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Abstract

The compact closed bicategory Span of spans of reflexive graphs is
described and it is interpreted as an algebra for constructing specifica-
tions of concurrent systems. We describe a procedure for associating to
any Place/Transition system € an expression ¥q in the algebra Span.
The value of this expression is a system whose behaviours are the same as
those of the P/T system. Furthermore, along the lines of Penrose’s string
diagrams, a geometry is associated to the expression Vg which is essen-
tially the same geometry as that usually associated to the net underlying

Q.

1 Introduction

This article is part of a project to study bicategories of processes ([KSW97a,
[BSW96],[K96],[ KSW94],[SWW93]) in order to develop the algebraic foun-
dations of concurrency. Much of this work has focused on deterministic
systems and is closely related to the notion of a distributive automaton
([SW93)); in fact, a construction of elemetary nets using functional pulse
circuits and synchronizers was given in [MSSW95]. This paper concerns



itself only with non-deterministic systems. Though closely related, the
resulting algebraic structures are not the same as in the deterministic
case.

In the following section we describe an algebra Span for constructing
specifications of communicating systems; the structure involved is that
of a compact closed category ([KL80]). The algebra Span is actually a
bicategory ([B67]) rather than a category. For the purposes of this paper,
however, we will ignore the 2-cell structure; in particular, many of the
equalities we state are in fact isomorphisms. A more detailed study of
Span is given in [KSW97b]. Along the lines of Penrose’s tensor diagrams
([P71]), we will associate a geometry to each expression of this algebra;
such a geometry is to be interpreted as a depiction of the spatial distri-
bution of a communicating system. For a detailed study of the geometry
of tensor algebras, the reader is referred to [JS91] and [JSV96] — those
familiar with these papers will notice that our diagrams are to be read
from left to right rather than up the page.

In Section 3 the basic definitions concerning Place/Transition systems
are recalled, after which two classes of spans are described: one that
corresponds to the places of a P/T system and another that corresponds
to the transitions. Given a P/T system  we define an expression ¥q, in
Span constructed from these two classes of spans such that the (states
and) behaviours of W are precisely those of ; furthermore, the geometry
of the expression ¥g, is equivalent to the geometry usually associated to
the net underlying the P/T system Q. Of course, not every expression
constructed from these two classes of spans can be interpreted as a P/T
system; we do, however, identify a class of expressions which do admit
such interpretations. (Note that this use of algebra is different from the
way monoidal categories were used in [MMO90] to model Petri nets. In the
aforementioned paper a net was defined to be a certain monoidal category;
this paper uses a compact closed category to construct general nets.)

For an introduction to category theory, the reader is referred to [M70]
or [W92a].

2 The algebra of spans

Let RGraph be the category of reflexive graphs. The specified edge at
each vertex v of a graph (that is determined by the reflexivity structure)
is referred to as the identity edge at v.

We now begin describing the algebra Span. Its objects are one-vertex
graphs — the reader may think of a one-vertex graph as an alphabet with
anull symbol (the null symbol corresponding to the identity edge). Given
two one-vertex graphs A and B, an arrow in Span from A to B is a

T

G
diagram in RGraph of the form l/ This 1s called a span
A

B.

of graphs from A to B: the graph G is called its head and [ and r are
respectively referred to as its left and right legs; we denote this arrow of
Span by G : A — B. Often a span will be given in the form where its



domain and codomain are products of one-vertex graphs; for example,
consider a span of the form G : Ax B — C x D x E. We draw such a
span as follows.

— C

A —
G — D

B —
— K

The objects A and B are called the left boundaries and C, D and F the
right boundaries of GG. Note that the span G : Ax B - O x D x E
is just a labelling of G by A x B x C x D x FE; in other words, it is a
labelled transition system ([A94]) whose labelling is distributed among five
alphabets. A more detailed comparison with existing work on transition
systems is given in [KSWO97b].

A behaviour of a span G : A — B is a finite path in the graph G.
Notice that for each behaviour 8 of GG there are corresponding behaviours
(that is, sequences of letters) I(3) and r(8) of the boundaries A and B.

The first simple example of an ‘agent’ considered in [M89] is that of
a message passer which can hold one datum. We would specify such a
system by the span M : A — A pictured below. (Here, A is the one-
vertex graph which has only one non-identity edge a.)

M
al—

—
A— 0 1—4
~.

~/a

Notice that in depicting graphs we do not draw the identity edge at each
vertex. The left and right legs are defined by the labelling of the edges.
The symbol ‘=’ denotes a labelling by the identity edge. The vertices (or
states) 0 and 1 respectively correspond to the system having no data and
having a datum. The edges a/— and —/a respectively correspond to the
system receiving and sending a datum.

The first operation we define is composition (or series) of spans. Given
two spans G : A — B and H : B — C their composite G;H : A — C'is
defined as follows. First form a diagram

K
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A B C
in RGraph having a pullback as its central square. The composite G; H

K
[, .
is TFD/ \TH Trl Explicitly, a vertex of G; H is a pair (v, w) of vertices
A C.



— a vertex v of G and vertex w of H. An edge of G; H is a pair of edges
(9, h) — g is an edge of G and h is an edge of H — which agree on their
common boundary B. In this case, it would be reasonable to call B an
interface between G and H. Later in this section we will introduce a more
general notion of interface.

Composites are drawn in series. For example, the expression M; M
(that is, two message passers in series) is drawn as follows.

M M
af— al—
— —
A—1 0 1—A—0 1 — A
~— ~—
—/a —/a

The value of the expression M ; M is the span depicted below.

The states 0 = (0,0), 1 = (1,0), 2 = (0,1) and 3 = (1,1) respectively
correspond to the system having no data, one datum in its first component,
one datum in its second componenet and, lastly, two data items — one in
each component. One interpretation of this system is that it specifies a
bounded buffer of capacity two (that is, a message passer whose memory
is a queue of length two).

It is perhaps worthwhile to point out that in general there is a dis-
tinction between an expression in an algebra and its value; in particular,
many expressions may yield the same value. Most often, of course, we
will want to record both the expression and its value.

The other operation we are going to define is the tensor product (or
parallel). If A and B are objects of Span then their tensor product
A @ B is defined to be the product A x B of graphs in RGraph (this
is, of course, also a one vertex graph). f G: A — Band H:C — D
are spans, their tensor product G @ H : A® ¢ — B ® D is the span

lg Xl G H TG XTH
/ \
AxC B x D.

Tensor products of spans are drawn in parallel. For example, the

expression M @ M : A® A - A® A is drawn as follows.
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Let I be the terminal object of RGraph; that is, it is the one-vertex
graph whose only edge is the identity edge. This object satisfies the
property that A9 = A = I®A and it plays the role of the ‘null’ boundary;
note that to give a span G : I — I is just to give a graph G (since there is
no information involved in giving the unique graph morphism !¢ : G — I).
If a boundary of a span is I we usually omit it from the diagram.

We now introduce some constants; that is, special classes of spans.
These constants will allow us to construct interfaces between more general
spans.

A
For any object A, the span 1A/ \1A is denoted 14 : A — A
A A

or merely A. It is the identity for composition in the sense that for any
G:A— Borany H: C — A, we have A;G = G and H; A = H. This

span is drawn as a line from A to A.

The second type of constant we are going to define is a permutation.
For any pair of objects A and B, there is a graph morphism tw : Ax B —
B x A:(a,b) — (b,a). The permutation 74,5 : A® B — B® A is defined

Ax B
1
to be the span Ay % It 1s drawn as follows.
Ax B B x A.
A B
B A

The crossing of the lines is not supposed to indicate that the boundaries
A and B are in contact.

Given a bijective function = : {1,...,r} — {1,...,n} and objects
Aq, ..., Apn, we can use spans of the form 74, p to construct a more general
permutation 7 : A1 ®...® A, — Aﬂ(l) .. .®Aﬂ(n) in Span. For example,
the following diagram depicts such a permutation.



C A

The final two types of constants are the unit and counitfor the self-dual
compact closed structure. For any object A, let the unit na : I - A® Abe

A

' A

the span V \A where !4 is the unique map to the terminal
I A X A,

graph and Ay : A - A X A :a — (a,a) is the diagonal; also, let the

A
counit €4 : AQ A — I be the span A;/ \A The spans n4 and
Ax A 1.

€4 are respectively drawn as follows.
C A A D
A A

In describing the compact closed structure of Span we have defined
two operations and four types of constants. We will not give the axioms
that these data must satisfy. (For this, the reader can see [KL80].) A
remarkable consequence of these axioms is that any two expressions are
equal if their geometries are equivalent. For example, for any G: A — B
and H : B — C, the equality (A®@n5);(G®15® H);(ez @ C) = G; H

can be derived. In terms of diagrams we have the following equality. (The
reader can check that they are the same in Span.)

Another example of an equation that can be derived from the axioms
is ma,c; H @ Gymp g = G® H. The corresponding equality of diagrams
is depicted below.

A big B A G —B
c G D C H —D
A concurrent system comprising the spans M1, ..., M, is defined to be
an expression constructed from M, ..., M, and the constants described



above using the operations composition and tensor product. Roughly
speaking, the interfaces of a concurrent system are those parts of the
system constructed from only the constants. We will not make this notion
precise but give an example. In the concurrent system comprising G, H
and K depicted below

C— D

\ﬁ H C— K i
D

B and FE are external interfaces (in fact, they are boundaries of the value
of the concurrent system) and A, C and D are internal interfaces. A
vertex of this system is a triple (u,v, w) € G x H x K of vertices; and an
edge is a triple (g, h, k) € G x H x K of edges such that i) k and h agree
on the interface D, ii) h and g agree on A and iii) g and k agree on C.

The reader may have noticed that our notion of interface is limited
in that a boundary of a span can be in contact with at most one other
boundary. In order to express a more general type of communication — in
which a boundary can be in contact with several other boundaries — we
need to consider the discrete Cartesian structure ([CW87]) of Span (from
which the compact closed structure can be recaptured). This is described

in [KSWOTh].

3 Place/Transition systems and their rep-
resentations

The following definition of a net is taken from [T86].
Definition 1 A net N is a quadruple (S, T, F, G) where
e S and T are non-empty finite sets and
e FCSxTand G CT x S are subsets
such that
o for all s € S there exists t € T such that (s,¢) € F or (¢,5) € G and
o for all t € T there exists s € S such that (s,t) € For (¢,s) € G.

The set S is called the set of places of N (sometimes also called the set of
states) and T, the set of transitions of N.

We adopt the following notation: ® is the (ordered) set of natural
numbers; X0 is the set of positive natural numbers; if X is an ordered
set then X U oo is formed by formally adjoining a top element to X; for
any natural number n let [r] = {0,...,n}; and we define [o0] to be X.



The following definition is taken from [R&6]; the reader will notice
that we have not included the specification of an initial marking in our
defintion of a P/T system.

Definition 2 A Place/Transition system Q (often abbreviated to P/T
system) is a sextuple (S, T, F, G, K,W) where

o the quadruple (5,7, F,G) is a net and

e K:S N %Uccand W :SxT+T xS — N are functions such

that for all s € .S and ¢t € T we have i) W(s,t) >0 & (s,t) € F and
i) W(t,s) >0« (t,5) € G.

The function K is called the capacity function of  and W is called the
weight function of Q. Note that suitably restricting W will yield two
functions Wg : F — 8>% and Wg : G — ®>°.

An elementary netis a P/T system (S,T, F, G, K,W) such that K is
the constant function whose value is 1 and W is bounded above by 1 (in
other words, the value of W is always less than or equal to 1).

The following definitions introduce the concepts needed to define be-
haviours of a P/T system Q = (5,7, F, G, K,W).

A marking M of Q is a function M : S — N such that for all s € S we
have the inequality M(s) < K(s).

A subset R C T of transitions is said to be enabled at a marking M if
for all s € §

D W(s,t) < M(s) < K(s) = > W(ts). (1)
tER tER
(Of course, the empty sum equals 0 € X.)

A marking M is said to have been produced from a marking L by the
occurrence of R C T if

e the marking I enables R and
e for all s € S we have the equality

M(s) = L(s)+ Y _(W(t,s) = W(s,t). (2)

teER

Notice that requiring L to enable R guarantees that M is a marking. In
the case of such an occurrence of R, it is usually said that the transitions
r € R have concurrently fired.

The state-space of €2 is the reflexive graph S defined as follows: its
set of vertices 1s the set of markings of €2; and an edge from L to M is a
triple (L, R, M) where M is produced from L by the occurrence of R C 7.
The identity edge at M is (M, 0, M).

A behaviour of 2 is a finite path in S — that is, a behaviour of the
span Sq : [ — I (as defined in the previous section).

Most often, P/T systems are given with a specified marking; this mark-
ing is interpreted as the initial state of the system. Of course, behaviours
of such systems are paths beginning at the specified marking.



For any P/T system € we will construct a concurrent system Vg such
that the span 8q : I — I equals the value of ¥q.

First, we define a class of spans which will play the role of the places
of a P/T system.

Let N be the one vertex reflexive graph whose set of edges is R, the
element 0 € ® being the identity edge of A

Let U and V be finite sets and suppose n € 8>% U co. Define the
reflexive graph Xu,v,», as follows. Its set of vertices is [r]. An edge from
the vertex 1 € [n] to the vertex j € [n] is a quadruple (7, x,y,j) where
X = (Tu)ucv € RY and y = (Yo)vev € RY are tuples of natural numbers

such that
Sugign- Yo o)
veV u€U
and
EEED I P (4)
weU vEV

We define the span py,v,n NV 5 AV to be

Xvvn
P q
NU/ \./\/V

where p(i,x,y,j) =x and q(i,x,y,J) = y.
We will draw these spans as circles. For example, the following is a
depiction of an edge in such a system where |U| = 2 and |V]| = 3.

N

N
N

N
L A

Notice that if [U| = 1 and |V| = 1 then Xy,v,1 is (the head of) the

message passer M defined in the previous section.

We now define a class of spans which will play the role of the transitions
in a P/T system.

Let E be the one vertex graph with only one non-identity edge e.
Given finite sets U and V as well as tuples of natural numbers x € RY
andy € X let rrvxy : N¥ = NV be the span

E
P q
NU/ \NV

where p(e) =x and ¢(e) = y.

When drawing such spans we will use squares and their boundaries
will be labelled with the vectors x and y. For example, if x = (1,2) and
vy = (3,4, 5) then we would draw 7y,vx,y as follows.



3
N LY
N P
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Let Q= (S5, T, F,G,K,W) be a P/T system.

In order to facilitate describing Vg, we make the following definitions:
forall s € Slet F(s,—)={t €T | (s,¢t) € F} and G(—,s) ={t €T |
(t,s) € G}; and for all t € T let F(—,t) ={s € S | (s,t) € F} and
G(t,—)={s€S | (t,s) € G}.

For each place s € S let us be the transition system

HG(— &), F(s,—),K(s) * NE9) 5 ArFlem)

For each transition ¢ € T let x € RF(=Y be the tuple given by the
function F(—,t) = R : s — Wr(s,t) and let y € NG be the tuple
determined by the function G(t,—) — X : s = Weg(t, s). Define 7 to be
the transition system

ety N N,
Let o denote the permutation HSGSNF(S,_) = HteTNF(_’t) and Lot
G—) ~ o,
tGTN “ ):HsesN (=)

Let n = |Z:S€SG(—,S)|7 n=mnxr: I > N"QN" and € = exn :
N @N™ = I. The concurrent system ¥gq is defined to be the expression

0 W@ ([T oo (T r)so))e : 11

sES teT

o’ denote the permutation H

Theorem  The state-space Sq : I — I is the value of the expression
V. Hence the behaviours of the net Q and the concurrent system Vg
coincide.

Before proving this theorem, let us consider an example. Below we
depict the elementary net € (called mutex) which is often used to model
a situation of mutual exclusion.

In this picture, the squares correspond to transitions and the circles
to places. All the arcs are weighted by 1 and the dots represent the initial
marking. The places u and v represent two users trying to gain access to
the same resource r; when the place p is marked, u is using the resource,
and when ¢ is marked, v has access to it. We now draw the expression
Ug. (Some liberty has been taken in depicting the constants.)

10



(0,2)/(0,0)
/ LOOON

0,0/(1,0

(0,0/(0,1)

A |
! p H,@ Tt |
H,:eS He

The geometries of the two pictures are equivalent. That the picture for
Y appears more complicated 1s because, in order to state a theorem such
as the one above, the geometry of the system must be in a normal form.
Of course, the picture of a P/T system has extra information in that it
describes a marking — that is, a state of the system. For instance, the ini-
tial marking of mutex corresponds to the state (u, p,r,q,v) = (1,0,1,0, 1)
of ¥g.

When reading the following proof, the reader may wish to particularize
the argument to the above example.

Proof of Theorem To give a vertex of Vg is to give a vertex of each
component of the system. The only components which have more than
one vertex are those of the form p.. Recall that the vertex-set of ., is
[K(s)]. So to give a vertex of ¥g is to give a function M : S — X such
that M(s) < K (s). This is, of course, a marking of €.

Recall that to give an edge of a concurrent system is to give a family
of edges (e.) — one edge for each component ¢ of the system — which are
compatible on the interfaces. Consider a candidate for an edge of Vq;
that is, a family of edges e = (e.)eestr. Let T(e) C T comprise those
transitions ¢ € T" such that e; is a non-identity edge; recall that (the head
of) 7¢ has one identity edge and one non-identity edge.

The claim is that a family of edges e = (€c)ces+T defines an edge in
VY from L to M if and only if M is produced from L by the occurrence
of T(e) CT.

11



Suppose e = (€c)ces+T defines an edge in ¥, from L to M. For each
t € T(e) the edge e; of 7 NP =D 5 AG(E7) g Tabelled
(W (s, t)eer—n/(W(t, s))sea(s,—)). For all other t € T'\ T(e), the edge
e: 1s the identity and hence labelled by only zeros.

Let s € S. Recall that the edge e. € p. is labelled x/y : L(s) = M(s)
where x = (z;) € NG and y = (ye) € NP The family of
edges e = (€c)ces+T must be compatible on the interfaces; therefore,
zy =W(t, s)and yr = W(s,t)if t € T(e), while z, =y, = 0if t € T\ T(e).
So, ZteG(—,s) Te = ZtGT(e) W(t, s) and ZteF(s,—) Ye = ZtGT(e) W (s, t).
It is clear then that conditions 3 and 4 (given in the definition of ) imply
the conditions 1 and 2 ensuring that the occurrence of T'(e) produces M
from L.

Now suppose that M is produced from L by the occurrence of R C T'.
Define a family of edges e = (€c)ces+T as follows. For each t € T' the edge
e: € 7 1s the non-identity edge if and only if ¢ € R. For each s € S, the
edge e is labelled (z¢)tcq(— o) /(¥t)ter(s,—) where x, = W(t,s)if t € R,
zy =0ift e T\R, y: =W(s,t)if t € Rand y; = 0if t € T\ R. Conditions
1 and 2 guarantee that there is such an edge e. : L(s) = M (s) in pe. It is
straightforward to see this family of edges is compatible on the interfaces
and that T'(e) = R.

O

Of course, there are expressions in Span which will not admit inter-
pretations as P/T systems; for example, consider a single place py,vn.
It is easy, however, to identify a class of expressions for which such an
interpretation is possible. Let ® be a concurrent system comprising only
spans py,v,n (places) and 7y,v x,y (transitions) such that each boundary of
a place is in contact with the boundary of a transition and each boundary
of a transition is in contact with the boundary of a place. It is clear that
there is a net € such that the value of Vg equals (actually, is isomorphic
to) the value of ®.

4 Final Remarks

Although we have shown how P/T systems can be constructed in a mod-
ular (that is, compositional) fashion from spans, we do not propose that
Span be used to model concurrent systems in this way. The theory of
Petri nets and the later developed P/T systems do not make a distinc-
tion between the places of a system and the states of a system — indeed,
they are consciously blurred. In contrast to this, the calculus of spans
does make a distinction between the underlying geometry of a system —
which depicts the components of a system and their interfaces — and the
state-space of each part of the system.

As an example, we would model the instance of mutual exclusion by
the following expression Y in Span. (The object A has non-identity edges
a and b, and the object €' has non-identity edges ¢ and d.)

12
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Ug Uy A p r q C U1 vg
b b~ —)d d

In the system there are three components: U : I -+ A, R: A — C and
V . C — I. The interpretation of the states are as follows. When users U
or V are respectively in states ug or vy they are not using the resource,
while when in states u; or v; they do have access to it. When resource R
is in state r, it 1s being used by no-one; when it is in state p, it is being
used by some user connected to its left boundary — in YT this user is U,
and when R is in state g, it is being used by a user attatched to its right
boundary — in this case, the user V. Here, a component plays the role of
a place and an edge in the state-space of a component (which may have
to synchronise on a boundary) plays the role of a transition. Notice that
if T begins in state (uo7 r, Uo) then it has the same set of behaviours as
mutex.

Compare the above picture with the net depicting mutex. The diagram
of T has two levels of structure: one depicting the underlying geometry of
the system (which is particularly simple) and the other, the state-spaces
of the components. The picture of the net mutex can be thought of as
a flattened version of the ‘two-level geometry’ depicting the concurrent
system Y. Also notice that the size of the state-space of (the value of) T
is 2 x 3 x 2, while the size of the state-space of mutex is 2°.

The bicategorical structure of Span has not been discussed in this
paper; it is, however, a fundamental part of the algebra’s structure. In
particular, it permits the development of a compositional theory of re-
finement and abstraction. This aspect of the theory will be treated by
the authors elsewhere, wherein a comparison with bisimulation ([A93],

[CS94], [INW93]) will be given.

An important concept in net theory is that of hierarchy: roughly
speaking, a hierarchical structure associates a net to a transition of a
net. Though this is related to the notion of refinement mentioned in the
preceeding paragraph, we would like express hierarchy in terms of the
operations of our algebra. Given an expression in Span, built from the
operations described in Section 2, we can replace any component of it by
another expression. By doing this we are refining the underlying space of
the system. We would like to do more: namely, refine both the underlying
space as well as the state-space. This can be done by introducing more
operations, the relevant operations coming from the algebra of cospans of
graphs. (A cospan in a category E is a span in E°?.) An algebra which
combines spans and cospans in order to express hierarchy will be defined
in a future paper.

A span of graphs is a very abstract specification of a system, just

as is a net. In modelling any real system one needs to specify quanti-
ties such as data-types. Two ways of achieving this in net theory are to

13



use Predicate/Transition nets ([G86]) or coloured nets ([J86]). The bi-
category Span, however, is closely related to the notion of a bicategory
of processes in a distributive category, as defined in [KSW97a] — these
processes in a distributive category being closely related to distributive
automata ([SW93]) which have been constructed from data-types in a dis-
tributive category ([W92a],[W92b]). The way in which Span can be used
to specify concurrent systems constructed from such data-types will also
be described elsewhere.
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