
A notion of re�nement for automataN. Sabadini, S. VignaDipartimento di Scienze dell'Informazione,Universit�a di Milano, Via Comelico 39/41, I-20135 Milano MI, Italye mail: sabadini@imiucca.csi.unimi.it, vigna@ghost.dsi.unimi.itR.F.C. WaltersSchool of Mathematics and Statistics, University of Sydney,N.S.W. 2006, Australia; e mail: walters b@maths.su.oz.au1 IntroductionThe notion of re�nement of concurrent and distributed systems is a crucialone in any concurrency model. There are (at least) two distinct notions underthe name of re�nement, namely re�nement of speci�cations and re�nement ofmachines (automata). It is important to keep these two concepts distinct sincetheir properties, and their mathematical formulation, are, or should be, quitedi�erent. A speci�cation describes a whole class of machines and re�nementhere yields a smaller class of models, whereas a re�nement of a machine yields anew, more complex, machine. It is not always clear which of these two notionsis under consideration, because sometimes a mixture of the two approaches isappropriate and even because some formalisms allow di�erent interpretations[AL87], [DGR], [BGV91].This paper is concerned with the second notion, re�nement of machines,where we re�ne both actions and the state space, in the context of the modelof concurrency based on distributive automata, introduced by Sabadini andWalters in [SW93]. We leave to a later paper the discussion of re�nement ofspeci�cation in this context.Action re�nement [BGV91], [CvGG] is motivated by top-down design, andhence it is considered desirable that the re�nement be performed in such a dis-ciplined way that the behaviour and properties of a re�ned system are deduciblefrom the unre�ned one. For example, it is claimed that a semantic equivalenceshould be a congruence with respect to re�nement.However, there is another, more objective, notion of re�nement, which arisesfrom the need of a deeper analysis of a system, in which further informationis introduced. Our de�nition of re�nement captures precisely this idea. Forexample, on deeper analysis atomic actions may be seen to be non-atomic,actions which are con
icting for resources may be seen to be con
icting onlypart of the time, and actions which are parallel may be seen to be in fact not1



parallel. Notice again a problem with names, since the word con
ict whichwe use in relation to resources, is often used for the idea of a choice, in aspeci�cation, between di�erent possible behaviours. Ideas similar to ours occurin [God93], [Zwi91].With our de�nition, the re�ned system may have a much richer structurethan the unre�ned one. Thus we can study such issues as e�ciency in time andresources. This implies that at each stage of re�nement it is necessary to proveagain, if possible, that desired properties of the system are preserved. Thisis not unreasonable, because the desired properties are properties of the �nalobject of these re�nement process, and at an earlier stage it may happen thatit is not even possible to de�ne them. This approach is advocated, for instance,by Chandy and Misra in [CM88]. Further, in contrast to the requirement thata semantic equivalence should be a congruence with respect to re�nement, weexpect that two systems which become equivalent on re�nement should in factbe equivalent.The notion of re�nement is an integral part of any model of concurrency,one reason being that concurrency is concerned with the delay independentbehaviour of systems. To introduce a delay into an atomic component (action)it is necessary to re�ne it. The resulting system should also be a re�nement, inthe sense that the set of its behaviours, restricted to the old states, should beexactly the same of those of the unre�ned system, without delays. We provein this paper that distributive automata are delay-insensitive in this precisesense. Note also that the encapsulation mechanism central to our model is justthe replacement of a re�ned machine by an unre�ned one, hence making a nonatomic action atomic. It is also through the re�nement notion that we are ableto avoid non deterministic machines|the uncertainty of the occurence of anaction is analysed in terms of re�nements instead of non-determinism, as wewill discuss later.Formally, our de�nition is based on considering the automata as categoriesof transitions, and then a morphism is a functor between transition categories,and a re�nement is an embedding of the category of one automaton in anotherone. The elementary categorical concepts used in this paper may be found inWalters [Wal].This work has been supported by the Australian Research Council, EspritBRA ASMICS, Italian MURST 40%, and the Italian CNR.2 Distributive AutomataIn [SW93] a model of distributed systems, distributive automata, was givenin terms of a calculus for structured deterministic automata. Distributive au-tomata are automata constructed from a given �nite family of sets and function(data types and data operations) using the operations of a distributive category.Both the alphabet and state space of a distributive automaton are formed bythe operations of sum and product from some given basic sets. The actions ofa distributive automaton are formed from basic functions by composition, sum,



and product of functions, projections, injections, the diagonal and codiagonal,and the distributive isomorphism X � (Y + Z) �= X � Y +X � Z. Thus, thealphabet and state space have a rich structure re
ecting parallel or con
icting,synchronous or asynchronous actions. There is one further operation. A dis-tributive automaton whose alphabet is one letter and whose state space is of theform X+U +Y may compute by iteration a (total) function from X to Y ; suchautomata we call pseudofunctions. In the construction of distributive automatawe may use the function computed by a pseudofunction. This operation allowshiding of state, encapsulation of iteration, and making atomic a non-atomic ac-tion. The notion of pseudofunction has a precursor in Elgot's iteration theories[Elg75] and Heller's work on recursion categories [Hel90]. A similar de�nitioncan also be found in [Knu73], and [Mil71].Remarks on the modelOne way to view our model is that our machines are �nitary hierchical nets ofdeterministic automata, where, as we have mentioned above, non deterministicfeatures are dealt with by requiring that constructions be delay insensitive.The usual reasons for taking a non deterministic model for concurrencyare that full knowledge of states is too complicated to deal with, and thereis uncertainity in the timing of actions. Again, notice a problem with names:the fact that there is a lack of knowlege about which external actions occur issometimes called non determinism, but it is a sort of \non determinism" alreadyexisting in �nite state deterministic automata.Moreover, once properly organized, states are not too complicated, and inany case there are far more possible behaviours of a system than states.Another reason for the simplicity of our model is that, for example, there isno special mechanism for synchronizing processors. However there is a synchro-nization mechanism, which is purely mathematical in nature, namely the prod-uct of functions. The fundamental synchronization assumption is that atomicactions occur completely in parallel, or completely separated. The functionf�g is the synchronized parallel product of f and g. For two actions to overlapnon-trivially means that at least one is not atomic.3 Re�nement of automataDe�nition 3.1 Suppose M is a monoid and X an M-automaton; that is, a setX together with an action of M on X, M �X ! X : (m;x) 7! m �x; the actionis required to satisfy the usual axioms m1 � (m2 � x) = (m1m2) � x and 1 � x = x.De�ne the category Trans(X) (the transition category of X) as follows:1. objects are states (that is, elements) of X;2. arrows from x to y are state transitions; that is, elements m 2 M suchthat m � x = y;3. composition is monoid multiplication.



A morphism of automata, or, in short, a mapping from X to Y, is a functorfrom Trans(X) to Trans(Y), where Y is an N-automaton for a monoid N .An abstraction from X to Y is a functor Trans(X) to Trans(Y) which issurjective on objects and arrows.A re�nement of X in Y is an inclusion, as a full subcategory, of Trans(X)in Trans(Y).In other words, in order to give a re�nement of X one has to specify a biggersystem Y which has a restriction to a system isomorphic to X.Notice that each arrow in Trans(X) is determined by an element m 2 Mand a domain and a codomain x; y 2 X . Hence many distinct arrows will belabelled with the same element of the monoid.In what follows, we will be concerned with free monoids on the struc-tured alphabets we discussed. If M = A� and N = B�, a functor F fromTrans(X) to Trans(Y) is given by a function Fstate : X ! Y and a functionFaction : X � A ! B� satisfying the condition that if � 2 A and � : x ! x0in Trans(X), then Faction(�) : Fstate(x) ! Fstate(y) in Trans(Y) (from nowon, we will omit the subscripts when understood). For a re�nement there isthe further requirement that the function induced by F between Hom(x; x0)and Hom(F (x); F (x0)) is a bijection, and that the function between the statespaces in injective. (Morphisms of distributive automata should be de�ned byfunctions X ! Y constructed using the operations of a distributive category,and by functions A�X ! B� constructed using the operations of a countablyextensive category with products [KWW], but this requirement is not necessaryfor the purposes of the present paper.)Notice that the usual notion of substitution in language theory is a morphismwhich assigns to a letter a word or a language, but the latter ones are �xed oncefor all, and not dependent on state. Note also that not all full subcategories ofY induce a re�nement. We can give also the following, weakerDe�nition 3.2 An expansive mapping is an inclusion F of Trans(X) inTrans(Y) such that whenever F (x ��!x0) = F (x) s�!F (x0), where � 2 A ands 2 B�, then there are no x00 2 X, s0 2 B� such that s0 is a proper pre�x of sand F (x) s0�!F (x00).When an atomic action is re�ned by an expansive mapping, the set of statesspawned by the string it is mapped to lies entirely outside of the image of X,except for the initial and �nal states (which are the image of the domain andof the codomain of the atomic action). We can indeed restate De�nition 3.2 asfollows:1. Y = X + U for some set U ;2. if F (x; a) = b1 � � � bn 2 B�, then b1 � � � bk � x 2 U for k = 1; 2; : : : ; n� 1.Expansiveness and fullness are related by the following proposition:



Proposition 3.1 Let X and Y be A� and B� automata, respectively. If amapping F : X! Y is a re�nement, then it is expansive.Proof. Suppose there are x00 and s0 as in De�nition 3.2. Then s factors ass0s00, and F (x00) s00�!F (x0). But because of faithfulness and fullness, there has toexist strings t0; t00 2 A� such that x t0�!x00 and x00 t00�!x0. By composition, we gett0t00 = �. Thus, either t0 = � and t00 = �, or t0 = � and t00 = �. In both cases, s0is not a proper pre�x of s.This proposition cannot be reversed. Take A = B = f�; �g, X = f�g andY = f0; 1g. Let the action of � be the identity on Y , and the action of � ben 7! 1�n. The mapping sending the unique state of X into 0, � to � and � to�� is expansive, but not full.There is however a relevant case in which we can reverse Proposition 3.1:Proposition 3.2 Let X and Y be A� and B� automata, with A = B = f�g. Ifa mapping F : X! Y is expansive, then it is a re�nement.Proof. If F is not a re�nement, consider states x; y 2 X and an arrowF (x) �k�!F (y) which is not image of an arrow from x to y. Assume withoutloss of generality that k is minimal. Let F (x) �n�!F (z) be the image throughF of x ��!z. If k > n, then necessarily F (z)�k�n�!F (y) is not in the image ofX, which contradicts the minimality of k. Then n > k. But this contradictsexpansiveness.Example 3.1 When M = N = f�g� then re�nement takes a particularly sim-ple form. Such an automaton can be analyzed by considering the orbits, that is,sequences of states produced by the action of � starting from a given initial state.A re�nement of an automaton X is another automaton Y with state space ofthe form Y = X+U such that the orbits of Y, when restricted to X, correspondexactly to orbits of X.Remark 3.1 It is clear that re�nements form a category Re�ne, and that ab-stractions form a category Abstract. However, both re�nement and abstractioncan be looked at in the opposite direction, i.e., the domain of a re�nement canbe seen as a system in which space and time have been hidden, while the domainof an abstraction can be seen as a system with �ner state space and actions(this is closely related to [Lyn87]). Formally, this correspond to the study of thecategories Re�neop and Abstractop.The notion of transition category induces a notion of behaviour which isstate dependent: for each pair of states x, y we can build the set of arrowsbetween x and y, i.e., the hom-set between the objects x and y. Formally,De�nition 3.3 The functor Behaviour : Re�ne! Cat=Sets is de�ned byX 7! Hom : Trans(X)op � Trans(X) ! Setson objects, and by F 7! F op � F on morphisms.



Note that F op�F commutes withHom up to isomorphisms exactly becauseF is a re�nement. Note also that F op � F is a morphism in Cat=Sets; thisexpresses the fact that the behaviour of X is a restriction of the behaviour ofY along the re�nement.4 Examples4.1 PseudofunctionsConsider a pseudofunction � : X + U + Y ! X + U + Y which calculates thefunction f : X ! Y by iteration, and suppose that �(x) 2 U+Y (x 2 X). Thenfrom f we may obtain an automaton with a one-letter alphabet and state spaceX + Y which calculates f in one step. Then the obvious inclusion X + Y !X + U + Y is a re�nement. So, a pseudofunction is just the re�nement of afunction.4.2 An IMP(G) InterpreterThe interpreter of IMP(G) programs described in [KW] is easily seen to be a re-�nement of each particular IMP(G) program. This was in fact the speci�cationof the interpreter.4.3 Mutual exclusionOther theories of re�nements often require that all the steps in the re�nementsof two con
icting action (systems) are con
icting. This seems to be reasonablewhen the word \con
ict" means \irrevocable choice", but not when, as usual inapplications, con
ict comes from access to a common resource (in our setting,this means that two letters use the same part of the state space). Here, we caneasily model the situation where the con
ict may occur at only one step in there�nement.4.4 Independent actions are not necessarily parallelIf we consider a �xed machineY, we may think of re�nements of other machinesX in this �xed machine Y as implementations of abstract machines X in asystem Y. The class of abstract machines has unbounded parallelism|there isno obstruction to considering arbitrary products of abstract machines. Howeverin relation to Y it is possible to consider questions of resources. We can makethe distinction between actions of X being \independent" and being \parallel".Actions are independent if they are parallel in the abstract machine X. Actionsare parallel if they are parallel in the system Y.The following example can be expressed by saying that independent actionsin an abstract machine may not be parallel in the implementation.Given two automata X, Y, both with alphabet f�g, suppose that there arere�nements of X to X0 and Y to Y0, where X 0 = X + U and Y 0 = Y + U , the



meaning being that the set U is the state space of some temporarily used (andreset after use) resource like a scratch pad, or printer. Then the synchronousparallel product X�Y of X and Y may be re�ned to an automaton in whichthere is only one resource U whose use is scheduled between X and Y. Thestate space would be Z = XY + UY +XY +XU . The two letters �, � wouldact respectively on the �rst two and on the last two summands, applying h�;1iand h1; �i, respectively (a trap state would complete the automaton in theobvious way). The injection of XY as �rst summand of Z would then de�ne are�nement, which would schedule the parallel action h�; �i to ��.4.5 ShutdownConsider a re�ned description of a system in which a new, destructive actioncan happen. This is a typical case of a sudden shutdown. We expect thatthe system can, at any time, be shut down, thus moving into a state whichwas impossible to reach before. In this case, the re�nement space is formed byadding a single element, and a new letter to the alphabet; it sends to the newstate any other state. The behaviour of the machine, if we ignore the shutdownstate, is unmodi�ed, which is exactly re
ected in our de�nition of re�nement.4.6 ChoiceOur re�nement being a functor, it assigns to each action of the unre�ned systema precise re�nement. Hence it is not possible in our model to replace an action bytwo alternative actions even if two alternative actions may exist in the re�nedmachine (such a thing would correspond to two di�erent re�nements). Thisaccords with our view that machines, even asynchronous ones, are deterministic;the introduction of a choice in re�nement is a non-determinism at the levelof morphism. However, di�erent choices can be identi�ed by an abstractionmorphism.5 The Delay-Insensitivity of Distributive Automa-taLet us consider a set S of basic functions. We will write D(S) for the set offunctions derived from S using the operations of a distributive category (for adetailed de�nition, see [SW93]). Consider also a set of functions T such thatany function in S admits a re�nement to a pseudofunction in D(T ).The Delay-Insensitivity Theorem states that any S-automaton can be re�nedto a T -automaton. In other words, if each basic function hides the space andtime of a complex computation which is expressed in terms of more elementaryfunctions, we can re�ne an automaton built using the basic functions to anotherautomaton built using the latter, more elementary functions.The basis for this construction is given by Example 4.1, and by the propertiesof the call[] operator.



Theorem 5.1 Let X be an automaton on the alphabet A with state space X,and actions taken from D(S). Then there is an automaton Y on the alphabetA and actions taken from D(T ) such that Y is a re�nement of X.Proof. For each a 2 A, the function fa : X ! X admits a re�nement into anautomaton �a : X + Ua +X ! X + Ua +X . We now de�neY = I +X +Xa2AUa:The action of a 6= a0 on Ua0 is the unique function Ua0 ! I , while on X andon Ua is de�ned as �a. It is then clear that the inclusion X ! Y induces are�nement.6 ComparisonsAs we remarked in the introduction, our notion of re�nement di�ers markedlyfrom notions currently being considered in Petri nets and process algebra; rather,it is in the spirit of [CM88, AL87, Zwi91]. The de�nition which is conceptuallyclosest to our approach is the broader de�nition of Petri net morphism givenin [MM90], where a single Petri net transition can be mapped to an entirecomputation, possibly composed by many parallel steps. However, due to thefreedom with respect to the monoidal product, the mapping is not dependenton the global state of the net.In contrast to the situation in action re�nement ([CvGG],[DGR]), in ourmodel it is not at all necessary that a re�nement of two parallel processors beparallel (x4.4) (and hence we can discuss scheduling of resources), or a re�ne-ment of con
icting processors be con
icting in all steps (x4.3) (and hence we candiscuss re�nements which limit non-parallelism to exactly those points wherecommon resources are needed). In contrast to Petri nets re�nement ([BGV91]),we are unable to introduce a choice (x4.6) between actions to re�ne an action.This limitation simpli�es considerably the theory without restricting its expres-siveness.References[AL87] M. Abadi and L. Lamport. Composing speci�cations. In StepwiseRe�nement of Distributed Systems, number 430 in LNCS, pages 1{41,1987.[CM88] K.M. Chandy and J. Misra. Parallel Program Design: A Foundation.Addison-Wesley, 1988.[CvGG] I. Czaja, R. von Glabbeek, and U. Golz. Interleaving semantics andaction re�nement with atomic choice. Preprint.
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