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| nt roducti on

The material of Hegel’'s Geonetrische Studien (GS) poses serious
difficulties for the interpreter. Mch of the text is fragnentary, and
its assertions cryptic. It is what has survived of a nuch | onger



i nvestigation by Hegel into geonmetry. The translators into English of
the Jena Logic (JS), which Hegel wote soon after conpleting GS,
conment! that their ““manuscript is witten in a |language that is just
as cunbersone and obscure as only Hegel (and especially the younger

Hegel ) would use’’. This difficult situation is made even worse in GS
where nuch of it is not even in the state of a fair copy ( reine
Schrift). |In addition, to understand GS, one requires extensive

background in classical G eek geonetry and its phil osophy, as well as
in Kantian and post-Kantian phil osophy. Yet even with that background,
GS poses many problens for the reader. To help orient the reader in
reading this English translation of GS, | have witten a |ong
introduction. This falls into two parts. The first part, A presents
a background to the phil osophy of geonetry presented in GS, and to the
geometry out of which this philosophy arose. 1It’s objective is to give
an overview of GS. In this part, the great commentary on Book 1 of the
El ements of Euclid by the Neo-Pl atonic phil osopher Proclus is used as a
framework for understanding the Hegelian work. The second part, B
gives a nore detail ed account of the main themes of GS. A nunber of the

topics of A are, of course, revisited and di scussed in nmore detail in
B. Wile a certain amount of duplication of the material in A and B
was inevitable, | felt that this approach in the Introduction was the

best way to deal with the content of GS.

The phil osophy of GS presents an astoni shingly erudite account of
Eucl i dean geonetry, in which the great insights of the classical Geek
phi | osophers and geoneters are integrated into a nodern, post-Kantian
perspective. |It’'s ideas are at first sight strange since nost of the
cl assical geonetrical philosophy that inspired it has been forgotten
over the last 100 years because of the influence of the dom nant, set
theoretically based, mathematical philosophy (in which Cantor and Frege
pl ayed such formative roles). Present day mat hematics has, however, in
topol ogy and differential geonetry, developed its own geonetrica
intuition and insight, based on, but going far beyond, Euclidean
geonetry, while at the same time, incorporating the great insights of
Cantor and Frege (when these insights are needed).

G ven that alnost all mathematicians are, and al ways have been,
(mldly) Platonic in their view of mathematics — mat hematics i s about
something — the need for a phil osophy of mathematical objects is

i nescapabl e. Rather than just being content wi th produci ng axi ons
which will allow mat hematicians to do what they would do anyway and
hopi ng (pace Gidel) that sone inspiration will ennable the "“correct’
axions for set theory to "~ “force'’ thenselves on us, we need to
confront the nature of these objects and el ucidate the phil osophica
princi pl es through which they are to be understood. Particularly
pressing is the need to understand the nost visually obvious

mat hemat i cal objects, those of geometry, which express our intuition of
space and whi ch are fundanental for physical science — not just the

obj ects of classical geometry: triangles, circles, planes, etc., but

al so of their profoundly devel oped, nodern counterparts: R emanni an
mani f ol ds, geodesics, the curvature tensor, etc.. The author’s hope is
that the tantalizing fragnents on the phil osophy of geonetry that are
transl ated here, witten by arguably the greatest of all phil osophers,
will prove stimulating in the search for a present day phil osophy of
mat hemat i cs.



A. General background to the phil osophy of geonetry in GS

It is generally agreed that the core and rationale for Hegel’s

phil osophy is to be found in his Logic, a substantial part of which is
concerned with mathematics and its nature. In the inportance that

Hegel gives to mathematics in his |ogical studies, he prefigured the
dom nant role that mathematics plays in present day logic, so that the
latter is often called mathematical logic. Wile | think that it can
be convincingly argued that nodern | ogic takes this dom nance too far,
Hegel does not nmake this error, and his |logic spans the full range of
concepts required for thought in general: science, religion, politica
and et hical thought and of course mathematics itself. The need to
consi der the somewhat difficult issues of logic in general, and

mat hematics in particular, in Hegelian philosophy is inescapable.

Thr ough such consi deration, the structure of thought in general becones
explicit, or equivalently, in Hegelian ternms, the concept becones for-
itself. Wthout the |ogical perspective, Hegelian thought is in danger
of becoming ““soft’’ and inprecise, at the nercy of thought content in
whi ch what is essential and what is on the surface are not

di stinguished. To concentrate only on Hegel's Phenonenol ogy or only on
his political and religious thought surely has as a consequence the

| oss of many of Hegel’'s deepest insights.

Hegel s nost serious, early, exposure to mathematics came through his
readi ng of geonetry in the Elenments of Euclid. Hegel’'s study of and
interest in geonetry continued to the end of his life. He clearly

t hought very seriously about it, as is evidenced by his discussions of
geonetry in his mature logic W.. The inportance of Hegel’s geonetrica
t hought for his logic of mathematics notivates its study in nore
detail, and the purpose of the present work is to discuss in detail

and give an English translation of, Hegel’s nost extensive and
systematic di scussion of geonetry, what survives of his early
manuscri pt Geometrische Studien (which we abbreviate to GS).

Hegel conpleted his work on GS in the Frankfurt period. |Indeed, the
part of GS dealing with the first twelve propositions of Euclid 1 is
dated 23 Septenber, 1800 when Hegel was visiting the nearby city of
Mainz. At that tinme, Hegel was based in Frankfurt, enployed as a
Hof mei ster (private tutor). He left for Jena in the January of 1801 to
join Schelling.

Sone of the material of GS goes back much earlier than 1800. 2 |t
cont ai ns a phil osophical and mat hemati cal discussion of the first

twel ve propositions of Euclid 1 (the first book of Euclid s El enents)
and two other later propositions, an account of mathematical objects in
general, an account of parallel lines and lastly some al gebraic
calculations with line lengths. The manuscript is at Harvard
University. Wth mnor changes, we follow the edition of GS given by
Hof f nei ster in Dok..® Helpful comments on GS are given in the latter’s
Anmrer kungen. *

In his study of Euclid 1, Hegel used its German edition Lor. by Johann
Friedrich Lorenz.® The Lorenz versions of the propositions of Euclid
di scussed by Hegel are given in the Annerkungen of Hoffneister. As



early as 1787, Hegel mmde at |east one excerpt fromLorenz’ s edition of
Eucl i d® and Rosenkranz records mathematical excerpts mainly fromthe
work of Kastner, as well as froma school book for CGeonetry (presumably
Lor.).” Hegel records in his Tagebuch (diary) that he studied excerpts
on spherical trigononetry that he copied out of Lorenz’s work. (This
is a puzzling statenment since there is no trigonometry in Lor..)

According to the authoritative English translator of the El enents, T.
L. Heath, Lorenz’'s work is “~“the first attenpt to reproduce Euclid in
German word for word’ ' ® and Lorenz himself in the title page to his book
says that his work is a translation out of the G eek. However, this is
not quite accurate. The definitions, postul ates and axi ons of Lorenz
given in his version of Euclid 1 are not exactly the same as those of
Euclid — for exanple, Lorenz has 12 axionms conpared with Euclid s 5.
The statenments of the propositions given by Lorenz are transl ations of
Euclid s statenents. The proofs that Lorenz gives are (usually) much
shorter and nore readabl e versions of those of Euclid, and he sonetines
adds additional proofs of his own: for exanple, he gives two proofs for
Proposition 31 of Book 6. Lor. (in nmy opinion) is an excellent, lucid,
t hough al so unconpronising, treatnment of the Elenents, that manages to
get the essential content of all of the 15 books of the Elenents in a
one vol une work of 367 pages. Cearly Hegel |iked the book, for he
used the 1793 edition of Lorenz’s book for his own school teaching of
the " “El ements of Mathematics''’'.)

Di agrans used in sonme of the propositions di scussed by Hegel from
Lorenz’ s book are given by Hoffrneister in his Anmerkungen. In that
connection, one of Lorenz’s diagranms (that for Proposition 9) is

m sl eading: the triangle ?ADE in that diagram appears as equil ateral
whereas in fact in Euclid s original diagram it is only isosceles.
(As we will see, this seens to have caused Hegel a m sunderstanding.)
The ot her diagrans of Lorenz are the sanme as those of Euclid given in
Hea.. Further, only the diagrans for Propositions 5,6,7,8,9,11 and 12
are given by Hoffneister, and for consistency, it seened better to
reproduce the Euclidean diagrans for all of the propositions discussed
by Hegel. For these reasons, the present translation reproduces the
original diagranms of Euclid, as given in Hea., for these propositions

Hof f nei ster says that the " “nodel’’ (die Vorlage) on which Hege

devel ops GS was probably Lor.. | feel, however, that the influence of
Lorenz on GSis quite mnimal. Indeed, there is no philosophy in Lor.
but much in GS, and while, no doubt, Hegel first |earned geonetry from
studying Lor., he went far beyond it, in particular studying in depth
for hinmself the works of the great G eek geoneters and their
geometrical phil osophies. Hoffneister® points out that the

unsati sfactory nature of the Euclidean approach to geonetry was

recogni zed and worked on in the second half of the 18'" century by

mat hemat i ci ans such as Karsten (1778), H ndenburg (1781), Schulz (1783)
and Lambert (1786), but it is not clear to what extent their work

i nfluenced Hegel 's treatnent of geonetry in GS.

W& now begi n our discussion of the phil osophy of geonetry devel oped by
Hegel in GS. In nmy opinion, Hegel’'s geonetrical philosophy is both
original and relevant to present day interests in the phil osophy of
mat hematics (as far as the nature of mathematical objects is
concerned). However, like all philosophers, Hegel did not work in a
vacuum and relied heavily on the ideas of previous thinkers for his



own original insights. | believe that to understand what Hegel is
trying to say in the often fragnentary assertions of GS, it is
essential to view it against the background of classical G eek
geonetri cal phil osophy. (Indeed, nore generally, the study of GS
requi res serious consideration of the pre-Fregean phil osophy of

mat hemati cs, a phil osophy whi ch has been al nost conpletely ignored in
present - day phil osophy of mathematics and well deserves

reconsi deration.)

In particular, to nake sense of what Hegel is saying in GS, | believe
that we need to set it against the background of the NeoPl atonic

phi l osophy. This gives the nost systematic presentation of classica

G eek geonetrical philosophy. |In this context, we must not think of

t he NeoPl at oni ¢ phil osophy of geonetry in a narrow sense. Rather, it
is to be regarded as the cul mnation of the conplete G eek geonetrica
tradition, and enbraces not only the thought of the great phil osophers,
such as Plato and Aristotle, but also of the great geometers, such as
Pyt hagoras, Euclid, Archimedes and Apol | oni us.

O course the Kantian and post-Kantian idealist phil osophy, dom nant in
CGermany in Hegel’'s early years, also is fundamental in understanding GS
(especially with its enphasis on the concept). However, post-Kantian

phi | osophy, as briefly discussed below, was itself influenced by the
NeoPl at oni ¢ phil osophy, and so the influences of these two phil osophies
on Hegel 's geonetrical thought are not inconpatible.

This leads to what | believe is a central question for the student of
GS: what are the main sources in classical Geek philososphy used by
Hegel when witing GS? The problemis that nowhere in GS — or at

| east, what has survived of the original manuscript - is there any
explicit reference to the NeoPlatonic tradition in mathematics. Even
in his later logical works, JS and W,, there are very few explicit
references to that tradition. Hegel’s main source for Euclidean
geonetry, Lor., does not help us with this question, since it does not
di scuss the phil osophi cal issues involved with geonetry.

In this introduction, I will argue that the main phil osophical source
for Hegel ' s philosophy in GS was probably the conmentary on the first
book of the Elenents by the |last great NeoPl atonic phil osopher
Proclus. Further, Hegel’s interest in NeoPl atonic mathematics was
stimul ated by the NeoPl atonic basis for nuch of the Gernan ideali st

phi | osophy to whi ch Hegel was exposed in his early years and no doubt
al so through his own intense studies of classical authors. W start by
di scussing very briefly the Proclus commentary on the El enents.

NeoPl at oni sm and Geonetry

Proclus lived in the 5th century and in his |later years, was head of

the Acadeny in Athens. (As a result of the edict of Justinian, the
Acadeny was cl osed down in 529 not |long after the death of Proclus.)

As Morrow coments in his translation P of the Proclus conmentary?!®, the
latter contains " “priceless information ... regarding geoneters and the
hi story of geonetry prior to Proclus’ time’’. T. S. Heath, whose

(1908) three volune translation of, and conmentary on, the El enents of
Euclid, remains even today a major resource for Euclidean schol arship,
goes on to say! that the commentary, together with the Collection of
Pappus, is ““the nore precious because the original works of the



forerunners of Euclid, Archinedes and Apollonius are lost’’. In

addi tion, and of particular inportance for philosophy, Proclus gives a
uni que presentation of Greek geonetry understood within the
perspectives of the Platonic and Pyt hagorean phil osophi es.

The Proclian account of geonetry (and nore generally, of mathematics)
is highly Pythagorean in character as well as Platonic. W can
summarize it as follows in ternms of the Prologue to P. The quest for
the first principles for mathematics is (for Proclus) the search for
““the all-pervading principles that generate everything from
thenselves’’. There is thus no clear distinction between pure and
appl i ed mat hematics: the principles of mathemati cs go back to the
princi ples of everything. There are two such principles: they are
limit (or end (p??as)) and the unlimted (or boundl ess, endl ess?'?
(ape????)), that head the two colums of the Pythagorean categories.
The unlimted is generative in character while limt acts as a bound
for the unlimted and so gives rise to deternminate things. According
to Aristotle®® wunder linit, the Pythagoreans |isted categories such as
odd, one, male, straight, good and square, while under the unlimted,
they listed the correspondi ng categories such as even, many, fenale,

curved, evil, and oblong. The pairings of correspondi ng geonetrica
categories in the two colums appear in the thought of Proclus, Euclid
and Hegel. So for Proclus, the unlimted and linmted for line are

respectively the straight line and the curved line (especially the
circle. Aso the reduction of the (unlimted) oblong (rectangle) to
its limted counterpart, the square, at the end of the second book of
Euclid s Elenments, is seen, by Hegel ', as “an equation between the
self-equal, or the square, and that which is in its own self unequal
the rectangle’’. (The sinplicity or self-equality of the Hegelian
concept, exenplified in this reduction, will be discussed later.)

As in Plato’'s Philebus', everything (for Proclus) is a conjunction’
of the unlimted and limt, though sonme things | ean nore to one than
the other. So for exanple, the point, as conpletely sinple, fixed in
its position, is all Iimt. But as we will see later, it does have an
unlimted side. This side is inplicit, ~“secret’’, but is nade
explicit inits expansion, the dialectic of which is expressed in the
poi nt-1ine-surface-solid devel opnment. On the other hand, the idea of
““body’’ has nore of the unlimted init, and so is bounded from
without (rather than intrinsically initself) and is “~“divisible to
infinity inall directions’’.' Above lint and the unlinited lies the
One, the ineffable, inconprehensible, dialectical source of all that
is, including the mathematical beings. Reality flows in its orders out
(procession) fromthe One, and reverts back to it (recession).

Beneath these two principles, Proclus, following Plato’s divided |line

i mgery of the Republic, distinguishes three levels of reality: (1) the
““highest intelligence’’ noesis (?6?s??), (2) the level of discursive

t hought or understandi ng, dianoia (d?????a), and (3) the world of sense
perception and its thought in the formof opinion, doxa (d6?a). The
three |l evel s decrease in order of clarity and conprehension, the top
one (noesis) being ““imediate, total and sure conprehension’’, to

whi ch, | suppose, the Kantian intuitive intellect, that was such strong
notivation for Schelling and Hegel, corresponds. At the next |evel

that of the understanding (corresponding to the Kantian Verstand), is
the world of mathematics, of geonetry in particul ar



These three levels are cognitive in character, and a natural, pressing
phi | osophi cal problemfor mathematics (even today) is: where does the
geoneter gets his objects such as triangles, circles, squares etc., and
how do these relate to their sensible counterparts? So, for exanple,
how does the mathematical triangle relate to one drawn with a penci

and ruler (or in the sand). The first triangle is exact and
unchangi ng, having infinitely thin, perfectly straight sides, while the
second is drawn through a tenporal process, can be erased, is
““rough'', and the lines are not exactly strai ght and have (varyi ng)
positive breadths. The solution to this problemfor Proclus is as
follows. The objects of mathematics conme®® by projection of mnd (soul)
fromthe vast store of fornms inplicit within the noetic world and of

whi ch the world of sense perception only provides, in drawn di agrans, a
rem nder (a??p??s??). (As Morrow conments in his introduction to P,
this theory of projection anticipates the Kantian schemati sm of the
categories.)

There are three levels at which the notion of triangle can be taken
There is first the exact mathematical triangle which is at the |level of
forms, conpletely sinmple initself. Then there is the mathemati cal
triangle which is a projection of the formal triangle in inagination
(with sone kind of extendedness and matter). Lastly, there is the
sensible triangle which is a projection of the mathematical triangle
with the rough and ready nature of the drawn figure. Thr ough the
nedi um of the sensible triangle, we can "~ “see'' its originals, the
genui ne mat hematical triangle and the sinple formbehind that, and this
expl ai ns why, in geonetry, the proofs are acconpani ed by drawn figures.
Agai nst the background of this projection theory, Proclus works out in
great detail in P his interpretation of Euclid 1.

NeoPl at oni smin Hegel's Frankfurt period

Neopl at oni sm was, we nmay say, ~in the air'' at the end of the 18th and
t he begi nning of the 19th centuries in German thought. |In particular
inits aesthetic form it features strongly in the work of Holderlin
(for exanple, in his Hyperion of 1797-1799) and Schelling (in the
latter’s Bruno of 1802). Hegel cane to Frankfurt in 1797 as a private
tutor (Hofreister) at the invitation of his friend Hol derlin, who was
al so a Hofneister there. Holderlin greatly influenced Hegel ¥ in their
time together at Frankfurt, and so it is reasonable to attribute to

Hol derlin a NeoPl atonic influence on GS.

In this connection, Kl aus Diisi ng?® di scusses the influence of the
aesthetic Platonismof Hilderlin on Hegel at that time. Aesthetic

Pl atonism in which the beautiful is given the highest ontol ogica
status, was developed in the Florentine acadeny by Marsilio Ficino and
Leone Ebreo. Dising points out that Hegel used an edition of Plato
that contains Ficino's interpretation. Further, earlier in his life at
t he Tdbingen Stift, Hegel, with Holderlin and other friends, studied
the witings of Plato (as well as those of Kant, Jacobi and Spinoza),
and even made attenpts to translate sone of Plato’s work. 22 So the
sustai ned common interest of Holderlin and Hegel in the work of Plato
over a nunber of years is well docunented.

However, the ecstatic, enotionally unstable, aesthetic idealism of
Hol derlin’s Hyperion seens al nost conpletely absent from Hegel’s work
during the Frankfurt (or at any other) period. 2 In fact the bulk of his



witings in the Frankfurt period are on religious and political thenes
rather than on aesthetic ones. The striking exception is the Altesten
Syst enpr ogr amm des deut schen I dealismus (The earliest system program of
CGerman idealisn), with its enthusiastic endorsenent of the aesthetic,
in particular, of poetry (D chtung). However, the authorship of the

Al testen Systenprogramm is controversial — Hegel, Hilderlin and
Schel I'i ng have been suggested, with the consensus of schol ars,
including O Poggeler and H S. Harris, settling for Hegel. 2

Since also, as far as | can see, Holderlin had little or no interest in
Eucl i dean geonetry, it seens to nme that the NeoPl atoni c background to
GS has to cone fromel sewhere. In our discussion of this, we wl

first describe how the thought world to which Hegel bel onged can be
regarded as a transforned NeoPl atoni sm?*, and then secondly, will

di scuss the possible influence of Proclus on Hegelian geonetry.

Post - Kanti an phil osophy as a transformed NeoPl at oni sm

The title of this section nmust not be taken to inply that post-Kantian
phil osophy in Germany is just a repetition of NeoPl atonic thought. The
former is far nore wi de-ranging with nany new i deas. VWhat we are
saying is that Neo-Pl atonic thought greatly influenced post-Kantian

phi | osophy, and hence there is a basic common pattern of thought in
these two phil osophies. This explains to sone extent the NeoPl atonic
character of Hegelian geonetry.

The role of the NeoPlatonic One is taken over in the Kantian phil osophy
by the transcendental unity of pure apperception, but with this crucial
difference that the nmanifold content to which this unity applies is
given in external intuition, and the unity is enpty w thout that

mani fol d content which it unifies in concepts, judgenents and
syllogisms. (There is nothing of this dependence on sensible intuition
in classical NeoPlatonic thought - rather, as for Plato, sense
perception is a transitory, derivative formof know edge, whose primary
function is to point back to the genuine world of pure fornms on which
any validity that sense perception has is ultimtely based.)

The Kantian phil osophy gave rise to antinom es through the role played
init by the Ding-an-sich, the reality, independent of the observer

that is the source sonehow of the manifold content on which the unity
of pure apperception goes to work and of the distinction between the
nounenal and the phenomenal. Fichte' s nodification of the
transcendent al phil osophy and the influence of Kant's third Kritik |ed,
i n post-Kantian thought, to the abolishnent of the D ng-an-sich, and
with the return of dialectical thought, a view of the world energed

that was closer to that of the NeoPlatonic. Concept and intuition were
now no | onger conpletely separated, and instead, in Schelling s form of
the Fichtean system cognition and being are integrated in the absolute
which is ““the point of indifference’'’ (using the |anguage of

magnetisn) or absolute identity.? Thought and being are then not to be
conceived of as radically different but rather each is through the

other and they are just different forns of the same ultinmate reality or
absolute. |In philosophy, Schelling says, we nmeet with nothing "~ but

the Absolute — always just strictly the One and just this unique One in
particular forns’’ .2 Recalling that the source of the world in
NeoPl at oni ¢ thought is also the One, we see that there is a very

obvi ous NeoPl atonic basis for Schelling s identity phil osophy.



And it is, | believe, this fundanental identity of basis for both the
NeoPl at oni ¢ and the identity phil osophies that ennabl es Hegelian
geonetry to use both. The Platonic and NeoPl atonic investigations into
geonetry, that depended on the method of division, the Pythagorean
categories and classical dialectic, in Hegel's hands, becane a post-
Kanti an phil osophy of concepts functioning within an identity

phi | osophy.

The rel ati on between a NeoPl at oni ¢ phil osophy of the One and the

phi | osophy of the concept in the thinking of Hegel is nade explicit in

the Jena Logic, witten soon after GS. In a difficult passage of JL%,

he di stingui shes between the earlier concept that he has been

di scussing fromthe absolute concept. In the former, the reality or the
““becomng other’’ of the concept is distinguished fromits subjective
taking back in our reflection. This taking back is an external

novenent inposed fromwi thout, a "~"not-being’’ that is regarded as

““the being of some other’’. In the shift fromthe concept to the
absol ute concept, the reality of the concept as " nobvenent’’' goes over
into " pure being or nothingness’’ which vanishes "“inits
realization’; being per se is only defined "“in the relation of
thinking'' because it "~"is equal to its contrary’’. Thi s absol ute
concept is, paradoxically, “~“without concept’’. In it, the nothing of
the ““not-being’’ is the equival ence of reality and thought. It is

this absol ute concept that plays the role of the NeoPlatonic One in
Hegel s Jena | ogic.

Hegel devel ops his discussion of the absolute concept in his treatnent
of cognition. This includes a very condensed, early version of thenes
in W - e.g. the Being-Nothing-Becomng logic with which it starts, the
logic of the finite and the infinite, and also of the transition from
Being into the reflection of Essence. Cognition, which | take to be the
““absolute concept’’, is, Hegel says, the One in which both the unities
of thought and being are posited. This is ~“the positing of the

nuneri cal one as of sonething universal and divided, and of the taking
back of this divided one into the negative unity’’

Clearly this is nodelled on the procession and reversion of the One in
NeoPl at oni ¢ phil osophy. (It is also the One as the point of

i ndi fference of thought and being in the lIdentity philosophy.) But
Hegel devel ops cognition far beyond cl assical NeoPlatonism In
particul ar, Hegel’s philosophy of definition, construction and

di vi sion, developed in the follow ng pages of JL (and later, again, in
W), is derived fromthis unity of cognition. Through this, being is

presented as renaining ~Citself in multiplicity' ', so that construction
(as we have it in Euclidean geonetry) is the concept dividing within
itself but still remaining the sane in the division (as, for exanple,

in the production of the lines that criss-cross the original figure of
aright-angled triangle and its three squares, in the Euclidean proof
of the Pythagoras theorem

VWhile | do not have concl usive evidence that Hegel studied P in his

t hi nki ng about geonetry and while it may be the case that the influence
of P on Hegel is only indirect (in particular through Kepler), I wll
argue that it does provide the correct setting for approaching GS
Wthout the background provided by P, it is difficult (at |east for mne)
to make much sense of GS.



The possi bl e influence of Proclus on Hegelian geonetry

Hegel may have been first introduced to the Proclus conmentary in his
time (1788-1793) at the Tubingen Stift. There, Hegel was taught

mat hemati cs and physics by C F. Pfleiderer who was apparently a good
mat hemat i ci an and according to Betzendorfer 2 an adnmirer of the Geek
mat hematicians. |t seens certain that a serious scholar of G eek

mat hemati cs, such as Pfleiderer, would have studied the Proclus
conmentary and may wel |l have brought it to the attention of his
students, one of whom was Hegel

Indeed, | think that it is alnost certain that Hegel becane aware of
the commentary P for hinself in the work of Kepler while he was at

Tuabi ngen. Kepl er had been, |ike Hegel, a scholar at Tubi ngen, and both
wer e Swabi an and (somewhat unorthodox) Lutherans. Kepler was strongly
i nfluenced by P and makes frequent references to it. He even starts
the 1st book of his fanobus work Harnonices Mundi with a quotation from
P, and says in the introduction to that book that he would not have
needed to wite the work if Proclus had witten a conmentary on the 10 M
book of Euclid.?® Hegel would certainly have been aware of P since we
know t hat he studied Harnonices Mundi in depth.* Hegel's adniration
for and loyalty to Kepler is well-known, and it resulted in polemc
agai nst Newton (whi ch appears even as early as 1801, in his

di ssertation on the planetary orbits).

My own tentative guess is that the influence of P on Hegel’'s
geonetrical thought in GS was probably not so nuch direct as through
his reading of the works of Kepler. Indeed, | do not know of any
quotation fromP in the collected works of Hegel while on the other
hand, Kepler’'s influence on Hegel is very explicit.

Moreover, there is no doubt that in later Iife at |east, Hegel highly
approved of the philosophy of Proclus. 1In his correspondence with the
synbol i st Creuzer3!, he praises Proclus, in particular, the latter’s
work the Platonic Theol ogy, as "~ “the true turning point or transition
fromancient to nodern tines, from ancient philosophy to
Christianity''. In Hegel’s H story of Philosophy |ectures®, the work
of Proclus is approvingly discussed, again with particular reference to
the Pl atonic Theol ogy as well as the commentary on the Parnenides.
Hegel also refers in passing to the " “several mathematical works'' of
Proclus. Hegel rated Proclus even higher than the great founder of
NeoPl at oni sm Pl oti nus.

It is reasonable then to suppose that directly or indirectly, Hege
cane under the influence of the Proclus commentary on Euclid and

devel oped what | think can be called the only NeoPl at oni ¢ phil osophy of
geonetry of nmodern times, not as a reiteration of the geometry of
Proclus but rather its use in interpreting and radically extending
Kantian and post-Kantian geonetry. (O course, in his further

i nvestigations into mathematics (in JS and W), Hegel went nuch
further, devel oping a phil osophy of mathematics that includes the nore
nodern mat hematics of (college) algebra, analytic geonetry and the
cal cul us.)

Wth the objective of understanding GS using a NeoPl atonic basis, we
now briefly sketch sone of the themes of the Proclus comentary and



descri be the conceptual forms that these thenes take in Hegel’s own

phi | osophy of geonetry. (W note that there are al so serious

di fferences between the geonetrical phil osophies of Proclus and Hegel -
these will be discussed later in this introduction.)

Proclus and Hegel : the phil osophical basis for mathematics

Mat hematics for Proclus proceeds on the basis of certain assunptions
(e.g. axions) which are unjustified within the subject. Rather, the
justification for these lies in the " “unhypothetical science'' of

Pl ato's Republic® which Proclus (following Aristotle) identifies with
met aphysi cs (first phil osophy). Hegel, in NP, also sees mathematics as
based on hypot heses which are justified through phil osophy:

Man kénnte noch weiter den Gedanken ei ner phil osophi schen

Mat hermat i ck fassen, wel che dasjenige aus Begriffen erkdnnte, was
di e gewbhnl i che mat hemati sche W ssenschaft aus vorausgeset zt en
Best i mungen nach der Methode des Verstandes ableitet. 3

Wil e Hegel thinks that mathematics should not be mxed with the
concept (Begriff) - mathematics is a science of the understandi ng
(Verstand) - he also says that the concept can clarify the | eading
principles of Verstand itself, and of order and its necessity in
arithnetic and in the theorens of geonetry. Further, for Hegel

phil osophy is definitely needed for a true account of nathematica
determ nations such as the infinite, infinitesimals and powers. In GS
conceptual (not mathematical) explanation is needed for the fundanenta
concepts of geometry, in particular (1) for the basic figures of
geonetry, such as circle, triangle and square, (2) the dialectica
devel opnent of point, line, surface, solid, (3) the three
dimensional ity of space, and (4) the nature of ““angle''. As we wl
see, Hegel’'s explanation of these uses a post-Kantian version of the
Pyt hagorean theory of the unlimted and limt, the latter theory being
al so used by Proclus in P.

For both Proclus and Hegel, phil osophy (the unhypothetical science)

al so provides justification for the explicitly stated presuppositions
on the basis of which geonetry proceeds. These presuppositions, stated
at the start of Euclidean geonetry, are the definitions, postulates and
axi ons (conmon notions). %

But phil osophy is not restricted only to the beginning of geonetry, and
in Hegel’s geonetrical philosophy, there are |ater nmathematical clains
of Euclid 1 whose proofs need phil osophical buttressing. Such proofs
are based on the conceptual interplay of limt/the unlimted, the
fundament al determ nations of the geonetry of Proclus. Exanples of
these arise (in GS) in the theory of parallels and the use of the

nmet hod of superposition, and (not in GS but in JL and W) in the

Pyt hagoras t heorem

Hegel strictly limts such "~ philosophical’’ proofs. They are used
only when the geonetric proofs given by Euclid are unsatisfactory, and
require that the underlying phil osophical basis be nade explicit. For
the rest of the tinme, proof in Hegelian geonetry is as for Euclid, and
Hegel even conmes up in GS with some geonetrical proofs of his own.



A good exanmple in GS of a geonetrical situation where concept ual

phi | osophi cal expl anati on applies, and then | eaves off so that proper
mat hemat i cal proof can take over, appears in the treatnent in GS of
parallelism There, given two parallel lines and two transversal |ines
bet ween t hem of equal distance, we can say on conceptual grounds (using
a theory of limts) that the correspondi ng angles which the

transversals nake with one of the parallel lines are the sane. The
reason for this, according to Hegel, is that "~ “the size of the line
determines the angle’’. |In other words, a determ nation of equality

between |ines determ nes (on purely conceptual grounds) the same for
angles. The equalities between other pairs of the angles nade by the
transversals and the parallel lines, however, is not justified

phil osophically: they are for geonetry to prove in the Euclidean
manner .

VWhat det erm nes phil osophi cal significance in mathematics for Hege
(and this is true in his thinking from GS onwards) is conceptual
identity in general, and its particular mathematical, quantitative form
as equality. | believe that this is the same for Proclus (except that
the identity and equality are derived through the forms fromthe One
(rather than fromthe concept) and that he would al so have under st ood
this significance aesthetically). To illustrate this, Proclus, in P
using identity and equality (as well as, of course, the NeoPl atonic
categories), gives what he thinks is the phil osophical significance of
the order® of the main figures of geonetry as they appear in the first
book of Euclid. (W will consider this in nore detail below. ) The
order is derived fromthe ““perfection’’ of the One expressed (we may
say froma nmodern point of view) in the symetry of geonetrica
figures. The One is self-equal (corresponding to the formal ~~A=A"" of
t he Fi chtean phil osophy) and so the sinplest, highest, geonetrica
forms of the One are al so the nost symetrical, and also (fromthe
identity of the CGood, the One and the Beautiful in the Platonic

phi | osophy) the nost beautiful. For example, the paradigmtriangle,
for Proclus, is the equilateral triangle which is “~“the nost beautiful
of triangles and nost akin to the circle’’ *, the circle being the

primary closed curve. (Hegel's friend Holderlin would al so probably
have understood it that way.) For Proclus, use of the circle in the
construction of the equilateral triangle in Proposition 1 of Euclid 1
““seens to indicate in a |likeness how the things that proceed from
first principles receive perfection, identity, and equality fromthese
principles .38

The symmetry of a figure that determines its place in the order is
expressed, for Proclus, in the identity and equality that the figure
derives fromits ~“closeness’’ to the One. So, we nmay say, the oneness
of a figure is expressed through its symetry by its identifying itself
with itself through rotations, reflections, etc., and this entails
equalities between the parts of the figure such as sides and angl es.
The nore symretry a figure has, the higher it ranks in the order. So,
for exanple, the square is ~“superior’’ to the rectangle (i.e. precedes
it in the order) since the forner has nore synmetry than the latter

the rotation of the square about its center through a right angle
preserves the square, but this is not true for the rectangle in
general. Yet every symmetry of the rectangle in general is one for the
square since the square is a special kind of rectangle. This
superiority is further seen in equality of the parts: the sides of a



square have nore equality (all four equal) than do the sides of the
rectangl e (which are only equal in pairs).

As we will discuss in nore detail below, there is, |I believe, a simlar
order of figures in Hegelian geonetry, but justified in terns of
conceptual unity rather than in terns of order of closeness to an
originating One. This order, as for Proclus, is also based on identity
and equality. Wile the order is not given in detail in GS, an
instructive exanple of it as it applies to triangles is given by Hege
(after his discussion of Proposition 5 of Euclid 1) in the foll ow ng
comment :

the property of being isosceles is [at] a rmuch nore superficial
level of unity for a triangle than is [the property of being]
equi | at er al

In explanation, we can say that the equilateral triangle is at a deeper
(rmore conceptual) level of unity than is the isosceles triangle since
the forner has equality of all three sides while for the latter, only
two sides are determ ned as equal, and the third side is arbitrary
(unrelated to the other two). The equilateral triangle has nore
symretry than the isosceles triangle, just as (in our discussion of the
order of figures in P) the square has nore symetry than the rectangle.
We could also say that the equilateral triangle possesses nore

determ nation in the relations of its limts (e.g. equality of its
sides) than does the isosceles triangle.

So, consistent with the fundanental roles of the unlimted/limt in the
t hought of Pythagoras, Plato and Proclus, mathematical inportance is,
for Hegel a consequence of conceptual determination in termnms of
equality. W have seen this above, where the equilateral triangle is
nore significant than the isoceles triangle, and the square nore
significant than the rectangle. The nore determned that a figure is,
the nore conceptual it is.

Determ nation of the circle is through the equidistance of its points
fromthe center and for the straight |line, through constancy of
direction. For both Proclus and Hegel (and inspired by Plato?3), the
circle is primary anong cl osed curves, while the constancy of direction
of the straight line makes it primary anmong the non-closed curves. Both
phi | osophers attach ~“deeper’’ (and related) significance to these two
curves, beyond their foundational role in geometry. Proclus expatiates
ecstatically on the sinplicity and perfection of the circle and its
character as Nous, while Hegel (in W) sees in the circle the imge
(Bild) of the genuine infinite (wahrhafte Unendlichkeit).* (There is,
however, nothing of this in GS.)

In mat hermati cal conceptual determnation lies, | think, Hegel’'s answer
to the inmportant question, largely ignored in present day mathematica
phi | osophy: what is the source of mathenatical significance: why shoul d
one theorembe regarded as “~“great’’ while another is boringly
““routine’’? Significance in mathematics (for both Proclus and Hegel)
conmes from phil osophy (in the formof the unhypothetical science).

W& nust enphasi ze again that the concept is not, for Hegel, a Proclian
One (though it fulfills a simlar unifying role). Nor, in ternms of the
identity philosophy, is it an "~ "absolute indifference'’ point, sheer



bl ank identity, ““the night in which all cows are black’ ' *, but the
concept is as nuch difference as it is unity, which only is inits
articulation — as (in W), e.g., in whole and parts, force and
expression, the syllogismand its ternms, teleology and its neans —
through which its self-identity is expressed and nade actual. This
identity in difference and difference in identity has its reality in
what Hegel, in his mature |ogic, describes as the |dea, where the
concept is conpleted in nature, in the apartness of space, which in
turn | eads back through nature’s intrinsic |ogical devel opnent to the
““pure’’ logical concept that it actualizes. (The process of the
concept fulfilled in the Idea corresponds to the circular divine
process for Proclus, the procession fromthe One through its forms into
matter, and its reversion back.)

It has also to be stressed that the crux of NeoPlatonism viz. how a
perfectly sinple, apart, One can give rise to difference (e.g. in the
variety of fornms) is not a problemfor the Hegelian concept. For
difference is intrinsic to that concept. The inadequate approach to

di fference in NeoPlatonic thought is paralleled, for Hegel, in Euclid s
own i nperfect view of difference. In Euclid s case, this phil osophica
i nadequacy has unfortunate mat hemati cal consequences with regard to his
use of the method of superposition in geonetry. (This is discussed in
nore detail below.) For our present purposes, two figures are proved
congruent by superposition by inmagining one being lifted up and laid on
top of the other. The two figures should then exactly coincide in
order for themto be congruent. The problemis: how can you lift up
“Tpure’’ triangles? You can certainly lift up paper triangles, but
they are inexact: they are not the triangles of pure geonetry, which is
an exact science.

As he nmakes clear in his discussion in GS of Proposition 5 of Euclid 1,
the fundamental error with Euclid s use of the nethod of superposition
is the latter’s inadequate phil osophical grasp of difference. Euclid
for Hegel, takes difference "“as if it were athing’’, in terns of the
drawn figure. For Hegel, when difference is considered conceptually,
then the problenms with superposition do not arise. One rather has to

consider what is required for a figure to be determinate. In this
connection, a major problemw th the geoneter’s approach — and one that
Hegel criticizes Euclid for making — i s in not distinguishing the

concept, whose determ nation of a whole and its parts determ nes a
geonetrical figure, fromthe actual drawn figure with its parts spread
out separately. The problenms with the method of superposition, used by
Euclid to prove congruence of triangles (and often literally inpossible
to achieve at the physical |evel anyway without breaking up the diagram
in which the triangles are enbedded), arise only because one is
concentrating on the drawn figure — at the level of the Idea - rather
than concentrating on the concept being imaged in the drawn figure.

The necessity of this concept is the real reason for congruence.

Proclus and Hegel on point, line, surface and solid

To illustrate the role of philosophy (the unhypothetical science) in

t he foundati ons of geonetry for Proclus and Hegel, we now discuss their
views on the basic geonetrical concepts, point, line, surface and
solid. (Further discussion of Hegel’s views on point, line, surface
and solid will be given in B bel ow)



We first need to note that the German word Fl ache that Hegel uses can
mean either plane or, nore generally, surface, and sonetines Hege
means one rather than the other. (Just as the straight line is the
simplest kind of line, so the plane is the sinplest kind of surface.)
Bel ow, the term Fl ache will be translated as plane or surface dependi ng
on which Hegel seens mean. The plane is the surface that is flat. For
Hegel, the plane is the sinplest or paradigmsurface, just as the
straight line is the sinplest or paradigmline. (Hegel’'s view of the
par adi gm character of the plane is confirmed in nodern mathenati cs,
where the surface is defined as a topol ogi cal space that is locally
just a deformation or bending of the plane.)

Appropriately, Euclid starts his Elenments with the definition of a
point. Hs definitionis: a point is that which has no part. The

expl anation of this, for Proclus, is as follows. Al levels of reality
originate in the One. The One is completely sinple, and reality is
derived fromits potentiality through the determ nations of the
categories of limt and the unlimted (as we saw earlier). So

mat hemat i cal objects, internediate between sensible and intellectua

obj ects, announce "~ “their unitary and undivided and generative
reality’ ’ %, the One. "“Enmattered’ reality in the world is the body
or solid, e.g. tables and trees, and to go back to the originating
principle of the One in its geonetric form we have to go back through
the sequence of linitings that gave rise to it.* The limt of the solid
is the (curved) surface, as it is the surface that bounds the solid.
Simlarly, the bounding limt of the surface is the line (curved),
while that of the line is the (end-) point, and there we conme to a stop.
The point is conpletely sinple, purely deternmined by linit *, without
parts, and it is there that we have the One, or the sinplicity of Nous,
in geonetric form

For Proclus, the point is the ultimately sinple el enent of geonetry

t hough not of mathematics as a whole. The nunber of arithnetic is
““purer’’ and nore fundanental than that of the point, since it has its
exi stence in thought alone, and is "~ “free of any extraneous figure' .
The point, on the other hand, is projected through imagination so that
it has position in addition to its unitary character

As conpletely determ nate and sinple, the point is (in terns of the
basi ¢ Pyt hagorean categories) given as limt. As everything is, as we
saw earlier, a conbination of limt and the unlimted (for, to Proclus,
all forms partake of both limt and the unlimted), the point does have
an unlimted side. However this side is initially only potential,
becom ng explicit in the process through which point determn nes other
figures. For Proclus®, the point ““secretly possesses the nature of
the unlimted and strives to be everywhere in the things that it

bounds, it is present in theman infinite number of tinmes''. “

So just as the One generates everything "~“belowit’’, so, inits
geonetrical formas the point, it "~ “generates’’ all of the (material)
figures, their bounding being in ternms of limting through points,
lines, and planes. Proclus describes this generation in Pythagorean *
ternms, as realized through novenent, the ~“flowing of a point’’: so
through its novenent, the point generates the line, and in turn, the
line through its novenent generates the plane, and the plane through
its novenent generates the solid. W can think, for exanple, of a line
rotati ng about a point on it and sweeping out a plane. This generation



reverses the direction of the limting process above, where we went
fromsolid, surface, line to point by taking boundaries. The
generation process procedes through unlimting, in which, for exanple,
the point breaks out of its limtation and is no | onger conpletely
simple. (Proclus also discusses an alternative Pythagorean vi ew of
point-line-plane-solid in terns of the "~ extendedness’’ of the nunbers
1,2,3,4.)

Hegel, in GS and indeed in his mature |l ogic, argues for a dialectica
version of this Pythagorean generation of point, line, plane and solid.
He may well have conme across this Pythagorean theory in his study at
Frankfurt of the witings of Sextus Enpiricus. *® In GS, he devel ops the
theory further within the conceptual franmework of what he calls the
spatial relation.

For the present, Hegel says in GS: " The point is the sinplest
[imtation of the infinite''. W can see this as a nodern fornul ation
of the view of Proclus that the point contains the potentiality of the
unlinmited. Hegel says of the point in the Jena Logic*:

This bad infinity is posited i medi ately as absolute infinity, as
one, as a point.

So in the Hegelian phil osophy, the potential infinite of Proclus
becomes the " “bad infinite'' inthat it is the infinite as unmedi ated,
and the “~“striving'' through which, for Proclus, the point “~“tries'' to
be everywhere, takes the formin Hegelian logic of a dialectica

devel opnent of point, line, plane and solid, in which the contradictory
character of the concept of a point beconmes fulfilled in the solid.

So Hegel says in W.:

So i st der Punkt diese D al ektik seiner selbst, zur Linie zu
werden, die Linie die D al ektik, zur Fl d&che, die Fl ache die, zum
total en Raune zu werden. ®°

In GS, the "“striving’’ of the point is expressed by Hegel as the
“Tpositing'' by the point of aline with its limts (end-points) as
poi nts.

Hegel gives us an explanation in GS of why we nust stop at the solid in
this devel opnent. The reason is that the solid is not limt, while

point, line and surface are. It is limt that drives on the
devel opnent, since what is limted refers to what is "~ outside’
itself, has an inplicit, unrealized infinite withinit. It is this

infinite which is expressed in the next stage of the devel opnent.
VWere there is no limt, there is nothing nore to be expressed. For
this reason, the Iimtless solid does not push forward to a fourth
di mensi on, and space (for Hegel) is three-dinensional. (W wll
discuss this in nore detail in B.)

One might wonder if the phil osophy of Schelling influenced Hegel’ s view
of the point in GS.% Indeed, as we saw earlier, in the identity

phi | osophy of Schelling, ~“point’’ is used as a netaphor for the
Absolute or the One, the point of indifference of cognition and being
that is as nmuch subjective as objective. (O course the subjective is
nmet aphorically present in the Proclus view of the point qua



“striving'’.) But | have been unable to detect a clear influence of
the identity phil osophy in Hegel’s view of the point in GS.

However, the subjective aspect of the point in Hegel’s geonetry becones
explicit in his geonetrical thought a year after GS. In his 1801

di ssertation, Hegel understands the point as mnd (Mens)® and fromthis
perspective, the point-line-plane-solid dialectic has its conceptua
expl anation as the devel opnent of mind in spatial terns, reality not
just being objective but subjective (nmental) as well. (This
““subjective’’ aspect of geonetry survives in Hegelian geonetry in the
positing of geonetrical figures — see infra.)

Proclus and Hegel on geonetrical figures

As we discussed above, for Proclus, the point as the One in geonetry is
primarily limt, but also has the unlimted potentially within it. It
is ultimately the source of geonetrical limting and the infinite in
the objects that it determ nes. These objects are the projections in

i magi nati on of geonetrical forns and are the objects of study for
geometry. In particular, in tw dinensions, the objects are the
figures, each of which is a specification of limt and the unlimted,
the bounding lines determning the figure as limting, but also

determ ning the spatial region outside as the unlimted. The order of
figures then foll ows the nunber series, based on the nunber n of
boundi ng curves, and for each such n, the figures are listed in order
according to the quality of their self-identity (symretry) and equality
as we discussed earlier. The first of these figures (for a given n) is
the paradigm The paradigmfigures are those mathematicals which are
““closest’’ to the formof the circle and hence al so closest to the One
— they are the nost ~"One-like'', the nost symetrical, deternined
through identity and equality. (If n=1, then the paradigmfigure is
the circle, if n=2, it is the senmicircle, if n=3, then it is the
equilateral triangle, and if n=4, then it is the square.)

Earlier, we discussed the striking correspondence between the
geonetri cal phil osophies of Proclus and Hegel. However, there are also
serious differences between themas is particularly apparent in their
views of geonetricl figures. W wll now discuss these differences.

The geonetrical phil osophy of Proclus is based on the originating One
expressed at the highest level of Nous in the fornms, and the

nmat henati cal objects (" "mathematicals’’) produced in turn fromthe
forms by inmaginative projection and studi ed through the understandi ng.
The drawn geonetrical figures are only remi nders in sense perception of
t hese objects and are indi spensable helps for working with the figures.
In contrast, Hegel’s phil osophy, as post-Kantian, is a philosophy of
the concept. In Hegel’s conceptual view of geometry® in W, the
concept of space is abstract, and conceptually posited in it are the
"“shapes and configurations’’' of geonetry. Ontologically, these
resenbl e the purposive ends of teleology and are to be distinguised
fromthe concrete things of Nature and Spirit. Proclus, follow ng

Pl ato, interposes, as we have seen, between the formand the sensible
figure the mathematical produced through imagi nation. Fromthe above,
Hegel ' s conceptual view of figures does not require mathenmatical s.

I ndeed, his synpathy with Aristotle and the latter’s antipathy to the
mat hemati cal s of the early Acadeny suggest that the thought of a



separately existing mathematical with its strange kind of matter would
have been unacceptable to Hegel

For Proclus, the ““genuine’’ triangle is the pure form It is
conpletely sinple, and separated out into parts only at the | evel of
the imagi natively projected mathenatical triangle, and the latter is
then represented as a drawn triangle of sense perception. But in the
Hegel i an position of GS, the triangle concept is fromthe start a whole
of interrelated parts. For Hegel, the concept of a figure is the
hol di ng together of its parts (=limts), or the necessity of the
figure, what gives it its coherence. Since whole and parts are
together initially, Hegel’s philosophy involves (as di scussed above),
difference, and he criticizes Euclid for the latter’s inperfect

under standi ng of difference. | think that Hegel would have criticized
Proclus for the sanme reason. W now describe in nore detail Hegel’'s
view of figures in GS.

According to Hegel, ““the principle, the unity of the figure, is the
relation of its limts''. This relation is the determ ning of the
figure through its concept. The concept mnakes determinate the figure
by the way that it relates the boundaries that it posits. W illustrate
this by the cases of the circle, line and triangle. The principle of
the circle, for Hegel, is its determning by equidistance froma fixed
point (the center) (determning the actual circle as limt related to
its center also as limt). The straight line is determned as limt by
its principle, the sinplicity of direction at each point (the geodesic
property). The spatial relation that determnes the triangle is the
relating of three lines (the primary limts of the triangle), each pair
determ ning subordinate limts in their intersection point and the
angle at that point, and in totality, determ ning a bounded region of
the plane. The spatial relation (a relation of limts) is thus

determ ned according to the fundamental geonetrical positing of point,
line and plane (but not solid) together with the resulting limtation
of the lines.

It is inportant not to see the determ ning of geonetrical figures for
Hegel (or for that matter, Proclus) in nodern, Cantorian, set
theoretic, ternms. For exanple, for Hegel, the spatial relation for the
triangle is given conceptually, not extensionally as a set of points>
Points on a line are, in general, only given potentially. The points
that are determined are so, either through an initial positing (as the
vertices of a triangle are given in a theorem provi ng somet hi ng about
triangles) or by explicit construction (as when a line constructed in a
proof interects another line and so determines a point). This fits in
well with the general structure of the concept in mature Hegelian |ogic
in which, | think, the nmoments of universal, particular, singular
correspond respectively, for the concept of triangle, to the triangle
itself, the edges and the vertices, the dialectic of these nonents
correspondi ng here to that of point, line and surface. The conplete
triangle is not, for Hegel, a set of points, but rather a conceptua
relation of its limts that determ nes potentially its points and
lines.

The Hegelian spatial relation of limts, translated into nodern, set
theoretic terns, gives each kind of figure as an equi val ence relation
on the plane. Let us illustrate this for the case of a circle. W say
that two points in the plane are equivalent if they are equidistant



fromthe origin. This is an equival ence relation on the plane in the
nodern sense, and its equival ence classes ( sets) are just the circles
in the plane centered at the origin. The difference of this nodern
equi val ence rel ation approach fromthat of the Hegelian spati al
relation is obvious: in the nodern approach, circles (and figures in
general ) are regarded as sets of points, rather than, as in the
Hegel i an position, given as conceptual wholes specified through a

phil osophy of limt and the unlimted, and inplenented in sense
perception through construction, e.g. by putting the point of a pair of
conpasses on a piece of paper, putting the pencil end at another point,
and rotating. The resulting circle is given as whole rather than as a
(highly infinite), ~“fallen apart’’, discrete set of points.

The order of the geonetrical figures for Proclus and Hege
(a) Grcle and straight line

The One in geonetry, for Proclus, is, as we have seen, the point. Like
the One, the point, while primarily limt, is also potentially the

unlimted. (Initially (in nodern terns) it is ~“zero dinmensional''.)
As we saw earlier, this potential is actualized in the " flowi ng of the
point'', through which it takes 1-dinensional form This form assunes

two primary determ nations, according to the principles of Iimt and
the unlimted. As limt, the point is the circle, and as unlimted, it
is the straight line. These are the canonical figures with one
boundary.

The circle is, | suppose, limt for Proclus in that it bounds two

regi ons of space, the inside and the outside. NMbore inportant for
Proclus is the circle as reflecting the character of the Gne. For him
the circle "““returns to itself’’ and "“of its own accord, waps itself
back into unity'’.% One way to interpret these comments is as foll ows.
As we go round the circle we cone back to where we started: through its
own nature it identifies itself with itself again, imtating the One
whose nature it expresses. This is illustrated, for Proclus, by the
““circular revolution of the heavens’’'. However, at a deeper |evel
this ““return’’ of the circle to itself follows fromthe dialectica
character of the center in its linear expansion along the radii and its
reflection back to itself. W discuss this in nore detail bel ow.

Unlike the circle, the straight line ““goes on for ever’'’ and it is
never finished. In Euclidean geonetry, we never deal with the conplete
line but just a line drawn ““long enough’’. The line in Euclidean
geonetry is only potentially infinite, unlike the |line whose formis
conpletely given algebraically in nmodern nmathematics by an equation
ax+by+c=0.

VWile initially, the circle is the point as limt, nevertheless, |ike
all figures, it is, for Proclus, a ~"mxture’’ of limt and the
unlimted. This mxed character follows frompresence of the point in
the definition of the circle. As a point, the geonetrical ~"One’’, the
center of the circle generates, by the dialectic of point-Iline-plane-
solid, the unlimted as straight lines. These lines are just the radi
of the circle, "“flowing’’ fromthe center till they neet the boundary
(slimt=the circle). As limt, the circle bounds this outwards fl ow,
and reverses it backwards along the radii towards the center, the
“ne’’.%® Inthis way the circle and its center realize in geonetrica



formthe One in its activities of progression (going out fromthe
center along the radii) and reversion (returning back along the radii).
(This philosophical interpretation of the circle is remarkably simlar
to the Fichtean i mage of the Anstoss.) Further, consistent with the
fundamental role of equality and identity in the phil osophica

devel opment of geonetry in the thought of both Proclus and Hege
(discussed earlier), the circle is determned by equality since it has
“tall its lines fromthe center equal’’ . %

However, as commented earlier, for Proclus, the formhas to be

di stinguished fromits mathematical projection. So, for exanple, the
geonetric circle, which is the figure of a circle, has to be

di stinguished fromits noetic paradigm (its fornmj. 1In the figure, the
parts - the center, radii and circunference are all in different

pl aces. But they are all present at the sanme tinme. In the paradigm
however, not only are the parts present at the same tine but also they
are not distinguished spatially - ““up there, they [the parts] are al
inone'.% (Spatial difference is not preserved in the " genuine''

circle.)

There is no doubt that for Hegel, as for Proclus, the circle is of
great phil osophical (as well as geonetrical) inportance, and for
simlar reasons. It seens to nme alnmobst certain that Hegel discussed
the circle in the original version of GS, but that discussion has not
survived. However, in his discussion of the sphere in GS, Hegel refers
tothe role of the ““great circle’’, which he says:

has, in itself the returning line [a radius], [which has] in
itself the returning plane [the plane of the circle;] as the
circle has no [posited] point [on it], so it has no [straight]
line [for such a line would have to have a bounding point];
within the circle lies its limt (the center, dianeter[s]),
external to it [the circle], which it [the circle] bounds.

We need to understand this cryptic passage agai nst the background of
the Proclus account of the circle. Hegel s view that the center and
di ameters together give the limt of the circle is initially puzzling
since the center and the dianeters are, as Hegel adnmits, "~ “external’
to the circle. One easily sees that the end-points of a |line segnent
are the limts of the segment. But in the case of a circle, the
center, one of Hegel’'s proposed limts, is at a radius’s distance away
fromthe points on the circle — so how can the center possibly be a
[imt of the circle? (This difficulty does not arise in the Proclus
theory - | have not been able to find in P the Hegelian view that the
center is alimt of the circle.)

However, help in understanding this is obtained fromProclus’s view of
the circle. Recall that for him ““up there’’, at the formlevel, the
center, dianeters and circunference are ““all in one’’. Putting this in
Hegel s conceptual (rather than Proclus’s formal) framework, the center
and the dianeters are in terns of philosophy limts for the circle;
they are the " “parts’’ as determ ned by the concept of the circle just
as much as the sides are the parts as determned by the triangle
concept. The difference between the two cases lies in the fact that
the limts (center and diameters) for the circle are not explicitly
given for the circle of sense perception — there is just the circle on
its own - whereas in the triangle case, the limts (the sides) are



explicitly presented with the triangle. (The limting character of the
center and dianeter, not seen as limting at the |evel of sense
perception, belongs to Hegel's philosophy of " “negative being’’ that we
will discuss later.) But for Hegel they are constitutive for the
concept of the circle. For him the concept determ nes the genui ne
circle, just as for Proclus, the paradigmatic formgives the ““truly
real circle .

Next, in the philosophy of GS, a figure is, as we have seen, the
relation of its limts. So howare we to understand the circle as the
relation of its limts? W can say that it is through its limts that
the symmetry, which is the self-equality of the circle, is realized.
Recalling that the point is the limt of line and is potentially the
line through its expansion, the center in its expansion is seen to be
the radius or, if we think of the expansion in both directions, the
diameter; the latter, inits turn, through rotation about the center
sweeps out a circular region with its boundary® the circle (just as the
rotation of the straight |line sweeps out the plane). The circle is
then the relation of its limts in the sense that by relating the
center limt and the (generic) dianmeter limt through rotating the
|atter about the fornmer, we get the circle. This would be ny
under st andi ng of Hegel’'s claim (in the above quotation) that the center
and dianeters are the limts of the circle. Just as a point generates
the line interval, so the center generates the dianeter, and the two

t oget her generate the circle.

The expansion process fromthe center along the radii, that gives the
circle, is reversed through contraction of the circle back along the
radii. This is, | think, how we shoul d understand Hegel’'s coment on
the ““returning line' ' in the above quotation. The |ine through which

the circle ““returns’’ to the point is, of course, the radius. Wth
this interpretation, Hegel’'s view of the circle is then seen to be a
devel opnent of the Proclus view. But whereas, in the Proclus view, the
circle is seen in ternms of the procession fromand reversion back to
the One (as represented in the center), the Hegelian viewis conceptua
in character and relies on his theory of limt and negative being.

In Hegel’s mature |l ogic, the paradigmatic circle of Proclus assunes the
(rmuch nore general) conceptual form of the genuine infinite gone back
intoitself. The circle, for Hegel, ~“wird deren Bild der Kreis, die
sich erreicht habende Linie, die geschlossen und ganz gegenwdrtig i st,
ohne Anfangspunkt und Ende''.® |If we take linit-the unlimted in the
t hought of Proclus to correspond in Hegelian thought to the Finite-
Infinite, the circle, as synbol of the One in its progression and
reversion, in which the imted and unlimted are unified, corresponds
to the genuine infinite (die wahrhafte Unendlichkeit) in which the
finite is through the infinite and conversely. Further, in W, Hege
goes beyond Proclus in identifying the conceptual basis for the circle
with that of the greatest theorem of Euclidean geometry, the Pythagoras
theorem (This will be discussed in nore detail bel ow)

In his devel opnent of the canonical geonetrical figures with one
boundary (the circle and the straight line) Proclus noves on to the
semcircle, the canonical figure with two boundaries. The semcircle
i s bounded part by the circle and part by the straight line. As far as
I know, the semicircle does not feature in Hegelian philosophy and so
we nove on to the figures with three boundari es.



(b) The triangle

The sinmplest formof a three boundary figure is the triangle. Proclus,
conmenting on Definitions 19-22 of Euclid 1, says® that the triangle is
the first in the " “procession'' of rectilinear figures ~“according to
the endl ess nunber series fromthree to infinity’’. So the rectilinear
figures are determ ned by the nunber series rather than directly from
the One. The sides of these figures are straight since at this stage,
the sinplest lines are the straight ones. The circle, | think, is not
eligible as a side here since the unlimted dom nates at the stage of
three or nore boundaries (the internmediate m xture of circle/straight
line being at the second stage with the semicircle). The canonica
figures with three or nore sides have straight sides.

Starting with the triangle, for Hegel, as well as for Proclus, its
determ nation as a triangle lies inits three sides (its limts) and so
identity for a triangle is expressed in terns of its sides. Proclus
follows the classification of triangles given in Definition 20 of

Euclid 1, and sees the order of this classification determ ned by
decreasing identity (=equality). This order is: (1) the paradigm the
equilateral triangle (all sides equal, the nost equality), (2) two
sides only equal (isosceles) and (3) none equal (scalene). Hegel in GS
reaffirms with Proclus the priority of the equilateral triangle before

t he ot hers.

The concept of angle for Hegel naturally cones into the discussion of
triangles (since each triangle comes with three angles, one at each
corner). This will be discussed in nore detail later in this

i ntroduction. For the present, angle is to be understood in termns of
[imt and the unlimted, the two concepts that, as we have seen, are
foundational in Hegelian (as well as in Proclian) geonetry. Angle is a
l[imt in a nediate sense, being determ ned by the two |ines enclosing
the angle. For two reasons, | think, the first or primary limts of
the triangle are its sides. First, the sides obviously bound the
triangle, determining it as limted against the backdrop of the
unlimted plane, in a way that angles do not. Second, geometry starts
with the point which then develops in the line; the angle cones |ater
and presupposes lines already ““there’’. So what is linear (the sides)
has | ogical priority over the angul ar.

As far as the kinds of angle are concerned, the right angle is of
speci al inmportance for Euclid, being defined (Definition 10 of Euclid
1) as the angle that a line makes with an other when it is equal to its
adj acent angle. (Euclid s Postulate 4 asserts that all right angles are
equal to one another so that there is only one right angle.) For
Proclus (followi ng the Pythagoreans®) the right angle is ~“self-
identity’’, equal with itself through its conplenent. The right angle
is also the “~“neasure of angles other than right'' in the sense that it
determ nes the other two basic kinds of angle, acute (smaller than
right) and obtuse (greater than right) — these other two angles are
““indefinite nore-and-less’’.

Hegel s view of the right angle is very close to that of Proclus and
centers around the nost inportant theoremin all of Euclidean geonetry,
t he Pythagoras theorem (the last proposition of Euclid 1).
(Unfortunately, there is no surviving discussion of this theoremin



GS.) For Hegel, at least in his mature thought, the right angle is
conceptual |y equivalent to ““equality with self'’. % In JS, the right
angle is the ““relation of being ' % for the Pythagoras theorem and in
both JS and W.,, the right angle’s “~“self-equality’’ is associated with
the square on the hypotenuse opposite it. This is one side of the

Pyt hagorean equality, while the other side is the ~“self-unequal, the
remaining two sides’’. For the latter, the two sides of the triangle
bounding the right angle are ~“conjoined as a sum’ through the
addition of the areas of the squares on them

As we have seen, the natural, "““sensory’’ definition of a triangle is
that it is the region bounded by three straight |lines. However, since
for Hegel, the concept of a figure is to be distinguished fromits
sensory appearance — as we saw above in the case of circle, the limts
determ ned by a mathematical concept may not appear as limts at the

| evel of sense perception. One mght, then, ask: what is the non-
sensory, "“real'' definition of a triangle, its definition according to
its concept? For Hegel, at least in his mature thought, the answer to
this also lies in the Pythagoras theorem Here again, a mathematica
concept is quite different fromwhat appears in sense perception: for
the latter, a triangle is just a three sided figure, and Pythagoras’s
theoremis a remarkabl e theorem proved about a special kind of
triangle.

This theoremis also, for Hegel, the ““real'' definition of the circle
(the normal sensory definition being that of the | ocus of points at a
given distance froma fixed point). |In the case of the right angl ed

triangle, the relation of the limts (sides) of the triangle is given
by the Pyt hagoras theorem and (presumably) for a general triangle, by
that theoremi s extension in trigononmetry to the cosine formula. In the
case of the circle its basis in the Pythagoras theorem becones cl ear
through its fornmula in anal ytic geometry: x?2+ y? = r?

(c) The quadril ateral

Turning to four-sided figures, Definition 22 of Euclid 1 classifies the
quadrilateral figures in accordance with decreasing order of identity.

Proclus follows this classification though augnmenting it. 1In his
under st andi ng of the Euclidean classification, recall that for Proclus
(and Hegel), the right angle is a ~“self-identity’’, equal with itself

through its conmplenent, and so is also a source of identity. Each
class of quadrilaterals is assunmed to exclude the others. So, for
exanpl e, the obl ong excludes the square. The Euclidean classification
is as follows: the square (equal sides, equal angles all right angles),
oblong (right angle only, opposite sides equal), rhonbus (equal sides,
no right angles), parallelogramor rhonboid (opposite sides equal
opposite angles equal), trapezoid (the rest). Proclus accepts the
Eucl i dean cl assification of the quadrilaterals, but refines it (under
the influence of Posidonius) by interposing between the rhonboid and
the trapezoid two kinds of trapezia.

Procl us says® that the square “is the only area whose very nature
exhibits an ideal with respect both to its sides and to its angles''.
Equality is, of course, the key here: all of its sides are equal, al

of its angles are equal and this angle is the right angle, which, as we
have seen, is for himthe “~“self-identical'".



In his later logic, Hegel also interprets the priority or
““superiority'' of the square anong quadrilaterals (in particular when
conpared with the rectangl e=oblong) in ternms of equality. For him the
square (like the right angle) is the self-equal (dem sich sel bst

A eichen)®, while the rectangle is the self-unequal, so that Euclid's
reduction of a rectangle to a square, in the proof of Proposition 14 of
Book 2 of the Elenents, is yet another form of the conceptual identity
present (for Hegel) in Pythagoras's theorem nanely the equality of the
self-equal to the self-unequal . Hegel’s understanding of triangles and
circles in terns of the Pythagoras theoremwas di scussed above. O
course, Pythagoras's theoreminvolves squares as well, so that the
conceptual identity expressed in this theorem for Hegel, brings
together triangles, circles, squares and rectangles - central figures
in Euclidean geometry - under one determination. This, | take it,
woul d be their ““true'' philosophical significance for Hegel. This

t heory, expounded briefly in W and JL, nmay well have been devel oped in
the m ssing parts of GS

Probl ens and theorens for Proclus and Hegel

The propositions of the Elenents fall into two kinds: problens and
theorems. It is clear that Hegel was aware of the distinction since he
explicitly refers to Proposition 9 (" to bisect a rectilinear angle’’)
as a problemand fornulates its theoremversion. As far as | know,
there is no surviving discussion by Hegel of the distinction. Since
Hegel may wel| have |earned about it fromthe Proclus conmentary ®, we
now briefly summarize the views of Proclus on the matter.

Proclus says: "~ Problens require us to construct a figure, or set it at
a place, or apply it to another, or inscribe it in or circunscribe it
about another, or fit it upon or bring it into contact wth another

and the like; theorens endeavor to grasp firmy and bind fast by
denonstration the attributes and i nherent properties belonging to the
obj ects that are the subject-matter of geometry.’’ ° The essenti al

di fference between a problemand a theoremis, then, that a problem
primarily involves the construction of something while a theorem deals
with understanding ~“the objects of the theoretical sciences’’.
Proposition 1, which asks for the construction of an equil atera
triangle, is obviously a problem On the other hand, Proposition 5,

whi ch asserts that the base angles of an isosceles triangle are equal

is atheorem O course, proofs of theorens often involve
constructions (problens) and conversely, the validity of a construction
can require the use of theorens. Proclus indicates the difference
between Euclid s treatnments of problens and theorens: he points out

that ““at the end of his denonstrations’’ Euclid places " This is what
was to be done’’ (in the case of problens) and "~ This is what was to be
proved’’ (in the case of theorens). ™ (Traditionally, these endings are
abbreviated to QE. F. and QE D..)

For Proclus, interpreting the views of earlier thinkers in ternms of his
own projection theory of geonmetry, construction is the result of the

shaping in imagination’ by our ideas of the ““intelligible matter’'’ of
geonetry, "~ “taking eternal things as if they were in the process of
coming to be’’. | think that Hegel may well have foll owed a Kantian

version of this inmaginative account of geonetrical construction. He
talks in W. of how geonetrical objects are abstract determ nations of



space; these " “shapes and configurations’’' are posited init, and
““resenbl e the products of external purposiveness'’ . @

Wth this general background to Hegel's phil osophy of geonetry
(i nterpreted agai nst the background of the phil osophy of Proclus) we
now di scuss in detail the thenmes of GS

B Hegel's Geonetrical Studies

GS, as edited by Hoffreister, is treated continuously although, as

Hof f mei ster coments in his Anmerkungen, it contains material conposed
by Hegel at different tinmes. For reasons of coherence and readability,
it seemed to nme inportant to organize GSinto its major parts. There
are four major parts, which | have titled: The nature of mathematica
objects, The first twelve propositions of Euclid 1, The phil osophy of
parallel lines and On the al gebra of a geonetrical figure. O course,
these titles are entirely mne, and do not appear in the origina
manuscript. This presentation of GS has al so invol ved m nor
rearrangenent of material, and the order in which the four parts appear
has been changed fromthat in Hoffrneister’s edition. Explanations for
the changes in order are given bel ow, which di scusses the main themnes
of the four parts.

The nature of mathematical objects

This is the nost phil osophical of the four parts. On linguistic
grounds, Hoffneister dates it earlier than the discussion of Euclid 1
that it imediately follows in Dok.. For this and other reasons (e.g.
the general nature of the treatnent of mathematical objects which
natural ly should conme before the geonetrically technical treatnment of
the propositions of Euclid 1), | have changed Hof fnei ster’s order of
presentation and put this section first. | have also nade a smal
nunber of mnor changes with regards to the order of the material in
the section. By doing this, fragnents on the sanme theme are conbined
to give a nore coherent, readable treatnment. For exanple, the first
par agraph, dealing with figures, sides and angl es has been conbi ned
with the simlar material later in the section, so that the section
starts (more appropriately) with a discussion of mathematical objects
in general (rather than just the special case of rectilinear figures).

There are, | think, five major thenes in this part. These are:

(a) mathematical objects and the theory of limtation

(b) point, line, plane and solid, and the three dinmensionality of
space,

(c) the cube and the sphere,

(d) congruent triangles and the nethod of superposition,
(e) the nature of an angle.

We discuss these briefly in turn

(a) Mathematical objects and the theory of limtation

Hegel starts by distinguishing the positive and negative being of a
mat hemati cal object in terns of his theory of limts. (These kinds of
bei ng are understood in ternms of the finite and the infinite later.)
Each object as determinate cones with a limtation whose devel opment
results in the object. So, for exanple, as we saw earlier, the point



logically contains the line which it “~“generates’’. The point is the
[imtation whose developnent is the line. |In many cases, the
limtation of a geonetrical object is its boundary.”™ So a (finite)
lineis limted by its end-points while a surface is limted by the
curve bounding it. The positive being of the object is the object as
sublating the limtation, the limtation being present but its
generating dialectic suppressed. The positive being of a geonetrica
object is that object in the usual sense with its boundary incl uded.

So, for exanple, the positive being of aline is that line with its two
end- points, while the positive being of the surface is the surface with
its boundi ng curve.

The negati ve being of the geonetrical object is the boundary itself.

So the (curved) line is the negative being of the surface at its edge,
and the end-points the negative being of the Iine. Hegel says that the
line is the spatial relation of a point. One can interpret this, as
was done earlier, by saying that the point is potentially aline — in
Pyt hagorean terns, the line is generated through the novenent of the
point and, with a Hegelian addition, cones back to itself qua point as
the other point at the end of the line. The line then is, we may say,
t he devel opment of the point, and nore generally, the positive being of
a geonetrical object is the developnent or filling in of its negative
being (its limtation).

One mi ght wonder how a curved line can have only its end-points as
l[imtation. Surely the curvature of the line needs to be taken into
account, since it is not conpletely determ ned by these points. This
is not a problemfor the Hegelian position. As in the thought of
Proclus, what is significant (at least initially) is the sinplest form
of the line, i.e. the straight line, and this is determ ned by the end-
poi nts (given the geodesic character of the straight line for Euclidean
space). For curved lines, other conditions cone into play, e.g. the
line mght be required to be circular. That is, the limtation of the
curve has extra determ nations apart fromthe end-points. (As in our
earlier discussion of the circle, these extra determ nations, for

Hegel, are its center and dianeters.)

In Euclidean geonetry, the point is defined as ~“that which has no
part’’ (Euclid 1, Definition 1). This is reiterated by Proclus, for
whomthe point is the first principle of geonetry.  Hegel expresses a
simlar viewin GS: The point is the sinplest limtation of the
infinite. Hegel is then saying that the point is the sinplest limted
formin mathematics of the infinite. The point is not, however,

absol ute, in the sense of being conpletely separate from ot her objects,
i ke the NeoPlatonic One. Rather, for Hegel, the point "“is nothing
absol ute because it can becone bounding’’. The nmeaning of this, and
its formin the thought of Proclus, was discussed earlier in this

i ntroduction: the point is potentially the end-point of a line, and so
is other than itself, not an absol ute sel f-dependence.

Hegel then uses the concept of " “ground’’ to elucidate mathenmatica
objects. The ground is ~"the reason [for sonething] in general’’. (I
think that this is different fromhis view of ground in JL’® where the
ground is ““the reflection of cognition itself’’.) In the case of
geonetrical objects, the ground is ~“the manifol dness of the unity of
the limt’’. | think that this means that geonetrical objects are
spatial in character and hence, as at the end of W. and the begi nning



of NP, have the character of being external to thenselves; the limt of
the object refers intrinsically to what is outside it and this outside,
i ncorporated into the object, nakes the object manifold in character
and gives it its positive being — space is quantitative, rather than
qualitative, and the quantitative has nultiplicity. The unity of the
object is located in its concept: the object is determ ned by the
concept through the latter’s limtation. The concept or principle of
the figure is the "“unity of the whole'’, ““the relation of its
limts’’. So for exanple the concept of a triangle has as its
l[imtation, the three sides, and the concept as the relation of the
three sides determnes the interior of the triangle (which is away from
the limts) and the angl es.

In the case of the triangle, this relation of Iimts, according to
Hegel , assunes two specific, additional, forms. The first is a
relati on of magnitude, as when in an isosceles triangle, we require two
sides to be equal in length: so two of the limts (the sides) are

rel ated through magnitude. The second is “~“the self-relation of the
l[imts as space, (e.g. the enclosed angle)’’.

We di scussed briefly the second form the angle, earlier in this
introduction. (W will returnto the angle a third tine bel ow. )

Recall that the sides are the first or primary linmts of the triangular
figure while the angles are secondary. Mbdre precisely, the sides
related to one anot her through the triangle concept determ ne a
conpletely determnate spatial region (the interior of the triangle).
At each vertex, this region determnes a ~wedge'' wth bounding sides,
and these determ ne the encl osed angle. So the angles of a triangle
are also limts but of a derivative kind. The relation of the sides
determ ne the angles and their magnitudes. |Indeed, as linmt, the angle
is neasured; it is neasured in terns of the lines that bound and
determ ne them (For exanple, the trigononetric angle functions are
just ratios of the bounding sides of a right-angled triangle). So we
have the Iimts of the triangles (the sides) initially in relation
through the triangle concept, and that relation is then determ ned as
angl e. This philosophical relationship between sides and angles is
well illustrated by Proposition 5 of Euclid 1: the equality of two
sides of a triangle entails equal opposite angles. (Note that in this
Proposition, the magnitude relation is present here in the equality of
sides, while the self-relation of the sides is present in the angles.
There is also a nmagnitude relation present in the equality of the

angl es.)

The genesis of geonetrical objects, for Hegel, lies in the dialectica
devel opment of point, line, plane and solid. W discussed in Athis
dialectic as it occurs in the thought of Proclus and Hegel. W now | ook
at Hegel's account of this topic, as it appears in GS, in nore detail

(b) Point, line, plane and solid, and the three dinensionality of space

As observed in A Hegel says in GS that the point is the sinplest
[imtation of the infinite. It was also commented that this is to be
regarded as a nodern fornulation of Proclus’s view of the point as the
““offspring’’ of the One, the sinplicity of Nous in its geonetrica
form the first principle of geonmetry. (O course, as Proclus points
out, different sciences have different first principles — arithnetic
has the unit, and physics has the elenents.) Hegel in GS al so views,



as does Proclus, the fundanental geonetrical objects arising through a
process of limting, first the point and then Iine, plane and solid,
each as limting what comes after it. Wat conmes after is potential in
what comes before — the object as negative being precedes the object as
positive being. So, for exanple, the point is the limt of the line
since the boundary of the |Iine segnent consists of points. W recal
also that for Hegel in GS, the line is the "“spatial relation’’ of the
point in the sense that the point relates itself to itself through the
expression of the line as the potential infinite inplicit withinit,
the expression starting at a point and ending at a point.

Alternatively expressed, he says that "~ “the objective relation of a
point posited outside itself is theline’’. Simlarly, the " "objective
relations’’ of the line and the surface posited outside thenselves are
respectively the surface and the solid. The objectivity here just
refers to the inplicit line within the point becom ng objective in an

actual line, and this line, of course, is outside the " “generating’
point. As in Hegel's logic of Dasein in W, the line, potential wthin
the point which ““limts ' that potential, ““traps’’ it in as it were

is posited "“on the other side’” of the limt. The transition from
point to line is, for Hegel, to be thought of dialectically, according
to the concept, and only exenplified in the production of a |line
through the notion of a particle (" "point’’) in space.

The German noun, that we have translated as "“relation’’, is Beziehung.
In GS, the sinplest geonetrical object, the point, is thought of as a
rel ation. Beziehung is an inportant word in the Jena Logic. |ndeed,

the title of the first section of JS is Ei nfache Beziehung. (This
title is conjectural since nost of the first section of JSis mssing.)
The word Bezi ehung, which is translated in JL as connection, can al so
be translated as relation, and it seenmed to ne preferable to do so in

t he mat hemati cal context of GS. However, the reader should al so bear
in mnd that, conpatible with JL, "““spatial relation'’, " objective
relation’’ can also be rendered "“spatial connection’, " "objective
connection’’. GSis consistent with JSin that the first of the

geonetrical objects, the point, and the starting point of general |ogic
is conceived of in relational terns.”” (Relation is also one of the
four fundanental Kantian category groups with which a post-Kantian

| ogic might reasonably start, although Kant uses der Relation instead
of die Beziehung as the nane for that category group.)

To reiterate, in the point as the limt of the Iine we can see the
point relating itself to itself. For a given line relates or connects
the two end-points, so that the point as one end-point relates itself
to itself as the other end-point through the line. Simlar

consi derations apply to the surface as the objective relation of its
boundi ng (curved) line (e.g. a circular region bounded by a circle),
and of the solid (body) as the objective relation of its bounding
surface (e.g. a solid ball bounded by a spherical surface). At this
stage, the pattern breaks off. For Hegel, the justification of this

““breaking off’’ lies in his theory of limts.

For unlike the point, line and surface, the solidis not limt. \Wat
corresponds to the limting role for point, line and plane in the case
of the solid is the ceasing to be of the relation. It is true, Hege

says in GS, that we can think of the solid in limting ternms as being
"“posited outside itself'', but this positing is fundanentally



different fromthe way that point, line and plane are posited outside
thenmselves. In the latter cases, the geonetrical object is the
boundary of a different, higher dinmensional object: the point of a
line, the line of a surface and the surface of a solid. But while, it
is true, we can conceive an outside of a solid, that outside is another
solid with a space in between. That is, we have two bodies, the one
external to the other. The spatial relation of the solid has

““ceased'' in the spatial gap. W can also conceive of the solid as
going outside itself in an other, nmore intrinsic, way. In that way,
the solid is " “absolutely a drawing out of itself''. | take it that an

exanmpl e of this would be a body expanding or contracting. But in
either case, it is solid going to solid, the spatial relation, that
determ ned t he boundary, ceasing and being reestablished in the solid.
Solid is not limt, and we have not gone up a di mension

There is, however, a relation between the solid and the point. 1In a
puzzling comment of GS, Hegel says that ““the solid is itself again
[the] point, [i.e.] outside itself [in] conplete contradiction''. |
understand this (somewhat specul atively) as follows. Recall that in

t he precedi ng paragraph, there were two ways in which the solid was
external to itself: in the first, it is external to itself as another
body, and in the second, it changes its boundary in its expansi on and
contraction. W can understand Hegel's commrent in either of the two
ways. For first, the point is outside itself since it posits other
points external to it as the end-points of the lines that are potential
withinit. Further, this self-externality is the conceptual character
of the point — spatiality is imediately the point as " differencel ess
self-externality’’.” In this respect, the solid is the sane as the
point in that it is solid again as posited outside itself through the
spatial gap. Both are conceptually the sane. Follow ng the second
way, we can regard this identity of point and solid as realized by the
contracting i nwards of the solid. In non-precise terns, solid is
conceptually a ““black hole'', its ““contraction'' in a point. The

di al ectic of space then takes us from point (zero-dinensional), to |ine
(one-di nmensional ), to surface (two dinensional), to solid (three-

di mrensi onal ) and then back to point, where we started from There is
no fourth di mension, and this conpl etes Hegel's phil osophical proof of
the three dinensionality of space.

Utimately any validity to Hegel's argunent relies on the fact that the
real world is for us three dinensional. In nodern science’, of course,
the mat hemati cal nodel s of the universe use nore than three di nensions.
Special relativity, for exanple, is four dinmensional, with time giving
the fourth dinension®. (In the later Hegelian position, time is the
appearing of the ““restlessness'' of space, the " “restlessness'' being
the sanme as the dialectic of the point. One can see this in the way
that the point gives the line in the Pythagorean account through
nmovenent, which of course is tine dependent.) Further, in the first
attenpt to produce a unified field theory (unifying el ectronagnetic
theory and the geonetry of space-tine), Kaluza and Kl ein attached
circles to the points of space-time thus giving a fifth (unobservabl e)
di mrension. The nodern ~“grand unified theories'', which attenpt to
uni fy the non-gravitational forces, use at |least 24 dinensions. In
view of this, and the " “bad press'' that Hegel's Naturphilosophie has
got, it is easy to nock Hegel's insistence on the fundanental three

di mensi onal nature of spatial reality.



In defense of Hegel, however, scientific experinments are done in the
famliar three dinensional world with tinme treated “~“nornmally'' and any
theory of the world is only speculative if it is separated fromits
verification when projected into three dinensional terns. So, for
exanmple, in special relativity, the verification of the contraction in
l ength of a neasuring rod on board a novi ng spaceshi p, when conpared
with the length of an identical nmeasuring rod at rest on earth,

i nvol ves neasurements with cl ocks and observers in the famliar world
(which is taken for granted). W may say that the remarkabl e, higher
di mensi onal, theories are essential in character, and beconme real only
in so far as they refer to and expl ain what happens in the everyday
world. It isin this sense that the real world is three di nensional
Thi s everyday, three dinmensional character of the world was, | think
stressed too nuch by Hegel in his criticismof Newton, since the higher
di mensi onal theories whose projections explain the ““real'' world
cannot be created by staying only with three spatial dinensions. But
surely Hegel is correct in seeing, as does common sense, the solid as
ultimately the real thing in our world, as when we lift and |ay a book
and kick a soccer ball

(c) The cube and the sphere

We saw that for Hegel, the principle of a figure is the relation of its
l[imts. 1In GS, Hegel discusses this figural principle in the (three-
di mensi onal ) cases of the cube and the sphere. Underlying this

di scussi on, of course, are the four basic geometrical objects which
formthe constituting limts of geonetry: point, line, plane, solid.

I ndeed, everything inportant in Hegelian geonetry reduces to these four
fundament al geonetrical objects, justified, as we have seen, on

met aphysi cal grounds through the unhypothetical science.

Starting with the cube, the presence of these four objects is obvious.
The point is present in the 4 vertices (corners), the line in the 12
edges, the plane in the four faces, and the solid as the whol e cube
itself.

But in ternms of the point-line-plane-solid dialectic, the sphere is
nore interesting than the cube. The sphere here is not to be thought

of as a solid ball but rather as the surface of a ball. Hegel says
“Yin the sphere there is nothing but limt'', by which, | think, he
means, that the sphere per se is itself the limt that separates the
region inside it fromthe region outside it. Hegel then goes on to

anal yse the sphere in ternms of point, line and plane. (The fourth
fundamental geonetric object, the solid, is not relevant here since the
sphere is a surface.)

Begi nning with the point, there is no particular point specified on the
sphere through the necessity of the sphere concept. However, the
sphere conceptual ly determ nes nore than just the bounding surface of a
ball. It determines a point, the center. |Indeed, the center is

i nvolved in the very definition of a sphere: to belong to the sphere is
to be at a certain fixed distance (the radius) fromthe center. Hege
says that the center does not belong to the sphere and is not a limt

of the sphere. Rather, the center is posited by the sphere. Alittle
[ater in GS, and as discussed in A Hegel says that the center of a
circle is the limt of the circle. | do not know why this is not the
same for the sphere. (Perhaps the difference between circle and sphere



inthis regard lies in the fact that the circle arises at the beginning
of geometry out of the point as the line inits limted form whereas
the sphere arises later in the conceptual devel opnent of geonetry after
the third di mensi on has been established.)

Turning next to the line, one mght see the line in the sphere in the
formof its diameters and radii. (In the two dinmensional version of
the sphere, i.e. the circle, Proclus and (I think) Hegel see it that
way as was discussed earlier.) However, as Hegel points out, the

di ameters and radii do not belong to the sphere. So rather than

| ooking for line inits unlimted form(straight) we |ook for line in
its limted form i.e. as a circle. The natural class of circles that
lie on the sphere are the great circles: a circle on the sphere is a
great circle if its radius is greatest possible, i.e. is that of the
sphere itself. The great circles of the sphere do lie on the sphere
and their planes pass through the specified point of the sphere, the
center. But there are infinitely many great circles and none of them
is specified through | ogical necessity. The great circles do not bound
t he sphere (though, we can add, if you cut along one, it will bound the
resul ting hem spheres). They are posited by the sphere and " "it bounds
themas circles''. | think that this nmeans that the sphere bounds the
circle on either side, that, in nodern terns, the circle is a

submani fold of the sphere - the latter provides the circle with its
TTworld' .

Turning to the plane, the latter is also not alimt of the sphere.
However, there are, as we have seen, intrinsic planes connected with
the sphere, viz. the planes of the great circles. Hegel says that
““the point, as enclosing, [in the formof] the great circle, has in
itself the returning line, [which has] in itself the returning plane’
This brings us back to the case of the circle which was di scussed
above.

(d) Congruent triangles and the nethod of superposition

The conceptual explanation of geonetrical figures discussed earlier

| eads to an inportant phil osophical interpretation of certain kinds of
propositions. These are propositions of the form when are two
triangles congruent, i.e. are identical? (ldentity here neans that the
corresponding parts (i.e. the limts, the sides and angles) are the
same, and this entails that the two triangles are the sane in al
respects.) The answers to this question in Euclid 1, are of the
following form if some of the corresponding parts are the sanme then
the triangles are congruent. To establish congruence, Euclid uses the
met hod of superposition. What this anmounts to is that one of the two
triangles is ““lifted up'' and placed (superinposed) on top of the
other, and the two identified if they exactly match

Hegel ' s approach to congruence is interesting, and one that differs
fundamental ly fromthe Euclidean. The crucial point is that one has to
understand the triangle (and the other geonetrical figures, of course)
as conceptually determ ned. That we have a concept of a triangle is
undeni abl e: we have no difficulty tal king about and recogni zi ng
triangl es as having three sides and three angles, and in their

di fferent kinds (acute, right angled, obtuse). The drawn triangle is a
spatial representation of the triangle concept. (As we saw earlier

the concept takes over the role in Hegelian philosophy that the form of



a triangle plays in NeoPlatonic thought.) The concept differentiates
the whole into its interrelated parts (or limts) and these in turn
determ ne the conplete triangle. The relationship triangle-limts is
then a special case of the whole-parts relationship that Hege
investigated in his later logic, and the form of congruence theorens
shoul d be stated as follows: a triangle is through such and such
determ nations of its parts completely determined. This was di scussed
in A above, and will now be exam ned in nore detail bel ow

The conceptual relationship of the parts gives the necessity operating
wi thin the geonetrical processes of construction and proof. It is in

t hese processes that the concept of triangularity expresses itself and
it is the reason for the constancy of the triangle throughout: the
triangle that we start with at the beginning of a proof is the sane as
that with which we finish (even though as a figure it may have been cut
up in the construction). The new know edge gai ned about the triangle

t hr ough proof is conceptual in character

Si nce congruence (for Hegel) is about the identity of two given
distinct triangles, the concept realized in the two triangles is the
same even though the two triangles are distinguished spatially. They

are just different realizations of the sane concept. It follows that
correct congruence (=identity) proofs have to be fornul ated
conceptually, i.e., in terns of our earlier discussion, the ~“correct’

proofs for congruence nust cone from phil osophy, the unhypothetica
science. It cannot be dealt with by |ooking at a figure and i magi ni ng
triangles in the figure being noved around and superi nposed upon one
anot her for conpari son purposes. Congruence is sayi ng sonething about
the concept of a triangle and how this concept relates the whole to the
parts and parts to whole. So in GS, the equality or congruence of two
triangles, spatially distinct in general, just affirns that the
triangle concept is determined in the two triangles in the sane way.
More precisely, the equality conditions on the parts identify
conceptually the same triangle. There is only one triangle.

Consi der, for exanple, the “~“three sides’’ congruence criterion of
Proposition 8 of Euclid 1 that ~“two triangles are congruent if they
have all three sides equal’’. In the philosophy of GS, this is really
just saying: if the (limting) sides of a triangle are determ ned, then
the whole of the triangle is determned. In particular, the three
angl es are determned. The phil osophical proof for this depends on the
angle as the relation of the limting sides (see (e) below), so that
the angl es are determ ned once the sides are. The other congruence
criteria discussed by Hegel for a triangle ABC are: two sides and the

i ncl uded angle (Proposition 4) and two angl es and a correspondi ng side
(Proposition 26).

The account of congruence given by Hegel does not, then, use
superposition; indeed, that nmethod is, for Hegel, a " superfluous and
lengthy'' way of showing identity. The superposition nethod is, I
think, to be regarded as an external reflection of the conceptua
determ nation of the triangle concept by the conditions, the

determ nation which is the genuine reason for congruence. Hegel devotes
a conparatively |large anount of space in GS (e.g. in his discussions of
Propositions 4, 5, 8 and 26) to the understandi ng of congruence and his

criticismof the nethod of superposition.



Hegel is not alone in his criticismof the nmethod of superposition
(though I think that his explanation of why it is unsatisfactory is
uni que). Indeed, the nmethod has been criticized by many post-Euclidean
geometers. A detailed discussion of this is given by Heath. 8 Heath
points out that Euclid hinmself uses the method with rel uctance.

Pel eti er (1557) observed that if the method of superposition was
legitimate in geonetry, then geonetry would be full of such proofs.
(The nethod coul d, for exanple, have been used to prove Propositions
1,2 and 3.) Bertrand Russell suggested that Euclid should have taken
the first proposition in which it is used, Proposition 4, as an axi om
and indeed it is effectively taken that way by Hlbert in his

G undl agen der Geonetrie.

Hegel ' s conceptual approach to congruence is based, as we have seen, on
his version of the unhypothetical science. WMathematical objects have a
conceptual basis, and Hegel points out that the " “way of handling
material things’’ cannot be applied to mathematical things |like figures
and lines. Further (it seenms to nme) that the difficulty cannot be
solved by putting in an extra axiom (as Russell and Hilbert wanted to
do): doing that just evades the problem of understandi ng the unarguabl e
necessity that we feel with congruence, without any explanation of that
necessity. The axionmatic solution just ennables us to "~ “get by ’.

Rat her, the probl em of superposition cannot be solved by an ad hoc

mat hemat i cal assunption, for it is based on a phil osophical error. For
Hegel, there are not posited two triangles which are then to be
conpared as far as equality of sides and angl es are concer ned. The two
triangl es appear only on the sensuous level . Rather, the correct
under st andi ng of congruence is, as we have seen above, the one that

sees it as the the concept of a triangle conpletely established by
certain of its parts through their interrelationships as triangle
limts.

This theory of congruence is devel oped further in Hegel’s mature | ogic.
In the later account, the Neo-Platonic theory of Iimts, on which the
GS approach relies, is inplicit and instead, the explanation of
congruence is in terns of the Idea. So® he says that " these

[ congruence] theorens thensel ves contain two parts, one of which may be
regarded as the concept, and the other as the reality, as the el ement
that conpletes the forner into reality.”’. 1In spatial reality, the
conceptual unity of the triangle is dispersed into the sensuous
triangle and has redundancy in its parts. A congruence theorem such
as the one which states that two sides and the included angl e determ ne
the whole triangle, effectively strips away the redundancy of the
sensuous triangle so that “~“the remaining two angles and the third side
are the superfluity of reality over the determ nateness of the
concept’’. Thus the sensuous (real) triangle contains 6 parts, three
sides and three angles, but for the triangle concept, three of them
suffice. The equality of the two triangles then follows, as in the
[imt theory account of GS, not by superinposing the triangles but
because conceptually, the triangle concept is determned, e.g., by tw
sides and the included angle.

Aline onits own is, as we have seen, determned by its limts, the
end- points. However, in the triangle context, a side can be determ ned
in other ways. The side, we may say, is determned by the triangle as
a whole, not isolated on its own. For exanple, to determne a side L



of atriangle, it would suffice to be given the length of L, another
side M a comon end-point where L and Mintersect and the angle that
the two sides make with one another. Then the end-points of L, and
therefore L itself, are conpletely determ ned, as are all the other
sides and angles of the triangle.

Thi s oneness of the triangle at the conceptual level is interestingly
illustrated by Hegel’s discussion in GS of Proposition 5, the
proposition that shows that the angles at the base of an isosceles
triangle coincide. He again criticizes Euclid s nethod of

superposi tion and approves of a very sinple nethod of proof which
according to Proclus, was due to Pappus. Suppose that the triangle is
?ABC with AB=AC. Then ?ABC is congruent to ?ACB (two sides and the

i ncl uded angle) so that ?ABC=?ACB, i.e. the base angles are equal

Here we have, | think, for Hegel, confirmation in geonetry of the unity
of the triangle concept that is m sunderstood in the nethod of
superposition. The proof uses only one triangle - ?ABC is the sane
triangle as ?ACB. The difference aspect of the proposition cones from
the triangle concept itself and does not come through separate
triangles (as it were) accidentally turning up in different spatial
positions, and only comng to identity through human intervention by
super posi tion

(e) The nature of an angle

The topic of the nature of an angle was nuch debated by the cl assica
geometers. An account of the different views is given by Proclus. 8 He
nentions three (Aristotelian) categories under which “~“angle’’ had been
put: that of relation, quality and quantity. Fromthe relation point of
view, angle is the inclination of two distinct, intersecting lines in a
pl ane. As such, it is a relation between two lines. This is Euclid s
point of view (Definition 8 of Euclid 1). However, angles can be
straight or curved and this is a qualitative distinction. (For
exanpl e, the angles nade by two intersecting circles is curved.) From
the quantity point of view, angles can be neasured to give nunbers
(e.g. the 745" in a 45° angle), and, of course, nunber is
quantitative. Proclus discusses the difficulties in each of the three
views of angle, and, follow ng his predecessor Syrianus at the Acadeny,
says that ~“the angle as such is none of these things nentioned but

exi sts as a conbination of all these categories’’ .

In GS, Hegel, like Euclid, sees the (rectilinear) angle as a

determ nation of the two lines that meet to formthe angle. But
consistent with the general approach of GS, he sees angle in terns of
limt. Wiile the two lines bound (limt) a region ~“fromthe
outside’’, the determ nation of the angle is not limt in that sense
but is a determination of the limting itself of the two lines. Hege
says: "~ rather [the angle] is the determnation of the limtation of
the two lines bounding it, [and] therefore as a determ nation, stil
[counts as] a limt.’’ So two lines, that intersect, limt an angul ar
region, the "“limtation'’ of the two lines. But we have to limt that
again to get a single angle. The "“wedge'’ shape between the two |ines
is lost when we Iimt to the angle, and angle is a ~"second order’
l[imt. (This limting of the [imtation is, | think, approximted in
cl assical geonetry by the view of Apollonius, discussed by Proclus,
that the angle is ~“the contracting of a surface at a point under a
broken line ’.)



The first 12 propositions of Euclid 1

Hegel s objective is to give a philosophical interpretation of Euclid 1
and using this interpretation, to correct what he sees as

unsati sfactory proofs in Euclid 1. It seens likely that Hegel wote an
account of all of the propositions in Euclid 1 but only made a " “fair
copy’’ for the first twelve propositions. |If so, his account of

Propositions 13-25, 27-28, 30-47 have been lost. H s treatnent of
Propositions 26 and 29 have survived in GS, together with a theory of
parallel lines that seens to have arisen out of his study of
Propositions 27-31 of Euclid 1. There are al so phil osophi cal
interpretations of other theorenms of Euclid 1 (such as the Pythagoras
t heorem (Proposition 47)) in Hegel’'s later |ogical works.

Hegel starts by commenting on the first four propositions. Proposition
1 constructs an equilateral triangle on a given straight |ine using two
intersecting circles. Hegel gives a reason why Euclid starts his

El ements with the construction of the equilateral triangle. It is that
““at the beginning, equality is given in [the formof] a figure' .
This figure is the equilateral triangle, “~“the sinplest figure, both in

terms of equality of sides as well as in terns of [a] triangle’
Hegel ' s expl anati on of why the El enents starts with the construction of
the equilateral triangle agrees substantially with that of Proclus
discussed in A, with its enphasis on identity and equality. However,
Hegel s version is totally w thout the theory of Soul which Proclus
attaches to his own expl anati on. (For Proclus, but not for Hegel, the
triangle is ~"the likeness of the first soul’’.)

Proposition 1 serves as the basis for Propositions 2 and 3, both of

whi ch involve equal lines. Proposition 2 asks for the construction
with a given point as an end-point, of a straight line equal in length
to a given straight line, while Proposition 3 asks, given two unequa
straight lines, to cut off fromthe greater a straight line equal in
length to the | esser. The philosophical basis for all three
propositions is then equality, in particular equality for triangles, at
the level of the triangle as a whole and at the level of the parts
(sides). Hegel then noves on to Proposition 4. This proposition says
that two triangles are congruent if two sides and the included angle
for each triangle are the sane, and Euclid proves it using the method
of superposition. W discussed, in sone detail above, the nethod of
superposi tion and Hegel's philosophical criticismof it.

As we have seen, the relation between the concept and the drawn
triangle lies in the ““positing'' of the latter through its linmits. To
illustrate this, we now describe the phil osophical proof by Hegel of
Proposition 4. Proposition 4 is first reformul ated conceptual ly: we
are no longer given two separate triangles. Hegel does not explicitly
state his conceptual version of the proposition but | think that it can
be expressed as follows: for a ?ABC, if ?A and the lengths of the sides
AB, AC are determnined, then they determ ne the renaining side BC and

the angles ?B and ?C, i.e. the whole triangle is determ ned. The proof
goes as follows. Since AB and AC are determined, so are their limts,
the end-points A/ B, C However these limts are posited only for their
respective lines AB, AC and so are not "~ “conpletely posited ', for
““they do not exclude the infinite of space’’. | think that what Hege



means by this is that if we only know the I engths of AB, AC, then there
are infinitely many possible positions for the points B and C. B can be
any point on the circle center A and radius the given I ength of AB, and
simlarly for C For the conmplete positing of B and C, we al so have to
i nclude the determination of ?A: the lengths of AB, AC together with ?A
determine B and C uniquely for the triangle. But B Care the limts
for the side BC. So the straight line BCis also posited (since the
limts of a geonetrical figure determine the figure). (In plain
geonetrical terms, we get the line BC by joining up B and C using a
ruler.) Once we have all of the sides determ ned then so are all of
the angles, since, as we saw earlier, for Hegel, an angle is the

determ nation of the limtation of the two Iines bounding it: since the
pairs of lines that bound the angles of the triangle are now
determned, their limtations in the angles are also determned. So
the whole triangle, i.e. all of its sides and all of its angles, are
determ ned. This conpl etes Hegel s proof of Proposition 4.

W& note that in this proof, the conplete positings are for the triangle
as a whole, i.e. the triangle according to its concept and not with
respect to position in space. So in the proof, we can vary the
position of A and rotate the triangle about A in any way that we like.
Such variations in the spatial position of the triangle do not affect
the proof: the determinations of the triangle parts are relative to the
triangle as a whole. The variations in the position of the triangle in
space are, in the | anguage of Hegel's later logic, the “~“superfluity of
reality over the deterninateness of the concept’’ . #

It remains to show how the original Euclidean Proposition 4 follows
from Hegel ' s proposition above. In the Euclidean Proposition 4, we are
given two separate triangles ?ABC, ?DEF with ?A=?D, AB=DE, AC=DF. W
have to show that the remai ning corresponding parts of the two
triangles are the same. This follows imediately from Hegel's
proposition: for once you have two sides and the included angle

determ ned, then everything in the triangle is determ ned by them
Since the determ nations of the two sides and included angle are
exactly the sane for the two triangles, the two triangles are the sane
in concept, and so their corresponding parts are the same. No
superposition is required. (The coincidence of the triangles through
| ayi ng one on top of the other in the Euclidean proof is now seen to
have its valid explanation through the triangle as a conceptua
relati on of whole and parts.)

For Hegel, philosophical (and not just geonetrical) insight is also
required for a proper understanding of the rel ationship between
Propositions 5 and 6. These two propositions are converses to one
another: together they say that in a triangle, the two base angles are
the same if and only if the two opposite sides are the same in |ength.

Euclid' s proof of Proposition 5 is involved. It also uses Proposition
4 whose proof, as we have seen, requires superposition and so is
unsatisfactory. The " “deficient grasp of difference ', which Hegel

sees as a fundanmental defect in the Euclidean approach, is present in
the proof of Euclid s Proposition 5. As in the case of Proposition 4
(and congruence in general), the real issue is: how nuch is needed in
the parts to determne the whole. In the present case of Propositions
5 and 6, equality of the two angles determ nes the sane triangle
concept as does equality of the two sides. As discussed above in (d),



Hegel approves of a sinple classical proof of these propositions, due
to Pappus, which uses only one triangle. The use of only one triangle
in that proof, or, as Hegel puts it, the fact that the triangle has
been doubl ed®, indicates, for Hegel, awareness that difference in
geometry i s conceptual, not spatial, in character. The Pappus proof
does not use separate triangles in different spatial |ocations, but
rather the difference is in the sane triangle.

An interesting criticismby Hegel of Euclid s proofs of Proposition 6
and 7 concerns their use of argunment by contradiction. (Hegel calls
such a proof apagogic.) H's objection is not so nuch a criticismof
proof by contradiction in principle but rather that in each of these
propositions, the proof requires a construction that cannot be done.
H s point is that we cannot performa ruler and conpass construction if
it is inpossible to do it. Indeed, as the figures for these
propositions show, these proofs by contradiction are only possible by
drawi ng i npossible diagranms. But in the Euclidean framework, we can
only work with constructed figures. (The sane problemeffectively
arises in the mathematics of nunber, and is enphasized in Brouwer’s
intuitionistic foundation for mathematics.) Hegel resolves this
problemwi th Euclid s proof of Proposition 6 by indicating an
alternative argunment not relying on contradiction

As indicated in the preceding paragraph, I do not think that Hege
regards as unacceptable in general proof by contradiction (as did
Brouwer in nodern mathematics). (To reject all such proofs has grave
consequences for mathematics.) Indeed, he hinself gives an apagogic
proof in GS of Proposition 26: in a triangle ABC, the point Cis
determ ned uniquely by AB, ?B, and ?C. This proof, however, is
conceptual in nature and does not involve an inpossible geonetric
construction. It is only the Euclidean proofs by contradiction that
depend on an inpossible construction that Hegel finds unacceptable.

It is the constructive character of Euclidean geonetry that rul es out

i mpossi bl e constructions. Any construction that you consi der has
actually to be done. Once you consider "“possible ' constructions,
then you are effectively dealing with the set of all constructions and
one gets involved in infinite set theory (with its possibl e paradoxes)
and | eaves Euclidean geometry. It shows great insight on Hegel’'s part
to have noticed this essential, constructive character of the Elenents
— it is exactly in this respect that Euclidean geonetry differs from
modern axi omatic geonetries (such as that of Hlbert). 8

But this does not rule out apagogic proofs in mathematics. Here is a
si mpl e apagogi c proof in algebra that, | think, Hegel would have
accepted. (One wants to show that if x>a>0 then x?>a2.  Suppose not.
Then x?=a? and we derive a contradiction by dividing that inequality
through by x and using a/x<l. This is acceptable since there are x's
for which x2 is less than or equal to a%* the x with which we started
just does not happen to be one of them But in the geonetrical case,
it is different: real things cannot be contradictory and a geonetrica
argunent relying on a construction has to use a genuine construction
It is not permtted to consider hypothetical constructions. So in the
context of Proposition 6, Hegel says: " "If it were the case that AC [is
| ess than] AB, then BD=AC, this construction shows itself to be not
possible.’’



It is undeni able, however, that Hegel regarded apagogi c proofs wth
some suspicion throughout his life. For exanple, in his discussion of
the second Kantian antinony in W?®, he rejects the apagogic el enents in

Kant’s argunents. (The source of the second antinony for Hegel lies in
the character of the concept of quantity, whose determni nations,
continuity and discreteness, are null in isolation and consist only in

their transition fromthe one into the other.)

Proposition 7 and Proposition 8 (that give the "““three sides’

criterion for congruent triangles) are criticized simlarly. In Euclid
1, the first has an apagogi c proof and the second relies on
superposition. Hegel gives conceptual proofs for both, avoiding
apagogy and superposition.

Propositions 9 and 10 are problens rather than theorenms. They show
respectively how to bisect a rectilinear angle and how to bisect a
finite straight line. Hegel comrents that the propositions are
(effectively) “~“conpletely the same’’, both using the construction of
an equilateral triangle on a given line (Proposition 1). However,
while it is true that the proofs of both propositions construct an
equilateral triangle, it is not correct to say that the propositions
are the sanme. The reason is as follows. Both proofs use a

construction in which tw triangles have a common base. 1In the proof
of Proposition 9, one of the triangles is isosceles and the other is
equilateral. But in the proof of Proposition 10, both triangles are
equilateral. | think it likely that the reason for Hegel's

m sunderstanding is the poor figure given by Lorenz® where the
i sosceles triangle |ooks |like an equilateral one. (This is discussed
in nmore detail in an end-note to the present translation.)

Propositions 11 and 12 deal with one problem how to construct a
perpendi cular line froma given point to a given line. Proposition 11
is the case where the point is on the line, while Proposition 12 is the
case where the point is not on the line. Hegel points out that the
solution to both problens lies in constructing an isosceles triangle on
the given line. (H s comments are purely geonetrical, with no

phi | osophy i nvol ved.)

In a different part of GS (as it appears in Dok.), there is a
collection of coments that | ook |ike conceptual proofs. These are
anal ogous to the proofs that Hegel gives of congruence theorens (such
as Proposition 4). GS does not say what Proposition is being proved
here, but inspection shows that it is Proposition 26 of Euclid 1. It
seenmed to ne appropriate to include this proposition with the others in
the second part of the translation. The proposition gives the
congruence theorem two triangles are congruent when two angles and a
correspondi ng side are the sane. The proof falls into two cases, the
first case where the specified side joins the equal angles, and the
second case, where the side subtends one of the angles.

As usual, Hegel’'s discussion of the propositionis in ternms of the
determ nation of the whole of the triangle ABC by sone of the parts:
two angles and a side determne everything in the triangle. 1In his
proof of case 1 of the proposition, discussed in a), Hegel shows that

given BC, ?B and ?C, then the point A is uniquely determ ned, and hence



al so each of the remaining sides AB, AC. ) continues the discussion
of a).

At the end of RB), he raises a question which is equivalent to proving
case 2 of the proposition. |In that case, one is given AB, ?B and ?C
and has to show that the triangle ABC is conpletely determ ned. This
will be achieved if it can be shown that the point Cis uniquely
determ ned by the given data. For then AC and BC are determ ned, and
hence al so the angle of their inclination ?A. So all of the sides and
angles of the triangle are determined. Hegel then gives two proofs of
t he uni que determ nation of C

The first proof is by contradiction (or in Hegel’s |language, it is
apagogi c), showing that if the point Cis not uniquely determ ned, than
the length of either of the lines BC, ACis not determned, and ?C

woul d be changed. But ?C is determ ned and the contradiction foll ows.
The second proof is direct and, | think, essentially goes as foll ows.
Since the sumof the angles of a triangle add up to two right angles

(Proposition 32) and two of the angles, ?B and ?C, are determ ned, then
the third angle ?A is also determned. So “~“the [relative]

direction[s] of AC and BC and AB are (ist) determined”’. Now AB is
given and the directions of AC, BCrelative to AB are given. Since
““straight lines intersect only in one point’’, it follows that C, the

poi nt of intersection of AC, BC is uniquely determ ned.
The phil osophy of parallel |ines

In GS, this is the |last section, preceded by the material of On the

al gebra of a geonetrical figure below | have changed this order since
this section on parallel lines deals with a topic in Euclid 1 that
follows the propositions discussed in the previous section, and indeed
contains a discussion of Euclid s Proposition 29.

Euclid 1 treats the basic geonetry of parallel lines in Propositions
29-31. Euclid defines® two straight lines to be parallel if they are
“Yin the sanme plane and being produced indefinitely in both directions,
do not neet one another in either direction’’. This is what Hege
calls the negative definition of parallel lines (presumably because
there is a not in the definition). He al so gives the positive
definition: two lines (in a plane) are called parallel if they
““everywhere are equally far apart’’. This positive definition can be
specified in two ways.

The first way was, according to Proclus®, given by Posidonius: parallel
lines are those which, (being) in one plane, neither converge nor

di verge, but have all the perpendiculars equal which are drawn fromthe
points of one line to the other. This neans that the distance from any
point on one line to the other line is the sane for all of the points
on the lines.

The second way® in which the positive definition can be deternined is
through the interior angle that a third line (a transversal, or, as
Hegel expresses it, a distance line (Entfernungslinie)) makes with one
of the lines. Hegel’'s exposition here is rather confusing. | think
that there are two possible interpretati ons of the second way. The
simplest is this. Fix an angle ? and one of the parallel lines. For



any point A on that line, consider the line (the distance |ine) through
A that makes (interior) angle ? with the parallel line. The point at
whi ch the distance line cuts the other parallel line is determ ned, and
hence al so the di stance between the two points. The two lines are then
called parallel when this distance is the same wherever the initia
point Ais taken on the first parallel line. (If the interior angle is
a right angle, then of course this distance will be the perpendicul ar
distance as in the first way.) A disadvantage of this interpretation
is that the distance for the distance line is determned after the
angl e, rather, as one mght expect, com ng before the angle. The
second interpretation, though nore involved than the first, does
specify distance first, and so | think is preferable. It is discussed
in an end-note to the translation of this part of GS.

Hegel notes, with reference to the second way, that "“the distance
lines are equal in concept with that of the parallel lines'’. Indeed
t he di stance |ines, because they make the same angle with the given
lines, thenselves forma famly of parallel lines, and Hegel’s
interesting coment is an exanple of how two things (distance |ines,
parall el |ines) which, when they appear in a geonetrical diagramare
conpletely different, nevertheless at the conceptual |evel are the
same. (Earlier, we had other exanples of this: for exanple the
congruence conditions are the sane conceptually as the concept of the
whol e triangle, and the equality of the base angles in a triangle is
conceptually the same as the equality of the opposite sides.)

Part of Hegel's discussion of Proposition 29 of Euclid 1 has survived.
As in the case of Proposition 26 above, there is no explicit nention of
the proposition in Hegel’s account. Proposition 29 asserts that a
straight line falling on parallel straight |lines nakes the alternate
angl es equal to one another, the exterior angle equal to the interior
and opposite angle, and the interior angles on the sane side equal to

two right angles. Using the positive definition of parallel lines
Hegel gives two proofs of the first part of Proposition 29. The proofs
seemto be original. The precise assunptions that Hegel is making here

are not clear to ne, and the text is hard to follow The proofs, as
far as | can see, are purely geonetrical in nature with no
phi | osophi cal argunentation required.

This confirms, if such evidence be needed, that Hegel, while not a
creative mathematician, fully accepted the essential validity of the
Eucl i dean approach, and that he spent the tinme making hinself skillfu
inits methods. Hegel took geometry very seriously and did his own
research in it. For a non-professional mathematician, he knew the
subject very well, though there is an occasional |lapse in his
geonetrical insight. (One such lapse is in his msunderstanding of the
" anbi guous case’’ for congruent triangles, a case that (strangely) is
not in the Elements and which, | believe, Hegel uses wongly twice in
this section.)

In geonetry, as discussed in A, philosophy only cones in at certain

pl aces, viz. where mathematical resources fail in principle, and the
subj ect requires the phil osophical concepts of the " unhypothetica
science’’. Only then does its indispensable, philosophical basis need

to becone explicit, and Euclidean methods need "~ “correcting .



On the al gebra of a geonetrical figure

There is a geonetrical algebra in the Elements of Euclid: indeed, Book
2 of Euclid can be regarded as al gebraic in the sense that problens

t hat nowadays woul d be sol ved by (el enentary) al gebra are sol ved by
Euclid geonetrically. For exanple, where we talk of a product xy of
positive nunbers x, y, Euclid tal ked about the area of a rectangle ABCD
(with sides AB of length x and AC of length y). The nodern al gebraic
approach to el ementary geonetry goes back at |east as far as Heron (c.
3'd century AD). As Heath points out °2, *“Book Il gives the geonetrica
proofs of a nunber of algebraical formnulae .

However, the algebra that Hegel is involved with in this last part of
GSis really just the adding and subtracting of line intervals arising
froma figure in which two circles intersect. (See Figure 3 of the
translation.) In this figure, A, B are the centers of the circles, AB
intersects the circles, between A and B, in the points F,G while Eis
the point of intersection of ABwith the Iine CD joining the points of
intersection of the circles. The radii of the circles are the sane in
length. In his calculations, he uses, wi thout proof, the equality
FE=EG which easily gives AE=BE, AF=GB. The sinple proof of these
equalities is given in the translation

I confess that | do not know what Hegel is trying to do in this part of
GS. He starts with a long algebraic calculation dealing with the

I engths of |line segments on AB. The cal culation begins with the

equal ity AF=GB, and ends with the equality AF+FE- FEEBGFEG EG whi ch
upon cancelling the FE's and the EGs, is trivially the same as what he
started with, AF=GB. Maybe this calculation is very early (school boy?)
work of Hegel in which he was doing a mat hematical experinment, not
designed for publication. The part finishes with an argunent in which
Hegel shows that three pairs of triangles in Fig. 4 (which is close to
Fig. 3) are congruent. It ends with the equality: GC GD DE=CE, which
istrivially true fromthe di agram

In between these two al gebraic cal cul ati ons, Hegel has an interesting
phi | osophi cal discussion on the relation between geonetry and al gebra.
He says:

In algebra, x is fixed; but its determ nation [exact value] is
not posited; in geometry, no x is given, everything is

determ ned, and as such[,] posited; the becomng of its
determ nation is not posited; its dependence is =x.

Inthis ““not fixing’' of the x in algebra, reality as being, or as the
Idea, as it is imredi ately determ ned in space, disappears; x is a

vari abl e, universal in character. The Euclidean line, as indicated by
the variable x which is supposed to range over the set R of real
nunbers, is not geonetrical in the sense that a drawn line or triangle
are geonetrical . Eucl i dean geonetry has no x’s. In geonetry, we are
presented with a definite, drawn triangle with no variables; everything
inthe triangle is fixed. But the x of algebra is the possibility of a
triangle, as when | ask: draw ne a triangle! There are infinitely nmany
possibilities.

This is further clarified by Hegel in his specification of the
conceptual difference between al gebra and geonetry: he says that in



al gebra, the conditions are given and the conditioned [is] not , while
in geonetry it is the other way round; in geonetry, the conditioned is
gi ven, and the conditions as such are to be posited, to be shown, and a
geonretri cal probl em nmakes determi nate the concept of the conceal ed
[conditions]. | think that we can understand this as foll ows.

Starting with geonetry, the drawn triangle is initially given as
conditioned in the obvious way: its sides are straight and there are
three of them But the conditions that relate the angles and sides, at
that initial stage, are "“concealed ’. Geonetrical argunment is
required to uncover these conceal ed conditions, to ~“posit’’ them An
exanpl e of such a conceal ed condition woul d be the congruence criterion
of Proposition 4: two sides and an included angle condition (determ ne)
the triangle conpletely.

Wth al gebra, on the other hand, the conditions are given. So, for
exanmple, if we wish to prove a geonetrical theorem by al gebraic methods
(" Tanalytic geonetry’’) we wite down equations for lines, circles,
conics etc. and work with them al gebraically. These equations are, |

think Hegel is saying, the ““conditions’’ that are “~“given'': so, for
exanmple, the condition for a line is given algebraically by: ax+by+c=0,
and this deternmnes the line completely. Further, these equations

i nvol ve variables such as x. But as a variable, x is not determ ned as
a specific nunber and what the conditions actually condition, e.g. an

actual drawn triangle, is not given in the algebra. It is true that,
froma nodern point of view, we could define the triangle as a set of
pairs of nunbers (x,y), but that is still at the level of conditions:

that is, unless we regard the highly infinite set as a given thing —
and we have no direct, non-geometrical intuition for that — the
definition just says that a point (x,y) is in the triangle if and only
if the coordinates x,y satisfy certain inequalities (conditions). If
we rely on algebra alone, the actual triangle is not given. Unlike
geonetry, there is no spatial intuition in algebra. So, as Hegel says,
in algebra, exactly what is conditioned (i.e. the geonetrical triangle)
is not given. The rel ati on betweeen al gebra and geonetry is simlar
to that between pure |logic and the phil osophy of nature in the Hegelian
phi | osophy.

In fact, analytic geonetry is a powerful tool for proving geonetrica
results, but only when the geonetrical figure and the al gebra are
present together — the given geonetrical object together with its
formal al gebraic determ nations. Real nunber and al gebra becone

i nvolved in a geonetrical problemwhen we explicitly assign a nunber
pair (x,y) to a point. The geonetrical interpretation of x, y are as
coordi nates of the point, i.e. the distances of the point as measured
fromtwo fixed perpendicular lines (the x- and the y-axes). (This idea
was due to Descartes and Fermat.) The cal culations of analytic
geonetry depend crucially on the Pythagoras theorem which ennabl es one
to cal cul ate the distance between two points (x,y), (X ,y ). So in
that respect as well, analytic geonetry still depends on Euclidean
geonetry.

These observations of Hegel on the difference between al gebra and
geonetry are, | think, very valuable, and a corrective to the commonly
held, sinplistic, viewthat elementary geonetry can be " “reduced’’ to
the el enentary al gebra of nunbers and hence to set theory.



On the transl ation

As di scussed above, | have organi zed the material into four main parts.
The headi ngs for these parts are, of course, due to the translator.
They are given to help orient the reader to the main themes of GS

W thout such an organization of the material, GS becones very
fragnentary. As background for Hegel’s discussion of the first 12
propositions of Euclid 1 and al so of Propositions 26, 29, | have given
their Euclidean statenments and a sketch of their proofs. This
background is necessary in order to nake sense of Hegel’'s di scussion

Following the practice of H S. Harris and others, | have inserted in
some places words not in the original text to clarify the neaning of
that text. These insertions are surrounded by brackets [...].
Conments made by the translator on the text are al so surrounded by
brackets but are in italic font.

Transl ati on

Geonetrical Studies

THE NATURE OF MATHEMATI CAL OBJECTS

In each mat hematical object, there is, qua limting:

a) its positive [being], insofar as it [the object] sublates a
limtation ([e.g. the] line as the spatial relation [or connection®] of
the point); as self-sublated, [the object] remains only quantitative
[die Menge] (the point [remains a point]) %

b) its negative [being],

a) inso far as it is an other as negated, [it] is limt[; so] the
line negates the surface (though the latter is still a surface
in the sense of positive being) ®® by bounding it; because [it has
the] character only of approaching the other, [i.e.] the
negating line, that’s why the surface is nothing nore nor |ess
than a line; it [i.e. the surface] devel ops from nothi ng ot her
initself — rather it [is] first through the other - |,

B) it is negated only [in that] it is limted by the part.

The point is the sinplest Iimtation of the infinite, [but] it is
not hi ng absol ute, because it can become bounding [as the end of a
line]; if it were absolute, then no mathematics woul d be possible. The
positive of each mathematical object is its sublation of the infinite.

[ The nature of figures]

The ground ([i.e.] the reason [for sonething] in general and [in
particular] here in geonetry) is the manifol dness of the unity of the



limt (Vermannigfaltigung der Einheit der Grenze)®; but the [resulting]
new mani f ol dness nust itself be limted again. The [new] manifol dness
of the unity of the limts gives a new formof figure, i.e. a new unity
of the whole. The principle (CGesetz), the unity of the figure, is the
relation of [its] linits; this relation can be®":
1. its magnitude, therefore equality of kind (Art)[, qualitatively
indifferent], [referring to] the sane standard, [or]
2. the self-relation of the limts as space ([e.g. the] enclosed
angl e) .
In 1., it [the principle] is positive; in 2., it is[,] as limt]
negative], and is neasured as that which they [the limts] bound and
det er m ne.

The propositions [of the forn]: under which conditions are [two]
triangles equal to one another, are therefore [to be] expressed: a
triangle is through such and such determ nations conpl etely determ ned.

[ Cube and Sphere]

[ The] objective relation of a point posited outside itself is the line;
[the] objective relation of a line posited outside itself is the
surface; the objective relation of a surface posited outside itself is
the solid. In the cube [for exanple] there is in existence

a) the point,

b) the line,

c) the surface,

d) the solid;
in the sphere there is nothing but limt, and at the same tine, it is a
posited, bounding linit that bounds [a region in space] ®[; in the case
of the sphere]:

a) the point as such is not [a limt of the sphere] — [for:]

a) the center, [the point determ ned by the sphere], does not
bel ong to the sphere and is not a limt of the sphere even
though it is posited [by it],

B) if any other [point than the center] is posited [in the
sphere], [then that choice] is arbitrary, and [it i5s]
therefore not a limtation;

b) the line is not such a limtation [of the sphere: for,]

a) the dianmeters [and] radii do not belong to the sphere, and,

[ dependi ng on] where they are posited, they are arbitrarily
boundi ng [where they neet the sphere] (though they are not
bounded t hensel ves);

R) the great circles® do not bound the sphere, [but] are given
through it and arbitrarily, [depending on] where they are
posited, and it bounds them as circles;

c) the plane [is likewise not a limt of the sphere]:

a) the plane of a great circle does not belong to the sphere; its
place is arbitrary, and it is limted by, but does not limt,
[the sphere];

R) the point as enclosing, [in the formof] the great circle!®,
has, in itself the returning line [a radius], [which has] in
itself the returning plane [the plane of the circle;] as the
circle has no [posited] point [on it], so it has no [straight]
line [for such a line woul d have to have a boundi ng poi nt
posited on the circle]; within the circle lies its limt (the
center, dianeter[s]), external to it [the circle], which it
[the circle] bounds.



[ The three dinmensionality of space]

There are only three dinmensions, for the solid is itself again [the]
point, [i.e.] outside itself [in] conplete contradiction. The self-
opposed body as unity was the |ine.

The principal proof that there are only three dimensions nmust be that
the spatial relation of the point, Iine and plane, posited outside
thensel ves, is of a different nature than they are thensel ves; but the
solid is not; that neans that these [point, line and plane] are limts,
[while it, the body] is not. Its limt [if you want to call it that]
is the ceasing to be of the relation; that is why the solid is not
limt — the points (limts of lines) are such that they exclude another
space and so their relation with another space; the solid[,] posited
outside itself, is either two solids, with a space in between, the
““not’’ of their relation, but [is, rather, the latter’s] sundering -
or [it] is one solid, when it is not the cessation of the relation in
some regard or other, but [rather] absolutely a drawi ng out of itself.

[ Congruence and angl es]

[That two rectilinear] figures are congruent neans: their
[correspondi ng] sides and angl es are equal. The angles [of such a
figure] are determ ned through its enclosing sides, are conparable
t hrough the opposite [sides] and conme about[, because of that,] through
the limitation of the sides. The angle!® is not a linit ([in the way
that] a surface limts fromthe outside a [three-dinmensional region] in
space), but rather [the angle] is the determnation of the [imtation
of the two lines bounding it, [and] therefore as a determ nation, stil
[counts as] a limt.

102

The angle is, as limted,

a) the limtation of the indeterm nacy of the spatial relation of
its bounding lines; as limtation, it is indicated through them
[ The B) that presumably followed this is lost.]

23. Sept. 1800
Mayence/ Vend. |"an I X

THE FI RST TWELVE PROPCSI TIONS OF EUCLID 1

[This part of Hegel’'s geonetrical studies is a discussion of the first
12 propositions of Euclid 1. (W have al so included here Hegel’'s

di scussion of Proposition 26. H s discussion of Proposition 29, which
deals with parallel lines, is included in the next part, which deals
with the phil osophy of parallel lines.) As shown above, its date is 23
Sept enber, 1800. This nust have been when Hegel conpleted it, for on
the next day!®, he went to work on: Der Begriff der Positivitat (a
revised introduction for his earlier essay on the Positivity of the
Christian Religion). In Septenber of 1800, Hegel visited® the city of
Mai nz whi ch had been in French hands since 1798. Hegel also uses the
French nanme Mayence for Mainz and the French revol utionary cal endar to
date the period of his visit. (" Vend.’'' stands for the Autumm nonth



Vendemaire (''MVintage''), which was the first nonth of that cal endar. 1800
was the ninth year of that calendar.) To help with the reading ¢ Hegel's
text, the original propositions of Euclid 1, discussed by Hegel, will be
stated following the translation of Hea., and a brief description of their
Eucl i dean proofs will also be given. (Hegel hinself does not state the
propositions nor give the proofs.)]

[Propositions 1-3 of Euclid 1]

Proposition 1. On a given finite straight line to construct an
equilateral triangle. (Sketch of proof:

let AB be the line. The proof constructs the —_—
circle center A and radius AB and the circle / /& Y
center Bradius AB. Then AABCis equil ateral \\\E b
(since the radii AC BCequal AB) , where Cis a

poi nt of intersection of the circles.)

A B E

Proposition 2. To place at a given point (as an
extremty) a straight

line equal to a given straight line.

(Sketch of proof:

let A be the point and BC the given

straight line. Gonstruct (Proposition 1)

an equilateral triangle ABD. Extend

the line DBto intersect the circle

center B and radius BC at the point G

Extend the line DA to intersect the

circle center Dand radius DG at the

point L. Then AL is the line placed

at Athat we want. For AL=D- DA=DG DB=BG=BC
using equality of radii

and the equilateral condition.)

Proposition 3. Gven tw unequal straight lines, to cut off fromthe
greater a straight line equal to the |ess.

(Sketch of proof:

let AB, c be the lines with AB the | onger. D
Let (Proposition 2) ADbe aline of length

c, and let the circle center A and radi us
ADintersect ABat E Then AE has length

c and we cut at E)

[Hegel 's comrents on Propositions 1-3]

Proposition 1 directly serves [dient] as a basis for [Propositions] 2 and
3, where [in Proposition] 2 the problem® is to drawa line equal in length
toagivenline, and [in Proposition] 3, [the problemis] to take away from
alarger line a given snaller one; for at the beginning, equality is given
in[the formof] a figure, and this [figure] precedes even the
construction®®” of two equal lines [in Proposition 2]. The equil ateral
triangle is the sinplest figure, both in terns of equality of sides as well
as interns of [a] triangle.

[Proposition 4 of Euclid 1]



Proposition 4. If two triangles have the two sides equal to two sides
respectively, and have the angles contained by the equal straight |ines
equal , they will also have the base equal to the base, the triangle
will be equal to the triangle, and the remaining angles will be equa
to the remai ning angl es respectively, nanely those which the equa

si des subt end.

[More briefly expressed, this says that two triangles are congruent if
two sides and the included angle are the sane in each.]

Sket ch of proof:

the proof is by superposition of one A

triangle on top of the other so that ]
corresponding sides lie on top of \

one anot her. Euclid describes this ////fﬁ

as one triangle "“being applied’ \
(ef a?u???u????) to the other. The third S A
sides and then both triangles coincide.) B C E F

[ Hegel ' s conments on Proposition 4]

The | aying of points on top of each other and the putting of triangles
on top of each other is not an acceptable, appropriate requirenent.

[If we allow the use of superposition] of figures [to prove Proposition
4] why should [it not have been] used on lines to prove Propositions 2
and 3? Then®® such probl ens can be sol ved because of this in the
simplest [way]. The way of handling material things can be applied as
little to figures as to lines. - This method [of superposition] is, in
addi tion, superfluous and lengthy. Its conclusion is that [since] the
end- poi nts of the equal sides and the sides [thenselves] fall on top of
one another, therefore so also do the third sides; and noreover, the
[correspondi ng] angles are equal [since the triangles now coincide].

[I nstead], the argunment given below [is] that if sonething is given in
one triangle and it is also given in the other [triangle], then this
means [that both triangles] are determned in the same way. Wth the
concept of the determ ned being [ Besti mtseins] cones al so the positing
of both [triangles], and conparison is superfluous; for it is
unnecessary to posit a whole as [actually] given; for the question is
purely one of [logical] consequence[s]; no conparison is needed. Wen
inatriangle two sides and the included angle are determ ned, [then]
so also is [determined] the third side. [For], if ?A and [the sides]
AB, AC are given, then the end-points B and C [of these sides] are
posi t ed.

[ The Hegelian version of Proposition 4 can, | think, be stated as
follows: for a ?ABC, if ?A and the I engths of the sides AB, AC are

determ ned, then the renmaining side BC and the angles ?B and ?C are
al so determined, i.e. the whole triangle is determned. ]

Pr oof .
B and C are posited, [and] so therefore also is [the line] BC, for B
and C are the two points which bound BC

B and Care limts for AB and AC but only in that respect[;] they are
not conpletely posited, that is, they do not exclude the infinite of
space, what they as points ought to be[.] As [these points are only
given as] limt points of aline BC, that is why the condition, that ?A
be determ ned, is necessary, i.e. that AC, AB have only one sl ope
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relative to each another, and as a result, B and C as points are
together completely posited; earlier on, [B and C] were posited only

t hrough consideration of A which is the other end-point of AB and AC
but when the slope of these lines [relative to one another] is [also]
deternmined, it is the same for each point ! [i.e. each of the points, B,
Cis also determ ned].

That the angles ?B and ?C are determined follows fromthe determ nation
of the slope[s] of the lines AB, BC for ?B; [and of] AC, BC for ?C -
exactly as in the Euclidean proof.

[Proposition 5 of Euclid 1]

Proposition 5. In isosceles triangles the angles at the base are equal
to one another, and if the equal straight |lines be produced further,

t he angl es under the base will be equal to one another.

(Sketch of proof:

extend ABto Db ACto E. Take F on BD and then G on CE such that AG=AF
(Proposition 3). Then AC=AB, AF=AG

and ?FAC=?GAB (sane angle). So ?AFC=?AGB
(two sides and the included angle /\
(Proposition 4)). Next BF=CG (since f
AF- AB=AG AC), ? BFC=?CEB, BG=FC

(these two equalities comng from ?AFC=
?AGB). So ?BFC=?CGEB (two sides and the

i ncl uded angle). So the angles ?FBC,
? CB under the base are equal. Further,
? ABC=? ABG - ?CBG=?ACF - ?BCF=?ACB (using ?AFC=?AGB, ?BFC=?CGB).)

= ik

[Hegel ' s comrments on Proposition 5

The property of being isosceles is [at] a nuch nore superficial |evel of
unity for atriangle (in der Figur) than is [the property of being]
equil ateral .

The proof of the proposition follows from the concept of distance and
that through which it [the isosceles triangle] is deternined.

In the Euclidean proof, the triangles whose equality is proved using
Proposition 4 can not be | ayed on one another. It [the Euclidean proof]
necessarily has to use this detour through [these] triangl es because it
nust conpare [thenj. Because of this, [viz.] that the triangles do not at
all lie on top of one another, but only [have] parts in common, the same
deficiency that was pointed out (erfordert) in the proof of the fourth
Proposition - [concerning] the difference of the triangle - is not so
conspi cuous. ** I ndeed, when [the] difference of the triangle [is taken as
conceptual and] not necessarily as if it were a thing in the manner of
Euclid, then the proof [of Proposition 5] can be nade shorter: we are given:

AB=AB

AC=AC (presupposi tion [ Common notion 4])

?2A?A
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Therefore ?ABC=?ABC, therefore ?B=?C. '? Better, that is where ?ABC is
treated as two different triangles, [we have]:

AB=AC

AC=AB

?A=? A
[ So] ?ABC=?ACB; and ?B=?C. % Euclid s detour serves only to cover the
deficiency in [his grasp of] difference.

[Proposition 6 of Euclid 1]

Proposition 6. If in a triangle two angl es be equal to one another, the
si des which subtend the equal angles will also be equal to one another
(This is the converse to the first part of Proposition 5.
Sket ch of proof:

suppose that ?ABC=?ACB. Suppose that

AC?AB. Wthout |oss of generality, we

s o>

can take AB to be | onger than AC, and D \\
cut off (Proposition 3) fromAB a line f N\
segment DB equal in length to AC. Then '____i{

[ -
?DBC=?ACB (Proposition 4) which is absurd "
and we have a contradiction. (As Heath
points out, Euclid needs a postulate to
justify this conclusion — for our purpose, we can argue that congruent
triangl es have the sanme area, but the area of ?ABC=area of ?DBC + area
of ?ADC> area of ?DBC, contradiction.))

[ Hegel ' s conments on Proposition 6]

This is the converse to the previous proposition. 1It’'s proof is
apagogi c. * It appears neverthel ess strange that what it demands to be
done is inpossible. If it were the case that AC [was |ess than] '*® AB,

t hen BD'®=AC; this construction®’ [as shown in the proof of Proposition
6] shows itself to be not possible.

O herwi se, the proposition can be proved in a way simlar to the

previ ous one [Proposition 5]; in the [discussion of the] *® previous
[proposition], the equality of the sides was used to construct the sane
triangle, [so that] the triangle is doubled, while here [it is] the
angle [that is to be doubled]. One extends BCto D and E so that

BE=CD; and this makes ?E=?D; (to be
sure, it has not been [proved] that
this construction gives tw equal M
angles [?E, ?D], but on this point, ffl \

it is [enough] to say that the ff f \ A
equality of ?E and ?D can just as o s
wel | be proved [gesetz] in the sane Sl e
way as the [equality of the] encl osed ST \
angl es were proved in the [Hegelian E B C D
version of] Proposition 4.1

>

Then in ?ACE and ?ABD'?°, [we have]
?E=?D
?C=?B
EC=BD
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[, so that] ?ACE=?ABD. Therefore AC=AB using Proposition 26, Case 1,
whi ch case depends only on Proposition 4% - also it then

[follows] that ?AEB=?ADC'??, and ? ABE=? ACD

[We have in Propositions 5 and 6] a pair of converse propositions ¥[;]
this | eads one even to conjecture that the two determ nations, which in
the different propositions occur as conditions and consequences, are
bot h dependent on sonething higher, and it is nmere arbitrariness that
[in each of these propositions,] the one [determination] is posited [as
condition], and the other as consequence, but yet [this higher thing]
is considered not posited; while it has been proved, as has been shown,
that each is determned together with the other, yet still this [nutua
determ nation] was not posited for [our] consciousness. This
[criticisn] is valid in general for all [of the] propositions, and the
essential question for every theorem with regard to the whole of the
posited, is this [heif3&t]: how nmuch is necessary for the determnation
of the whole, or, when the whole is posited, how nmuch nmust | know about
the parts in order to cognize, solely fromthat know edge, cognition of
the whol e that already is posited.

From t he concept of the distance of a point froma line there results
that in the isosceles triangle, [two of the] lines and [two of the]
angl es are determ ned together

[Proposition 7 of Euclid 1]

Proposition 7. Gven tw straight |ines constructed on a straight line
(fromits extrenmties) and neeting in a point, there cannot be
constructed on the same straight line (fromits extremties), and on
the sanme side of it, two other straight |lines neeting in another point
and equal to the forner two respectively, nanely each to that which has
the sanme extremty with it.

(Euclid s statenent of the proposition is (notoriously) periphrastic -
nmore sinply, the proposition says that a triangle with a given base
line and required to lie on one side of that base line is determ ned
uniquely by its other two sides. (The requirenment that the triangle
lie on one side of the base line is to rule out its mrror reflection

in the base line.) Sketch of proof: C
suppose not. Then there are lines AC, BC

AD, BD, on the same side of the base line A D
AB, with AC=AD, BC=BD and C different from /m
D. Then ?ACD and ?BCD are isosceles, and by iéﬁ}f’ A\
Proposition 5, ?ACD=?ADC and ?BCD=?BDC. Then A Sl
? BDC=? ADC+? BDA>? ADC=? ACD=? ACB+? BCD>? BCD, B

contradicting, ?BCD=?BDC.)
[ Hegel ’s conments on Proposition 7]

The proof again is apagogic, and that’s why the constructi on demanded
i s inpossible.

The point [C], in which the lines [AC, BC] are supposed to neet, is
unique (ist nur Einer); for the lines are given, that is, determ ned,
that is, the distance[s] of CfromA and B are determ ned absol utely;
therefore the [common] Iimt [C] of the lines [AC, BC] is posited; at
the sanme time, the lines are supposed to intersect, that is, the point
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C (the [comopn] limt of both) has to be unique; this proposition is
conpl etely anal ytic. 2

[Proposition 8 of Euclid 1]

Proposition 8. If two triangles have the two sides equal to two sides
respectively, and have al so the base equal to the base, they will also
have the angl es equal which are contained by the equal straight |ines.
(This says that two triangles ?ABC, ?DEF are congruent if their
correspondi ng sides are all equal, i.e. AB=DE, BC=EF and CA=FD.

Sket ch of proof:
C
A
I

suppose that the correspondi ng sides
for ?ABC, ?DEF are equal as above.
/-
g
E

Lift (" "apply’’) ?ABC onto ?DEF with
B coinciding with E, BC lying al ong
EF and both triangles on the same
side of EF. Then since BC=EF, C
coincides with F. The point Ais
then at a position G Al so ED=BA=EG
FD=CA=FG and by Proposition 7, D=G
So ?BAC=?EGF=?EDF. Simlarly,

? ABC=?DEF and ?ACB=?DFE. So the triangles ABC, DEF are congruent.)

[ Hegel ' s conmments on Proposition 8]

The proof begins with one side [the base BC of the triangle] thought of
as posited; therefore its posited limts [B, C] are determ ned, and as
a result, through the determ nation of the other sides, the third point
[A of the triangle] is determ ned by Proposition 7. The positing of
two triangles is conpletely superfluous. For this [positing of two

triangles] itself is referred back to the fundanental proposition: [two

125 _ o

t hi ngs] that coincide with one another are equal to one anot her
be precise, fromthe fixing of the point [A], the equality of the
angles is to be derived. Through the fixing of the point [A] the
directions [or] slopes of the sides [AB, AC neeting at Al are

i Mmedi ately determined; this follows [since] the end-points of the two
sides [AB, AC] come together [at A], i.e. the lines have to incline

agai nst one anot her.
[Proposition 9 of Euclid 1]

Proposition 9. To bisect a rectilinear angle.
(Sketch of proof:

et ?BAC be the angle to be bisected. Take A

D any point on AB different fromA with AD F|1

| ess than both AB and AC. Cut off AE from \e
AC with AE=AD (Proposition 3). Join DE and nk*jﬁ

construct the equilateral triangle ?DEF on | W e

the opposite side of DE fromA (Proposition ol

1). Then AF bisects ?BAC. For (Proposition
8) the triangles ?ADF, ?AEF are congruent

since they have equal sides, so that ?DAF=?FAE.)

[ Hegel ’ s conments on Proposition 9]
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[This is a] problem 2® This proposition can al so be expressed as the

t heorem?”: when two [distinct] isosceles triangles [gleichen Dreiecken]
have a common base [Seite], then the angle [of any one of the
triangl es] opposite the common side is bisected [by the Iine joining
the vertices of the triangles not on the common side] . The solution to
the problem[differs only fron] Proposition 9 [in] the construction of
the equilateral triangle.

[An alternative proof by Hegel using Propositions 4, 5]

On the face of it [in Proposition 9], only two sides [ AD=AE, DF=EF] of
each of [the] triangles [ADF, AEF] are constructed equal to the
[corresponding] two sides of the other; the third [comon side AF] is,
because of that, already determined, and that is why it is not taken
into account. But the angles ADE and AED [are] determ ned [as equal ],
when AD=AE [Proposition 5]; and DF=EF by construction [of the
equil ateral triangle DEF]. For from AD=AE, [we get by Proposition 5]

? ADE=? AED - and from DF=FE, [we get]

?FDE=?FED. [So by addi ng angl es]

? FDA=? FEA
[It follows fromProposition 4 that the triangles ?ADF, ?AEF are
congruent, and so ?DAF=?FAE. ]

[Proposition 10 of Euclid 1]

Proposition 10. To bisect a finite straight |ine.

(Sketch of proof:

let AB be the line to be bisected and

?ABC an equil ateral triangle construct- g
ed on it (Proposition 1). Let ?ACB be

bi sected by CD where D lies on AB (Prop- \
osition 9). Then ?ACD=?BCD (two sides \
and the included angle (Proposition 4))

and AD=BD.)

[ Hegel ' s conments on Proposition 10]
The proposition is conpletely the sane [as Proposition 9]. %
[Propositions 11 and 12 of Euclid 1]

Proposition 11. To draw a straight line at right angles to a given
straight line froma given point on it.

(Sketch of proof: F
et AB be the given line and C the

given point on it. Take Dto be b
any point on AC not equal to C \
W can suppose that DC<CB. Then Y
cut off CE equal to DC on the ff \\
ot her side of C from D (Proposition '
3) sothat Cis the md-point of DE A D C E B
Construct an equilateral triangle FDE

(Proposition 1). Then ?FDC=?FEC (Proposition 8) so that ?FCD=?FCE. By

definition of ““right angle’’ 2% FCis at right angles to AB.)
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Proposition 12. To a given infinite straight line, froma given point
which is not on it, to draw a perpendicular straight line.
(Sketch of proof:

let AB be the (potentially) infinite straight F

line and C the given point not on it. Let D be a —
point on the other side of AB fromC and let the / =
circle center C, radius CD, cut AB at G and E i \
Let H be the md-point of GE (Proposition 10). I [ ]

Then ?CHG=?CHE (Proposition 8) and ?CHG and Rff’rngHH [
?CHE are equal adjacent angles. So CHis = -

per pendi cul ar to AB.) A G H E B

[ Hegel ' s comments on Propositions 11 and 12]

[ These are one] problem As theorenis], both belong together. 1In the
i sosceles triangle the line determ ned by the md-point of the base
line and the opposite point is perpendicular [to the base line]. The
solution to the problemin both cases exists in this, that the infinite
line AB gives the base of the isosceles triangle, so that in the first
case [Proposition 11] the given [point] Cis the same as the m d-point
[of the base], [while] in the second case, equal lines are drawn to the
point C | ocated outside the base line.

[At the end of the first part of GS (as it appears in Dok.), there is a
di scussi on by Hegel that |ooks |like a conceptual proof of some
geonetrical result. Coser inspection shows this to be a proof of
Proposition 26 of Euclid 1, though no explicit mention of that
proposition is made. This proposition is another congruence result for
triangles, and it seemed appropriate to include Hegel’'s discussion of

it at this place in the translation along with the other congruence
results. As we saw above, Hegel suggests using Case 1 of Proposition
26 to prove Proposition 6.]

Proposition 26. If two triangles have the two angles equal to two
angl es respectively, and one side equal to one side, nanely, either the
side adjoining the equal angles, or that subtending one of the equa
angles, they will also have the renaining sides equal to the renaining
sides and the renmaining angle to the remnaining angl e.

(Sketch of proof:

Let ?ABC, ?DEF be the triangles.
There are two cases to be consi dered:

For case 1, we are given BC=EF, ﬂ%\ ﬁ\
? ABC=? DEF and ? ACB=?DFE. For case 2, RN b N
we are given AB=DE, ?ABC=?DEF and /

?ACB=?DFE. I n each case, we have to é———-iﬁfib ___—r:}p

show that the triangles ?ABC, ?DEF are
congruent.

Case 1. Suppose that AB does not equal DE. W can suppose AB>DE. Let
G be the point between B and A with BGED (Proposition 3). Then BG=ED

BC=EF, ?@C=?DEF. So the triangles ?GBC, ?DEF are congruent
(Proposition 4). But then ?EFD=?BC&?BCA=?EFD and we have a

contradiction. So AB=DE. Since also BC=EF, ?ABC=?DEF, the triangles
?ABC, ?DEF are congruent, again by Proposition 4.
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Case 2. Suppose that BC does not equal EF. W can suppose that BCSEF,
and construct Hon the line BC so that EF=BH<BC. As in case 1, the
triangl es ?ABH, ?DEF are congruent, and so ?AHB=?DFE=?ACB. By
Proposition 16 (which Hegel does not discuss in what survives of GS),
? DFE=? AHB=? ACB + ? HAC>? ACB whi ch gives a contradiction. So BC=EF and
the triangles ?ABC, ?DEF are congruent, again by Proposition 4.)

[ Hegel ' s coments on Proposition 26! follow. As we would expect, Hegel
interprets the proposition in terns of the determ nation of the whole
triangle by some of its parts.]

[ Hegel gives a proof of Case 1 of Proposition 26: BC, ?B, ?C determ ne
AB and AC. So ?ABC is determned (since all of its sides are, and

Proposition 8 applies). ] A

a) BC determ nes, posits [both] P

B and C, [and, since ?B, ?C are given], .I \\
therefore al so AB and AC, [and hence] ,l"

the point [A], where AB and AC intersect, '
bound each other[; there is] |
only one [such point A], because straight f
lines which incline to each other inter-
sect only in one point; this point is the Bl
l[imt of both lines, [and] so [there is] only one [such] limt, and
[oder] its limtation that posits [conpletely each] existing line [AB,
ACl; i.e. determnes its |ength. A
B) Band C[and ?B, ?C] determne AB as well [since
they determ ne BC and a) applies]. [Further]
A and Bas limts of the line AB are given, 4
as points, where they have to be cut from BC and AC f |"-.
t hrough which AC and BC are limted; is it because g \
of that that C also as [a] point is determ ned, / \
[and why] a multiplicity of points Cis not 1% / -
possi bl e when ?B and ?C and AB are determ ned?

[ Hegel follows his discussion of Case 1 by giving a proof, by

contradiction, of Case 2: AB, ?B, ?C determine C uniquely. Again, it
follows by Proposition 8 that ?ABC is conpletely determ ned. ]

Another length for [either of] the lines BC or AC would give a
different point for C, and then [with] AB renaining the same, the angle

?Cis changed, as ABis [only] the limting line of BC and AC[;] [but
it is on these lines, not on AB] that the determ nation of the

magni tude of ?C depends; [so] ?C [is determ ned], yet it changes with
each change of AC and BC, [this gives an] apagogic proof. %

[Hegel s direct proof of Case 2: AB, ?B, ?C determ ne C uniquely. ]

More directly: [we require to show that Cis the unique point in which
BC and AC intersect when [AB is fixed and] ?B and ?C remai n unchanged;
the [relative] direction[s] of AC and BC and AB are ( ist) determ ned by
the angles ?B and ?C, because these |lines bound the angles (als
begrenzende die Wnkel ); if then AB is assunmed to have a fixed | ength,
formng a triangle with BC and AC — [then] the end-points [A B] of AB
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are given [(since AB is given;] so these points are also given for AC
and B([; the point of intersection C of AC, BCis also given] because
straight lines intersect only in one point [and the directions of AC
and BC relative to AB, and the points A B, are determ ned].

THE PHI LOSOPHY OF PARALLEL LI NES

Li nes which never neet when infinitely extended ([the] negative
[definition]), or which everywhere are equally far apart ([the]

positive [definition]), are called parallel lines. The distance
measured [between two parallel lines] is [given by] a straight line; in
order to nmeasure the different distances [between the parallel |ines],

[one] nmust take a third [a distance line] and the equality or

i nequality between [the different choices of the third nmust] be

exam ned ; here, [for parallel lines], [there] nust be an equality in
the di stance, for otherwise, it would be conpletely undeterm ned which
point on one line [to which] point on the other line are to be taken
[in order to determine] the third [line] which nmeasures the distance;
[such] a determination is only brought about as follows [ hierin zu
bringen]: [either]

a) [the determination is] through [this], that always, two points
are taken, one on each line, which lie at the shortest distance apart;
or such lines, which give the shortest distance are [to be taken to be]
the distance lines; the shortest are [the] perpendicular |lines; so al

per pendi cul ar |ines, which are drawn between parallel |ines, are equal
or
b) that the angles, which [the]
di stance [lines] nake with the \
parallel lines are equal, the a with R Y

the e, the b with the f — exactly that
applies also to the perpendicul ar [case],
and the universal, whose determi nation

. ; : e\d alh
[as] neasure in these distance |ines -
is required, is this: the angles, which

the distance lines nake with the parallel lines, are equal ; the b with

the f [and] the a with the e; either

a) these angles also [satisfy:] a [is] equal to b, [and] e [iS]
equal to f; [in that case], the [distance] lines are perpendicular [to
the parallel lines], and [give] the shortest [distance]; [or]

b) [this is] not [the case]; [then] through the determnation
[of the angles] (equality in the general [case], the angles
undeterm ned as far as their [exact] size), the size of the line
becones determ ned, because of the unity of the points of intersection
which [unity], and therefore the length of the line, is determ ned
through the angle — also the distance lines in case b) are equal in
concept with [that of] the parallel lines® — that, in addition, a also
equals d and h, or that i and k are equal, is to be proved;
(conversely, the lines as equal [in length] determine [the angles] so
that the angles a and e are equal, for the size of the line determ nes
t he angl e. %)

[ Above, Hegel says that a=d is to be proved. Below he describes two

proofs of this. W first give Proposition 29 of Euclid 1, part of
whi ch proves that a=d. The diagramin the proof is effectively included
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in Hegel’s Fig. 1 below, with I in place of Gand L in place of H. The
proof uses Propositions 13 and 15 of Euclid 1 as well as Euclid' s
famous fifth postul ate; none of these is discussed in what survives of
GS. Proposition 13 says that given a straight line DBC and a point A
not on the line then the sumof the angles ?ABC, ?ABD is equal to two
right angles. Proposition 15 says that when two |ines intersect, then
opposite angles are equal. Postulate 5 says that if a straight line
falling on two straight lines make the interior angles on the sane side
| ess than two right angles, the two straight lines, if produced
indefinitely, neet on that side on which are the angles |less than the
two right angles]

Proposition 29. A straight line falling on parallel straight |ines
makes the alternate angl es equal to one another, the exterior angle
equal to the interior and opposite angle, and the interior angles on
the sanme side equal to two right angles (i.e. ?AGHE?GHD=?EG and
?BGH? GHD=t wo ri ght angl es) .

(Sketch of proof:

suppose ?GHD<? AGH. Then

? GHD+? BGH <? AGH+? BGH=t wo ri ght

angl es (Proposition 13). By Postul ate

5, AB and CD will neet, contradicting

the fact that AB and CD are parallel.

Simlarly, we obtain a contradiction if

we suppose that ?AGK?GHD. So ? AGH=? GHD.

By Proposition 15, ?AGH?EGB so that ?EGEB=?GHD. Lastly

? BGH? GHD=? BGH? AGH=t wo right angles.)

[ Two proofs by Hegel of part of Proposition 29, viz. that a=d (which
corresponds to ? AGH=?GID above). ]

In order to deternine the Fig. 1%
distance line, it is only

necessary to posit a equal

to e, and b equal to f; to

this end, [it is sufficient] & 4

to prove that a=d determ nes £ o M e S -
both [equalities], or one of '\g_i‘jf-‘r i |"
the determ ned part[s] (Teil) 08 i \\ ,

[ det erni nes] both opposite Yt e
lines [IL, KM: draw [Fig. 1] : é-: ”\E‘rfﬁ d EQ&ED
froml the perpendicular 10 N s
[to CD], [and] fromL the F H

per pendi cular LN [to AB], so that
IL=IL; 1OC=LN [ since AB is parallel to CD];
and ?1OL,=?INL [right angles];
so ?I LN=?I LO8
and ?b=?c; (and ?0 L=?1LN, because [also weil] ?2Q A=?NLM **° and
because b and c are conplenentary angles for a and d, [we get]

56



Fig. 20
2a=?d. [Q E D]

O shorter [Fig. 2]: draw froml
opposite e the line 1Q and
fromL opposite a the line

LR so that ?R=??; then | Q=RL;
so ?1Q=?ILR [Proposition 4] and ?a=?d. [Q E D.]

Both proofs [are] the sane, the first for b and c; the second for d and
a; inthe first, it is uninportant that LN and IO are perpendicular [to

AB, CD respectively]; if not, ?ILN nust be taken equal to ?LIQO

So because [Fig. 1] ?ILM=?I KM* (for ?e=?a=?d; IMEIM MK=IL): [we have]
| K=LM and therefore (because ?a=?d=?EIK, and ?c=?b=?FLM al so EF and
GH [are] parallel.

ON THE ALGEBRA OF GEOMVETRI CAL FI GURES

[ do not know what Hegel’s point was in these exercises of adding and
subtracting lengths of Iines. Explanations of the steps in the
argunent are given in italics. To clarify the explanations, | have

al so | abell ed the equations.

The figure bel ow used by Hegel is simlar to one used by Apollonius to
bi sect a Iine (Hea, p.268), except that the radius of the circle there
is AB. W first prove the follow ng el enentary proposition that is used
in Hegel’s calculations. | have not been able to find the proposition
in Euclid' s Elenents. Part of its proof appears in Hegel’'s discussion
of Fig. 4 bel ow.]

Proposition. |If FB=AG [i.e. the circles have equal radii] then
FE=EG (a) AE=BE (b).

(Proof. Since AD=DB, ?DAB is

i soscel es. So (Proposition 5) Fig. 343

?DAB=?DBA. Then ?DAG=?DFB
(Proposition 4) so that DG=DF.
Simlarly, CF=CG Next (Prop-
osition 8) ?DFC=?DGC so that
?FDE=? GDE. Then ?DFE=?DCE A B
(Proposition 4) so that FE=EG /
Then AE=AG EG=FB- FE=BE.)

™

If FB=AG then FE=EG
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[This is (a) of the above Proposition. The assunption that the radii
FB=AG i s made t hroughout .]

[FromFig. 3,]

AG=AF+FE+EG

FB=FE+EG+GB

[ Subtracting and cancelling the FE's and EG s gi ves AG FB=AF-GB=0, so
t hat ]
AF=GB. (c)

[Also, from(c),

AG=AB- GB=AB- AF=FB. (d)

Next, fromFig. 3 and (d)]

A =AF+FE+EG=( AF+FE+EQ) *°- AG+FB] =( AF+FE+EQ) - (AE+EQ +( FG+GB) (1)
[Simlarly]

FB=( FE+EG+GB) - ( EB+EF) +( FG+AF) (2)

[So from (1) and (d)]

AG AF- FE[ =EG AG+FB] =EG ( 2)

[Again using (d) and Fig. 3]

AE+EJ =AG=FB] =BE+EF (4)

[Trivially]

BG+FE+EG=BG+EGH+EF ( 5)

[By ()]

FB- GB=FB- AF'*¢ (6)

[From Fig. 3]

AF+FG=AF+FE+EG (7)

B+FG=FE+EG+@B ( 8)

[From (7) and (8)]

[0=] AF+FG AF- FE- EG=GB+FG FE- EG GB (9)
[ Substituting FGGFE+EG in (9)]

[ 0=] AF+FE+EG AF- EF- EG=GB+CGE+FE- GB- GE- FE
[From (a) and Fig. 3]

FG AE=AF+FG EG

FG EG=FG EF EB=@B+FG FE

AG=AF+FG

AE+EF =AQG =AF+FE+EG ( 10) A F E G BW
[ =BF by (d)]=BE+EF A F E G

[ =EG+GB+EF from Fi g. 3] F E G B

=AF+EGHFE (by (c))

[FromFig. 3,(a) and (b)]

[ 0=] AE- AF- FE=BE- AF- EG

[and using (c) and trivial cancellation]
AF+FE- FE=BGHEG EG

In algebra, x is fixed; but its determ nation [exact value] is not
posited®®; in geonetry, no x is given, everything is deternined, and as
such[,] posited; the becoming of its determnation is not posited; its
dependence is =x. In algebra[,] the conditions are given and the
conditioned [is] not; in geonetry, the conditioned is given, and the
conditions as such are to be posited, to be shown [ zu setzen, zu
zeigen]; a geonetrical problem nakes determ nate the concept of the
conceal ed [ auf gegebenen] [conditions].

[ The next figure (Fig. 4) that
Hegel discusses is effectively
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the same as Fig. 3 with the
four radii AD, BD, AC, BC added,

but the labelling of the points [Fig. 4]

is changed. Justifications for A

the steps of Hegel’s reasoning

bel ow are omitted — they are \

very simlar to those used in

t he di scussion of Fig. 3 above.

The reader may find it hel pful

to change the labelling in Fig. 4 back to
that of Fig. 3 for easier conparison. ]

[In Fig. 4] the points of intersection [ Genzung[s]punkte] A and B [of
the circles] are given, [and] also C and D, so [there are given]: the
line AB, the line CD [jene der Linie AB; diese der Linie CD], and each
of the lines CE and ED; also [given are] the directions ! [die Richtung]
of the lines AB and CD, and also their intersection point E

So in ?ACE and ?ADE FA=AG'*°
? EDA=? ECA FD=GC
(AC=AD ? AFD=? AGC™!
AE=AE)
and ? CAE=? DAE [ So] ?AFD=?ACC
further ?AGB=?AFB and AD=AC
and when ?ACD is subtracted from|[the ? FDA=? GCA
equal ] triangles ?FDA and ?GAC, we get
?DAG=?FCA

and ?FAC=? GAD
and ? CAE=? DAE
GC- GD- DE=CE [obvious fromthe figure]

Not es

1L, poix.

2 At least one part of GS goes back to 1785 when Hegel was attending the Stuttgart
Gymmasium I ndeed, in his Tagebuch for that year (Dok., p.17) he says, concerning the
equilateral triangle, " Die sinpelste Figur ist hier das gleichseitige Dreieck’’ which is
echoed in GS: ""Das gleichseitige Dreieck ist die einfachste Figur '’

® Dok. pp. 288-300.

4 Dok., pp.470-473.

® 'Die Euclid-Bearbeitung'', 2 Auflage, Halle, 1781.

® Dok., p.39; TS, p.55.

" TS, pp.50, 54.

® Hea., p.107.

° Dok., p.473.

0 1bid, p.xxxii.

' Hea., p.29.

2 Note the privative character of ape????: the infinite as ape???? is a potential, not an
actual, infinite. The infinite in Euclidean geonetry is entirely of this kind.
3 Met aphysics, 986a22-26.

¥ p, p.120.

% gL, p.810.
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' Phil ebus, 16d.

¥ p, p.72.

8 P, p.11, pp.41-45.

See, for exanple, p.80 of: T. Pinkard, Hegel: A Biography, Canbridge University Press,
2000, Canbridge.

20°~ Ast heti scher Pl atonismus bein Holderlin und Hegel '', by K. Dusing, pp.101-117 of:
Honmburg vor der Hbhe in der deutschen Geistesgeschichte Studien zum Freundkrei s um Hegel
und Holderlin, ed. C. Jamre und O Poggeler, K ett-Cotta, Zweite Auflage, Stuttgart,
1987.

21 p.40 in Rosenkrantz's Life of Hegel. (K. Rosenkranz, Georg W/ hel mFriedrich Hegels
Leben, W ssenschaftliche Buchgesel |l schaft, Darnstadt, 1969.)

22 There is no doubt, though, about the profound friendship of Hegel and Hélderlin in the
Frankfurt period and of Hegel's know edge of and interest in Hyperion. In a luncheon
conversation in Berlin, 1830, Hegel talked ""with great spiritedness'' about his
Frankfurt nenories of Holderlin and of Hyperion (pp.626-627, Pinkard, ibid.).

2 But Pinkard (ibid.) says (p.136) that "“the author, however, is nost likely

Hol derlin''. The issues involved in the authorship of the &ltestes Systenprogramm
manuscript are discussed in: Mthol ogie der Vernunft: Hegels &ltestes Systenprogranm des
deut schen I dealismus, edited by C. Jamre and H Schnei der, Suhrkanp Verlag, Frankfurt am
Mai n, 1984. This book contains a discussion of the authorship of the manuscript by O
Poggel er. Harris's discussion of the authorship is given in TS, pp.249f.. Harris also
gives an English translation of the manuscript in TS, pp.510-512.

2 Neo-Platonic interpretations of Hegel's thought have been subject to criticism For
exanple, Cark Butler (Hegel's Logic, Northwestern University Press, 1996) dism sses, |
think unfairly, “°J. N Findlay's Neoplatonic interpretation of the Hegelian system as
the endl ess, asynptotic approach to the absolute as a transcendent one which can only be
intuited'' (p.6, ibid.). There is a danger in oversinplifying Neo-Platonismso that it
becomes the One processing into the world and reverting back to itself, giving the
impression that that is all there really is toit. |In fact classical Neo-Platonismis
remar kably complex and detailed. One need only think of the intricate levels of reality
expounded in Proclus's Elenments of Theol ogy. For our present purposes, the |long, Neo-
Pl at oni ¢ expl anati ons of geonetry, given by Proclus in his Conmentary on the El enents,
provi de a remarkably coherent phil osophy of geonetry, and deserve the nost serious
consideration. This philosophy underpins the full scope of Greek geonetry (and the One
is not nentioned very ruch)!

% A hel pful account of this is given by H S. Harris in his introduction to the English
translation of Hegel's Difference essay. See p. 57 of: G W F. Hegel, The Difference
between Fichte's and Schelling's System of Philosophy, trans. H S. Harris and W Cerf,
State University of New York, Al bany, 1977. Harris also di scusses how Hegel's
understandi ng of the "“absolute’’ in the Difference essay differed from Schelling' s

Spi nozistic view of it.

% Translation by H- S. Harris fromthe introduction to the lectures of Schelling on the
Phi | osophy of Art: p.54 of Harris and Cerf, ibid..

2 JL, p.117-118.

28 15, p.s8l.

2 The influence of Proclus on Kepler is discussed in detail on pp.167-171 of: J. V.
Field, Kepler's Geonetrical Cosnology, The University of Chicago Press, Chicago, 1988.

% Rosenkrantz (ibid, p.152) says: " "Von Kepler’s Harnmonia nundi war Hegel tief
durchdrungen.’’ This statenment by Rosenkrantz is with reference to Hegel's dissertation
on the planetary orbits, submitted in 1801 within a year of the conpletion of GS. As
coment ed above, it seens very likely that Hegel’'s readi ng of Kepler goes back to his
Tubi ngen days. The influence on Hegel of Kepler's treatnment of the classical Geek
geoneters is exenplified in SL, p.303, where Hegel discusses Kepler’'s views on the
cyclonetry of Archinedes.

*l For Hegel's correspondence with Creuzer, with reference to Proclus, see p.368f. (letter
400) and p.466 (letter 389) in: G W F. Hegel, Hegel: The Letters, trans. by C. Butler
and C. Seiler, Indiana University Press, Bloom ngton, 1984. Another friend of Hegel's,
Victor Cousin, also translated works of Proclus (C. Butler and C. Seiler, ibid, pp.635,
637) .

%2 pp.434-435 in: G W F. Hegel, The History of Philosophy, trans. E. S. Hal dane and F.
H Simson, Vol. 2, The Humanities Press Inc., New York, 1955.

% plato, The Republic, 511. The form of the unhypothetical science in Hegelian

mat hematics is discussed in nore detail in the paper: Alan L. T. Paterson, Does Hegel
have anything to say to nodern mathenatics, ldealistic Studies 32:2, 2002, 143-158.

3 **(One could also formulate the thought of a phil osophical mathematics, which cognizes
out of concepts the sane as what the usual nathematical science derives from presupposed
determ nati ons according to the nethod of the Understanding.'' NP, 8§ 259, Zusatz (ny
transl ation).
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% Hegel in W. |, p.466, says that the axions of geometry are |ogical propositions.
(Logic, as Wssenschaft, is the exposition of the concept, and as absol ute know edge, is
Hegel ' s devel oped form of the unhypothetical science.)

% Some of the details of the Proclian order are considered later in the Introduction, but
for the convenience of the reader, we give here a brief summary. It follows Plato ( P,
p.84) by starting with the point, the ““likeness of the One’” . Next cones the line,
whose two fundanental fornms are the circle (corresponding to limt) and the straight line
(corresponding to the unlinited). The circle is “~“the first and sinplest and nost
perfect of the figures’’' (P, p.117). It is the prinmary figure with one linmting
boundary. The primary figure with two boundaries is the semcircle, internediate between
the circle and the rectilinear figures (P, p.126). Then (P, p.128) "“the rectilinear
figures cone forth in orderly fashion according to the series of nunbers fromthree to

infinity'': triangle, quadrilateral, pentagon, etc.. Triangles and quadrilaterals are
then classified according to equality and inequality with respect to sides and angles ( P,
pp. 130, 133). The primacy of the equilateral triangle anong triangles is illustrated by

the way that Euclid defines triangle (Euclid 1, Definition 20). Simliarly, Euclid s

definition of quadrilateral figures begins with the square ( Euclid 1, Definition 22) and

its special place anbng the quadrilaterals is due to its exhibiting “~“an ideal with

respect both to its sides and to its angles’’ (P, p.172).

7 p, p.167.

% P, p.167. Under the influence of Neo-Platonism the "“perfection’’ of the equilateral

triangle is expressed artistically in the pyram dal schemes of Renai ssance Art, e.g. in

gghe equil ateral triangle shape of the Virgin's formin Raphael’s Madonna of the Meadows.
P, p.104.

0 p p.147f,; W I, p.138. In the latter reference, Hegel's thought of the infinite as a

circle " ohne Anfangspunkt und Ende’’ echoes the thought of Proclus, in which

the “divine’' procession and reversion is presented as maintaining a circle ~ without

begi nning and without end’'. (Proposition 146 of: Proclus, El ements of Theol ogy, trans.

E. R Dodds, (O arendon Press, Oxford, 2000).)

‘' This is a fanpus, sarcastic comment on the identity philosophy made by Hegel in the

E)Zr eface to his Phenonenol ogy.

P, p.4.
4 p, p.70.
“4 P, p.72.
%P p.72.
4 Hegel reformulates this view of the point in JS: the world process posits itself as
““something sinple inits infinitely conplex determnacy’’. This sinple as a ~"bad
infinity is posited imediately as absolute infinity, as one, as a point’’ ( JL, p.151).
This ““bad infinity'’ is the Hegelian version of the unlimted of Proclus which is

““secretly’’ within the point, and beconmes explicit through the generation of |ine,
surface and solid.

T P, p.79-80. Walter Burkett (p.68f. in : Lore and Science in Ancient Pythagoreanism,
trans. E. L. Mnar, Jr., Harvard University Press, Canbridge, 1972) says that the
derivation point-line-plane-solid through novenment is probably due to the Pythagorean
geoneter, Archytas. Aristotle, however, attributes it to Platonism (The doctrine may
have entered Pl atoni smthrough the influence of Archytas, since Plato and Archytas were
friends (Plato's Letters 7, 9 and 12).)

“8 In his Hegels Leben, ibid, p.100, Rosenkrantz says that Hegel studied the witings of

Sextus Enpiricus. Sextus discusses the Pythagorean views on point, line, plane and solid
in: Adversus mathematicos, 10.281f..

4 JL, p.151.

W I, p.115: ““so the point is its own dialectic to become within the Iine, [and] the

line is [its own] dialectic to becone within the plane, [and] the plane its own dialectic
to become within the totality of space’’ (ny translation). Hegel goes on, however, to
say that the "~ "nmoverment’’ view of the generation of point, line, plane, solid in the

Pyt hagorean position is contingent and i magi native. Rather it is the conceptual
contradiction of a thing inits limt which inpels the dialectic and gives point, line
and plane no stability. So siding with Aristotle against Proclus, it follows for Hegel
that ““there is no such thing as a point, line or plane’’ ( SL, p.129).

! Rosenkrantz (ibid, p.100) says that Hegel studied Schelling’s witings during the
Frankfurt period.

2 Ut realemmateriamintelliganus, spatii abstractae notioni contraria sive
subjectivitatis form addenda est, quamvoce magis latin mentem et se ad spatium
referatur punctum appellenus."'’

% SL, p.796-797.

% The rel ation between concept and extension is posited in the Fregean philosophy in the
extension and abstraction axions, by which two sets are the same if they have the sane
el enents and a concept (property) determ nes a unique set. The contradictory character of
the axi om of abstraction (as in Russell’s paradox) led to the dowmnfall of Frege's
foundation for nathematics.
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P, p.122.
% p p.122.
" p, p.167.
% p p.122.

* Note here that, as boundary, the circle itself falls into the Pythagorean linit
category, which as we saw earlier, is how Proclus sees the circle (in contrast to the
straight line as the unlinmted). As discussed below, the Hegelian transformation of this
takes the circle as representing the genuine infinite and the straight line as the bad
infinite.

€ The dianeter is generated as a line by the center. But it is still alinit of the
circle even though it is dependent on the circle’'s primary limt, viz. the center. In
this respect, the limting role of the diameter is to be conpared with that of the angles
of a triangle. As we will see below, the angles of a triangle are limts of the

triangle, but they also depend on the primary linits, viz. the sides of the triangle.
LW |, p.138.

€2 p p.128f..

® P, p.106-108.

6 *“die demrechten Wnkel, demsich sel bst deichen enspricht,”’, W I, p.469.
€ JL, p.121.

¢ s, p. 810; JL, p.122.

¢ P, p.135.

8 W II, p.469.

 p p.63f.; Hea., p.124f..
P p.157.

P, p.66.

2 P, p.64.

™ SL, p.796.

" But there are cases where the linitation at the conceptual |evel does not appear as a

boundary at the level of sense perception. W saw this earlier in our discussion of the
circle.

S P, p.76.
S p.141.
It is also noteworthy that a major theme of GS, viz. Hegel's theory of linmits, is also

prom nent in what survives of the first section of JS.
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PN, p.31.
" See, for exanple, p.311 of: B. Boss and D. D. Bleecker, “" Topol ogy and Analysis - The
Atiyah-Si nger |Index Formula and Gauge- Theoretic Physics' ', trans. by D. D. Bl eecker and

A. Mader, Springer-Verlag, New York, 1985.

8 |t is sonetimes argued that Hegel anticipated relativity. W need to be careful about
such cl ainms. What Hegel says (PN, p.34) is that space is the imredi ate exi stence of
Quantity, whose negation ~““falls apart into indifferent subsistence’’. Tinme is the

exi stence of the "“inner negation'’ of space, the "““pushing apart’’ of the spatial
elenents in their indifferent separation, the explicit bringing out of the truth of space
underlying the superficial, passive apartness of space. As such, time is the " “unrest’’

of space in which the latter is sublated, so that while the spatial point is an
abstraction, the spatial point intime is actual, and as we have seen, generates the line
through its notion.

So in the Hegelian position, time is inplicit within space, is its dialectic, and is thus
not to be thought of as a separate dinension, apart fromand mathematically on a par with
each of the three spatial dinmensions, as it is thought of in the 4 dinensional space of
Special Relativity. (The three dinmensionality of space appears in PN before tine is
discussed.) In Relativity theory, space and tinme are, as | think Hegel would have said,
externally conbined, i.e. without their philosophical significance clarified. But the
formul ae of special relativity are symretrical in the space and tine variables, so that
Hegel 's logical differentiation between space and time — space first and then tinme as its

inner negation — is not present in special relativity. However, Hegel's philosophical,
internal, explanation of the relation between space and time can, | think, be nodified to
gi ve a phil osophical basis for their relation in relativity theory. One needs, | think,

to start natural philosophy, not, as Hegel does, with nature i nmedi ately determ ned as
indifferent, spatial side-by-sideness, but rather with nature as becom ng, whose positing
is a positing as negation (rather as Schein in Hegel's essence logic), with everyday
space and tine posited through each other together, on the same |ogical footing. Such an
approach woul d al so unify the point of space with the instant of tinme in a space-tine
point, and the instants of time would be just as nmuch an indifferent side-by-sideness in
time as the spatial points in space, and space as nuch the negation of time as tinme is of
space. Such a start to the Philosophy of Nature is consistent, | think, with Hegel's
coments on Nature in the Jena Logic, e.g. Nature as the becoming itself out of its

ot herness (JL, p.185). Such a symetry between space and tinme is interestingly evoked by
Hans Castorp in Thonas Mann’s book: The Magic Muntain (trans. J. E. Wods, Vintage
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International, New York, 1995), where (p.64) he says that neasuring time with space is

the sanme as neasuring space with tine.

' Hea., pp.249-250.

8 g1, p.810.

8 p p.osf..

8 SL, p.810. This remark of Hegel is applied by himto Proposition 4, the

““superfluity’’ being with reference to the other side BC and the other two angles ?B and

?C of the triangle. But the ““superfluity’’ applies, | think, even nore to the |ocation
of the triangle in space. This location of the triangle is irrelevant for the congruence
theorens. The necessity of the concept only applies ““internally’’ to the triangle as a
whol e of parts. For Hegel, Euclid s “~“deficient grasp of difference'’ is exactly the
error of seeing difference in terns of spatial location rather than in ternms of the
conceptual difference of whole and parts

% This duplication feature of Euclid s congruence theorems for triangles is repeated by
Hegel on JL, p.21. See also JL, p.22 where Hegel says that ““reality is a doubling of
unity’’, and SL, p.810, where the congruence theorens are said to "~“contain tw parts’’
the concept and the reality.

% Bernays (On Platonismin Mathematics, p.275 of: Philosophy of Mathematics, Editors P
Benacerraf and H. Putnam Prentice-Hall, Inc., Englewod diffs, New Jersey) puts the

di fference between the geonmetries of Euclid and Hilbert well: Euclid speaks of figures to
be constructed, whereas, for Hilbert, systen{s] of points, straight |ines, and pl anes
exi st fromthe outset.

8 SL, pp.190ff..

Lor., p.8

8 Hea., p.154.

° P p.138; Hea., p.190f..

This second way is a variant of the direction theory approach to parallel lines that
seens to have originated with Leibniz. A discussion of the difficulties with this
approach is given in Hea., p.194

%2 Hea., p.372.

% Hegel, it seems, began JL with Sinple Connection (Einfache Beziehung). So in the

| ogi cal devel opnent of geonetry, it is reasonable for Hegel to begin with space (the
sinple, undifferentiated medium for geonetrical determination) as connection. |In this
spatial context, we have preferred to translate Beziehung as relation rather than
connection

% The view expressed here is one that is discussed a nunber of tinmes by Hegel (e.g. in
JL, W,, NP). It is, as we described in the introduction, that the concept of a point
dialectically refers to the line whose concept, in turn, involves as limts (the end-)
points. The |last assertion of a) is, | think, saying that the object (e.g. the point)
positively defined as a linmt of sonething else, can be regarded as something in its own
right, and then it loses its qualitative, liniting character, and beconmes purely
quantitative. For a discussion of positive and negative in early Hegelian logic, see JL
p.133ff..

% This is nothing nmore than my specul ati on about what Hegel really neans here. The
German is: (nicht insofern es). Hoffmeister changes er to es presumably because it
refers to the neuter noun Object.

% | take this to means that when we | ook for the ground of a phenomenon, then the latter
is treated as a “'limt’’ and the ground is the explanation for it, involving a

determ nation of one or nore interrelated concepts. Conversely, the interrelated
concepts find their reality in the phenomenon. A very sinple exanple of this would be
the sides of a triangle as linmt and the triangle concept determned in the triangle. In
the later logics of JL, W, ground is essential in character, conming after the

determ nations of reflection. But in GS we have not reached that stage of devel opnent

I think that Hegel's view of ground is a devel opment of the NeoPl atonic procession of
objects fromand their reversion back to the noetic (conceptal) world. In the nore
devel oped account of JL, p.140: [the being of the determi nacy] displays itself as that
which it is, as a many; it returns into itself; and it is thus the unity of itself, and
its opposed determinacy. This unity is its ground; the ground is the unity itself as
sel f-equival ent determinacy. Gound is (JL, p.2141) the reflection of cognition itself,
as the self-enclosed sinple.

° An exanple of 1) would be the determination of a triangle through the magnitudes of its
limts (its sides). The relation between these magnitudes is the principle of the

triangular figure. In 2), | think that Hegel has in mnd a V-shaped figure with its angle
determ ned by the two bounding | egs of the V. Wiy does Hegel talk here about the
principle of the shape as the "“self-relation’’ of the limts? | think that he neans

that the primary linmt of the V-shape is the line, and the line relates itself to itself
through its two realizations as the bounding legs, and that this relation is the angle
So the enclosed angle is the deternmining principle of the shape

% This refers, of course, to the sphere as a surface - not a solid ball
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% A great circle is the circle in which a plane through the center cuts the sphere; in
the case of the surface of the earth (regarded as a sphere) the equator woul d be an
exanpl e of a great circle.

10 This word is illegible in the manuscript and the translation given (*“point’') is a
guess. It does fit in naturally with the follow ng nention of line and plane: the thene
of point, line, plane and solid is, as we have seen, fundamental in Hegelian phil osophy.

(The fourth of these, the solid, does not apply here since the sphere is a surface.)

11 This is very close to the NeoPlatonic view of the circle, especially that of Proclus,
di scussed in the introduction. Hegel takes the nmetaphysics of the circle nuch further in
hi s discussion of cognition and the soul in JS. He describes cognitionin JSin terns of
the geometry of the circle. Cognition is (JL, p.141) "“the circular novenent of the
return into itself’’ and cones “~“to a point as reflection while it is circunference as

moverment’’. Also (JS, p.140; JL, p.147) the soul is thought of as the “~“whole'’ circle
and its " “peripheral’’ novenment. Also, die sich auf sie zugleich also Mttel punkt
bezi eht, und zugleich als gerade Linie ins unbestimte ausdehnt : ""it [the soul] at the

sane time relates itself to itself as mddle point [the center], and at the same tine
extends as [a] straight line [the radius] indefinitely’’ (my translation).

2 |n atriangle, one angle is less than another if and only if the side opposite the
first is snmaller in length than that opposite the second (Proposition 18, Euclid 1).

%% The probl em of the nature of an angle is discussed in the Introduction.

104 Dok., p.470; TS, pp. 523-524.

15 T pinkard, ibid, p.746.

106 Hegel follows the distinction between problem and proposition (theoren) made in G eek
geonetry. This is discussed in the introduction.

7 1it. distortion. GS starts, as does W, with what is nost sinple and i mediate for the
matter under investigation. Since Euclid 1 is concerned primarily with triangles, and
the equilateral triangle is, as we saw, the triangle in its sinplest form we have, for
Hegel , an explanation of why that triangle is constructed in the first proposition of the
El ements. The equality of its sides is the source of the equality of line lengths in the
next two propositions. One can even regard Euclid 1 as the nediation of the equil ateral
triangle. (However, as Proclus noted, the proof of Proposition 1 also uses the circle
which is for geonmetry of even nore inportance than the triangle. See the Introduction.)
198 *“warum sol | es bei Figuren statthaben, da es bei Linien 2. und 3. Satz nicht gebraucht
wird?'’ The point that Hegel is making is the sane as that nade by Peletier (referred to
in the Introduction) that if the nmethod of superposition is legitimate in geonmetry, then
the subject would be full of such proofs.

109 Vihat Hegel is saying is that in a triangle ?ABC, given the point A fixed and the
lengths of the lines AB and AC, the triangle is not determ ned. For that, we also need
to determne ?A

10 | do not know what Hegel neans by this. Euclid derives the equality of the
corresponding angles in the two triangles fromthe fact that the two triangles, when
superi nposed, coincide.

M) think that what Hegel means is this. The problemwith the proof of Proposition 4 is
that we have to lay one triangle on top of another triangle exterior to it, but one
cannot do this in principal since triangles are not the kinds of things that one can lift
and lay. The problemwi th superposition is, however, even nore serious for the proof of
Proposition 5 which uses Proposition 4 to show that ?AFC=?AGB and ?BFC=?CGB. Super posi ng
as in Proposition 4 would require ?AFC placed on ?AGB and ?BFC pl aced on ?CGB. But ?AFC
cannot be placed on ?AGB wi thout having to double parts (since, for exanple, the side AC
in 2AFC is part of the side AG of ?AGB). Wien we “"lift’’ ?AFCto place it on ?AGB, we
renove parts of ?AGB so that that triangle is dismenbered and no longer ““there’'’ to have
sonething laid on it. O course, this is not a problemfor Hegel with his view of the
triangle as determned by a concept. Proposition 4 is used in the proof of Proposition
5, but there, the difficulty is not so obvious, since in that proof, we do not explicitly
pl ace one triangle on top of another. Rather, the triangles being conpared just have
certain parts in common, and the corresponding other parts of the triangles are not

br ought together.

M2 vihat is puzzling in this argument is that Hegel does not say where the isosceles

hypot hesis AB=AC is used. The best that | can conme up with is this. Since AB=AC, the
first two of the three equalities can be interchanged w thout changing their content: the
AB that we put in place of AC has exactly the sane length as AC. The sane triangle ?ABC
is then determned by two sets of conditions in which the roles of B and C are
interchanged, and it follows by symmetry that ?B=?C. Note that we are dealing with only
one triangle here. The proof for ?ABC in its "“difference’’ (as ?ACB) follows.

13 As described in the Introduction, this ““shorter’' proof is classical, being due to
Pappus. Echoing the Hegelian theme of identity and difference for the triangle, Proclus
says of the Pappus proof that “"it is possible for us, by assunption, to see two
triangles in this single one and so prove the equality of the angles at the base'’.
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4 This is the first apagogic proof in Euclid 1. See the Introduction for a discussion of
apagogi ¢ proofs (proofs from contradiction)

® Hegel has: '“Wire AC, AB ungleich’’, but in the preceding proof to which Hegel is
referring, ACis less than AB (rather than just unequal to AB), and this makes sense of
the rest of the sentence
16 Hof f mei ster changes the BD to BC, but the BD that Hegel has in the manuscript is
correct.
M7 |'n mathematics construction and proof are distinguished, but, for Hegel ( JL, p.181)
““in absolute spirit construction and proof are absolutely one’’. W can see, then, why,
for Hegel, a proof that uses an " “inpossible’’ construction is a problemfor phil osophy
(absolute truth): not only are the construction and proof different (as they are in al
mat henmat i cal proofs) but worse, the construction is inpossible and so the very opposite
of truth. As discussed in the Introduction, the problemw th proofs by contradiction is
a serious one in nodern nat hematical phil osophy
18 Hegel has ““umdurch einen Zusatz'’': the "“Zusatz'' (addition) that he is referring to
is the Pappus proof that was given in his discussion of Proposition 5
M9 | have been unable to prove this without proving first that AB=AC
120 Hegel has ?AED. (He corrects it to ?ABD bel ow.)
21 proposition 26 of Euclid 1, and Hegel's discussion of it, are given below. Proposition
6 is not used by Euclid till Book 2 of the Elements, so that it is legitimate to prove it
using Proposition 26. Elegant proofs of Proposition 6 using Proposition 26 were given by
the Arabi an geoneter an Nairizi (who died c. 922) and independently later by Todhunter in
his 1862 edition of Euclid (Hea., p.258). Hegel nay well have worked out for hinself
that Proposition 26 can be used to prove Proposition 6. At any rate, it illustrates how
know edgabl e he was about geonetry.
22 G5 has ?ACD.
122 Strictly Proposition 6 is the converse to the first part of Proposition 5 as was
observed by Procl us.
124 This argunment that Hegel gives to prove Proposition 7 is hard to clarify. Wat has to
be shown is that, with AB given, and the distances AC, BC fixed (and | arge enough and
lying on one side of AB) then the point Cis uniquely determ ned. There are subtleties
with Proposition 7. Indeed, as Heath points out ( Hea., p.258), Euclid s argument needs a
postulate to ensure that ?BDC>?ADC. Yet Hegel clains to explain Propostion 7 in one
sentence! Hegel does not even refer to the fact that AC, BClie on one side of the base
line. And just why the point Cis determ ned by the distances AC, BC is not explained
Then he clains, without justification, that two non-parallel lines intersect in exactly
one point. (However, he does return to this after Proposition 26.) Perhaps his argunent
for Proposition 7 is ultimately based on his phil osophi cal understanding of the straight

line as discussed in W. |, p.204. There, Hegel disnisses Kant’'s claimthat the
proposition: "““the shortest distance between two points is given by the straight line’
is synthetic a priori. Hegel clains, on the contrary, that it is ~“wholly analytic’
(SL, p. 209). He justifies this on the grounds that the sinplest line is the straight

line, and sinplicity in the world of Quantum as applied to the line, gives the shortest
di stance property. (In nodern nathematics, this property of the straight |ine assunes
the much nore general formthat the geodesics in a Ri emannian manifold give the shortest
di stance between points — this however, is a highly non-trivial theorem) Hegel's
““wholly analytic’’ comrent above echoes the GS comment by Hegel that Proposition 7 is
““conpletely analytic'’

125 This is Euclid' s Common Notion 4 (Hea., p.155)

126 A probl em can however be nmade into a theoremby including in the latter's statenent the
construction required for the solution of the problem The theoremthen is the statenent
that the construction solves the problem Hegel does this with Euclid s Proposition 9
bel ow.

27 The German reads: \Wenn von gl ei chen Dreiecken eine gleiche Seite auf die gleiche Seite
fallt, so ist der Wnkel, [der] jetzt entsteht, das Doppelte der noch getrennten. In
trying to nake sense of this, | have given a very free translation. Hegel's expression

gl ei chen Drei ecken seens npst naturally to be understood as congruent triangles, since
Euclid uses "“equal triangles’’ to mean " “congruent triangles’’ (e.g. in the statenment of
Proposition 4), and Hegel uses deichheit for congruence in his comrents on Proposition
5. But then Hegel’'s version of Euclid s Proposition 9 is false. Further, in Euclid's
construction of Proposition 9, one of the triangles is isosceles and the other is
equilateral, and the two triangles are in general not equal. | think that the reason for
this puzzle lies in the fact that Hegel used Lorenz’s translation of the El ements in his
study of Euclid 1 and that Lorenz (Lor., p.8; Dok., p.472) has a poor figure for
Proposition 9. In that figure, the isosceles triangle on top looks as if it is

equil ateral, congruent to the (genuinely) equilateral triangle underneath and with which
it shares a compn base. This suggests that one could interpret gleichen Dreiecken as
““equilateral triangles’’. | think that Hegel did nmean that, having been nisled by the
figure. Confirmation of this is given by his discussion of Proposition 10, where Hege
says that its construction is “~“conpletely the same’’ as that of Proposition 9. Yet the
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proof of Proposition 10 uses two equilateral triangles. Taking gleichen Dreiecken (as |
have done) in Hegel's theorem (rather than problem version of Proposition 9 to mean
"‘isosceles triangles’’ gives a correct result. The sane proof works when both triangles
are isosceles, and the result is nore general.

128 |n GS, the followi ng paragraph comes after Proposition 10. But it gives an alternative
proof of Proposition 9 (not using Proposition 8), and so | have included it in Hegel’'s
coments on Proposition 9.

2% This is not correct. (See the note above.)

130 Definition 10 of Euclid 1 (Hea., p.153) defines “‘right angle’’ as follows: Wen a
straight line set up on a straight |ine nakes the adjacent angles equal to one another,
each of the equal angles is right, and the straight line standing on the other is called
a perpendicular to that on which it stands.

131 The di agram opposite a) is presumably for case 1 of Hegel’'s version of Proposition 26,
where the indicated angles and the side joining the vertices of these angles are given
determ ned. The diagram opposite ) is a triangle ABDwith C on BD and the line AC
drawn. However, there is no mention of Din B) and the diagram seens irrelevant to
Proposition 26.

132 The word ““not’’ is missing fromHegel's manuscript. But it is required since ?B and
?C and AB do in fact determine the triangle ABC (and hence also C).

3% This is a proof by contradiction: the assunption that Cis not uniquely determ ned
leads to ?C not being fixed; but the fixity of ?C was a hypot hesi s.

134 The sinpl est explanation of what Hegel is saying was discussed in the Introduction, B.
An alternative explanation is as follows. For two given lines to be parallel, we need to
specify the existence of a certain famly of distance lines (transversals) cutting the
two given two lines, a distance |ine passing through each point of these parallel Iines.
Now gi ven any point A on one of the parallel lines, to determine the distance |line
through A, we first have to specify a distance nunber d; this nunber determines (in
general) two points B, C on the other parallel line for which AB=AC=d (B, C are the

points at which the other parallel line and the circle center A and radius d intersect);
there are then two distance lines AB, AC and they nake conplenentary angles with the
parallel lines. W need an extra condition to determ ne conpletely the famly of
distance lines. 1In a), the extra condition takes the formof the existence of a shortest

di stance, given by the perpendicul ars between the lines. (Then B=C and no choice is
necessary.) In b), we have d> the shortest distance, and the extra condition that

di stingui shes between AB, ACis that the distance lines of the famly are those that make
the sanme fixed angle a with the parallel lines. (This elininates one of AB, AC for each
A, and the famly of distance lines is determned.) This extra angle condition on its own
is actually all that is needed for parallelism

35 | think that this refers to the fact that EF, GH, like the original pair of lines, are
parallel, and so the sane concept applies to both pairs.

136 ~~denn die Gr6Re der Linie ... durch die Wnkel bestimt’''. Some words are nissing
here, so that the translation that | have given is a guess. However, | think what Hegel
is saying here is clear. Earlier in the paragraph, Hegel said that the length of the
line is determ ned through the angle. Here he gives the converse: equal line |engths

determ ne equal angles. However, this requires qualification since, as we saw in Endnote
134, there are in general two famlies of distance lines for a given distance d, and the

angles that the famlies make with each parallel line are not the same (though they are
conpl ement ary) .
¥ |n Fig. 1, | have added perpendicular signs at O N, P and Q | have also added the

line IMwhich is required in the |ast paragraph of GS.

138 perhaps, Hegel is appealing here to a congruence theoremwhich is (inexplicably) not in
the Elenents. This is the so-called anbiguous case (Hea., pp. 306-307). This case says
that if two triangles have two sides equal to two sides respectively, and if the angles
opposite to one pair of equal sides are also equal, then the angles opposite the other
pair of equal sides are either equal or conplenentary, and in the former case, the
triangles are congruent. In Hegel’'s application, the triangles are ILN, ILO and IL=IL,

I C=LN and the angles ?10OL, ?INL opposite IL, IL are right angles and so equal. Hegel
wants to conclude that the triangles ILN, 1LO are congruent. Unfortunately, however, he
can only conclude fromthe anbi guous case either that b=c or that they are conpl enentary.
(One could overcone this difficulty by saying that b and ¢ cannot be conpl enentary, since
then one of the triangles ILN, 1LO would have two angl es each greater than or equal to a
right angle and this contradicts the fact (Proposition 17) that the sum of any two angl es

of atriangle are less than two right angles.) | think it likely that Hegel

m sunder st ood t he ambi guous case — this point is discussed further in Endnote 142 bel ow
Hegel , perhaps, shows awareness of the anbi guous case by his comment in the margin: "~ (a
t heor em whi ch Euclid does not have — because IL determines the point L for O., and the
point I for IN.'" On the other hand, perhaps Hegel is not appealing to the anbi guous
case but rather using a conceptual argument of his own, mssing from GS, to prove
congruence. |If so, | cannot construct the argunent.
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139 That ?Q L=?ILN follows fromthe congruence of the triangles ?ILO, ?ILN. The angles
?0 A ?NLM are equal since they are right angles. (Does this need proof? — it is not
clear to me exactly what Hegel’'s assunptions are.) Lastly since b=c, their conplenentary
angles a, d are equal (both a+b, d+c equal two right angles (Proposition 13)).

40 |n Fig. 2in Dok., ?Ris ?BIL and ?? is ?CLI. However the proof requires ?R to be
?LIQand ?? to be ?ILR and | have changed Fig. 2 accordingly. | have al so added the
points A, B, C, Das in Fig. 1. Hegel is using the congruence theorem Proposition 4 to
prove that the triangles 1Q, ILR are congruent. | amnot sure what Hegel's assunptions
are here, and exactly why | Q=RL.

141 Hegel has RL. | have onitted a senicolon that Hegel has following I1Q (For Hegel's

argunent, LR and OQ have to be drawn so that ?R=?7?.)
142 Hegel seens to be trying to apply to the triangles ?ILM ?IKM the anbi guous congruence

t heorem di scussed in Endnote 138 above. It seens |likely that Hegel m sunderstood this
case. Not only does he seem unaware of the anmbiguity in the two applications of this
case in GS, but he says (incorrectly) in JL, p.21 that ““in a triangle the rest is fully
determined by three elenents (if there is a line among them....’".) So Hegel's proof of
the congruence of ?ILM ?IKM is not valid as it stands.

4% The lines AD, DB are not in Hegel's figure — it was convenient to include themfor the
purposes of the proof of the Proposition. Further, these lines also appear in the next
figure. | have labelled the figures of this section Fig. 3 and Fig. 4. (Hegel does not
| abel them)

144 The figure opposite appears in Hegel's manuscript. | do

not know what its role is in GS since it is not used in the rest of the surviving
discussion. It is the sane as Fig. 3 but with different letters for the points.

45 Here and el sewhere in this

al gebrai c section, | have used

parent heses, not in Hegel's text,

for clarity of reading.

146 Hegel has ““(AF-)''. | take it that this neans that subtracting GBis, by (c), the sanme
as subtracting AF.

47 Lorenz draws lines in this way throughout his Elemente, e.g. Lor., p.221. The line
drawn here is the one joining the centers of the two circles in Fig. 3, and the order of
points fromleft to right on that line is given. This nakes equalities such as (10) very
easy to see.

148 | have been unable to find any discussions by Hegel of the relation of algebra to
geonetry in his mature works. However the indetermnacy of x in algebra is reiterated in
SL, p.246 where Hegel says: The letters with which general arithmetic [i.e. al gebra]
operates, the next universality into which nunbers are raised, do not possess the
property of having a specific numerical value; they are only general synbols and

indeterm nate possibilities of any specific val ue.

149 perhaps Hegel just means that AB and CD are perpendicul ar.

%0 This part of Hegel's argunment is the same as part of the proof of the Proposition
following Fig. 3.

1 In the margin]: ““for the point A cuts the same arc lengths AD and AC and the sanme for
the straight lines [AD and AC] and the radii FA=AG '’ For Hegel, this marginal comment
justifies why FA=AG in the proof of the congruence of triangles AFD, AGC, and why AD=AC
in the argunment i mediately follow ng.
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