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Abstract. In an earlier paper Walters introduced a fam-
ily of imperative programming languages based on concepts
from distributive categories. The development in that, and
in a subsequent paper by Walters and Khalil, was carried
out within the category Set of sets and total functions. In
this paper we investigate the generalization of the results of
those earlier papers to more general distributive categories
using fix-point constructions to replace the spec1ﬁc calcula-
tions used earlier.

1. Introduction

A family of imperative languages based on distributive categories was introduced by
Walters in [9]. Some of the programming constructs used, in writing programs, in the
family of languages were identified and analyzed in the distributive category, Set, of
sets and functions between them, in [5]. The main programming construct used is a
program called a pseudofunctzon or functional processor.

A pseudofunction, e : X —+>Y, with local states U, is a function of the form
e: X+U+Y — X-I—U+Y in Set with the property that eok = k, where k: Y —
X + U + Y .is the injection, and for any z € X there exists 0 < n, € IN such that
e"s(z) € Y. The pseudofunction e then defines a function € : X — Y, z +— €"*(z),
called the function that e calculates.

For h = 1,2 given pseudofunctions e, : X, —+>Y;, f: X —+>Y andg: Y —+> Z,
operations on pseudofunctions in the set {;, V, A} were introduced in [5] that produce
pseudofunctions that satisfy f; g = go f, e1Ve; = e1 + € and e;Ae; = & X &.
Given a pseudofunction ¢ : X + U +Y —+>X + U + Y, such that the function
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€:X+U+4+Y > X +U+Y is a pseudofunction € : X —>Y, an additional oper- -
ation, denoted f, referred to as the iteration of e, was introduced in [6] where it was
shown to satisfy ef =8: X — Y. ‘

The definition of a pseudofunction given in Set is given in terms of elements and
does not readily apply to a more general setting. There are two approaches taken in
characterizing pseudofunctions in a more general setting than Set. One approach was
introduced by Khalil in (2], [3] and[4] where functional processors and operations in the
set {V, A} were given in countable infinite extensive categories with finite products.

The other approach, will be described here. This approach avoids the dependence.
on elements by taking a fix point approach to semantics in distributive categories.

Section 2 provides some underlying definitions and notation. Section 3 gives the
basic definitions of fix-point solution for a program and the corresponding semantics,
~in an arbitrary distributive category D. In Section 4 we show that where D = Set

these definitions provide the same semantics for pseudofunctions as in [5]. However,
programs in Set that are not pseudofunctions have infinitely many fix-point solutions
each providing a different semantics. In particular, if f: X +U4+Y - X+ U+ Y is
a function with f o k = k, for the injection k: Y = X 4+ U + Y, then a semantics for
~ f will be a function f such that, if z € X such that there exists 0 < ng; € IN such that
fr=(z) € Y then f(z) = f*=(x), while if no such n, exists, then f(z) may be any ele-
ment of Y. Thus pseudofunctions have a unique semantics but the other functions have
multiple semantics. We also look at categories other than Set. We show, in particular,
that in every distributive category there are programs with unique semantics but also
that, for every X and Y there is a program that has every morphism in D(X,Y) as a
semantics. In section 5 we show that the operations in the set {;s Vv, A, 1} described in
[5] and [6] carry over to this more general setting. Finally we show that for an arbitrary
distributive category BCD the collection of all morphisms €, such that there exists a
program e in B with semantics €, forms a distributive category BT, B C Bf C D, such
that,ife: X +U+Y - X +U+Y in B then every semantics for e is also in Bt. In
section 6 we introduce a precise notion of what it means for a program to have unique
semantics. We show that for D=Set this captures the notion of a pseudofunction. It
will also be shown that, in arbitrary distributive categories, that the set of programs
with unique semantics are closed under the operations in the set {;, V}. In section 7
we investigate the possibility of strengthening this by adding additional structure to
D. In particular, we describe functional processors and operations in the set {; V, A}
in countably infinite extensive categories with finite products. We will then show that
in a countably infinite Boolean extensive category D with finite products a program is
a functional processor if and only if it has unique semantics. Then we show that all
operations in the set {;, v, A} immediately carry over to this setting. Thus in this
setting, but not in the general setting, we can show that for any distributive category
BCD the collection of all morphisms €, where e is a program in B with unique seman-
tics €, forms a distributive subcategory of Bt as defined above. :

2. Notational Preliminaries

A category D is distributive if it has finite products and sums and if for all objects -
X,Y and Z,if1: X -5 X +Y and J 1Y - X 4Y are the indicated coproduct

injections, then
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5xyz=[1z><i, 12X]](ZXX)+(ZXY)—)ZX(X+Y)

is an isomorphism.

Given an object X in a category with coproducts, we wrlte Vx for the codiagonal
Vx : X + X — X, the unique morphism such that Voix x =1x = Vo jx x.

Let D be a distributive category. Given X,Y,Z € Obj(D), let X + Y + Z =4
(X + Y) + Z, with injections ix,y,z =des tx+Y,Z O 1X)Y, JXY,Z =def LX+Y,Z © ijY and,
kxyz =des jx4v,z. Givena: X - W, 8:Y - W,and y: Z — W, let

[@,8,7] =4t Vwo (Vw +1w) o ((a« + B) +7)-

The following lemma provides the principle tools for manipulating expressions of
the form [ o, 8,7 ]

Lemma 2.1l Gvena: X - W, B:Y > W,v:Z >W,andp: X+Y+Z - W
together with o 1 X' = X, 8 :Y' =Y, ~':Z2' - Z, and7: W — V we have

L. [a,B,v]oixyz=0a 2. [o,B,7])oixyz=8

3. [a,B,7]okxyz=v 4.[poixyz pojxyz pokxyz]=p
5.(o +p'+7 )oixy .z =ixyzod 6. (& +f+7 )ojxy,z=jxyzoPB
7. (o +B +v )okxiy,z =1xyzoy 8 1o[a,B,y]=[Toa, 70f, Toy]
9. [, B,7]e (& + B +4)=[aod, Bof, yoq]

In what follows we will generally omit the subscripts on the coproduct injections
7, j and k.

3. Abstréct Pseudofunctions

For the remainder of the paper let D be a distributive category.

Definition 3.2 A programin D is a morphisme: X +U+Y — X 4+ U +Y such that
eok =k and Y # 0 (the initial object of D).

A programe: X +U+Y — X + U +Y, has a fiz-point solutzon if there exists a
morphism W : X +U +Y — Y in D such that

322Woe=W,
3.23Wok=1y.

When such W exists we say that it is a fiz-point solution for e, and that e = Wou is
the fiz-point semantics of e corresponding to W. We shall generally omit the adjective
“fix-point”. O

4. On the Nature of Fix-point Solutions

Our fix-point definition of semantics for programs captures pseudofunctions in the sense
that when D=Set then every pseudofunction has the same semantics under either def-
inition. However, there are programs in Set that are not pseudofunctions, and these
programs will, in general, have many fix-point solutions with differing semantics. The
proof that every program in Set has a solution follows from the following definition
and result for arbitrary distributive categories.



190 E.G. Wagner et al. / Fix-point Semantics

Definition 4.3 Let D be a distributive category with terminal object 1, and let X
and Y be objects in D. By an element of X we mean a morphism « : 1 — X. Given
an element e : 1. — X +Y we say that e is in X (resp. e is in Y) if there is an element
z in X such that i o z = ¢ (resp. there is an element y in Y such that joy = e). 0O

Proposition 4.4 Lete: X +U+Y — X+ U +Y be a program with solution W and
semantics €, then for every element of X, if there exists an natural number n such that
eroioz isinY (ie. there exists an element y of Y such that e oioz =ko y) then

eEozxr=y.
Proof We have

eoz=Woioz=Woe'oior=Wokoy=1yoy=y.
0

Proposition 4.5 Every programe: X +U +Y — X +U + Y in Set has a solution
(and thus at least one semantics).

Proof Pick yo € Y (recall we assumed Y # 0(= §), then for every z € X+ U , if there
exists a natural number n, such that ¢™+(z) € Y, take W(z) = e™#(z), while, if no such
n, exists, take W(z) = yo. Finally, take W o k = 1y.. 0

Proposition 4.6 A programe: X+U+Y - X+U+Y in an arbitrary distributive
category D may have many distinct solutions or none.

Proof Let e = 1x4u4y = [¢,7, k], then every morphism W.: X + U +Y — Y such
that Wo k = ly is a solution for e. Thus, in particular, if U = 0, the initial object of
D, then for every f : X — Y, [f,!,1y] is a solution for e with & = f, where ! denotes
the unique morphism 0 — Y.

Let 5 be a finite set, then the power set P(.5), ordered by inclusion is a distributive
category with union as + and intersection as x. Then a program e : X + U +Y —
X+U—|-YhasasolutionW::X+U+Y——>Yiﬁ”XUU§Y. 0O

In the next section we shall see examples of programs with unique solutions.

5. Closure Results

In this section we generalize the operations in the set {;, V, A} on pseudofunctions,
in Set, to arbitrary distributive categories. To all intents and purposes, the proofs
utilize the same constructions as those in [5], however the notation and the requisite
greater level of detail may obscure this fact.

Proposition 5.7 Let D be a distributive category and let f:X =Y be a morphism
in D. Then the programe = [kof, k]: X +0+Y - X +04Y has a unique solution, -
W =[f, 1y}, and a unique semantics € = f.

Proof We have
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Woe=1f, Irlo[kof, B =[f, Irlokolf, Irl =1y o[f, 1y] = W.
Now let W' = [W'o3, W'o k] = [W' 01, k] be any solution for e then
W =Woe=Wolkof, kj=W'okol[f, Iy] =1lyo[f, ly]=W.
Which establishes the uniqueness of W. ‘ a
Theorem 5.8 For h = 1,2, let &, : X3 — Xj41 be the semantics of a program ey, :

X5 +Up+Xpp1 = Xp+Un+Xpa with solution Wi Xo+Un+Xp1 = Xp+Up+Xpga .
For h = 1,2 let the injections for the indicated coproducts be,

i X — Xp + Up + Xit1,
Jh: Un — X+ Up + Xpya,
kn: Xpnpr — Xn+Un+ Xipa

and let '
Z33U1 -—>U1+X2+U2
Js: Xy Ui+ X2+ U,
kaZUQ —‘)U1+X2+U27
X, — X1+ (U1 + Xo + Us) + X,
il:(U1+X2+U2) -->X1+(U1+X2+U2)+X3,
ki : X3 = X1+ (U + X2 + U2) + X,
(X +Uh+ X)) = (X + U+ X))+ U2+ X3,
]:21U2 =X+ U+ X,)+ Uz + X,
ky: X3 = (Xi+ U + X))+ U2+ X5
and
231 X1 — X1+ U1 + (X2 + Uz + X3),
Ja: Uy — X1+ Uy + (Xa + U + Xs)

ksi(Xz+U2+X3) **X1+U1-F(X2+U2+X3)

be coproducts as indicated. Then €, 0 €, : X; — X3 is the semantics of the program

61562 def [51, Ajl 0 3, [51 ‘0 J3, J10 ks, ];1]] 0 (1X1 + 1y, + 62)0 R
[[23, J3, k301%2], k3o jo, kaoks]o(er + 1y, + 1x,) 0 [2 041, [120 1, 20k, Ja], Kol
X+ (N + X+ )+ X=X+ (Ui + X2+ Us) + X5

and this program has a solution

W o=ges Wao (Wi + 1y, +1x;) 0 [B2 041, [i2051, 220k, Ja, k]
WX+ (Ui 4+ X+ Up) + X3 — Xs

Proof We break the proof up into a series of lemmas.
Lemma 5.9 Let £ = [j1 0 js, i 0 ks, ki), and v = [i1, jois, K o0ey0is), then

ex; ez = [ [i1, J1013, KOeg0iz]0e10%1, [ [i1, j10i3, KOEs06z]0e101, KOEL0%s, KOEIOJ], AR
=[yoei0i, [yoei0j1, Koez 01y, KOeg], k.

Proof

€162 =def [, Jro i3, [j1 073, J10 ks, k1]l o (1x, + lu, + e2)o .
[[23, jg, k3 (o] iz], k3 Ojg, k3 (0] kg] [e] (61 + 1U2 + 1X3) (o] [ig (o] il, [i2 o jla ig (o] kl, 52], kz]
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Now .
[il’ jl o iS) [jl 0j39 51 o kS, kl]] 0 (1X1 + 1U1 + 62)
= [’Zl, jl o 7:3, "3] o (1X1 + 1U1 + 62)
= [31, J1013, KO 62]'
and . . L
[21, jl (¢] 23, KO 62] o [ [ia, j3, k3 (e] 1,2], k3 0]2, k3 o] kz]
= [[i1, 1013, Koez 01y, Koeyo0 Jo, K 0 e 0 ko]
and

[[t1, Jiots, Koez0iy], Koey07z, Koey0ks]o (e + 1y, + 1x,)
= [[t1, j1013, KOea043]0e;, K0 eg0 Jo, K 0 € 0 k3]

Now, taking v = [i1, jo i3, k0 ey 015], we get

[ [t1, j10%3, Koez01y) 06, noezojg, K 0 €30 ko)

0[2207:1, [ingl, izOkl, jg], kz]
[voe1, koeyojy, koegoky]ofizoiy, [i2071, 130k, 2], 7;2]
= [yoe o1y, ['yoel_ojl, Yoe10ky, Koeyo gy, Koeyoky

but yoej ok =0k =koe;0i,, andnoegokgznokzzlzzl so the above equals

[Yoeioiy, [yoei 071, koeyoi,, K 0 €0 Js), I::l]
= [[t1, J1013, koe30i5]0e; 01y,

[[21, jiods, Koeyoig)oer 0]y, Koeyoiy, K 0 €30 Jo, 1:01]

as desired. 0

Lemma 5.10. W = [Wz 0 7:2 (e} W1 (e} ’1:1, [W2 o ig e} W1 Ojl, W2 0 7,'2, W2 0j2], 1.X3]'

Proof B

w

= Who(Wi+ 1y, +1x)o0[ia0d, [i041, i20k, 2, ky

Wao[izo Wiody, [i;0 Wyiojy, 30 Wio ki, ja], ko

[WingOWloil, [WgOizOWlojl, WgOigOWlokl, Wszg], WzOkz]

i

= [W20i2 0,W1 Qil, [WingOWl Ojl, Wgoig, W2 Ojg], 1X3] by 3.2.3
0

Lemma 5.11 €j¢; = €, 0¢;. ;
Proof

€1; €2

= WO,il

= [W2 o] ig o] W1 o] il, [W2 o] iz 0 W1 Ojl, W2 o] ig, W2 Ojg], 1)(3]’0 ’21 by 5.10

= W1 (0] ?:2 o W1 o] 1:1

= %o7. by def. e

q .
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Lemma 5.12 Wok =W,

w 6 K .

= WoljioJs, j10ks, ki

= [Waoiy, Waoj2, lx] by 3.2.3
= [WZ o i27 W2 o j2, W2 (o} kg]

= W,

Lemma 5.13 Woyoe, = Wyoi30 Wi

Proof

Wonroe
= Woli, j101s, K 0 €3 01t3]0eq

193

= [WyoizoWioiy, WioizoWiog, Wao iz) oe; by 5.10 and 5.12 and 3.2.2

= W2oi20[W10i1,W10j1a 1X2]061

= Wz [¢) i2 0 [W]_ o] 7:1, W1 o] jl, Wl (¢] kl] 0 e by 3.2.3

Wyo0i,0Wio0e

= Wyo,0W; by 3.2.2

Lemma 5.14 Wo (er;e2) =W

Proof
W o (e1; €2)

= Wo[vyoe oi,[y0e10j1, £0e 08y, K0e0 2], ki]
= [W20i20W10'I:1, [W20i20W10j1, W20620i2, Wgoegojz],lxa]

by 5.13,5.12 and 5.10
= W

which completes the proof of the main parts of the proposition.

Lemma 5.15 For h =1,2 let X3, Uy, and, Y, be objects of D and let

ih:Xp = X+ U+ Y
U= X+ U+ Y
kn:Ye = Xp+Un+Ya

be the indicated coproduct injections. Then a = [i1+i2, J1+J2, k1tke] is an isomorphism

a: (X1 +X)+ Ui+ )+ (M +Ye)— (Xi+ Ui + Y1)+ (X2 + U2+ Y2).

Proposition 5.16 For h = 1,2 let Xy, Un, Yh, t, jh; and kn, and a be as above.
Furthermore, for h=1,2 let ey, : Xp + Up + Y3 — Xu + Uy + Y, and define ER

(e Ve)=ato(ey+e)oa

(eVer): (X+X)+ (U +U)+(M+Ys) = (X +X)+ (Ui +Uz) + (Vi +Ye

)
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If, for h = 1,2, ey has a solution W}, with corresponding semantics €, = W}, 0 13, then
(e1V e3) has a solution W = (Wi + W) o a with corresponding semantics (ey V e;) =
€1+ es. ‘ ’

Proof Let

X+ X o (X + X))+ (U + Us) + (Y + Ya)
Ui+ Uy = (X + Xo) + (Uy + Up) + (Y + o)
k3Y1+Y2—>(X1+X2)+(U1+U2)+(Y1+Y2)‘

be the indicated coproduct injections. We must show: 1) (e1Ver)ok =k, 2) Wo(eV
e2) =W,3) Wok=1ly4y,and Woi=7¢ +&,.
1

) (e1Vey)ok
a"lo(el-}-ez)oaok
a”l ] (81 + 62) o] (kl -+ kz)
= a"lo(elokl+egokz)
alo (kl + kz)

k.

W0(61V62)
(W1+W2)oaoa‘lo(el+e2)oa
(Wi +Wa)o(er+e3)oa
(Wloel +'W2062)OCL
(W1+W2)oa .

w.

I

o

Wok

= (W1+W2)0(10k

= Wi+ Wy)o (ki + k)
(Wiok + Wi 0k,)
1Y1+1y2

= lnn.

Woz
= W+ Wa) o (4 + i2)
= (W10i1+W20i2)

= El +€2.

In the following let b be the isomorphism from

| | . T=
(X1 x Xa) + (X1 x (U, + Y2)) + (Ur x (Xa+ U, + Y2))
+(M x (X2 4+ U2))) + (Vi x V).

to
(X1‘+U1+Y1) X (X2+U2+Y2),

which exists by virtue of D being a distributive category.
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Proposition 5.17 For h = 1,2 let Xy, Uy, and, Y, be objects of D and let eh Xn +
U + Yh — X+ Un+ Yh and deﬁne

(exAex) =b"1o(eg X e3)0 b
(exAe): T —T.

If, for h = 1,2, ey has a solution W}, with corresponding semantics €, = Wj 0 i, then
(e1 A e2) has a solution W = (W x Wa) 0 b with corresponding semantics (e1 A e3) =
€1 X €. :

Proof We have

0 (61 A 62)
(Wi x Wa)obob™lo(eg Xey)ob
(Wl X Wz) (61 X 62) ob
(Wyoes x Waoeg)ob
(W1 x Wa)ob

s

Now, for A = 1,2, let

(X xXp) =T,
k:(ixYy) —T,

th: X — (Xn + U + 1),
Jn 2 Un = (Xn+Un + Y2),
kn:Yh — (Xn + Un + 1),

be.the indicated coproduct injections. Then we have

Wok

= (Wl X Wg)ObOk

= (W1 x W3)o (k1 X k)
(W10k1 XWgOkz)
= (1Y1 X 1}’2)

= lyxn.

and

(W1 x Wa)oboi
= (W1 X Wz) (21 X 22)
= (Wioiy x Whoi,)
(e

€1 X 62) ‘
O

Proposition 5.18 Ife: (X+U+Y)+U'+(X+U+Y) = (X+U+Y)+U'+(X+U+Y)
has a solution W with semantics€: X +U+Y — X +U 4 Y, and € has a solution
W' with semantics €, then there exists et 1 X + (U+Y+ U+X+U)+Y — X+ U+
Y+U’+X+U)+Y with et = E.
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More specifically, let y : X+(U4Y +U'+X+U)+Y — (X+U+Y)+U’+(X+U—{-Y)

be the evident isomorphism, and let

it X - X+U+Y,

j:U - X+U+Y,

k:Y — X+ U+Y,

D, X+ UHYHU+X4+U)+Y
FiU+Y+U+X+U) > X+U+Y+U +X+U)+Y
K:Y > X+U+Y+U +X+U)+Y,
i (X+U+Y) . = (X+U+Y)+U +(X+U+Y)
j: U —(X+U+Y)+U +(X+U+Y)
E:(X+U+Y) = (X+U+Y)+U' +(X+U+7Y),

be the indicated coproduct injections. Then we claim that

el =q710li, j, [ioi, $0j, lAcok]]oeoy
is the desired program and that it has solution Wt = W' o W o v.
Proof Consider that,

Wio et
WoWoyoqy™oli, 3, [ioi, 103, kok]loeoy
WioWoli, 7, [ioi, 103, kok]loeoy
Wio Woi, Woj, [Woioi, Woioj, Wokok]Joeory
Wio[Woi, Woj, [€oi, oy, €ok]]oeony
Wio[Woi, Woj €oeony
(WoWoi, WoWoj, Wioeloeony’
(WoWoi, WoWoj, W'loeoy
Wio[Woi, Woj, Wok]oeory
WoWoeosy
W'oW oy
= Wt

Wiok! = WoWoqyok' = WoWokok = Wok = 1y o
Whoi' = WoWoyoi = WoWoioi = Wogoi = Woi — 3,

[ T T

nn

o

-

Corollary 5.19 Let D be a distributive category, and let B be a distributive category
of D. Then the collection of all morphisms & in D such that & is a semantics for some
program e in B forms a distributive category Bt such that B C Bt C D. Furthermore,
fe: X+U+Y S5 X+U+Y isa program in BY, then every semantics€¢ : X - Y
for e is also in B?,

Proof By Proposition 5.7 we have that if f: X — Y in B then the program
e = [ko f, k] has semantics & = f. Clearly e € B and thus B C Bt,

That Bt is category follows from the above together with Proposition 5.8 since these
results show that e;;e, € B if e1,e; € B.

The distributivity of Bt follows from Propositions 5.16 and 5.17 once we note that
the isomorphisms a and b used, respectively, in the definitions of V and A are in B, and
thus, for any e;,e; € Bt that e1 X ez and e; + e, are in Bt.

Finally, by Proposition 5.18, if e : X + U+ Y — X + U +Y is a program in Bt,
then every semantics € : X — Y for g is also in B! since every semantics for g is a
semantics for ef € B. ‘ _ a
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6. Semantic Uniquehess ‘

Definition 6.20 Let e : X+ U +Y — X +U +Y be a program in a distributive
category D. We say that e has unique semanticsif, for all Z and VW : X+U+Y — Z,
ifVoe=V,Woe=W and Vok=Wokthen Voi:=W oi. Notethat this does
not preclude the possibility that e has no solutions and thus no semantics. - O

Proposition 6.21 In Set a programe: X +U+Y — X+U+Y has unique semantics
if, and only if, for every x € X there exists a natural number n, such that e*=(z) € Y.

Proof Assume that for each € X there exists n such that e"(z) € Y and let n, be
the least such. Nowlet V: X + U +Y — Z such that Voe = V. Then for each z € X

we have
(Voi)(z) = (Voem oi)(z) = (V o k)(e™ 05)(a).

iFrom which it follows that if VVW : X +U+Y — Z,if Voe=V, Woe =W and
Vok=WokthenVoi=Wosi.

Assume now that there exists € X such that for all natural numbers n, e*(z) ¢ Y
then, by the same means as in the proof of Proposition 4.5 we can, for any set Z with
card(Z) > 2, construct functions V\W : X +U+Y - Z with Voe=V, Woe=W
and V(z) # W(z). 0

Proposition 6.22 Lete: X +U+Y > X+U+Y bea program in D with unique
semantics then, ,

1. If e has any solutions then its semantics € : X — Y of e is the same for all
solutions.

2. IfV:X+U+Y — Z such that Voe=V, then Voi=(Vok)oe.

Proof If the semantics of e is not uniquely defined then there must exist solutions
Wi,Wy: X+U+Y — Y for e with different semantics, i.e., with Wj o7 # W3 01. But
this would contradict the assumption that e has unique semantlcs

Given V: X+U+Y — Z such that Voe =V, let W be a solution for e and define
V! = (Vok)oW. Clearly V' : X4+U+Y — Z,V'ok = (Vok)oWok = (Vok)oly = Vok
and V'oe=(Vok)oWoe= (Vok)oW =V’ So, since e has unique semantics,
Voi=V'oi, but then, Voi=V'oi=(Vok)oWoi=(Vok)oE. o

Corollary 6.23 Lete: X +U+Y » X +U+Y and let W: X +U+Y > Y bea
solution for e with semantics € = W o i, then e has unique semantics if, and only if,
Jorevery Z and V : X +U+Y — Z,Voe=V implies Voi=(Vok)oe.

PI‘OpOSitiOh 6.24 If €1 . X1 + U1 + X2 — X1 + U1 -+ X2 and €9 . X2 + U2 -+ X3 ‘
X2+ Uz + X5 have unique semantics then so does e = egjeq : X1+ (Uy +X2+U2)+X3 —
X1+ U+ X2+ U,) + Xs.

Proof We will use the same notation for coproduct injections as in Theorem 5.8. Let
V Xy + (Ui + Xo + Up) + X3 — Z such that V o (e1;e2) = V. By Corollary 6.23 it
suffices to show that Voi; = (Vok)o®e.

For h =1,2,let W, : X +Ur+Ys — Y}, be a solution for e, and let €, : Xz — Xpq1

be the corresponding semantics. From Lemma 5.9 we have
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€1;€2 = [‘[51, Jj1013, ﬂ062°i2]°619ii, [[il) Jj1013, ﬂ0620i2]°81°j1, K0€301, ﬂ°820j2], 7;1]
where £ = [j 0 73, j1 0 ka, ‘[Acl].‘\j,From which it follows by direct computation that
Voity=Vol(e;e)oiy =Voliy, f;oi;\,, K 0ey 0106 01y, (1)
and
Vojioiz=Vo(e;e)ofiota=Vol[iy, jiois, Koeyo0iz]oes oy,
and, since e; o ky = k1, that
VOK,06201:2= Vol jiots, koegoigoe ok,

i From this it follows that

Volir, jiots, Koezoig)loe; =V oliy, jiots, Koez0iy) (2)

and so, since e; has unique semantics, that

Voliy, jiois, koeyoiz]oi; =V okoe, 04306 (3)
Now consider that

Vok

= Volfi0js, js,0ks, Z?1] R

= [V0510j3, V0j3’0k37 VOkl] .
= [Vo(eer) 01043, Vo(er;er)oja,oks, Vol(eyes)ok]
= [Vokoeoiy Vokoey0js Vokoeyok)

= Vokoe :

@~

and Vokoeyoky=Vorok,=Vo lAcl. So, since ez has unique semantics we have
Vokoeoiz=(Vokoky)og = (Vok)oe,. , (4)

But then, from above, we have

Voil

= Voliy, jiots, Koey0izJoe;04; by (1)
= Voliy, jiots, koeyois]oiy by (2)
= Vokoeoizog , by (3)
= (Vok)ogog by (4)

(V 0 ;:1) o (61; 62),

as desired. : ‘ 0

Proposition 6.25 If for b = 1,2, ey : Xs + U + Y — Xa + Us + Ya has unique

semantics then so does (e1V e3).

Proof For h =1,2 let iy, ji, ki, 1, §, k and a be as in the proof of Proposition 5.16.
Furthermore, let o

2 (X + U+ Y) = (X + U+ ) + (X + Uz + Y5)

and
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3:(X2 + U, +’lf2)f‘*(X1+U1+l/1)+(X2+U2+1"2)

be the indicated coprodtict injections. What we must show is that for any Z and

Vi (X1 +Xo) + (U +Us) + (Y1 +Y3) > Z such that Vo (e1Vey) =V that Voi=

(Vok)o(erVes).
But,
Vv
= Vo(e1Ves)
= Voalo(eg+e)oa :
[Voaloioe, Voalojoe]oa

il

So, [Voaloioe;, Voa ™l ojoe] =V oa™l. But this implies
Voalotoeg=Voaloi
and
Voalojoea=Voaloj
which, from the assumption that e, and e, have uni@(lue semantics, yields
Voaloio;=Voaloiok o
and
Voalojoiy=Voaloiokyo€,
from which it follows that

Vo

= Voalo(i1+12)

= [Voaloios, Voalojoiy
[Voaloiokio€, Voalojok;0e)
Voao (ki +ks)o (e + )

,(VOIC)O(61V82)

fl

as desired. : 0O

We have not been able to show, in this general setting, that a similar result holds
for A, i.e., that if for h = 1,2, ey : Xp + Up +Ys — Xi + U + Y, has unique semantics
then so does (e, A ez). However the following section sketches a proof in a setting with
additional structure.

As shown by the proof of Proposition 4.6, there are programs in every non-trivial
distributive category with more than one semantics. Coupling that result with Propo-
sition 5.7 we see that e having unique semantics € does not imply that € has unique
semantics. However a reasonable, and still open, question is whether or not. if € has
unique semantics implies that e! (see Proposition 5.18) has unique semantics.

7. Functional Processors and Semantic Uniqueness

In this section we give a brief description of the approach taken in characterising
pseudofunctions, described in [2], [3] and [4], and give a proof of its relation to programs
with unique semantics.
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We assume D to be a countably extensive category with finite products. Details of
the definition and properties of extensive categories can be found in [1]. We now list
some of the essential features of extensive categorles that are needed to characterise
pseudofunctions.

1. An extensive category with finite products is distributive; similarly a countably
infinite extensive category with products is countably distributive.

2. f(yn : Yo — Y, h = 1,2) is a coproduct and f : Z — Y then we can form
an object f~1(Y}), by taking the pullback of f along the injection yj. In Set the
object f~1(Y4), is the set {z € Z : f(z) € Y3}.

3. 'Y is also the coproduct (y}, : Y — Y, h = 1,2) then we can form the object
Y, N Y} by taking the pullback of y), along y.

4. In this notation countable infinite extensw1ty implies that if f : Z — E'n—IA
and there are injections z : X — Z, y; : ¥i — Z then f1(Z2,A4,)

522, F1(A) and X N 5Y; = 5(X N Y)).

5. An extensive category is boolean if it has a terminal ob ject and the first injection
T:I— I+1is asubobject classifier. In a boolean category, for any injection
y1: Y1 — Y there is an injection y; : Y — Y that exhibits Y as the coproduct
of ¥; and Y.

In all that follows e : X + U +Y — X + U+, is an arrow satisfying e o k = k.
Notice that, in Set, (e” 0)~(Y) is the set of elements in X that are mapped to Y in
n iterations. The object A, = (e”1)7(Y) N (e~ 4)"1(X + V) is the set '

An={zeX:e"(z)eY} N {zeX " (z) e X + U},
that is, the set of elements in X which reach Y after ezactly n iterations.
The following notation will be used in the remainder of this section. Let X, =

(e" o)™ (Y) and X], = (e” 01)~1(X + U) then from the above discussion we can form
the following pair of pullback squares -

an e’
A, - X, -Y
] ]
ar, X, kl
ixl n
f ey 228 X U4Y

where ix, and ¢ _ are suitable injections.
Definition 7.26

1. The arrow e is a functional processor or a pseudofunction if the family
(¢x,0an : Ay — X)

exhibits X as a sum, the arrow e is then denoted e : X ——> Y, and U is called
the local states of e.

2. If e is a functional processor then, by the property of coproducts, the family of
arrows (e, 0 a, : A, — Y') defines a unique arrow € : X — Y.
0o .
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It is clear that this characterises pseudofunctions in Set and € is the function that
e calculates :

, Theorem 7.27 Forh -1 2letey: Xp —+> X3, f: X —l—>Y andg:Y —+> 7 then
operations on functional processors in the set {;, V, A} produce functional processors
that satisfy f; g=gof,e1Vez=¢€1+€ and €1 A ez = €1 X €.

Proof Detailed proofs for the operations in the set {V, A} can be found in [4]. Here
we give an outline of the proof that f; g is a functional processor. Since f and g are
functional processors then for all 0 < n € IN there exists A, and B, such that X ~ ¥4,
and Y = XB,. Let f4, = fa 0 a, where f, is derived analogously to e, in the above
diagram. Let U and V be the local states of f and g and let 2 : X — X+U+Y+V+Z
be the injection then define "

=((f;9)f02)™(2) N ((f; 9" oa) (X +U+Y +V).
That is, in Set, C is the set of elementsin X that take exactly k iterations to reach Z.
Then Ciyj—1 N A; = f7'(B;) and Cr N A; = O if k < i (proof omitted). Therefore,
2 Ck IZ(Cr N X) =2 5k(Cr N ZA:)
P E,’(Ck N A;) =~y Ek(Ck N A,’)
2i Bj(Cigj1 NA) = .3 f51(B))
Bifa; (Z:B;) 2 Bif] (V) = Tid;
X.
A detailed proof that it satisfies f; g = Go f, can be found in [3] 0

IR 1R

R

R 1R

‘We now relate functional processors to programs with unique semantics.

Proposition 7.28 Suppose e : X + U +Y — X + U +Y is a functional processor,
in an extensive category with products, then e has unique semantics.
Proof Let VVIW : X +U+4+Y — Z be such that Voe=V, Woe = Wand _
Vok =W ok then we show that Voi = Woz. To show that Vo: = W o1 it is enough
to show that Voiois, = Votoiyu,, where 14, = 1x, 0 a, then by the above diagram
VO?:O?:A" = VoenOiOiAn
Vokoe,oa,
Wokoe,o0a,

o
Woetotoiy,

= Woioiy,
O

Proposition 7.29 In a countable infinite extensive boolean category with products, D,
if e has unique semantics, then e is a functional processor. :
Proof We show that if e is not a functional processor then e does not have a unique
semantics. If e is not a functional processor then L = £ A, % X and there exists an
injection i, : L — X. But as D is boolean, there exists an injection iz : L' — X
that defines X as a coproduct of L and L' % O. Now let Z = I+ I, where [ is a terminal
object,and let V : X + U +Y — I + I be given as V = koo! where ko : I--+I+I _
is the first injection; and let W = [kyo!r, koolriuyv], where ky : [ — I+ I'is the
second injection, and !z» and !p4y4y are the obvious unique arrows into I. Clearly,
Voe=V,Woe=Wand Vok=Wokbut Voiz#Woi, hence e does not have a

unique semantics and the result follows. ]
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Theorem 7.30 In a countable infinite extensive boolean category with products, the
operations in the set {;, v, A} produce programs with suztable unique semantics from
programs with unique semantics.

"Proof The proof follows immediately from the above. m]

8 Concluding Remarks

We have shown how the results on programs in distributive categories developed in
[9], [5] and [6] for the category Set, can be carried over to more general distributive
categories. Furthermore we have introduced a new notion, that of programs with unique
semantics. We have shown that programs with unique semantics play a role in general
distributive categories analogous to that played by pseudofunctions in the category of
sets. Several open problems remain, some of these are detailed at the ends of Sections
5 and 6. A problem not mentioned earlier, but clearly significant from the computer
science viewpoint, is the lack of a meaningful example of the application of these ideas
in a distributive category that is not a subcategory of Set.
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