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The method of triples for defining r~nked varieties of 

algebras over Sets (see [4] pp. 20-21) uses information about 

all free algebras. With the following related construction we 

need information about only two of the free algebras in defining 

the variety. 

1. Definition of the construction. 

Let A be a category. A device D over A consists of 

three things: X, ~ and E. X is a subclass of the objects of 

~; ~ assigns to each x ~ X a morphism ~x: x ~Tx of ~ (and 

Tx will always denote the codomain of ~x) ; E = (Ex,y; x, y • X} 

is a family of sets of morphisms where all the morphisms in Ex,y 

have domain Tx and codomain Ty. We require the following 

additional properties: 

(i) Ey,zEx,y C___ Ex, z (x, y, z G X), 

(2) 1Tx~ Ex, x (x ~ X), 

and (3) to each ~: x ~Ty (x, y ~ X) there is a unique 

G Ex,y such that ~ = ~x" (For our theorem we shall be 

interested in devices over Sets with X of the form {x, ~}.) We 

next define a category A D of "D-objects and D-morphisms". 
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D-objects are pairs (a, F) where a is an object of A and 

F = (Fx; x ~ X) is a family of sets of morphisms of..A where all 

morphisms in F x have domain Tx and codomain a. We require 

further that 

(1) FyEx,y C F x (x, ye X), 

and (2) for each x E X and each~ : x ~ a  there is a 

unique ~ • F x such that ~ t ~q?x" A D-morphism from (a, F) 

to (b, G) is a morphism @@: a ~ b  such that ~F x ___C G x (x ~ X). 

D-objects and D-morphisms make up the category A D and there is 

an obvious forgetful funotor uD: A D ~Sets defined by: 

uD: (a, F)~a 

and uD: (@~:(a, F) ~ (b, G))~(@(.: a ~b). 

Every triple (T, ~,~ ) yields a device with X the 

objects of A, ~x: x ~Tx the value of the natural transforma- 

tion ~ at x, and Ex,y = (~ (y)T(~); 4: x ~ Ty). Further, 

all devices with X equal to the objects of A can be obtained 

from triples in this way and the construction of A D is equivalent 

to the Eilenberg-Moore construction ([2]). 

2. The classical definition of variety (for details see [1] 

or [5]). 

To define algebras we need a set ~of "formal operations" 

with a set n(~) assigned to each W@~ called the "arity" of w. 
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(In [13 n(~@) is always a finite ordinal and in [5] an ordinal.) 

Then an~-algebra ~ is a set a and to each W e~ an operation 

~@a: an((A)) ~ a. If @~: n(~AJ) ~ a we denote the image of @~ 

under ~AJ~ by L~.I [~]. A homomorphism from ! to ~ is a map 

~: a ~ b  such that for all W6~ and all ~: n((AJ) ~ a  

we have 

All~-algebras and all homomo~phisms constitute a category 

~-Alg. There is a clear forgetful functor U~:~-Alg ~Sets 

which has a left adjoint W~. 

Now an~-law in variables x is a pair of elements of 

UI~W~x. An~-algebra ~ satisfies the law (tl, t2) if 

~t I = @~t 2 for every homomorphism @~: Wl~x ~ .  Given L a 

set of~-laws in variables x, ¥ = Vat (L) is the category of 
m 

all~-algebras satisfying these laws (together with all homo- 

morphisms). Again the natural forgetful functor UV: V ~Sets 

has a left adjoint. (These categories of algebras Vat (L) are 

called varieties.) Finally, a varietal functor U is a functor 

from some category Ato Sets such that there exists a category 

V_ = Var (L) and an isomorphism K: --V ~A__such that UK = U V. 

I am assuming that it is these varietal functors one 

studies in universal algebra rather than the particular way of 

constructing them. Certainly one can retrieve from a functor 

the "theory" of the corresponding variety (see K3S). However, 

we do not distinguish between two varieties with the same theory. 
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3. Theorem. 

If D = (X,~ , E) is a device over Sets with X = (x, ~), 

then uD: Sets D ~Sets is a varietal functor. Further, to 

each varietal functor U: A ~ Sets there is a device D of this 

sort and an isomorphism K: A ~Sets D such that uDK - U. 

Proof. 

( i )  Given D = (X, ~ ,  E) with X = (x ,  ~ ) ;  

to construct the required variety we need to select an operation 

set ~, an arity function n, a morphism ~:~'L ~ Tx and to 

each tO G~ an injection &~ : n(W) ~x. The following is a 

suitable selection: ~ = Tx; n(~) = ~ if ~ image (E~,x) 

(~,x is the single morphism in E~, x) and n(~) = x for all 

other ~e ~ ; ~ = iTx; ~ = ~ ~ x if n(~u) = ~ and L~ = i x 

if n(W) = x. More generally, an~ choice which satisfies the 

following properties will suffice: 

(i) 

(2) 

n(~) = ~ only if ~tU% image (66,x), 

n(W) = y ~ ~ implies that for any ~i' 062: x ~ Tx 

where ~ i  -- a i ~ x  ( 6  i ~ Ex ,x ;  i = l ,  2 ) ,  

and (3) i f  T~x - a lg  (~x,  ( ~ x , x '  E~,x})  and 

T_~ = alg (T~, (Ex,~, E~,~)) are defined as in the next paragraph, 
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(the images of)~x: x ~Tx and ~: ~ ~T~ generate (in the 

algebraic sense) T x and T_~ respectively. 

Now given a selection of~ and n and associated morphisms 

and &~ ( ~ )  satisfying (1) and (2) above, we define to 

each (a, F) @ Sets D an~-algebra alg(a, F) as follows, alg(a, F) 

has underlying set a and if n(&@) = y and ~: y ~ a then 

=~ &c~ for some~ and~ = ~}x(~G Fx). (A suitable 

morphism ~ may not exist when n(~) = ~ and a = ~ but this situ- 

ation c~not occur since the existence of a nullary operation 

implies that T~ $ ~ and hence, since F~ is non-empty, that 

a $ ~.) We put @~E~] ~ ~ .  We have to check that ~@ Em~] 

does not depend on the particular~ chosen; that is, that 

~l&O = ~2 L~ implies that ~l~ = ~2 ~&@ where 

~i~}x = ~i (i = l, 2) (~i ~ Fx)" When n(@~) ~ ~ we use the 

fact that ~i " ~,x = ~ (~,x ~ E~,x; @~6 F~). When 

n((AJ) = y $ ~ there certainly exists a map~: x ~ a  and a map 

: x ~ x such that ~ = ~i~(i = l, 2) and ~ &Gu = &&@ " 

Let ~x ~ = ~ x  (a £ Ex, x) and ~ = ~x (~ 6 Fx)" Then 

(~i ~)~x = ~i~x ~ = ~ and hence ~i ~ = ~ " Now since 

~x~u =~x~ we have a~&~ = ~. (This is restriction 

(2) on the selection of~ and n.) Hence ~l~&~ = ~l E ~  = ~cu 

~26~ = ~2~, which is what we wished to prove. Thus 

alg(a, F) is a well defined~-algebra. 

(ii) Next we wish to show that ~: a ~ b  is a homomorphism 

from ~ = alg (a, F) to ~ = alg (b, G) if and only if it is a 

D-morphism from (a, F) to (b, G). 
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Suppose ~ is a D-morphism, then ~F x C G x. For opera- 

tions &~ of arity y consider @&: y ~a. We need that 

Let c6 = ~ x  &&u (~£ Fx)" Then the left hand side is equal 

to ~ ~ ~ . ~ther ~= . ~? ~ x ~ and since ~ W 6 G x 

the right hand side is also ~ t ~  . 

Conversely let ~ be a homomorphism from ~ to ~. Consider 

~ where (~£ F x. There exists a 7 G  G x such that r~ x - ~ X "  

NOW ~ and ~ are both homomorphisms from T_~x to ~ and they agree 

on the generators so they are equal. That is, ~ Fx C - G x. It 

is clear that ~F~ = G~ since for any ~ a Fx, ~,x is the 

only map in F~ and ~ ~,x is the only map in G~. 

(iii) alg(a, F) . alg(b, G) -~-(a, F) = (b, G). 

Clearly the left hand side implies that a = b. Suppose that the 

right hand side is nevertheless false. Then either F~ $ G~ or 

F x $ G x. In the first case it follows that ~ ~,x $ ~ ~,x 

and hence that ~@ $~ for any ~G Fx, T G G x. Hence we may 

assume that Px $ Gx" Then there exists ~ F x and ~E G x such 

that ~ x  = ~?x but (p $ ~. This however cannot occur since 

and ~ are both homomorphisms from T_xx to ! (where ! = alg(a, F) = 

alg(a, G)) and they agree on the generators so they are equal. 

(iv) We next wish to identify the algebras alg(a, F) as belong- 

ing to a certain variety. Let W_~x be the free~-algebra with 
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T 
underlying set Wx, freely generated by x ~Wx. 

a unique homomorphism ~ from W_~x to T_~x such that 

We define a set of laws L as follows: 

Then there is 

L = {(tl, t2) ; tl, t 2 g Wx and 9t I = I~t2). 

All algebras ~ = alg(a, F) satisfy these laws. Clearly this 

would follow if Fx~ were all homomorphisms from W_~x to ~. But 

to each ~: x ~ a  there is a homomorphlsm ~V from W_~x to 

belonging to Fx~ such that ~T = ~. Any homomorphism from 

W_~x to ~ must agree with one of these on the generators of W_~x 

and hence must be one of them. 

(v) Any algebra ~ of Vat(L) is of the form alg(a, F) for some 

(a, F) ~ Sets D. Take F x to be all homomorphisms from T_~x to 

and F~ to be all homomorphisms from T~ to ~. Property (1) for 

D-objects is then clearly true for (a, F). To check (2) consider 

any ~ : x ~ a. There exists a homomorphism ~ : W_~x ~ a  such 

that ~ = ~. Now ~ is an epimorphism since ~x: x ~Tx 

generates T_~x. Further whenever ~t I = ~t 2 (tl, t 2 E Wx) then 

(tl, t 2) E L so that ~t I = ~t 2. Under these conditions there 

exists a homomorphism ~ : Tx ~ a such that ~ = ~ and hence 

~ x = ~ ~ = ~ ~ = ~ . Since ~? x senerates T_~x there is at 

most one such homomorphism. To check (2) we also have to show 

that any ~ ~ a is of the form ~ for a unique (~ E F~. 

This amounts to showing that F~ contains precisely one element. 

It contains at most one since ~ ~T~ generates T~. If T~ = 
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there is the empty homomorphism from T~ to ~. If T~ $ ¢ then 

there are nullary operations so that ~ c.nnot be the empty 

algebra and hence F x is non-empty. Then ~ , x  6 F~ for any 

It remains to be shown that ~ = ~ where ~ = alg(a, F). 

Consider ~@~ and @~: n((~)~a. Let ~= ~?x&~(~E Fx). 

Then &@~ [~] = ~@~ = ~T~x[~x &~u ] = @J~[~x &~; j = ~! [~j" 

Thus we have shown that alg: Sets D ~ Vat(L) defined by: 

and 

alg: (a, F)~'~alg(a, F) 

alg: (@C :(a, F) ~ (b, G))~-~ - (@~: alg(a, F) ~ alg(b, G)) 

an isomorphism and it is clear that U V alg = U D. Hence U D is is 

a varietal functor. 

(vi) We shall now discuss the second part of the theorem. Let 

V be any variety with operation set~ and arity function n. Let 
m 

Wx be the free~-algebra freely generated by ~ : x ~Wx and 

let T_~ube the V-free algebra freely generated bY.u: u --t-Tu. 

Let ~ be the homomorphism from Wx to T_~x such that ~ = ~x" 

Then it is a fact of universal algebra that for all sufficiently 

large x, V = Var(L) where 

L = ((tl, t2) ; tl, t 2~ Wx and ~t I = ~t2). 

Take such an x with Ixl > In(~)i for all ~G~. Then consider 

the device with X = (x, ¢), ~}x and ~?¢ as above, and Eu, v all 

hcmomorphisms from Tu to T v (u, v ~ X). Certainly D = (X,~ , E) 
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is a device. We wish to consider the variety V' obtained from 

this device by the method given in the earlier parts of this 

theorem. Now ~ and n form a suitable operation set and arity 

function for --V', if &c@ is taken to be any injection from 

n(~@) to x and ~ is defined by: 

Now for any ~ : n(co) --~ Tx let ~ = £~x @Cu (~ ~ Ex,x)" 

Then if Tx=.== alg(Tx, (E x,x, E~,x)) we see that 

~Tx C~] = £~ = ~WTx [~x~] = ~OTx C~]. 

This means that Tx = Tx. Now V' and V have the same operation 

set and ari~y function. Further the laws defining V' are obtained 

from ~x and T x in precisely the same way that the laws L of V 

are obtained from ~x and T_~x. Hence --V' =_.V and UV, = U V. So 

there exists an isomorphism K: Sets D ~ V such that U~ = U D 

and this is what we were required to prove. 
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