (yj) such thats� r =Xi �ixi �Xj �jyj ;this equation being a discrete version of the continuity equation. Such an edge �should be thought of as having in-
ows (resp. out-
ows) on those boundaries kfor which �k is positive (resp. negative) or �k is negative (resp. positive). Below wepicture some transitions in a standard account (the arrowheads on the boundarywires are used to indicate that the domain is +� and that the codomain is +).
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(3,2)/6 (12,0)/2Accounts are de�ned in a similar way to pre-accounts. Suppose S = (�i)and T = (�j) are strings of plus and minus signs and f : X ! QiN and27



g : Y !Qj N are graph morphisms. An account from (S; f) to (T; g) comprisesa span of graphs R : X ! Y and a square of the form � : g� �R) A(�i);(�j) � f�.Notice that an account has an integer associated to each vertex (of R, inthe above case) as well as a tuple of natural numbers associated to each edge.Quantities can be stored in accounts, unlike pre-accounts.Accounts also form a compact closed bicategory, but this is a somewhatmore complicated construction. Standard accounts de�ne a (lax) morphism ofcompact closed bicategories from C to Span(Graph) and the 2-cells of the laxstructure are needed to de�ne the operations on accounts. (For example, thestandard account A+;+ can naturally be endowed with a monad structure.)The reader can �nd the details in [25] (as well as the connection with tra-ditional accounting), but let us say here that these structure 2-cells should becalled total or add and their coherence (in the sense that they are part of thedata for a morphism of bicategories) trivially implies that for a closed systemof accounts { that is, an expression of accounts whose domain and codomainare of the form (;; ! : X ! I) { there is an invariant of a behaviour called thetotal value. In order to see this, note that the standard account A;;; from theempty string to the empty string has as its centre the discrete re
exive graphwhose vertex-set is the set of integers, and so any 2-cell into A;;; must mapevery connected component of the domain to an integer.For example, consider the simplistic albergo problem. Three men decide totake a room in a hotel. The manager of the hotel charges them $30 for a roomwith three beds. After paying the manager $10 each, they retire to their room.The manager then realizes that he has overcharged the men as the room onlycosts $25, so he gives $5 to the bellhop to refund the men. The bellhop decidesit would be easier to divide $5 among three men if he �rst pockets $2, which hedoes, then giving $1 to each man. The supposed brain teaser is: each man haspaid $9 and $2 has gone to the bellhop, so where has the extra $1 (from theorginal $30) gone? Below we depict the accounting system corresponding to thealbergo problem.
man 3

bellhop manager

man 1

man 2Each component is a standard account; for example, the manager is modelledby the standard account from + + + to +. Suppose that the system starts instate (0; 0; 0; 0; 0). The behaviour of this system corresponding to the events in28



the above problem is(0; 0; 0; 0; 0); (30;�10;�10;�10;0); (25;�10;�10;�10;5); (25;�9;�9;�9;2)and, of course, the total is conserved. (So the correct calculation to be performedat the end is 25 + 2 = 9 + 9 + 9, not 9 + 9 + 9 + 2 = 30.)Given that each of the three men in the albergo problem started in state 0, wemight imagine that they were using credit cards to pay. Credit cards usually havea limit, so they should not be modelled by standard accounts. We can model acredit card with credit limit n 2 N as the account from (+; 1N) to (+; 1N) de�nedby the full subgraph Bn of A+;+ comprising all the vertices greater than or equalto �n.As any expresssion of standard accounts admits a 2-cell into the standard ac-count with the same domain and codomain as the expression, standard accountscan be used to build more complicated accounts. For example, the three mencould together be viewed as an account from (+ + +; 1N3) to (+ + +; 1N3). Inexamples like this, more structure may be involved as joint accounts are oftenused.More generally, suppose a complex system is modelled by a complicatedexpression of standard accounts in which certain subexpressions correspond toparts of the system (the system may be a business, and the subsytems may bedi�erent business divisions). At some point during the life cycle of the system, wemaywant to total the value of a particular part of the system. This could be doneif the sub-expression corresponding to this part is viewed as an account itself. Itis our contention that this algebra of accounts provides a framework (for futurework) which will clarify the hierarchical structures and types of abstractionprocesses used in the accounting of complex systems.Also, in the above examples, we have only described accounts with sides thatare identities (in other words, the squares are just 2-cells). To model systemswhere the in-
ow and out-
ow of accounts are more than just numbers (forexample, they may be more concrete representatives of items), or where trans-actions are governed by certain protocols, we need to consider genuine squares.`Fluid 
ows'We will now see that structures similar to accounts can be de�ned in the worldof continuous systems. So for the rest of this section we will be working in thecontext of R-systems (as described at the end of Section 5), where R is the co-pointed endofunctor on a category of smooth spaces (admiting the operations ofsynthetic di�erential geometry) which maps a space A to its tangent space AI .To indicate what can be done, we will describe the continuous version ofthe standard account A+;+. Its domain and codomain is the single state system! : R ! 1I , and its centre is the system � = (p; v) : R3 ! R2 �= RI, wherep(x; y; z) = y and v(x; y; z) = x� z. Its left leg is proj1 : R3! R and its rightleg is proj3 : R3 ! R. So a behaviour of this system is a triple (x(t); y(t); z(t))such that y0 = x� z. We denote this span by E.29



To see howE can act as the codomain for a system governed by the continuityequation, let us consider a model of a one dimensional `
uid 
ow'. Let [a; b] bean interval and suppose � : M ! (R[a;b]�R[a;b])I is a system. So the states ofthis system are pairs �; u : [a; b] ! R where we are thinking of � as a densityfunction and u as a velocity �eld. Let us accordingly write the function � as(�; u; �0; u0) and let us also write �(m) as (�m; um; �0m; u0m). Now consider thespan fromR to Rwhose centre is the above system and whose left leg is l :M !R : m 7! �m(a)um(a) and whose right leg is r :M ! R : m 7! �m(b)um(b). Callthis span S.A 2-cell of spans from S to E comprises a pair of maps f = (f1; f2; f3) :M !R3 and g : R[a;b]� R[a;b] ! R such that � � f = gI � �, f1 = l and f3 = r. Callsuch a 2-cell total if g is the function g : (�; u) 7! R ba � dx. It is straightforwardto check that if S admits a total 2-cell then any behaviour (�(t); u(t)) of S willsatisfy the continuity equationddt(Z ba � dx) = �(a)u(a) � �(b)u(b):When generalizing this to higher dimensional 
uid 
ows, it would appropriate touse `total' squares instead of just 2-cells, the sides of the squares being functionswhich integrate �u �n over the boundaries.7 ConclusionsThe pair of categories 
(�(C;
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