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Preface

This book has its origins in an undergraduate course I have given on Categories
and Computer Science over the past three years to a total of approximately 200
students at the University of Sydney. The course is a gentle introduction to
category theory, with motivating examples taken from computer science, and
was developed through interaction with the students.

Although this book is an undergraduate text, it contains quite a deal of origi-
nal material, further details of which may be found in my reports and papers
listed with the references. In particular, much of the discussion of distributive
categories, data types, and imperative programs is new, and Chapter 7, §2 con-
tains a description of a generalization of the Todd-Coxeter algorithm suitable
for computing left Kan extensions developed with Sean Carmody; this section
was written together with Sean.

The idea for the course came from discussions with Bill Lawvere while he was in
Sydney in 1988. Since then we have held in Sydney, in addition to the Sydney
Category Seminar (now 21 years old, chaired by Max Kelly), a further seminar
- The Sydney Categories in Computer Science Seminar. I have learnt much
from the members of this seminar, visitors to the seminar, and from my graduate
students, fourth-year students, and vacation scholars. My thanks go to David
Benson, Aurelio Carboni, Sean Carmody, Robin Cockett, Robbie Gates, Diana
Gibson, Mike Johnson, Lesley Johnston, Giulio Katis, Wafaa Khalil, Stephen
Lack, Mark Lauer, Phil Lavers, Mark Leeming, Stephen Ma, Gordon Monro,
Wesley Phoa, Steve Schanuel, Usha Sridhar, Sun Shu-Hao, Andrew Solomon,
Margaret Thiel, Phil Wadler, and Bill Unger. The research and visitors have
been supported by an Australian Research Council Program Grant, and an Aus-
tralian Research Council Small Grant.

The main assistance in actually producing the book has come from Sean Car-
mody, Wafaa Khalil, and Karl Wehrhahn. Their help has been invaluable. Ad-
ditional assistance has been received from Mike Johnson, Stephen Lack, and
Wesley Phoa. A further important debt is to my friend and collaborator in Mi-
lan, Stefano Kasangian, who first introduced me to the community of computer
scientists interested in category theory.

R. F. C. Walters Walt ers_b@maths . su. oz. au
31 May 1991.
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Introduction

It is always exciting and fruitful when two disparate scientific fields are found
to have much in common. Each field is enriched by the different perspective
and insights of the other. This has happened recently with category theory and
theoretical computer science.

The relations between category theory and computer science constitute an ex-
tremely active area of research at the moment. Some evidence of this is given
in the short list of references at the end of the book. Among the many places
where research is being done are: Aarhus, Carnegie-Mellon, Cambridge, Edin-
burgh, Glasgow, London, Milan, Oxford, Paris, Pennsylvania, Pisa, Stanford,
and Sydney. Topics of current interest include the connections between category
theory and functional programming, polymorphism, concurrency, abstract data
structures, object-oriented programming, and hardware design.

This book is an introduction to category theory in which several of the connec-
tions with computer science are discussed in sufficient detail to give the reader
some technical expertise and a feeling for the rich possibilities arising from the
happy connection between these two subjects.

What is category theory?

The notion of function is one of the most fundamental in mathematics and
science. Functions are used to model variation - for example, the motion of a
particle in space; the variation of a quantity like temperature over a space; the
symmetries of a geometric object, or of physical laws; the variation of the state
of a system over time.

Category theory is the algebra of functions; the principal operation on functions
is taken to be composition.

A category is an abstract structure: a collection of objects, together with a
collection of arrows between them. For example, the objects could be geometric
figures and the arrows could be ways of transforming one into another; or the
objects might be data types and the arrows programs.

Category theory was invented by S. Eilenberg and S. Mac Lane in 1945 and
arose out of their work in algebraic topology. Since then it has influenced many
areas of mathematics; for example, algebraic geometry, through the work of A.
Grothendieck, and logic, through the work of F. W. Lawvere. It is a revolution-
ary and infectiously attractive way of comprehending mathematics.
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How is category theory related to computer science?
Briefly

* An important aspect of computer science is the construction of functions
out of a given set of simple functions, using various operations on functions
like composition, and repeated composition. Category theory is exactly the
appropriate algebra for such constructions.

* Computing is concerned with machines - that is, dynamical systems, which
have sets of states which vary over time. They are built up out of functions
or elementary machines by an essentially algebraic process. Again underly-
ing this is the theory of functions and composition.

* Since category theory is an algebra of functions we can consider categories
which are purely formal, and which don't really consist of functions. This
is the syntactical side of computer science. Programs and languages are
formal things which are intended to describe or specify actual functions.
Category theory is well adapted to deal with the relation between syntax
and semantics.

Some computer science topics we will deal with in this book are: grammars and
languages; data types; boolean algebra; circuit theory; flow charts; imperative
programming; specification; and lambda-calculus.

For the mathematical reader
Although this book is primarily about applications of category theory to com-
puter science, category theory arose in algebraic topology and has proved useful
to many areas of mathematics. We have included a small number of examples
from other areas of mathematics so that the book may be useful for readers
intent on pursuing further mathematics.

The computer science topics will be described in detail so that no particular
background in computer science is necessary to read this book.



Chapter 1

The Algebra of Functions

A category is an algebra of functions with composition being the main operation.
Whenever you calculate by composing functions (for example, in iterating a
function) there is a category behind your calculations.

In dealing with functions you have to consider two sorts of things - the functions
themselves and the sets they go between. So a category has two sorts of things -
objects (= sets) and morphisms (= functions). This complicates the definition of
category, but also leads to the amazing expressiveness of the notion of category.

The aim of this chapter is first to make a formal definition of category and then
to develop some experience with the concept by examining examples.

§1. Categories

We begin by giving the formal definition. Immediately following that we will
describe categories a little more intuitively.

Definition. A category A consists of a set of objects (called obj A) and a set
of morphisms or arrows (called arr A). The objects are denoted

A, B, C, ..., X, Y,...,

and the morphisms are denoted

f, g, h, ... , a, a, ry, ... .

Further:

(i) Each morphism has a designated domain and codomain in obj A. When
the domain of f is A and the codomain of f is B we write f : A -* B.

(ii) Given morphisms f : A -i B, g : B -i C, there is a designated composite
morphism

gof:A-3C.

(iii) Given any object A there is a designated identity morphism 1A : A - A.

(iv) The data above is required to satisfy the following:
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Identity laws. If f : A --. B then

1Bof=f and f01A=f.

Associative law. If f : A -> B, g : B -4C and h : C -> D then

ho(go f) = (pog)o f : A --+D.

Note. Although I speak of a category as an algebra of functions it is important
to realize that the notion of category is axiomatically defined and formal - the
objects of a category need not be actual sets, and the arrows need not be actual
functions. As is usual with axiomatic definitions this allows great flexibility in
the construction of categories. This flexibility is crucial in the application of
categories to computer science.

Remark. Informally, a category is an algebra of functions between sets, and
hence looks something like this:

The principal operation in a category is composition. Hence for example, given
g:A -B and 1: B -* C we can form log: A -* C; in the example above log
must be m since m is the only arrow from A to C.

The principal axiom on a category is the associativity of composition. This
axiom means we can leave out brackets in a composition of arrows; for example,
we can write logokohofof (orevenlgkhf2)insteadof(lo((gok)o(ho(fof)))).

Remark. It may seem surprising that we take composition as the main opera-
tion on functions. In high school the usual operations on functions are addition
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and multiplication. We will see later that these operations can be expressed
using composition.

Remark. Notice that a category is a mixture of graphical information and
algebraic operations. Computer science is similarly a mixture of graphs and
algebra.

Let's now look at some examples of categories.

Example 1. If we take all sets A, B, C, ... to be objects and all functions
f : A -* B, g : B -+ C, ... to be morphisms we get a category called Sets.
Composition is composition of functions; that is, g o f (a) = g(f (a)). (A function
f : A -> B is defined on all elements of A, but is not necessarily surjective.)

The associative law holds since

(h o (g o f))(a) = h((g o f)(a)) = h(g(f(a))) = (h o g)(f(a)) _ ((h o g) o f)(a).

That's a large example. Let's look at some small ones.

Example 2. One object A; one arrow, which must therefore be the identity
arrow .

Example 3.

1A A -> A;

No objects; no arrows.

1A O 1A = 1A.

Example 4. One object A; two arrows 1A : A -4A, a : A - A. To specify a
category we have to give all composites 1A1A, 1Aa, a1A, as and to check the
identity and associative laws.

Let's write the compositions down as a table - in the f, g position of the table
we put go f.

The only question is what to take for a o a.

There are two possible choices, either as = 1A or as = a. Let's look at both
possibilities.

Case (i). Suppose as = 1A. That is, the composition table is:

1A a
1A I 1A a
a a 1A (1)
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In fact, this does give a category. All that needs to be checked is the associative
law. Notice that composition is a fully defined operation.

You may recognise the composition table as

addition modulo 2, or

the cyclic group of order 2,

and these are well known to be associative.

Case (ii). Suppose that a2 = a.

This also yields a category, with composition table:

1A

a

lA a

lA a
a a (2)

Again we need to check the associative law, but can we instead recognise this
category? For example, can we represent the one object as a set and the arrows
as functions closed under composition? In that case the associative law will be
automatic (see the note below).

We can: take A to be the set 10, 1). Let lA be the identity function A -> A.
Let a be the function given by

a 01 > 0,

11 >0.
Clearly,

Hence a2 = a as required.

a2 01 >0i >0,

Here is another way of representing this example in terms of sets and functions.
Let A be the plane, and 1A the identity function. Now take a to be the projection
onto the x-axis. That is,

a : (x, y) i-- (x, 0).

Then clearly a2(x, y) = a(x, 0) _ (x, 0) = a(x, y), and so a2 = a as required.

Note. Any collection of sets and functions containing the identity for each of
the sets and closed under composition is a category (a subcategory of Sets).
The associative law holds by the argument given in Example 1.
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Definition. An arrow a : A -* A in a category satisfying a2 = a is called an
idempotent.

Idempotents are an abstraction of the notion of projection.

Example 5. Two objects A, B; three arrows 1A : A -+ A, 1B : B -f B, and
a : A -* B. The compositions we have to give are 1A1A = 1A, 1B1B = 1B,
a1A = a, and 1Ba = a. These are all forced by the identity laws, and are easily
checked to satisfy the associative law. Hence we have a category. Its composition
table (only partially defined as is usual with categories) is

1A

1B

a

1A 1B a
1A a

1B

a

It can easily be represented as sets and functions - just take A and B to be
two sets, and a to be any function from A to B.

Example 6. One object A; four arrows

1A, e1, e2, e1e2

from A to A, such that e1e2 = e2e1i ei = el, and e2 = e2. We can fill out the
composition table (fully defined, since there is only one object):

1 el e2 el e2

1 1 el e2 ele2

el el el e1e2 ele2
e2 e2 el e2 e2 el e2

ele2 e1e2 ele2 ele2 ele2

Is this a category? We must check the associative law.

Again the easiest way is to find a representation in terms of sets and functions.
One way to do that is as follows: Let A be the plane; and define e1, e2 by

el (x, y) _ (x, 0),
e2 (X, y) _ (0, Y) -

Then ele2(x,y) = (0,0) = e2el(x,y).

The four functions 1, el, e2, and e1e2 are closed under composition and hence
we have a category.
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Example 7. Let X be a set. We are going to form a category, denoted by PX,
whose objects are the subsets of X. The arrows in PX are inclusion functions
between these subsets.

As an example, let X = {0, 1, 2}. Consider all subsets and inclusions between
them:

{0,1,2}

{0,1} {0,2} {1,2}

IX XI
{0} {1} {2}

Inclusion functions are closed under composition. Identities are inclusions. No-
tice that to simplify the picture we have not drawn all the arrows. Identities
have been omitted as well as composite arrows like 0 --> 10, 11.

Now let's generalise a bit the examples we've seen so far.

§2. General Examples

Example 8. (Only identity arrows.) Given any set of objects there is a
category with only identity arrows:
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(This category may be thought of as just the set {A, B, C,...}.)

Example 9. (Exactly one object.) Suppose the one object is A, and the set
of arrows is {1, f, g, h,..... }. Then composition is fully defined; the category is
determined by the composition table.

The only requirement is the associative law.

Example 10. Given any group G = 11, f, g, ...} we get a category with one
object A. Composition is the product of elements in the group which is, of
course, associative.

Definition. A category with one object is called a monoid.

The special feature of groups, among monoids, is that to each arrow a : A -- A
there is an arrow a-1 : A --> A such that as-1 = 1A, a-la = 1A. Arrows with
this property are important in any category.

Definition. An arrow a : A -> B in a category for which there exists another
arrow a-1 : B --> A such that

as-1 = 1B a-la = 1A

is called an isomorphism (we then say A and B are isomorphic objects, and
write A - B).

Let's see two special examples of monoid.

Example 11. One object A; arrows 1A, e, e2, e3, e4, .... Composition is given
by

eme" = e"`+n

This monoid can be thought of as the natural numbers under addition. One role
it plays in computer science is that of discrete time.

Example 12. One object A; arrows
-2 1 1 2,e ,e- ,1A,e e ,....

Composition is again given by the formula emef
thought of as the integers under addition.

= M+n. This monoid may be

Example 13. (At most one arrow from any one object to any other object.)
Consider a category with:

many objects A, B, C.... ;

at most one arrow from one object to another.
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Notation. If there is an arrow from A to B denote it by A < B.

Now the existence of identities says exactly that A < A for all objects A. The
existence of composition says exactly that A < B and B < C implies A < C.

The identity laws and the associative law are automatically satisfied since they
are the requirements that two given arrows with the same domain and codomain
are equal, something that is always true when there is at most one arrow from
one object to another.

Definition. A category with the property that if A and B are objects then
there is at most one arrow from A to B, is called a preordered set.

Note. In a preordered set we can have A < B and B < A without necessarily
A = B. In fact, if A < B and B < A then A is isomorphic to B.

Example 14. Given a set X the category PX of all subsets of X is a pre-
ordered set.

§3. Free Categories; Generators and Relations

A common way of describing an algebraic structure is to specify:

some of the elements (which are called generators); and

some equations between values of the operations (called the relations).

The remaining elements of the structure, and the remaining values of the oper-
ations, can be deduced from the given ones.

This method of description is called presenting the algebra by generators and
relations.

Categories can be presented in this way. We specify:

all of the objects and some of the arrows (these are called generators of the
category); and

some equations between composites of given arrows (these are the relations
of the category).

Example 15. Consider the category presented by one object A, one arrow
e : A -p A, and one relation e4 = 1A.

In this category there is just one object A. We must consider as possible arrows
in the category
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The relation implies that
4 5 6 2 7 3 8e =1A, e =e, e =e , e =e , e =lA,...,

and hence the only arrows we need are 1A, e, e2, e3. Further the whole
composition can be deduced from the one relation:

1A e e2 e3

1A 1A e e2 e3

e e e2 e3 1A
e2 e2 e3 1A e

e3 e3 1A e e2

In fact, this is a category (either check the associative law, or observe that it is
modulo 4 addition). It follows that it is the category presented by the generators
and relations above.

Notice that we need to be sure that we have made all possible deductions from
the given relations - for example we need to be sure that it is not possible to
deduce that e3 = e, say. But the composition table above shows that there is
a category in which the relation e4 = 1 is true, but in which e3 # e and hence
e3 = e is not deducible from the relation.

Example 16. Take the generators to be one object *, and a set of arrows
E = {a, b, c, ... , z, A, B, C, ... , Z} from * to *. Take no relations.

Think of E as being an alphabet.

This category has one object *. The arrows are all `words in letters of alphabet
E', including the empty word which consists of no letters.

For example, the word `Mathematics' is the composite of the arrows

s : *-.*, c : *-.*, i : *-.*, t : *-*, ... , h : *--.*, t : *->*, a : *-.*, M

Mathematics

s1 *
a

t

*v

It is clear that all these words must be arrows - we must be able to form all
composites - and that no further arrows are necessary.
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The composition of two words u, v,

U V

is the concatenation vu of u and v (notice the order).

The identity 1* : * -> * is the empty word.

It is easy to see that this gives a category.

Remark. This category is called the free monoid on the alphabet E. It is
obviously fundamental in the study of language. Languages are subsets of a free
monoid - sets of well-formed words or sentences.

So far I have given examples of generators and relations for monoids. The
remaining examples involve several objects.

Example 17. Take as generators

two objects A, B, and

two arrows f : A -> B, g : B -* A.

Take one relation g f = 1A.

The possible arrows in the category presented by these generators and relations
are:

gfgf ... gfgf : A ---> A,

fgfgf ...9fgf : A - B,
gfgf...gfg:B- A,

fgfgf...gfg:B-->B.

But we are given that 9f = 1A and so:

9f9f9f...gf=1A:A-->A,

fgfgf...gf= f:A-,B,
9fgfgf...9f9=g:B->A,

fgfgfgf...gfg=fg:B-*B.
So there are five possible arrows

lA, 1B, f:A-+B, g:B->A, fg:B-4B.
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The composition table is:

1A 1B f 9 f9
1A 1A f
1B 1B 9 f9

f f 1A f

9 9 f9

f9 f9 9 f9

The free category on a graph

Definition. A (directed) graph is a set of objects and a set of arrows, each
with a prescribed domain object and codomain object.

Note. There is no composition! That is the difference between graphs and
categories.

Given a graph G, and no given relations, we can form a category generated by
G called the free category on G.

The objects of the free category are the same as those of G. Arrows from object
A to object B are paths of arrows from A to B with domains and codomains
matching up, i.e.

(A
fnfn-1 ... fl B) = (A f Al ... fn I An fn . B).

Composition is concatenation of paths; the identities are the empty paths.

Example 18. Consider the graph:

9

E +
A

C136
. C

There are 10 loops about both A and B, in both cases labelled 0, 1, 2, 3, ..., 9.
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What are the arrows from A to C in the free category on this graph? A typical
example is

4-102E274 = A - + A -'-+ -'>B---+ C.

In general, the arrows from A to C may be identified with signed numbers with
a non-negative exponent.

Remark. We will see in Chapter 5 that graphs may be used as grammars to
describe subsets of free monoids, and so free categories are fundamental to the
theory of languages

A last example of generators and relations.

Example 19. Consider the graph with objects I, N and arrows

o:I->N, s:N->N, f:N -N.

Take the relations to be
fo = 0, fs = ssf.

Among the arrows from I to N are the arrows of the form ssss ssso: I -* N;
these may be thought of as natural numbers; for example, s5o may be thought
of as 5.

What is fssssso = fs5o? Using the relations we see that

fssssso = ssfsssso
= ssssfssso = ssssssfsso

= ssssssssfso = ssssssssssfo

= 8100.

This calculation may be thought of as saying that f(5) = 10.

It is clear that in general fsno = 82no or f(n) = 2n. This presentation of a
category is a little machine for calculating the function f (n) = 2n, a key idea
behind functional programming.

§4. Some Large Categories

So far we've looked at one large category Sets, the category of sets and functions,
and many small categories. If this were a book about categories applied to
mathematics, rather than to computer science, we would study other large
categories like:
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Vect: objects - finite-dimensional vector spaces
arrows - linear maps

Grps: objects - groups
arrows - group homomorphisms

MetrSp: objects - metric spaces
arrows - continuous maps

Rel: objects - sets
arrows - binary relations
composition - composition of relations

Par: objects sets

arrows - partial functions

and so on.

In fact every area of mathematics gives rise to one or more categories which are
the main topic of interest of that subject.

In this book we may occasionally look at Vect, but not Grps or MetrSp.

A category you know well which is related to Vect is Matr, the category of
matrices (with entries in IR, say).

The category Matr has objects: natural numbers 0, 1, 2, ... ; and the arrows from
n to m are m x n matrices. The composition of arrows is matrix multiplication
which is associative when defined.

For example,

21 )
1

0(01

1 0 1 2 1 1\ 3 1

3= 0 1 ( I= 1 0 .

1 0 1 0 1 1

Note. Writing A : n --p m is just another way of saying A is m x n.

Note. It is important to include the unique 0 x n matrix, and the unique n x 0
matrix to handle the 0-dimensional vector space.

In this book we do want to look at a variety of large categories relevant to
computer science. I will introduce them later.



16 1. THE ALGEBRA OF FUNCTIONS

§5. The Dual of a Category

Given a category A, an easy way to construct a new category is to reverse all
the arrows of A. The new category so obtained is called the dual or opposite of
A and is denoted by A°P.

To be precise:

The objects of A°P are the same as the objects of A. For convenience, to
make it easier to distinguish between A and A°P, we make a notational
difference between the objects of A and those of A°P: if A is an object of
A we denote the corresponding object of A°P by A.

If f : A -3 B is an arrow of A then f : B -i. A is an arrow of A°P. The
arrows of A°P are precisely those obtained in this way.

If lA is the identity of A in A then TA is the identity of q in A°P.

If g o f is the composite of A 4 B - C in A then g o f is the composite of

C - B A in A°P; that is,

fog=go f.

The associative law is easy:

ho(go f)=ho(f og)
=(f og)oh
=f o (g o h) (associative law in A)

=(goh)o f
=(hog)o f.

Example 20. The dual of

is

ALBLC

Example 21. The dual of the category with one object A and three arrows
lA, el, e2 satisfying

eiej = ei (i, j = 1,2)

is the category with one object A and three arrows 1A, el, e2 satisfying

e -C, = 'E7 (i, j = 1, 2).
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Compare the composition tables of these two categories:

17

lA e1 e2 TA e1 e2

lA lA e1 e2 lA lA e1 e2

e1 e1 e1 e2 e e1 e1 e1

e2 C2 e1 e2 e2 e2 e2 e2

Now it is an amazing but not obvious fact that the duals of many well-known
categories are also well-known categories.

Example 22. The dual of Vect is Vect.

Example 23. The dual of Setsfinite (finite sets and functions) is BoolAlgfinite
(finite boolean algebras and boolean algebra maps).

Many famous theorems of mathematics assert that the dual of one category is
another - Stone Duality, Gelfand Duality, Pontryagin Duality. I won't give any
details of these examples; but let's look at a simple example.

Example 24. The dual of PX is PX. To make this example clear it has
become urgent to define what it means for categories to be isomorphic (we've
taken it for granted so far).

Definition. Let A and B be categories. An isomorphism from A to B is a
bijection 4) from the objects and arrows of A to the objects and arrows of B,
respectively, such that:

(i) if f : Al - A2 in A then

,cb(f) : 4)(A1) (b(A2) in B

(4) preserves domains and codomains);

(ii) if f : Al -+ A2 and g : A2 -> A3 in A then

`P(g)4(f)

( preserves composition);

(iii) if lA is an identity in A then

4(A)

(411 preserves identities).
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If there is an isomorphism 4) from A to B we say that A and B are isomorphic
categories, and we write A - B. We can think of an isomorphism as renaming
the objects and arrows - isomorphic categories differ only in the names of the
objects and arrows.

Example 25. Category A, with one object A and arrows 1A, a such that
a2 = a, is isomorphic to the category B with one object * and arrows 1, e such
that e2 = e.

The isomorphism fi : A -> B is given by

4(A) _ *, 4)(1A) = 1*, 4)(a) = e.

One of the things an isomorphism must satisfy is 4)(aa) =,t(a)4)(a). But

4)(caa) = 4)(a) = e = ee = 41)(a)-1)(a).

(3)

(4)

Example 26. The two categories of Example 4 are not isomorphic. For
suppose the first category is A with one object A and arrows 1A, a such that
a2 = a, and the second is B with one object * and arrows 1*, e such that
e2 = 1*.

The only possible candidate for an isomorphism is (3), but then

4)(caa) # b(a),b(a),

as we see in (4). So A 0 B.

Note. If A, B are preorders then conditions (ii) and (iii) for an isomorphism
4) : A - B are automatically true, since they are equations between parallel
arrows and in a preorder any two parallel arrows must be equal.

An isomorphism of preorders amounts to a bijection from the objects of A to
objects of B such that for each pair of objects Al, A2 of A,

Ai < A2 if and only if fi(A1) <,D(A2). (5)

Condition (5) just means that ID takes arrows Al -* A2 to arrows 4)(A1) ->
4)(A2) and is a bijection on arrows.

Example 27. We are now in a position to see that (PX)°P is isomorphic to
PX. Let's sketch the two categories when X = {0, 1, 2}. Remember that the
arrows in PX are inclusions, while those in (PX)°P are the reverse of inclusions.
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10, 1, 2} 0

{0,1} {0,2} {1,2} {2} {1} {0}

IX Xf IX Xf
{0} {1} {2} {1, 2} {0, 2} {0,1}

0 {0,1,2}

PX (PX)°P

As drawn, the two categories look the same. What is the bijection which makes
them look the same?

Answer. If U is a subset of X = {0, 1, 2} then

4'(U) = -U (the complement of U in X).

This is clearly a bijection between objects of (PX)°P and those of PX since
--(U) = U. Further, there is an arrow from U to V in (PX)°P if and only if
V C U, if and only if -U C -'V, if and only if there is an arrow from 4U to DV
in PX. Hence (b is an isomorphism.

Here is one more way of making new categories out of old.

Definition. If A, B are categories then A x B, the product of A and B, is
defined by the following:

the objects of A x B are pairs (A, B) of objects, A from A and B from B;

the arrows from (Al, B1) to (A2, B2) are pairs (fl, gl) of arrows

(ft A 2 , B 2 )

Composition is performed component by component.

Example 28. Suppose that A has two objects A1, A2 and three arrows 1A1,
1A2 and f : Al -* A2 and B has two objects B1, B2 and three arrows 181, 1B2
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and g : Bl -> B2 then A x B has four objects and nine arrows. Here is a sketch
of the category with the identity arrows omitted:

(A2, Bi) (lA- (A2, B2)

(f, 1B1) (f, 9)
(

(A,,B1) (Al,B2)
(1A1,g)

Remark. One final remark in this chapter. It is clear that in discussing arrows
in a category it is very useful to draw diagrams, for example the one just above.
Some diagrams have a special property that makes them particularly interesting
- given any two objects in the diagram, P, Q say, any composite of arrows
beginning at P and ending at Q yields the same result. We then say that the
diagram commutes.

The diagram we drew in the last example commutes, since

(f,1B2)(1A,, 9) = (f, 9) = (1A2, g)(f,1B1)

Problems 1

1. Give an example of two functions f, g : IR -+ IR such that g o f # fog.

2. Decompose the following functions f : IR -- IR into composites of simple functions:

(1) .I (2) = 1 + e2 sin2 a+1.
,

(ii) f(x) = xe(sin x+x).

3. Write down the composition table for each of the following subcategories of Sets:

(i) the set {0, 1}; all functions from the set to itself;
(ii) the sets {0, 1} and {2}; all functions between them.

4. Sketch the category of all subsets of {O, 1, 2, 3} with the morphisms being inclusion
functions.

5. Show that the number of categories with exactly n arrows is less than or equal to
(n + 1)"2.
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6. Represent each of the following categories as a category of sets and functions:

(i) Two objects X, Y; arrows s : X -+ Y, p : Y - X with ps = 1X;
(ii) One object X; arrows lx, a, a2 such that a3 = 1X;
(iii) One object X; arrows lx, a, a2 such that a3 = a2;
(iv) One object X; arrows 1X, a, a2 such that a3 = a;
(v) One object X; arrows lx, al, a2 such that aiaj = ai (i, j = 1,2);
(vi) One object X; arrows 1X, al, a2 such that aia,, = aj (i, j = 1,2).

7. Show there are exactly 11 different categories with three arrows.

8. Represent each of the following monoids in terms of sets and functions:

(i)

(ii)

arrows 1, e, e2, e3, e4 satisfying e5 = e;
arrows 1, e, a such that e2 = e, ea = ae = a2 = a.

9. (i) Here is a picture of an endomorphism a of {0, 1, 2, 3, 4, 5}:

21

(each arrow indicates where an element goes under a). Calculate the com-
position table for the monoid generated by a;

(ii) Show that if a is an endomorphism of a finite set X then there are natural
numbers k, l (k < 1) such that ak = at.

10. Consider the monoid generated by arrows xi, x2, ..., x. and satisfying x; _
xi, xi xjxi = xix, (i, j = 1,2,... , n). Show that the monoid is finite.

11. Represent each of the following categories, given in terms of generators and rela-
tions, as a category of sets and functions:

(i) one object X; arrows lx,,a, such that a4 = a2;



22 1. THE ALGEBRA OF FUNCTIONS

(ii) one object X; arrows lx, a, 0, such that a2 = a, /32 = lx, a/3 = a;
(iii) one object X; arrows 1x, a, /3 such that a2 = a, /33 = lx, and a/3 = /3a.

12. Show that the category given by generators

a:X--+Y, /3:Y-+X
satisfying the relation a/3a = a is finite.

13. Determine all the arrows in the category with generators three objects A, B, C
and three arrows f : A -f B, g : B - C, h : C -> A satisfying the relations

hgf=1A, fhg=1a, gfh=lc
Find a representation of the category in terms of sets and functions.

14. Consider the category given by generators o : I - N, s, f : N -+ N, and relations
f o = o, f s = ss f . Find a representation of this category in terms of sets and
functions.

15. Consider the graph with objects I, N and arrows o : I -+ N, s : N -+ N and
f:N - N.
(i) Find a finite number of relations which imply that

f s o = so if n is even,
{ o if n is odd,

but which do not imply sm'o = s'o unless m = n.
(ii) Find a finite number of relations which imply that

fs,o= S -lo ifn>0,
ll0 ifn=0,

but which do not imply sm'o = s'o unless m = n.

16. There is a monoid with object A and arrows 1A, a, a2, a3, a4 satisfying a5 = a2.

(i)

(ii)

Represent the monoid by taking A to be a finite set and a to be a function.
Represent the monoid by taking A to be IR' (for some n), and a to be a
linear transformation.

17. Show that P{0,1, 2, 3} is isomorphic to P{0,1} x P12,3).

18. Show that if a : A -+ B and /3 : B -> C are isomorphisms in a category A then so
is /3a:A-C.

19. Suppose that a : A -* B is an arrow with two inverses /31 : B -f A and /32 : B -+ A.
Show that /31 = 02-

20. Show that if G is a group (regarded as a one-object category) then G°P is isomor-
phic to G.
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21. Show that if a : A -4B and 3 : B --+ A are arrows in A such that /3a = lA then
a(3 is an idempotent.

22. Consider a category A with the following properties:

(i) every arrow in A has an inverse;
(ii) for each pair of objects A, B there is an arrow from A to B;
(iii) for each object A there are exactly n arrows with domain A.
Show that the total number of endomorphisms (loops) in A is n.

23. How many objects and how many arrows are there in the category P{ 1, 2, 3, ... , n}?

24. Consider the category Lin whose objects are

IR°, IR', IR2, ...
and whose arrows are all linear transformations.
Show that Lin is isomorphic to Matr.

25. (i) Show that the category given by generators

a:X-*Y, /3:Y---*X

satisfying the relation 0a0a = lx is finite;
(ii) Consider the category generated by the two arrows a : X -> Y, b : Y --> X

and satisfying the relations

abab = ab, baba = lx.

Show that the category has at most five arrows, and find a representation of the
category in terms of sets and functions.

26. Verify that the following describes a category, denoted Rel:
objects - sets X, Y, Z.... ;
arrows - p : X -f Y are binary relations,

i.e. subsets of X x Y;
composition - if p : X -p Y and r : Y - Z then

(x, z) E rp if there exists a y such that
(x, y) E p and (y, z) E r.

Prove that Rel°P '-' Rel.





Chapter 2

Products and Sums

So far we have discussed functions of one variable, but any algebra of functions
must be able to deal with the fact that there are functions of two variables; for
example, functions f : IR x IR -4 IR.

Example 1.
add : IR x IR IR

(x) y)i>x+y,

multiply : IR x IR } IR

(x, y) i > x Y.

To express the notion of function of several variables we need to be able to talk
about products of objects. Then a general function of two variables will be an
arrow of the form

f:XxY-4Z.
We have already described arrows with special properties in a category -
`idempotents' and `isomorphisms'. In this chapter we will define objects with
special properties - products and sums.

To lead up to these definitions we will first describe something simpler.

§1. Initial and Terminal Objects

In Sets the empty set 0 and the one point set {*} both have properties which
characterise them, and which can be formulated purely in terms of functions.

1. A characteristic property of the one point set {*}. Given any set X
there is exactly one function from X to {*}.

The function takes any x E X to *. Clearly this is a function and is the only
possible function from X to {*}. We will denote this function by ! : X -> {*}.

2. A characteristic property of the empty set 0. Given any set X there
is exactly one function from 0 to X.
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To see this you need to think carefully about what a function is. A function
from Y to X is a subset U of Y x X satisfying the property that to each y E Y
there is exactly one pair in U with first coordinate y. Hence a function from 0
to X is a subset of 0 x X = 0 - and there is only one such subset, namely
0, and it satisfies the property vacuously. We will also denote this function by
!:0 --->X.

1.1 Proposition. Property 2 characterizes the empty set.

Proof. Suppose Z is another set with the property that, for any set X, there
is exactly one function Z -* X. Then this property of Z implies that there is
exactly one function a : Z -+ 0, and one function Z -4Z, which must be the
identity function 1z.

The same property of 0 says there is exactly one function /3 : 0 -4Z and one
function 0 -+ 0 (which must be 10 ).

But a#: 0 -40 and hence must be 1g . Similarly, #a: Z -> Z and hence must
be lz. Thus Z and 0 are isomorphic sets.

A similar argument shows that Property 1 characterises the one point set, again
up to isomorphism - that is to say, any two sets satisfying Property 1 are
isomorphic. Notice that while there is only one empty set there are in fact many
one-point sets, but they are all isomorphic.

Definition. In a category A an object 0 is called initial if for any object X
in A there is a unique arrow 0 --4X. An object I is called terminal if for any
object X there is a unique arrow X -+ I.

Note. The reason for my choice of symbols to denote the initial and terminal
objects is that 0 looks like 0 - the number of elements in the empty set ; and
I looks like 1 - the number of elements in the one-point set. (Unfortunately I
is also the first letter of initial, but don't let this confuse you.)

The terminal object I is characterised by arrows into I (that is, with codomain
I). What are the arrows out of I?

Example 2. (Sets.) What is a function {*} -> X?

Such a function is completely determined by where the single point * goes to. In
other words, there are just as many functions from { * } to X as elements of X.
This enables us to define what is an element of an object in a general category.

Definition. If I is terminal in A we call arrows I --p A elements of A (or
points or constants of A).
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Example 3. (PX.) The subset X itself is terminal in PX since every object
U has an arrow to X; that is each subset U is contained in X.

The empty subset 0 is initial in PX since there is an arrow from 0 to U for
each object U; that is, 0 is contained in every subset U.

It is clear that in a preorder the uniqueness part of the definition of initial and
terminal is superfluous, and in fact a terminal object is a maximum element of
the preorder, and an initial object is a minimum element of the preorder.

Remark. Not every category A has initial and terminal objects.

Example 4. The only monoid to have a terminal object is the monoid with
exactly one arrow - a monoid has only one object and if that is terminal there
is only one arrow from the object to itself.

Note. In general, `large' categories tend to have initial and terminal objects;
`small' categories don't.

Remark. There is an obvious similarity between the definitions of initial and
terminal objects. They are dual definitions. What this means technically is that
if q is a terminal object in A°P then A is an initial object in A - and conversely.

Proof. A is terminal in A°P means that there is exactly one arrow f : X -> A
for each X in A°P, which means that there is exactly one arrow f : A - X in
A; that is, A is initial in A.

Example 5. Recall that 0 is the top element and X is the bottom element
in (PX)°P.

§2. Products

The cartesian product of two sets X and Y is the set denoted by X x Y whose
elements are the pairs (x, y) with x in X and y in Y. Our purpose in this section
is to characterise X x Y using only functions and composition of functions. If
we can do that, then we can define the product of objects in any category -
even formal categories whose objects are not sets.

We cannot so characterise X x Y in Sets on its own; we need its relation with
X and Y.

The obvious relation is that there are two projection maps:
Pi X xY P2

X Y

X < i (x)y) i > Y.
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If we have a terminal object I and an `element' a : I -> X x Y of X x Y, then
composing a with pi, P2 gives us `elements' x, y of X and Y.

I

pi P2X-i XxY -Y.

One property of X x Y is that there is a bijection between `elements' of X x Y
and pairs of `elements', one of X and one of Y.

This does translate the usual definition into one in terms of functions and
composition. However there is a stronger property of X x Y and its projections,
namely that, given any set Z there is a bijection between functions Z -> X x Y
and pairs of functions Z -+ X, Z -+ Y. This property does not rely on the
existence of a terminal object.

Let's check this property. Consider a function
a : Z X xY

z i> a(z).
Notice that a(z), being an element of the cartesian product, has two components
a1(z) E X and a2(z) E Y. Hence we get two functions

z
al

X, z
a2

Y.

Conversely, we can put together two functions Z -> X, Z -> Y to get one
function Z - X X Y.

We now define products of objects in any category.

Definition. In a category A, an object X x Y with two arrows

X XxY P2 Y
is called a product of X and Y if, given any object Z and arrows x : Z -> X,
y:Z -+ Y,

(*) there is a unique arrow a : Z -+ X x Y such that

pi*a=x, P2'a=y
Note. The defining property of products is sometimes called the universal
property of products. It is often useful to break condition (*) of the definition
into two parts, namely:
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(i) (Existence.) Given arrows x : Z --> X, y : Z -4 Y there exists an arrow
a:Z ->XxYsuchthat

(ii) (Uniqueness.) Given 2 arrows a, Q : Z -- X x Y such that

pi a=pi Q,
then a =,6.

Note. A useful name for the arrow a : Z --> X x Y, induced by the pair
f:Z->X,g:Z-Y,is

(f,g):Z->X xY.

2.1 Proposition. The product of two objects in a category is unique up to
isomorphism.

Proof. Suppose

X 9i
Q q2 Y

is also a product of X, Y (with projections qi, q2). We want to show that Q is
isomorphic to X x Y.

The defining property of X x Y means that there is an arrow a : Q -- X x Y
such that pl a = qi, pea = q2:

The defining property of Q means that there is an arrow X x Y -* Q, such
that qi,3 = pi, q2/3 = p2:
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Hence:
g1/3a = pia = qi = gi1Q,
g200 =pea=q2=g21Q-

That is, the following diagram, with either one of the arrows 1Q, /3a across the
diagonal, commutes:

Q/I \q2
1Q /3a

Q

The uniqueness property of products implies that /ia = 1Q.

By symmetry, we also have that a o = lX,<y, and hence that Q is isomorphic
to X x Y - by a unique isomorphism which, composed with the projections of
X x Y, produces the projections of Q.

Remark. Not all categories have products of objects. Large categories usually
do; small categories usually don't, though the next example is an exception.

Example 6. Each pair of objects in the category PX has a product. Consider
subsets U, V of X. Then their product is

U i UnV ' V.

Certainly U n V is contained in both U and V. Further suppose

U W V.

That is, W is contained in both U and V. Then W is contained in u n V. The
rest of the definition of product just says that certain (composites of) arrows
are equal. But this is automatic since PX is a preorder - between any pair of
objects there is at most one arrow.

To summarize, in any preorder the product of two objects, if it exists, is their
intersection - the greatest lower bound of the two objects.
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Example 7. The monoid with object A and two arrows 1 and a, satisfying
a2 = a, does not have products.

The product of A and A would have to be A - there is no other object. From
the definition of product there is a bijection between pairs of arrows

A -IA, A -A
and single arrows

A->AxA=A.
No bijection is possible since there are four pairs of arrows (A -4A, A --> A),
but only two arrows A --> A.

It turns out that the definition of product given above allows a great va-
riety of constructions used in mathematics connected with functions of several
variables.

Example 8. Given a set X there is a function,

A :X-XxX
X! > (x, x),

called the diagonal function. It is sometimes called the copy function since it
produces two copies of x.

In an arbitrary category with products the diagonal arrow is defined as the arrow
with components 1X, lX. That is, AX is the unique arrow making the following
diagram commute:

Example 9. In Sets, given two functions f : X1 -f Y1, g : X2 -p Y2 there is a
function denoted by:

f x g: X1 x X2 Y1 x Y2
(x1,x2) I > (f(xl),g(x2)).

This function f x g may be thought of as the two functions f and g in parallel.

How can we define this operation in an arbitrary category with products?
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Given arrows f : X1 --> Y1, g : X2 -* Y2 in a category with products, the arrow
f x g is defined to be the unique arrow from X1 X X2 to Y1 x Y2 such that

prl(f x g) = ipxl,
pr2(f x g) = gpx2,

where the p's are projections. That is, f x g is the unique arrow making the
following diagram commute:

X1 -t ?xl X1 X X2
px

X2

f

Y1

[fxg g

Y1 X Y2 -
prl pre

Y2.

Example 10. In Sets, given two sets X, Y there is a function

twistx,y : X X Y - Y X X

(x)y) 1> (y, x).

In an arbitrary category with products, twistx,y : X x Y -* Y x X is defined
as follows. Let p1, p2 be the projections of X x Y and q1, q2 the projections
of Y x X. Then twistx,y is the unique arrow such that the following diagram
commutes: XxY

q1 q2

A definition which clearly agrees with the definition in Sets.

Note. The product X x Y is defined in terms of arrows into X x Y. What are
arrows out of X x Y? These are `functions of 2-variables'.

§3. Categories with Products - Circuits

Example 11. Let B = 0, 11. The following is a category, which we shall call
Circ:
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Objects: B°, B', B2, B3, ... where B°
{(x,ix2,...,xm);xi E B} for m > 1.

Arrows: all functions between these sets.

= {*}, B1= B, andBm=

There are 2 functions from B° to B1, namely

true . 13° , B1
* 1> 1,

and
false : 13° B1

* 1> 0.

Some further interesting functions in this category:

B1 B1 (sometimes called not)

0 i> 1
1i>0,

& : B2 B1 or : B2 B1

(0,0) 1> 0 (0,0) i> 0
(0,1) I > 0 (0,1) I > 1

(1,0)I >0 (1,0)i>1
(1,1) I> 1, (1,1) I> 1.

Claim. The category Circ has products. In fact, the product of BM and Bn is
Bm+n with the following projections:

Bm
Pi B m+ P2

-Bn

(x,,...,xm) (I (x,,x2,...,xm,...,xm+n) I > (xm+1,...,xm+n).

Let's check the property of products. Consider the following diagram:

X
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Suppose

f(x) _ (fl(x),f2(x),f3(x),..., f. (X))
and 9(x) = (91(x), 92 (x), 93 (x), ... , 9n(x))
Then a(x) = (fi (x), f2 (x), ... , fm (x), 91(x), 92 (x), ... , 9. (X)),

and clearly pla = f, p2a = g. Further, a is the only function with this property.

Now to show what kind of functions can be constructed using products let
us consider the following question.

Question. What arrows can be constructed in Circ, starting with true, false,
&, or, identity maps, and projections using only composition and the property
of products?

Answer. All arrows can be so generated.

We will not give a formal proof of this result, but instead we will give an example
which makes the general case clear.

Consider the following function:

f B3 B

I claim that
f (x, y, z) = (-'x&- y&-z) or (x&-'y&z).

To see this, notice that f (x, y, z) is 1 if either of the two parts (-'x&-y&-,z) or
(x&-'y&z) is 1.

The first part is 1 precisely when x = 0 and y = 0 and z = 0; the second part is
1 precisely when x = 1 and y = 0 and z = 1. Hence the result.

Using this expression for f we can decompose f into &, or, using products
and composition as follows.
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0B3
B3 B3 x B3 = B6

(x, y, z) (x, y, z, x, y) z)

B6 -'X - X - X 'B X-'X1B _ B6

(x, y, z, x, y, z) (-'x, -y, -z, x, -y, z)

B6 &X1Bx&X1B B4

(-ix, -'y) -'z, x, -'y, z) (-iX&-y, -z, X&-Y, z)

B4 &X& B2

(-'x&-y, -z, x&-y, z) (-X&-Y&-Z, x&-'y&z)

B2 or B

(-X&-Y&-Z, x&-'y&z) f (x, y, z).

Note. We have used the following easily checked facts about this category:
(Bm x B") x Bp = Bm+n+p = Bm x (Bn x BP),

and the same is true for arrows, namely,

(f xg)xh=f x(gxh).
It is because of these facts that we have omitted brackets above.

This decomposition corresponds to the way such a function might be imple-
mented using boolean gates; that is, using a circuit (without feedback) consisting
of wires and components:

The set B is the set of possible states (the state space) of each wire - each wire
can be at zero volts or one volt, say.
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The function B -> B is implemented by the component

-1>0-
The function B2 --4B is implemented by the component

The function or : B2 -+ B is implemented by the component

or

What can we do with wires and components?

We can split up wires. This corresponds to the diagonal function,

OB:B-*B2.

We can put 2 components side by side. This corresponds to the function,

f xg:BxB->BxB.

We can put two components in series. This corresponds to composition,

gof:B->B.

We can twist two of the wires. This corresponds to the function,

twist: BxB-->BxB.

Let us draw a circuit which implements the function f : B3 -* B in the above
example; notice how the circuit corresponds exactly to the decomposition given
above.
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Going from left to right in this circuit corresponds exactly to the successive
functions in the composite:

B3
/ B6 - x - x'xlx'xl B 6 &x1x&xl B4 or 1

Summarising:

(i) Using wires, we can implement products.

(ii) Every function B"` -413' can be implemented using &, or, true, false,
using products and composition.

(iii) A decomposition of function f into &, or, not, using products and compo-
sition, corresponds to an implementation of f by a circuit.

Example 12. A second example of a category with products.

Objects: IR°, IR1, IR2, ....

Arrows: all functions between these sets.

Here are some particular functions in this category:

(i) To each real number r there is the function [rl : IR° -+ IR (called the name
of r) which takes the single point of IRO to r E IR;

(ii) add : IR2 - IR which takes (x, y) to x + y;

(iii) multiply : IR2 -> IR which takes (x, y) to xy.
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Question. What functions can be constructed from these particular functions
using only composition and the properties of products?

Answer. The polynomial functions.

I will give just one example as an illustration.

Example 13. f (x, y) = 3x2 + 2xy + 1 : IR2 -r IR can be constructed as the
composite of the following arrows:

IR2
L X11R

IR3

) I(x

--
(x x )) y , y ,)

AX11R2
IR3 - IR4

(x x ) I (x x x ), )y , , y ,)

IR° x IR 2 x IR° x IR 2 x IR°
X31 X 1IR2 x 12l X 11R 2 X (1l

IR7

(x x x ) x x 2 x 1)(3, , )y , , , , y, ,,

IR7
mult X 11R x mult X 11R2

0 IRS

x x 2 x 1)(3 (3x x 2x 1), , , , y,, , , , y, ,

IRS
mutt x mutt X 1IR

IR3

(3x x 2x 1) (3x2 2x 1), , , y, , y, ,

IR3
add x 11R

IR20-
(3x2 2x 1) (3x2 + 2x 1), y, y, ,

IR2
add

IR

(3x2 + 2xy, 1) I > (3x2 + 2xy + 1).
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Note. We have used the following easily checked facts about this category:

(i) (IRt x IR') x IRP = IR'+n+P = IR' x (IR' x IRP); and the same is true for
arrows, namely (f x g) x h = f x (g x h). It is because of these facts that
we have omitted brackets above.

(ii) Frl x f : IR° x IR1 -* IR1 x IR1 takes x to (r, f(x)).

§4. Products of Families

We have spoken so far of products of pairs of objects. We can similarly define
products of finite (or infinite) families of objects.

Definition. If (Xk)kEK is a finite family of objects of A then the product of
the family is an object 11kEK Xk together with a family of projections

pi : 11 Xk -* XI (I E K),
kEK

which has the following property.

Given any object Z and a family of arrows

fl :Z-+ X1 (IEK),

there is a unique arrow a : Z -* UkEK Xk such that pia = fl (l E K).

Diagrammatically,

Note. A product of the empty family is a terminal object; the family is empty
so that the only requirement of the product is that, given Z, there is a unique
arrow from Z to the product.

4.1 Proposition. The product I IkEK Xk, if it exists, is determined up to
isomorphism.

Proof. Same as for a pair of objects.
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4.2 Proposition. If products of all pairs of objects exist in A and a terminal
object exists then products of finite families exist.

Proof. I will prove that triple products - products of three objects - exist
by showing that (X1 x X2) x X3, with suitable projections, is the product of the
family (Xk)kE{1,2,3}

The projections of the triple product are the following composites of projections:

P1 = 1x1 . px1x2, P2 = px2 ' Px1x2,

illustrated in the diagram:

P3 = px3,

(X1 X X2) X X3

X1 X X2

px 1 a

Z

Consider an object Z and three arrows f : Z --> X1, g : Z -* X2, and h : Z X3.

To verify the property of the triple product we need to construct an arrow
a:Z->(X1 xX2)xX3.
Certainly, since X1 X X2 is a product, there is an arrow /3 : Z -> X1 x X2 such
that px1/3 = f, px2/ = g.

Now consider a : Z -* X1 x X2 and h : Z --> X3. Since (X1 X X2) X X3 is a
product there is an arrow a : Z - (X1 X X2) X X3 such that Px1x2 a = (3,
px3 a = h.
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Hence,
(1) p1a=Px1 Px1x2 a=px1 13=f,
(2) P2a = Px2 Px1x2 a = Px2 - 0 = g,
(3)

as required.

Suppose y : Z -> (X1 X X2) x X3 is another arrow satisfying (1), (2) and (3).

Then px1x2 a and Px1x2 -y have the same composites with projections onto
X1i X2 (by (1) and (2)). Hence Px1x2 a = Px1x2 y by the uniqueness property
of the product X1 x X2. Hence a and y have the same composites with the
projection onto X1 X X2. But (3) implies that a, -y have the same composite
with the projection onto X3. Hence, by the uniqueness property of the product
(X1 x X2) x X3 we have that a = y.

We have now verified the required existence and uniqueness properties for the
triple product.

4.3 Corollary. X1 X (X2 X X3) = (X1 X X2) X X3.

Proof. Both are triple products, hence isomorphic to X1 X X2 X X3, and hence
isomorphic to each other.

Note. Let the three projections of X1 X (X2 X X3) be denoted by qx1, gx2gx2x3,
and gx3qx2x3. Then the isomorphism of the corollary,

a: X1 x (X2 xX3)-+(Xi xX2)xX3,
is characterised by the fact that

px1px1x2a = qx1, Px2Px1x2a = gx2gx2x3, Px3a = gx3qx2x3.

Example 14. In the category Circ of Example 11, with the product chosen as
we did in the previous section, the isomorphism of the corollary is the identity
function. We then say that the product is strictly associative.

Example 15. In Sets the usual cartesian product of sets is not strictly asso-
ciative. The isomorphism a is given by

a(X1 X X2) X X3 - X1 X (X2 X X3)

((XI, X2), x3) F > (x1, (x2, x3 ))

Notice, however, that there is an appropriate triple product (or, more generally,
an n-ary product)

fX1 X X2 X X3 = 1(x1,x2,x3);x1 E X1,x2 E X2,x3 E X3}.
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To avoid a proliferation of brackets we shall usually use the n-ary product rather
than repeated binary products.

§5. Sums

The notion dual to product is sum or coproduct.

Definition. The sum of two objects X1, X2 in a category is an object Xl +X2
with two injections

Xl XI
+ X2 12 X2,

such that, given any object Z and two arrows f : Xl - Z, g : X2 -4Z, there is
a unique arrow a : Xl + X2 -p Z such that

ail = f, ail = g.

Diagrammatically,

Z.

Example 16. (Sets.) If Xl, X2 are sets then the sum of X1, X2 is the disjoint
union,

X1 + X2 = {(x1, 0) : x1 E XI } U {(x2, 1) : x2 E X2},

together with injections

X1 1 Xl +X2 4 X2

xl I > (x1,0)

I X2-

Given f : Xl -* Z, g : X2 --p Z the required function a : Xl + X2 -+ Z is given
by

a : X1 +X2 --' Z
(x1,0) I> f(XI)
(x2,1) F-> g(x2)
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This function certainly has the property that

ail(xi) = a(x1,0) = f(xi),

ai2(x2) = a(x2,1) = 9(X2)-

Clearly a is the only function with this property.

Note. The function a : X1 + X2 -4 Z corresponding to the pair of arrows
f : X1 --+ Z, g : X2 -i Z, is often denoted by

Cf9

Note. We usually think of (xi, 0) as a `copy of' x1 (and (x2,1) as a copy of
x2), and the functions i1, i2 as inclusion functions.

Note. A function out of a sum of sets is defined by cases.

Remark. Since the definition is dual to that of product (obtained by reversing
arrows) all the constructions for products can be imitated.

Example 17. There is an arrow V : X +X - X called the codiagonal defined
to be the unique arrow making the following diagram commute:

X X+X --X

In Sets the codiagonal is:

V :x+x- x
(x, 0) - - x
(x,1)I X.

It is the function `forget cases'.

i2

Example 18. Given f : Xl --* Y1, g : X2 --> Y2, there is an arrow f + g :
X1 +X2 -f Y1 +Y2, defined to be the unique arrow making the following diagram
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commute:

X1 X1 + X2
2

X2

Y1 - 1'1 + Y2 - Y2.
ii j2

You may think of f + g as the function `in the first case do f, in the second case
do g'.

Example 19. Given two objects X, Y there is an arrow twistx,y : X + Y
Y+X (which in Sets takes (x, 0) to (x,1) and (y, 1) to (y, 0)) defined as follows.
Suppose i1i i2 are the injections of X + Y and 11, j2 the injections of Y + X.
Then twist is the unique arrow making the following diagram commute:

X 1X +Y - Y

Y + X.

Remark. Just as for products, we may define the sum of a family (Xk)kEK
of objects. The sum is an object >kEK Xk together with a family it : X1 ->
>kEK Xk (l E K) of arrows (the injections) such that given a family of arrows
fl : X1 - Z (l E K), there is a unique arrow a : EkEK Xk -> Z such that
air = ff, d E K. Diagrammatically:

Remark. A sum of the empty family is an initial object. Furthermore, all
finite sums can be constructed using binary sums and an initial object.

i2

Note. In Sets the usual choice of sum of sets is not strictly associative;
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however, there is an appropriate choice of n-ary sum, namely,
n-1

Xo +X1 +... +X.n-1 = U {(xk,k);xk E Xk},
k=O

which we will use in preference to repeated binary sums.

Let us now look at some examples of categories with sums.

§6. Categories with Sums - Flow Charts

Example 20. (PX.) The sum of two objects U, V is their union. The
property of sums is: U + V is an upper bound for U and V (since U --> U + V
and V -* U + V). Further, given any other upper bound W of U and V (that
is, given arrows U --4W, V -* W) then U + V is contained in W (that is, there
is an arrow U + V - W).

In general in a preorder:

the product of a family of objects is the greatest lower bound, or infimum,
of the objects;

the sum of a family of objects is the least upper bound, or supremum of the
objects.

Example 21. Consider the preorder whose objects are real numbers, and with
an arrow from r to s if r < s as real numbers. Then

11 rk = inf rk,
kEK

kEK

E rk = sup rk.
kEK kEK

A larger example:

Example 22. Consider the category, which we shall call Flow, with

objects: 0, 1.IR = IR, 2.IR, where

m.IR = {(x, 0) : x E IR}U{(x,1) : x E IR}U. . .U{(x, m-1) : x E IR} (m > 1);

arrows: all functions between these sets.

The category Flow has sums which are strictly associative. In fact,

m.IR +n.IR = (m+n).IR.
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The injections are:

m.IR
21

(m + n).IR -f Z? n.IR

(x, k) I (x, k)

(x, l +M) < (x, l)

It is easy to see that the property of a sum holds. Given f : m.IR --+ Z and
g : n. I R --+ Z then

f (x, i) if 0 < i < m - 1;
(fg) g(x,i-m) ifm<i<m+n-1.

As before, we'll take a special class of functions and see what functions can be
generated out of them using sums and composition.

We take as the special functions:

all continuous functions from IR to IR, and

the function which tests whether x is positive or not:

testx>o : IR - 2.IR = IR + IR

X i> (x, 0) (if x < 0)

xI>(x,1)(ifx>0).

Question. What functions can be generated out of these special functions using
composition and the property of sums?

Let's look at some examples.

Example 23. The discontinuous function,

f:IR - IR

sin x if x < 0
X I >

ex ifx>0,

can be constructed as the composite of the following arrows:
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testx>o
IR IR + IR

f (x, 0) ifx < 0
t (X'1) ifx > 0,

Isin xl + l exi
IR + IR IR + IR

(x, 0) ifx < 0 (sin x, 0) ifx < 0

(x,1)ifx>0 (ex,1)ifx>0,

IR + IR
V

IR

(sin x, 0) if x < 0 >sinxifx<0i

(ex,1)ifx>0 exifx>0.

Example 24. The test function,

testx>1 : IR IR + IR

(x, 0) ifx < 1
(x,1) ifx > 1,

can be constructed as the composite of the following arrows:

IR
11 - xj

IR

xl >(1-x)

testx>o
IR IR + IR

(1-x,0) if1-x<0(1-x)1: (1-x,1) if l-x>0,

47



48 2. PRODUCTS AND SUMS

IR + IR
twist

IR + IR

(1-x,0)ifx>1 (1-x,1)ifx>1
(1-x,1)ifx<1 (1-x,0)ifx<1,

IR + IR
11 - xl + 11 - xl

IR + IR

(1-x,0)ifx<1 (x,0)ifx<1
(1-x,1)ifx>1 (x,1)ifx>1.

Example 25. The piecewise-continuous function,

f :IR IR

1sin x if x < 0xl> ex if0<x<1
cos x if 1 < x,

can be constructed as the following composite:

IR

testx>o
IR + IR

X
(x, 0) if x < 0
(x,1) if x > 0,

IR + IR
'IR + testy>i

IR + IR + IR

(x 0)ifx<0 0)ifx<0(, x,

(x,1)ifx>0 J(x,1) if0<x<1
(x, 2) if 1 < x,
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Isin xl + l exl + [cos xl
IR + IR + IR IR + IR + IR

(x, 0) if x < 0 (sin x, 0) if x < 0

(x,1)if0<x<1I >(ex,1)if0<x<1
(x,2) if 1 < x (cos x, 2) if 1 < x,

IR + IR + IR
1IR

+
V

- IR + IR

(sin x, 0) if x < 0 I > (sin x, 0) if x < 0

(ex,l)if0<x<1I >(ex,l)if0<x<1
(cos x, 2) if 1 < x (cos x,1) if 1 < x,

IR + IR
V

IR

(sin x, 0) if x < 0 I > f (x) if x < 0

(ex, 1) if 0 < x < 1 f(x)if0<x<1
(cos x,1) if l < x f (x) if 1 < X.

It is more or less clear that any piecewise continuous function with a finite
number of discontinuities can be constructed in this way. Some functions with
an infinite number of discontinuities - like

IR IR

J 0 if cos' x < 0.5x
1 1 if cost x > 0.5,

- can also be constructed.

Notice that corresponding to such decompositions there is a flow chart (without
feedback) which implements the function. A flow chart may be built up out of
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components like functions and tests:

f(x)

test(x)true

The way a flow chart can be built up is analogous, but dual, to the way
circuits are built up. Components may be joined in series (which corresponds to
composition) or side by side (which corresponds to the sum of functions). Two
edges may be joined, which corresponds to the codiagonal function. Each edge
of the flow chart has state space IR; that is, when following through a flow chart
you carry with you one real number. Below we give the flow charts corresponding
to the last three examples. A study of these flow charts will show that a flow
chart is just a graphical representation of the decomposition of a function using
sums.

Example 23.
f : IR IRx fsynx ifx<O

le ifx>0.

Going from left to right in this flow chart corresponds exactly to the successive
functions in the composite:

testx>o Isin xl + f exl V
IR SIR + IR IR + IR -IR.
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Example 24'.

testx>l : IR - IR + IR
X. > (x,0) ifx<1

(x,1) ifx > 1.

Going from left to right in this flow chart corresponds exactly to the successive
functions in the composite:

[1 - x1 testx>o twist [1 - xl + r1 - xlIR --IR IR+IR -IR+IR IR+IR.

Example 25'.

f : IR IR

1sin x ifx < 0xI> ex if0<x<1
1cos x if 1 < X.
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Going from left to right in this flow chart corresponds exactly to the successive
functions in the following composite:

testx>o 1I, + testx>l Isin xl + 1exl + rcos xl
IR 2.IR

1iR

2.IR
V

Problems 2

IR.

1. Suppose that I is a terminal object in a category A.

(i) Show that if A is also terminal in A then A is isomorphic to I.
(ii) Show that if A is isomorphic to I then A is terminal.

2. Consider a product A x B of A and B with projections pi : A x B -+ A,
p2 : A x B -+ B. Show that if P is isomorphic to A x B then P with suitable
projections is also a product of A and B.

3. Show that if I is a terminal object in a category A and X is any object of A then
the product X x I exists, and in fact X is the product of X and I.

4. Consider the two functions
f, g:IR ->IR

defined by f (t) = cost, g(t) = sin t.

(i) Describe the function a : IR -+ IR x IR arising from f, g using the defining
property of products.

(ii) The function a defines a curve in IR x IR. Sketch the curve.
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5. Consider B = 10, 1}. Express each of the functions f : B3 -+ B in terms of true,
false, &, and or using composition and products:

(i) f (0, 0, 0) 1, f (1,1,1) = 1; f (x, y, z) = 0 otherwise.
(ii) f (0, 0,1) = 1, f (0,1,1) = 1, f (1, 0,1) = 1; f (x, y, z) = 0 otherwise.
In each case sketch a circuit implementing the function.

6. Consider sets X, Y and the function twistx,y : X x Y --> Y x X.
Show how to deduce from the properties of products that

A twistx,x
X =XxX- .XxX = XDXxX.

7. Express the function f : IR2 -> IR given by

f(x,y) = xy2 + x2y

in terms of add : IR2 -> IR and multiply : IR2 -+ IR, using composition and
products.

8. If object P in the category A°P, together with projections Pl A, P2 : P -> B,
satisfies the property of a product in A°P, write down what property P, together
with pi, p2, satisfies in A; that is the dual property.

9. Show that if the sum X + Y of two objects X, Y is initial (X + Y = 0), then X
and Y are both initial (X = 0 = Y).

10. Consider the category with objects 0.IR, 1.IR, 2.IR, ... , and arrows all functions.
Show how to construct out of the continuous functions from IR to IR and the
test function test,,>o : IR -> IR + IR, using composition and sums, the following
functions:

(i)

test=o : IR -+ IR + IR
(x, 0) if x#0
(X'1) ifx=0

f: IR -f IR

f sin x ifx < 0x
cos x if x > 0

f : IR -p IR
X H f cosx if cosx > 0

to otherwise.

f : IR -* IR + IR + IR
(x,0) ifx<0

x --(x,1) ifx=0
(x, 2) ifx > 0.
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In each case sketch a flow chart implementing the function.

11. Consider f : X1 --> Y1, g : X2 - Y2. Show that

X1 +X2
f+-+ 2 Y1 +X2 Y1+Y2 =f+g.

12. Prove that the following diagram commutes in a category with products:

X XxX
a 1

XxX
I Ox1X

xxXxX.
1X XO

13. Consider B = {0,1}, and the function f : B3 -+ B given by

f(1'0'0)=1' f(1'0'1)=1' f(1'1'1)=1' f (x, y, z) = 0 otherwise.

Express f in terms of true, false, -+, and, or using composition and products.
Sketch a circuit implementing the function.

14. Express the function f : IR3 -+ IR given by f (x, y, z) = x2 y + 2, in terms
of add : IR2 -* IR, multiply : IR2 -> IR, and the constants IR° -+ IR, using
composition and products.

15. Suppose X x Y is a product of X and Y with projections p1 : X x Y - X,
p2 : X X Y -+ Y. Suppose a : Z -+ X x Y is the arrow defined by p1a = f,
pea = 9
Show that

o fx9
a = Z -* ZxZ - XxY.

16. Consider the category with objects 0.IR, 1.IR, 2.IR, ..., and arrows all functions.
Construct, using composition and sums, given the continuous functions from IR to
IR and the test function testa,>o : IR -f IR + IR, the following functions:

(i) test-1<:<1 : IR - IR + IR;

(ii) f : IR -+ IR given by f (x) =
l

cos x
ex

if-1<x<1,
otherwise.

In each case sketch a flow chart implementing the function.

17. In a category with sums:

(i) show that lx+y = 1x + 1y;
(ii) given ft : Al - B1, f2 : A2 - B2, 91 : B1 -f C1, 92 : B2 -+ C2, show that

(91 + 92) (fl + f2) = (91 fl + 92f2);
(iii) show that if f, g are isomorphisms then so is f + g.

18. Let C be a finite category in which products of all pairs of objects exist. Show
that C is a preordered set.
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Distributive Categories

It is clear from the last chapter how products and sums are key notions in
analysing computation. Products are concerned with operations performed on
the data, while sums are concerned with control; that is, decisions on which
operations to perform.

It is important to have both products and sums, and to understand how they
interact. The main relation between sums and products of numbers is the
distributive law: a(b + c) = ab + ac. The main relation between sums and
products of sets is also a distributive law.

§1. The Distributive Law

In Sets there is a law which relates sums and products. It is called the distribu-
tive law. Roughly speaking, it says:

(1) X x (Y + Z) = (X x Y) + (X x Z);

(2) X x o = 0.

Remark. It is never precise enough in a category just to say that A is isomor-
phic to B. It is important to know the specific isomorphism.

Let us see how to state (1) more carefully. There is a canonical arrow

X xY+X x Z s.X x (Y+Z)
arising as follows. By the defining property of sums, it suffices to give a pair of
arrows; take the pair to be as shown:

s I / 1x x iZ1x x iy \
V

Xx(Y+Z)
(where the i's are injections).
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Axiom 1. The arrow b is an isomorphism.

Let us see how to state (2) more carefully. There is always an arrow (in fact
exactly one)

a : O,XxO,
since 0 is initial.

Axiom 2. The unique arrow a : 0 -> X x 0 is an isomorphism.

Example 1. In Sets what is b? Let us try to guess.

Notice that
(X X Y) + (X X Z) = {((x, y), 0) : x E X, Y E Y} U {((x, z), 1) : x E X, z E Z},

X x(Y+Z)={(x,(y,0)):xEX,yEY}U{(x,(z,1)):xEX,zEZ}.

Clearly, we expect b to be the function:

((x, y), 0) '-' (x, (y, 0))
((x, z), 1) H (x, (z,1)).

This function is certainly a bijection as required.

Let us check whether this function, called S say, satisfies the definition of S,
namely Sil = lX x iy, and Sit = 1X x iz.

Checking the first of these equations for S:

X X Y
21

(X x Y) + (X x Z) X X (Y+Z)

(x, y) I > ((x, y), 0) I > (x, (y, 0)),
while

lX X iYX xY X X (Y+Z)

(x, y) I> (x, (y, 0))
A similar calculation shows that S also satisfies the second equation of the
definition of b, and hence S = S.

Definition. A category which has initial and terminal objects, in which prod-
ucts and sums of pairs of objects exist, and which satisfies Axioms 1 and 2, is
called a distributive category.

Example 2. We have seen that Sets is a distributive category.
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Example 3. The category PX is distributive.

The distributive law is satisfied in PX.

Proof. Axiom 1 says that

Un(V u W) = (UnV)u (UnW).

But
xELHS4==* xEUand(xEV orxEW)

(x U and xE V) or (x EU and XE W)
xEUnVor xEUnW
t==* xE(UnV)U(UnW)
xERHS.

Axiom 2 just says that 0 = 0 n u, which is obvious.

Note. In PX it is also true that

Uu(VnW)=(UuV)n(UuW),

since

(UUV)n(UUW)
= [(U U V) n U] U [(U U V) n W] (distributive law)
= (U n U) U (U n V) U (U n W) U (V n W) (distributive law)
=Uu(UnV)u(UnW)u(VnW)
= UU(UnW)U(V nW) since (U> UnV)
=UU(VnW) since (U > U n W).

In Sets it is certainly not true that

X+(YxZ)-(X+Y)x(X+Z).
You can check this by comparing the number of elements on each side of the
isomorphism. Let the number of elements in X, Y and Z be m, n and p
respectively. This would imply that m + np = (m + n)(m + p); and substituting
1 for m, n and p gives 2 = 4, a contradiction.

Let us use the example of Sets to see what kind of arrows can be constructed
using composition, products, sums and the distributive law.
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§2. Examples

Example 4. Let I denote a one-point set, {*}. Let B = I+I = {(*, 0), (*,1)}.
We will sometimes identify B with the set {false, true}, or with the set 10, 1}.
Injections of the sum are the functions we have previously called false and true:

i1I BI
* F--> (*,0)

Question. What functions can be constructed, B -> B and B2 -p B, using
only the constructions available in a distributive category?

The function
twist j II+I"I+I

interchanges true and false, and hence is the function : B - B.

In a distributive category

B2(I+I+I+I).

To see this consider the following sequence of isomorphisms:

B2 = (I + I) X (I + I)

S-1
I

(I+I) X I+(I+I) X I

(I+I)+(I+I)

(I+I+I+I).

i2

So, to construct arrows from B2 to B, it is sufficient to construct arrows from
I + I + I + I to B.
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In Sets the isomorphism from B2 to I + I + I + I takes

(0, 0) _ ((*, 0), (*, 0)) 3 (*, 0),

0)(1 1) 0))_ ((* (* 1), , , , ,

(0,1) _ ((*, 0), (*, 1)) s> (*, 2),

(1,1) _ ((*, 1), (*, 1)) > (*, 3).

The function & : B2 --> B clearly corresponds, via this isomorphism, to

false
false
false
true

: I + I + I + I B.

Similarly, all functions Bn -> B can be constructed in this way using composi-
tion, products, sums and the distributive axioms.

Let us now start with some more functions in Sets, and see what we can
construct using only the operations of a distributive category; that is, using
sums, products, composition, and the distributive law.

We begin with given functions:

add : IR x IR . IR

(.171 Y) i > x + y;

multiply : IR x IR -.IR

(x,y) I > xy;

a family of functions, one for each real number r:

I - IR
*1>r;

testx<y : IR x IR B
f false ifx > y

(x' y) ~ > l true ifx < y;



60 3. DISTRIBUTIVE CATEGORIES

(Remember that false = (*, 0), true = (*,1).)

divide :IR x IR I + IR

{(*,0) if y=0(y, 1) ify#0.

Example 5. Construct the function

testx>o : IR IR + IR

xF-> f (x, 0) forx<0
(x,1) for x > 0,

that we used in Chapter 2, §6.

This function can be constructed as the composite of the following arrows:

0 x (o1
IR .IR x I -IR x IR x IR

x I > (x *) I > (x 0), ,x, ,

1R3
1 x twist IR3 1 x testx<y

IR x B

(x x 0) x)( 0 (x, false) if x < 0
, , x, , (x, true) if x > 0,

IR x B (IR x I) + (IR x I)

false) if x < 0(x ((x *) 0) if x < 0, , ,

(x, true) if x > 0 1> ((x, *),1) if x > 0,

_N

(IR x I) + (IR x I) -. IR + IR

((x, *), 0) if x < 0 i> (x, 0) if x < 0

((x,*),1)ifx>01 > (x,1)ifx>0.

Example 6. We have shown earlier that all polynomials can be constructed
just using products.
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Example 7. Construct the function

test3<x<4 : IR Bx Jfalse ifx<3orx>4
ltrue if3<x<4.

First construct

as the composite:
test3Gx : IR --> B

13l x 11R testx<yIR-IxIR IRxIR. B.
Then construct testx<4 : IR -> B as the composite:

11R x 14l testx<y
IR IR x I IR x IR 0 B.

Then test3<x<4 is the arrow:

A test3<x x testx<4 &IRIRxIR BxBB.
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In other words, we can use boolean operations on tests to produce new tests.

Example 8. Let tl,t2i...,tn:IR-+ Bbe ntests, and let P:Bn-4Bbe a
boolean function. Then we can form:

IR
An

IR"` tl x t2 x x t,
B" P B,

where

IR An IRn

X H (x)x,x,...,x),
is obtained by repeated application of 0 : IR -> IR2.

Example 9. Suppose we have a test

test:X ->B
and two functions

f:Y-*Z, g:Y ->Z
and we would like to do the function f if the test is false and g if the test is true.
That is,

YXX Z

(y'
x) ~ { g(y)

iif tesi(x) is false;
f test(x) is true.
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This is the function `if test(x) is true then z = g(y), else z = ft y),' which is
fundamental to the control of processes.

This can be constructed as the composite of the following arrows:

YxX lyxtest YxB

(y, X) F- ( (y, false) if test(x) is false
t (y, true) if test(x) is true,

N N
YxB

(y, false) test(x) false H ((y, *), 0) test(x) false H (y, 0) test(x) false

(y, true) test(x) true > ((y, *),1) test(x) true H (y, l) test(x) true,

Y+Y f +g Z+Z V Z

(y,0) test(x) false (f(y),0) test(x) false -. f(y) test(x) false

(y, 1) test(x) true I> (g(y), 1) test(x) true > g(y) test(x) true.

We have now discussed many aspects of the construction of functions used
in programming. However, we have not discussed that most fundamental aspect
of programming - iteration.

§3. Imperative Programs

Iteration involves a function f with the same domain as codomain. Given such
a function f : X -* X it makes sense to consider

fof:X-*X, fofof:X-X, ..., f":X-*X,...;
that is, it makes sense to iterate f.

An example will make this clear.

Example 10. We can construct a function f (from the functions add, multiply,
divide, and testx<y, using the constructions available in a distributive category)
with domain and codomain

X = IR x IR x (I + I),
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with the following property. If x is a natural number greater than 0, and
we repeatedly apply f beginning with the initial value z = (1,x,0) (that is,
we compute z, f(z), f2(z), ...), then eventually the first coordinate of f"(z)
stabilizes at the value x! (= factorial x). That is,

f"(1, x, 0) = (x!, ?, ?)

for all large n. Before constructing the function f let's introduce some nomen-
clature.

Remark. Such a function f is called an imperative program for computing x!.
The set X is called the state space of the program; its elements are called states.
The initial value z is called the initial state of the program. Each application of
the function f changes the state.

The idea is that we compute x! by successively computing

x, x(x - 1), x(x - 1)(x - 2), ...

until the value x! results. When this happens the iteration must idle; that is, f
does not change the state any further.

At any time in this calculation we need to keep track of three quantities:

(i) the partial product p = x(x - 1)(x - 2) . . . (x - k);

(ii) the decreasing factor d = x - k used to calculate the next partial product;

(iii) a flag t E I + I which indicates whether or not to idle.

The triple (p, d, t) is an element of the set X = IR x IR x (I + I), which is
the reason for our choice of state space. I claim that the following function
f : X - X, when iterated, computes x!:

f:X X

ifd>_ 1 andt=0(p, d, t) E-
(p d, 1) ifd<1ort=1.

Let's check that f applied repeatedly, beginning with the initial state (1, x, 0),
does compute x! and then idles. Certainly, while d > 0,

(1, x, 0) H (x, x - 1, 0) f> (x(x - 1), x - 2, 0) if>

After x-iterates of f the state becomes (x!, 0, 0). But f (x!, 0, 0) = (x!, 0, 1), and
f (x!, 0,1) _ (x!, 0, 1). Hence f"(1, x, 0) _ (x!, 0,1) for all n > x + 1.
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Question. How can f be constructed out of the given functions using only the
operations of a distributive category?

Notice that, by the distributive law, X = IR2 X (I + I) - IR2 + IR2. By the
property of sums, to define an arrow out of X (i.e. X ---. X), it suffices to
give two functions, fo : IR2 -> X, fl : IR2 -> X. Notice that fo is the function
in the case that the flag t is 0; f, is the function when the flag t is 1. Hence
fl (p, d) = (p, d, 1); that is, f, is the second injection of the sum IR2 + IR2. The
function fo is more complicated to construct. The formula for fo is:

fo : IR2 IR2 X (I+ I)

(p, d)
1(p d, d - 1, 0) ifd > 1
1(p,d,1) ifd<1.

To construct f0, first construct test,,<1 : IR -> B as the composite

11R x [1] test,,<yIR=IRxIR°IR2- B.
Then construct

as the composite

h : IR2 IR2

(p, d) H (p d, d - 1),

11Rx0x1-11 multxadd
IR2 = IR x IR x IRO IR4 IR2.

Then fo is the composite of the following:

IR2
11R X O

IR3
1IR2 x test,,«

IR2 x B,

IR2 x B IR2 + IR2
h+11R2 -

IR2 + IR2 . IR2 X (I + I).

We are now in a position to make a general definition of imperative program
without input.

Definition. An imperative program is a function

f:X->X
constructed from a set of given functions (like add, multiply, divide, test,,<,, and
constants) using the constructions available in a distributive category.

The function f is also called the action of the imperative program.
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A behaviour of the imperative program is a sequence of states x, f (X), f 2(x), .. .
of X; the first state of a behaviour is called the initial state.

Another name for behaviour is orbit. A state z E X such that f (z) = z (such
as the state (x!, 0, 1) of the last example) is called a stable state or a fixed point
of the program f. A finite sequence of states, xl, x2 = f(xl), x3 = f(x2), ...,
xn = f(xn_1), such that f(xn) = xi, is called a cycle of length n; a cycle of
length one is just a fixed point.

Remark. The definition of imperative program at this stage does not allow
input. It allows only an initial state. The definition will be extended in Chapter
5 to allow input to the program.

Example 11. Given a function g : Y -i Y and a test t : Y --> B. Construct
an imperative program which does: `while t(y) is true change the value of y to
g of the current value of y, then idle'.

The state space of the program will be Y x (I + I), and the program itself will
be the function:

f :Yx(I+I) Yx(I+I)

(y, 0) if t = 0 or test(y) = false
(y, t) (g(y), 1) if t = 1 and test(y) = true.

The flag value t = 0 corresponds to idling.

It is straightforward to check that the program behaves as required.

Let's see how f can be constructed from the given functions using only the
operations of a distributive category.

Again, since Y x (I + I) is isomorphic to Y + Y, it suffices to give two arrows
fo, fi from Y to Y + Y. Now fo(y) = (y, 0) and hence fo is the first injection of
Y + Y.

The function fl is given by:

Y
f1

yF

Hence fl is the composite:

-Y+Y
(y, 0) if test(y) = false

1 (g(y), 1) if test(y) = true.

Y . y2 1Y + test
Y X (I + I) Y + Y 1 Y+Y.
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Example 12. Any circuit with feedback may be regarded as an imperative
program. Consider for example, the following circuit:

Since this circuit has feedback, we cannot simply consider what happens as we
move from left to right through the circuit, as we did in Chapter 2, §3. Instead
we have to consider at any moment the state of the whole circuit. At any moment
there is a voltage of one volt or zero volts on each of the four wires. Hence the
set of all possible states - the state space of the circuit - is

B4 = {(x, y, u, v); where each of x, y, u, v = 0 or 1}.

Now we will assume, as the simplest model of the circuit's behaviour, that the
circuit changes state in a synchronized way. That is, at each tick of a clock the
state of each wire changes according to the nature of the circuit components.
For example, when the clock ticks, the new value of u is -(x or v), where x and
v are the values before the clock ticks. The function which describes the general
change of state is

f :
B4 B4

(x,y,u,v) H (x,y,-(x or v),-(y or u)),
which is of course constructible using only the operations of a distributive
category.

Let's look at some behaviours of this circuit.

* Starting with initial state (0, 1, 0, 1), the behaviour is

(0, 1, 0,1) if> (0, 1, 0, 0) ,f, (0,1,1, 0) ,f 3) (0,1,1, 0) F-, .

Notice that the state (0,1,1, 0) is a fixed point.
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Starting with initial state (0, 0, 0, 0), the behaviour is

(0,0,0,0) H (0,0,1,1) (0,0,0,0) (0,0,1,1)

This behaviour is unstable; a cycle of length 2.
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Example 13. Any flowchart with feedback may be regarded as an imperative
program. Consider, for example, the following flowchart:

Since this flowchart has feedback, we cannot simply consider what happens as
we move from left to right through the flowchart, as we did in Chapter 2, §6.
Instead we have to consider at any moment the state of the whole flowchart. At
any moment we are in one of four possible positions (denoted 0, 1, 2, and 3) in
the flowchart, and we are carrying one real number. Hence the set of all possible
states - the state space of the flow chart - is

X = IR + IR + IR + IR =

{(x, 0)) U {(y,1)} U {(z, 2)} U {(w, 3)}.

Again we want to consider how the state changes with each tick of the clock.
For example, if we are in position 0 carrying the number x, after the clock ticks
we will be in position 1 carrying the number x - 2. The function which describes
the general change of state is:

f : IR + IR + IR + IR SIR + IR + IR + IR

(x, 0) 1 > (x - 2,1)

(y
1) f (y,2) if y < 4

(y,0) ify>4
(z, 2) (z2, 3)

(w, 3) (w, 3).
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It is obvious that this function can be constructed from the given functions
add, multiply, testx<y and constants, using only the constructions available in
a distributive category.

Let's consider the behaviour of this flowchart, beginning with initial state (7, 0).
It is

(7, 0) H (5,1) f (5, 0) f> (3,1) i
(3,2)f(9,3)f (9,3) f>

The behaviour stabilizes at the fixed point (9, 3).

Problems 3
1. Suppose that 0 is an initial object in a distributive category, and there exists an

arrow a : X --> 0. Show that a is an isomorphism and hence X is also an initial
object.

2. Given three functions f, g, h : Y -+ Z and two tests t1, t2 : X - B (= I + I)
construct, using only the fact that Sets is a distributive category, the function
p:XxY -pZdefinedby

,if tl(x) is true then z = f(y)
else if t2(x) is true then z = g(y)

else z = h(y)'.

3. Given three tests ti, t2, t3 : X -+ B, construct, using only the operations of a
distributive category, the test

(tl &t2)Or(-.tl &t2 &t3) : X -+ B.

4. Prove that in a distributive category

(XxY+XxY
b is the isomorphism of the distributive law.

5. Construct the following imperative programs, where the given functions are add,
multiply, divide, test,,, and the constants [r] : I -+ IR (r E IR):

(i) a program which, given n, computes by iteration
n

x5

X=1

(ii) a program which, given a natural number n, computes whether or not n is
prime.
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6. Construct, using only the fact that Sets is a distributive category, the function
f : IR -+ IR given by:

`if x < 0.5 then f (x) = 2x,
else f (x) = 2 - 2x'.

(i) Find out what happens by repeatedly applying f to the following initial
states: (a) x = 3, (b) x = $, (c) x = 5, (d) x = 2.

(ii) Given the binary expansion of x, what is the binary expansion of f (x)?

(iii) Find a point x E [0, 1] whose orbit under f is a cycle of length 17.

(iv) Find a point x E [0, 1] such that the orbit of x under f is dense in [0, 1].

7. Construct a function f : IR3 x B -+ IR3 x B which, when repeatedly applied to
initial state (1, x, n, 0) (n a natural number), eventually stabilizes at (x", x, 0, 1)
(that is, f k(1, x, n, 0) _ (x", x, 0, 1), for all large enough k).

8. Let A be a category with a finite number of arrows between each pair of objects.

(i) Suppose that A is an object of category A such that A + A = A. Show that
if X is any object, then there is at most one arrow from A to X.

(ii) Suppose the category is distributive and that the terminal object I satisfies
I + I - I. Show that the category A is a preordered set.

9. Analyse completely the behaviours of the following:

(i) The circuit,
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false

true

where f(x,y) _ (xy,y - 1).

10. Construct in Sets, using only the operations of a distributive category, the iso-
morphism:

Bn
n - 1

(xo, x1i ... , xn-1) (*'x2i), J
iL=O

11. (Robin Cockett.) Show that Axiom 2 for distributive categories is redundant.

12. Find a circuit constructed out of components

which has a behaviour with a cycle of order 5.

13. (i)

(ii)

Analyse completely the behaviour of the circuit consisting of two not gates
joined in a circle.
Find a circuit consisting only of not gates which has a behaviour consisting
of a cycle of length three.

14. Show that, in a distributive category, the arrow

Zyxlx
iz X ix

YXX+ZxX (Y+Z)xX
is an isomorphism.

15. (Khalil and Walters.) We say that a program f : X +U+Y -i X +U+Y idles on
Y if f iy = iy. Suppose another program g : Y + V + Z --> Y + V + Z idles on Z.
Show that (lx+u +g)(f +lv+z) : X+W+Z, X+W+Z, (W = U+Y+V),
is the program whose behaviour, with initial state in X, is first to do f until f
idles, and then to do g until g idles.
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Data Types

In the previous chapter we gave examples of simple imperative programs for
computing with numbers. This involved the construction of arrows given some
basic objects IR and B and basic arrows like add : IR x IR -; IR and test,,,,
IR xIR - B.

Further programming involves the consideration of new data sets (not just IR,
B, IR x IR, ...), functions between the new data sets, and properties that the
new data sets and functions satisfy.

Let us first look more closely at the data sets we have already considered.

§1. Arithmetic

Consider the following functions involving the real numbers:

add :

I

IR IR.

So far we have just used such functions to construct new ones using operations
like composition and products. But it is also important to be able to express
properties that these functions satisfy. This is essential if we wish to prove
properties of programs.

The functions we have given above satisfy some well-known properties, known
as the axioms of an abelian group. For any x, y, z, in IR:

x+ 0= x= 0+ x (identity laws),
(x + y) + z = x + (y + z) (associative law),

x + (-x) = 0 = (-x) + x (inverse laws),

x + y = y + x (commutative law).

These properties can be expressed without looking at the elements. In fact, they
can be expressed just in terms of properties of products.
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* Let's look at the associative law, for example. It says exactly that the
following diagram commutes:

'IR

add x 11RIR x IR x IR SIR x IR

x add add

IR x IR IR.
add

The reason is that if you take a typical element (x, y, z) from IR x IR x IR, and
go around the top of the square, you get

add x 11R addIR x IR x IR SIR x IR -IR

(x)y,z) I > (x+y,z) H (x+y)+z.

whereas, if you follow the same element around the bottom of the square, you
get

11R x add add
IR x IR xIR --IRxIRIR

(x,y,z) I > (x,y+z) H x+(y+z).
Hence the diagram commutes exactly if (x + y) + z = x + (y + z) for all x, y, z
in IR.

The other axioms for an abelian group can be expressed similarly.

* The identity laws say that the following diagram commutes:

11R 11R
IR 1IR IR

Cl-add

IR xI.IR x IR Ix IR.
11R x zero zero x 11R

* The inverse laws say that the following diagram commutes:
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I

'IR x minus

zero zero` IR I IR

add I A
-.IR x IR IR x IR.

minus x lift

* The commutative law says that the following diagram commutes:

IR x IR
twist

IR x IR

IR.

The fact that these commuting diagrams express the axioms stated is easily
verified by following elements around the diagram, as we did with the associative
law.

So far, I have written down the axioms that say that IR, with add, zero, and
minus, forms an abelian group. We can similarly express the fact that IR is a
ring; that multiplication is associative, and that the distributive law relating
multiplication and addition holds.

At the heart of any computer is a ring - the arithmetic unit.

The method of defining algebras by giving sets, operations and axioms satisfied
by the operations is a familiar one in mathematics. However, computer science
has given rise to many new 'algebras' which mathematicians had not considered.
These 'algebras' are called data types.

A data type consists of various sets of data together with operations between
them (definable in a distributive category) and equations expressible in a dis-
tributive category.
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§2. Stacks

Intuitively a stack of real numbers is a (vertical) list

x1

X2

x3

xn

of real numbers. You only have access to the top element of the stack. That is,
you can put an extra element on top - this is called pushing an element onto
the stack; or you can take the top element off the stack - this is called popping
an element off the stack.

Stacks are one of the most fundamental data structures in computer science.

Let us try to axiomatize this by considering the set S of all stacks of real numbers.
For convenience we will write stacks horizontally rather than vertically, with the
left-hand element being the top element.

The basic operations are:
push : IR x S S

(x x1 x2...xn) H (xx1...xn)

and
pop : S IR x S

(xlx2 ... xn) I- - (x1 i x2 ... xn),
where xl is the top element, and x2 xn is the remaining stack.

Note. This is not quite accurate. There is an empty stack, denoted o, and
when you pop the empty stack you do not get an element of IR.

We met this problem before with division of real numbers where x is not defined
if y = 0. To handle the exceptional case we took division to be a function from
IR x IR to I + IR. We do a similar thing with stacks.

We take pop to be the function:
pop : S I+IRxS

1 ifs=osH (x1, x2x3 ... xn) ifs = xlx2 ... xn,
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Notation. Notice here, that I have omitted the tag indicating which component
of the sum an element is in; I wrote * instead of (*, 0). In future where there is
no risk of confusion I shall omit tags.

Question. What other operations are there on S?

The empty stack is a constant of S. That is:
1ol : I S

In addition, we also have all the constants frl : I --* IR.

By the property of sums we can combine the two operations [ol : I -+ S and
push : IR x S -+ S into a single operation, which for simplicity we shall also call
push:

push : I+IRxS---,S
* o

(x,o)I >x
(x xl ... xn) H xxl ... xn.

So we have reduced the operations of the set of stacks to two (excepting the
constants of IR):

pop: S-4I+IRxS,
push:I+IRxS - S.

The axioms that these operations satisfy are:

Axiom 1. pop push = 11+IRxs'

Axiom 2. push pop = 1s.

That is, push and pop are inverses of each other. Roughly speaking,

S=I+IRxS.

Proof. Let us verify the truth of Axioms 1 and 2.

To check Axiom 1, let's see what pop push does to elements:

I+IRxS push -S pop +I+IRxS
* of

(x, xl ... xn) 1 - xxl ... xn 1> (x, xl ... xn).
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Hence pop push = 1I+IRxs-

Checking Axiom 2, let's see what push pop does to elements:

S pop I + IR x S
push

S

x1x2...xn I- > (xl,x2x3...xn) I > x1x2...xn.

Hence push pop = 1s.

We are now ready for an abstract definition:

Definition. A type stack of IR, or a space of stacks of IR, is a set S together
with two operations:

pop : S->I+IRxS,
push : I+IR xS-*S.

satisfying
pop push = 11+IRxs,
push -pop = 1s.

Note. We started with a standard model of these axioms in mind, but now we
can look for other examples.

Example 1. (A non-standard type stack.)

Let S = {finite and infinite lists x1x2 of reals}.

There are two obvious operations:

pop : SCI+IR xS
o 1> *

xxl ... (x, xl ...

and
push

1 > o

(x, o) i> x
(x, xl ...) H xxl ... .

These are clearly inverse. Hence S satisfies the stack space axioms.
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Note. So, just from the stack space axioms, we do not know if the stacks are
of finite length.

So far I have spoken about stacks of real numbers, but of course we can speak
about stacks of elements of any set X. Hence we can define `type stack-of-X',
alternatively called a `space of stacks of X'.

Definition.

such that
push pop = 1s,
pop push = 17+xxs

Example 2. Let X = {*} = I and S = IN, the set of natural numbers. Then,

predecessor : IN - I + I x IN - I + IN
* ifn=0nI > n-1 ifn>0,

and
successor : I + IN IN

*1 > 0

ni > n+1.
are inverses of one another. Hence IN with these operations is a type stack-of-I.

A crazy calculation

Note the following apparently nonsensical calculation. If S is a space of stacks
of X then since

S - I+X XS
we deduce successively that

IxS - XxSI,
(I-X)xSI,

SI/(I-X),
SI+X +X2

A type stack-of-X is a set S with two operations

pop : S->I+XxS,
push : I+XxS->S,

If S, I, and X were numbers this would be a sensible calculation. Even though
this is not the case, the final result has a reasonable interpretation. It says that
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S is the disjoint union of I, X, X2, X3. .... That is, a stack is an element of one
of I, X, X2, X3 .... But an element of X' is an n-tuple of elements of X. So a
stack is either the empty stack, or a single element of X, or a pair of elements
of X, or a triple of elements of X, et cetera.

Further, the operations of X have a sensible interpretation. The function push
is the isomorphism

I+XxSI+Xx(I+X+X2+ F -S.
There is a categorical theory which justifies such crazy calculations, which may

be found in [14], [15], and [30]. Let's now see some examples of other operations
which are available with stacks, given the two basic operations. But first we
introduce some notation.

Notation. From now on we will often denote the identity arrow lx by X. So,
instead of

lI+lX x pop: I + X X S -> I + X X (I+X X S),
we will write simply

I+X xpop:I+X xS x (I+X xS),
oreven I+Xpop:I+XS->I+X(I+XS).

Example 3. The usual operation of pushing an element on a stack is the
composite:

Zxxs push

(x,s) I > (x,s) I > xs.

Similarly, the empty stack is:

iI pushI -I+X X S S**f . 0.

Example 4. Let's now construct an imperative program to compute the depth
of a stack, given a type stack S of X, and a number type R.

Take the state space of the program to be S x R. Take the initial state to be
(s, 0). Then the following action will, when iterated, compute the depth of the
stack, and then idle:

SxR SxR
(x1 x2 ... xn, r) E- (x2x3 ... xn, r + 1)

(o, r) 1 > (o, r).
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This action is the following composite:

pop R (I
+ proj )R

(ro1SR (I + X S)R (I + S)R (S + S)R

SR+S[x+11
(S + S)R SR + SR SR + SR SR.

Beginning with initial state (s, o) the program eventually idles at the state
(o, depth(s)). A typical behaviour is:

(xi x2, 0) H (X2,1)1 (o,2)1 > (o, 2) H .. .

Example 5. Let's see how to construct tests on stacks, by considering the
example:

test : S I+I
s 0 if depth(s)# 1

l 1 if depth(s)= 1.

This test is the composite:

S P (I+XS) I + Xpop. I+X(I+XS) I+X +XZS

I+X+X2S !+!+! I+I+I I+twist I+I+I I+I.

Note. If S is a stack space in Sets, then S is infinite, unless X = 0, since

S=I+X xS,
and so, if the number of elements in S is n and the number of elements in X is
m, then n = 1 + mn, and hence n > n.

The existence of stack types is an axiom of infinity. The operations are finitary.
An arbitrary amount of data may be stored in a stack without needing to specify
an address either for storing or recovering the data. We will see further examples
of programming with stacks in §7.

Of course real stack types are bounded; which leads to the possibility of stack
overflow. However in most uses of stack types they are treated as potentially
infinite data structures.

V
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§3. Arrays

Another way you can store data is to put it in an array.

The data type array of X of length n is a type you have for free in a distributive
category. It is just the object X" with no special operations. The operations
you want to do on an array are to store information and to retrieve it, but these
can be constructed using the properties available in a distributive category. The
store operation is:

store

(x, i, a) I--> a'.
where a' is the array a modified by putting the value x in the ith position. That
is,

a'[.71 -{a[j] if
j#i.

How can we define store just using the properties of a distributive category?

In a distributive category there is an isomorphism

X x n.I x X" = n.(X x X")= n.X"+1

(x) i, a) ((x,a),i),

where ((x, a), i) is in the ith component of n.X"+1 Notice that the i in
((x, a), i) is a tag to indicate a component of the sum. The function store is
this isomorphism composed with a function 7r : n.X"+1 -+ X". To define it we
need to give n arrows from X"+1 to X". The ith one should be

xn+1 Xn

(x, a[1], a[2],.. ., a[n]) H (a[1], a[2], ... , a[i - 1], x, a[i + 1], ... , a[n]).

This arrow can be formed as the composite

XXX",XXX"-X",
where swaps,;+l is that composite of twist arrows which interchanges the first
and (i+1)th components of X"+1, and P2 is the second projection of the product
X X X.

The retrieve function is

swapl,i+l

read :n.IxX"X
(i, a) I > a[i],

and it is defined as follows. First, define a : n.X" -> X by giving n functions
from X" to X, namely the n projections in order. The function a takes (a, i) to
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a[i]. Then

read : n.I x X' - n.X" a
-- X

(i, a) I > (a, i) > a[i].

Note. We have seen earlier another data type which comes free in a distributive
category, namely the boolean type, B = I + I. All the boolean functions come
for free, and in fact they satisfy the usual laws of boolean algebra.

§4. Binary Trees

Given a set X , a binary tree of X is something like the following:

(where x, y, z, p, q, u and v are elements of X). That is, a binary tree has a
finite number of nodes which are labelled with, or store, elements of X. If there
are any nodes at all, then there is a top node, and below each node there is the
possibility of two further nodes. If the tree is not empty, it consists of a top node
and two subtrees. If the top node is labelled x and the left and right subtrees
are t1, t2 then we will denote the tree by t1xt2.

Binary trees are useful for hierarchical storage and classification of data. Here
is how to axiomatize this structure.

Let T be the set of binary trees of X, with operations:

0 : I -a T ( the empty tree),



82 4. DATA TYPES

make : T x X x T T

(t1,x,t2) I > t1xt2.
These two operations can be joined together, using the property of sums, into a
single operation, which we shall again call make:

make

There is an inverse to make which we shall call break:
break : T I+ T x X x T

t1xt2 I > (tl)x,t2)

Definition. A type, binary trees of X, is an object T with two operations
make: I+T x X xT -->T and break: T->I+T x X x T, which are inverse
to one another.

Note. Roughly, the axiom says T = I + T x X x T. So we can make the
following crazy calculation:

TI+TxX x T,
X xT2-T+IO.

Hence, by the rule for solving quadratic equations,

T - If (I-4X)
2X

But, by the binomial theorem,

()4x(I-4X)'/2 - +
(12)42X2- (1)43X3+

It is not hard to show that, if we take the negative sign in the formula for T
above, then using the binomial theorem we get a series expansion for T in which
the coefficient of X' is a positive integer, namely,

1

n+1(2n)

So we have

1

(2n)X,,+...,n+1 n
This calculation would make sense if I, X, and T were numbers. However, even
when they are sets, the final line has a meaning. We can classify binary trees
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according to how many `nodes' there are. The first term in the series corresponds
to the trees with 0 nodes: there is just one of them, the empty tree. The second
term in the series corresponds to the trees with one node; if IX I is the number of
elements of X then there are exactly IX I such trees. The third term in the series
corresponds to trees with two nodes; there are two possible shapes for such trees
- a top node and a left node, or a top node and a right node. Each of these
shapes when labelled gives rise to X12 trees, and hence there are 2IXI2 trees
with two nodes. In general, the number of shapes of trees with n nodes is the
nth Catalan number,

Cn _ 1 (2n)'
n+1 n

and hence, when labelled, there are Cn IX In trees with n-nodes, as suggested by
our series formula.

§5. Queues

Queues are another important data structure. A queue is similar to a stack, but
the operations available are different.

A queue of X is a list like x1x2x3 xn, where we think of xi as the end of the
queue where extra elements can be added, and we think of xn as the head of the
queue where elements can be taken off.

Let Q be the set of queues of X. The operations are:

push : X x Q Q

(x, x1 ... Xn) H XX1 ... xn,

pop : Q .I+QxX

and

X152...xn H (x1 ...xn-1,xn)

O *,

empty :I -- Q

Again we can combine push and empty into a single operation:

push: I+X xQ ->Q.

However, for queues, it is not true that push and pop are inverse. If we pop an
element from the head of a queue, and then push it on the end of the queue, the
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function we get is

h
Q Pop I +QX I +XQ -pus

x1x2x3 > (x1x2,x3) 1 > (x3,x1x2) I > x3x1x2,

which is clearly not the identity function.

Question. What can be said relating the two operations, pop and push?

Roughly speaking, pop push = push pop. But this is not precisely true; in
particular, beginning with an empty queue we get a different result by first
pushing then popping, than by first popping then pushing.

The precise property that the operations of queues satisfy is that the following
diagram commutes:

I+X xQ
I + X x pop[

I+X x(I+QxX)
distributive law I

I+X+XxQxX
distributive law I

I+(I+X xQ) xX

push

I+pushxX

Q

pop

I+QxX.

(1)

Definition. A type queue of X is a set Q with operations push : I+X x Q -* Q
and pop : Q --41 + Q x X satisfying (1).

Let us see what Axiom (1) means, by following elements around the diagram.
There are various cases.

Case 1. Taking * E I + X x Q, and following it around the top, and then the
bottom of the diagram we get:

push pop

1 > o 1 > *,

and
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I+XQ I +Xpop I+X(I+QX) -' I+(I+XQ)X I +p- I+QX

Hence the diagram commutes in this case.

Case 2. Taking (x, o) E I + X x Q, and following it around the top, and then
the bottom of the diagram we get:

push pop

I > (o, x),

and

I+XQI+I+X(I+QX) -I+(I+XQ)X I+p I+QX
(x, o) (x, *) ; > (*, x) (o, x).

Hence the diagram commutes in this case.

Case 3. Taking (x, x1 x2 . . . xn) E I + X x Q, and following it around the top
and then the bottom of the diagram we get:

push popI+XxQQ=I+QxX
(x, X1 X2 ... xn) F-> xx1 ... xn i- (xx1 ... xn-1, xn),

and

I+XQ I +Xpop I+X(I+QX) I+(I +XQ)X
(x, x1 ... xn) (x, (x1 ... xn-1, xn)) F- ((x, x1 ... xn-1) xn )

I+(I+XQ)X
I+pushX

I+QX

((x, x1 ... xn_1), xn) I > (xxl ... xn-1, xn).
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Hence the diagram commutes also in this case.

§6. Pointers

Some commonly occurring data structures consist of some other structure x
with a pointer, pointing at a selected element of x. For example, a screen with a
cursor is a screen together with a pointer, pointing at one position on the screen.

As an example of this phenomenon, let us consider lists of X with pointer.
A typical example is x1x2 xi-1 [xi]xi+l xn, the square brackets indicating
that the element xi is selected. The same information is contained in the pair
(i, x1 xn), where i gives the address of the selected element. So the set of such
lists with n elements, and with a pointer, is n.I x Xn = {(i, (xl, , xn)); 1 <
i < n, xi E X}. The set L of all such lists with pointer, as n varies from 1 to
oo, is

00

00

X n.I X Xn-1

n=1

n=1

Let's now do an apparently illegitimate calculation with this formula:
00

L-1: n.IxXn
n=1

L= ) n.IxX'.

ny(x)
n=0

- (I 1X

d
=XdX

X(I 1X)2-\j-X \I 1

-X).

This suggests defining L as follows:

L = S x X x S,

where S is a stack space (- (I 1X)), and taking as operations for L the operations
of the stack space S. An element d of L is then a triple (s1, z, s2) where s1 and
s2 are stacks of X, and z is an element of X.
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This makes sense if we write the stack s, with top element on the right and the
stack 82 with top element on the left (as usual). That is, s1 = xnxn_1 x1,
say, and s2 = y1 y2 ym Then

l = (xnxn-1 ...x1,z,Y1Y2...Ym),

with z being the selected element out of the list of m + n + 1 elements of X.
Since elements are popped to the right from the first stack (rather than to
the left), it is convenient to have the pop operation on the first stack type as
pop : S - I + S x X (rather than pop : S -> I + X x S).

Here are some operations you can do with L.

1. Move the pointer to the right.
This is the function

SXS
push x pop S(I+XS)=S+SXS

J+SXS
I+SXS

(81,z,y1...ym) (S1Z,y1,y2...ym)
I > (s1z,y1,y2...ym)

(S1 , z, o) (S1 z, *) 1 3) *.

2. Overwrite z (the selected entry) by some other constant a : I -> X.

This is the function

SXS SS SIS
S x cz x s

SXS.

3. Insert constant a at the pointer, shifting z to the right.
This is the function

Sxaxpush
SXS SIX S SXS.

§7. Turing Machines

We are now going to use the data types we have developed in this chapter to see
how arbitrary Turing machines are examples of imperative programs.t

Alan Turing, in 1936, proposed a class of abstract machines which could compute
any function from IN to IN which was capable of being computed mechanically.

One of the main elements of a Turing machine is a `potentially infinite' tape,
divided up into squares. A finite number of the squares may be marked with

t This treatment of Turing machines was developed with Wafaa Khalil.
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the symbol 1; the remaining squares are `blank' - we shall think of them as
being marked with a 0. At any time, one of the squares is selected as the current
square; we call the symbol in that square the scanned symbol.

We shall model the tape of the Turing machine using the data type `list of I + I
with pointer'. That is, the set of all tapes T is S x X x S, where X = I+ I. Each
element of T is a finite list of 1's and 0's. You are to imagine this list extended
out to infinity in both directions with blank tape.

The operations we need for the tape are the following:

Move left. The pointer moves one to the left. If the left end of the tape is
encountered, an extra square marked with a 0 is added to the left to enable
the pointer to move left. This is the composite:

pop x push (o x 0 + SX )SSXS.(I+Sx)s (Sx+SX) X S

(SX + SX) x s SXS + SXS V sxs.
Stay. This is just the identity function stay = lsxs

Move right. The operation move right is defined analogously to move left.

Overwrite the scanned symbol with a E X. This function was defined
in §6.

In addition to a tape, a Turing machine has a finite set of internal states,
Q = 10, 1, 2, ... , (m - 1)} = m.I. We shall also need to consider the set of
names of movements, D = {move left, stay, move right} =

A particular Turing machine, with internal state space Q, is specified by giving
a function

t:QxX-4QxDxX.
Suppose the current internal state is q and the current scanned tape symbol is
x, and suppose that t(q, x) = (q', d, x'). Then the intention is that in the next
instant of time the machine will overwrite the current tape symbol with x', and
then move in the sense indicated by d, and change internal state to q'.

We will now see that, corresponding to any Turing machine, there is an impera-
tive program built out of the given functions of a stack space, which behaves as
the Turing machine is intended to behave.
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The state space of the program is the total state space of the Turing machine,
including both the tape and the internal states. That is, the state space is

QxT=m.IxSx2.IxS.

The action f of the program is the composite:

QtwistS tS2
QSXS QXSS 6 QDXSS

QDtwistS = Qmove

where move : 3.I x SXS -> SXS is defined by three components:

moved = move left, move, = lsxs = stay, move2 = move right.

It is clear this program behaves as the Turing machine, used to define the
program, is intended to behave.

Example 6. We describe a simple Turing machine which moves left, until it
encounters a 1 on the tape, and then idles.

The internal state space is Q = 2.I = 10, 1}. The initial internal state is 0. The
function t : QX -+ QDX which specifies the machine is:

QxX QxDxX
(0, 0) i > (0, move left, 0)

(0,1) 1> (1, stay, 1)

(1, stay, 1).

Remember that the total state space is Q x S x X x S. An example of a behaviour,
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beginning with initial state (0, 01100100, 0, 110) is:

(0,01100100,0,110)

(0,0110010,0,0110)

i

(0,011001,0,00110)

I
(0,01100,1,000110)

(1,01100,1,000110)

(1,01100,1,000110)

Z

Problems 4
1. Express the distributive law relating addition and multiplication of real numbers

in terms of a commuting diagram.

2. Given a stack type S, construct out of the stack operations and the operations of
a distributive category the function

test, : S -f B
J

S
0 if stack s is non-empty

I -> l
1 if stack s is empty.

3. Given a stack type S, construct an imperative program which concatenates two
stacks.

4. Given a stack type S, construct out of the stack operations and the operations of
a distributive category:

(i) the function
X X S S
(x x1x2...xn) E -> XX1x2...xn
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(ii) the function

S S->
f o if stack s = o

s I. -> l x2x3 ...Xn if stack s = xlx2 xn.

(iii) the function

testl,2 : S -+ B
1 if stack s has depth 1 or 2f

s F-4
0 otherwise.

(iv) the function

testo,l,2.... n : S -f B
s f 1 if stacks has depth 0, 1, 2, 3, ... , n

l 0 otherwise .

5. Describe a type queue of X (X $ 0) which contains some queues of infinite
length.

6. (i) Show that
(-4)n+iXn = 1 2nl Xn

2 (ni 1 n+1\n '

(ii) Show directly that the number of binary trees of X with 4 nodes is 14 x (IXI)4

7. A double-ended queue (deque) of X is a list x1, X 2 ,-- . , xn of elements of X with
the allowed operations being:

(i) pushing elements on either end,
(ii) popping elements off either end.
Write down the operations as functions, and suggest axioms for type deque of X.

8. A ternary tree is a tree with branching into three at each node. Define type ternary
tree of X. How many ternary trees of X are there with three nodes?

9. One possible view of a file is that it is a list of arrays (of fixed length n) of
characters, with a pointer at one character.
If X is the set of characters, describe the data type file. Define, in terms of the
basic operations (using the operations of a distributive category), the function
which moves the pointer one character forward.

10. Given a type stack S of X, construct, using the operations of a distributive
category,

(i) the test

test3 : S -j I + I,
which gives the value true when the stack has length 3, and the value false
otherwise;

the function S -> I + X3, which takes the top three elements of the stack
and places them in the array.
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11. (i) Write down operations and axioms for the data type, non-empty stacks of
X;

(ii) Write down operations and axioms for the data type, stacks of X of odd
depth;

(iii) Suppose S is a type stack of odd-depth of X, and R is a type non-empty
stack of S. Show that

Deduce that

XR= I - X - XZ

R L-

Interpret this result. What is the general term in the series?

12. (Khalil, Walters.) A pseudofunction (or functional process) 4 from a set X to
a set Y, denoted 0 : X -+> Y, is a function o : X + U + Y -f X + U + Y,
for some set U, satisfying the conditions: (a) (single-valued - 4 idles on Y)
if y E Y then c(y) = y, and (b) (fully defined) if x E X then there exists a
natural number nx such that /' ' (x) E Y. Given a pseudofunction <k: X -I-> Y
there is a corresponding function q5 : X --+ Y defined by 4(x) = on_ (x), the
function obtained by iterating 0. Suppose that 0: X -+> Y, z/i : Y -+> Z, and
0 : X' -+> Y' are pseudofunctions, and f : X -+ Y is a function.

(i) Show that A = i2VY(f + 1Y) : X + Y -> X + Y is a pseudofunction from X
to Y such that A = f.

(ii) Show that there exist pseudofunctions a : X -+> Z, /3 : X+X' -+> Y+Y',
and -y : X x X' --l- Y x Y' constructed from and 0, using the operations
of a distributive category, such that

a =3;- ,

a=q5+a,

(iii) Given a pseudofunction y from X to X + Y and a function ord : X -+ IN
such that if µ(x) E X then ord (µ(x)) < ord(x), then construct, using the
operations of a distributive category, a pseudofunction v : X -+> Y such
that

v(x) = j7" (x) for some mx < ord(x) + 1.

(iv) Given a pseudofunction t; : X --l-> X, construct, using the operations of a
distributive category, a function g : X + V -+ X + V (for some set V) such
that if no, ni, n2, is the sequence of values of n such that g' (x) E X then

gnk(x)
= Sk(x)



Chapter 5

Categories of Functors

We have discussed, in Chapter 1, isomorphisms of categories, but not morphisms
of categories; that is, general ways of getting from one category to another.

Morphisms of categories are called functors.

§1. Functors

Before defining functors, it is useful to introduce some notation. Given a category
A and two objects Al, A2 in A we denote the set of arrows from Al to A2 by

HomA(Al, A2).

Definition. If A and B are categories then a functor from A to B consists of
functions

Fobs : obj A --> obj B,

and, for each pair of objects Al, A2 of A,

FA1,A2 : HomA(A,, A2) -4 HomB(F(Al ), F(A2)),

satisfying
F(1A) = 1FA,

F(/3 a) = F# Fa if Al -+ A2 ! A3.

Note. We usually denote all the functions Fobs, FA1,A2 by the one symbol F,
for simplicity.

Let us try to understand what functors are by looking at examples and different
points of view.

Functors are `homomorphisms' between categories

They are the structure-preserving maps between categories. I would like to point
out some special cases.

Example 1. If A and B are groups (one object categories, with every arrow
invertible), then a functor F : A --> B is a function F : arr A -+ arr B, such that
F(a,Q) = Fa F,(3 and F1A = 1FA. Therefore, F is a group homomorphism.
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Example 2. If A and B are posets, then a functor from A to B is an order-
preserving map.

Note. From this point of view we would expect to have an identity functor
1A : A -+ A for a category A, and there is one. For each A and f in A the
identity functor is defined by

1A:AF->A
f H f.

We also expect to be able to form the composite of two functors,

A-F+B-G>C,

and that we can do:
GF(A) = G(F(A)),
GF(f) = G(F(f)).

It is easy to check that GF is a functor. Categories and functors now themselves
form a category Cat. An isomorphism of categories, as defined earlier, is just
an isomorphism in Cat.

Logical problems arise if we ask whether Cat is an object of Cat. The usual
way mathematicians handle this logical problem is to make a distinction between
large and small categories. The objects of Cat are small categories, while Cat
is a large category, and hence Cat is not an object of itself. The problem really
arose earlier when we described Sets. Is the set of objects of Sets an object of
Sets? So we need to distinguish between large and small sets. These distinctions
are important in computer science and mathematics, but we will not go further
into the matter, since nothing in this book depends essentially upon them.

Functors are constructions

One idea about categories is that they formalise the notion `type of structure'.

From this point of view, functors are `constructions' which build, from objects
of one category, objects of another.

Example 3. Given a finite set X we can construct a vector space FX with
basis X. Take FX to be the set of all formal finite linear combinations of
elements in X. This gives the construction:

Sets -> Vect
XFX.
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Many natural constructions like this are functorial; that is, there is an obvious
way to extend the definition to arrows and make F into a functor. In this
example, given a function f : X -+ Y , define F f by

Fl: FX wFY

xi).,ixi I3 Ai f(

It is easy to check that Ff is linear; Flx = lx, F(gf) = Fg Ff, and so F is
a functor.

Often mathematicians describe a construction, say it is functorial, and do not
bother to say what the two categories are, or tell you the definition on maps.

Example 4. (An example from computer science.) Given any set X we can
construct a new set Stack(X), the set of all stacks of X. This suggests that it
may be possible to extend Stack to a functor

Stack : Sets --> Sets.

To do this we need to define Stack on functions; that is, to define Stack(f)
Stack(X) -- Stack(Y), for each function f : X --> Y. The obvious definition is:

Stack(f) : Stack(X) Stack(Y)

0 0

xlx2...xn H f(xl)f(x2)... f(xn).

Have we succeeded in defining a functor? We need to check the properties
Stack(lx) = lStack(X), and Stack( f) = Stack(g)Stack(f). The first is obvious.
Let's check the second:

Stack(gf)(x1 x2 ... xn) = gf (x1)gf (x2) ... gf (xn )
= Stack(g)(f(x1)...f(xn))
= Stack(g)Stack(f)(xl . . . xn),

as required.

Functors are representations (or models) of categories

The idea here is that a functor, F : A -* B, is a picture, or model, of the
category A in the category B.

Example 5. Let B = Sets. I claim that a functor F : A -> Sets is a way
of picturing A as consisting of sets and functions; that is where we started,
remember?
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Example 6. Let A be the category

0 a - 1

(I have omitted identity arrows.)

To give a functor F : A --> Sets, we have to give two sets, FO and F1, and a
function FO + Fl; there is no choice for F on identity arrows. That is, we have
to give a representation of A in terms of sets and functions.

Example 7. If A is a group, a functor F : A -> Sets consists of a set
X corresponding to the one object of A, and to each a E A, a permutation
Fa : X -4X such that for each a and f3 in A, F(8a) = F,3. Fa.

Such a functor is commonly called a permutation representation of the group.

Note. Given any category A and any object B E B, we can define the constant
functor at B, denoted IB1, from A to B as follows:

FB1 : A .B

A B

(.f :Al-;A2)1 (1B:B-IB).

This is not a very good picture of A! All arrows are represented by identity
arrows.

Definition. We call a functor F : A -a B faithful if for each pair of objects
Al, A2, the function F : HomA(A,, A2) -> HomB(FA1, FA2) is injective. If,
instead, all these functions are surjective we call F full.

A functor F : A - B is faithful if, given two arrows fl, f2 : Al -* A2 such that
F fi = Ff2, then f, = f2

A faithful functor F from a group A into Sets is a faithful permutation represen-
tation of A (a representation in which different group elements are represented
by different permutations).
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Example 8. Consider the following category A:

0

1 2

To give a functor from A to Sets it suffices to give three sets, and two functions,
in the shape of A; that is, sets and functions like

X

Y Z.

As a special example of this, take the set X = {0, 1} and the functions

X
lX

XX
X X.

This is the constant functor at X from A to Sets.

Remark. From this last example we can see that a functor A -* B consists of
`several objects and arrows of B, taken together as a single entity'. Three sets
and two functions constitute a single functor. This is important in computer
science, where you often want to consider complex entities consisting of many
data types, and functions between them, as a single unified entity.

In order to get more feeling of what a functor is, I would like to do several more
examples considering all the functors between two fixed categories A and B.

Example 9. A functor from A = {0, 1} to B is just a pair of objects of B.

Example 10. A functor from {0, 1, 2, , n, } to B is just a sequence of
objects in B.

Example 11. Consider the category A generated by one object * and one
arrow e : * -> * satisfying e2 = e. A functor from A to Sets is a set X with an
idempotent function a from X to X. That is,

F* = X, Fe = a,
a = Fe = F(ee) = FeFe = aa.
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So, any set X, together with the identity function a = 1x, is an example of a
(non-faithful) functor from A to Sets.

A less trivial example is the set IR2 together with the function a : IR2 -* IR2,
the projection of IR2 onto the x-axis. Now F : A -- Sets is a faithful functor,
since

F(e)=a#1IR2=F(1*).

Example 12. Consider the free monoid A on one generator e. A functor
F : A - Sets amounts to a set X with an endomorphism. If F(e) = a then we
are forced to take

F(en) = (Fe)' = a'.
No matter what F(e) is taken to be, this choice of F(en) does satisfy the functor
axioms since,

F(enem) = F(en+M) = an+m = anam = F(en)F(em).

Remember that an imperative program consists of a state space X and a function
a : X -> X, constructed in a certain way, and hence an imperative program is
an example of a functor from A to Sets.

Example 13. Consider the following category A:

1 -0
A functor from A to Sets consists of two sets X, Y and two parallel functions,

doX :Y.
d1

But this is the same thing as a directed graph. Think of Y as a set of vertices,
and X as a set of directed edges. Then for any edge a E X we have two assigned
vertices doa = a, say, and d1a = b, say. We picture this as a : a -+ b.

For example, suppose X = {a, 6, y, b, e} and Y = {a, b, c, a}, and do and d1 are
the functions

do: ate-->a d1: at > b

do : /3 > b dl . 01 >--c
do: y1> b dl : yr> c
do: bi>c dl: bi>a
do: eF->c, d1: et--3e.
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We can picture this as the directed graph:

b

a i c e.

S E

The picture and the two functions do, dl : X --> Y contain exactly the same
information. It is clear how to represent any directed graph by just two sets and
two parallel functions.

Example 14. Consider the free monoid A = E* on the alphabet E =
{a, b, c, ...}. A functor F : A -+ Sets is the same thing as a set X with an
endomorphism fa : X - X for each letter a in the alphabet E.

Certainly for each element a E E, Fa is an endomorphism of F(*), where * is
the one object of A. Write X = F(*) and fa = Fa. Then, if u = al a2 a3 a,
is any arrow in A, the value of F on u is forced to be fa, fa2 fa. since

F(u) = F(aia2a3 ... an) = F(al)F(a2) ... F(an) = fa, fa2... f"..

So it suffices to give endomorphisms just for the letters of the alphabet. Con-
versely, any choice of endomorphisms corresponding to the letters of the alphabet
is easily seen to give a functor.

Note. Such a thing is a crude model of a computer. Let X be the state space
of the computer, and a, b, c,... be the names of inputs. Then fa : X -> X is the
effect of input a on the states. One of the inputs, say c, could be the clock pulse.
Other inputs could be inputs from users, interrupts, etc.

Remark. There is a name for a functor from the free monoid on E to Sets.
It is called a deterministic automaton. If the state space X is finite then the
functor is called a deterministic finite-state automaton.

§2. Functor Categories

Given two fixed categories A and B, the functors from A to B actually form a
category called BA, the functor category from A to B.

Definition. Let F, G be functors from A to B. A morphism ¢ from F to G
(also called a natural transformation from F to G) is a family of arrows of B:

cA:FA -FGA (AEA),
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such that for any arrow f : AI -3 A2 in A, the following commutes:

FAI
OA, GAI

Ff I l,Gf

FA2 GA2.
OAz

This commuting diagram is called a naturality condition.

That is, 4A is a way of moving from FA to GA compatible with the effect of F
and G on arrows of A.

To get a feeling for this, let us look at two examples.

Example 15. Consider the category A:

A functor F from A to B consists of an arrow Fa : FO -> F1 in B; similarly, a
functor G : A -* B consists of an arrow Ga : GO -* G1 in B.

A natural transformation 0 from F to G consists of two arrows (one for each
object of A),

q5a:FO -+GO, 01 :Fl --r G1,
satisfying one naturality condition, namely that the following diagram must
commute:

00
FO GO

Fa1

1

IGa

F1 G1.

So functors from A to B are arrows of B, and natural transformations are
commutative squares in B.

Example 16. Consider the functor Stack : Sets -Sets. The following family
of functions,

reversex : Stack(X) . Stack(X)

X1X2...xn H xn...x2x1

(X E Sets)
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is a natural transformation from Stack to Stack; a fact that is sometimes ex-
pressed by computer scientists by saying that reverse is a polymorphic function.

What we have to check is the naturality condition - given a function f : X -> Y
the following diagram must commute:

reversex
Stack(X) Stack(X)

Stack(f) I IStack(f)

Stack(Y) Stack(Y).
reverse,.

To check this, take an element X1 X2 xn from Stack(X) and follow it both
ways around the diagram. Going around the top of the diagram we get:

xlx2 ... xn H xn ... x2x1 H f (xn) ....f(x2)f(x1).

Going round the bottom of the diagram we get:

x1x2...xn F> f(xl)f(x2)...f(xn)I> f(xn)...f(x2)f(x1).

So both ways round the diagram yield the same result - the diagram commutes.

Remark. Given natural transformations a : F -4G, /3 : G -4H, we can form
a composite,

/3 a:F-.H,
as follows:

(0'a )A aA GA AFA HA = FA . HA.

It is easy to check the naturality of /3 a. Consider the diagram:

FA aA .GAS HA
FfI

a
Gf1

0.
Hf

. HB.FB -GB
The left and right squares commute since a and /3 are natural. Hence, the
outside rectangle commutes - that is, /3 a is natural.

It is obvious that the composition is associative, and that there is an identity
natural transformation (1F)A = 1FA : FA -> FA.
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Definition. Given categories A and B, the functor category, denoted by BA,
is defined as follows: the objects of BA are functors A --.> B; the arrows are
natural transformations F --> G : A -- B; and composition is composition of
natural transformations.

In order to become familiar with functor categories let us examine an example in
detail - the category of directed graphs. We will give an application of directed
graphs to regular grammars.

§3. Directed Graphs and Regular Grammars

The category SetsA with A being the category

1 -0
is called the category of directed graphs, and is sometimes denoted Grphs.

An object X of SetsA is a functor A - Sets. That is X is a pair of sets X1, Xo
with two functions:

do

X1 - Xo.
d1

The set X1 is called the set of edges, or arrows, of the graph; the set Xo is called
the set of vertices, or objects, of the graph; do is the domain function, d1 is
the codomain function. We will use the same names do, d1 for the domain and
codomain functions of any graph.

Notation. If a E X1 and doa = x, d1a = y, we write a : x -* Y.

Question. What is a morphism of directed graphs (that is, a morphism in
SetsA)?

A morphism X -4Y is a natural transformation; it consists of a pair of
functions,

01: X1 -* Y1,
satisfying naturality conditions, which

Xl Yl

dol Ido

Xo Yo,

0o:X0->Yo,
amount to two commuting diagrams:

0o 0o
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That is, the naturality conditions consist of the two equations:

Oodo = doll,
Oodl = d1W1

In terms of our picture of directed graphs, what is a graph morphism?

Note that 00 is a function from the objects of X to the objects of Y; and 01 is
a function from the arrows of X to the arrows of Y.

The first of the naturality conditions says that if a : xl -4 x2 in X, and
01(a) : yl -+ Y2 in Y then

yl = do(01(a)) = O0(do(a)) = co(xl)
The second of the naturality conditions says that

y2 = dl(c1(a)) = bo(dl(a)) = 00(X2)-

So the two naturality conditions together say exactly that if a : xl --+ x2 then
01(a) : go(xl) - 00(x2)-

Note. We often write the same name for 00 and 01, calling them both ¢. Using
this convention, a graph morphism from X to Y consists of a function ¢ from
the objects of X to the objects of Y, and a function 0 from the arrows of X to
the arrows of Y such that if a : xl -1 x2 in X then q(a) : O(x1) -; O (X2) in Y.

Let's now look at some examples of graph morphisms.

Example 17. If X is the graph
x1

X4

and Y is the graph
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then 0, defined as follows, is a graph morphism from X to Y:

O(xl) = c(x2) = O(x3) = y1,
O(x4) = y2,

0(a)=0(a)=q5(y)_A,

Example 18. If X is any graph, and I is the graph with one object * and one
arrow A : * -> * then there is a unique morphism 0 from X to I:

¢(x) = * (for all nodes x E X),
0(a) = A (for all edges a E X).

So I is the terminal directed graph.

Example 19. If 0 is the empty graph and X is any graph, then there is a
unique morphism from 0 to X, and hence 0 is the initial directed graph.

Remark. In fact, the category of directed graphs shares, with all categories of
the form SetsA, the property that it is a distributive category.

Example 20. An isomorphism in the category of directed graphs is a graph
morphism 0 : X -+ Y for which co, 01 are both bijections.

Then Oo, 01 have inverses 001 : Yo --+ Xo, 01 1 : Yl -+ X1, and the pair of
functions 001, 01 1 constitute a morphism of graphs 0-1 : Y -- X inverse to q.

A class of languages of great importance in computer science are the regular
languages. We will analyse regular languages in this section using graph mor-
phisms.

Let E be an alphabet. Consider the graph SE with one object *, and with arrows
being the elements of E together with a special arrow e, called the null symbol.

Definition. A regular grammar is a graph morphism,

¢:X->SE,
where X is a finite graph with two distinguished objects J (the beginning object)
and K (the end object).

Remark. Notice that every object of X must go to the one object of Sr.
Further, there is no restriction where the arrows go to under 0. Hence, a graph
morphism 0 : X -* Sr may be represented by sketching X and labelling the
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edges of X with the elements of E U {e} which they go to under 0. In other
words, a graph morphism from X to Sr is a labelled graph.

Remark. The notion of regular grammar given above is very close to (but
not quite the same as) the notion of non-deterministic finite-state automaton.
It is called a grammar here because it allows you to generate the words in the
language, and also because of the connections with context-free grammars given
in Chapter 6.

Example 21. Suppose E _ {a, b}. The following labelled graph is a regular
grammar:

b

J-
e

K.

U
The image of each arrow of the graph in E U {e} is indicated by its label.

Note. A morphism of graphs 0: X -* Y induces a functor

.FO : TX -+ TY,

where FX and FY are the free categories on the graphs X and Y respectively;
T4 is defined as follows. Suppose

al a2 anx1 -. X2 ... xn+1

is a path in X; that is, an arrow from xl to xn+l in FX. Then

):70: (an ... a2al) y Oan ... Oa2Oal.

It is easy to see that FO is a functor; it takes concatenation of paths to concate-
nation of paths.
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Example 22. Consider the graph morphism,

X 0 Y

a
xl ' x2

a

where

Then

U
A

.F0 : (a/3a,Qa,Qa : xl -> X2)1 (A7 : y -* y).
More generally, FO gives the length of a path,

'Fo:wHA',
where n is the length of w.

Example 23. Given a regular grammar

¢:X-ASE,
then F¢ takes a path to an element of (E U {e})* since this is the free category
on Sr.

Example 24. Consider the grammar b

J K.

U
Then F0 takes the patha - * b. * -" K E . J a. * b. * b bJ * - * K

to the word
bbbaeabba.
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Note. Given a word in (E U {e})*, we can get a word in E* by just equating e
to the identity (that is by omitting e's).

Definition. The subset of E* obtained from a regular grammar by taking all
paths from J to K and applying FO and then omitting e's is called the regular
language generated by the grammar.

Example 25. Suppose E = {a, b, c}. Then {a, b} is a regular language.

Clearly,

is a grammar for this language.

Example 26. Suppose E = {a}. Then {a3, a4, a5,...} is a regular language.

Clearly the following is a grammar generating this language:

a a aJ*.* K.

C)
a

Example 27. Suppose E = {a, b}. Then {1, a, a2, ... , b, b2, ...} is a regular
language.

Clearly, a

J K,

is a grammar for this language.
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Example 28. Given two regular languages U, V C E*, then the union U U V
is also a regular language.

If

denotes a grammar for U and
Jl U Kl

J2 V KZ
denotes a grammar for V then, clearly,

Jl U Ki

J K,

J2 K2
V

is a grammar for U U V.

Example 29. Suppose E = {a, b}. Then

U = {1, ab, abab, ababab,... , (ab)", ...}
is a regular language.

The grammar for U is

YEN
K.

E

Example 30. If U C E* is a regular language then so is U*, the set obtained
by concatenating any number of words in U.

If J, U Kl represents a grammar for U then

Jl U Kl

E

J K,
E

is a grammar for U*.
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Example 31. If U is a language and V is a language, then so is

UV={uv:uEU,vEV}.

If

J1 U. KI
represents a grammar for U and

J2 V K2

represents a grammar for V then

J JI V0- 1 J2 U K2 K
is a grammar for UV.

Question. Are there any subsets of E* which are not regular languages?

Example 32. Consider E _ {a, b}. Then U = {akbak; k = 0,1,2,...} is not
a regular language.

The idea is that to construct a word in a regular language does not require any
memory other than the graph morphism and the current place in the graph;
that is, it requires a fixed, finite amount of memory. Whereas in U, constructing
akbak requires remembering k; unbounded memory is required.

Proof. Suppose 0 : X --> Sr is a grammar defining U. Suppose the number
of objects in graph X is n, and that k is greater than n.

Now akbak is the image of a path in X. Part of that path lands on the first
factor ak. That part of the path is something like:

a e a e a f a
x1 - x2 -x3 -rx4 Px5 -r... XI-1 -xl.

Look at the objects at the beginning of the a's. There are k > n such objects
but there are only n objects in the graph. Hence at least two of the objects at
the beginning of a's must be the same. That is, there must be a loop in the
path:

xi+1 -p x.1

a E ax1 x2 xi ... r x(.

But this means we get a new path in X by repeating the loop. The new path
will go to

akbak+m
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if m is the number of a's in the loop (m > 1). This is a contradiction because
akbak+- is not of the right form to be in U.

Remark. I have shown that any singleton (one-element) subset of E is a
regular language, and that regular languages are closed under operations,

U*, UV, UUV.

These operations on subsets are called regular operations. Any expression formed
by repeated use of regular operations, beginning with singleton subsets, is called
a regular expression.

3.1 Theorem. (Kleene) A subset of E* is a regular language if and only if it
can be described by a regular expression; that is, if and only if it can be obtained
from singleton subsets of E by applying a finite number of operations U*, UV
and U U V.

Example 33. Consider the grammara

J K.
c

A little thought shows that the language generated by this grammar is:

U = {bka'; k, l = 0,1, 2, .} U {c}.

Clearly, U = {b}*{a}* U {c}.

To simplify the notation, we will denote one-element subsets by the element
contained in them. So we will denote the regular language of this example by
U=b*a*U c.

Proof. We have shown that any regular expression describes a regular lan-
guage. It only remains to prove that any regular language can be so obtained.

First notice that we can always find a grammar for a regular language without
any null symbols e, provided that, instead of one beginning object and one end
object, we allow one beginning object and a finite set of end objects. Given a
grammar with null symbols we can modify it as follows: if there is a path from x
to y consisting of null symbols and one a E E, put a new edge a : x -> y (unless
one already exists); if there is a path x --> K, K the end object, consisting only
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consisting only of null symbols of null symbols then call x also an end object;
finally, remove all edges with null symbols. This results in a new grammar
describing the same language, containing no null symbols.

Example 34. Applying this procedure to the grammar (with beginning J and
end K)

a b00
J -L K

we get a new grammar with no null symbols,
a b

n a n
but now with two end objects J and K.

The language generated by either of these grammars is

{b'ak; 1, k = 0,1, 2, ... }.

Resuming the proof, we can now assume that the grammar has no null symbols.
We can also assume that it has only one end object, because the language
obtained from several end objects is just a union of the sublanguages obtained
by taking each of the end objects separately. So if each of these sublanguages is
given by a regular expression, then so is the whole language.

Consider a grammar 0 : X -; Sr, with no null symbols, and with one beginning
object J, and one end object K. If x, y are objects of X, let Ux,y denote the set
of labelled edges from x to y.

We will successively modify the graph X by removing objects, but always keeping
the same paths from J to K. At each stage the sets Ux,y will change, but will
always be given by regular expressions.

Consider an object z E X with z # J, K. Paths going through z come in from
another object, circle around z, and then go out to another object (perhaps
repeatedly). So we get the same paths from J to K if we omit z, but augment
the edges from x to y (for all pairs x, y # z) by Uz,y(Uz,z)*Ux,z

Note. The graph may become infinite, but this doesn't affect the argument.
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We repeatedly remove objects in this way until we obtain the graph

UJ,K
UJ, J

J

UK,K.

Then the set of paths from J to K, and hence the language described by the
grammar is

UK KUJ,K (UJ,J U UK,JUh KUJ,K)* .

Example 35. Consider the grammar

C
b "J a .Xb z y _K.
c

Removing the vertex z and modifying the sets of arrows by the rule given, we
obtain the graph

J
a ed b. y - . K.

cd* b

Next, omitting vertex y, we get the graph

J
a-

cd* b

fed*b
K.

Finally, omitting x we get the graph

fed*b(cd*b)*a
J

Hence the language given by the grammar is

fed*b(cd*b)*a.

§4. Automata and Imperative Programs with Input

Let E be an alphabet and consider functors from the free monoid on E to Sets.
We have seen earlier that such a functor amounts to a set X (the state space)
and functions fa : X -+ X (for each a E E).
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If the state space is finite, the functor is called a deterministic finite-state
automaton or machine, and the elements of E are called atomic inputs. We can
sketch all the information in the automaton by drawing a labelled graph with
vertices, the states of X, and arrows as follows: if f. (x) = y put an arrow from x
to y labelled with a. The arrow represents the fact that input a changes the state
from x to y. Since fa is a function, this graph has the following characteristic
property; that given x and a there is a unique arrow out of x labelled with a.

We can think about languages in a new way. Instead of giving a grammar,
that is, a way of producing words, we could give an automaton which recognizes
whether or not a word is in the language.

Definition. A finite-state recognizer is a finite-state automaton with one spec-
ified start state J and a finite set K1, K2, ... of specified end states.

A recognizer defines a subset U of E* as follows:

anan-1 ... al E U if fan ... fa2fal(J) = K;
for some end state K.

4.1 Theorem. The set U C_ E* is recognized by finite-state recognizer if and
only if U is a regular language.

Proof. A recognizer is a special type of regular grammar and hence any set
recognized by an automaton is a regular language.

Conversely, given a grammar X (without null characters), we will show how to
construct an automaton which recognizes the same language as that generated
by the grammar.

Take the states of the automaton to be the subsets of the vertices of X. Put an
arrow a : Y l -+ Y 2 if Y 2 = {y2 : 3y1 E Y I g r a m m a r }

Given Yl there is a unique arrow a out of Yl ; that is, we have defined a finite-
state machine. I still have to specify the start and end states. Take the start
state to be {J}, where J is the start object of the grammar; take the end states
to be all subsets containing at least one end object of the grammar.

It is straightforward to check that this machine recognizes the same language as
the grammar generates.

Example 36. Consider the grammar
a

b,



114 5. CATEGORIES OF FUNCTORS

with beginning object J, and end objects J, K. The language generated by this
grammar is

{b"am; m, n = 0, 1, 2, ...}.

Let's now construct a finite-state machine which recognizes this language. The
states are subsets of the objects of the grammar; that is,

0, {J}, {K}, {J, K}.

Further, a : Y -+ Z is in the machine if

Z = {z; 3y E Y and 3a : y -> z, in the grammar}.

We sketch the machine below:

a

The start state is {J}. The end states are {J}, {K}, and {J, K}.

Imperative programs with input

Earlier we discussed isolated imperative programs. An isolated imperative pro-
gram was a state space X and a function f : X -> X constructed out of some
given functions using the operations available in a distributive category.

Definition. Given an alphabet E, an imperative program with input from E
is a functor E* -> Sets, constructed out of given functions using the operations
available in a distributive category. That is, it is a set X (the state space)
and functions fa : X --; X (a E E) constructed from given functions in the
appropriate way.
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A behaviour of an imperative program consists of the effect of a sequence of
inputs on an initial state,

fal fat fa3
xo H X1 H X2 H ...,

where fa;(xt_1) = x=.

Example 37. Suppose the given functions are add, multiply, and testx<y :

IR x IR -> B. Construct an imperative program which accepts as input a natural
number, then calculates n!, then accepts another natural number, and so on.

Take the state space to be X = IR x IR x (I + I), and the alphabet of inputs to
be E = {clock} U IN. Notice that clock is a single symbol, and that there are an
infinite number of symbols in IN.

We have to give functions from X to X for each input letter; that is, flock and
fn for each n E IN.

Denote a typical element of X by (p, d, t). The idea is that when t = 0 the clock
input is enabled and the calculation takes place; the number inputs are disabled.
Conversely, when t = 1 the clock input is disabled (no calculation takes place);
the number inputs are enabled - that is, we can enter a number.

A suitable clock function is

( IR2 x (I + I) IR2 X (I+ I)
clock

( d 0)
(p.d,d-1,0) ifd>1f

p, ,
(p, d, 1) ifd<1

( d 1) d 1)(p, , , .p,

We have seen in Chapter 3, §3, that if the initial state is (1, n, 0) then repeated
clock inputs lead to the eventual state being (n!, 0, 1). The value of t is 0 until
this result is reached.

Now let's look at in (n E IN). We would like it to be the case that if t = 0, then
fn is the identity function. When t = 1 we would like fn to change the state to
(1, n, 0), the initial state of the computation of n!. So we would like in to be

fn :IR2x(I+I) IR2x(I+I)

(p,d,0) I> (p,d,0)
(p,d,1) - > (1,n,0).

It is clear that fclock and fn (n E IN) are all constructible from the given functions
using the operations of a distributive category, and hence we have defined an
imperative program.
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Further, it is clear that the behaviour is as follows. While t = 0, any clock
input results in a step of the factorial computation, and any number input has
no effect; when the factorial computation is complete a clock input changes t to
1. While t = 1, any clock input has no effect; any number input initializes the
factorial calculation, changing t to 0.

Example 38. Consider two programs: the first with input alphabet E1 = {a},
state space X and action fa : X -4X; the second with input alphabet E2 = {b},
state space Y and action fb : Y -> Y. Think of this as modelling two different
machines with two different users.

Now, consider two new programs with alphabet E = El U E2. Each of these new
programs may be thought of as a single machine with two users. The actions
corresponding to alphabet E1 are the actions available to the first user; those
corresponding to alphabet E2 are those available to the second user.

Program 1 has state space X x Y and actions
ga=faxly:XXY->XXY,
9b=lX x fb:X XY ->X X Y.

Program 2 has state space X + Y and actions
ha=
hb=lx+fb:X+Y-*X+Y.

The difference between these two programs is fundamental in computer science.

Program 1 allows the two users to work independently of each other. At any
time, ga changes the state which is of interest to the first user; gb does the same
for the second user.

With Program 2 however, the two users are in total conflict. If the initial state
belongs to the first component of X +Y then every input from the first user has
effect; no input of the second user has any effect. If the initial state belongs to
the second component then the roles are reversed.

Remark. In our analysis of imperative programs we have in effect described
a programming language where the allowable operations are those of a dis-
tributive category. If G is the graph of given functions we call this language
IMP(G). Wafaa Khalil has shown how to write a surprisingly simple interpreter
for IMP(G) in IMP(H), where H is a certain graph extending G.

§5. The Specification of Functions

An important development in programming languages is the move towards pro-
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gramming by specification of goals or functions, as distinct from imperative
programming. Often the specification actually contains the means for the goal
to be computed. This is the idea behind logic and functional languages.

Example 39. The function

f : IN IN

xi > 2x,

is specified (even without knowing multiplication or addition of numbers) by the
equations

f(0) = 0,
f(x + 1) = f(x)+1+1.

Not only do these equations specify f, they also describe how to compute f. For
example,

f(O+1+1+1) = f(0+1+1)+1+1
= f(0+1)+1+1+1+1
= f(0)+1+1+1+1+1+1
=0+1+1+1+1+1+1.

In fact, what is really going on here is that the specification is a set of generators
and relations for a category which contains the arrow f. More precisely, the
specification above consists of two graphs, one which specifies the data and one
which specifies the function.

* The data graph Data has two objects I and N and two arrows

0:I-+N, s:N-4N.
You should think of the symbol 0 as the number 0, and s as the successor
function. The arrows in the free category on this graph from I to N are of
the form sn0 and hence may be identified with natural numbers; the natural
number n is the nth successor of 0.

* The function graph Function contains Data, but has one extra arrow f
N->N.

As well as these two graphs, the specification contains a finite set, Equation,
of equations between paths in the function graph. In this example Equation
consists of

fs=ssf, f0=0.
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Definition. A functional specification consists of two graphs,

Data C Function,

and a set, Equation, of equations between paths in Function. Further Data has
three specified objects, I, J, K; Function has a specified arrow f : J -+ K.

A functional specification determines a relation

f : PathsData(I, J) -+ PathsData(I, K)

as follows: 7(7r) = a if fir = a is deducible in Function from the equations in
Equation.

Example 40. In Example 39, J = K = N. The relation specified is

f : Paths(I, N) , Paths(I, N)

Sn0 I > Sm0,

if f Sn 0 = smO is deducible from f s = ssf and f O = 0. It is clear that the
function specified is _

f : SnO H S2n0.

Note. Although the idea I began with was the specification of functions, there
is no guarantee that the relation f associated with a specification is actually a
function. It may be partially defined, or even multiple-valued. In fact, Robbie
Gates has shown that the partial functions specifiable from the natural numbers
to the natural numbers are precisely the partial recursive functions.

We'll now do two examples involving specification of functions defined on lists
of elements from the alphabet E = {al, a2, a3, ...}.

Example 41. Consider the data graph Data with three objects I, L, and N
and arrows

0:I-+N, s:N --+ N,
o : I -+ L, a,, a2, a3, ...: L -+ L.

Then a path from I to N is a natural number sn0, and a path from I to L is a
list a, a2 . ano of elements from E; think of o as the empty list, and each letter
a as appending a letter to the list.

Consider the function graph Function consisting of Data together with one extra
arrow length : L -+ N. Consider also Equation consisting of:

length a; = s length (ai E E),
length o = 0.
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(The first of these equations says that if you append an element to a list, and
then calculate the length, you get the same result as first calculating the length,
and then adding one.) Take the specified objects to be I, L and N, and the
specified arrow to be length. The function specified,

length : Paths(I, L) -+ Paths(I, N),

gives the length of a list. Here is a typical computation:

length length

s s

s s length - o

S

Example 42. We now assume that the alphabet E is ordered, say al < a2 <
a3 < . Consider data graph Data consisting of two objects I and L and
arrows o : I --+ L, al, a2, a3, .... L --+ L.

Consider the function graph Function with the same objects and arrows as Data
supplemented by two arrows, transfer : L -4L and sort : L -4L. The idea we
have in mind is that sort is the function which sorts lists, and transfer is the
function which alters a list in the following way: it takes the leftmost element
of a list and moves it to the left of the first element which is larger or the same.

Consider set Equation of equations consisting of

sort o=o,
sort a = transfer a sort (a E E),

transfer o = o,
transfer

transfer ai aj = ai aj (ai < aj E E),
transfer ai aj = aj transfer ai (ai > aj).

Take the specified objects to be I, L and L, and the specified arrow to be sort.
The function specified,

sort : Paths(I, L) -> Paths(I, L),

sorts a list into ascending order.
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Here is a typical computation:

sort a2 a1 o=
= transfer a2 sort a1 a3

a1 a1 a2 - a3 - o.

=a1 transfer
a1 a3 0

a1
a1

transfer a3 sort
a3 a1 o

transfer a3 a1 o

transfer a3
transfer

a1 o

transfer transfer
a1

transfer a1

transfer a1

transfer a2 transfer

a2 transfer

transfer a2 transfer a1

§6. What Does Free Mean?

The concepts that have been introduced so far in this book are: category,
product, sum, distributive law, functor, natural transformation, and free. These
were all defined precisely, except for the last concept. In terms of these concepts
we have been able to describe notions like: grammar, graph, language, machine,
imperative program, functional specification, circuit, flowchart, and data types.

Let me now show how the concept of free has a precise definition. It turns out
to be one of the central concepts of category theory (as it has been a key idea
in this book).

We will take as our main example the free monoid on an alphabet A.

Definition. Given a functor

A-B
and an object A E A. An object FA E B is said to be free on A if there is an
arrowIIA : A -p UFA such that for any arrow a : A - UB (B E B) there is a
unique arrow a : FA -4B in B such that UI3 77A = a.
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Diagrammatically

A U B

A 77A UFA FA

:U(3 :3!a
W W

UB B.

Note. This axiom is called a universal property. The arrow
universal arrow.

77A is called a

Example 43. Suppose A = Sets and B = Monoids, the category of monoids
and monoid homomorphisms (= functors). Consider

Sets U Monoids
where U : Monoids -> Sets is the `forgetful functor'; that is, if M is a
monoid, then U(M) is the underlying set of arrows of M, and if f is a monoid
homomorphism then U(f) is the underlying function between sets of arrows.

Given a set A, let FA be the free monoid on A; that is FA = A*, the monoid of
words in A. Clearly A C UFA; that is, letters are special words. This inclusion
function is

C
/A : A UFA.

Given any other monoid B and a function a : A - UB we can define a monoid
morphism fl : FA -> B as follows:

/3 FA B

ala2...an H a(al)a(a2)...a(an).

We must first check that 0 is a monoid morphism:

#((ala2 ... an) . (a' ' ... am)) = #(ala2 ... an a, a2 ... am)
= a(al) ... a(an,.)

(a(al)...a(an))(a(ai)...a(a.))

_ #(al ... an)/3(ai ... a..).

Finally, we must check the uniqueness of /3 : FA -+ B. Suppose y : FA -4B is
a monoid morphism such that Uy qA = a = UQ 77A. That is, ya = /3a = as for
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a E A. We want to show that y(al an) = 0(al an). Since y is a monoid
morphism,

y(al ... an) = yal 7a2 ... yan
= aal aa2 .. aan

= fi(al...an).

One simple proposition regarding free objects - the universal property of FA
determines FA up to isomorphism.

6.1 Proposition. Consider U : B -> A. Suppose FA, F'A are both free on
A. Then FA - F'A.

Proof. There exist arrows 71, : A -i UFA, iA : A -* UF'A satisfying the
universal property.

First use the universal property of FA. Corresponding to the arrow 'Ia : A -+
UF'A, there is a unique arrow 3' : FA -> F'A such that UP' 17A = 'YA

Next use the universal property of F'A. Corresponding to the arrow r7A : A ->
UFA, there is a unique arrow /3 : F'A -p FA such that U/3 r7A = 77A.

Then,
U(NN,)'/A = U/3U/3' . 17A=v l3 . r7A = 77A = U1F'A * 17A.

Hence the uniqueness part of the universal property of FA implies that

NN'=1FA-

By symmetry,

and hence /3 is an isomorphism between FA and F'A.

Example 44. Consider B = Vect, A = Sets, and

Sets - Vect,
the forgetful functor.

Given a finite set X = {xl, x2, ... , xn}, the free vector space on X is
n

a=EIR},
Y=l

the set of finite formal linear combinations of elements of X.
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The elements of X are special elements of FX, so we have an inclusion function:

7)x : X . UFX

The elements of X certainly form a basis for FX. The universal property is
the well-known property of vector spaces, that a linear map FX -+ V is given
precisely by a function X -4U(V ); that is, it is given by where the basis vectors
go.

Example 45. The free category on a graph satisfies the universal property
relative to the functor

Grphs, Cat,

which takes a category to its underlying graph, and a functor to its underlying
graph morphism.

Example 46. The definition of sum of two objects in B is a special case of
the notion of free.

Let A = B x B, and let U : B -+ A be the functor which takes B to (B, B) and
f : Bl - B2 to (f, f) : (B1i B1) -* (B2i B2 ); that is, the diagonal functor.

Now, consider an object (B1i B2) of A = B x B. A free object on (B1, B2) is
an object S of B, with an arrow (il, i2) : (B1, B2) --> US = (S, S) satisfying the
universal property.

The universal property says that for any object B E B and any arrow

(Izl , µ2) : (B1, B2) -+ (B, B) = UB,

there is a unique arrow l3 : S -+ B such that

(0, /)(i1, i2) = (p1, /,t2).

That is, given any pair of arrows /t1 : Bl -4B, P2 : B2 -4B, there is a unique
arrow fl: S - B such that /3i1 = µl and /3i2 = µ2

This is exactly the universal property of sums. That is, S with injections i1, i2
is the sum of Bl and B2-

§7. Adjoint Functors

Consider functor U : B -+ A. Suppose for each object A of A, a free object FA,
with universal arrow 77,,, exists. Then the construction FA can be made into a
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functor from A to B as follows. Given f : Al -+ A2 then F f is the unique arrow
from FA1 to FA2 such that UFf 77A1 = Tl A2 f : Al -+ UFA2; F f exists by the
universal property of FAI. If g : A2 - A3 then

U(FgFf)1)A1 = UFgUFf 71A1
=UFg.77A2. f

= 1A3'g
= UF(g.f )TI Al .

The uniqueness part of the universal property of FAl then ensures that FgFf =
F(g f ). Hence F is a functor.

Note. The defining equation of Ff is an instance of the condition for the
family 17A (A E A) to be a natural transformation from 1A to UF.

Definition. Consider functor U : B -* A. If for each A E A, FA is free on A
with universal arrow 1/A, then the functor F : A -* B defined on arrows so that

UFf '77A, = 1A2 f

is called the left adjoint of U. The functor U is called the right adjoint of F.
The pair U, F is called an adjunction. The natural transformation g : 1A -f UF
is called the unit of the adjunction.

There is a symmetry between the left and right adjoints which is not apparent
in this definition. In the next few paragraphs we will develop this symmetry.

If F is left adjoint to U with unit 77, then define eB : FUB -> B to be the unique
arrow such that

U(EB)?IUB = 1UB

The family of arrows eB (B E B) forms a natural transformation from FU to
1B. To see this notice that for g Bl -> B2,

??'tU(eB2FUg)17UB1 = UEB2UFUg 7UB,

UEB2 7/UB2 Ug

= Ug
= Ug . UEB1 77UB1

= U(g ' EB, )7/U.,
The uniqueness part of the universal property now assures us that EB2 FUg =
9 EB1, and hence that e is natural from FU to 1B.

We call the natural transformation e the counit of the adjunction. We have
already, from the defining property of e, that

UEB TIUB = 1UB;
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but there is a second equation relating the unit and counit, namely

EFA Fr)A = 1FA-

This follows from the uniqueness part of the universal condition, after the
following calculation:

U(EFA Fr7A)17A =

'UFA 7A
= 77A

U(11A)97A-

The next proposition shows that an adjunction can be characterized as a pair of
functors and a pair of natural transformations satisfying these two equations.

7.1 Proposition. Suppose U : B --> A, F : A -- B are functors, and
77 : lA -p UF, E : FU -> 1B are natural transformations satisfying

UEB 11UB = 1UB

CFA F?)A = 1FA

(B E B),
(A E A).

Then F is left adjoint to U, with unit 17 and counit E.

Proof. The essential thing to check is the universal property. Given ,u : A -p
UB, the arrow EB Fu : FA -* B satisfies

U(EB FFt)?1A = U(EB)(UF/)?)A

= U(EB )77UB . /c

= IA.

This is the existence part of the universal property. To check the uniqueness
part, suppose U/3 77A = y. Then,

EB Fp=EB
=/3.

The symmetry of an adjunction now allows us to deduce that UB is cofree on
B, in the sense that UB, with EB : FUB -> B, satisfies the following couniversal
property: given any v : FA -> B there is a unique a : A -* UB such that
EBFa=v.
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1. Consider the graph

5. CATEGORIES OF FUNCTORS

Problems 5

a b

1131 11Y
b

f['\
c d 4 e f.

µ
Express this graph as a functor from the category

0

to Sets.

1

2. (i) Let G be the cyclic group of order n. Find a faithful functor G - Sets.
(ii) Let G be any group. Find a faithful functor from G to Sets.

3. Consider PX, the set of all subsets of the set X. Show how to make P into a functor
P : Sets -> Sets by defining P f for each function f : X -i Y appropriately.

4. Show that a functor F : A -+ B with an inverse F-1 : B -+ A (i.e. F-' F = 1A,
FF-1 = 1B) is exactly an isomorphism of categories as defined in Chapter 1.

5. Suppose A is a category with products, and A E A. Show that

A F A
Xi >AxX

is a functor.
(f:X-'Y)H'AXf,

6. Consider the functor Stack from Sets to Sets. Let N be the constant functor
N : Sets --> Sets with N(X) = IN. Show that

depth : Stack(X) -> N(X)
is a natural transformation from Stack to N.

7. Show that the family of functions
popX : Stack(X) -> I + X x Stack(X) (X E Sets)

is a natural transformation (a key fact behind the justification of the crazy calcu-
lations). That is, show that for any function f : X -+ Y the following diagram
commutes:

0
Stack(X) I + X X Stack(X)

Stack(f) I I + f x Stack(f)

Stack(Y) . I + Y X Stack(Y).
popy
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8. Find regular grammars which produce the following languages:

(i) {a";n > 2}.
(ii) {amb"; m > 2,n > 3}.
(iii) {a, b, ab2 }.

(iv) Sequences of digits with optional + or - signs.
(v) Same as (iv) but with leading zeros suppressed.
(vi) {a,aba,ababa,abababa,...}.
(vii) The words in a, b, containing at least one a.

9. Show that any finite subset of E* is a regular language.

10. Let E = {(, )}. Consider the subset U of E' consisting of all well-formed bracket-
ings (e.g. (()())((())) E U). Show that U is not a regular language.

11. Show that U = {ar : p prime} is not a regular language.

12. Consider the regular grammars:

(i)

a a
J x y

E b

K

af
J

a b

X Y.

C)"
b

In each case use the method of Kleene's theorem to express the corresponding
language as a regular expression.

13. Suppose that A, B are categories, F,G : A -+ B are functors, and a : F -> G
is a natural transformation. Suppose further that aA has an inverse (aA)-1
GA -> FA for each A in A. Show that the family (aA)-1, (A E A), is a natural

Atransformation from G to F. Show that a has an inverse in B.
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14. Consider the regular grammar:
b

C)

J
a

Construct a recognizer for the language generated by this grammar.

15. Determine all the regular languages with alphabet E = {a}.

16. Write functional specifications for the following functions:

(i) f : IN - IN; f (x) = 3x + 1.

(ii) f : IN IN; f(x) =
l

1 if x odd
l 0 if x even.

(iii) f : L -> L, (L = lists of elements of (al,a2,...,a.}), defined by
f(x1X2...xn) = xiX1X2x2...xnxn

(iv) f : L -> L defined by
f(x1x2 ... xn) = xlx2 ... xnxlx2 ... xn.

(v) f : L -+ L defined by

flxix2 ... xn) = xnxn-1 -X1 -

17. Given two imperative programs

(i) El = {a}; fa : X x C -+ X x vli,
(ii) E2 = {b}; gb : C X Y - C X Y,
whose state spaces have a factor in common. Construct an imperative program
on alphabet E = {a, b, c} such that c switches control between a and b, and when
a has control the program acts like (i), when b has control it acts like (ii).

18. Suppose F : A --> B is the left adjoint of U : B -> A, and that A has sums. Show
that F(A1 + A2) F(A1) + F(A2), and F(O) = O.

19. Consider the diagonal functor:

A-AxA
A - (A, A)

f , > (f, f)
Show that a cofree object exists on (A1,A2) in A x A, relative to A, if and only
if Al x A2 exists in A.

20. Show that if F : A -> B is left adjoint to U : B -* A and G : B -k C is left
adjointto V:C-fB,then GF:A->C is leftadjointto UV :C->A.



Chapter 6

More About Products

This chapter is about free categories with products. We will look at applications
to functional specification and context-free grammars. We have seen in Chapter
2 the relevance of categories with products to circuits.

We end the chapter with some brief remarks on cartesian closed categories, and
the lambda calculus.

§1. The Free Category with Products

What can we build a free category with products out of? That is, what do we
take for generators? Remember that the generators of a category form a graph.

The answer is that we can start with some objects

A, B, C,..., X, Y, Z

and some arrows; but the arrows are not just arrows between the objects.
The arrows have domains which are (intended to be) products of objects, and
codomains which are objects.

Example 1.

X X xX g X

Such a thing, a set of objects and a set of arrows, with domains being words in
objects, and codomains being single objects, is called a multigraph.

Example 2. The following is a multigraph:

Two objects X, L.

Four arrows:
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a
I X, I ° L,

b

X x L cons

Note. The domain of an arrow in a multigraph may be the empty word in
the objects, which we have denoted as I. Arrows of the form f : XYZ -> W
are called function symbols of three variables; arrows of the form a : I -4X are
called constants.

Example 3. Given any circuit, for example

there is an associated multigraph. Name the wires and components as shown.
Then:

X xV .U

This multigraph makes sense: the component f is a function of two variables.
If X, Y, U, V denote the state space of each wire, then f acts on X x V and
produces an output in U

Now let us consider how to build the free category with products out of a
multigraph.

9
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Description of free category .FXG with products on a multigraph G

Given a multigraph

G =I Objects : X, Y, Z.... ; Arrows : f : X1X2 Xn --+ Y, ...}.

Take a sequence of symbols x1i X2.... called variables.

The objects of Fx G are the words in objects of G. The arrows of .F" G are
defined inductively by the following rules:

Rule 1. x i is an arrow from Y1Y2 . . Yn -+ Y provided i < n.

Rule 2. If c : I -4 X is a constant of G, then for any object Y of .FX G,
c:Y -+X is an arrow of T G.

Rule 3. Given n arrows

cai : XlX2 ... Xm -4 Y (i = 1, 2, ... n) in .Fx G,

and a function symbol f : Y1Y2 . . Yn -* Z E G, then

f(al,a2i...,an) : X1X2...Xrn -' Z

is an arrow of Fx G.

The arrows in Fx G with codomain a single object are exactly those produced
by successive use of Rules (1), (2), and (3). They are sometimes called terms.

Arrows in Fx G with codomain a product, that is, of the form

X1X2...Xm-YiY2...Yn

are just n-tuples of arrows X1X2 X,n -+ Y (i = 1, 2, ... , n) in Fx G. That is,
if ai : X1X2 Xm - > Y i (i = 1, 2, ... , n) are arrows resulting from Rules (1),
(2), and (3), then

a,, a2, ...pan : X 1 X 2 ... X m --a Y1 Y2 ... Y.

is an arrow of Fx G.

We omit the definition of composition in Fx G, and the justification of the fact
that Fx G does indeed have products. Composition is substitution of terms; see
[27] for details.

Example 4. Given G={a,b:I->X,o:I-->L,cons :X xL->L},what
are the arrows in Fx G from I to L?

They are the arrows built up inductively using Rules (1), (2), and (3).
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By Rule (2), I °+ L is an arrow. The only other way to get arrows from I to L
is to first have a pair of arrows I Z X, I Q L and

cons (a, 9) : I --* L. (1)

How can we get arrows into X? There are only two; a, b : I --> X. There is
no way of producing new ones. So, at the beginning, the only arrows I -p L
produced by (1) are

cons (a,o) : I -4 L, and cons (b,o) : I -> L,

built from a : I -* X, o : I -p L and b : I - X, o : I -+ L, respectively.

We can now repeat the process (1). From

b : I -> X, cons(a, o) : I -+ L

we get
cons(b, cons(a, o)) : I -- L.

It is clear that the arrows from I to L in Fx G are of the form:

cons(a, cons(a, cons(b, cons(a,... , cons(b, o) ...)))).

Such a thing is called a list whose elements belong to {a, b}. So we have a
new idea of what a list is. The symbol cons is called the list constructor; cons
appends a new element to the list.

Note. This view of lists is fundamental in list-processing languages. Through-
out this book we have been talking about lists in different guises. The list con-
structor cons we have just described is essentially the function push of stacks;
only the context is different.

Example 5. Suppose G is the multigraph with one object R, one constant
e : I -4R, and one function symbol m : R x R -+ R.

Question. What are the arrows from R2 -* R in FxG?

From Rule (1), x1 : R2 --> R, X2 : R2 -+ R are arrows. Intuitively, the arrow x1
is the first projection, and x2 the second projection of the product.

From Rule (2), e : R2 -> R is an arrow of .Fx G. To build up new arrows we
must use Rule (3). That is, we must have two arrows a, (3 : R2 -* R and then
form m(a, 0).
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For example:

m(x1,x1) : R2 -+ R,
m(x1,x2):R2-+R,

m(e,e):R2-+R,
m(x2, x1) : R2 -+ R.

(2)

(3)

These arrows have intuitive meanings. Let R = IR and m = multiplication, then
we may interpret (2) and (3) as:

IR2 IR

(x1,x2)I-> xlx2,

(x1,x2) I- > x2x1.

(*)

(**)

The commutative law for multiplication says that (*) = (**).

Remember, however, that our construction is purely formal.

Given these arrows R2 -+ R involving one in, we can now build up arrows R2 -+
R involving two m's, using Rule (3). For example, m(e, m(xl, xi )) : R2 -* R,
and so on. It is clear that arrows Rn --4R in )'x G are all expressions built up
from the variables x1, x2i ... , xn, and the constant e by repeated application of
M.

The associative law for m is an equation between such arrows, namely

m(xl,m(x2,x3)) = m(m(xl,x2),x3) : R3 -+ R.

The construction I have just described occurs throughout computer science
and mathematics: in functional programming, with languages like Lisp, ML,
Miranda; in logic programming, with languages like Prolog; in context-free
grammars; in term rewrite systems; in logic; and in universal algebra.

§2. Functional Specification with Products

In this section we extend the ideas of functional specification given in Chapter
5, §5, to categories with products.

Definition. A functional specification, using products, consists of two multi-
graphs, a data multigraph Data, and a function multigraph Function,

Data C Function,
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together with three specified objects I, J, K of F, Data, and a specified arrow f
from J to K in ',Function. In addition, a functional specification has a finite
set, Equation, of equations between arrows of F, Function.

The relation
f : HomFx Data(I, J) -* Hom,Fx Function(I, K)

determined by the specification is

f : Homg'x Data(I, J) Homf'x Function(I, K)

if f ¢ = a is provable from the equations.

Example 6. Let's see how to give a functional specification of the addition of
natural numbers.

The multigraph Data is

0 : I N, s : N - N.
The specified objects are I = I, J = N2, and K = N.

The multigraph Function is

0 : I . N, s : N N,

add : N2 , N.
The specified arrow is add : N2 --> N.

The set Equation of equations is

add(s(xl),x2) = s(add(xi,x2)),
add(0,x2) = x2.

Note. If you think of s as the successor function, then these equations consti-
tute a recursive definition of addition.

The specification contains the means for calculating the sum of two numbers.
For example,

add(s30, s20) _ s add(s20, 320)

ss add(s0, s20)

sss add(0,s20)

550.
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Example 7. We next give a functional specification of the multiplication of
numbers.

The multigraph Data is

0: I-.N, s : N N.

The specified objects are I = I, J = N2, and K = N.

The multigraph Function is

o : I . N, S : N N,

add : N2 N, multiply : N2 - N.
The specified arrow is multiply : N2 -+ N.

The set, Equation, of equations, is

add(s(xi),x2) = s(add(xl,x2)),
add (0,x2) = x2,

multiply(s(x1), x2) = add(multiply(xl, x2), x2),
multiply(0, x2) = 0.

Let's see a calculation based on this specification:

multiply(s20, s20) = add(multiply (s0, s20), s20)

= add (add (multiply (0, s20), s20), s20)

= add(add(0,s20),s20)

= add(520,S20)

= s4O.

Example 8. We will now extend the above examples to specify the function
factorial.

The multigraph, Data, is the same as in the previous two examples. The specified
objects are I = I, J = N and K = N.

The multigraph, Function, contains the corresponding multigraph for specifying
multiply and has one additional arrow:

factorial : N -. N.

The specified arrow is factorial : N -> N.
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The set, Equation, of equations, contains those for multiply, and has two addi-
tional equations:

factorial (s(x1)) = multiply (s(x1), factorial(xl )),

factorial(O) = s(0).

It is easy to see that the function specified is

factorial(sn0) = sn!0.

Example 9. Let us develop next a specification for the function which con-
catenates lists of elements from the alphabet {al, a2, ... , an}.

The multigraph Data is:
o : I-, L, cons :AxL,L,

a1ia2,...,an :1 A.
The specified objects are I = I, J = L2 and K = L.

Note. Arrows from I to L in the free category with products on this multigraph
are expressions of the form

cons(ai cons(ai2, ...));

that is, the arrows are lists. Arrows from I to L2 are pairs of lists.

The multigraph, Function, is defined by:
I L A x L Lo: - , cons : ,

aa a I A n at nate L2 . Ll, 2, -, n : , :co c e .

The specified arrow is concatenate : L2 -+ L.

The set, Equation, of equations, is:

concatenate (cons (x, 11), 12) = cons(x, concatenate(li, 12)),

concatenate(o, 1) = 1.

Let's see a calculation based on this specification:

concatenate(cons(a, cons(b, o)), cons(c, cons(d, o)))

= cons(a, concatenate (cons (b, o), cons(c, cons (d, o))))

= cons(a, cons(b, concatenate(o, cons(c, cons(d, o)))))

= cons(a, cons(b, cons(c, cons(d, o)))).
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§3. Context-free Languages

Definition. A context-free grammar on an alphabet E is a finite multi-
graph, with some of the letters of E being constants (that is, arrows with domain
I), and with one specified object E. The function symbols, other than the letters
of E, which occur in the multigraph are called productions of the grammar.

Consider the arrows from I to E in the free category with products on the
grammar. For each such arrow we can find a word in E* by just taking the
letters of the alphabet which occur in the arrow, in the order in which they
occur in the arrow. The set of all words so obtained is called the context-free
language generated by the grammar. An arrow from which a particular word is
obtained is called the parse tree of the word; it is usually drawn as a tree rather
than as a term.

Example 10. Let E = {a, b}. Consider the multigraph

a:I-->E, a:I-+X, b:I->X, a:XE-->E.

Then a(a, a(b, a(b, a(b, a)))) : I -+ E is an arrow in the free category with
products on this multigraph. The word corresponding to this arrow is abbba -
just remove all brackets, commas, and a's. It is clear that the language produced
by this grammar is (a U b)*a.

Example 11. Let E _ {a, b}. Consider the multigraph

a:I-+E, a:I-+X, b:I-+Y, 0:YE-*E, -y:EX-+E.

Then /3(b, y(y(,3(b, /3(b, a)), a), a)) : I -> E is an arrow in the free category with
products on this multigraph. The word corresponding to this arrow is bbbaa
- just remove all brackets, commas, and a's, /3's, and y's. It is clear that the
language produced by this grammar is b*a*.

Example 12. Any regular language is also a context-free language. We leave
the proof to the reader.

However, there are languages which are context-free but not regular.

Example 13. Let E = {a, b}; then U = {a'nbn; n = 0,1, 2, ...} is context-free
but not regular.

Consider the multigraph

a:I->A, b:I->B, a:I->E, /3:AEB-E.
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The arrows from I to E in the free category with products on this multigraph
are:

a:I --+ E,
13(a, a, b) : I -> E,

/3(a, /3(a, a, b), b) : I -* E,

Na, /3(a, /3(a, a, b), b), b) : I -> E,

So the language is {a"bn; n = 0,1, 2, ...}.

Example 14. Consider the alphabet {a, b, [,],+, x J, and the multigraph with
constants

]:I-+R, +:I-+B, x:I-->B, a:I-->E, b:I-E,
and function symbol

a : LEBER -* E.

Note. It is useful to think of each of the objects as a set of words of a particular
type - L is the set of left brackets, R is the set of right brackets, B is the set
of binary operation symbols, and E is the set of all expressions. Then a, the
production of the grammar, is a function producing words of type indicated by
the codomain from tuples of words, one for each domain type. The parse tree
tells you exactly how the word has been produced.

In the above example, a produces an expression from a left bracket, an expres-
sion, a binary operation symbol, an expression, and a right bracket.

A more or less typical arrow from I to E, in the free category with products on
this multigraph, is:

a([, a, x,a([,a([,b, x,a,]),+,b,

The word corresponding to this arrow is

[a x [[b x a] + b]].

It is clear that the language generated by this grammar is a set of arithmetic
expressions.

§4. Natural Numbers and Cartesian Closed Categories

We have discussed the specification of functions both in plain categories, and
in categories with products. It is clear that the more structure the categories
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have, the easier it is to specify functions. We will discuss two important extra
structures a category may admit, namely the existence of a natural numbers
object, and the existence of exponential objects.

A natural numbers object

Definition. Suppose A is a category with products. Then a natural numbers
object in A is an object N, together with two arrows 0 : I -; N, s : N -* N,
which satisfy the following universal property: given any objects A, B of A and
arrows a : B -+ A, f : A -* A, there is a unique arrow g : B x N --> A such that
both g(1B x 0) = a and g(1B x s) = fg. Diagrammatically,

1B x0 1B XSBBxN.BxN
13!g

13'g

A A.

Example 15. In the category Sets the usual natural numbers IN, with the
constant function at 0, and the successor function s : IN -3 IN, is a natural
numbers objects. Given functions a : B -> A and f : A -> A the function
g:BxN -+Amustsatisfy

g(b, 0) = a(b) and g(b, n + 1) = f (g(b, n)).

But these equations are the recursive definition of a function

g(b, 0) = a(b),

g(b, 1) = f(g(b, 0)) = f(a(b)),

g(b, 2) = f(g(b,1)) _ .fl(a(b)),

g(b, 3) = f(g(b, 2)) = f3(a(b)),

Cartesian closed categories

Definition. Suppose A is a category with products and B is an object of A.
Consider the functor

A F A

Al > AxB

(f:A-+A')1 > f X1B.
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We say that A is cartesian closed, or has exponential objects, if F has a right
adjoint U. We then denote U(C) by CB.

Remember from Chapter 5, §7, that the existence of a right adjoint is equivalent
to the existence of a cofree object CB on each C E A, with couniversal arrow
CC : CB x B -p C. The couniversal property is that, given any a : A x B --; C,
there exists a unique /3 : A -* CB such that

Example 16. As usual, Sets is the first example. Exponential objects do exist
in Sets; if B and C are sets, then CB = If : B -+ C}, the set of all functions
from B to C. The couniversal arrow is

cc

(f, b) 1 > f(b).

The function ec is called evaluation, since its effect is to evaluate a function at
an element of its domain.

Let's check the universal property. Consider a function a : A x B -+ C; then we
can define a function /3 : A -4 CB by

a 1 > (b i-a a(a, b)).

Then

AxB #x 1B
- CBxB CC C

(a, b) ;> ((b' F-4 a(a, b')), b) H a(a, b).

Hence, ec(/3 X 1B) = a. It is clear that this equation determines /3 in terms of
a and hence the universal property is satisfied.

Remark. The importance of cartesian closedness is that it allows the discus-
sion of functions which act on functions. Another calculus designed for such
higher-order operations is the lambda calculus. The lambda calculus takes dif-
ferent basic operations to achieve essentially the same result as cartesian closed
categories. One of the operations is the same. The operation of forming a func-
tion A -> CB from a function A x B --> C - which we have just described
above - is called lambda abstraction, and is one of the two basic operations of
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the lambda calculus. However, instead of composition, the lambda calculus uses
application, which in cartesian closed terms is the operation

(.f ). CB xB 6' B).

Problems 6
1. Consider the following multigraphs G. In each case describe the arrows in the free

category with products .F G with the specified domain and codomain.

(i) Three objects A, E, B; three constants a : I --> A, b : I -> B, e : I -* E; one
function symbol m : AEB --> E; find the arrows from I to E.

(ii) Three objects E, S, P; constants p; : I --> P, sj : I -+ S (i = 1,2,..., m; j =
1,2,...,n); function symbol m : SP -> E; find the arrows from I to E.

(iii) One object X; no function symbols or constants; find the arrows from X'
to X'.

2. Describe a multigraph G, containing objects X and Lol, such that the arrows from
I to Lol in J7xG are lists of lists of constants I -> X.

3. Describe context-free grammars on the alphabet E = {a, b, c} which generate the
following languages:

(i)

(ii)

{a, ab, b2 };

{a3"; n = 0,1, 2, ...};
(iii) {a"b"c; n = 0,1, 2, 3, ...

4. Show that a regular language is context-free.

5. Write a functional specification with products for the function which reverses lists.

6. Write a functional specification with products for the function which sorts lists of
{al, a2 a"; al < a2 < an} into ascending order.

7. Write a functional specification with products for the function which gives the
length of a list.

8. Write a functional specification, with products, for the function which flattens lists
of lists into simple lists.

9. Suppose A is a category with products, and a natural numbers object N. Show
how to define arrows, add : N x N -> N and multiply : N x N -> N, which agree
with the usual addition and multiplication in the case that A = Sets.

10. Suppose that A is a cartesian closed category with sums. Show that A is a
distributive category.
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11. (i) Suppose F : A -+ B is left adjoint to U : B -+ A. Show that for each A E A,
B E B there is a bijection

N
HomB(F(A), B) HomA(A, U(B)).

(Notice the analogy with adjoint linear transformations. Notice also, as an
aid to memory, that in this formula the left adjoint occurs on the left of the
Hom, the right adjoint on the right.)

(ii) Suppose A is cartesian closed. Show that for any three objects Al, A2, A3
of A there is a bijection

HomA(A, x A2, A3) -. HomA(A,, A3 z ).



Chapter 7

Computational Category Theory

In this chapter we describe briefly two procedures for computing with categories.
The first is a special case of the Knuth-Bendix procedure for determining, in a
category given by generators and relations, whether or not two paths are equal.

The second is a procedure for computing left Kan extensions, developed from
the Todd-Coxeter procedure, by Sean Carmody and the author.

§1. The Knuth-Bendix Procedure

Consider a category A given by generators and relations. Suppose the generators
form a finite graph G, and suppose there is a finite set E of relations. The
question we would like to consider is: given two paths in G with the same
domain and codomain, are they the same arrow in A? If u and v are the same
arrow in A we write u - v.

Example 1. Consider graph G with objects A, B, and C, and arrows f : A ->
A, g : A -> A, h : B --> A, k : B --+ B and m : C - B. Consider relations
E = If hk = gh, m = kkm}. Together G and E define a category A. We would
like an algorithm for determining whether or not two paths in G are the same
arrow in A. For example, is f f fghkkkm = f fghkm in A?

The Knuth-Bendix procedure is sometimes successful in producing such an
algorithm. The idea is to put an order on the paths in G, and to find rules
for reducing paths, while keeping the same arrow in A. Ideally, two paths are
the same in A if they reduce to the same path.

Ordering paths

Take an order on the arrows of the graph G. Then we can order the paths
between each pair of objects of G as follows:

if the length of u is greater than the length of v then we say u > v;

if u = al a2 an and v = bl b2 . . bn (a's and b's arrows in G) then u > v if
a1 = b1, a2 = b2, ... , ai = b;, but ai+1 > bi+1, for some i.

Observe a couple of obvious properties of this order. Firstly, if w : A-4 B,
v1, v2 : B -> C and u : C - D are paths in G then v1 > v2 implies that
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uv1w > uv2w. Secondly, between any two objects A and B of G any descending
chain v1 > v2 > v3 > . is finite.

Now, using the order on paths, each of the equations in E can be written with
the left-hand path, u say, of the equation being greater than the right-hand path,
say v. We call an equation written in this way a reduction, and we denote it
u V.

Example 2. In the example given above let us take the order on the arrows of
G to be f > g > h > k > m. Then fhk > gh, kkm > m and f f hkk > fghkk.
The equations written as reductions become

f hk = gh, kkm = m.

The reduction process

Given any path u in G we may now be able to apply the reductions of E
repeatedly, obtaining a strictly decreasing sequence u > ul > u2 > > u, = v,
while keeping u " ul - u2 - - u, = v. This is done by applying the
reductions of E to subpaths. If u can be reduced to v in this way we write

u==>*v,

and we call v a descendent of u.

Example 3. In the example we are following

fgfg(fhk)kkkm > fgfg(gh)kkkrn = fgfgghk(kkm) > fgfgghk(m).

So, in this example fgfgfhkkkm fgfgghkm.

Note. There may be several ways, or none, to reduce a given path. At each
stage we may have a choice as to which reduction to use, and on which subpath
to use it. We have observed above that any sequence of reductions will eventually
yield an irreducible path. A desirable situation would be that any sequence of
reductions applied to a path yields the same irreducible path. We give a name
to this situation.

Definition. A set E of reductions is called confluent if each path u has a
unique irreducible descendent, v say. Then v is called the normal form of u.

1.1 Proposition. Suppose E is a confluent set of reductions. Then u - v
(that is, u = v in A) if and only if u and v have the same normal form.

Proof. If u and v have the same normal form to then u - w - v and hence
u - V.
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Conversely, if u - v, then there is a sequence of paths u1, u2i u3, ... , un such
that

u - u1 -U2 N . . . - Un = v7
and ui ui+1 or ui+1 ui (i = 1, 2,3,..., n - 1).

But it is clear that if ui uj then ui and uj have the same normal form -
any descendent of uj is a descendent of ui. Hence u and v have the same normal
form.

Example 4. The example we are following is not a confluent set of reductions.
The paths fhkkm can be reduced to two different irreducible paths:

(f hk)km ==>* (gh)km

and
f h(kkm) ==>* f h(m).

But both ghkm and f hm are irreducible.

1.2 Proposition. A set E of reductions is confluent if and only if for each
pair of reductions ul = v1, u2 v2 in E the following hold:

(Subpath Rule.) If u1 = xu2y for paths x and y then there exists a path z such
that vl z and xu2y ==>* z;

(Overlap Rule.) If ul = xy and u2 = yz for some paths x, y, z (and hence
xu2 = ulz), then there exists a path w such that xv2 ==>* w and v1z ==>* w.

Proof. Certainly confluent sets of reductions satisfy these two properties -
in each case, take the common descendent to be the common normal form.

Conversely, suppose the Subpath and Overlap Rules are satisfied. Suppose that
E is not confluent, and choose a path w, minimal with the property that it can
be reduced to two different irreducible paths p and q. The first step ul = vl
in the sequence of reductions used to get from w to p must be different from
the first reduction u2 . v2 used to get from w to q, since otherwise we could
have chosen a smaller w. Further, if after the first step the two paths we obtain
are w1 and w2 then wi and w2 have no common descendent. Having a common
descendent would imply that they have a common irreducible descendent. But
by the minimality of w, both w1 and w2 have a unique irreducible descendent.
This implies, since p is a descendent of w1 and q is a descendent of w2, that
p = q, a contradiction.

There must be some overlap between the first pair ul and u2 of subpaths re-
placed. If there were none we could replace u2 after replacing u1, and conversely,
and hence obtain a common descendent of wl and W2. But the fact that there
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is common overlap between ul and u2 (or that one is a subpath of the other)
means, by the Overlap and Subpath Properties, that w1 and w2 have a common
descendent, a contradiction.

Note. Checking whether or not a set E of reductions is confluent is a finite
process. You just need to check the left-hand sides of each pair of reductions to
see if there is overlap or if one is a subpath of another. If there is overlap between
ul and u2i that is ul = xy, u2 = yz, then reduce v1 z and xv2 to an irreducible
form. If u2 is a subpath of u1, that is ul = xu2y, then reduce v1 and xv2y to an
irreducible form. If, for every pair of reductions with some form of overlap, the
irreducible forms so obtained are the same then the set E is confluent. If in any
case the irreducible forms are different then the set E is not confluent.

The Knuth-Bendix procedure

The Knuth-Bendix procedure applied to a set E of equations between paths in
a graph G consists first in checking the set E for confluence as described above.
If it is not confluent, then from either an overlap or a subpath situation we
will obtain a pair of irreducible paths p # q with p " q, since they are both
descendents of a single path. With respect to the order on paths, either p > q or
q > p. In the first case add to the set E the reduction p = q; in the second case
add q p. Adding p = q to the relations does not change the category A given
by the generators and relations, since we know that p = q is a consequence of
the existing relations.

We repeat this process, checking whether the new set of reductions is confluent,
and adding an extra reduction if necessary. The Knuth-Bendix procedure is said
to terminate if, after a finite number of steps, a confluent set of reductions is
achieved. We then have an algorithm for determining whether or not two paths
are the same in A. Reduce both paths to normal form; the paths are the same
in A if and only if the normal forms are the same.

Note. During the process of adding to the set of reductions it may happen
that existing reductions become redundant and hence may be omitted.

Example 5. Consider the example described above - graph G with objects
A,B,andC,andarrowsf:A->A,g:A--+A,h:B--*A,k:B-pB,and
m : C -4B; and reductions

E = { f hk = gh, kkm = m}.

We have seen that E is not confluent since f hkkm may be reduced to two
different irreducible forms ghkm and f hm, with ghkm > f hm. However, adding
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ghkm = fhm to the set of reductions does produce a confluent set of reductions

f hk = gh, kkm = m, ghkm = f hm.

We can now test whether f f fghkkkm = f fghkm in A, by reducing both sides
of the equation to normal form as follows:

f f f ghk(kkm) f f ghk(m) =fff (ghkm) =fff (fhm) and
f fghkm) = f f(fhm).

Therefore, f f fghkkkm # f fghkm in A.

§2. Computing Left Kan extensions

The Todd-Coxeter procedure ([10]) for the enumeration of cosets of a subgroup
in a group, has long been a powerful tool in Computational Group Theory. The
underlying procedure is, however, not specific to group theory. Here we describe
a generalization - the generalized Todd-Coxeter procedure - which relates
to a construction in category theory known as the left Kan extension. The
enumeration of cosets then becomes a special case of this generalized procedure,
which may also be used for a great variety of other purposes. One example,
which we shall illustrate here, includes listing the arrows of a category given
generators and relations.

We omit proof of the correctness and termination of the procedure. Details may
be found in the references [7], [8].

Definition. Given functors F : A -413 and X : A -+ C, a left Kan extension
of X along F consists of a functor L : B -4C (sometimes denoted LanFX) and
a natural transformation e : X -* LF, with the universal property that for each
M : B -+ C and a : X -+ MF, a factors through e as a = of e for a unique
a: L --+M.

Remark. When B is the category with one object and one arrow, the functor
L is essentially an object of C. In this important case L is called the colimit
of X. We have already seen a special kind of colimit; if A is the category with
two objects Al, A2 and two arrows, then a functor X : A -f C amounts to two
objects X (Al ), X(A2) of C, and the colimit of X is X (Al) + X(A2)-

We will be interested here only in the case when C = Sets. We now give an
explicit formulation of the left Kan extension for this case.
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2.1 Theorem. Given functors F : A --+ B and X : A -> Sets, where A and
B are finitely generated categories, the left Kan extension, L, of X along F is
given as follows:

on objects

LB = ( B(FA, B) x XA I for B E B,
AEA

where - is the smallest equivalence relation such that for all f : A -> A' in A,
g: FA'->Bin B,xEXA;

(gFf, x) - (g, X f (x));
on arrows

Lh: LB --> LB': [g, x] H [hg, x], for h: B -- B' in B,

(1)

where we denote the equivalence class of (g, x) by [g, x].

Proof. Since for all f: A -> A' in A, g: FA' --r B in B, x E XA,

[hgFf,x] = [hg,Xf(x)] by (1),

it follows that the map (g, x) -4 [hg, x] respects (1), so L is well-defined. Func-
toriality of L follows directly from associativity of composition in B.

We define
CA: XA -> LFA

1--1 [1 ]

Setting g = 1FA' in (1) gives

FA, xX

[Ff, x] = [1FA', X f (x)],
so LFf CA(X) = CAlX f(x).

for all f :A -+ A' in A, x E XA. Hence e: X -> LF is a natural transformation.

Given any other functor M: B -> Set and natural transformation a: X -* MF,
define:

O 'B: LB -> MB: [g, x] i---) Mg aA(x).

Since for all f:A->A'in A,g:FA'->Bin B,xEXA,
M(gF f)aA(x) = MgMF f aA(x)

= Mg aA'(X f (x)) (by naturality of a),
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it follows that the map (g, x) i-* Mg aA(x) respects (1), so aB is well defined.

Now for all h: B -> B' in B and [g, x] E LB,

Mh aB[g, x] = MhMg aA(x)
= M(hg)aA(x) (by functoriality of M)

= crBl [h9, x]
= aB1 Lh[9,x],

so a: L -- M is a natural transformation.

Finally,
(OF 0A(x) = (QF)AEA(x)

= QFA Q1 FA, x])

= M(1FA)a(x) (by definition of v)

= aA(x);
thus we have the required property that a factors as

a is unique, since

a = aF E UFA Q1 FA, x]) = aA(x)

and given g : FA -4 B in B, by the naturality of a,

aBL9([1FA,x]) = Mg . UFA([1FA,x]).

Thus,
QB ([9, x]) = Mg - aA(x)

as given above.

Note. A and B are required to be generated by a finite graph to ensure that
the sum in the expression for L is actually meaningful.

We now give two examples of left Kan extensions. We will use one of them later
to provide an illustration of the use of the procedure.

Example 6. (Categories.) Consider a category B. Let A = obj B be the
category whose objects are those of B and with only identity arrows. Let
F : A -> B be the inclusion of obj B in B. Let X : A --> Sets be the
constant functor at a one-point set.

Then the left Kan extension gives the arrows of the category B. More precisely,

L(B) _ E B(B', B).
B'EB
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This clearly comes directly from the above theorem. Here e maps the one-point
set to the identity arrows.

Note. It is easy to see that L is a faithful representation of the category B in
Sets.

Example 7. (Cosets of a Group.) Let B be a group G, considered as a category
with one object *, and let A be a subgroup H of G, also considered as a category
with one object *. Let F : A -+ B be the inclusion of H in G. Let X be the
constant functor at a one-point set.

Then the left Kan extension gives the cosets of H in G. That is, L* = GI H,
and

Lg: G/H - G/H: xH H gxH.
This follows from the above theorem, since the expression for L* reduces to
G/ -, where gh - g for all h E H. However,

giH=92H g2lgi EH
92 gi = h for some h E H

e gl = 92h for some h E H.

Thus the partitioning of G into cosets is, in this instance, precisely the equiv-
alence relation expressed by (1). Also, e* maps the one-point set to the coset
H itself. It is this example which provides the connection to the original Todd-
Coxeter procedure.

The general procedure

We now describe the generalized Todd-Coxeter procedure. In full generality,
the description is somewhat complicated, since there is a substantial amount
of information to contend with. We will do one simple example to clarify the
processes involved.

Specification

We now specify precisely the input data that the generalized Todd-Coxeter
procedure requires, and the resulting output it produces if it terminates.

Input

Category A: objects and generating arrows, i.e.: a finite graph GA.

Category B: objects and generating arrows, i.e.: a finite graph GB.
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Relations R: a set of `relations' between the generating arrows of B. More
precisely, a finite set of pairs of arrows with matching domain
and codomain in the free category FGB on the generators of B.
If (fl, f2) E R, we say fi = f2 in R.

Functor X: a collection of finite sets XA, for each A E A (for simplicity,
these sets will always be specified as [n] = {1, ... , n}), and
functions X f : XA1 --> XA2, for each generator f : Al -* A2
in A.

Functor F: a map from the objects of A to the objects of B, and a map from
the arrows of GA to the arrows of FGB; that, is each generator
of A maps to a path in the generators of B.

Output

Left Kan extension L: B --> Set (given on generating arrows).

Natural transformation e: X --4 LF.

The procedure will terminate if and only if LB is finite for each B E B.

Terminology

Tables

These extend the basic multiplication and relation tables of the traditional Todd-
Coxeter algorithm. In the general case, there are four types of tables. The first
two types contain information on sets and partial functions which are generated
during the course of the procedure, while the last two types are used to impose
relations between the elements of the sets generated. We describe the tables as
they are at the beginning of the algorithm, initialized with all the input data.

(i) (e-tables.) For all A E A these are tables of the form

eA

X A -> LFA
1

2

n

where in this case, XA = [n]. When the procedure terminates these tables
will give the components of the natural transformation e.
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(ii) (L-tables.) These tables are perhaps best thought of as a collection of
tables for each B E B, generators g;: B -* B; in B:

Lg;

LB -> LBi

But for convenience we will compress these to

L91 L92

LB LB1 LB2

Lgn

LB,,

for all B E B, where {g1, ... , gn} = {g in B I domg = B}. When the
procedure terminates, these tables give the effect of the functor L on objects
and generating arrows of B.

(iii) (Relation tables.) For each relation gn 91 = hm .. hl: B1 --* B2 in
R,

L91 Lgn Lh1 Lhm

LB1 -...->LB2 LB1

(iv) (Naturality tables.) For all generators f: Al --> A2 in A, if Ff =
9n' * *91

Xf EA2 EA1 L91 Lgn

XA1 -> XA2 -> LFA1 XA1 -4 LFA1 - -> LFA2

1 5 1

2 3 2

n 2 n
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Here, for the purpose of illustration, we have taken X Al = [n] and
Xf:1-*5,2H3,... ,nH2.

Note. Tables (i) and (iv) will be of fixed length, determined by the sizes of
the XA, while in general, Tables (ii) and (iii) will vary in length over the course
of the algorithm.

Undefined elements

Undefined elements are unfilled entries in tables (i) or (ii) in rows which have
elements appearing in the left-hand column. For example:

EA

or

L9i L92 L9,,XA -* LFA
1

2

n

LB LB, LB2 ... LB,,

1

2

3 4 ... 7

Here we say that EA(1) and Lg1(2) are undefined. Note that initially there will
always be some undefined entries, and that these will all be in the E-tables.

Coincidences

Coincidences consist of two different elements which are to be made equal, and
may occur in either of two ways. Firstly they may appear in tables (iii) or (iv),
when two elements appear in the same row of a table, one at the end of the
left-hand side, the other at the end of the right-hand side. For example:

L91 L9,, Lh1 Lh,,

1 3 1 3

2 ... 4 2 ... 6

3 3

Here we have a coincidence, namely 4 and 6. We denote such a coincidence by
4 - 6. The second way coincidences may occur is in `dealing with coincidences'
(discussed in more detail below). In this case they arise in the L-tables when
two different elements occur in the same column of two rows which are already
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coincidences themselves. For example, if we have a coincidence of 1 and 2, and
have the table

Lgi Lg2 Lg
LB LBI LB2 ... LB,,

1 3 4 7

2 3 5 7

then there is the further coincidence of 4 and 5.

The Procedure

We have shown that the left Kan extension is given on objects as the quotient
of

E B(FA,B) x XA
AEA

by an equivalence relation. The generalized Todd-Coxeter procedure essentially
enumerates the elements of the closely related set

E .:'GB(FA,B) x XA
AEA

and periodically employs a sub-procedure to impose both the equivalence relation
described in the theorem, and the relations between generating arrows of B.

The general procedure is given by

initialize tables

while there are undefined elements

define new elements

fill in consequences

while there are coincidences

(

deal with coincidences

fill in consequences
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Above we described how to initialize tables, and explained the terms undefined
elements and coincidences. It remains to describe the procedures filling in
consequences, defining new elements and dealing with coincidences.

Filling in consequences

It has been noted that the tables of type (i) and (ii) represent partial functions
between the various sets XA and LB. When we fill in consequences we use these
partial functions to fill all possible entries in the type (iii) and (iv) tables.

Defining new elements

Given an undefined element in a column headed by, say LBI, we define a new
element of LBI, adding to LBI the first integer not already in LB1 and placing
this firstly in the unfilled position, secondly in the left-hand column of the LB1-
table, and thirdly in the left-hand columns of each side of each type (iii) table
which begins with LB1. We clarify this with an example.

Example 8. Suppose we have tables

L91 L92

LB1 -> LB2
1

Lg

L9,,

LB LB1 LB2 . . . LB
1

2

2 4 ... 7

and

L91 Lh1Lg.

1

2

3

5

1

2

3

5

3

2

Then we define a new element for Lgl(2) and these tables become:

L91 L92 L9,,

LB LBI LB2 . . . LB,,,

1

2

2

3

4 ... 7
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Lg

LBI - LB2
1

2

3

3
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and

Lgl Lgn Lh1 Lhn

LB1- --4LB2
1 3 1 3

2 5 2 5

3 3

It is also essential to clarify which new elements to define and when to define
them. In this step of the procedure, we may define any number of new elements
(though at least one must be defined), and the only necessary guiding principle
in choosing which ones to define is that for each x E XA and g = gn gl
in FGB the element Lgn . . Lg1EA(x) would be defined after a finite number
of steps of the procedure (if it does not terminate first, of course). A typical
systematic method is to firstly define elements in the e-tables, and then to work
row by row across the L-tables.

Dealing with coincidences

We take a coincidence, say x - y, where x, y E LB, from the list of current
coincidences. We then add to the list of any coincidences arising from the L-
tables as a result of the x - y coincidence in the manner described above. Next,
replace every occurrence of, say, y as an element of LB by x in the tables and
the coincidence list (traditionally the smaller of the two replaces the larger, but
this is not essential). Finally, for appearances' sake, we generally relabel the
elements of LB so as to obtain a set of consecutive integers once more.

A Calculation Example

We now consider the left Kan extension of X along obj B -* B, where X takes
objects to one-point sets. Here LB consists of all the arrows into B. Thus the
generalized procedure may be used to enumerate the arrows of a category given
by generators and relations.

We again consider a simple example.

Example 9. Categories. We specify the category B as:

objects: A, B, C;

arrows: a : A -> B, 3 : B -* C, y : C -4 A;

relations: y,Qa = 1A, a7/3 = 1B, /3a7 = 1C.

There are no tables of type (iv). In the tables which follow, notice the way the
treatment of identities in relations essentially as empty words in the generators.
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So we have initially

(i)

EA

XA-+ LA
1

La
LA -* LB

La

EB

XB--LB
1

L/3

LB ->LC

L/3 Ly

LA -> LB -> LC LA

L/3 Ly La

LB - LC - LA -LB

L-y La L/3

LC ->LA -

We begin defining elements until we obtain

(i)

CA

XA -> LA
1 1

La
LA - LB

2

3

4

EB

XB -*LB
1 1

L/3

LB-LC
2

3

4

EC

XC -* LC
1

Ly

LC -* LA

LA

LB

LC

EC

XC
1 1

Ly

LC LA
2

3

4

157
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La

EA

LA-+LB-4 LC->LA LA
1 2 3 4 1

2 3 4 2

3 4 3

4 4

L/3 Ly La

LB - LC - LA ->LB LB
1 2 3 4 1

2 3 4 2

3 4 3

4 4

Ly La L/3

LC-* LA ->LB -*LC LC
1 2 3 4 1

2 3 4 2

3 4 3

4 4

This results in coincidences 1 - 4 in each of LA, LB, and LC. We now deal
with these coincidences, which produce no further coincidences.

(i)

L/3 Ly

EC

XA -* LA
1 1

EB

XB - LB
1 1

XC -*LC
1 1

La L/3 Ly

LA ->LB LB ->LC LC ->LA
(ii) 1 2 1 1 2

2 3 2 3 2 3
3 1 3 1 3 1
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La L/3 Ly

LA -ALB - LC --ALA LA
1 2 3 1 1

2 3 1 2 2

3 1 2 3 3

L3 L7 La

LB -4 LC -4LA ---*LB LB

1 2 3 1 1

2 3 1 2 2

3 1 2 3 3

Ly La Lj3

LC -> LA - LB -> LC LC
1 2 3 1 1

2 3 1 2 2

3 1 2 3 3

With no undefined elements and no coincidences, the process is now complete.
Thus we have enumerated the arrows of the category C and have tables describ-
ing composition with the generators. For example, LA gives all the arrows into
A. By observing the positions in which they appear in the composition tables,
we may identify 1, 2, 3 of LA with 1A, y, 70-

Remark. Each of the algorithms described in this chapter has extensions to
categories with structure; for example, categories with products. These exten-
sions are much more powerful, and allow the computation of general algebraic
structures given by operations and equations.

The extension of the Todd-Coxeter algorithm described here has been pro-
grammed by Craig Reilly and Sean Carmody and is available by anonymous
ftp from maths. su. oz. au

Problems 7
1. Consider the graph G with one object and with n arrows a,,a2,...,an. Consider

the set E of equations aiaj = ajai, (i # j; i, j = 1,2,3,... , n). Consider the
following ordering on the arrows:

al >a2>...>an
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Show that the set of reductions obtained from this order on the arrows is confluent.
Describe the normal form of any path in G.

2. Use the algorithm for computing left Kan extensions to represent each of the
following categories as a category of sets and functions:

(i) Two objects X, Y; arrows s : X -+ Y, p : Y -+ X with ps = 1X.
(ii) One object X; arrows 1x, a, a2 such that a3 = 1X.
(iii) One object X; arrows 1X, a, a2 such that a3 = a2.
(iv) One object X; arrows 1X, a, a2 such that a3 = a.
(v) One object X; arrows 1X, al, a2 such that a;a,, = a= (i,j = 1, 2).
(vi) One object X; arrows lx, al, a2 such that a;a, = aj (i,j = 1,2).

3. Show that there exists a category with graph that given on page 4.

4. Apply the Knuth-Bendix procedure to the generators and relations given in Prob-
lem 10 of Chapter 1.
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