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R. Betti and R.F.C. Walters

Cauchy-completion for enriched categories was introduced by F.W. Lawvere £33,
generalizing the notion for metric spaces. In this paper, we are concerned with the
case of categories based on a bicategory which is locally partially-ordered ([5]1,[6],
[1]). A natural question that arises is whether the Cauchy-completion of a
symmetric category is again symmetric. This is true for metric spaces (although the
contrary is claimed in [41]), but false in general. We prove that if the base bi-
category satisfies the "modular law" (as defined by P. Freyd) then symmetry is
preserved by Cauchy-completion. An application is the description of sheafification
in terms of Cauchy-completion.

We refer to [5],[6] for definitions not given here.

1. The modular law

‘Let B be a bicategory. Objects of B will be denoted u,v,w,..., and arrows
0,0,T,... . Throughout this paper we will assume that B is locally a complete poset,
and that suprema in each B(u,v) are preserved by intersection in B(u,v) and by
composition with arrows (or both sides). We will also suppose given an involution
()°: B°F

: B + B (reversing arrows, but not order) which is the identity on objects.

Examples. The main examples we have in mind are (i) Lawvere's monoidal category R
regarded as a bicategory with one object (see [3]), (ii) the bicategory, Rel, of sets
and relations, and, more generally (iii) the bicategories Rel(C,J) of relaticns aris-

ing from a category C with a topology J, as defined in [1] or [6].

Definition. (P. Freyd) B satisfies the modular law if, for arrows p: u > v,

g: v>wand 1: u > w, we have
o
TA(op) <ol TAp).

Remark. The bicategories in examples (ii) and (iii) satisfy the modular law, though
not example (i).

We need the following technical

Lemma. If B satisfies the modular law and (ai)ie is a family of arrows a;:u-u

I
. . o
<
satisfying lu < .V a; then 1u < v (ai Aai).
iel i€l

Proof. First we prove that if b < lu: u > u then b = b°. To see this note that



o
b = luzA(blu) < b(b lu Alu) (modular law)
o
<
< lu(b /\lu) (b < lu)
< p°.

But b < lu implies b® < li = 1u and hence, as above, b° < b.

o o
Now applying this result to b = 1Aa; we get that 1 aa; = 1, na; < ag and
o
so lu/\ai < a; Aai.

i ti 1 a. i i that
Finally notice that . i!I 5 implies a

I RS e e

o
\e/I ai) = i\e/I(luAai) < i\e/I (ai Aai) . Q.E.D.

2. Adjoint bimodules

Let X be a B-category. The Cauchy-completion PX of X (described in [1]) is

defined by

(i) elements of PX over u are adjoint pairs of bimodules ¢: 4 —— X,

Y: X +=>14, ¢ — ¢;
(ii) d((¢l,wl) ,(¢2:w2)) = ‘112 ° d)l'

Now the main result of the paper depends on the following representation

theorem for adjoint pairs of bimodules:

Theorem. If B satisfies the modular law and ¢ — ¥: u ~+> X is an adjoint pair of

=
bimodules, then
(1) ox) = ¥, dlyx - W) Ad(y)),
and (1) 90 = Vo W A%y - d(x,y) .
Proof of (i).
Firstly, ¢(x) =V dly,x) -o(y) (Yoneda)

<

2V dly, ) Uy Ad(y)).
y

Now, from the adjunction we have that 1u <V ¥ (y)¢d(y), and hence by our lemma that
Y
1SV ey A 6% xnpey)).
Y

Hence d(x) = ¢(x) -1,

In

$(x) +V W) ey) A%y y))
y

A

$(x) VIV (v) @ (v Aty T . (modularity)
A%
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But (eI = @ ey ©
< Wiy aty,yn° (adjunction)
2 %y .
Hence $(x) <V oY) WOy Ady))
Yy

<V d(y,X)(wo(y) Ad(y)). (adjunction)
Yy

The proof of (ii) is similar. Q.E.D.

Remark. Although the bicategory R of example (i) does not satisfy the modular law,
a very similar (though simpler) calculation to that above shows that adjoint bi-
modules can be represented in the same way in that case. We do not have a natural

proof that includes both calculations.

3. Symmetry

For X to be symmetric we require that d(y,x) = d(x,y)O for all x,y € X.

Theorem. If B satisfies the modular law and X is symmetric, then so is PX, the

Cauchy-completion of X.

Proof. It is sufficient to prove that if ¢ — y: @ ~*> X is an adjoint pair of

bimodules then ¢ = ¢O, because then
A hy) (6 05)) =¥y =0y = 65 -0y
o o _ B o
= (0 - 05) 7 = Wby "9y
o
= d((¢21w2),(¢11wl)) .
Now from the theorem in §2, assuming the symmetry of X, we have

6 (%)

[V aly,x- @° () ae(y))1°
Yy

V oy oSy ~dly,°
y

=V 0%y Av(y)) - dlx,y) (symmetry of X)
Y
= Px. 0.E.D.

That symmetry is not always preserved is shown by the following very simple

counterexample suggested by S. Kasangian.



1

Counterexample. Let G = {l,a,b} be the group with three elements. Let B be the
bicategory with one object whose arrows are subsets of G. Let ( }© be the identity.
Let I be the one element B-category. Then adjoint pairs of bimodules I ;:Ff I
correspond to elements of G, and under this correspondence d(g,h) = h_lg. Hence in

PI, d(l,a) = a—l # a = d(a,l), so PI is not symmetric.

4, Sheafification

In [1] and [5]1, sheaves on a site (C,J) are shown to be symmetric Cauchy-
complete Rel(C,J)-categories. In particular, presheaves on C are sheaves for a

topology J0 on C and there is an obvious functor
Rel(C,J)) - Rel(C,J)
which induces a functor
Rel(C,JO)—cat -+ Rel(C,J)-cat (change of base)

This preserves symmetry.
Now from the description of sheafification in [1], using the fact that symmetry

is preserved by Cauchy-completion, we get that sheafification is the composite

Preshv(C) < sym Rel(C,JO)—cat ~> sym Rel(C,J)-cat —————— Shv(C,J).
Cauchy-completion

So we have a description of sheafification in terms of standard constructions of

enriched category theory.
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