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A calculus of functions, processors, and corresponding processes, is developed in
automata-theoretic terms, using ideas described in Walters [W2], [CCS] and
Khalil-Walters [KW)]. It is used to analyze some notions on resource and refinements
expressed in [Sa], [KMS].

The main idea is that to have a structured theory of the construction of automata with
data types it is necessary to consider two sorts of things — automata and functions
(between data types), and operations involving these two sorts.

The operations on functions yielding functions are those arising from the categorical
properties of the cartesian product and the disjoint union of sets, and the distributive
law between them: that is, the operations are those of a distributive category.

As usual, by an automaton or processor we mean an alphabet T, a (not necessarily
finite) set X, the state space, and, to each letter a € L, a function aq : X — X called the
action of a on X. Since the actions of processors are functions the operations on
functions can be used to construct automata out of functions or other processors.
Finally, a processor whose alphabet consists of a single letter, and whose state space is of
the form X + U 4+ Y may yield by iteration a function X — Y'; such processors we call
Junctional, following Khalil-Walters [KW]. A precursor of this notion occurs in Elgot’s
iterative theories [E).

Although it is straightforward in this calculus to deal with many issues such as
communication between processors, birth and death of processes, parametrized families
of processes, and distributed algorithms, we concentrate in this paper on giving first a
simple outline of the calculus and then investigating a notion of refinement of processor
based on the idea of interpretation of one processor in another which allows us to discuss
resource issues.

In explaining our calculus we make comments on its relation with other
automata-theoretic models of concurrency: Petri nets [P], asynchronous automata [Z]
and port automata [SAM].

1. Introduction

This paper introduces a new automata-theoretic approach to the problems of concurrency
and distributed processing.
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It follows the classical style of automata theory and formal language theory where
the main issue is the relation between automata and their behaviour. More precisely,
we are concerned with methods of construction of new automata out of old, and how
the behaviour of the new automata relates to the behaviours of the old. We observe
that there is no simple general correspondence between the operations on processors and
operations on processes which might allow one to ignore processors in favour of processes.
Other theories such as the process algebras [H], [M], and trace theory [Maz] tend to place
observations/processes ahead of processes. Of course, on the firm foundation of state and
behaviour, abstractions are necessary to analyse state and behaviour.

What is particularly novel in our approach is the method of construction of automata
considered; we have a two-sorted theory, with operations between the sorts, the two sorts
being: (1) deterministic automata on finite alphabets, and (2) functions.

The operations for constructing from functions both new functions and the actions
of letters on state, are the operations available in a distributive category; that is, a
category with sums and products and the law of distribution of products over sums The
operations on alphabets considered are also product and sum. The remaining method of
construction is that a processor (with a single-letter alphabet and) with state space of
the form X + U + Y may compute by iteration a function from X to Y. We call such
processors functional.

A precursor to the notion of functional processor is contained in Elgot [E] (and is the
basis of the notion of ilerative theory). Elgot considers functions of the form ¢ : Zxn-I —
Z x (m+n)-I; in other words functions of the form ¢ : X — X +Y (for very particular
X, Y). Such a function can be extended to a loop ¥ : X +Y — X + Y. Elgot considers
the partial function from X to Y obtained by iterating 1. This is a crucially weaker
notion than ours because (i) the particular forms of the sets X and Y don’t allow the
general use of sums and products, and hence data types, to be used, and (ii) since there
is no explicit mention of the local state U (and to find it is undecideable) Elgot is unable
to hide state in his calculus — a fundamental feature of our model. Finally in Elgot’s
calgulus he is unable to consider the operation of the product of two pseudofunctions,
the most interesting operation from our point of view.

Automata constructed in the above way from basic data types seem to be the appro-
priate ones for the consideration of concurrency and distributed processing; the necessity
for iteration is clear; the operations of sum and product are essential for any such con-
sideration since they express, respectively, total conflict and parallelism. The problem of
a theory for combining asynchronous machines has preoccupied many authors in recent
years (see for example [Wi2], [Pi]). We discuss in a very straightforward way differ-
ent products of machines - interleaved, synchronous, and asynchronous. The differences
between these corresponds to operations on the alphabets. Zielonka’s asynchronous au-
tomata [Z] fit in our setting in a very clear way; in fact we have a more explicit description
of the way in which they are asynchronous machines. We also describe briefly a new type
of asnchronous machine obtained by generalizing flowcharts to have distributed control;
the machines are reminiscent of Petri nets.

In explaining our calculus we describe some relations with other automata-theoretic



On Functions and Processors 3

models of concurrency: Petri nets [P], asynchronous automata [Z] and port automata
[SAM]. In the full paper we will also discuss the automata of [LS].

The mathematical background needed for this paper is a knowledge of category theory
up to products and sums, and the distributive law between products and sums, such
as contained, for example, in the first three chapters of Walters [CCS]. Other useful
references for the categorical constructions on functions used in this paper are [BR],
[Mac]. There are relations at a categorical level between this work and [AM].

2. Operations on functions

The aim of this section is to introduce the operations we will use for producing new
functions out of old. For details and the notation used see Walters [CCS].

The category of sets and functions is a distributive category; [CCS]; that is it has finite
products and sums (=coproducts=disjoints sums) and the canonical function X x Y +
X x2Z — X x (Y + Z) is an isomorphism. In such a category there are the following
special arrows: the projection maps proj, : X xY — X, proj, : X xY — Y; the
injections inj, : X — X +Y, inj, : Y — X 4+ Y, the diagonal and the codiagonal
functions A : X — X x X, V: X + X — X; Further, given two functions f : X; — Y7,
g : X2 — Yo, there are the functions f+9g: X1+ X2 = Y1 4Ys, fxg: X1 x Xy = Y1 xY>.
Of course the composition of arrows are arrows.

Remark 2.1. What we have described above is a precise family of operations for produc-
ing new functions out of old. In more detail, if we have a family of sets X, Y, Z, ..., (call
them the basic sets, then consider all the sets which can be obtained from them, and 0, I,
by repeated use of sum and product (call them the derived sets). Now suppose we have a
family G of (basic) functions between derived sets. Any of the operations above produces
from these functions a new function between derived sets. The functions so obtained by
repeated use of these operations, beginning with G, we call the derived functions.

In everything that follows there will be a given, usually unspecified, collection of basic
sets and all functions will be between sets derived from these given ones.

Notation 2.1.If f : X — Y andg: X — Z and h : Z — Y are functions then we
denote the composite Vo(f+h): X+Z =Y +Y =Y by (flh): X+ Z — Y, and we
denote the composite (f x g)oA: X = X x X =Y xZ by (f,g): X —Y x Z. Some
other arrows it is useful to have names for: twist : X x Y — Y x X for (proj,, proj,)
and twist : X +Y =Y + X for (inj,|inj,).

3. Processors from functions

Now let’s make precise the notion of processor we intend to use in this paper.

Definition 3.1. A processor, P, with alphabet I, relative to a finite set of given basic
sets, is a set X, the state space of P, built up using sums and products from the sets in
the collection, and a function a : ¥ x X — X. Then if a € I, the function ag : X — X
which takes z € X to a(a,z) is called the action of the letter a on the state space.
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We shall sometimes denote the process P by the pair (X, a). A process of the processor
is an infinite sequence of letters ag, a1, az, ... and states,

Tgr—= T T2...Tp— ...
such that, for each n, z,41 = a4, (2,).

At first glance it may appear that we are speaking about interleaving here, without the
possibility of simultaneous action, but as we will see in section 4 this is by no means the
case since also the action alphabet may have a structure. We believe in a true concurrency
approach, since for us interleaving arises from questions of implementation (representing
one machine in another).

An important special case is when the alphabet ¥ consists of one element. In this case
the process consists of a state space X and a single loop o : X — X.

In the following if no alphabel is mentioned in referring to a process it is inlended that
the alphabet has one letter which we do not name.

It is clear, as we remarked above, that since the actions of processors are themselves
special functions between derived sets they can be constructed using operations on func-
tions. We give an examples of constructing a processor (with single letter alphabet) from
the basic set IN and the two functions pred : N — I + IN and succ : 7+ IN — IN using
the operations on functions given in the last section.

Example 3.1. We can construct an interesting processor with state space IN? + IN as
follows. First let f : IN — IN> + N be the composite of

pred x 1n = N2 twist

IN? (T+WN)N —IN +1 N2+ N

Iy x (succoing,)+ 1n
N2+ N ( 2) N2+ N

It is easy to see that f(m,n) = (m—-1,n+1)if m > 0, and f(0,n) = n. The processor
we define is then (f|1n) : N>+ IN — IN? 4+ IN. One particular process of this processor,
with initial state in the first summand of the state space, is

(5,3)— (4,4) — (3,5) — (2,6) — (1,7)— (0,8) — 8 —= 8+ ---

In fact, this processor is of the type we will call functional because if the initial state is
(m, n) in the first summand, then eventually the process stabilizes at the value m+n in
the third summand, and so defines the function add : IN?> — IN.

4. Simple operations on processors

We give immediately some very basic examples of operations on processors.

4.1. Parallel processors

Given two processors P, Q, with alphabets £;, £,, state spaces X, Y, actions a, 8,
respectively, we can form a new processor P x @ , and alphabet ¥; + X, as follows:
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state space X x Y, and action 9, = ag xly : X xY — X xY if e € X, and
H=1lxxFHh: XxY=XxYifbeX,.

It is clear that the processes of this new processor consist of interleaved processes of
the two processors.

I; + I, is not the only alphabet which acts sensibly on X x Y. Another choice is
Z; x Iz with action §(4 ) = a x B. Processors of this processor are synchronized parellel
processes of P and Q.

Another choice is ) x Iy + (X; + I2) with the actions obtained from the last two
examples. The new processor might be thought of as an asynchronous parallel product.
Trace theory [Maz] is concerned with the fact that the action of (£; x X2 + (Z; + X2))*
on X x Y factors through a free partially commutative monoid on X; + X».

The asynchronous automata of Zielonka [Z] fit precisely into this picture. Such au-
tomata have a global state space which is a finite product X; x X2 - X, and to each
subset U of {1,2,...,n} an alphabet Ty which affects exactly the factors indexed by the
subset, and are the identity on the other factors. What really acts on the automaton is
the alphabet which is the sum of the sets of the form Ly, and Ty x Zv, (U, V subsets
of {1,2,...,n}, U disjoint from V).

With similar ideas, beginning from flow charts we can form a class of asynchronous
automata with distributed control (that is with both sums and products in the state
space) reminiscent of Petri nets, and with simple methods of combination. The precise
description will be given in the full paper.

4.2. Totally conflicting processors

Again we could consider processors with alphabets as in the last example but for sim-
plicity we restrict this example to one-letter alphabets.

Given two processors P, P», we can form a new processor P, + P, as follows: state
space X; 4+ X5, and action a; + a3 : X1+ X2 — X; + X. It is clear that the behaviours
of this new processor is either a process of the first or a process of the second processor.

Notice that totally conflicting action commutes in the same way as parallel action so
the commuting is not a defining characteristic of parallel action. (Zielonka’s theorem [Z]
shows how commuting action can be made parallel by enlarging the system.)

4.3. Sequential composition of processors

Given two processors P, ), with state spaces X + U+Y and Y +V + Z, and actions
a, B, respectively, with the property that a(y) = y, (y € Y), and 8(z) = 2, (z € Z), we
can form a new processor P;Q as follows: state space

X+U+Y+V)+ 2,

and action

vy =(a+1lviz)(1x4v +B).
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The processes of this new processor P;Q with initial state in X are exactly either those
processes of P with no element in Y, or those sequences

Zor>ZT1—T2...=Tn=Yo—Yy1—y2...

where zg — z, — ;... z, is the initial segment of a behaviour of P with z, being
the first element in Y, and yo — y; — y; ... is a process of Q.

Remark 4.1. Let’s consider very briefly how one might model a process with an input
port, and a queue of messages. Firstly the state space of the process itself must be of
the form X = (N + R x M) where the summand R x M corresponds to the desire to
receive a message of type M; suppose it has action a. Let @ be the set of queues of type
M. Then the process together with the queue has state space X x Q = NQ 4+ RMQ.
The action of the combined system may be split up into the cases corresponding to the
different summands: on NQ it is a x 1g; on RMQ it is a function obtained by first
dequeuing (Q — I + QM), replacing the contents of M by the message if there is one,
and then applying a. A process with an output port has a similar model, and similarly
two processes with a communicating channel. The port automata of [SAM) are automata
with a family of input and output queues, and can be described in our calculus.

5. Functions from processors — pseudofunctions

Some processors (with single letter alphabets) are intended to compute functions by
iteration.

This notion was made precise in Khalil-Walters [KW], where the following definition
of pseudofunction was introduced.

Definition 5.1. A functional processor or pseudofunction from X to Y is a processor
with state space of the form X + U + Y, and action a such that

(i) foryinY,a(y) =y

(1)) for each z in X there exists a natural number n; such that a™=(z) €Y.

A pseudofunction a : X + U +Y — X + U +Y defines a function call(a) : X — Y (by
iteration) as follows:

call(a)(z) = a"=(z).
We often denote the pseudofunction a as a : X —}> Y to indicate that it computes a

function from X to Y. We call U the set of local states of the pseudofunction a, or the
hidden states of the function call(a).

Remark 5.1. A pseudofunction « is just a process which for initial states in a certain
explicitly part of the state space (X in the above) reaches a stable value in another
explicitly given part of the state space (Y in the above), and indicates that it has reached
a stable value. Such a process can then be used as a function in building up further
functions and processes. Further part of the state space of a, U in the above, is hidden,
and the steps of the iteration are hidden when we consider the function call(a): X — Y
rather than a, so that call(a) becomes atomic. As you would expect, and we will see this
explicitly later, the operation of hiding and making atomic has conceptual advantages
and efficiency disadvantages.
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Remark 5.2. The next proposition, which we give without proof, contains the basic alge-
bra of call — how it relates to the operations on functions and to itself. The proposition
justifies the following remarks. Given a set G of basic functions consider the functions
obtainable from then by the operations on functions given in section 2, together with the
operation call. These the functions are said to be computable from G (in [SVW2] we
show that the functions computable from succ and pred are exactly the total general
recursive functions). Then if we add to G any of the computable functions (hence con-
sidering them as atomic) to form a new set G’ of basic functions we do not get any new
computable functions. That is, the functions computable from G’ are the same as those
computable from G. The proposition also implies that a computable function may always
be obtained by operations on functions plus a single use of call. Another consequence is
that computable functions form a distributive category.

Proposition 5.1. The following properties hold for call
(i) For any function f : X — Y then
f=call(fl1): X+Y = X +Y];

(ii) Ifa:X—p>Y and B:Y —p> Z are pseudofunctions, with local states in U and
V respectively, then

call(B) o call(a) = call[(1x4v + B) o(a+1lvyz) : X + W+ Z — X + W + 2]

where W =U+Y + V.
(iii) f¢: X—p> Y and v : X' —}> Y’ are pseudofunctions with local states U and
U’ respectively, then

call(¢) + call(y) = callla o (¢ + Y)oa)

where a is an isomorphism

o
(X+4X)+(U+UN+ (Y +Y') —(X+U+Y)+ (X' +U'+Y');

(iv) If ¢ : X—}> Y and v : X' —}> Y’ are pseudofunctions with local states U and
U’ respectively, then

call(¢) x call(y)) = call(b™! o (¢ x ¥) 0 b);

where b is an isomorphism(given by the distributive law)

E~ 34
XX'+(XU' '+ XY'+UU' +UY)+YY — (X +U+Y)X' +U' +Y');
(v) (wheels within wheels) Suppose that ¢ : X + U + X —> X + U + X is a pseudo-
function with local state W, and call(¢) : X —}> X is a pseudofunction. Consider

V:Z2=X4+U+X+W+X+U)+ X =2 X+U+X+W+X+U)+X =2
defined by

Y=

X+U+X+Ww +inj + 1x

1
z X+U+X)+W+(X +U+X)
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where inj is the injection of X + U as the first component of Z then

call(call(¢)) = call(¥).

6. Refinement
6.1. Refinement of processors

What does it mean for two processors P = (X,a) and Q = (Y, ) to go at different
speeds? The abstract notion of processor/automaton has no notion of speed; just state
and transition. To be able to compare speeds of processors and hence match them in
order to get efficient parallel processors, we need the notion of refinement.

Definition 6.1. A refinement of processor P = (X, a) is another processor R with state
space of the form Z = X + U and action 1, say, such that given a process zg + z; = - - -
of R, with zp € X, the subsequence consisting of those states in X is a process of P. We
call the summand U the local state of the refinement R.

Given the fact that the processes of P are determined by their initial states it follows
that every process of P arises in this way from one of R. It is clear now that it makes
sense to compare the speeds of P and R; clearly R runs faster (or the same) as P.

It is immediately clear that if ¢ : X —}> X is a pseudofunction with local state U
then the process (X, call(¢)) has a refinement with local state X 4+ U': just take the action
of the refinement to be the composite of

V+ 1y

inj
X+X+U X+U—J—X+U+x_‘f..x+u+x

x+v+x DXy x i x4u
Now suppose we have two processors P, Q with refinements P, with state space X; =
X + U, @ with state space Y1 =Y + V, respectively (and actions a;, f; respectively).
We can now compare the parallel product P x Q, which takes the actions of P and Q as
atomic, with the parallel product P; x Q, in which the actions of P and Q are now not
atomic: P is aJlowed to proceed at a different speed than Q.
The product of the refined processors has state space

Xi xN=2XY+XV+UY+UV

and action a; x f; : X; x Y1 — X; x Y;. That part of the state space in which we get
a state of P or Q is XY + XV 4+ UY. If for a particular initial value the processor P,
spends less time in its local state than @, then the states of the processor P will occur
more frequently than those of @ in P, x @, usually in the summand X x V.

Notice that having refinements allows one to match parallel processors better. In the
parallel product P x Q each single action of P occurs synchronized with each single action
of Q, even if we know by a refined analysis that P proceeds faster than Q.

Notice that our notion of refinement differs markedly from notions currently being
considered in Petri nets and process algebra [DG]. In particular it is not at all necessary
that a refinement of two parallel processors be parallel, or a refinement of conflicting
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processors be conflicting in all steps. In fact in our opinion the idea of refinement should
be to introduce information; that is to change our description of the system. A correct
refinement should only maintain the same relations on the states of the non-refined
process. Processes of the refined system when restricted to the unrefined machine should
be processes of the unrefined machine. A detailed discussion will be given in the full
paper.

We remark that refinement being a notion of interpretation of one machine in another
allows us to consider resources; for example the fact that a refinement of two parallel
processors may not require the full resources of the product.

Remark 6.1. It is clear that refinements form a category. In fact refinements are a
special case of the following notion of morphism between processors. A morphism from
P =(X,a)to Q = (Y,f) is a function u : X — Y satisfying the property that for each
z € X there is an n; such that "= (u(z) = p(a(z)). (Each step of P corresponds to some
number of steps of Q.) Notice that in this language there is a morphism from the function
computed by a pseudofunction (considered as a one step action) to the pseudofunction.
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