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Introduction

Let /\ 1be a singular matrix with real elements such that
there are no integral vector solutions x , other than © , of the
equation |

Ax=g2. wonssl{J1H)

Then by a theorem of HMinkowski's (see Corollary 3 of Appendix B in
Cassells [3] ) we can choose integral vectors x40 such that the
components of /\ x are as small as we please. A central problem
in tI:;e theory of Diophantine Approximation is to find out how 'small'
Ag_: can be, with respect to the 'size' of the integral vector oc .
More precisely, if m(x) is a measure of the size of Ax and c(x)
is a measure of the size of x , we wish to find two functions q.?({:),
V(L) both tending to zero as t  tends to infinity, with the
properties:

I. There are an infinite number of integral vectors X such that

m(x) < CF{C(?E)}J-,
II. For all but a finite number of integral vectors

meE) > v ad.

A closely related problem, also important, is to determine,
given a particular real matrix /\ , whether there are integral vector
solutions X0 of equation (1). This includes the problem of the
transcendence of the real number oC when we consider the sequence

of matrices _/l“-_- (aé")‘ ac"‘: I l),

R
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The concern of this thesis is to deal with certain cases of
these problems from the point of view of a certain infinite process
in¥olving matrices which we call the K -process:- Let ALAL A, -
be a sequence of mxm matrices over the field of real numbers, and
let e be a unit rn-vector. Then frequently there exists a sequence
of constants {®&.} such that

4. AA ALe — < +£0
as N—>c0 (where Xx.—> < means that the components of x, tend to

the components of o ).

The relevance of this process to the outlined problems is
that a special case of the process, the continued fraction algorithm,
has proved to be of great importance when /\ is a /x2 matrix.

Many authors have written on generalizations of the continued fraction
process mainly with a view to extending the very special number
theoretic properties of the regular continued fraction algorithms; -
an attempt which has not met with any notable success. Almost all
the generalizations are included in the kK -process. A list of these
authors (before 1936) is contained in Koksma [ 8, Pp.50-51] . In
this thesis we do not attempt to find an exact generalization of the
regular continued fraction process, but rather we develop the theory
of the K -process, and obtain, from this point of view, what applic-
ations to Diophantine Approximation we can. HKore specifically,
chapters 1, 2 and 3 contain the definition, some convergence theorems,

and some transformation theorems for the Kk -process. In chapter 4




there is a brief treatment of continued fractions, and a mildly
interesting generalization. In chapter 5 a variety of particular

K —expansions involving well lknown functions are given. This
chapter includes a rather different proof of the regular continued
fraction expansions of e¥% ang tan('%) (where % is a positive
integer). In chapter 6 there is a proof of a very special arithmetic
property (the best approximation property) of regular continued
fractions and a partial generalization. The final chapter contains
two further applications to Diophantine Approximation of the

K =process.




1. An Infinite Process Involving Matrices

Notation

1. In this work matrices are understood to have complex
numbers as elements., We denote.'mxm matrices by capital letters
or by (a¢;) where the a@i; are the elements of the matrix, and
m ~vectors (mx! matrices) we denote by X, #,%,8 etc.. The

unit vectors we write as usual €1,€x,, G and the zero vector

7
wewriteas_g.

2, 1f { %.} is a sequence of vectors, by the phrase

Xy o<’ we mean that the components of X» tend to the
components of oc. _
3. If A=("‘i—,i) and B=(b£}) , by A >B we mean
2> bu (Crmnmifmiyom) e At
fx> o,

——

We use with similar meaning the phrase

We now introduce our fundamental definitions.
Definition 1.1
Two vectors «, s are said to be equivalent if there exists
a non-zero number & such that
< = £ E .
We write € ~6 .
It is easy-tc see that the relation is indeed an equivalence relation

over the set of all vectors.

TRl I o, RPN

L

g I I g

at o ST

G VA AT o iR




Definition 1.2

If {x.} is a sequence of m-vectors, then we say that
K Xw converges to &< if « 49 and there exists a sequence of
(non-zero) numbers { 4.} such that
R 2 —> oC " ag "n"— oo,
We write this as
K Xn—> o€ or ,_=E_~‘:;K£u..

Evidently kXx—>« and kK Xn-r B if and only if T~p .

Thus although there is no unigue limit of a sequence of vectors, the
various ‘limits are precisely the members of a certain equivalence
class. It is clear that if K Xn > («¢¢) and o is a non~zero

component, then there is a (pi) such that K %> (pi) and Bi=1.

Qefingitiop Iaj

If A A, A;  is a sequence of mxm matrices and
KA AL Anei—> «c as "™ > O
then we write

;ﬁ_i ~~ Ki. AlAZAS‘”

or o
Lo =)
If o exists for t=1,2,-- m and o =ole= = o = of

then we write simply
o~ Kk AAA,

We call this infinite process the A -process, and particular examples
of the K -process we call Kk -products, or K-expansions. When we

wish to refer to the size of matrix involved, we speak of »mx m

K -products etc..
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We call the vectors A,A, A.ei the Lth column convergents or
the ( -convergents of the K —expansion. The set of all L —-convergents

for (i=1,2,:- , ™) we call simply the convergents of the i-expansion.

Remark 1.1
If ki:,_—)a_c where .25,.=(x,;n) and iC:(OC:_) and x,f.?\-"léo)

x;4 0 for some particular [ end all ™ , then

Xim . R Xin oce
i Rom X <j

(i=11, ,m) as n— w.

Conversely if 2Cn =(xin) (m=,3,3,) is a sequence of vectors and
for some |

ICim o i
X — n ( L= l).‘l v

then by choosing -k, to be }/x;,. we easily see that

K xm ~—> (i) .

Some facts immediately consequent on our definitions are
given (without proof) in the following lemmas.
Lemma 1,1

If o< ~ kAAA and Bx$g , then

B ~ w BAAy |

If detB # o0, then the condition Bx#£ o is obviously satisfied.
Lemma 1.2

If {-&,.} is a sequence of non~zero numbers, then

KAAA - ~ KEAGA)

if either side exists.

Y e B
B e Tl




Lemma 1,3
KA:AZ i APAP*! " A‘L A(-N o~ K (ArA:."'Ap)(AP-H Ag )(Aqvu gLt

if the left hand side exisis.

We now prove a theorem which establishes a connection
between continued fractions (not necessarily regular) and the
K -process. Continued fractions have been treated from the point
of view of the K -process by Chatelet [4] and Rolden [9].
See also Perron [#1, pp. 12-13] .
Theorem 1:}_

If the continued fraction

T PO P (in an obvious notation)
b, L.,_+ L3+

converges to <«C and its convergents are -g:—“ , then

)~ (o) ) (5 )~ (& 5 (b )

and hence the K -product K(‘;’é) :r ci) f;: é) . converges to (";C) ;
I
Proof

We prove by induction on 4 that for -4 n

’ ub’_’ f) Ln !)({)
Ak iy Aien 0/ @ o/lo/.

bpesw+ bnipn+
The statement is true for ‘&=o - The deduction from & to 4+

follows from the simple assertion that

[ b, o / )
d-n-u-r e q"“"‘l’ lo} (x -

bymsemy +2¢

The convergence of the K ~product to ( OI.C) follows from Remark 1.1 .




2. _Two Convergence Theorems

For the K -process to be useful, K -products must converge
in reasonably general circumstances. We give two simple theorems
which will be adequate for our purposes. Much more detailed
convergence theorems for the case of 4x% matrices are contained in
Perron [ 12, Chapter II] . They are stated in terms of continued
frs;ctions. Convergence theorems for mxm K —expansions, where
m >2 have been given by various suthors in relation to special
generalizations of the continued fraction process. For example,
see Perron [ 10, pp. 12—17] - As we have mentioned in the introduction,

Koksma [ 8, pp. 50-51] has a list of such authors.

A convenient theorem for 2xR K -expansions ig the
followings:

Theorem 2,1
o | A} is a sequence of 2x% matrices of the form

An |
A'h:(b,, o) where the s bn are real and au> b1, then Kk 4,44y
converges. Further there is a limit () with o« 3 «y=].

Proof

et A A f = (BB ) o b

Now it is elear that all laéer convergents are of the form A, ( &)

where W and V- are non-negative., It is also clear that ¢,

increases monotonically with ™. and is greater than 1 for n>o.

ey
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Hence for mn>j

U'-zw-i-v'fn-—[ _—E-!‘-.l-' "!J"‘M F“ [MF-. _{_&_ -t
[ uq"-fhv?nﬂ‘ In |7 ,‘?n (“‘ih*”ih-a)l s an,n—rf B T -g"_” I'

Thus if we can prove that Q:: %_"ﬁ' ~>0O as m->e« , we will have

proved the convergence of the sequence -?zl- and by our Remark 1.1,
in

this implies the convergence of kA, A A v, end the fact that we can
choose &« to be 1.

Now for m>2
det P, / _ l bn 9z // Aet Py {
9 qn-1 - (a"fm"‘é?h%-z) {1--; In-2

<+ g]

e [ | < A [

and we have our result.
The remark that «, > «: when o, is chosen to be 1 follows from the

obvious fact that P, = 4, for all n.

A convergence criterion for 3x % K -expansions is
Theorem 2,2
If {A.} is a sequence of matrices where the As are either
d, I © Cn O { .
of the form by O I a.,}én;;, oFr dn | ¢ Ch >-0(a>,f witie C,.!d,, {ni'ejers
| 0o [ oo
then K AA Ay converges. If only a finite number of the matrices

are of the second type then KAAA;«v  converges. In any case

there is a limit («;) of the K-product with « T =,




We need & preliminary result.

Lemma 2,1

IE :r:(") (;r:f"’) and the}, th components of ?5(” (reip,m)

"
and 2., =  are not zero, then if we define dl; }(Qg)y,) to be
=1 ~ =

! x ’}2 we have
¢ 4
dyy (x > ax®) < 52 w2l i)
~2 e vt , l;(i.{-ace_f;_ ,...—-LGC',EC‘}:{

The proof follows by a simple manipulation and the triangle inequality.

Proof of Theorem 2.2
We need to congider two cases.
Case 1 - in which an infinite number of the A, are of the first fomm.
Pt AA An=(Bugol) md XK= (X6p), te=(Fon),
In= (3on) (iziap),

Further let An(.), A—,‘@)A,,@).... be the matrices of the first type in the
expangion.
Now if ApckAncior " Am e = (oé,) (where ®<m. ), then

2B 2 T2I. eeo(1)
It is simple to prove this by induction on & . Hence all ] ~convergents
subsequent to X, are of the form of Xn+ pu+¥Y, where oc2 P2V 2/,

Now in view of our Remark 1.1, and the obvious fact that XynDo

for all m , we need only show that the sequences

xt il and x&w
‘x3 M JC3,.‘

are convergent.




We sghall prove that ..;Eﬁ.r. converges; the proof that the other
3

sequence converges is similar.
It is clear that for m>n(1) we have Y3, >0 and %3 > O .
From Lemma 2.1, if m o> > () and X, = Mi“*ﬁ’“ir‘*‘wk ;

then

d;}g(%)ﬁ, %n < ﬁy%h d'ﬁ %") 4&"2‘) _}_ Y}},‘Y\ d—f,?.(?_") 321)

Now it is clear that
Xn> ¢n and Xn? P,

and since < > A 2 ¥ we have either
5{1,3 (—'Em) ‘3::"') < ';{“‘ d«); (‘E"-}‘.“i") -+ 'é" 6‘.93(-3\:_1\) }3)
£

or dys (2m, ) < dip (3, ) + & Aip(m, )

according as BY3» is greater than, or less than, O Zn.
In either case we have
o(,; :,g..)g_:n) < Z }-na.x{ A (2,), d,;(;\:;.,}z,})}_ awel2)
Now if ®@A) <7< nGhkt2), from the types of matrices involved
Pn=Xp  where Mm@k < p<m eoul3)
and Zn= L where MR- < g<n. eee(4)

Thusg by successive use of inequality (2) we may show that

a{.l)3C‘2_:m,5£n) < (%)é— o x { 6(1)3 @:’t,'zc)) Gﬁf;(ﬁ} ér.—)}
where (2 < £t < n4).

H if = wax
snee it L @) < <N {4 (5‘3”,&)7 dys (&’1")}

we have fi;ﬂz (?f;m 7’5_..) < (%)‘L Ls 4

T @Xpk Bt Tsn) | (Gt Pt T3
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Evidently A~ ® as m-»co and hence the sequence —jxc—'f— converges.,
"

It is clear from (3) and (4) that sz and K }} also converge, and
and to the same limit as K =<n .

If &¢=(cli) is a limit of the K-product then the nature of our proof
assures us that G+o . Hence we can choose (3 =| . The fact that

Z o3 when d&G=/ follows from (1) when A= -1,

Case 2 = in which all but a finite number of the An. are of the second

fprm.

By Lemma 1.1, for convergence considerations we can discard a finite

number of the A (since [dot An|=1). Hence we may assume that all of

AT e

the Ak are of the second form. Further by Lemma 1.1, we can consider

the K -product

( o ' A;AzAa " rather than K A:Aa.As'“ 3

1 0o
Let (o o :) Abe An = (2,25 y ), X= (Fm) 3= (Zim).

It is clear that for >/ 5 3 and 33w are positive, and that
Zn 7 Fmo= Laa.

As in Case 1, all T-convergents subsequent to = are of the form

S

Xxu+ B3 +V % where o2pRTR],

From lemma 2.1, with m> "> 1, Xm= LIn +PL e+ T3, 5

dn,s(xmx" B A (2, ) -+ ¥ G+ s (e, %) «ss(5)

""‘-a-.

T % (%Topt B+ ¥ 3ym) (& Lt B9 330)

If we put =% in this inequality we see that o(Zm x:) is bounded

ag ™—>® and hence that ‘{(%n, ) is bounded by L, say, as m—> x.

e N e S e i S T
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Further X,m 2 X+ Xyma 2 2Xyma

and hence Xym > 2™ M (where M 1is a positive constant).

Thus from (5)

Ay (Zm, Zn) < ?%"ﬁ + T dy (2, T, .-+(6)

Applying inequality (6) successively we obtain

a'({z (’Em):f“) < —iLw;-Af-(—):-_MQ—W + 0(1,3515:;%;)

Hence the sequeunce %‘ﬁ‘- converges. The proof that the sequence
3

_Xamn. converges is similar.
SCan

Now from exactly the same considerations as in case 1 we can show

that K, AyAsA, -~ has a limit (Bo) vwith §>F2 2420 and B #0.
Then

a, o I\/A a + PY,

L, 1 ol &)~ L 4-9:/,,

I o o/\ B
Evidently a,+%%, > > b = and so there is a limit

(X)) of KA AAy; with G2 aGHG= .

Remark 2.1

It is clear from the method of proof of Theorem 2.2 that if
A.)A,_)Ag,,.. is a sequence of matrices satisfying the conditions of the
- ol
theorem, and & ~K A4 AA;+., then X ~Lim KAA, ... A, (g,:;)
by

n—=> 0o

ox.
if (b: is any sequence of vectors with O 2 Bn 2 Tn > O,
Fn




3. _Transformations of K -products

There are various ways of tramsforming a given K ~expansion
into a different K-expansion with the gsame limit. Lemmas 1.2 and 1.3
are simple examples of such transformations, This chapter is concerned
mainly with a treatment of some classical transformations for continued
fractions, as given by Perron [12, Chapter I] from the viewpoint of
the K=process. We also generalize some of these transformations to

apply to 3x3 K -expansions,

A large number of transformations arise from the following

theorem:
Theoren 3.1

(I) If KAAA;+ converges to &« , and the convergents
of the K-product KB B, B, are (apart from a finite number)

non-zero multiples of convergents of the k=product Kk AA,A;-,
then KB, B, B, converges, and has limit «.

(II) If kAA A, eand KB B8 B;.. both converge and
an infinite number of convergents of the first expansion are.non-zero
multiples of convergents of the second expansion, then they both have
the same limit,

Both results are obvious.

A further fruitful source of transformations is the observ—
ation that if  ByAr=G-B. (r=12,3,+ ) |, then B.AA,. A=

CIC,_“‘G.. B, . It seems plausible then that in many cases




Liva KGG OB e~ KGGG (=123, m)  ang hence that

nr oo

K BQ AgAzru NKC'CLCB,.,

Theorems 3.2 and 3.3 give conditions under which this occurs .

Theorem 3,2
1f AAs Ay, and BB, Bs ., ave positive miXm

matrices (that is, Ax>o, B,.» O ) and none of the column vectors of
B, are o , then if KA/A A+ converges, so does KA, Ay AnBogs (izt,m)
and to the same limit.
EPxoof
I (¢) ~K AA,Asr  then one of the components of («i)
is non-zero. We may suppose without loss of genmerality that clm¥O.
Then by Remark 1.1, if
A A= (B Tamy s 20m)
0(.;}.,,‘_ (—Z,:,n) %_,n) - O (l'-",l,--Jm—l)- J'_: 2,3, ™)

as m-sco , Now let

A:Az'“ Ann B,?_: = A4 X+ RFTan + -0+ Qo Xwn :‘tt .

By L 2.1 . .
y Lemma diym (%,,nj'&.)_ S 20 dim(Tyn, xpm) (=20, ),

el 7 o
F

and hence, again by Remark 1.1, Ky, — <« .

)

Theorem 3.3

If B8, A, A Ay and G,Gi,C3,00 are 23 matrices over the
ring of Gaussian integers, with [ o{.zr.é\,.’ =1 (v=1,2,3,+) end
no column vector of Bis o, and if BCr=A, B (r=42,3,:+ )
then if Kk A A,A, converges to <, KBC(C,Cy also converges

and has limit oc.

MR 5 SRR e T 4y b
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It suffices to verify that K AA,~A,Bg > &
as n—»o2  since the proof that K AA; A Bg —> is similar,
If o= (o) is the limit of KA,AA;~ , again we suppose without

loss of generality that <2 F O,

T — P‘)\ Fin = = a 5) T 5 P ¥
Put AdyAn (%\ s,,) P and B (ca[ . HNow smce-?.'l’:)-g'?
both tend to the same limit ZLl-oc , and I& _h|= _L;%J_.__-——t—

= Lz'n 5" 1113”1- %L
we mugt have 9,5,”77 °%° asgs n-—>oo.
Now if we write ety o, then
a G+ £3n
[ac]
;- _m | o
‘ N % [ Ic{“ Sn ! [gﬂ;,.[ {a,%‘.;cs;,i?' .

It is casy to see from this that if [a ¢+ cSn| 2 for all large

7, then aCa>o¢; for then 2= -~ o and both

H,.S:,i [aq, +85n f

P own
- > ol as -y .
In , Sn

Now since 49,+Csw are Gaussian integers [agq, +cs.[>| if

aq.+csa F+ O 3 but (9, Su)=|, since [pu3,— q.¥, |=| , and so

Aq,+C5%=0 implies that 4,5, divides ac, which is impossible for

sufficiently large 7.

We will now give some transformation lemmas which are

specializations of these theorems,

Lemma 3,1
T /[ bx VK) kN T b Gt %)
kE’\fh S K(‘L O)H —qnay B O

where A =hBSy-9,bn  » if the left hand side exists, and ¢.£0.




This trangformation is due to K.R. liatthews.
The proof follows from the observation that
-n ;)( f-‘mﬁih«;--qm&. ?n) - ?
— Irr O 9 . ns‘n)( It o)
Thisa identzty implies that
N : N
(Ia(hD s =@ HI (s o
h=1 qh s’n {Nﬂ o ‘I,; Q n=y o\ _-‘Z‘hh A'h. o 3
and hence that the convergents of the second expansion (with the
exception of (é))are non-zero multiples of the j-convergents of the
ﬁrst expansion., Theorem 3.1 applies.
If 9,=0 then the convergents (other than (o)) of the

expansion Pl f)(f’z-é)(g-"é),.

are easily seen to be the 1-convergents of the expansion

kT (b)),

lemma 3,2
an d-n_ ﬂ,._ a, l O o0
K ” b €. 4, | ~ K | b O I —]T An
n=1 Gy, 1&‘_ h c, O O n=i
am.Cn-l-b»H%-;»c,,ﬁ}u 6 4

15

f%ere .A;‘_ = | bna ( Cudm—an :ﬁ,;)_f_c,tﬂ (C,, (le,l—-QMJ,,,) @] C}qdn-—dﬂfﬂ
broi (rtnbnf )t G (Ghobuf) 0 cutubude

if the first expansion converges and GCn#0O .,
This lemma is a generalization of Lemma 3.1.

It follows from the identity

@ | O An dn G Anee | O
b, O | A'h_ = i b En  fun b o© [
L. O O A S Gt & ©



It is clear thatiwith the exception of (é) and (Z).the i-convergents
and the 2-convergents of the second expansion are non-zero multiples
of the {-convergents of the first expansion, while the 3rd column
convergents of the second expansion are the 2nd column convergents of
the first expansion .

If we apply this transformation again to the expansion

ﬁ ' i 8. ©
K A  the matrices we obtain are all of the form (gﬂ 0 £ )
=i
Fn O o)

and the convergents (except for a finite number) are the i1-convergents

of p('1]" % 7 (or multiples of the {-convergents).
bs T W@,
n=¢

“

Lemma 3,

If one of the following expansions converges, and-(C;} is a

sequence of non-zero numbers, then

(& OF (5) ~kd (G R

- B o

"=

This transformation is essentially Satz 1.2 of Perron]}&, p.S] s

2 (ta o ) Pu ¥ . ﬁtch ¥ G Goang Emy 1O
“*‘Of(%su_*‘l“ =G SO e

The convergents of one expansion are non-zero multiples of the

Proof

convergents of the other (except for the isolated convergents (?lcﬂof

the first expansionm).




An example of a generalization of Lemma 3.3 to 3%x3 k~productsis

Lemma 3.

If Cs,Cfz,:-+ is a sequence of non-zero constants, and either

expansgion converges, then

O 0\ ® [P 5. 0 [ Gfn CilnpiSn  CnCanZn
Klo b o [T { 4n & 9 |~K]] zz,. Bous By, Gl Yie
0o 1) o \K }n o Gt Un  Cori B

The proof is clear in view of the proof of Lemma 3.3.

A transformation which produces a new expansion whose
i=convergents are a certain sub-sequence of the i1-convergents of the
original expansion, is called in the case of continued fractioms, a
contraction (see Perron [12., pp.10—14_-| ). Comtractions for AxZ
K -expansiong may be accomplished by using Lemmas 1.3 and 3.1. We
will not prove this but will give ag an illustration Lemma 3.5

(given in Perron [12 , DP. 13-14] Yo

Lemma 3,
If the left hand side exists

KT @0 ()~ <Ga)CH Y (5 o)

more (a1 1),, (A1) _ (f’i, det (7)< & = )

and the a, are positive integers.
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By Lemma 1.3 ’che left hand side is equivalent to
( aXn+b C—xm.'f"d.

It is clear that a#0 aﬁd so, using Lemma 3.1 the left hand side is

ooy 2 b
g {850 Q) [Pt L]
oo L

~ k(g2) (5" )T e Cj)

It is clear from the proof that, except initially, the convergents

equivalent to

of the right hand expansion of Lemma 3.5 are the ‘n_(-&“) th

t~convergents (for m=1,2,3...) of the left hand expansion of Lemma 3.5,

We now give as an application of Theorem 3.2 and Lemma 3.1
a proof of the tramsformation of Bauer and Muir (see §7 of Perron
(12, pp.25-30 ]).
Lemma 3,6

IE @ dy dy) ooy 3 - b, sy [,2 voi 3T, Ve, s o BTO positive

sequences and ﬁon_-_ &~ Vouey (b»d- K ) % o, then
(b )T (o o)~ (" o o kil (et %)

provided the left hand side exists.

Proof

From the identity
(; o)(eﬁm i )ﬁ b, ‘)(‘0)
1r-)*&-s' | CP?\ —nA o P 8 ¥
. . b ! |0
and Theorem 3.2 we have, since the matrices (a,. 0) and (y.” ,) are

positive, that KE(L" ;)N K(; o;)—ﬁ— Lan | )

Ay, © o e ‘}’n ~ Bt




Now by Lemma 3.1, since CFn{:O

K fr () e k) (8 ‘;)ﬁ (cm)%:m %)

Anes Pon e,
and hence
(ST -k s DR (v %),

Perron gives some alternative conditions under which this transformation

is valid.

o

TS R T SR

w awid

S

R A Bt e s B

Loy e
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4. Two General A -expansions

4.1 The continued fraction process

If a,,a, .. is a sequence of positive integers, from
Theorem 2,1 the K—product.,
SGNIGHICHES
converges to a limit (ec.) for which o 3 ofu=1.
An expansion of this type is called a regular (or simple) continued
fraction expansion of &, , In Theorem 1.1 we have shown the
equivalence of this definition and the usual one, given say in

Hardy and Wright [“] » Chapter X] « (It is usual to allow a, to

be negative or zero, but for Qimplicity we have excluded this case.)

Some important (and quite standard) facts concerning the
regular continued fraction process are contained in
Theorem 4.1

(1) To any real irrational number <> , there corresponds

& sequence .,,,2, ... of pogitive integers such that

)
< T fan |
(r) - KTF(‘! 0)-
=g
(2) Furthermore, to any sequence @, &, a, .+ of positive
integers there corresponds a real irrational number <>/ such that
[~ = aw |
(: ) ~ = IT 1o/,
Nn=e
(3) The correspondence between the real numbers o and the

Sequences Q.,«,,a,.... 1is one-to-one.




Proof of (1)

If <>[ is an irrational number, it is easy to see that there
exists an < such that
()~ (5 3)(5)
where o, is greater than 1 and is irrational.

For this means that

oC = a°+-;i":l-

80 [e] (the integral part of =< ) is the appropriate integer «..
In’ this way we can choose a sequence Qo,%, Ryt of positive
integers such that

L I ! Ay | ) 6

f) ""’(: 0)(4}'0)““'(f“o)(fh)
for all n |, where «, is irrational and >,

Now as we have mentioned

K TT “"'f,)

h=o

converges, and hence by Theorem 3,2

(F)~ Lo i (5 4) - (7 5)) ~ T (%),

Proof of §22

Theorem 2.1 assures us of the existence of a real number oC

such that

(F)~ kT (%0,

We must prove that this o€ is greater than 1| and irrational,




Now if of, is defined by
d’ [l
(;’) = i IL dfzmcg)

a consequence of Theorem 2.1 is that <, > 1.
oC a, o( {
Then ( ) ( )( i and hence = Ao+ gz |

Thus | S @y < € < Qo+l o

To prove that o¢ is irrational we note that if

(00 (20 =t )= A
‘then

= Sbtbn e (P~ (T0) 0
Hence (pn—%9n | :.—m = £, > O as n-> ©.

Suppose < is rational. Then there exist integers a,b not both

zero such that &-— ocb=0. Since the rank of F. is 2, either

ast (§ 5:,) or “ot(% f}':,) is not zero. Without loss of generality

we suppose the first. Then from the equations

P,,,——qu“f— Em

by Cramer's rule we have

._.d.u'-(‘b“q“)yc = M(F,WE")— QAE,.—> ©C as h— &,

This is impossible however, since et ( F: q,,) is a non-zero integer.

Proof of (3)

Suppose two sequences efl -, @w,c:- &nd  @ayd, ., by e

agree for the first 7 terms, and that

k(B L) () (B L) e e (L) (Bnd)
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Then by Lemma 1.1
@ ! [} o~ by i Yy B o
;<(f°%%wo) ! K(:J(?HJ kg
But as we proved in the proof of (2), if the common limit of the left

and rignt hand sides is (%) then @, < « < @wH, bn< o g byt

and S0 @n= ba.

This theorem is already of considerable interest in respect
to the second problem mentioned in the introduction; for the question
of whether integral vector solutions z# ¢ exist for the equation,
Nx=0 , when N=(x, 1) is the question-of whether o< is rational.
Theorem 4.1 provides a criterion for the irrationality of < . In
chapter 5 we shall obtain regular continued fraction expansions of
several interesting numbers, and their irrationality will thus be

demongtrated.

It is convenient to introduce here a definition pertaining
to the second problem of the iutroduction.

Definition 4.1

If p is the 1arges£ number of linearly independent integral
vector solutions of
T x=0 (-0 = 2% + Teolak o+ Xomote)
we call p the index of .
An immediate observation on this definition is that the index of

o< and Af are the same if A is a non-singular integral matrix .
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4.2 A Generalization of the Regular Continued Fraction Process

In this section we consider 3x3 Koproducts of the
following types:
(1) K, AAL A o

and (II) K; A;A)_ v "An B C,C;C'gr-- (OI Kr B C':C‘LC? L )9
where the matrices A, B and C belong to the special types given

below. ( & and b are understood to be integers subject to the

stated restrictions.)

- a | o
Rither (1) A = b o 1) 5 &apbzi,
| o o
a 9 |
or (2) B = <£’ I o 5 & > bl .
| o o

a z2b>1,

or (4) B =

Q. [ (o]
Either (3) B = L o I
] o0 O

or (5) B =

- B p
0 O —

(6)

O

I
/’\;/’“\

o ==

o @

O
O
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Such expansions we call & -expansions. The interest in these

expansions lies in the following analogue of Theosenm 4.1.

Theorem 4,2
(1) If o, are real numbers, oX>A>1!, and the index
oC oC
of (@) is less than 2, then f—:’ is the limit of a (5 -~expansion,
!

I~ 4
(2) Every & -expansion converges to a vector (5}3) with

index less than 2 and o< > B > 1.

(3) The correspondence between (5 -expansions and real

oC
vectors (p) with index less than 2 and (37 f) is one to one.
{

The methods of proof are similar to those of Theorem 4.1
but the situation is much more complicated.

Proof of (1)

As in the proof of Theorem 4.1 we inductively derive the
o<
expansion corresponding to ( @.) , but here there are six different
!
situations that can arige.
oC
Iet € >>1, and the index of ({?) be less than 2,
(1)  If =[] >B-[B]> O then
) o «] | © ( &
&)~ | o ! B
| 0o 0 |
where o(; > ) >>| and evidently [o] [ F1 2 !.

(i) If B-[BI>C[x]>© then

e Cec] 0 1 &
% ~ e 1t o)|f
| 0 o 5

where o(, > B, > fj and evidently [o«] > LRI = L.




<
(iii) If oc—[«] = O ,then since the index of ( {3) is less
!

than 2, 3—LR1>0O and
(oc) [«] f I} o
B o= [A] o l
; | o0 o o
where o >> |, and evidently (ec]>CRIz1.
(iv) 1If ‘3—-[[5]5 © , then as in (iii) «(—[]>9, and

o Ll 1 o0\/x
({-‘») ~ g o ! (J
|

! o o o
where &, >| and evidently [x] > [pJ >l

(v)  If oC-[«]= B~ [PJ, then both quantities must be

greater than zero, and
o< «1 1 | ]
Bl ~ (g 1+ o}l
| I o O 0
where of,>] and evidently [gc] e r_ﬁj?,l.

ifDC‘>I and Cf:) has index less than 2, then
(vi)
<3 | o o
—~ | le] Is) |
o o | o

where oG > | and evidently [oc] 2 I.

' < oG
In all cases the vectors (ﬁ; and é’ also have index less than 2,
{

Using these sgix facts, wo see that for any (p) satisfying
I

the conditions of the theorem we can choose & sequence of matrices

D

1)

D,_) Dy e _such that Kb . is a G -expansion and




oC

on
p [ DJDLDg'”' D‘n (ﬁl‘l)

where either Xn.>f >=lor as > Bu=1, Yu=o0 .
Now if K, D, D_D;.., is a G-expansion of type I, it follows by

Theorem 2.2 and Remark 2,1 that K, D,Q_ «» converges and

o

((5) L K' D; D;_ D;s [T TN

|

If h’,D, DL .., is a G-expansion of type II, its convergence
gen

follows by Theorem 2,1 since a matrix of type 6 is a direct sum
of a Ax2 matrix and a X/ matrix and for the convergence of
1-convergents we need only consider the AxZ submatrix.

Then using Theorem 3.2, again we have

ol
(?) ~ K Db R
Proof of 2
As we have noted in the proof of part (1), every
G -expansion converges., From Theorems 2.2 and 4.1 we obtain the

further information that

oC
KIA|A1A3 [ N N (ﬁ) where o€ = 52 ! 5
|
o o
and Kl Crczcs e T (é) where DC)I,

(where the matrices A are of types 1 or 2 and the matrices C

are of type 6).




We mske some further observations.
(a) If A is a matrix of type 1 or 2 and
o o
v ' |
then we can choose J= | and then
oC"}ﬁ’;;-] implies that o> B> =1,
ana 2z B/ >  implies that L > P F T =],
We will prove this when A is of type 1. Then :
eC a | © izt a+8z,
Bl ~ (b o | g | ~ [ b+l
1 | o © I /
and since A2 L; I, the result follows. The proof when A is of
type 2 is similar,
(b) If B is a matrix of type 3, 4,or 5 and
oc ol
) ~ & (%)
o
and o > | then we can choose = | and
< >Pp>Y=1.
We will prove this when B 1is of type 5; Then
(Oﬁf) (Z. I ot a+la
~ | o | | ~ [ beiy
¥ o o o [ o

and since a>b = | N the result follows.

—

The proofs when B is of type 3 or 4 are similar.

Now using these facts we can easily prove that if

K} Do b isa G ~expansion then

K DD, D, .., ~ (‘g) with o> R,

|
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Suppose M, AA,:.., is of type I, then by our first remarks

KAy Ay oo A-( ) with 0> B> | which by

(a) implies that K A,_A;/-L 'y~ ({l:}:'_) with o > Fg_?! ”

and again by (a) that K, 4, A.A,.., A_(}f:) with oG >B>1.
i

Suppose K, A, A, «A,BGC,., 18 of type II, then by our first

remarks b=
o "
B el gy (; Jwith xX'>,

Then by (b) K BGC,. . ~ ("Cf with o’ > "> 1

-

oc
and by (a) K AL A BCC ~ ﬁ) with o€ > B> |
!
o<
We now prove that the index of the limit ( ‘g) of a  -expansion
{
is less than 2,

If the G-expansion is of type II the result follows from Theorem 4.1
o<

for (l) has index {1 if &« is irrational,
o

Otherwise let

f? Un =Cn
JA;JA; e fin. = ?& U 1}"' = fiL'
s T

Then (O‘BC) e R (g:) waere Xn > B > 1,
| ]

Put dd—(%‘m) X, M(UKP") K)M(Zfﬁ)-fzn

sk e e Nt e e b R e S s B 3R

e

it

g e

e d i et e

Bl




Then

Gt 42n] = LXebutf Un#20) 44, (5 0t B Vot 4 2 (Gt 43,0
(nVat Puton +3,)

4 = &
(Tt + B tont Bm) e

(since X,\F},-f- otz h=0, X U+ U t-Zoin = O 5 Xn o +)€t;,\ .f_Z\%,‘ = o{d-f,;)

Now it is clear that & —> o as 7> © and £, F O.
Suppose there are two linearly independent vectors (a;, 5)::)) ¢ d)-c)ﬂ )

such that
axc+ bp+c = o

da+ ep+f = 0.
Now ()Q,_, Y‘)Z,,_) cannot depend linearly on @) 6,6);(0:% ﬁ)or we would
have X..._OC-I—Y,\_/S-}AZ,L:O.

K Y Zit
Hence def| a b < ?90 for any .
4 e {4

Consider the equations in o, B, |
a o+ bp yc = o
doc+ ep + £
XnX + Y Pt Zn_ = &a .

By a familiar property of determ:mants,

a.‘ac. o
dof= [ 4 e | = =& aCe Foasn >o0.

X Yo 25 Xn Ym

This is impossible since the left hand side is a non-zero integer

for all 7M.




Proof of !22

Suppose two different G-expansions have the same limit.
Using Lemma 1.1 we can first remove the common initial matrices.
Now, by studying the nature of the limit of a truncated G-expansion,
we will show two such expansions with a common limit have the same
initial matrix.

The information we require is the following (where the

' o<
linit of the tmmcated G-expansion is (B) ):
I

a | 0
(1) If the initial matrix is Lowm |

I 0 0

of type 1t or 3

then [«J=a  [pJ=b and o —[a] > p - [R] 20

?C’) of type 2 or 4
| o o

then [acj=a.)[ﬂ_]:£: end p-[g] > <—[«] 20

o
(2) If the initial matrix is g

a | |
(3) If the initial matrix is L | O |of type 5

I o O
then [[=a,[f] = b ana P -[pI= x~-[x]>O.

o<
If the limit of the truncated G-expansion is ( ! ) , then the
o
[eq + 9
initial matrix is | o o "
o O |




b3

We will prove (1). The proofs of the others are similar,

a | o _
It L o | | is of type 1 and EZ;DQ,EEJ.,. are other matrices
I o o0

in the expansion, then
!

]
KbbhR .. -~ (?,) with ?ﬁ’} [ «

a | o oc! ata—égf
Then b o !/ ﬁ?’ Eh b +-Jt?'
| 0o o I |

and we have our result.
a

Ir L o 1 ] is of type 5 and P: D, Dy are the remaining
I

matrices, then

ol
Kt D(Dzu“- S (é)) 0(?},

a | o o a+l%
I o o 0 !

and our result clearly follows,

It is clear from a consideration of these facts that two

different ( -expansions cannot have a common limitsc. e 'ocr - - oo o

(o, EE R T T e

This completes the proof of Theorem 4.2.
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2. Some Particular K-expansions

In this chapter we derive a variety of K =~sxpansions,
some with and some without number theoretic interest. Most of the
expansions are well known, though some of the proofs are new.

For a multitude of other expansions see Perron [12].

Expansion 5.1

L/ 1o\ /3 10} 310
ayg ~ Kltol 2 0 | ﬂ—(Bol)
{ 'OO 1 0 0 - = I 00

We will require this expansion in chapter 6, It provides an illus-
tration of the evaluation of periodic [ ~products.
let A,)Aa,A; + be the matrices which occur in this expansion.

o
By Theorem 2.2 the right hand side converges to (ﬁ) where oc.> 32 .
]

Then ("é)ﬁ_ A,Az(‘{?’) mA,A,_A,(,?J since Ag=Ay= ...
'x; ap-i [ X i &
Hence (ﬁ) e A,_ ! ("5) ~ As A:A,—' (‘?) ,

e () mbrons (1 ~(333)(),

which amounts to the equations

ﬁzr_ oL or PS: R ol = ﬁ’- .

2 2

<pei

But F is real, and there is only one real cube ruot of 2.
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The following four sections amount to a derivation of the
regular continued fraction expansion of €% and tan(E) for 4
a positive integer. For other derivations of the expansion of 62/*
see C.S, Davis [ €] and Perron[ t|, pp. 123-125] . The expansion
for tan ( 1{&,} may be derived from Lambert's semi- regular expansion
for tan(ké,) (see Perron [ 1] , pp. 14-8-149] and [ 12, p. 157])'

Expansion 5,2
ox) s (am+1)+x 2t
(l ) K?I[O (am+i) (2m+) -2

for all complex .
Proof
We first show that

T @m-)+x  @m-1) )= (‘Fncx) 5-“@) D

may \ (2m)  ([@AmeD-x Anx) ()

e ) = Gu(F) , En(x) = fn (20 eee(2)
md  AnG)= 31 Memuxh
4=0
P = > (RSt
40
it = (k)
caliaive= 5y Y

The relations (2) follow immediately from the observation that the

left hand side of (1) is unchanged on interchanging rows and then

columns of each of the matrices and replacing 2 by —xX< .




We now proceed by induction on 7 . The result is clearly
true for =] , and we assume it true for some n2| . To prove it
true for n+-I it suffices, in view of (2) , to show that

(ane) { n(X) + I () X An(x) = Lo (),
Gt ) { D+ GrD} =X () = (%) ,

and it is easily verified that these relations hold.

To establish the expansion it is sufficient to prove that
> €% 2 - e
"K.(’YH—[) Y] ('ﬁ.n—i) b 'YL('M.'H) e (4’\-—-}) .

We prove the first of these, Using the expression for -{n(x) 5

+2C

we have for all complex JoC

fn(x) - |+ i nint) e (b))
Nnne) o (4n-D 4 (an-Yane) ..., (an-4) 4!

_ n o (- (-E) o (-4) (2
[ +.§T (-5)(1-%) - (1% *!

e

s ,

4

= ‘ + E afu,ﬁ&-z)— say .
.k.__; ‘éf ?

Clearly a,,.}i—>l as n-»oo for fixod"ﬁ,, and also
I | &
A, < J—h =24
R (T_?J&C X C,l__,.&) y
80 the result stated follows from Tannery's theorenm EGL + Pe 136],

4
§
_§
The second follows from the first and the relation @
4

(&) {4u)+ Fre0} + XAn() =F0s (0

(if we divide by (n+)(n+2) (M) and let —>00 ),
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We now deduce some regular continued fraction expansions

from Expansion 5.2.

We use a shorter notation for regular continued fractions.
<) K "“l’) % ’) 2, ‘)
For ] I © | © I o

we write o = [a-o,a;, Az ees ];
and, for example, by [:z’ i,Q?L,l],:iwa shall mean [2) I a‘Z} I,1, 4, I} !)é)/’,,,]

Expansions 5,3
o0
e = [ (bl ], . where 4>/ is an integer,
g e =[a,71anil>
Proof

If we put DC-:I{ in Expansion 5.2, with integral 'ﬁ,po -

and use lemma 1.2 we obtain

el Gne)Be @Dt
( ) K Tr ( (an+Dk ok~ ) 2
Using the result

(o a) = Ga( o) (1d)
with a = (2n+)+4,this gives

(&Y~ (1)@ 3) (0o
which is a regular continued fraction if £>| .

it =/, we have

e e ab
2= [1,0,1,T,An,] ],

["2‘) !)lh)IJn-:f (slnce !0)( )( ) (-!’) )‘-

i
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Expansions 5,4
e [0, 5 Et1], 6@k, & {(6usb-If | .-,

for gn 'odd integral £>0, and
LI

e [7) Bne2, !.) l, 3714-3) 6(4n+3) Jn:o

Proof
If we put oC=74 in Expansion 5.2 we obtain

(e”“-) ~K -ﬁ'— QviDk+& (D)t )
| v=0 (av+Dh (av+1) £-2 *

We may transform the product of three successive factors in this
expression, given by V = 3‘n-, 3n+-r, 371.1—2,, into a form appropriate

vhen & is an odd integer. We observe that
a+y o _ I l)({;(a—f) ! (.:L 2
L f12 ( 2 1Y/
- 2\ 1-2 1 o/\24
(:a. .')(&(a-s) / (1 !
3 -1 1 o/\tr10/,
and apply these factorizations in this order to the three matrices

specified, noting that
G5 0%5)- Ga(33)=40¢
This yields

(ensdhat, (Enh, ((cm) b (Gnr3)t ((O’H—S)-fj-i. @nes) 4,
(bne)k (k5] \ EneB)k  (Gned) bt ('G_?H-s)'é. (n+s)8-2

7 (1) (53 (O ) ) (1S

and hence the results stated (which are regular continued fractions

for the specified & ).




Expangion 5,5 |
tan ki = [o,%-1, ] , (At t~4 ._L:
tan | = ETJM;
Proof
Since  cotth) — | = ﬁfo:i;)/f __’4— i+ (it _‘,))'

application of Lemma 1.1 to Expansion 5,2 with x-—-%;f—givea

_ (=1 (.-!-I @rt)tsal  CGame)4k
o) = ~ K (: TT )k (:zm)é—.‘aé)

Since (6-1 L4 :L( a+4i ) (q- a-.‘z)(L ] wj
| a-20

_— (_.; a_-—) — [ a2 | [ I)
/ ! I o)\to):

Theorem 3.3 leads to the result  cotdy)—/ = L @nmH)k-2 ) | ],:

It follows that cd’:‘{ = [ 4.—!) / J@ﬂﬁ)i—,’z]ns,

and so0 ‘fa-n'k = [Cf,f—l)f) &ny) ‘Il—-?.l’:' 5

these are regular continued fractions for integers ’é?o and 1@.‘7}
respectively.

Finally,

taM:{ :[ '{) 2"_!]:: ¢

|

S T e
i T T B

TR

T e



Expansion 5,6
log 2 25 15 30\ o [-24nm+q QD ©
T | ~K[l04 8920 -ﬂ— AN T +2 o @n+3n+z)
[ 20 30 30/ n=2 (Qn=1)n o o
Proof
This is an example of the following equivalence between
a pair of series and a 3x8 K-product:
ai +dg+"a; a-;'!‘d,_ a ] L= df)nMB;’\v A' n O
~K | b+batb, bt+b, b, TT _A-’b"-'f'dg,n o s,
| | ] /=2 '-‘A,_}.n o) o)
where A’)ﬁ_:’ atmgn.—ans";.; » Az’“-—"- d‘)’lﬂ'&'\"l-_ aﬂfzby.ﬂ &
ad Az = bp~a, by , if the left hand side exists, and if
A,) n 74- O for any .
Our expansion is obtained by using the well-known series
e "
-..‘
“‘.IZ,' 6;9. = Z'\g’“’z‘ 5
h=)
i S L
4 = L an)
To prove the equivalence, it is a simple exercise in induction to @
n ‘ )
show that if Sn= > )7,1---2_!:».‘ ,
&=| 4=)
then
S5t Spq Snz S3 Sy S\ M™® [Agtdsk Ay O

Yl dpa [ T, T Toa) = T"TT Thbthg o Ay

(R | 11/ =2 -Az% O o /-
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Expansion 5,7
If a>o,b>o then

1Je (%) Nkﬁ- lukol) |

@) 4 10
o L Fig |
more 8,) (k)" 3, Tty 1o oo Dol umtion

of the first kind of order V.
For other proofs see Perron [i&., pp. 103-104; p. 281] .
Proof
As for Bxpansion 5.2, we can determine the convergents of

this K-expansion. We have

" Sak+b | 3 L -
4[[: ’ 0) B (3’\ ja—f)

[#] —

were A= 0 (V)L (D)
e &

and In = g(f‘)llﬂ(ang .

(Empty products are taken to be 1 and empty sums O.)

The proof by induction rests on the two identities (for n>o )

{a(h"") +6?]-¥1+"ﬂ"-' = "ﬁ’m
{2 DT gnt Gy = Gy
which are easily verified.

We now use Tannery's Theorem to show that if a>» o, b>o

/

o ab+b | é 4! a* lak Yoty s (AReL)
K —ﬂ— L g - oo-(3)
*=] ! &

L [
go 4! ak (ai)2a4g o (At b)




This formula, by comparison with the defining series for the Bessel

functions, then yields the required expansion.

From
£ = %l OAOh-) . (=264 ) (alht)+L) - (A G +L)
(aw)(zué)m (-'c'-m—fo) £ (af-_éj(gau.g)_ Can +b) {,

(2]
= G"é’)(‘“ ﬁ?‘i")(l— ?-'-fw;_'i)
LO G_.—éf{—’* +4bi) ‘. (l-l—at;—‘_ (4*-59{?-‘14\4)---@&49 Q‘{!

_ |
) g‘ Une R vy aart) -G ]

Evidently Uws-—»! as n-—> oo for fized 4 , md also

/ I _ 4k
uu,l( < (,_ %)E < m _— .Z.

So Tannery's Theorem applies, and ags " — o

£

= I
(a+rb)(zatt).-(antt) go

! ak (a+6)aatt) (ahb+h)

We can prove in a similar way that

' = |
(arb)Garbrr (aneh) ; k[ a% (an)ael) . @he) )

and since it is clear that both of the limits are not zero when
OL>0)

£’>0) we have proved (3 ) and hence Expansion 5.7.
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Expansion 5,8
If R50, R +bntc=@y> 0, Any—n>0 (m= 123;7) then

= !

; L - Ay, Arsa =Ry, |
o8

> — ﬂ

g a,a,.. A, a p! r"‘*---ﬂ | 0o O
. =1

> ’

reo M1 g @yl @) |- O
Remark

This expansion is essentially a special case of a set
of mxn K-expansions due to Todd [14] (who gives them in terms
of recurrence relations). Notice that in this proof we do not

obtain the convergents as we did in Expansions 5.2, 5.7.

EProof
We first show that if
= [
Gn = ]Z; ardy - Appn AP (n>9
then
Gan- a,, -..f".«?*..-:“i_&m | Gn
Gy o= 0 o | [ Gna wslt)
Gon 0 / o Gn+e
This amounts to
i / - Byt (Aomy = An) +-AV(1=p) ! [
P @2, Qo A ¥/ ;- ), an,, ar | + a,%,.. a,., + a, -amnax 9

and our result follows from the fact that

Cn+ V(B — ) + @ V() = Cnerr,




From /( )'it obviously follows that

G' v ay ,Exﬂa::-g:ﬂ [ Gh
G| = Tr ! o] o Gy
It is also quite clear that
Gn 0
Gt > | 0 | for all n.> O.
Gwz o

Thus if we can prove the convergence of
e ay Lpy—4r |
: a
K| o o .
=2 O | o)

then by Theorem 3.2 we will have the stated result.

Now consider the product
s C-lr- dol—

BR.=T (1 o

|
0
K2 o | O/ .
Using the identity
Cn A | Coes

I O G | o o
H
Il o o O | o o | ]
we obtain
C"ﬂ" o < | O n Cew | O
E._ ' @0} = Il OO0 ” dv 0O |
9 o | e © 1] 4l I o o/ »
and hence
G IO\ | [Cp | o0 l 0 o
F-.‘"—'IOOTrdyo; O dy !
00 i/ {rz\I ©OO ot o,/ *
Hence, again using Theorem 3.2, the convergence of K 'IO'F CI" dg' :3
2 \No 1 o/’
follows from the convergence of [ o 4 .
1;'; de 0 1], 4 dzo (-»2);
o ©
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Ans)—CQa,
a

K =product follows by Theorem 2.2, This completes the proof of

and for G, = tu  dn= the convergence of this second

Expansion 5.8. Notice that at the same time we have proved the

expansion
G; K a?. ‘ (o] o0 a"!ﬂ ’ %
Gy | ~ I oo Imi—ds o0 | .
Gsz 0o | JJ; I o ©

If we specialize @, to be (3n~)(3n-2) | the functions on the left

@
hand side of Expansion 5.8 can be expressed in terms of €,€%, e

where w# ( is a cube root of 1.




6, Best Approximations

Throughout this chapter we use Latin letters for integral

vectors and Greek letters for real vactors.

6,1 General discussion
We shall now informally introduce the idea of 'best

approximations' in relation to the first problem mentioned in the
introduction, We shall suppose that [\ m(x), c(x), ), Y®

have the meanings assigned to them in the introduction, Now the
problem of finding a function IP is theoretically more simple than
that of finding a function Y, for the first only requires the
knowledge of a certain sequence of vectors, whereas the second requires
knowledge of all but a finite number of vectors. The solutions of both
problems, and especially the second, would be facilitated if we could
find the vectors & for which m(X)is 'emallest’' (in some sense)

with respect to c(x). We would then know that for all other vectors
m2c)is 'larger' and thus we would only have to estimate 'm(f)in

terms of c(x) for these 'bgst' vectors in order to obtain a function
‘\f" ; and of course, the 'better' the vectors x are, the better the
function CP we can obtain by estimating m(x) for these vectors,

In this direction we make the following definition:

The vector z is called a best approximation with respect

to [\ if for all other vectors Zfo with C{X)<c(z)we have m(x) >™Y),
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Now if the function C(x) has the property that for any
real number K there are only a finite number of vectors with
c(x) < K, we can order the complete set of best approximations
. in a sequence {,,Ir-} so that

dx) € cln) < Y& <l < .
Furthermore we can prove
Lemma 6,1

Suppose there exists a function lff('f:) which decreasea

steadily as s increases,such that

m) > Y}
for all best approximations, then there are no vectors <= .{: )
such that

m(z) < V{c@}.

Proof
Suppose that S , the set of all vectors x# 0, with
m(§)<1fr{ X }) is not empty. Then belonging to S, there is
a vector y with qi;'.)é_- c(x) forall X €S.
The exiafe:ce of ”3 follows from the nature of the function C(x).

Now obviously no member of S can be a best approximation. Hence

there exists a vector with
c(3) < c(y) ama mG) < ™),

Then by the property of :1 . does not belong to S , and hence

Vlew} < 7 s < VI,

which is not compatible with the ‘é&ﬁation:
|




0(2) <_ C(Z) since ‘l{/(&') is a decreasing function of s

One obvious result of this lemma is that 7%, )->0 asn>0 if (X §
is the sequence of best approximations (since we can choose vectors

for which m(x) is as small as we please).

In the following sections we prove a theorem (Theorem 6.1)

which sometimes enables us to find complete sets of best approx-
imations when /) is of the form

mO.... O —o,
i O 0. .. QO —ola
b.D»:- J@Lf&_’

For this special case we use rather different language tham we have

)
been using. Instead of 'best approximation with respect to A

o(y
we say 'best approximation to i ’ and we say that ™ (x)

measures how closely < approximates o€

L)

5 rather than saying that
m(x) measures the size of .A_;\_:’ because in this case, the best

approximations %, have the property that HxXpy>X a5 . 2090

A further important point about the following sections is
that the method of proof of Theorem 6,1 requires that we give a

rather different definition of best approximations; however we

shall relate it to the one just given.
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6,2 Meagures of Approximation

Suppose &€ =(OCL))' ®wm (the last component) # O,

1R

>0,
We will call a function, M(X), a measure of approximation of x
to € if M has the following properties:
I. M&>0 foran x+o0 .
1. MOx) = D\liﬁ@f) for some % (where A is any
real number). _
IIT, If {Z«} is a sequence such that M(Zx)>0 as 7 - wo,
then 26>« as " > o0 .

IV. If {Q} is a sequence with =C, = @L‘,n)‘# © such that

X oC; o
dat T T >0 as m-»a0 for t=/,2,..)m~1, then
M (:5,“) — 0 as m —>00. (This is the assumptionm,

tacit throughout Section 6.1, that fm(%)go if the
components of /1 X,  tend to zero.)
Vo If ME)< M(e:) (C=13,.0m) then either X< Q,

=0, or x> Q.

>
Two further properties depend on a definition.
Definition 6,1

:'t is a best approximation to 2C (with respect to
function M(ff_:)) if 'z>ﬂc_? and if, when 2C is any vector with
OLxr <
O<x <Y, v nave M(x) > H(y).
1t is clear that unit vectors are best approximations to any o<

with respect to any function M(:_g), Other best approximations

we call proper.




We then have the two further properties of a measure of approximation,

VI. There exists a least proper best approximation &

ViI. If M(E)gf‘%j)g H@Il:hen either T<Y or xX=1Y or :r:::-;&,

We now give another definition of best approximation in the
spirit of Section 6.1, and we shall show that the two definitions are
almost equivalent.

Definition 6,2

4 1is a best approximation to of if when X is any vector

——

such that O<i]nl<i|7£l:“ have H(@ < M=),
= (=t

We ghall now discuss the correspondence between Definition
6.1 and Definition 6.2.

Suppose {25,.3 are the best approximations according to
Definition 6.2, Then M(%)—>O as n—> o0, and hence for all T
larger than some Mo, M(x) < ME:)(=ly,m)end s0 528 or zvo
Further it is clear that if ZX»n 1is a best approximation then so is
—Z, » If we consider the positive half of the pairs X.., ~Z rny)
and look at the vectors Z’ such that o< l{.{fn , then obviously
C(Z) <C(';9.). Hence since i:,,, is a best approximation according
to Definition 6.2, MQJ 7”(}_’:-). Hence the positive vectors among
the SEZ\( nmo) are best approximations according to Definition 6.1.

Now congider the set of proper best approximations according
to Definition 6.1. By properties VI and VII we can write them as a

sequence { g'n}' such that

LG < X< Kl o
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Now by a very similar-method to the proof of Lemma 6.1
one can prove that M (x,)> oas n->00, Hence for all 7L greater
then some 72, Mlxn) <M@e) (c=12,- ™),
Consider, for each 7. :>n.;, , the vectors y2 # o with

ely) < clmmd M) < Mzn) (%
Evidently E% >0 where £=*%/  Further L <EY <Zn since
M(gz) =MGg) Q/if(’:g_,,)-; M(@)and c(zm @b,). Clearly, since
Xom is a best approximation according to Definition 6.1, there
are no vectors 2, satisfying (% ). This we have shown that the
best approximations according to Definition 6.1 are, apart from a

finite number, best approximations according to Definition 6.2.

We now give some belated remarks on the definition of
measure of approximation., Throughout the following, ‘best approx-
imation’ means ‘best approximation according to Definition 6{? )

Remarks 6.1 '

(1) If ¥ is a measure of approximation to X and ﬂgn—é)
then M is a best approximation to & 5 the best approximations to
% with measure M are precisely the best approximations to E
with measure M,

(2) If M is a measure of approximation to oC , then so is

M=AM if )\ 1is a positive constant. We call two such measures
!

equivalent, and write M A~ M. The best approximations to & with

measure M are precisely the best approximations to oC with measure M, .




Theorem 6.1

-+
() < ~ kIT Ag .e (1)
~ =

where' Ai - (&) %""e'?’m ?_'H and em'ak:l) ,ei__r'ﬁx‘?"'o (V= IJZ)-}?')"!-})

Tt A

(2) M =~ M'[@-:AL)Q.CJ (n=1,23, ... )

P B

are respectively measures of approximation to
[~ =]

Ln where o ~ K TTA*
=J_ 2

and (3) Ay is the least best approximation to L

with measure /Mn 2 _,_,_-,__,;'

z %

-

then the 1-convergents of expansion (1) are all the proper best
approximations to &, with measure M, .

The proof is conveniently divided into two parts,
Part 1 |

We shall prove first that if £ is a best approximation
to &G, with measure Ma, » then A,-?_E is a best approximation to

A,aczn-oc, with measure M,
' Ea

n
[It follows from this that (JT Ai) ¢ @:I)Z,s,..)are best
=/

approximations to o, with measure M 1+ Por €, is a best approx-
ination to Gnw with measure M., ; hence A €/ is a best
approximation to oG, with measure /Mn ; and Ax—; AuQ is a best

approximation to Ln-r with measure M, ; and so on. Finally

A;Al-r-ﬂn% is a best approximation to %) with measure M,J
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Proof of Part i

If £ is a unit vector, Part { is evidently true, so we
agsume that X is a proper best approximation., It is clear that

L

Ax > Q. Ssuppose in contradistion to Part 1 that there exists a
d  with
9_‘(2 < Ax and M,(z) < M((AJES);
mo M(4hy) € M) (@)
From (2) and property V we have either

A?E‘(Q_ or A,_!Z'?Q,

i

En
4 e/ — (&-2)em
Now J = %{' _ (@_g.’ﬁl)%:n

&t = (G &) L
Taus either g .1 >0 whence A'—Eéf >g,0r mY =0
o
whence A,_"y = -‘f"-'?% 7 Q.
0 ey

In either case we have A:’y, > 0.

-

\

Further from (2) and VII, and the fact that 2 is a proper best

approximation to &, with measure /2 , we have A:’Z Z2X>Q.

Multiplying this inequality by the positive matrix A‘ » We have
z Zz A, X »

But this conflicts with our suppogition that ';{ b A; x

and we have our result.
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We prove in Part 2 that if X is a best approximation
to o with measure M, % >4 and x :A, X2 » then X; is a
proper best approximation to % with measure Ma (where o6~ Alxy).
CThis implies that any proper best approximation to X, with measure
M, is one of the 1-convergents of expansion (1), For if X, is a

proper best approximation to €, with measure /“1, » then either X, =&,

or 2 =A,_£2_ and X, is a proper best approximation to °C2 with
measure M3 ; and this implies that either X, =2, or x, = A, AL,’E.’.
where X3 is a proper best approximation to %3 with measure M3 3
and so on. But this process must come to an end.

€m * Xn

1% ~(°Qn)(em-z)
For xn,,-:—, = .

St o2 (G 2) (@ 2)

and since ﬁv%}% €450 ( Zn is a proper best approximation, and

the least proper best approximation An has €:440), we have

L _ L
O S B, & 2 ax ]

L=t L

Proof of Part 2

-‘
Wo must first show that Z,=Ax,>0. We have Mi(z,)< M, (<)

and hence Mz(§]< Mg,(g v ) Further %(3_,)‘-‘5“,@_;) and hence !
ME)<MeCin) (F13m9), Eence by v 2:<Q or Xz2>0.
By an exactly similar argument to the one in the proof of Part 1

o

we can show that x, > QO . Now suppose that, contrary to Part 2,

there is a Y with O<Z< X, and M. ('y,) < M, (?5'.) 3

b
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Then M, (A;‘j) g€ Mlx).
By VII and the fact that 2, is a proper best approximation, we have

Alz > (Az"_j'. :F-Er)

But from our supposition A;} SAX = X1, end these are incom-

patible.

In the remaining sections we consider two specisl casea
of Theorenm 6.1.

6,3 The Regular Continued Fraction Process

o
it x=(2), o= (,-), «7|, & suitable measure of
approximation of X to X is
M(x) = [:c:,-—a(x,,{_

Conditions I, II, III, IV are obviously satisfied by /M if ecis irrational,

(G:,) where ®o is [€7] is evidently the least proper best

approximation to oC.

Regarding V, if neither <O nor X =0, nor X >Q then we

must have L, <o, I; >O or X, o ,x <0,

and in either case M (x) = [z + o[=] >1.

Regarding VII, if neither %_‘;{, nor 2_:)_?) for similar reasons
4 < et & [ zrl4clar ] € [m-cm [+ =],

80 we cannot have both M(x) and H(}) less than 1.

We can apply Theorem 6,1 if oC is irrational to find all the best

approximations to oC ., For if <> | is irrational we can expand oC




as a regular continued fraction

P i a, f
Jof i~ K (ao l)(a-r )( )““
Lo/ { o/l o/Jil ©
(where the Q. are positive integers).
Parthor Né@ﬁ-‘ (1% +%) oc, — —'t}(flqof;ﬂ){ = IQC,——'ac,;r:1
a, 1\/a, 1\ .
where 0£| =(f’) ~ K(llo)(t o) .

Hence Mh (‘L:!,z..- ) are measures to their respective ‘gg,.__, 5 and

further (cf" ) (= f)z'...)are the least proper best approximations to

(O'G‘) :.o-_[_n - K{Z—[ (alk' (t)) since Ap = T_OGCI.

Hence all the proper best approximations to ©C with measure ™

are given by the t1-convergents of the regular continued fraction

expansions of oC.

l
M'(;E_) to be Ml (S_Q) = ?(,z = P,X;Yl—;—d.\fli
where xl = (x' —-cf,.:f;) and Y! = (xz_--—- B, xs) ]

=, o« zf‘l
If X= % 3 o= Pl = 3/2 | we define the function

We will prove that M, is a measure of approximation to %i.
Then the main result of this section is

Theorem 6.2

The proper beat approximations to fs ; with measure M i

are the 1-convergents of the expansion:

54
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( I O 3 1 0 oo 8 4 O
of ~K( | ol 2 o | M [35 o0 1
[ o O 1 0 o A=) 1 o o

(This is Expansion 5.1.)' _
Let A,} Az)Ag}mbe the sequence of matrices in this expansion. Now

oG,
it Ma (;C) and o = (ﬁ:n) are defined as in the statement of
. - !

Theorem 6.] and Xn = (?C;mtfn'xé.), yh = C Xy ﬁnxs)

o M) (P80 X 4 2k )XY, £

ICYNICT Pukq) X3 +H(T oG +6-Eets B, ~ 38K+ (34 + 3k+1))")

and Ma(2) m (125 — $3By+87)%G + (ceBs 3304 ~10 Py +21) XY,
+ (12ocf+ 1004 +3)Y .
Now it is quite clear that {;{vgf:ggf and Ag= A3 =As=
and we can now show that ™Mi(x) & Ma(x) == Mg ().,
We need only prove that M;(x)xM(z)and the rest followseasily,

Now ocy, Ps satisfy
ff-_gs = 306'3"-'-39{3’}"

and (3, = oy —Holy ,
and from these we can deduce that
o3 (3B — 8ps+9) = (12B5—33ps+37)
'a(}( 8 ot +6— 606, By --3p3) = (—-2,40(3(33—}- 530{3—1053.}.1{)
and oC3 (3 + 8 +1) = (a5 +(o o5+ 3),

which is our result,
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Now it is any easy calculation to show that if there exists

a least proper best approximation to &, with measure M, then it

I

]
must be (i) . All we need to show is that (;) is a best
AW | ]
I

approximation, and that if o<x<|{ ! )then X is not a best
' E

3 3
approximation., We can deal similarly with (T) and (?) ;

A1l that remains to be proved then, is that M,’M,_, Ms

et 3

are measures to o, X3 and o3 respectively. We will frequently

use a

LT

Lomma 6,2
1f Ax*+2Bxy +Cf< D ad AC > BY, Ao,

- - 2 \%
then {FI"LZ}{ < (D(Aq(Az'EE;_';CP ) (for any real numbers P,{ Ys

Proof
We may suppose that p and g  are not both zero. Then

B R TR T LY I

e

A+ 1Bz y+Cof? ’(ACAC_ ) (pereg) +(Gemerrenyf.

9"-28pgtcpt) | :
Now both of these terms are non-negative for all X, %, ?
hence Ac-8 ) ( pr+rqy) £ D
Ag*— 2Bpe +cp*

and the conclusion follows.

6,5 Proof that [, is a Measure of Approximation to °Ci

M , evidently has properties I, II, III, IV, We need to

discuss properties V, VI and VII in detail,




Property V
Let o = (;:) . It M)< M%) (t=1,2,3) then M,(x)<|.
Now applying Lemma 6.2 to X,z*[%X;,V,qLaG Y with D= | and with
(p,2) =(1,0)(0,1) and (-, ;% )we obtain
| 5 - <3 < I'2
[y Bzl < 10
e lXy-8x| < (-5,

Suppose ZC is not comparable with O . Then either

[xx—at,3 [ 2 | +0¢ >2°5

or l'f"ﬁ}l =2 14+ B Zha
or |o<,'¥—-f3,a:j = o, +f > 28

and we have a contradiction,

Property VI

l :
In order to prove that ( ;) is the least proper best
]

approximation to &, with measure M, , we need only show that
if ¢ is not comparable with ( ;) then x is not a best

approximation, since we have disposed of the other possibilities.
Suppose ﬁ_avc.‘p o is not comparable with ( ::)
Then { g-—( ;)}mst have a least one positive, and at least one

negative component.
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Thus either |4 < [&-D) — «(3-1)| < [o—ot3 [+ |1 - |
and hence e — w3 » 2 ;

or 4B < (=D =R G| < [3-B3(+]1-pl

and hence (Y- Biz| 2 ; |

or o< +B <[ (y—f)—ﬁe(x-—l)|-‘-=I°Cm;—ﬁxl + -8, |
and hemce | )y ~Bx<| >4:5 .

Now in order for Z to be a best approximation to oCy it must at
least be a better appmﬁmation that g_,) €2 or €3,

Since M,@)>M(e.)>M(e), we must, in fact, have Mlx) < M, (&),
Applying Lemma 6.2 with D= M,(€;)

we obtain (x-—aC,}f < |7
]'j—"P:}I = b
and - {c(fy-—ﬁx, <44

Hence 2C is not a best approximation to o, .

Property VII
suppose M) M, (W< M L () Tmere 2=(3), (%),

Applying lemma 6,2 with D= M, [(E)] < 0-5¢
we have |x— 3] < 06

[«}-ﬁ»,gf < 05
ma  [Gy-pz[ < o2,

We obtain three more inequalities if we replace (x,y, }) by (%U} )

in the abOTG.
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Now suppose 2 and W are incomparable. Then (x -«)has a
positive component and a negative component,

Hence either
25 <+, < [Ge-1t) ~ (}—m)f < f:z:—ac;g.rl—.'- [w -, o

o B2 NGB G- WIS I3 ]y [~ B
or  AF<Hp < o o)- Ao < by - iz + e Ay

and we have a contradiction.

Similar arguments enable one to deduce that /M, and Mz
are measures to «C2 and «z , We have thus completed the proof

of Theorem 6.2,

Remarks 6,2
(1) We do not make any estimates of %({—) (see Lemma 6,1)

for any sets of best approximations that we have obtained, However
for best approximations to (‘;’5) s0ne can always make an estimate
(though perhaps a crude one) in terms of the partial quotients of
the continued fraction oxpansion of of , For more delicate estimates
for the best approximations to € ses C.S. Davis [&, p.198].

(2) For a review of Simultaneous Diophantine Approximation

(and a comment on analogues of the continued fraction process)

see Davenport [ 57




1. .Two Further Applications in the Theory
Diophantine Approximation

The first applicafion is contained in L

Theorem 7.1
If F, q are integers, ¢ > F>0’ and € is any positive /

real number, then there are only a finite number of integral vectors

- (i), with v->0 , such that

’e‘b/?’_' %lt < 1’,.'2.-;«.'

Remarks

T b

(1) This result is en example of a variety of much more
extensive results which can be found in Chapter IV of Schneider [13],
(2) Theorem T.1 is a solution to the first problem of
the introduction, part II, with
A = (,-e), m(u) = |u-eftv] clyw- [+,
The function 'l{/({:) wo obtain is @}t-(%é The method of proof is .
quite different from that discussed in chapter 6 and depends on _
Lemma 7.1 _ )
If {ﬁ}’ {?,,} are sequences of integers
%" <|p-xgml <24 (w>v>o,
md 0< ¢ <q . < 7.2 (> > 1) then there are only a finite

number of vectors (r,s ) with

“"—"55’ A where (H'O")V = (J+wW)y X,

i Tt

[

(This Lemma is modelled on Lemma 5 of Baker's paper CI] but the

idea behind it is well kmown.) =
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Suppose | V—«s| < "{-Sﬂ 5 SM"D*‘{E(S‘?O).

Now 0= (He)—| = 5 +22 ~| >3

(since A>1, w>» >o) Put %—=5.

Then |F—os|< L g8,

Further, for some 7. In < s < Ann.

For this . we have
S< 4.5 < ¢4 7.
P x
Suppose 7~ * 5, then |
<[ pns=Garl < slpn-<qul + qulv—s] < 755 +lo <.

Thus we must have -%!‘- = % ; but then
s n

l |
lr-—-OCS}':'%‘lfn-‘OCQnI > ""Z'fm's = SS(H-&:)-I = Tso .

We have completed the proof of Lemma 7.1.

Proof of Theorem 7,1
| We use Expansion 5.2 with = % « That is
b e Bk 24~1
G)MKT (26-1)g+P  @B~Dg
f=1 (28-1)¢ (2B-1)q—p /.

Let A‘} A,) A;). .. be the sequence of matrices in this expansion, and

Now since for all " s An?O,

() ~ n(3)

where of, ; Pn are non-negative.
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Hence f_-'f'; — ot / gz Pl dat A
Ki (oot oo 05) T o
and %_ _ ok } = __ % [dot Pn
» (Mh'}“ 1_(5_" CA.M) % o, . é

Now either ___E',-_’P_L__ > _{i or A > A
(oG + B @t pue)  ~E7

Zn
and hence for all W , one of%— 5 £ (we shall call it —= )
L

has the property

2 o L5 b P "
Now in order to apply Lemma 7.1 to the sequences u,. . ..,)wa need to
egtimate % %9 in terms of v;_, and also T in terms of Vaw_,.

Now evidently, for h- i 225 3,0

0 < fa-n-p5(11) < A < feh-ne+p} (|
and hence
@A-p- @) (1) < R < (t£) Garh) (@) |
Wow stace ¢ 2p+ 1, ma (11)*o 2( 1),
2260l 977 (1) < Po< g (1)),

Thus V3, satisfies
- 2|
7 -l 77 < e < 2

an—i { Q"

and to, satisfies

25 H o) } 7° 4},.(,.;“: AP gt
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Hence
0 y s
T - e s 4G v, .ee(2)
and | '1]'7“-.“;;, < 81-\.(7\--1)"1_1. eee(3)
Further, since
(=) = g™ g (n21)
we have eV A ] (%i)nﬁ' n".

Now, for m.» | since ¢ 4, ‘jg }% > 4 ena Q‘n—fz n,
g0 ’U;,\_ o nn. 000(4)
Now in order to apply lemma 7.1 we wish to prove that for any € >0
and all sufficiently large L
| U b [
(4) e < @:—€[<"§3:'£-‘1“e“

n

ma (B) <20 < GRa)CL

Now to prove (A) it is sufficient to prove, in view of (1))

that Mo W Av. i€ and 24wy, Tt €
- an Y
or that € > «%7—1-’;—;}—— (1det B[ =p>)
and BE > 2w
RIS P‘r.'n
5 Wy 1at .2
But by (2) Tu_.g*_;;ﬁ-— < ?_%zﬁﬁ < /én*q Pzn’
- LR < PP K PR,

Further by (3) Ve <« Pn(ut)@ < 16789 p° (nz1),

>
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Hence to prove (A) and (B), we need only prove that for any € >o,
and all sufficiently large M,
wE o> LK,
It is clear that our estimate (4) is sufficient.
It is also clear that Lemma 7.1 applied to (A) and (B) yields

the result of Theorem T.1.

The second application of the K-process theory to
Diophantine Approximation is

Theorem 7,2
ol o
ifr (@ ~ K TT (6». o *')
| £=1 ! o O

where & and bR are positive integers and ax>25.+4 , then

the index (see Definition 4.1) of (p) is zero.
l

Proof

Suppose Ar,A;)Aaj,.. is the sequence of matrices of the

above expansion. We put

4 A{LAiﬂ Pae A‘n

P ) x f"n—-f,{ Pn—?.,i
{h}_?(q i‘:w,"- czm) 4
’\n}& Pty B2,4
but where &= | we drop the au‘bscript - .

with o > Pg> | .  Evidently (ﬁ:) (oc}

2

Lastly we put P"L}-ﬁ: ”9,1,5\—«% In,t , and g = "Zﬁg& "]Blra,ﬁ;,
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Row by definition

P")ﬁ" = gy P«,ﬁ + s
qn)'{—'i o L“_—i Pﬂ} + Vr\;‘.

Y%,‘fa.—i = Pn,‘i
and Cosl = Epoy _'_'é:—; (5)
Be-, = b, + _37;

Hence [, , = -;L; ‘(aﬁ.,f’u,ﬁ-l- %jﬁ)aﬁt ~ (%44 GHP1) Pﬂ,&{
ey '&LZ_ f‘fi{n,i —-ﬁ,‘,.s,f;gji, < -51:: fag + @ns.
Further &, 4 = 7}&; | (bay bug + Yos) o —(bp-@aH) Pa,&[

= oCh Pn)i -
Now by equations (5), replacing A by 4+, and the fact that

Wy > Ban >, %> L[ChT=ay ana Pa>[ ] = by,

Hence

(ﬁ‘l,{—l) é.&t!— ! |

< [ ’
Qn,i—-l -al;: @) Qn,% / .

It is a simple consequence of this that

- () < (F )G
Hom 1 , z o)\4& © % O/\!

— !
since P = (a“ uc“) < ( | )
Q")"‘ B"-_' [EN =
Now 4, > Rbn+ 2,80

[Po — < 73| & ‘)n(’)

It is an easy matter to prove by induction that

(a 4)*‘ < ((3'97‘ 4(z™
| o = \GsIT a4Gs)™ ).
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It is obviously true for 2=/, Suppose it is true for some = > /.

(i 4)7I.+l-§: (3_5 )"‘ 4 (S‘S)"n-r :L ?,_
| o AGM g 1o
G-y (26D14) 4G
G G9+e) 4 (S

The truth for 7L+/  thus follows, since /|l =R (35)+4 «3-9 = I225,

Then

S 2 S

R

e A

It. is clear then that

EV()-6L D0~ =

Thus we have proved that if P"'_”C h=€x, 4-pha= Sn,then En-» O

7

and §,-3 © 838 n>oo ,
oC

We are now ready to prove that the index of ( {3) is zero.
I

Suppose there is a non=zero vector (a) L)C) such that Qec+ Lﬁ{—c: o,
Then (&,6¢)A4,A,.- A+ © because the matrices are non—
singular. Thus at least one out of every three successive

convergents has
Poa + b+ hcF o.
Consider, for these convergents, the equations:

o

€n

(4

ax+ bp + c
— ol + A

-"nﬁ —}-?,._-_:g,‘_‘

By a familiar property of determinants

]
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or ar €n+ bhSn = apnpu+bg.n +cpt.,
Evidently for m > /,h. >0 so

Rpn +-bgn +Ch. = A En+ bSn>0 8s n->00.
But the left hand side is a non-zero integer for all .

This completes the proof of Theorem 7.2.

We can apply Theorem 7.2 to some cases of Expansion 5,8.

If a, = (an+{ﬁn+?_) where A>> O, -{>0, >0

are integers, then a variant of Expansion 5.8 given on page 43

becomesn

G (2@4)(20.-51) [ 0\ e @@ﬂ#)(%m)ﬁ) | o
G | ~ K| o | a@ripirg O |
cs o o o/ ™* / o o /-

Clearly all but a finite number of the matrices of this expansion

are of the type specified in Theorem 7,2 and thus the index of

G,
Ga | is zero.
G
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