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This se
tion forms part of the 
ourse and is examinable|indeed, is full of

likely exam questions. Con
eptually it's not hard at all, but it is quite te
hni
al

and demands a 
ertain amount of e�ort in order to understand the terminology.

The Monadi
ity Theorem states (ne
essary and) suÆ
ient 
onditions for an

adjun
tion D

U

-

>

�

F

C to be monadi
. But why should we want to know that a

given adjun
tion is monadi
? Here are two possible reasons:

� Be
ause we already have a lot of intuition about monadi
 adjun
tions,

from having done algebra for years|typi
al monadi
 adjun
tions being

Gp

-

>

�

Set and Ve
t

-

>

�

Set. (In fa
t we have yet to show that all

su
h `algebrai
' 
ategories are monadi
 over Set, but this will be one of

the 
onsequen
es of the Monadi
ity Theorem.)

� Be
ause various properties of monadi
 adjun
tions are known, e.g. that

U 
reates limits. So for instan
e, any 
ategory monadi
 over a 
omplete


ategory is 
omplete. In parti
ular, a great deal is known about 
ategories

monadi
 over Set, e.g. that su
h 
ategories are also 
o
omplete. (This

tells us, then, that it's possible to form the 
oprodu
t of groups, whi
h is

perhaps not instantly obvious.)

Having seen the trouble it takes to prove the Monadi
ity Theorem, and even

to understand the terminology in the statement of it, one might be tempted to

ignore it and prove monadi
ity of a given adjun
tion by showing dire
tly that

the 
omparison fun
tor K is an equivalen
e. However, this is in general hard:

often we don't have an expli
it des
ription of the left adjoint F in an adjun
tion

F aU , and only know that it exists by the use of an Adjoint Fun
tor Theorem.

This is why, for instan
e, we haven't a
tually yet been able to show that Gp is

monadi
 over Set: the free group fun
tor is a little tri
ky to des
ribe expli
itly.

The magi
al thing about the Monadi
ity Theorem is that it gives 
onditions for

an adjun
tion F aU to be monadi
 without referen
e to F .
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Part One: Properties of U

T

We approa
h the Monadi
ity Theorem in two steps. In this �rst step, �x a

monad (T; �; �) on a 
ategory C, and form the usual adjun
tion C

T

U

T

-

>

�

F

T

C.

(For this step we're not 
on
erned with the issue of 
omparison at all|in other

words, you 
an forget D, U , F and K for now.)

The fun
tor U

T

has various properties, in
luding the following:

F4.1 Proposition

a. U

T


reates limits

b. U

T

re
e
ts isomorphisms


. U

T

is faithful.

Proof See problem sheet 4. 2

We don't a
tually need the results in the previous Proposition. But 
entral

to the Monadi
ity Theorem is the following property of U

T

:

F4.2 Proposition U

T


reates 
oequalizers for U

T

-absolute-
oequalizer pairs.

What 
an this possibly mean?

F4.3 De�nitions

a. An absolute 
oequalizer diagram in a 
ategory C is a diagram of obje
ts

and arrows

A

f

1

-

f

2

-

A

0

d

-

A

00

(�)

in C su
h that for any fun
tor H : C

-

E (to any 
ategory E), the image

of (�) under H is a 
oequalizer diagram in E . (In parti
ular we 
an take

H = 1

C

, so (�) itself is a 
oequalizer.)

b. An absolute-
oequalizer pair in C is a parallel pair of arrows A

f

1

-

f

2

-

A

0

in

C su
h that for some A

00

and d,

A

f

1

-

f

2

-

A

0

d

-

A

00

is an absolute 
oequalizer diagram.


. If U : D

-

C is a fun
tor, a U-absolute-
oequalizer pair is a parallel

pair B

g

1

-

g

2

-

B

0

in D su
h that UB

Ug

1

-

Ug

2

-

UB

0

is an absolute-
oequalizer

pair in C.
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More generally, if `purple' is some property, then a thing is said to be `U -

purple' if its image under U is purple. `Pair' is an abbreviation for `parallel pair

of arrows'.

What it means for a fun
tor U to 
reate 
oequalizers for U -absolute-


oequalizer pairs 
an be read o� from the general de�nition of 
reation (D3.3).

Spelling it out, it means that for any U -absolute-
oequalizer pair B

g

1

-

g

2

-

B

0

,

there is a map B

0

e

-

B

00

out of B

0

su
h that UB

Ug

1

-

Ug

2

-

UB

0

Ue

-

UB

00

is a


oequalizer diagram; and moreover that any e with this property is a 
oequalizer

of g

1

and g

2

.

We a
tually show that U

T


reates 
oequalizers for U

T

-absolute-
oequalizer

pairs in the stronger (and more easily understandable?) sense of the word

`
reates', as given in Example D3.2(
). That is, given a parallel pair

0

�

TA

A

�

?

1

A

g

1

-

g

2

-

0

B

�

TA

0

A

0

�

0

?

1

C

A

in C

T

and an absolute 
oequalizer diagram

A

g

1

-

g

2

-

A

0

e

-

A

00

in C, we show that

(i) there is a unique algebra stru
ture �

00

: TA

00

-

A

00

on A

00

su
h that e is

an algebra map, and then

(ii)

0

�

TA

A

�

?

1

A

g

1

-

g

2

-

0

B

�

TA

0

A

0

�

0

?

1

C

A

e

-

0

B

�

TA

00

A

00

�

00

?

1

C

A

is a 
oequalizer diagram in C

T

.

Proof of F4.2 For (i), we have a diagram

TA

Tg

1

-

Tg

2

- TA

0

Te

-

TA

00

A

�

?

g

1

-

g

2

- A

0

�

0

?

e

-

A

00

(y)

in C, the left-hand half of whi
h is serially 
ommutative, i.e. the top square


ommutes (�

0

Æ

Tg

1

= g

1

Æ

�) and the bottom square 
ommutes (�

0

Æ

Tg

2

= g

2

Æ

�).

The bottom row is an absolute 
oequalizer, so both rows are 
oequalizers. Hen
e

there's a unique map

0

B

�

TA

00

A

00

�

00

?

1

C

A

making the right-hand half of (y) 
ommute.
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To �nish (i) we have to verify that �

00

satis�es the algebra axioms. Note that

we have serially 
ommutative diagrams

T

2

A

-

-
T

2

A

0

-

T

2

A

00

TA

T�

?

-

-
TA

0

T�

0

?

-

TA

00

T�

00

?

A

�

?

-

- A

0

�

0

?

-

A

00

�

00

?

T

2

A

-

-
T

2

A

0

-

T

2

A

00

TA

�

A

?

-

-
TA

0

�

A

0

?

-

TA

00

�

A

00

?

A

�

?

-

- A

0

�

0

?

-

A

00

;

�

00

?

and so in the diagram

T

2

A

-

-
T

2

A

0

-

T

2

A

00

A

�

Æ

T� = �

Æ

�

A

?

-

- A

0

�

0

Æ

T�

0

= �

0

Æ

�

A

0

?

-

A

00

;

?

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

taking the dotted arrow to be either �

00

Æ

T�

00

or �

00

Æ

�

A

00

makes the right-hand

square 
ommute. But the top row of this diagram is a 
oequalizer, whi
h implies

that there is only one dotted arrow making the right-hand square 
ommute:

hen
e �

00

Æ

T�

00

= �

00

Æ

�

A

00

. The other algebra axiom (�

Æ

�

A

00

= 1

A

00

) holds by a

similar argument.

We now have to show (ii), that

0

�

TA

A

�

?

1

A

g

1

-

g

2

-

0

B

�

TA

0

A

0

�

0

?

1

C

A

e

-

0

B

�

TA

00

A

00

�

00

?

1

C

A

is a 
oequalizer in C

T

. So, take

0

�

TA

A

�

?

1

A

g

1

-

g

2

-

0

B

�

TA

0

A

0

�

0

?

1

C

A

h

-

0

�

TC

C

�

?

1

A

with h

Æ

g

1

= h

Æ

g

2

. Sin
e A

g

1

-

g

2

-

A

0

e

-

A

00

is a 
oequalizer, there's a unique

map h : A

00

-

C in C su
h that

A

0

e

-

A

00

C

h

?

h

-


ommutes. We now only need to show that h is a map of algebras, and this is

true be
ause

�

Æ

Th

Æ

Te = �

Æ

Th = h

Æ

�

0

= h

Æ

e

Æ

�

0

= h

Æ

�

00

Æ

Te

and Te is (regular) epi
. 2
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So far we haven't seen any examples of absolute 
oequalizers, and indeed

you might feel it's rather unlikely that any 
oequalizer is preserved by all the

fun
tors in the world. However:

F4.4 Cru
ial Fa
t For any T -algebra

0

�

TA

A

�

?

1

A

,

T

2

A

�

A

-

T�

-

TA

�

-

A

is an absolute 
oequalizer diagram.

Proof We a
tually show rather more: that this is a `split 
oequalizer diagram'.

a. A split 
oequalizer diagram is a diagram

X

p

1

p

2

v

-

-

I

Y

r

u

-

I

Z (z)

su
h that

rp

1

= rp

2

; ru = 1

Z

; p

1

v = 1

Y

; p

2

v = ur:

b. It's easy to 
he
k that

T

2

A

�

A

T�

�

TA

-

-

I

TA

�

�

A

-

I

A

is a split 
oequalizer diagram in C; in fa
t this says exa
tly that (TA

�

-

A)

is an algebra.


. Any split 
oequalizer diagram (z) is an absolute 
oequalizer diagram.

Sin
e equations are preserved by fun
tors, `absolute' is 
lear just as long

as we 
an prove that

X

p

1

-

p

2

-

Y

r

-

Z

is a 
oequalizer. We're given that rp

1

= rp

2

. Take

X

p

1

-

p

2

-

Y

h

-

W

with hp

1

= hp

2

: then for maps h : Z

-

W ,

hr = h ) hru = hu ) h = hu

and 
onversely

(hu)r = hp

2

v = hp

1

v = h:

So there is a unique h satisfying hr = h. 2
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You might 
ompare the terminology `split moni
'. A split moni
 is a map

whi
h is moni
 by virtue of a 
ertain equation holding, and so a split moni
 is

an absolute moni
|that is, remains moni
 on appli
ation of any fun
tor.

F4.5 Corollary Every algebra is a 
oequalizer of free algebras. Pre
isely, if

0

�

TA

A

�

?

1

A

2 C

T

then

0

B

�

T

3

A

T

2

A

�

TA

?

1

C

A

�

A

-

T�

-

0

B

�

T

2

A

TA

�

A

?

1

C

A

�

-

0

�

TA

A

�

?

1

A

(x)

is a 
oequalizer diagram in C

T

.

Remark In `everyday algebra', every algebra is a quotient of a free algebra.

Coequalizers are the 
ategori
al version of quotients. (In the 
ontext of monads,

an algebra is 
alled free if it is isomorphi
 to one of the form F

T

(A).)

Proof It's easy to 
he
k that the horizontal arrows in (x) are maps of algebras.

F4.4 says that U

T

of (x) is an absolute 
oequalizer diagram. So F4.2 tells us

that (x) itself is a 
oequalizer. 2

Part Two: Analysis of K

We've just shown that given a monad T , the forgetful fun
tor U

T


reates 
o-

equalizers for U

T

-absolute-
oequalizer pairs. We now show that this exa
tly


hara
terizes monadi
 adjun
tions.

Fix an adjun
tion D

U

-

>

�

F

C with unit � and 
ounit ", let (T; �; �) be the

indu
ed monad on C, and let K : D

-

C

T

be the 
omparison fun
tor.

F4.6 Lemma Let

0

�

TA

A

�

?

1

A

2 C

T

, let B 2 D, and let f : A

-

UB be a map

in C. Then the following 
onditions on f are equivalent:

� f is an algebra map

0

�

TA

A

�

?

1

A

-

K(B)

� FUFA

"

FA

-

F�

-

FA

f

-

B is a fork (i.e. f

Æ

"

FA

= f

Æ

F�).
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Proof f is an algebra map if and only if the square

UFA

UFf

-

UFUB

A

�

?

f

-

UB

U"

B

?


ommutes. The transposes of the 
omposites #

!

and

!

# around this square

are given by

UFA

�

-

A

f

-

UB

FUFA

F�

-

FA

f

-

B

and

UFA

1

-

UFA

UFf

-

UFUB

U"

B

-

UB

FUFA

"

FA

-

FA

Ff

-

FUB

"

B

-

B;

and in the bottom line, "

B

Æ

Ff = f . 2

We now prove a pair of propositions whi
h together give suÆ
ient 
onditions

for K to be an equivalen
e. Re
all that a fun
tor is an equivalen
e just when it

is full, faithful and essentially surje
tive on obje
ts.

F4.7 Proposition Suppose that for all B 2 D,

FUFUB

FU"

B

-

"

FUB

-

FUB

"

B

-

B

is a 
oequalizer (in D). Then K is full and faithful.

Remarks The 
ondition says `everyD-obje
t is a 
oequalizer of freeD-obje
ts'.

In fa
t the 
onverse of both this Proposition and the next are true, as may be

seen; but we do not need to know this for the present purposes.

Proof K being full and faithful says:

for all B;B

0

2 D and f : KB

-

KB

0

in C

T

, there is a unique

g : B

-

B

0

in D su
h that Kg = f .

By the Lemma, this says:

for all B;B

0

2 D and f : UB

-

UB

0

in C su
h that

FUFUB

FU"

B

-

"

FUB

-

FUB

f

-

B

0

is a fork, there is a unique g : B

-

B

0

in D with Ug = f .
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Then just note that for maps g : B

-

B

0

,

FUB

"

B

-

B

B

0

g

?

f

-


ommutes if and only if Ug = f , if and only if Ug = f . 2

F4.8 Proposition Suppose that for all

0

�

TA

A

�

?

1

A

2 C

T

, there exists a map

g : FA

-

B in D su
h that

T

2

A

�

A

-

T�

-

TA = UFA

Ug

-

UB

is a 
oequalizer (in C). Then K is essentially surje
tive on obje
ts.

Proof Let

0

�

TA

A

�

?

1

A

2 C

T

, and take g as above. Then we have a fork

T

3

A

T�

A

-

T

2

�

- T

2

A = UFUFA

UFUg

-

UFUB

T

2

A

�

TA

?

�

A

-

T�

-
TA = UFA

�

A

= U"

FA

?

Ug

-

UB

U"

B

?

({)

in C

T

. If we 
an show that it is a 
oequalizer then, by 
omparison with the

standard 
oequalizer diagram of F4.5, we 
an dedu
e that K(B)

�

=

0

�

TA

A

�

?

1

A

and

be done. In order to do this we 
ould just 
al
ulate with our bare hands,

but don't need to: for the left-hand half of ({) is a U

T

-absolute-
oequalizer

pair (F4.4), and U

T

re
e
ts 
oequalizers for su
h pairs (F4.2). 2

Part Three: Con
lusion

Finally, the payo�.

F4.9 Theorem (The Monadi
ity Theorem) Let U : D

-

C be a fun
-

tor with a left adjoint. Then the following are equivalent:

a. U is monadi


b. U 
reates 
oequalizers for U-absolute-
oequalizer pairs


. D has 
oequalizers of U-split-
oequalizer pairs, and U preserves and re
e
ts


oequalizers of su
h pairs.
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Proof (a ) b): F4.2, plus the fa
t that an equivalen
e 
reates all (
o)limits.

(b ) 
): this is trivial on
e you've worked out what the terminology means;


ompare Exer
ise D3.4. (For that matter, (
 ) b) is equally trivial.)

(
 ) a): F4.7 together with `re
e
ts' and F4.4 (the Cru
ial Fa
t) implies

that K is full and faithful. F4.8 together with `has', `preserves' and F4.4 (again)

implies that K is essentially surje
tive on obje
ts. 2

There are many versions of the Monadi
ity Theorem (see problem sheet 4

or any book on 
ategory theory), a

ording to various di�erent ways of dressing

up the hypotheses of Propositions F4.7 and F4.8. However, you 
an regard the

basi
 statement as (a , b); and in fa
t, part (b) is often the most sensible


ondition to use when trying to prove that a given adjun
tion is monadi
.

F4.10 Examples

a. U : Gp

-

Set (or any other similar forgetful fun
tor on a 
ategory

of algebras) is monadi
. We've already seen that by the General Adjoint

Fun
tor Theorem, U has a left adjoint, so it suÆ
es to 
he
k that U 
reates


oequalizers of U -absolute-
oequalizer pairs.

So, let G

f

1

-

f

2

-

G

0

be a pair of homomorphisms between groups, and sup-

pose that G

f

1

-

f

2

-

G

0

d

-

S is an absolute 
oequalizer in Set. (Stri
tly

speaking I should have written U(G) rather than G in the se
ond half of

that senten
e, but I'm adopting the usual mathemati
al 
ustom of 
on-

fusing a group with its underlying set.) We have to show that S 
arries

a unique group stru
ture su
h that d is a homomorphism, and that the

resulting fork in Gp is a 
oequalizer.

Consider the diagram

G�G

f

1

� f

1

-

f

2

� f

2

- G

0

�G

0

d� d

-

S � S

G

�

?

f

1

-

f

2

- G

0

�

?

d

-

S

?

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

in Set. Sin
e the bottom row is an absolute 
oequalizer, the top row is a


oequalizer, and so there is a unique dotted arrow � : S�S

-

S making

the diagram 
ommute. We obtain ( )

�1

: S

-

S and u : 1

-

S

similarly. By an argument like the proof of F4.2, the operations �, ( )

�1

and u obey the group axioms, and d is the 
oequalizer of f

1

and f

2

in Gp.

b. Not U : Top

-

Set: for as asserted in F4.1, any monadi
 fun
tor

re
e
ts isomorphisms, and a 
ontinuous bije
tion needn't be a homeomor-

phism.


. The forgetful fun
tor U : CptH�

-

Set is monadi
: see Ma
 Lane,

Categories for the Working Mathemati
ian, VI.9. (Noti
e in parti
ular
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that a 
ontinuous bije
tion between 
ompa
t Hausdor� spa
es is a home-

omorphism.)

One might wonder what the indu
ed monad on the 
ategory of sets is, and

indeed `why' 
ompa
t Hausdor� spa
es are at all like an algebrai
 theory.

The answer I have for you will only make pre
ise sense if you know a fair

amount of general topology, but I hope that in any 
ase the basi
 idea will


ome a
ross. Ultra�lters on a topologi
al spa
e play very roughly the same

role as sequen
es in a metri
 spa
e: e.g. you 
an talk about an ultra�lter


onverging to a point, and knowing whi
h ultra�lters 
onverge to whi
h

points tells you a great deal about the stru
ture of the spa
e. A spa
e

is 
ompa
t Hausdor� if and only if every ultra�lter on it 
onverges to a

unique point. So it makes some sense that the monad T on Set indu
ed

by U and its left adjoint is

TA = fultra�lters on Ag;

thus a T -algebra is a set equipped with a fun
tion saying `whi
h point

ea
h ultra�lter 
onverges to'.

d. Another non-example: the forgetful fun
tor from the 
ategory of posets

to the 
ategory of sets does not re
e
t isomorphisms, so is not monadi
.

e. The forgetful fun
tor U :

W

-Latt

-

Set is monadi
. Here

W

-Latt is

the 
ategory of sup-latti
es (or join-latti
es, or 
omplete semi-latti
es),

whose obje
ts are posets in whi
h every subset S has a sup or least upper

bound

W

S (or equivalently, all 
olimits exist), and whose maps are fun
-

tions preserving

W

(equivalently, 
olimits). The left adjoint to U sends a

set S to its power-set P(S) with the usual ordering. Monadi
ity 
an either

be proved with one's bare hands (as in Bor
eux, Handbook of Categori-


al Algebra, Vol. 2) or by a rather deli
ate appli
ation of the Monadi
ity

Theorem.

Again, one might wonder `why' the theory of

W

-latti
es is in any sense

algebrai
, espe
ially when the theory of plain posets is not. An answer

lies in the fa
t that a

W

-latti
e stru
ture on a set A 
an be des
ribed as


onsisting of a fun
tion

_

I

: A

I

-

A

for ea
h set I (or ea
h 
ardinal, if you prefer), obeying 
ertain equa-

tions: for instan
e, one saying that

W

1

(a) = a, and another saying that

W

I

(a

i

)

i2I

=

W

I

(b

i

)

i2I

if (b

i

)

i2I

is got from (a

i

)

i2I

by a permutation of

I . A map of

W

-latti
es is a fun
tion 
ommuting with ea
h

W

I

. This is,

then, an `in�nitary algebrai
 theory': it looks like an ordinary (�nitary)

algebrai
 theory, presented by operations and equations, ex
ept for the

unusual feature that the sets I 
an be in�nite.
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