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1. Introduction

In this paper we describe, using the calculus of distributive automata, a method for con-
structing from components self-timed circuits whose external behaviour is insensitive to
delays in the compaonents. This calculus, which we recall briefly below, was introduced by
Sabadini and Walters in [SW93] and was based on ideas in [KW], [Wal91] and [Wal92]. We
call these circuits distridutive circuits. The main result is that any distributive automa-
ton may be modelled by a distributive circuit. Following [SVWa)], this means that if the
state space of a wire is allowed to be IV then all recursive functions can be computed by
distributive circuits. There are two critical aspects to the proof:

(i) the encoding of sums in products [KW] which is needed since sums are allowed in the
construction of automata but only products in the construction of circuits;

(ii) a synchronizing component is necessary to construct the product of two functional
components.

The elementary categorical concepts used in this paper may be found in [Wal91].

This work has been supported by the Australian Research Council, Esprit BRA ASMICS,
Italian MURST 40%, and the Italian CNR, contract 92.00529.CTO01.

2. Distributive Automata

In the model of concurrency introduced in [SW93], sytems are represented by particular
deterministic automata called distributive automata.

Distributive automata are automata constructed from a given family of sets and functions
(data types and data operations) using the operations of a distributive category. That is,
the alphabet and state space of a distributive automaton is formed by the operations of sum
and product from some basic sets. The actions of a distributive automaton are formed from
basic functions by composition, sum, and product of functions, projections, injections, the
diagonal and codiagonal, and the distributive isomorphism X x (Y +Z2) = X xY + X x 2.



For simplicity in this paper we consider alphabets with a single letter which we call time.

There is one further operation. A distributive automaton whose alphabet is one letter
and whose state space is of the form X + U +Y may compute by iteration a (total) function
from X to Y; such automata we call pseudofunctions. In the construction of distributive
automata we may use the function computed by a pseudofunction. This operation allows
hiding of state, and encapsulation of iteration. Notice that the notion of pseudofunction has
a precursor in Elgot’s iteration theories [Elg75] and Heller’s work on recursion categories
(Hel90]. A similar definition can also be found in [Knu73], and [Mil71].

3. Distributive Circuits

We have in mind circuits made by putting together components using the usual operations
available with wires - that is, using the operations of categorical products. We also have
in mind continuous pulses travelling through the circuit. The precise physical assumptions
will be explained in the full paper, but for simplicity in this abstract we give a model with
discrete time (not however a clock) acting on the circuit.

First consider the basic functional components (bfc’s) out of which a distributive circuit
is constructed. Each bfc has a ribbon of input wires and a ribbon of output wires. The
ith strand of a ribbon has a (not necessarily discrete) state space of the form (X; + 1), the
summand 1 corresponding to ground state. The component also has an internal state space
of the form (U + 1). Hence the total state space of the component has the form

[I&x+nw+ JI o +02X+1)U+1)Y +1).
1 input J output

However only part of this state space is permitted. The permitted state space of a ribbon
with state space []7,(X: + 1) is determined by a specific arithmetic expression containing
each X; exactly once.

Notice that any such arithmetic expression is canonically a subset of [T}, (X; + 1). This
coding of arithmetic expressions was introduced in (KW].

For example, a ribbon of three wires might have state space (X; + 1)(X3 + 1)(Xs + 1)
but permitted state space X (X3 + X3). Using the underscore symbol (.) to denote ground
state we have:

Xi(Xa+X3) € (Xi+1)(X2+1)(Xs+1)
(21,(22,0)) = (21,23,.)
(21’ (231 l)) lond (zh-s 33)

The action of time on a bfc is to “compute a function”, f say, from the arithmetic
expression of the input ribbon to the arithmetic expression of the output ribbon over a
period of time (dependent on the input state). That is, the behaviour is of the form

(z--'-) lond ('1"0") — (5 uy,2) — ""'*(-,-,I(Z)) ond (-v-vf(:)) =

and
(<r22) = (<)
If a functional component has as input arithmetic expression A, output arithmetic expres-

‘sion B and computes function f: A — B we often denote it f : A—> B. This idea arises
from the notion of pseudofunction [KW], and from the idea of a family of pulses entering a
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component simultaneously, being processed, and the resulting family exiting the component
simultaneously. Notice that the external behaviour of a bfc and of any circuit made from
bfc’s will be insensitive to internal delays inside the components.

Now a general distributive circuit is one constructed from bfc’s by first forming larger
functional components (fc’s) and finally making a loop of an fc. An essential feature is that
larger functional components will satisfy the same specifications as bfc’s.

4. Constructions On Functional Components

4.1. Composition of two fc’s

Consider fc's f : A—}> B with state space (X + 1)(Uy +1)(Y + 1) and alphabet time,,
and g : B—}> C with state space (Y + 1)(U, + 1)(Z + 1) and alphabet time,. An fc
g9f : A—> C which computes the compasite function g o f is obtained by placing the
components f and g in series. This has state space (X + 1)(U,s + 1)(Z + 1) and alphabet
time,,; and is constructed as follows. Let

Upyy + 1) =(Uy + 1)(Y + 1)U, +1)
and
timeyy (X + 1)Uy + 12+ 1) — (X + 1)(Uyy + 1)(Z +1)
be the composition

(timey x (Uy +1)(Z + 1)) (X +1)(Uy +1) x time,).

4.2. Product of two fc's

Given fc's f : A—}> B with state space (X +1)(Uy + 1)(Yy + 1) and alphabet time; and
g : C—> D with state space (X, + 1)(U, + 1)(Y, + 1) and alphabet time,, we construct
anew fc fxg:Ax C—4> B x D, with state space (X(sxy) + 1)(Uisxg) + 1)(Yyxg) +1)
and alphabet time(;x,), which computes the product of f and g as follows. We place the
two components in parallel followed by a synchronizing device SYNCH which ensures that
the product outputs simultaneously. The synchronising device SYNCH is pot an fc. The
synchronizer has state space of the form (Y; + 1) (Y, + 1)S(Y; + 1)(Y, + 1). The device
SYNCH, under the action of time, awaits arrival of a permitted input (not necessarily
simultaneously) and then at some later time simultaneously outputs the same permitted
data. The internal state S involves some storage facility.

The state spaces of the input ribbon, internal, and output ribbon of f x g are respectively

(Xisxy +1) = (X; +1)(X, +1),
(Urxgy +1) = (Us + 1)(U, + 1)(Yy +1)(Y, +1)5,

Yiyxpy +1) =Yy +1)(Y, +1).
Now, with k an appropriate permutation of the state space, time;,, is given by the
composition
k™1 (timey x time, x S(Yy +1)(Y, +1)) k ((Xy +1)(X, +1)(U; + 1)(U, +1) x timesync )-

Notice that while the two functions (f o g) x (A o k) and (f x h) o (g x k) are the same
they give rise to different constructions. The first involves only one synchroniser while the
second involves two.



4.3. Sum of two fc’s

Given two fc's f and g (as in 4.2), we construct an fc f+9: A+ C —> B + D, with state
space (X(s49) +1)(Us49) +1)(Y{s+4) +1) and alphabet time(;, ), which computes the sum
of f and g by placing the components in parallel.

The state spaces of the input ribbon, internal, and output ribbon of f + g are respectively

(X4 +1) = (Xy +1)(X, + 1),
(Uig4s) +1) = Uy +1)(U, +1),
Y+ +1) = (Y7 +1)(Y, +1).
and with £ an appropriate permutation of the state space

timey,, = k! (timey x time,) k.

4.4. Neration and pseudofunctions

A pseudofunction is an automaton whose alphabet is one letter and whose state space is of
the form X + U + Y which computes by iteration a (total) function from X to Y. Suppose
a functional component f : A+ B +C —> A+ B 4+ C with state space (X +1)(U+1)(Y +
1)(Uy + 1)(X + 1)(U 4+ 1Y + 1) and alphabet time; computes on iteration a function
call(f) : A — C. We can construct a functional component call(f) : A—}> C by feeding
the output ribbon of f corresponding to U back into the input ribbon of f corresponding
to U, and ignoring the input ribbon Y and output ribbon X, resulting in a state space for

call(f) of
(X + 1)U +1)(Y + 1)Uy + 1)(X + 1)U + 1)(Y +1)
with
(Xeallyy + 1) = (X +1),
(Ueallsy + 1) = (U +1)(Y + 1)Uy + 1)(X +1)(U +1),
(Yealyy+ 1) = (Y +1)

’

The action of time on this fc is given by the composition
timecgly sy = BT (X + 1) x twist x (Y + 1)Uy +1)(X + 1)(Y + 1)) k time,

where k is a permutation bringing the U + 1 terms together and twist is on the U/ + 1
terms.

4.5. Special functional components

The injection and projection functions, diagonal and codiagonal functions are easily imple-
mented with wires. For example diagonal is splitting of wires, and codiagonal is merging
(appropriate because we are considering only permitted states).

However we need a special basic functional component for each distributive law.



4.6. TAe Theorem

Consider a graph G of basic sets and functions for constructing distributive automata.
Suppose we have bfc’s corresponding to each of the functions in G, and suppose we have
synchronizers and distributive law components, then we can construct a distributive cir-
cuit whose behaviour (ignoring internal states of the bfc’s) is the same as the distributive
automaton.

The precise sense in which it is the same can be described in terms of the notion of
refinement [SVWb).

5. Comparisons

In the full paper we will make comparisons between our methods and other methods of con-
structing self-timed and delay-insensitive circuits (for example, (Ebe91], [YGD92], {SG88],
[Mar90], (Mar86], [Sut89], [OSC67), [RMTF88], [Udd86), (JU90], [(JU91)).
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