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Jean Leray (November 7, 1906{November 10, 1998) was 
on�ned to an oÆ
ers' prison


amp (\O
ag") in Austria for the whole of World War II. There he took up algebrai


topology, and the result was a spe
ta
ular 
owering of highly original ideas, ideas whi
h

have, through the usual metamorphism of history, shaped the 
ourse of mathemati
s in

the sixty years sin
e then. Today we would divide his dis
overies into three parts: sheaves,

sheaf 
ohomology, and spe
tral sequen
es. For the most part these ideas be
ame known

only after the war ended, and fully �ve more years passed before they be
ame widely

understood. They now stand at the very heart of mu
h of modern mathemati
s. I will

try to des
ribe them, how Leray may have 
ome to them, and the re
eption they re
eived.

1 Prewar work

Leray's �rst published work, in 1931, was in 
uid dynami
s; he proved the basi
 existen
e

and uniqueness results for the Navier-Stokes equations. Roger Temam [74℄ has expressed

the view that no further signi�
ant rigorous work on Navier-Stokes equations was done

until that of E. Hopf in 1951.

The use of Pi
ard's method for proving existen
e of solutions of di�erential equa-

tions led Leray to his work in topology with the Polish mathemati
ian Juliusz S
hauder.

S
hauder had re
ently proven versions valid in Bana
h spa
es of two theorems proven

for �nite 
omplexes by L. E. J. Brouwer: the �xed point theorem and the theorem of

invarian
e of domain. S
hauder employed a novel method, approximating his in�nite di-

mensional problem by �nite dimensional ones where Brouwer's work 
ould be applied. He

and Leray provided de�nitions of degree and index valid in a Bana
h spa
e, by the same

approximation methods. These topologi
al invariants were used in a Lefs
hetz number

argument to prove existen
e of �xed points, and Leray and others used them to establish

existen
e results for solutions of partial di�erential equations.

I 
an do no better than quote Armand Borel [4℄ for the next 
hapter of Leray's life:

\The Se
ond World War broke out in 1939 and J. Leray [then Professor at the Sorbonne

�
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and an oÆ
er in the Fren
h army℄ was made prisoner by the Germans in 1940. He spent

the next �ve years in 
aptivity in an oÆ
ers' 
amp, O
ag XVIIA

1

in Austria [not far

from Salzburg℄. With the help of some 
olleagues, he founded a university there, of whi
h

he be
ame the Dire
tor (\re
teur"). His major mathemati
al interests had been so far

in analysis, on a variety of problems whi
h, though theoreti
al, had their origins in, and

potential appli
ations to, te
hni
al problems in me
hani
s or 
uid dynami
s. Algebrai


topology had been only a minor interest, geared to appli
ations to analysis. Leray feared

that if his 
ompeten
e as a \me
hani
" (\m�e
ani
ien," his word) were known to the

German authorities in the 
amp, he might be 
ompelled to work for the German war

ma
hine, so he 
onverted his minor interest to his major one, in fa
t to his essentially

unique one, presented himself as a pure mathemati
ian, and devoted himself mainly to

algebrai
 topology."

2 \Un 
ours de topologie alg�ebrique profess�e en 
ap-

tivit�e"

When he found himself in enemy hands, Leray set himself the goal of dis
overing methods

whi
h 
ould be applied to a very general 
lass of topologi
al spa
es to prove dire
tly the

kinds of theorems he and S
hauder had proven more indire
tly earlier. The desire to

avoid, or at least disguise, the use of simpli
ial approximation be
ame one of his basi


motivations. A formative in
uen
e was the reda
tion of 
ourse notes for

�

Elie Cartan [8℄,

on di�erential (or \PfaÆan") forms on Lie groups, and Leray repeatedly said that he

wished to bring the power of

�

Elie Cartan's theory of di�erential forms to bear on general

topologi
al spa
es. The theorems of de Rham [61℄ were 
entral to Leray's thinking as

well.

2

Leray's resear
h was announ
ed in Comptes rendus notes \presented" to the A
ademie

des S
ien
es on May 4, 1942 [31℄{[34℄, and a full writeup of this prison 
ourse was sent

to Leray's thesis advisor Henri Villat as editor of the Journal de Math�ematiques Pures

et Appliqu�ees. (This journal had been founded by Liouville in 1836, and Leray himself

was to serve as an editor from 1963 to 1995, �rst as a 
o-editor with Villat then, until

1991, as se
retary of an editorial 
ommittee.) Heinz Hopf was asked to 
omment, he

gave his approval, and the paper, [35℄{[37℄, was duly published, in 1945, with the subtitle

\
ours de topologie alg�ebrique profess�e en 
aptivit�e." Villat wrote a foreward to the

work in January, 1944. Leray ni
knamed the paper TA, \Topologie alg�ebrique." As

Eilenberg points out in his review, many of these results were obtained independently

1

O
ag was the Nazi shortening of OÆzierslager, OÆ
er's 
amp.

2

It is 
urious and surprising that it was Andr�e Weil [76℄ rather than Leray himself who found the

modern proof of the de Rham theorem, sin
e this proof was a vindi
ation of the lo
al methods espoused

by Leray. While Weil does not a
knowledge Leray's in
uen
e, he had had 
onversations with Leray in

1945 during whi
h Leray had des
ribed his notion of a 
oeÆ
ient system varying from point to point|a

sheaf. Weil des
ribed his proof to Cartan in a famous letter [75℄ from Sao Paolo dated 18 January, 1947,

in whi
h he expressed the hope that this dis
overy would reinvigorate Cartan's resear
h in algebrai


topology. It did, and it may have provided the light whi
h led Cartan to the modern formulation of

sheaf theory.
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using standard

�

Ce
h methods by Lefs
hetz in [29℄, a work of whi
h it is very likely Leray

remained unaware until after the war ended. In any 
ase, it seems that Leray's spe
i�


approa
h oriented him towards the issue of lo
alization, and opened the way to his really

new dis
overies in a way the

�

Ce
h theory would not have.

The 
ohomology theory des
ribed in TA re
eived further development in the hands

of Henri Cartan (in his very �rst Seminars [12℄

3

) and [13℄ and in his Harvard University


ourse [72℄

4

and of Armand Borel [3℄ and Istv�an F�ary (who was a student of Leray's).

Leray sought to axiomatize the theory of di�erential forms, as he and S
hauder had

earlier axiomatized the degree. He started with a 
o
hain 
omplex C

�

, whi
h he 
alled

an \abstra
t 
omplex," over a ground ring A. The 
o
hain 
omplex be
ame \
on
rete"

by means of a \support" fun
tion, assigning to ea
h form ! 2 C

n

a 
losed subset j!j of a

topologi
al spa
e X, subje
t to some evident axioms. (In his original work Leray assumed

ea
h C

n

was a �nitely generated free A-module, and assigned a (not ne
essarily 
losed)

support to basis elements only.) Next he wished to axiomatize the Poin
ar�e Lemma. In

order to do this he �rst observed that a 
losed subset F of X determined a subgroup

f! 2 C

n

: j!j \ F = �g

for ea
h n, and that these subgroups together formed a sub
omplex. Dividing by this

sub
omplex of forms whi
h are so to speak zero on F led to a 
hain 
omplex C

�

(F )

asso
iated to ea
h 
losed subset, together with \restri
tion maps" asso
iated to ea
h

in
lusion of 
losed subsets. This was the �rst example of the stru
ture Leray would later,

in 1946, 
all a fais
eau.

The Poin
ar�e Lemma was now axiomatized by requiring that for every point p 2 X

the 
o
hain 
omplex C

�

(fpg) had homology isomorphi
 to the ground ring A. These

hypotheses de�ned a 
ouverture. The homology of the 
hain 
omplex was to be an

approximation of the 
ohomology of the spa
e. Leray thus 
ompletely 
ir
umvented

what had seemed to be the major part of the 
onstru
tion of 
ohomology, namely, the


ombinatorial 
onstru
tion of an expli
it 
hain 
omplex. Various existing 
onstru
tions

gave rise to 
ouvertures, and thus allow themselves to be related with ea
h other.

Leray next wished to 
ompare di�erent 
ouvertures, and for this he de�ned the \in-

terse
tion" of two of them, written C

�


D

�

. The 
o
hain 
omplex of C

�


D

�

was the

quotient of the tensor produ
t

5


o
hain 
omplex C

�


 D

�

by the sub
omplex of forms

with empty support. It was in order to verify that the result is again a 
ouverture that

the \fundamental argument" alluded to below was �rst used.

Leray then in e�e
t de�ned the \homology of X" as the dire
t limit of the homology

modules of all 
ouvertures of his spa
e, though in later presentations he preferred to use

3

In the 
urrently available versions of this �rst seminar the treatment of sheaf theory has been

suppressed, being repla
ed by his subsequent treatment in the next seminar.

4

This mimeographed book �lls out le
tures given by Cartan in the Spring of 1948. It was \edited"|

written, a
tually|by George Springer and Henry Pollak after Cartan had returned to Fran
e, and so it

is hard to know exa
tly how to interpret the fa
t that Leray's name is not mentioned in them at all. It

is equally surprising that Weil's name goes unspoken as well, given that the intent of the 
ourse was to

develop a version of Leray's theory far enough to give Weil's proof of the de Rham theorem. Cartan uses

the term \grating," following a usage by Alexander for a related 
on
ept, as a translation of \
arapa
e,"

as he 
alled his approa
h to the 
on
ept of a 
ouverture.

5

Tensor produ
ts had been introdu
ed only very re
ently, in 1938, by H. Whitney [79℄.
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the existen
e of a \�ne" 
ouverture, as de�ned independently by him [42℄ and H. Cartan

[11, 12℄. During the period of his 
ontributions to topology, Leray resisted Whitney's

term

6

\
ohomology," insisting in his prison 
ourse ([35℄, p 98): \. . . partageant l'opinion

de M. Alexander, d�ej�a 
it�e, je 
rois super
u, don
 nuisible, d'introduire les groupes de

Betti d'un espa
e topologique . . . ."

Leray explained how to de�ne produ
ts in this 
ohomology theory. In his �nal a

ount

of this material, [47℄, Leray, following, he said, a proposal made by Cartan [11℄, 
onsidered

rather only 
o
hain 
omplexes equipped with a (not ne
essarily graded 
ommutative)

produ
t, and arrived more dire
tly at the 
up-produ
t.

Leray had already worked out the details of what we now know as the Leray spe
tral

sequen
e when he wrote this prison paper. In a footnote (p 201) we read: \Dans un travail

ult�erieur, intitul�e <<Les modules d'homologie d'une repre�esentation>>, nous �etudierons

la topologie des repr�esentations [appli
ations℄ par des m�ethodes �etroitement apparent�ees

�a 
elles que 
e Cours de topologie applique �a l'�etude de la topologie des espa
es." (No

paper of this title ever appeared, but the Comptes rendus notes from 1946 approximate

it 
losely.) Thus he had the idea of a spe
tral sequen
e in 1943 but probably not in 1942,

sin
e he did not mention this in his Comptes rendus announ
ements from that year.

Leray gave a hint of how he 
ame to the notion of a spe
tral sequen
e in a later

paper [47℄, p. 9: \Le raisonnement fondamental que r�ep�etent ave
 diverses variantes les

n

os

4, 17, 27 et 32 de mon arti
le [TA℄ �equivaut �a l'emploi de la proposition 10.4 (
i-

dessous), 
'est-�a-dire �a la 
onsid�eration d'un anneau spe
tral ind�ependant de son indi
e r;


'est l'analyse de 
e raisonnement fondamental qui me 
onduisit �a envisager des anneaux

spe
traux, puis �ltr�ee."

The results of this argument were essential to the development of his 
ohomology

theory|for example, to the proof of the K�unneth theorem. Koszul [26℄ wrote \Vers

1955 je me souviens lui avoir demand�e 
e qui l'avait mis sur la voie de 
e qu'il a appel�e

\l'anneau d'homologie d'une repr�esentation" dans ses Notes aux C.R. de 1946. Sa r�eponse

a �et�e: \le Th�eor�eme de K�unneth"; je n'ai pas pu en savoir plus."

This \fundamental argument" is the argument still at the root of our understanding

of spe
tral sequen
es. Its simplest expression (not Leray's original expression of 
ourse)

is in terms of a double 
omplex C su
h that for ea
h n, C

p;n�p

= 0 for suÆ
iently small

p. Then the statement is that if C is a
y
li
 with respe
t to verti
al homology then its

total 
omplex is also a
y
li
. A 
y
le z in the total 
omplex has trivial 
omponents in all

large horizontal degrees, say larger than p. Let z

p

be its 
omponent in C

p;q

(with p + q

equal to the degree of z). It must be a 
y
le with respe
t to the verti
al di�erential, sin
e

d

v

z

p


annot 
an
el with any other 
omponent of dz, and hen
e a boundary: there is �z

p

su
h that d

v

�z

p

= z

p

. Then z � d�z

p

has smaller �ltration but is homologous to z, and

eventually z be
omes homologous to an element in a zero group.

6

from [79℄. Whitney is also responsible for the notation [, dual to the interse
tion produ
t \, for the

produ
t in 
ohomology.
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3 The 1946 announ
ements

After the war Leray returned to Paris, and soon he 
ontributed a pair of notes [38℄ and

[39℄ to Comptes rendus. The �rst introdu
ed sheaves and the se
ond spe
tral sequen
es.

They 
arried the indi
ation that he presented this work to a meeting of the A
ad�emie

des S
ien
es on May 27, 1946. This work must have seemed in
redibly obs
ure at the

time|a sheaf, a new 
on
ept 
ertainly 
ontaining a lot of information, was immediately

fed into an unstudied 
ohomology theory, and then used to de�ne an invariant of a

map on whi
h there appeared without any motivation a highly 
omplex stru
ture, all

expressed in a terse and 
ontrarian style. One imagines that the audien
e was nonplussed.

However this is merely a fantasy; no su
h talk was ever given; the word \presented" simply

meant that the indi
ated A
ademy member or \
orrespondant" (Leray himself, in this

instan
e) submitted the paper to be published. Anyway, in these notes he 
laimed to be

applying ideas of TA to a map. The word fais
eau

7

was introdu
ed in the �rst of these

announ
ements; so sheaf theory was born at the same moment as spe
tral sequen
es. For

Leray a sheaf assigned a module or ring to a 
losed subspa
e; it was not until 1950 that

Cartan refounded the theory using open subspa
es. Leray's �rst example was the sheaf

assigning to F � X its pth 
ohomology group.

He observed that the 
ohomology theory in TA naturally a

epted a sheaf as 
oeÆ-


ients, and referred to Steenrod's 
ohomology with lo
al 
oeÆ
ients [73℄ as a pre
edent.

The fa
t that Leray's 
onstru
tion was so amenable to the use of a sheaf of 
oeÆ
ients

was a dire
t re
e
tion of his 
onsistent fo
us on lo
al properties, a fo
us 
oming from his

original motivation and experien
e, namely the lo
al index or degree that he began by

trying to study.

Leray now took a 
losed map of normal spa
es, � : E ! E

�

and de�ned the sheaf

�H

p

(E) on E

�

whi
h assigned to F � E

�

the module H

p

(�

�1

F ). The qth 
ohomol-

ogy group of E

�

with this sheaf as 
oeÆ
ients was the \(p; q)th homology group of the

map." It is also interesting to observe here the impulse to relativize, long predating

Grothendie
k, whi
h again one may tra
e to Leray's interest in �xed points.

In the se
ond note he des
ribed the \stru
ture" of the homology ring of a map. This

stru
ture 
onsisted in the following data: (1) two �ltrations (to use Cartan's word from

two years later)

0 = Q

p;q

0

� Q

p;q

1

� � � � � Q

p;q

q�1

= Q

p;q

q

= � � � � H

q

(E

�

; �(H

p

(E)))

and

H

q

(E

�

; �(H

p

(E))) = P

p;q

1

� P

p;q

2

� � � � � P

p;q

p+1

= P

p;q

p+2

= � � �

su
h that Q

p;q

q�1

� P

p;q

p+1

; (2) isomorphisms

�

r

:

P

p;q

r

P

p;q

r+1

!

Q

p�r;q+r+1

r

Q

p�r;q+r+1

r�1

;

(3) a �ltration

0 = E

�1;p+1

� E

0;p

� � � � � E

p;0

= H

p

(E;A);

7

As for the English translation, John Moore re
alls [60℄ sitting in Norman Steenrod's kit
hen, in 1951,

and �xing on \sheaf" as the English equivalent of \fais
eau."
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and (4) isomorphisms

� :

P

p;q

p+1

Q

p;q

q�1

!

E

p;q

E

p�1;q+1

:

Leray also fully des
ribed the multipli
ative stru
ture in this setting. There is not

mu
h that looks familiar to modern eyes in this des
ription, beyond the use of p; q, and

r. We will return to an examination of this stru
ture later. It must have appeared quite

formidable and unpromising, to judge for example by Eilenberg's review, whi
h reads in

its entirety: \The se
ond paper enters into more detail into the stru
ture of this new

group and states without proofs a number of appli
ations."

The appli
ations Leray o�ered were the following. Let E

�

be 
ompa
t Hausdor� and

� : E ! E

�

a map.

(1) If ea
h point inverse image has the 
ohomology of a point then � indu
es an isomor-

phism in 
ohomology.

(2) If ea
h point inverse image is 
onne
ted then H

1

(�) is a monomorphism.

(3) If E and E

�

are manifolds with E

�

simply 
onne
ted, and � is a smooth �ber bundle,

then H

q

(E

�

; �(H

p

(E))) = H

q

(E

�

;H

q

(F )), the usual 
ohomology of the base with 
oeÆ-


ients in the 
ohomology of the �ber. Furthermore the Poin
ar�e polynomials p(t;�) (with

respe
t to a �eld of 
oeÆ
ients) enjoy the following relationship. There is a polynomial

b(t) with nonnegative integer 
oeÆ
ients su
h that p(t;E) = p(t;F )p(t;E

�

)� (1+ t)b(t).

(4) Let E be a simply 
onne
ted 
ompa
t Hausdor� group, F a 
losed 
onne
ted one-

parameter subgroup, and � : E ! E

�

the proje
tion to the 
orresponding homogeneous

spa
e. Then with rational 
oeÆ
ients, the 
ohomology of E

�

is generated by a two-

dimensional 
lass z together with odd 
lasses, subje
t only to a relation z

n+1

= 0; �

�

z = 0;

H

�

(E) is generated by odd primitives (\hypermaximal 
lasses") all but one of whi
h are

in the image of �

�

.

(5) The Gysin sequen
e of a sphere bundle 
an be derived from this stru
ture. This is

of 
ourse quite evident from today's formulation, but Borel [6℄ re
alls spending weeks,

in 1949 or 1950, trying to understand how Leray did this. Leray also asserted that the

following theorem of Samelson

8


ame out: if a 
ompa
t Lie group G a
ts transitively on

a sphere S

m

then its 
ohomology is isomorphi
 to the 
ohomology of a produ
t of odd

spheres, among whi
h is S

m

if m is odd and S

2m�1

if m is even.

May, 1946, was also the month in whi
h Roger Lyndon submitted his thesis at Harvard

University, written under the dire
tion of Saunders Ma
 Lane. As published in [54℄ (whi
h

is marked \Re
eived June 16, 1947"), it 
ontains an \ine�e
tive" form of a spe
tral

sequen
e for a group extension. He observed that if B is a normal subgroup of G,

with quotient A, and G a
ts on a ring K, then A a
ts naturally on H

�

(B;K), and

H

�

(G;K) has a �ltration whose quotients, in sequen
e, are subgroups of quotients of

H

k

(A;H

n�k

(B;K)).

9

At the end of the paper he alludes to examples amounting to

8

Samelson's paper [62℄ dealt with Hopf's theory of the rational 
ohomology of Lie groups. The term

Pontryagin ring is introdu
ed here. Samelson 
onsidered the algebrai
 stru
ture on homology 
onsisting

of Pontryagin produ
t together with the interse
tion pairing.

9

Two years later, Serre [64℄ was to observe that Cartan's work [10℄ led to a spe
tral sequen
e of the

form H

k

(A;H

n�k

(B;K)) ) H

n

(G;K). G. Ho
hs
hild read Serre's announ
ement and found a \more


ompli
ated but more expli
it" (in Serre's words [70℄) 
onstru
tion of the spe
tral sequen
e, and the two

published their work together [22℄.

6



nontrivial di�erentials in the spe
tral sequen
e, and to the improbability of the �ltration

splitting. He ends with the following pessimisti
 
omment: \But the groups H

�

(G;K)


an hardly be determined from a knowledge of A and B, and the operators involved,

without regard for the fa
tor set W . Thus analysis of the present type, although it

has proved useful in parti
ular instan
es, 
an hardly be expe
ted to yield any stronger

general theorem." Ma
 Lane wrote (in a letter [55℄ to M
Cleary): \I visited Paris in late

1947. I talked to Leray (about sheaves and about spe
tral sequen
es) but did not see the


onne
tion with Lyndon's work. Leray was obs
ure!"

Leray 
ontributed two more notes to Comptes rendus in 1946, [40℄ and [41℄, at the

session of August 26. In the �rst he des
ribed the behavior of Poin
ar�e duality in the

spe
tral sequen
e of a smooth �bration. In the se
ond, he 
omputed the 
ohomology

of the 
lassi
al 
ag manifolds|that is, a 
lassi
al simple Lie group modulo a maximal

torus. His method was to study the spe
tral sequen
e of the �bration G ! G=T ; the


ohomology of the �ber and of the total spa
e are known, and the problem was to

dedu
e the 
ohomology of the remaining term. He explained that one dedu
ed the �rst

di�erential easily, and that the 
ollapse of the spe
tral sequen
e followed from this purely

algebrai
ally. He obtained not only the Poin
ar�e series|and so dis
overed that at least

in these 
ases the 
ohomology of G=T was 
on
entrated in even degrees and the Euler


hara
teristi
 was the order of the Weyl group|but also a great deal of information

about the ring stru
ture. This is a 
hallenging exer
ise, even today!

10

These results drew immediate attention but not immediate belief. George Whitehead


ommented mildly [77℄ \Most people (in
luding myself) found Leray's papers obs
ure."

Bill Massey was somewhat more blunt, in a letter [57℄ to John M
Cleary: \In the late

1940's and early 1950's all of us were studying Leray's papers to try to understand how

he got the marvelous results he 
laimed. To be perfe
tly frank, I never got to 1st base

in this enterprise, it was very frustrating. Leray was a horrible expositor."

11

Leray was distressed at the slow a

eptan
e of his ideas: \Ces notions furent mal

a

ueillies en Am�erique au moment de leur publi
ation. C'�etait trop diÆ
ile. Les Math-

emati
al Reviews demand�erent \

�

A quoi �
a peut servir?" Henri Cartan et Jean-Pierre

Serre ont montr�e �a quoi 
ela sert!" ([63℄, p 166)

Be that as it may, in early 1947 Leray was ele
ted to the Chair of the theory of

di�erential and fun
tional equations at the Coll�ege de Fran
e. This honor was followed

10

Leray never published the details of this 
al
ulation, sin
e they were superseded by the method

des
ribed in his Brussels 
onferen
e paper [49℄, whi
h applied uniformly to any 
ompa
t 
onne
ted

Lie group. This is essentially the modern approa
h to these questions, using \. . . un raisonnement par

r�e
urren
e dû �a A. Borel et . . . un th�eor�eme d'alg�ebre dû �a C. Chevalley." A well-known 
onsequen
e,

stated in [49℄, is that the representation of the Weyl group W on H

�

(G=T ) is none other than the

translation representation on the group algebra.

11

Of 
ourse Massey's own theory of exa
t 
ouples [56℄, 1952, has made learning about spe
tral se-

quen
es mu
h less frustrating for subsequent generations. In this letter Massey explains that his dis
ov-

ery of exa
t 
ouples was not in fa
t a response to the Fren
h work at all, and at �rst was unrelated to

spe
tral sequen
es: \Somehow it o

urred to me that the pro
edure J.H.C.W.[hitehead℄ used [in [78℄℄ to

get his [\
ertain"℄ exa
t sequen
e, and the pro
edure Chern-Spanier used [to obtain the Gysin sequen
e,

in [16℄℄ 
an be extended (generalized?) to get an exa
t 
ouple. About this time, Serre's thesis 
ame out,

whi
h enabled me to understand spe
tral sequen
es, and make the 
onne
tion with exa
t 
ouples. If it

hadn't been for Borel, Cartan, and Serre, I don't think I would have ever understood Leray's stu�."
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in 1949 by the Prix Petit d'Ormoy, \pour l'ensemble de ses travaux de topologie et de la

m�e
anique des 
uides" [17℄. This was a major prize|FF 50,000; the next largest prize

announ
ed at this time, in the s
ien
es in general, was for FF 15,000.

4 Koszul and Cartan

Perhaps the �rst person to understand what Leray was up to was Henri Cartan. He

had risen through the ranks in the 1930's at the University of Strasbourg. When the

war began in 1939 that University eva
uated and shared fa
ilities with the University

of Clermont-Ferrand. During that year Cartan was named Professor at the University

of Paris and head of mathemati
s instru
tion at the E
ole Normale Sup�erieure. He was

obliged to seek repatriation to o

upied Fran
e in order to return to Paris. Before he left

he promised the re
tor of the University of Strasbourg that he would return to Strasbourg

after the war, and he did indeed spend the years 1945{47 there on leave ([63℄, p 32).

Cartan had a student there named Jean-Louis Koszul. Koszul was interested in the


ohomology of homogeneous spa
es, and Cartan en
ouraged him to look at Leray's work.

The result was a pair of Comptes rendus notes, [24, 25℄ dated July 21 and September 8,

1947. As presented by Leray, a spe
tral sequen
e was a highly spe
ialized and 
omplex

stru
ture atta
hed to an obs
ure topologi
al obje
t (the \homology of a map") whi
h was

itself expressed in terms of an unfamiliar homology theory (using \
ouvertures") with


oeÆ
ients in yet another brand new obje
t (a \sheaf"). Koszul liberated the notion

of spe
tral sequen
e from this topologi
al 
on�nement, and brought the theory into its

present-day form. His a
hievements were remarkable.

(1) He isolated the notion of a �ltered di�erential ring as a 
onvenient obje
t determining

a spe
tral sequen
e.

12

(Koszul 
alls this \un anneau �a d�erivation sup�erieure"; the word

\�ltration" only appears in Cartan's note [9℄ from 5 January 1948.) On
e this was

understood, a mu
h wider range of appli
ations opened up. Along with this enlargement

of s
ope 
ame the need for a name for the stru
ture: Koszul 
alled it the \sequen
e of

homologies" (\suite d'homologies") of the �ltered di�erential ring.

(2) He wrote down the stru
ture of a spe
tral sequen
e as we now do, denoting the rth

term by E

r

.

(3) This formulation makes the ring stru
ture mu
h easier to des
ribe than it was for

Leray; as Koszul observed, one has a sequen
e of di�erential rings.

(4) He pointed out that in de�ning a spe
tral sequen
e an internal grading is irrelevant

to the stru
ture (but thanks Cartan for this observation, and later [26℄ 
alled Leray's

attribution ([47℄, p 9) of it to him \bizarre"). Koszul adopted this 
onvention in the

�rst note, but in the se
ond, [25℄, he used p for the �ltration degree and q for the


omplementary degree, establishing the modern 
onvention.

Looking ba
k at Leray's de�nition, we see that H

q

(E

�

; �(H

p

(E))) = E

q;p

2

, Q

p;q

r

is the

sum of the images of d

2

; : : : ; d

r+1

in E

q;p

2

, and P

p;q

r

is the interse
tion of the kernels of

d

2

; : : : ; d

r

in E

q;p

2

. Thus

E

q;p

r

=

P

p;q

r�1

Q

p;q

r�2

:

12

Dieudonn�e [18℄ and Leray [42℄ suggest that this idea goes ba
k to Cartan.
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The isomorphism �

r

is essentially the di�erential d

r+1

. The last di�erential hitting E

q;p

2

is d

q

, and the last di�erential emanating from it is d

p+1

. This a

ounts for the indexes

at whi
h the sequen
es of P's and Q's stabilize, and shows that E

q;p

1

= P

p;q

p+1

=Q

p;q

q�1

. The

map � is the identi�
ation

E

q;p

1

�

=

E

q

0

H

p+q

(E;A):

All the essential elements were thus present and 
omplete in Leray's original formu-

lation.

That summer, from June 26 to July 2, 1947, the Centre National de la Re
her
he

S
ienti�que, or CNRS, hosted an international 
onferen
e in Paris, taking as its title

\Topologie alg�ebrique." This was the �rst international airing of Leray's wartime ideas.

Koszul re
alls [26℄: \Je vois en
ore Leray posant sa 
raie �a la �n de son expos�e en

disant (modestement?) qu'il ne 
omprenait d�e
id�ement rien �a la Topologie alg�ebrique.

Whitney, de son 
ôt�e, avait 
ommen
�e en aÆrmant qu'on avait maintenant fait le tour de

l'homologie et que le moment �etait venu de faire porter ses e�orts sur un autre terrain."|

a familiar refrain, repeated almost without variation by many others in the subsquent

half 
entury.

We learn from Cartan [9℄ that Leray spoke at the 1947 CNRS 
onferen
e about the

spe
tral sequen
e of a �nite Galois 
overing. Cartan used the exer
ise of generalizing

Leray's theorem to an in�nite 
over as an o

asion to work out the theory to his own

satisfa
tion. The resulting pair of announ
ements are masterpie
es of 
larity. In the �rst,

[9℄, Cartan �rmly distinguished between graded and �ltered rings. This paper 
ontains

the �rst use of the term \�ltration." He re
alled Koszul's asso
iation of a \Leray-Koszul

sequen
e" to a �ltered di�erential ring (and wrote E

r

rather than E

r

). He 
onsidered as

an example the two �ltrations asso
iated to a bigraded ring.

In the se
ond part, [10℄, Cartan gave himself a group G a
ting on a di�erential graded

ring A (in whi
h the derivation has degree +1), and de�ned the 
o
hains and hen
e the


ohomology H

�

(G;A). The 
o
hain 
omplex is the total 
omplex of a double 
omplex,

and hen
e there are two spe
tral sequen
es, one of whi
h has E

2

= H

�

(G;H

�

(A)). He

applied this with A given by the 
o
hain 
omplex of a lo
ally 
ompa
t spa
e X with an

a
tion of G on it, and arrived at a spe
tral sequen
e whi
h he 
alled (e
hoing Leray) an

invariant of the a
tion. If further the a
tion is totally dis
ontinuous and the spa
e is a


ountable union of 
ompa
ts, then the spe
tral sequen
e 
onverges to the 
ohomology of

the orbit spa
e. These announ
ements have a strikingly modern feel to them.

5 \Spe
tral"

Leray's writeup [42℄ for the 1947 
onferen
e represents part of a new 
y
le of publi
ations

by Leray on algebrai
 topology. These papers 
learly show, and a
knowledge, the in
u-

en
e of Henri Cartan, who had moved to Paris in O
tober, 1947, immediately after the

CNRS Colloquium. The style was fresher, with many fewer idiosyn
rasies of notation

and 
onvention. Leray adopted the improvements proposed by Cartan (in his talk at the

Colloquium, we are told) and Koszul, going so far as to use one of Cartan's words in

his title: \L'homologie �ltr�ee." This 23 page paper, represented as the 
ontents of his

1947{48 
ourse at the Coll�ege de Fran
e, was Leray's �rst full-length work-up of spe
tral

9



sequen
es. (The later Journal de Math�ematiques Pures et Appliqu�ees papers [47℄, rep-

resenting this 
ourse together with the 
ontents of a 1949{50 
ourse, form his last and

de�nitive statement.) In it he abandoned his initial formulation, re
alled above; this was

never to be published in full. Leray preferred to write H

r

for Koszul's E

r

. (It was Cartan

[9℄ who started to use the roman font.)

And in this 
onferen
e writeup we �nd the �rst published use of the word \spe
tral,"

in the 
ombination \anneau spe
tral." He 
ertainly did not use it in the talk itself, and

he studiously avoided any terminology for this stru
ture in the series of Comptes rendus

notes from 1949 [43℄{[45℄, whi
h deal with appli
ations to Lie groups, homogeneous

spa
es, and group a
tions. I quote from a letter from Borel [5℄: \I do not remember him

telling me why he 
hose spe
tral, I 
an only spe
ulate. At the time, \suite de Leray-

Koszul" was emerging. Serre and I used it in our 1950 C.R. Note [7℄, whi
h, in retrospe
t,

surprises me a bit. What I know is that Leray was against it, he wanted a terminology

without proper name, and shorter than \une suite [d'alg�ebres di��erentielles gradu�ees℄." I

presume he 
ame to spe
tral in analogy with spe
tral analysis or spe
tral de
omposition

of a Hilbert spa
e with respe
t to a self-adjoint operator. Note that in his de�nition

of �ltration, in [42℄, he allows a �ltration to be parametrized by the real numbers. To

have su
h a �ltration, maybe with some semi-
ontinuity 
onditions, is formally more

reminis
ent of things labeled spe
tral in analysis (his �eld after all)."

6 Borel and Serre

During the a
ademi
 year 1949{50 Armand Borel was studying in Paris under a CNRS

subvention. He attended Leray's 
ourse at the Coll�ege de Fran
e, and de
ided to follow

it 
losely. A Fren
h student named Jean-Pierre Serre followed the le
tures at �rst but

Leray may have been a less than lu
id le
turer and Serre soon dropped the 
ourse. So

Borel would digest the material and then present it to Serre. The following summer, in

June, 1950, Borel attended the Colloque de Topologie in Brussels (but Serre did not).

There Beno E
kmann (who had been the one to suggest to Borel that he 
onta
t Cartan

and Leray) mentioned some progress on a problem of Montgomery and Samelson (see

[19℄): if Eu
lidean spa
e is �bered by 
ompa
t �bers, must these �bers be points? When

Borel returned to Paris he and Serre de
ided (\un 
ertain diman
he de juin 1950," [63℄,

p 222) to try to apply Leray's methods to this problem, and to their astonishment they

su

eeded in solving it 
ompletely, by \a simple appli
ation" of Leray's ideas [7℄. This

paper 
ontains what may be the �rst example of what we now 
all a 
orner argument in

what they termed a Leray-Koszul sequen
e. It represents the �rst time anyone other than

Leray had been able to apply this ma
hinery,

13

four years after its initial announ
ement

and some eight years after its dis
overy. This su

ess was a great impetus to both the

authors: both went on to write theses [2, 68℄ in whi
h spe
tral sequen
es were of 
entral

importan
e and whi
h made de
isive advan
es in this theory. Serre's thesis, in parti
ular,

was the entry point into spe
tral sequen
es for many topologists of the time and ever

13

Interestingly, Arnold Shapiro [71℄ applied Leray's ideas, in the form des
ribed by Cartan in his 1949

papers and in his Harvard University 
ourse [72℄ to prove the same theorem, and so shares some part of

this honor with Borel and Serre.
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sin
e.

In a letter [69℄ to John M
Cleary, Serre gave an a

ount of the development of the

ideas in his thesis. Soon after proving the theorem with Borel about �bering Eu
lidean

spa
es, he noti
e a paper whi
h observed that the Eilenberg-Ma
 Lane spa
e K(Z; 2) was

none other than C P

1

, and hen
e its 
ohomology, at least, was known. Serre was used

to thinking of C P

1

as the base spa
e for a prin
ipal S

1

-bundle with 
ontra
tible total

spa
e, and sin
e S

1

is a K(Z; 1) this made him wonder whether two su

essive Eilenberg-

Ma
 Lane spa
es were always 
onne
ted by a �bration of this form; or, more generally,

whether for any given spa
e X there was a �bration having 
ontra
tible total spa
e and

X as base spa
e. In a 
ash of insight he realized that the path-spa
e 
onstru
tion had

to be the answer, and that the de�nition of �bration 
ould be generalized a

ordingly.

Using the homotopy lifting property as a de�nition seems so natural to us today that it

is hard to appre
iate the originality of this step. It may help to re
all the following words

from S.-T. Hu [23℄ in 1950: \A

ording to [Ralph Fox's 1943 review [20℄ of the theory of

�ber spa
es℄, the obje
t of introdu
ing the de�nition of �ber spa
es is to state a minimum

set of readily veri�able 
onditions under whi
h the 
overing homotopy theorem holds."

Hu goes on to give an improvement of Fox's de�nition, involving sli
ing fun
tions.

There was still the diÆ
ulty that none of these spa
es were lo
ally 
ompa
t, so Leray's

ma
hinery as 
urrently formulated 
ould not be applied. It is an irony typi
al of the

history of s
ien
e that despite Leray's de
lared intention to dis
over methods whi
h

worked for \general" topologi
al spa
es, his work was unusable by Serre pre
isely be
ause

it did not apply generally enough.

I now quote Serre [69℄: \. . . in O
tober 50, I took part in a Bourbaki meeting north of

Paris [at Royaumont ([63℄, p 222)℄, and one day Cartan and Koszul asked me what I was

doing with Eilenberg-Ma
Lane 
ohomology, homotopy groups, et
. I told them that I had

plenty of new things, but they all depended on a would-be extension of Leray theory to

the singular 
ontext [and to his extended notion of �bration℄. Then, I think it was Koszul

who told me that he had already toyed with the idea of �ltering the singular 
omplex

of the �bered spa
e, and that it looked en
ouraging." In his subsequent announ
ement

Serre spe
i�
ally thanked Cartan and Koszul for help in �nding the 
orre
t �ltration to

use.

14

There were many nontrivial details to work out|he wound up using 
ubi
al theory,

for example|but by De
ember he had the results and announ
ed them in Comptes

rendus notes [65℄|[67℄. In this work Serre used homology, and so was for
ed to abandon

the term \anneau spe
tral," whi
h he had used in his work ([64℄, O
tober 2, 1950)

on the 
ohomology of group extensions. Koszul and Cartan were both using \suite"

(\d'homologies" and \de Leray-Koszul" respe
tively), and \La suite spe
trale" 
ame out

naturally in the title of Serre's �rst note on the subje
t, dated De
ember 18, 1950.

Here then is a little table of the various terms used for this stru
ture:

Leray (27 May 1946) \une stru
ture parti
uli�ere de l'anneau d'homologie d'une

repr�esentation"

14

This was not a matter of �ltering by preimages of skeleta in a CW stru
ture on the base. That idea

is due to T. Kudô [27℄,[28℄.
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Koszul (21 July 1947) \suite d'homologies (d'un anneau �a d�erivation sup�erieure)"

Cartan (5 January 1948) \suite de Leray-Koszul"

Leray (1949) \anneau spe
tral"

Borel and Serre (26 June 1950) \suite de Leray-Koszul"

Serre (2 O
tober 1950) \anneau spe
tral"

Serre (18 De
ember 1950) \suite spe
trale"

With the publi
ation of Serre's thesis we rea
h the modern era of the subje
t, and

Leray's 
ontribution to it ends (though he returned brie
y to 
lean up some loose ends in

[51℄ and [52℄). Despite the profound impa
t he had on the subje
t, Leray's total output

in algebrai
 topology represents barely one sixth of his bibliography.

And what of sheaf theory? It was reborn in modern form in an expos�e of the 1950{

51 Cartan Seminar [13℄, written by Cartan and dated April 8, 1951. Following Mi
hel

Lazard, Cartan de�ned a sheaf as an espa
e �etal�e with group stru
ture, and he realized

that the natural form of lo
alization was to open sets rather than 
losed. The notation

�(F; U) was used there for the group of se
tions of a sheaf F over an open set U ; the

order of the arguments was only reversed in later work. Cartan axiomatized the notion

of supports; Leray had used \
ompa
t supports." Cartan de�ned sheaf 
ohomology

axiomati
ally, and proved existen
e by means of a resolution by �ne sheaves. In his

1953 Brussels Colloquium paper [14℄ Cartan viewed a sheaf as a presheaf satisfying the

gluing 
onditions, though the word presheaf had to await Grothendie
k. The derived

fun
tor de�nition of sheaf 
ohomology �rst o

urred in Grothendie
k's Kansas le
tures

from 1955, exposed in 1957 in \Tôhoku," [21℄.

La s
ien
e ne s'apprend pas: elle se 
omprend. Elle n'est pas lettre morte

et les livres n'assurent pas sa p�erennit�e: elle est une pens�ee vivante. Pour

s'int�eresser �a elle, puis la mâ�triser, notre esprit doit, habilement guid�e, la

red�e
ouvrir, de même que notre 
orps a dû revivre, dans le sein maternel,

l'�evolution qui 
r�ea notre esp�e
e; non point tous ses d�etails, mais son s
h�ema.

Aussi n'y a-t-il qu'une fa�
on eÆ
a
e de faire a
qu�erir par nos enfants les

prin
ipes s
ienti�ques qui sont stables, et les pro
�ed�es te
hniques qui �evoluent

rapidement: 
'est donner �a nos enfants l'esprit de re
her
he.

|Jean Leray [63℄, p 1.
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[28℄ T. Kudô, Homologi
al stru
ture of �bre bundles, J. Inst. Polyte
h. Osaka City Univ. 2 (1952)

101{140.

[29℄ S. Lefs
hetz, Algebrai
 Topology, Colloquium Publi
ations 27, Amer. Math. So
., 1942.

[30℄ J. Leray and J. S
hauder, Topologie et �equations fon
tionelles, Ann. E
. Norm. Sup. 51 (1934)

45{78.

[31℄ J. Leray, Les 
omplexes d'un espa
e topologique, CRAS 214 (1942) 781{783.

[32℄ J. Leray, L'homologie d'un espa
e topologique, CRAS 214 (1942) 839{841.

[33℄ J. Leray, Les �equations dans les espa
es topologiques, CRAS 214 (1942) 897{899.

[34℄ J. Leray, Transformations et hom�eomorphies dans les espa
es topologiques, CRAS 214 (1942) 938{

940.

[35℄ J. Leray, Sur la forme des espa
es topologiques et sur les points �xes des repr�esentations (Premi�ere

partie d'un 
ours de topologie alg�ebrique profess�e en 
aptivit�e), J. Math. Pures et Appl. 24 (1945)

95{167.

[36℄ J. Leray, Sur la position d'un ensemble ferm�e de points d'un espa
e topologique (Deuxi�eme partie

d'un 
ours de topologie alg�ebrique profess�e en 
aptivit�e), J. Math. Pures et Appl. 24 (1945) 169{

199.

[37℄ J. Leray, Sur les �equations et les transformations (Troisi�eme partie d'un 
ours de topologie

alg�ebrique profess�e in 
aptivit�e), J. Math. Pures et Appl. 24 (1945) 200{248.

[38℄ J. Leray, L'anneau d'homologie d'une repr�esentation, CRAS 222 (1946) 1366{1368.

[39℄ J. Leray, Stru
ture de l'anneau d'homologie d'une repr�esentation, CRAS 222 (1946) 1419{1422.

[40℄ J. Leray, Propri�et�es de l'anneau d'homologie d'une repr�esentation, CRAS 223 (1946) 395{397.

[41℄ J. Leray, Sur l'anneau d'homologie d'un espa
e homog�ene quotient d'un groupe 
los par un sous-

groupe ab�elien, 
onnexe, maximum, CRAS 223 (1946) 412{415.

[42℄ J. Leray, L'homologie �ltr�ee, Colloques internationaux du CNRS 12 (1949) 61{82.

[43℄ J. Leray, Espa
es o�u op�ere un groupe de Lie 
ompa
t et 
onnexe, CRAS 228 (1949) 1545{1547.

[44℄ J. Leray, Appli
ation 
ontinue 
ommutant ave
 les �el�ements d'un groupe de Lie 
ompa
t, CRAS

228 (1949) 1749{1751.

14



[45℄ J. Leray, D�etermination, dans les 
as non ex
eptionnels, de l'anneau de 
ohomologie de l'espa
e

homog�ene quotient d'un groupe de Lie 
ompa
t par un sous-groupe de Lie de même rang, CRAS

228 (1949) 1902{1904.

[46℄ J. Leray, Sur l'anneau de 
ohomologie des espa
es homog�enes, CRAS 229 (1949) 281{283.

[47℄ J. Leray, L'anneau spe
tral et l'anneau �ltr�e d'homologie d'un espa
e lo
alement 
ompa
t et d'une

appli
ation 
ontinue, J. Math. Pures et Appl. 29 (1950) 1{139.

[48℄ J. Leray, L'homologie d'un espa
e �br�e, dont la �bre est 
onnexe, J. Math. Pures et Appl. 29 (1950)

169{213.

[49℄ J. Leray, Sur l'homologie des groupes de Lie, des espa
es homog�enes et des espa
es �br�es prin
ipaux,

Colloque de Topologie (Espa
es �br�es), Tenu �a Bruxelles du 5 au 8 juin 1950, Centre Belge de

Re
her
hes Math�ematiques (1951) 101{115.

[50℄ J. Leray, La th�eorie des points �xes et ses appli
ations en analyse, Pro
eedings of the ICM, Cam-

bridge, MA, 1950, 202{208.

[51℄ J. Leray, Th�eorie des points �xes: indi
e total et nombres de Lefs
hetz, Bull. So
. Math. Fran
e

87 (1959) 221{233.

[52℄ J. Leray, Fixed point theorem and Lefs
hetz number, Symposium on In�nite-dimensional Topology,

Louisiana State University, Annals of Math. Studies 69, Prin
eton University Press (1972) 219{234.

[53℄ J. Leray, Sele
ted Papers: Oeuvres S
ienti�ques, Springer and So
. Math. Fran
e, 1998.

[54℄ R. C. Lyndon, The 
ohomology theory of group extensions, Duke Math. J. 15 (1948) 271{292.

[55℄ S. Ma
 Lane, Letter to John M
Cleary, August 11, 1997.

[56℄ W. Massey, Exa
t 
ouples in algebrai
 topology, Annals of Math. 56 (1952) 363{396.

[57℄ W. Massey, Letter to John M
Cleary, Nov. 6, 1996.

[58℄ W. Massey, Letter to John M
Cleary, Jan. 26, 1998.

[59℄ J. M
Cleary, A history of spe
tral sequen
es: Origins to 1953, History of Topology, I. M. James,

editor, Elsevier (1999) 631{663.

[60℄ J. C. Moore, Interviews, 8 O
tober and 27 De
ember, 1999.

[61℄ G. de Rham, Sur l'analysis situs des vari�et�es �a n dimensions, J. Math. Pures et Appl. 10 (1931)

115{200.

[62℄ H. Samelson, Beitr�age zur Topologie der Gruppen-Mannigfaltigkeiten, Annals of Math. 41 (1941)

1091{1137.

[63℄ M. S
hmidt, Hommes de S
ien
e: 28 portraits, Hermann, 1990.

[64℄ J.-P. Serre, Cohomologie des extensions de groupes, CRAS 231 (1950) 643{646.

[65℄ J.-P. Serre, Homologie singuli�ere des espa
es �br�es. I. La suite spe
trale, CRAS 231 (1950) 1408{

1410.

[66℄ J.-P. Serre, Homologie singuli�ere des espa
es �br�es. II. Les espa
es de la
ets, CRAS 232 (1951)

31{33.

15



[67℄ J.-P. Serre, Homologie singuli�ere des espa
es �br�es. III. Appli
ations homotopiques, CRAS 232

(1951) 142{144.

[68℄ J.-P. Serre, Homologie singuli�ere des espa
es �br�es. Appli
ations, Annals of Math. 54 (1951) 425{

505.

[69℄ J.-P. Serre, Letter to J. M
Cleary, Mar
h 11, 1997.

[70℄ J.-P. Serre, Letter, January 12, 2000.

[71℄ A. Shapiro, Cohomologie dans les espa
es �br�es, CRAS 231 (1950) 206{207.

[72℄ G. Springer and H. Pollak, editors, Algebrai
 Topology, Based upon le
tures delivered by Henri

Cartan at Harvard University, 1949.

[73℄ N. Steenrod, Homology with lo
al 
oeÆ
ients, Annals of Math. 44 (1943) 610{627.

[74℄ R. M. Temam, Navier Stokes Equations, a talk at the Spe
ial Session on The Diverse Mathemati
al

Lega
y of Jean Leray, Amer. Math. So
., Austin, Texas, O
tober 8, 1999.

[75℄ A. Weil, Lettre �a H. Cartan, 18 janvier, 1947, Oeuvres 2 (1985) 44{46.

[76℄ A. Weil, Sur les th�eor�emes de de Rham, Comm. Math. Helv. 26 (1952) 119{145.

[77℄ G. Whitehead, Letter to John M
Cleary, 6 September, 1997.

[78℄ J. H. C. Whitehead, A 
ertain exa
t sequen
e, Annals of Math. 52 (1950) 51{110.

[79℄ H. Whitney, On produ
ts in a 
omplex, Annals of Math. 39 (1938) 397{432.

16


