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The paper develops a calculus of ends for categories enriched in the bicategory Span(¢’) (when
& is a topos), which is suitable for the notion of functor category with domain a category internal
to €. The basic property of the bicategory Span(€ ) which is appropriate to this calculus is ‘inter-
changing of variables’, which takes the form of a compact closed monoidal structure. In fact,
in the presence of compact closedness, the calculus of ends becomes exactly the calculus of indexed
limits. The leading example of locally internal categories over & is followed throughout the paper.

1. Introduction

This paper is a sequel to [4], to which we refer for general terminology. In [4],
and earlier in [3] and in [14], it was pointed out that a locally-internal category over
an elementary topos € can be usefully regarded as a category enriched in Span(¢€).

The objects of Span(€) are thought of as indexing types. To consider several
variables at a time it is necessary to consider the product in €, which induces a ten-
sor product in Span(¢€). The analogy with symmetric monoidal closed categories
(underlined in [3] and [4]) then becomes even more evident. Indeed, most of the
classical theory of categories enriched over a symmetric monoidal closed category
extends in a natural way.

In this paper we investigate further completeness of categories enriched in
Span(¢€), introducing ends and functor categories with domain an internal category.
The structure on the base bicategory which is appropriate to this study, as abstracted
from Span(€), is a compact closed monoidal structure (developed in [7], extending
the notion of Kelly [10]). In fact the calculus of ends [9] is exactly the calculus of
indexed limits in the presence of compact closedness. We apply this calculus to the
important special case of locally internal categories, the study of which can be largely
seen as an axiomatization of families of objects (see Lawvere’s Perugia notes [11],
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and also [1,2,12, 13]. Hence in this paper, as previously in [3], we pay particular
attention to the example of Fam(C), where C is an ordinary locally small category,
regarded as a Span(Sets)-category.

2. Tensor product

2.1. Let € be a category with finite limits. There is a coherently associative, sym-
metric and unitary tensor product which is a homomorphism of bicategories

given on objects by the product in €. On arrows o : u— v and f: 4’ —+> v’ the pro-
duct is defined as follows:

a@B:uxu —+vxv’

is given by the matrix a; ;< B¢ , (ieu, jev, keu’, [ev’). On 2-cells the product is
defined termwise.

Observe further that the process of taking the transpose of a matrix provides an
involutory homomorphism

( )°:Span(¢€)°® — Span(¢'),

which is the identity on objects. If & is a Span(€ )-category, we then define the op-
posite category & °P as the category with the same objects as &, the same underly-
ing object function e:ob & —ob &, and the hom given by

A P(x, y) =X (y,x)°.

To fix notation, we shall denote categories enriched in Span(€ ) by &, %, ..., but
we reserve the notation A4, B, ..., for one-object Span(& )-categories (= categories
internal to €).

If ¢: A—> B is a module of Span(¢€ )-categories, then ¢°: B°® — 4° denotes
the module whose components are ¢°(b,a) =¢(a, b)°.

Definition. If 2" and % are Span(¢ )-categories, the tensor product category & Q ¥
is defined as follows: the objects are the pairs (x, y) with x in & and y in ¥, the
underlying object of (x,y) is e ,,=e,®e,, and the hom is given by

(@ YN y), (X, ¥)=Xxx)R ¥ (y,)).

2.2. Observe that Span(€'), with respect to the tensor product, has a compact closed
structure, in the sense that there are isomorphisms of categories
Span(é )(u ® v, w) =Span(& )(u, v° @ w), (1

pseudo-natural in «, v and w, (see [7] in the locally partially ordered case, [10] for
monoidal categories).
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Moreover a calculation shows that this compact closed structure lifts to modules,
in the sense that for modules between Span(€ )-categories there are the isomorphisms

Mod(4A ® B, C)=Mod(4, B ® C), 2)

pseudo-natural in each variable, provided it varies over small categories. Observe
that these isomorphisms include those of (1), as their restriction to discrete one-
object Span(¢€ )-categories.

We denote objects corresponding under the isomorphisms (2) as follows:
@: AR B> C corresponds to ¢:A—+> B°°® C. Furthermore, for brevity, we
make an abuse of language treating the isomorphisms in (2) as if they were in fact
natural. It is worth writing explicitly the naturality laws, observing that the category
which varies, in each case, is required to be one-object:

Rule 1:
- RN): A B+ ARXB—+C
p-a:A 1+ A+ BPRC ’
Rule 2:
y- 9o AQRB—+C—+C’
(1®y)-¢9:A+ BPRCH+BPRC"’
Rule 3:

¢-(1QP):ARB P ARKB+C
B°®1)-¢:A+BPRCHBPRC’

Example. Recall from [3,4] that a Span(€ )-category & is locally internal to & if
it admits substitution along maps, i.e. if for every map f:u —v in &, regarded as
the span (1, f) : u —> v, and for every object x lying over v, there exist an object f*x,
lying over u, and isomorphisms

'Q‘(f*x7y)z’g'(x’y)'fs (3)

natural in y. Recall that categories internal to € are just one-object Span(¢ )-
categories.

When & is a locally internal category, & ° is also locally internal. This follows
from the fact that the substitution property (3) can be equivalently stated in the form

X(x, f*)=f°- Z(x, ).

When & and & are locally internal categories, 2°® % is not necessarily locally
internal. However, the following formula holds for general Span(€ )-categories:

L(AHRQY)=LAXLY

where & denotes the free locally internal category on a Span(€ )-category (see [3]).
Hence, if & and ¥ are locally internal, then (X' ® ¥ )= X X ¥. Observe more-
over that when A and B are internal categories, A ® B is the usual product of inter-
nal categories.
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2.3. Hom functor. Suppose now that € is an elementary topos. To a Span(¢)-
category A with one object, another Span(é )-category #A can be associated which
represents modules out of A:

F: - PA
SR @
F.A+bx

The objects of #A over u are modules A —+ « and the hom is given by right Kan
extension:

PA(e, By=hom™ (o, B).

Note. We often use the same notation for a module and the functor corresponding
to it under (4).

Let 7 denote the terminal object of € regarded as a (discrete) internal category.
Then &1 can be thought of as &, regarded as a locally internal category over itself:
objects over u are arrows I —+ u, i.e. maps in € with codomain u. If f: w— u and
g:w’'— v are two objects, then the formulae for right extensions in Span(€') (see for
instance [3]) give:

,@I(f,g)zfﬂl (Ixg). &)

Definition. If & is a Span(¢ )-category, then
Homy : PR X — PI

is the Span(€ )-functor which takes (x,x") to
Xx,x):I+eRe,.

It is now easy to see that modules can be represented as functors with codomain
ZI.

Proposition. There is an isomorphism of categories Mod(#, ¥ )= Cat(X @ ¥, #I),
where Mod and Cat are the bicategories of Span(é )-modules and of Span(é )-
categories.

Proof.
@X—> %
— (by (2)
I+ ZXPRY
— (by (4))
XPRY — FI.

2.4. The category &I admits a tensor product ® : I®Q #I— £, induced from the
tensor product on Span(¢') as follows: given f:a—u and g:b—v, then

fOg=fxg:axb—>uxuv.
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With this tensor and the hom defined above, &I is a ‘monoidal closed Span(€ )-
category’, in the sense that:

Proposition. For any f,g,h in #I
PIf Qg h=2I(f, PI(g h).

Proof. From formula (5), observing that

II (1><h)zH<l><H(l><h)>. O

Sfxgx1 xl gx1

3. Ends and the Fubini theorem

3.1. Suppose A is a category internal to €, and consider the module
Hom, : I+ APR A.

Definition. Given a functor 7: A°® A — &, the end of T, if it exists, is the limit
{Hom,, T} of T indexed by Hom,,.

As usual, we use the notation

T: {HOmA, T}
p

for the end of T.

Remarks. (1) Recall that the limit {¢, F'} of the functor F: C— & indexed by the
module ¢:u—+> A4, when it exists, is an object representing the right lifting
homq{¢, F*) of F*=2'(1,F) through ¢, where in general (G, F) for functors
F G
A— X—B
denotes the module with components
X(G, F)b, a) = A(Gb, Fa)

(see [6] for this module calculus).
The limit {@, F} is characterized by the following universal property:
Y= (G, {p,F})
¢y Z(GF)

for any module y: B—> u.
When the enrichment is in a symmetric monoidal category, indexed limits coin-
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cide with those introduced in [5], and the notion of end coincides with the usual one
for enriched categories (see [9]).

(2) We can also consider ends with extra variables: given a functor T: D@ AP ®
A— 2, we denote by {, T:D— & the limit {l1, ® Hom,, T}.

(3) By [4], if & is a complete locally internal category, then it admits all ends.

3.2. The end formula. The end formula for limits of Day and Kelly [8] can be ex-
tended to our case.

Proposition. Suppose A is an internal category. For any functor F: A - & and any
module ¢ : I A,

{p.F1=|{9°®1,4,F}
A

if the right-hand side exists.
Proof. First observe that, by applying rule 1 and rule 2 of 2.2, ¢ factors as

?
I—+———A=IKRA
Hom/“\\‘ //<];°®1A
AP R A

Then use the fact that the limit {¢ - v, F'} of a functor F indexed by a composite can
be computed as {y, {@,F}}. So we have:

{9.F1={(¢°®14) - Homy, F}=| {9p° @ 14, F}. U

A
Remark. Suppose F and ¢ are as in the proposition above, and " is complete. Then
(1, {p°® 1,4, F})=hom;g 4(¢° ® 14, F*): X+ AP R®A
corresponds to hom;(¢°, F*): A ® & —+> A°” (by applying rule 2) which does

not involve the category structure of A.

3.3. Proposition. Suppose G: ¥ QAR A—>FI and H: ¥ — PI are functors.
Then there is a bijection of natural transformations

H-{,G
H®Hom,—~ G
where H(® Hom 4 denotes the composite

H&Hom
YRAPR AT pr 2y 212 21
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Proof. The result comes from the following sequence of bijections:

H-{,G

1y > PIH, ], G)
14 @ Hom 4 —» 2I(H, G)
1y garea — PIHom,, PI(H,G))

(def. of end)

(right lifting)

(Prop. 2.4)
1‘?/®A°p®A —M@I(H@HomA, G)

H@OHom,~ G |

3.4. Proposition (Fubini theorem). Suppose & is complete. Given a functor

T:APQ®ARDPRD—> X

)ire { ng' |7

A

we have

U

Proof. Just observe that
HOmA®DE (IA("’®A ® HOmD) * HOmA
= (HomA X 1D°"®D) . HomD

and apply the fact that limits can be computed iteratively. [

Example. Consider the category Fam(C), where C is an ordinary small-complete,
locally small category. Let A be a small category, regarded as a one-object
Span(Sets)-category, and consider a functor

T: A®® A - Fam(C).

We prove that 5 4 T exists and give a formula to compute it.
Let u be the set of objects of A regarded as a discrete category. First consider the
two arrows in the base

—+
HomA,HomM:I_*_,u"p@u.

We can compute the limits {Hom,,, T} and {Hom,, 7'} separately.
The formulae for right liftings in Span(Sets) give:
{Hom,, T} =[] 7G, )

and .
{Hom,, T} =[] 7¢G, /)"

(¥
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(such products exist because C is small-complete).
There are two arrows
{Homy,, T} 3 {Hom,, T'}

assigned by combining the effect of T on arrows, namely T(1, f) and T(f, 1), and
their equalizer in C is {, T.

As a consequence it is easy to show that Fam(C) is a complete Span(Sets)-category
in the sense of limits indexed by modules ¢ : v — A4, where A is one-object. By the
end formula on limits (see 3.2) we have

{¢!F}E \, {¢°®1A1F}
A

and by the remark of 3.2, the limit {¢°® 14, F} can be obtained by a discrete
limit. A direct calculation shows that discrete limits always exist in Fam(C) when C
is small-complete. More precisely, when x: A — Fam(C) is a functor and y:u—+>v
is a module (« and v discrete), the limit {w,x} can be calculated by the formula

{V/,X},‘E H Xf”
J

where ieu and jev.

4. Functor categories
4.1. Suppose & is a Span(¢€ )-category, and A is internal to €. The functor category
2 has objects over u the functors
Fru®@A— .
The hom in &' is defined by

aA(F,G) =\ Homy,(F,G)
a

as in the following diagram:

Hom ,

u0P®U®AOD®A_F%_,,«%OP®.a}; P

®Hom , aNEG)

I, o

uPRou®rI

Observe that SA Homy-(F, G) is an object of #I lying over u° xv, i.e. it cor-
responds to an arrow ¥ —> v in Span(¢).



The calculus of ends over a base topos 219

To define composition in &4, we first recall from [3] how limits can be com-
puted in a category of the form #A. Recall from 2.3 that when B is an internal
category, any functor F: B— %A corresponds bijectively to a module #: A — B.
Now the indexed limit {@, F}, as an object of #A is given by the right extension
hompg(¢, F).

By rule 2, we now have that fA Homy (F, G) can be calculated by means of a
right lifting in Span(¢):

2 A(F, G)=hom,g 4o 4(v @ Hom 4, Hom,(F, G))

which is a module u —+> v.
Now composition in 24 is defined using the universal property of right liftings.

Theorem. If A is an internal category, there is an isomorphism of categories
F:%—a
FAQY >

Proof. Given F: % — &'", the corresponding functor F is given on objects by
F(a, y)= (Fy)(a), where a is the only object of A4 and y is an object of ¥.

The effect on arrows of F corresponds to that of F under the bijection of Proposi-
tion 3.3, taking

HyY=¥%(,y")
and

Gla,a’,y" )= Z((Fy)a),(Fy')a'). U

Remark. It is easy to check that 2 is complete whenever & is complete. More-
over, limits can be computed pointwise, i.e. {¢,F} corresponds to {¢ ®1,,F}
under the isomorphisms (2), where D is an internal category and ¥: D® A — & cor-
responds to F: D— & as in the previous theorem.

In particular, if & is a locally internal category, also 2 # is locally internal: to
see this it is enough to observe that the indexing module f&® 1, is a map if fis a
map.

Corollary. If A is an ordinary small category, Fam(C) and Fam(D) are categories
of families, with C and D locally small, then there is an equivalence of categories

Fam(D) —» Fam(C)*
%A x Fam(D) - Fam(C)

Proof. By the fact that £(A ® Fam D)= %A x ¥Fam D (see 2.2) and the universal
property of £. []
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4.2. Examples. (1) Internal presheaves. For any internal category 4, we have
PA =21

The correspondence on objects is the following: given an object ¢: A —> u over u
in A, we get a module 7 — 1 ® A°P by interchanging the variables. Hence an ob-
ject (over u):

U A® =PI
in 2117,
(2) Families. Consider a small set u. If C is an ordinary locally small category,

then Fam(C)" has objects over v the families indexed by uxv. If x is over v and
y is over w, by applying the formula for right liftings in Span(Sets), we have:

Fam(C)“(x, »)x = [[ Clxy, yix)-
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