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I. Introduction and Historical Background

The year 1963 saw five major developments in the foundations of

mathematics whose slmthesis by Lawvere and Tierney seven years later

was to lead to a new concept of the notion of trsetn. These were:

(1) The forrnulation of non-standard analysis by Robinson,

(2) The independence proofs in set theory given by cohea,

(g) The appearance of Kripkets semantics for the Intuitionistic

Predicate Calculus,

(4) The presentation of the Erementary Theory of the category

of Sets by Lawvere,

and (5) The deveropment of the generar tJreory of topoi by Giraud.

Although each of these five events occurled indepeadeatJy of the

others, they were related insofar as each concerned the contrast

between what might be called rvariabletr and rrconstantr sets.

rn particular, consider the work of Robinson and cohen. In each of

these, we begin with a system S of presumably constant sets. Then a

construction is made, producing a new system Sr satisfying the same

axioms of constancy, and, yet definitely different. In both cases, the

construction passes through a system of variable sets, and. then

nfreezes the variat ionrr at some point.
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The difference between the work of Robinson and that of Cohen is

in their ways of interpreting variation within constancy (tfris will be

made clear in the next few pages)"

consider models of the notion of variable quantity. There are

different types of quantity (vector, scalar, etc. ) and different types of

variat ion (diserete, continuous, etc. ).  Let R be a type of continuous

scalar quantity. Then any variable quantity of type R may be analyzed

as having a domain of variation 0 , which can be viewed in one of two

ways. rt can be viewed as consisting of points (or mainly of points)

in which case the variation is a point-to-point mapping ? * R, and

notions such as continuity, measurability, and other properties of the

variation depend on placing additional structure on D and R; or it can

be viewed as consist ing mainly of parts, such as a latt ice of open sets

or of measurable sets, in which case the variation is a lattice horno-

morphism from a lattice of parts of R into a lattice 0 of parts of

0 , and properties such as continuity and measurability are intrinsic.

To see that  the second v iew does ar ise in  pract ice,  le t  (x ,p)  be a.

measure space, and consider l-2(x, p), which is a system of variable

quantities and is treated as such all the time, but where the notion of

rrvalue at a pointn makes no sense, so that the first view cannot possibly

aPPly. Note that the f irst view rnay be considered as a special case of

the second by setting a new domain of variation D = f
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In what follows, 2 represents the 2-point lattice.

suppose that D consists of points. Thea to every point of 0-

the re corre s ponds an infinite -union-pre s errring lattic e hornomo rphism

2 a' L in the obvious wäy, and the correspondence is bijective.

we may nciw define an ttideal pointtt of 0 to be ggy rattice homo-

morphism !- + I , regardless of whether it presenres infinite

r:nions. ( i f  0 is a discrete topological space, these are just ultra-

filters; for an arbitrary space, tJrey are the points of its walknan

Gompactification. )

Returning to the work of Robinson and cohen, Iet S be a system

of presumably constant sets, and let I  be a set in s Let s h be

the comma category ( i .  e. a typical object in S h is a morphism

E - I in S aad an arrow is a commutative öagrarn

E

I
E r

i  ) .

An object of s /t can be viewed. as a set varying over r (by looking

at the fiber over each point of I). Looking at this set over an ideal

point of I  freezes the variat ion. For example, let r be the set of

integers, f : I '* I  the identity map. Evaluating f at some ideal point

freezes the variat ion; this is precisely Robinsonrs method. The Cohen

method is similar, taking 0 to be the collection of regular open sets
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in some t. Thus the essential dif ference between Robinsonrs and

Cohents approaches was simply that Robinson uti l ized the f irdt con-

cept of variabi l i ty and Cohen the second.

oree is led, then, by these considerations and others, to atternpt

to unify the concept of rrvariable sett. so far, only the language of

categories has led to success in this attempt.
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I[ The Notion of an Abstract Set

Preliminaty to establishing a formal theory of sets, one must

decide what is to be regarded as primary: sets and membership, or

mappings and composition. The forrrrer view is the traditioaal one,

a-nd it has led to the distinction between an elernent x and the single-

ton set containing x, untold agonizing over whether or aot the rationals

are tractuallytr a subset of the reals, debates over whether the number

5 is  in  fact  equal  to  the set  {0 ,  1 ,2,3,4} ,  the t rd iscoveryn that

ordered pairs have elementg which in turn have elements, and, the con-

sideration of countless other equally bizarre matters. The matbemati-

cian confronting these burning issues and manrelous breakthroughs is

often led to the r:nderstandable conclusioa that formalism is pedantry,

and the result is thd people become isolated frorn the study of

for:ndations.

The view that mernbership is primary also leads one to believe

that mernbership is global and absolute, whereas in fact it is local and

relative- Given any sets X and y, this view arways makes it possible

to ask whether x is a mernber of y. However, this question does not

generally arise in practice. In practice, what aknost always happens

is that we start with a set x and then look riasiderr of x to pick out

a subset A and an elernent x; and then we ask whether or not x is an

element of A- This is the sort of question which constantly does arise
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in mathernatics, and this is the sense in which membership is local.

Given another set B which is Itfar away, (i. e. not contained in x)

there is no reason why it should even be meaningful to ask the question

of whether it is true that x e B.

Mernbership, then, is local rdher than global; it is also relative

rather than absolute. To illustrate what we mean by this, consider the

question of whether a given element of e is also a mernber of IR.

This qr:estion can only be answered relative to the inclusion mapping

O C* n' which is constructed sirnultaneously with iR itself. As another

. 1 1example, /L 3 
consists of sets of integers, but we may sti l l  speak of

0,L, and 2 as members of 7L, by speaking relative to known mappings

7L r-10, t ,z\ .

we now describe the concept of a constant abstract set: a set x

has elements, which in turn have no internal structure (note that this

rnakes impossible the formulation of many traditional set-theoretic

difficulties, in particular Russellrs Paradox). X itself has no internal

structure other than equality or ineqr:ality between its members, and

no external structure except cardinality.

our next concept is that of a :3gp.gg f: x * y between abstract

sets. rt  is assumed that f associates to each x e x a unique value

f(x) e Y. Two mappings are equal i f  theyhave the same dornain;,:nd.

codomain, and the same value at each elerre nt of the domain.
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A mapping f:x'+ Y lends to both s and y additionar i.nternal

structure, beyond that with which they wer e originally endowed. on

X we get a binary relation Rt given by *f *Z iff fx, = fxr. On y

we get a predicate dr given by y e df iff for some x, fx = y. we can

also associate with each )r € y the cardiaality of the pre-image of y.

one wayto do this is to form the category vr, whose objects are the

elements of Y and whose morphisms y * yr are taken to be in one-one

correspondence with mappings from the pre-image of y to the pre_

image of  y t .

The basic admissible global structure is cornposition of mappings

between abstract sets, and this forms a category.

A one-element set I is a set such that for any given set x there

is a unique mapping X - j,.

Definition.

mapp ings  f  . :  Xs r -  e -  - t  - - l

f r f ,  =  L = ,  ,  ( i . " .
e L ^ {

Xa and XZ have the same cardinality if there are

*XZ  and  fZ tXZ-X{  such tha t  f L fZ=  ! * ,  and

if they are isomorphic in the category of abstract sete).

Lemrna. Any two one-point sets have the same cardinality.

'w'e 
can now ignore the abstract nelements'of a set and redefine:

Definition. x is an element of X if  x is  a  mapping x :1 -  X.

It is a general theorem of category theory that i f  X, and xz are

isornorphic objects of a category C , then there is a functor F: c - C

w i th  F (X{ )  =XZ ,  F (xZ )  =  X t  ,  F (A )  =  4  fo r  any  e /  X I ,XZ  such
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that F is an isomorphism of categories. Thus if  e is any staternent

in categorical language, then O(xt) is true if and only if o(xz) is

true. This rnakes precise our earlier contention that cardinality is

the only external structure on a set.

The notion of rtabstract setrt is considerably less abstract than,

for example, the usual notion of rrquantitytt, since quantities have no

elements and no mappings defined between them. This in turn is less

abstract than the notion of tttrue vs. falserr since quantities can at least

be cornpared to each other with respect to magnitude.

As an illustration, consider a basket which nxay or may not contain

any apples. The grossest possible statement which can be made con-

cerning the existence of apples in the basket is ryes, there are applesrl

(or ' tno,  there are no applest t ) .  As we pass to  gradual ly  more

sophisticated theories of the apples in the basket, we cern f irst say

precisely how many apples there are (using the notion of quantity) and

then, at a higher level, form ao abstract set A whose elements cor-

respond to the apples in the basket. This last theory really is more

sophisticated than the purely quantitative one in that it allows us ro

dist inguish a part icular apple and say that i t  has a certain property (say

that of being rotten) via a map I * A.
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The process of abstraction starts with real things, passes t9 f inite

structures, then to f inite abstract sets, on to f inite discrete quantit ies

(i. e. the natural numbers) a:rd finally to the distinction of true vs.false

(the last step is accomplished by associating 0 with trfalsen and a1l

other natural numbers w.ith trtruen).
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UI The Uses of Abstract Sets

Abstract sets are used prirnarily to pararnetetize things and ideas.

We generally believe we have nenoughrt abstract sets when we are able

to pararneterize mathematical thinge and ideas. Following are

exarnples of pararneterization by a set X:

Pj.:  Elernents of a set Y, by a rnap X * y. A parameterized

family of elements of Y can be seen as a general ized elernentof y

defined over X.

PZt  Abstract  sets ,  by a map E *x (so tb , t  the f ibers correspond

to the abstract sets being parameterized).

P3: Pairs of elements of two sets Y 
l, ,y z, 

by pairs of maps

- - /Y t ,x
\v,

P4 :  Maps  A*8 ,  byamap  XXA-8 .

P5 :  Ope ra t i onsonmapp ings  A*B  byamap  XXBA+{ .

Given a concept, we can ask whether there is an X which perfectly

(i .  e. one-one a"nd onto) parameterizes i t .  In case pi. above, the

answer is ye'si take X = Y and the identity map from y to itself. In

PZ the answer is no, unless one is of the opinion that al l  sets are cor:nt-

able. (t tr is is because the set E is required to be the disjoint union

of the sets parameterized. Such disjoint unions do not general ly exist,
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but they do exist in a universe where everything is countable. ) tne

,nswers to P3 aad P4 are affirmative silce we take as axioms the

existence of products and exponentiation.

rf a concept can be perfectly parameterized by an abstract set,

then that concept c.an become the domain of a mapping. In particular,

the affirrnative an.swer in the case of P3 makes possible the refl.ection

of algebra within set theory. P4 is the general case of algebra; it makes

a'' affirmative answer in the case of P5 possible, and this in turn makes

it possible to refl.ect analysis within set theory (since we c'n parameterize

operations on mappings such as sup, I , * , etc. ) . 
'we 

ca-rr also refl.ect

such notions as composit ion gAx CB - CA .

Besides Parameterization, the other use for abstract sets arises

from the fact that various general concepts of quantity become corx-

centrated into particular sets, so that some variable quantities can also

be expressed as mappiogs.

we take as axioms that this is true of the fo[owing concepts of

quantity:

Q1:  t rue vs.  fa lse,

Q2 f inite structures,

Q3: the continuum (i. e. continuous scalar quantity).
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Qrantity can always be viewed as a particular reflection of

general structure. For example, a dist inguished subset of a set is

a general structure, and every element participates in this structure;

here the quantitative reflection is in terrns of true vs. false. Thus Ql

makes possible an affirmative answer to our question concerning

perfect parameterization in:

P6: Parameterizing parts of Y, where a part of Y is a mono-

morph i sm v :AC '+Y .

lf v is such a part and y: I * Y is an elernent of Y, then we write

y e v  i f  there is  a  yr :1  *  A such that

1  Y ' tA

\1.
v\  /u, \J

Y commutes.

lfe can now map eu'.Y * tr '""räl by Euk) = true i{ and only i f  1, e r
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fV Finiteness and Natural Numbers

For completenessr w€ begin witf,: the following standard definitions:

A topos is a category with finite limits which has the following:

({) a distinguighed element O, called. rh. 
@ o,

truth-value object, and a map I 
t*tr g such that for any monic

,t4 C-r X there is a unique map gv (called e" 
@

of v ) rnaking

A  >1

l lvl  
f t ruel1

X .g
9v

a pullback. (z) For every object B aa object oB and an arro\r
P,

e":Q" X B -Q such that for any g:A X B *e there is a rrnique

g:A *oB making

AB

gx t

AXB comrnute.

It forlows from tJrese axioms that there is, for any objects A and B,

a natural one-one correspondence hom(B X A,O) e: hom(AroB;, ,r.d

we refer to the irnage of an arrow r:nder this correspondence as its

exponential trans Do s e.-

t " .

t

,/

, /e

XB
f

a
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Let B be any object in a topos a.rrd A: B * B X B the diagonal.

The Kronecker delta 6" is the characterist ic function of a ," i .  e.

is a pullback.

The singleton rnap {. }": B *gB is the unique map such that

oBxg

t.l*, I
I

BXB

B _-.-_-.-r 1

"l l,"ouIr
BxB -E.+ n

e
B

--...r.-+

-/
-/

./ 
6e

o

commutes, and this rnap is always monic,

Let f: A - C be any arrow in any category. An i.rnage of f is

rnon i c  m lM*c  w i t h  f =mk  f o r some  k :A*M andsuch tha t i f

f  = nh for arry monic n, then m factors through n, i .  e. we have

Images, $rhen they exist, are unique, and in a topos every arrow

has an image.

c



Given S 'Y -A

be the coproduct of

such that

Definition. Let

i f  for  some k:X -  S,

s f  -s+T*  I  T

\l ./

and 3c l ' a  mon ic ,  l e t  S  
f  . s+T  .  B  T

and T; th is gives r ise to a map k:S*T -rA

commutes, and we define the union s -A T to be the image of k.

If  Ac'- 'x is monic, i t  has a characterist ic f i :nction go:X *g ;

if we identity X w'ith l XX this has an exponential transpose call'ed

the name of A and denoted traJ 
, t * cÄ .

In what follows, we will often denote the subobject classifier of a

topos by the syrnbol 2.

X r  .Y
p

and S C-...-Y be monic. Then
v 

e monic. Then rsy,

k
X --*

\ /
p \  / v

\ /
Y commute s.

Thus mernbership is a special case of contai:lment.

Exercise. The Prs and CIs of Section III  make possible the repre-

sentation of infinite intersections. (Hint: Define intersection as a maD
/ . \ oET t
I t :  2L a' 2- wirh the property thar x e G if f  Vs . c[xes]. This

can be forrnulated in any topos. For any object F we define
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' t ruer lF  +Q as  the  cornpos i te  F . -+1  
t rue 'g .  

Then E"+  !1 - r

has a characterist ic function Vr:nF -O. Now for any rnap g:F -O

we have V, ltt = true iff .,.9 = true" . Use all of this to defiae an

appropriate rnap : l-)-22E - 2 whoge exponential transpose is the

r1
des i red  map l  l ) .

As a result of this exercise, there is a smallest subset K(X) of

'f which contains X ------+ 2x , contains 
f/1 

, and is closed
{ ' } *

under the binary operation \l . This paramete rizes perfectly the con-

cept of trKuratowski-f inite subset of Xrt.

is finite if f"f e K(x).Definition. X

The image of a finite object is fiaite, but in a general topos a sub-

object of a finite object need not be f:rnlte. f and I are always finite,

and the coproduct of two f inite objects is f inite. In general, 2 need

not be finite.

Note that if S is the category of abstract sets and X is any par-

t icular abstract set, then S /X is again a topos. An object E -X is

finite in S /X iff each of its fibers is finite in S . We can now list

another use for abstract sets:

P?t Parameterizing f inite sets . (Since we

the f inite objects in S /X, we can characterize those

which are pararneterizations of f inite sets. )

can charactetize

m a p s  E  - X
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QZ is interpreted to mean the existence of a set N such that

every f inite family of sets parameterized by x corresponds to a

amapping X --L- IN , and this cotrespondence is one-one and onto.

(fUink of e(x) as the cardinality of the fiber over x. )

r:1 addition to being able to be used for counting finite sets, the

natural numbers have another aspect: one can do induction on them.

otre interprets this by saying that the natural numbers consist of an

object IN and maps I 
0'bI a > $I such that for any f * X !- X

there is a unique factorization

, 0 t r

lfe take as an axiom (ca1l it PB) the existence of such a^n object.

Consider the category 52 whose objects are endomaps X? 
t

S and whose morphisms are arrows xJ' 
f  '  .1" in s such

ft = sf. Pg is sufficient to guarantee that s2 is again a topos.

It is interesting to note that for any category S which is cartesian

closed and satisfies P8, the obvious forgetfur fr:nctor s? -' s has a
1 )  aX l

left adjoint X -) (nrxx)t 
-"-x 

. This adjointness relation says

that there is a bi jective correspondence between rnaps INxx I . . l '
t

and maps X 
0 . Y (trri:rt< of the correspondence as being given by

iO(x) = f(0,x)), which is just a form of primit ive recursion .

lN
I

l r
I
I

I
x

in

that
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Definit ion. A category C is locally cartesian closed if  i t  has

pullbacks and every c/x is cartesian closed. (thus every locally

cartesian cloged category with 1 is cartesia.n closed, by taking X =

in the definition.) rt is a fact tla.t every topos is locaüy cartesian

c losed.

ü c is any category with products, we can form vron( c ), the

category of monoids in C . I f  C ls also locally cartesian closed with

natural number object I  
0- 

N 
c.IN, 

then the obvious forgetful

functor Mon( c ) - c has a left adjoint {, ca[ed the free monoid

functor, which has the universal property which one is led by its name

to expect. We construct this functor explicitly:

Let ee lN x [tf + IN be the evaruation map and let n, wN *rqN

be the exponenti.al transpose of the composite lN x[\IN r-lv a. 
[.t .

Let g, t * blN be the exponential transpose of I^: IN .+ [r[. Now com-

plete the diagram

W -l---+ nrr

\ris\i
'r.rN -;-*J*

and define *.: IN X IN * lN to be the exponential transpose of f.



Now for any a e iN we take the pullback of the diagram

A
n

I

n

A  * INX IN
n

{k lk<n} .

jg'
IN (where r0 is the

category C /f.{ . Here tJre nltl

and the natural number object,

pro ject ion map nr : INX iN * lN

and we denote the subobject

f irst projection) by ["] or

Now let us consider the

the identity map l*r IN * IN

denote NIV , is the second

object is

which we

. Thus a

typical elernent of Nn is a commutative öagram

I fA i s

in c /D'I .

f . I
we can form the exponential At"'. Now letting zr c /N - c be the

forgetful functor, we set W(A) = EA[o]. This turns out to be pre-

cisely the free monoid.

IN,-+ IN x IN

'N. /",
\ /

]N

T 1
any object of C , we identify A. w.iththe object A X tr*I 

'r

Thus, let t ing n e IN* be the diagonal map INTINX IN,



To

is just

o[ni is

"03 
^04 " '

t r3  ^L4  . .  '

\ /r\l
" r \  /

IN

where f is the

the object V(A) r  ts {

see how this works in the_category of sets' J , note that [n]
l t r

t(t , t t) e INX N I k< n] -* '  nq. Thus a typical element of

a rrrap [tr] - A, i. e. , a commutative diagrarn

t (k,o) l AXIN

Clearly, these diagrams are jn on€-on€ cortespondence with the

co l l ec t i ono f  a l lmaps  { ( t , r r ) l  t an }  *A ;  one  mayv iew  each  such

rnaP as an array

k<  o )  -D

1\  . /
IN \  /

JN

"or ^oz

^Lz

^23 ^24  " '

Considering each column of this array as a wotd in tJre free rnonoid

on A, one sees that such arlays cortesPond in a one-one and onto

fashion to maps [tI 
f tW(A) such that f (t) has lenith n. These in

turn correspond to comrnutative diagrams

w(A)

length map. But

-20 -

^34

these are just elernents in S A of
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we have seen that the elements of olnl corlespond bi jectively

with the elements of w(Ä) --r IN ; in fact, it is not hard to see that

these two objects are isomorpbic in S/w. Thus \te) = > A[n] does

indeed yield the free monoid fi:nctor in the category of sets. That it

does so ir *y topos we leave for the reader to verify.

Since (2E is a monoid under the binary operation U , we can com_

diagram:plete the follow.ing

E:---*w(s)
\ l
{.}X. it"\rtn t

with a unique monoid homorphism 
b .

lf we denote the image of IB by I((E), it is a theorem that we get

the same t((E) we had earlier. Thus rÄ/e can give two very different,

but nevertheless equivalent, definitions of finiteness, one of which ie

closely related to properties of the naturar number objectn while the

other does not concern that object at all.

Examples. Let s be the category of abstra.ct sets and x any
object in S . Then we

prec ise ly  a map E . -  X

already noted that a finite object of

al l  of  whose f ibers are f in i te.

S/x  is
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Let G be a group in S , and 1et SG be the category of

abstract G-sets. Here an object is finite if and only if it is finite as

an object in S .

consider the category r ,  viewed as the category of non-empty

open sets in sierpinski space. (Recall  that sierpinski space is a

space of two points, one of which is open and the other is not. ) we

picture this category as a <l iagram U C+1. Then SroO is the

category of sheaves on sierpinski space; here an object is a map

El * Eu (i-". a global section and a restr ict ion map to a section

over u) and a morphism is a commutative square. Those famil iar

with the work of Kripke will recognize rn tb.is the notion of nstages of

knowledge about a setr. The truth-varue object here is a map

J * 2 which can be viewed as the map

{ true

\ /
{true

? false]

I+
.  fa lse]

The fol lowing theorem is true: an object Ef - EU

iff E, and 
"U 

are both finite in S and, El * EU

oP
is finite in Sz

is surjective.
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V Extension of Theories

Let E be any topos. Recall  that E is locally cartesian closed..

Any arrow f:X *Y in E induces afunctor Zft E /X- E /,t  in

ttre obvious way. Moreover (aod this is true i{ E is any category with

pullbacks), zt has a.right adjoint f*, e /x * e/x3 tt g:F * y is en

object in f/U then f*(e) is the puilback of g along f.

Let f:x - Y be aay arrow in anytopos. Then iJ r c-+v is monic

we write r-1(r) instead of g*(r). I f  s c..-x is monic, we let

f(S) = f 
, t  C" 

" 
be the irnage of s C--x f ,y. Thea f(S)Cy T

iff  t  c*i- l( t).  we shall  cal l  an epimorphism f:X * y good if

f ( lx )  =  1y .

Definition. A regular category is a category with purrbacks and

images in which every pullback of a good epimorphism is a good epi-

morphism. Every topos is regular.

Remar\. Logicians have long thought that the essence of existeatial

qrrantification is projection; howev"", ttri" is merely a special case of

the actuar essence, which is the taking of images. This is why we

have adopted the noration 3r{S) = f(S).
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specia l  case,  considerTo dernonstrate an instance

where f ie projection onto X.

A as usual (see Section III).

]  " [s (a,  
y)  ̂  (y ) ]  =

of the traditional

I x

U
T

A XX

t
I

U
S

'Write 
f" instead of Jf a^nd, define

Then regularity implies that

J " [s(., y)] ̂  o(v).

Let E be any category a'd u a colrection of objects in E

erement relative to u is any morphism w.ith its domain in u . If

An

U is

the domain of such an element, we say that the element is defined

over U and usually denote i t  by a symbol such as */V.

Let s, and sz be subobjects of an object X, and let x: u - s, be

an element of st defined over u. Then we write x e s, if there is

a map y: U * S, making the diagram

" / ' \

"\  /sz

commute.

Suppose that t,  C 
X 

SZ are subobjects of X, so that we have
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s, -3-..-g,

\I-
\r x

Then it is certainly the case that for any U

x e S, -) :< . SZ, since we ca"r complete the

in U and a.rey x/V,

diagram

by setting r = fx. we wish to single out those collectioag u for

which the converse to this is true.

Definition. A collection of objects U is said to generate if
rrexteasionalitytr is true with respect to elements rerative to u i i. e.

if whenever we are given two subobjects S, C-r X aad ,, L * for

which it  is the case that for aü u in u and aü x/u, x e sl '  -9 x.sz,

it follows rhar t, C 
X 

SZ.

f1
xgig: Given x 

- 
y ir is certainly the case that if- 2

f 
I= 

fZ, then for eveTy U in U and every s/TJ, frx = fax. I t  might

be tempting to define u as generating if the converse to this statement

holds. (rn fact, this definit ion is often used.) rrr generar, this concept
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is not equivaleat to the notion of generating defined immediately above.

However, in a regular _ceqgggly, the two are indeed equivalent. It

follows from this that in a regular category, the good epis are precisely

the coequalizers.

In searching for collections of generators, one good candidate to

try is the collection of subobjects of 1. However, this does not always

work.

Example. Let G be a group, E

G-sets. Then the subobjects of 1

singleton collection consisting of

does generate.

Example. In the category

and this col lection generates.

Definition. An arrow f is

all y/V, there exists x with fx =

be cornpleted.

(--
= S", the category of abstract

do oo! generate. However, the

G acting on itself by translation

SZ there are three subobjects of L,

U -surjective if for all U itr U and

y, i. e. the following diagram can

U

I'
Y

x a '

x
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Definition. Let T be a collectioa of arrows with common

codomain U. A map f:X - U is said to be f -surjective if it factors

through every t in T as shown:

,T
, " I," l'

, r ' t
X - -U

t

T is said to cover U i-f  everY

5 C-.+ It is an isomorphism.

I - surjective subobject

I'
Given f:X - Y and y/U , Y, we consider diagrams of the forrn

ilr -!--- r-r.l
Ä - r

I

and ask when there are nenoughtt of these diagrams with Ur in U

To this end we let  Tf, ,  be the col lect ion of arrows t  such that for

sorne x, fx = yt. Then the following theorern is true:

Theorem. In a regular category with a class of generators U '

an arrow f:X - Y is good epi iff for every U in U and every

y: U - Y, T . covers U. (ffr is property is expressed by saying
I ,Y

that f is locally U -surjective. )
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rn logical terms, this says that a statement 3x9(x) is true

precisely when there exists a covering of the dornain of free variables

on each piece of which there are elements satisfying g.

This actually occurs in ordinary logic, where, for a given formal

theory with conjrrnction and existential quantification, we can construct

a regular category E whose objects correspond to concepts definable

in the theory (i. e. forrnulas of the theory) a:ed whose morphisms

corlespond to the constructive functions definable in the theory ( i .  
".

equivalence classes of terms in the theory).

As a concrete example, consider the theory of part ial ly ordered

sets. 'we 
have an object A corresponding to the idea of such a set,

and an order relation R C'+ A X A. (W. also have objects correspond-

ing to  such concepts as { (* t ,  *2 ,*3, "n)  i  *1}  *4 > *3 }  .  )

Now suppose  we  add the  ax iom o f  dens i t y ,  ^ !a  ^Z+  J r  [ " t<  a<  a r . l

Let us interpret this axiom categorical ly. l f l 'e write R(z) c* AXAxA

for  the subobject  corresponding to  { ( " f  ,  ̂ 2 ,^3)  I  " f  
a  aZ< a3I .  Let

n :  AXAxA  -A  XA  be the  p ro j ec t i onde le t i ng the  m idd le  t e rm .  Then

we exigtentially quantify R(z) along this projection by taking the image
(2 \  t ) \

r n (R t " )  o f  t hecompos i t e  R to / c -AxAxA .n .  AxA .  I t i s t h i s

irnage which we have called 3 
". 

Then the axiom says that we rnay

complete the diagrarn
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R f  ,  AxA
I
i , ,
t , /
r /
I ,,r (-/

t t (R*- ' )

0
suppose that we also have constants I 

-l-t 
A represeating

greatest and least elements. 'We 
conclude that 3a[O < a < 1] is

true, and we wish to be able to demonstrate a coastant a such tllat

0 ( a < 1. Unfortr:nately, there is ao reason to expect the existence

of such a constant. But all is not lost -- this constant does at least

exist locallv, in the following sense:

rn keepiag with the spirit of the theorem, we interpret the truth

of .f a [O < a < 1] to mean that the diagram

i
l (0, r)

,r1n(z), ---+o I o

can be l i f ted to a covering of 1. l f  we let Ur be the object correspond-

ing to [O < .< 1], then this says precisely that IJr -- 1 is a good

epimorphism.

Now there is a canonical functor E - E /u, taking each object

A to the projection map A x ut ..r {Jt, and this fi:nctor is a logical

morphisrn (trrat is, i t  preserves products, irnages, direct l i rnits,
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exponentiat ion, the subobject classif ier, etc., etc. ).  Moreover, the

fact that Ur - 1 is a good epimorphism is precisely what is needed

to guarantee that this firnctor is faithful.

'W'riting 
AU, for the image of A in E/Vt, there is a ca^nonical

map A:1U, - Uif,  Thus the theory E/V' has a"rr addit ional

constant which did not exist in E ; we call this constant ai 1.. -)
u l

Uü t '

Faithfulness of E 'r) E /Ut sirnply says that the only provable state-

rnents in E /Vr are those which follow from the provable statements

in E and tJre new axiom 0 ( a < 1. In particular, the only provable

statements in E /U, which do not mention the new congtant a are

those which were already provable in E In logic, this is called a

rrconsenzative extensionn of a theory.

A special case of this is the situation of ordinary logic where if

an existential statement is true, we may adjoin to our theory a Skolem

constant satisfying that statement. The lemma of logic requivaleatrt

to our theorem is that if the existential statement is provable in the

original theory, then the extension obtained by adding the constant is

conseryative. (faitnfuUess of topos morphisrns corresponds to

conservatisrn of extensions. )
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VI Sheaves on Heyting Algebras

'We 
have just seen that the truth of existential statementsis a

loca1 property. Another example of a local property is Kuratowski

finiteness. An object X in a topos E is Kuratowski finite iff there

is a collection U of objects covering 1 such that for every U in U ,

the imag€ X,, of X in E/U is actually finilsty enurnerable.
U

That is, for each U there is an elernent oU of the natural number

E/V and a good epimörphism [nUJ * X,r.

There is, however, no guarantee that the rUt" can be patched

together to give a natural aumber n in E ; the situation is thus

entirely analogous to the more general case of existential statements,

where global internal truth is equivalent to local external (or actual)

truth of a particular statement about a particular object.

The irnportance of these loca1 properties and others leads us to

investigate categories of sheaves, which are the ptoper sett ing for the

study of such propert ies.

is a partially ordered

any collection of e1e-

al(Arrb,,) = Ao(aAbr)

object in

a finite set is one which can be locallv enumerated bv a

Definition. A complete Fleyting Algebra H

set in which any two elements have an infimurn,

ments has a supremum, and the distributive law

holds.

Thus in E ,

finite number.
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Exarnple. The open sets of a topological space form a complete

Heyting Algebra.

Definition. Let H be a Heyting Algebra. Then a presheaf of

sets on H is an assignment of a set Eu to each u e H and a

mapping tU,O,,tEU - EU, for each pair of elements U, Ut rr. i th

ut < u (these are called the restriction mappings) satisfyiag tJre

proper ty that  whenever  urr  < ur  < u we have tg , , rgu 
"uru,  

= 
"urgn.

Thus if  H consists of the open sets in some topological space,

this is just a presheaf in the usual sense. In extending the definition

to an arbitrary Heping Algebra, we think of every Heyting Algebra as

a space, but not necessarily with enough poiats to make it a space in

t l le usual sense. That is, we are looking at spaces as composed of

parts instead of points. 'lV'e 
shall elaborate on this further a little

later in the paper.

Definition.

CC H  such tha t

holds: Let M =

A presheaf on H is a sheaf i f  for every subset

Arc A e G =+ Ar € c, the fol lowing condit ion

u.C 
A. Then we have a unique map E* - 

tT 
tO

AeC
*hictr comrnutes with all of the restriction maps; we require that this

be an isomorphism. (Here the l irn is taken in S.)
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lfe can now state the following theorem:

Theorem. A topos E defined over S (ttrat is, an object of

ToPs as defined more precisery in section vlr) is generated by the

subobjects of 1 iff there is a complete Heyting Algebra H such that

E is the category of sheaves on H. rn fact, H can be taken to be pre-

cisely the collection of subobjects of 1.

Note that every Heyting Algebra of open sets in a topological

space is  complete.

Example. consider the sierpinski space x = {p, g} , with open

sets f C V = tp] C X. A typical presheaf is any diagram

EX - EU * Ey' , and a morphism of presheaves is a commutative

ladder. Thus the category of presheaves is s3 where 3 denotes

the part iaüy ordered set {g C U C X}.

'When

collection

E,, = Iä*
WeU

moreover ,

induced by

diagrams

2 = {Uc

is a presheaf a sheaf ? The requirement is that for any

Uwi th  Wt6We t /  =>r iy 'e  V,  i f  ,=LJ W,rhen
We t/

EW. I f  we put  V =/ ,  th is  says thar  , i=  Lp f  =  1 ;

it is relatively easy to see that there are no ot*er conditions

this requirement. Thus the category of sheaves consists of

EX * EU i we view this as the category SZ'C_..__ S3 where

x].
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Vn The Category TopS and the Notion of "'' Etendue

Definition. A geometric morPhism f*: E 4> E is a functor

between two topoi wittr a left adjoint f* such that f p"""u"lres finite

l irnits (being left adjoint, i t  necessari ly pteserves arbitrary direct

limits). It is then a theorem that f* also preserves all internal

direct limits indexable by the natural nurnber object IN (although it

does not necessari ly preserve al l  countable l irnits), and in part icular

that i t  preserves t,he objects K(E).

Exarnple.

gx :Y-

s*(s)(c) =

given by

Let y = SC where C

s by s*(Y) = lig' Y(c).
Ce C  *

S. Note that in this case g

s l  (Y)  = [m Y(c) .
C e  C

is any small category. Map

The left adjoint is girre n by

itself has a left adjoint gl

Exarnple. Let V be the category of sheaves on a cornplete Hefiing

Algebra H. Map Bx: V - S by g*(Y) = Y(1), where 1 is the

greatest elernent of H. Then the left adjoint is given by letting g*(S)

b e the constant sheaf with value S. If in particular H is the cate-

gory of open sets in a space X, then g* has a left adjoint g! iff X

is locally connected. This suggests that for gl l topos y over S (by

which we r:rean a topos V tbat comes equipped with a geometric

morphisrn gr / * S ), regardless of whether or not Y arises frorn

a space, we rnay define V to be locally connected iff g* has a left

adjoint.
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Then  A :OXO*O i s

i . e . ,

Remark.

Y be a topos and

the characterist ic
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A its truth-value object.

fuaction of (true, true),

(true, true) (true)

o x o -:Ä-_ia

is a pullback.

Let grrf:Y *Q be any arrows. Then the conj 'nction q ^ g is

the composi te  arrow y (E,Ül r  
a  Xa 

^  
.e .

Definition. Let v be any topos, and g it truth-value object.

Then a Grothendieck Modal operator (or, in the older terminology,

a Grothendieck ropology) is a," arrow j:o --g satisfying

11

( r )  j j = j  ,

(z) j(qlr r] l)  = jq ^ j t  ,

(s) j( true) = true .

Any map g with codomain sz ca'' be viewed. as a proposition;

then iq is a new proposition, which we read as rrit is j-Iocally the

case that gn, under this interpretation, the tbree axioms are

erninently leasonable. This is the source of the name rtmodal operator'r.
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Exarnple. Le t  H  beacomp le teHey t i ngA lgeb ra ,  Y  =  SHop

The truth-value object O is given by g(B) = { 0t C H I A e Ot =+ A < B

and A'SA e OL =+ At .  @ ] .  There is  a  canonica l  Grothendieck

Modal  Operaror  j :  O +O given by jB(Ut  )  =  {e I  a  SV A' } .
Ar  eCl t

I

Definition. A geometric morphism g*: X + { is called a

subtoPos if it is fu1l and faithful. It is called surjective (this usage

is not stand,ard ) if g* is faithful.

Theorem. Any geornetric rnorphisrn of topoi factors rrniquely as

a surjective morphism fol lowed by a subtopos.

Definition, Let j be a Grothendieck Modal operator. A mono-

morphisrn v .Yt C-> y is called j-dense if the following diagram

commutes:  q
Y  

v  
>  o  J  r o

\ /,"'"
1

where E-. is the characterist ic function of v, v

Theorem. Let Xvry be any subtopos and let O be the

truth-va1ue object for y Then there is a unique Grothendieck Modal

operator j :o -o such that x is in the image of v tf f  for every

j -dense  g :Y r *Y  and  eve ry  map  f :Y r . - x ,  f  f ac to rs  un ique ry th rough  g
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as shown:
I  -Y

r
|  ' l r

I

{
x

Definition. Let X be a topological space and H the Heyti:rg

Algebra of open sets in x. To every point x e X we may associate

a map H- ! by senrtirrg U to trtruen iJ x e U and rfalgen if

* / U. These mappings all preserve infinite r:nion aad finite intersec-

tion; and the space x is called sober if every such mapping arises

from a point in this way. The reasoa for the terminology is as

follows: the choice of a mappiag H * 2 which presenres infi-nite

union and finite intersection can reasonably be called the procegs of

nseeingrr a point; now a space is sober i f  every point you can see is

really there, a^nd if you never see double.

Y r

Definition. Top S 
is the category of topoi over S

a typical object of TopS is a geometric morphisrn V

a typical arrow is a commutative diagram of geometric

\ , /

That is,

S  , and

morphisrns

x



Example. The category of sober topological spaces is ernbedded

in the category of Heyting Algebras by associating each space to the

Heyting Algebra of i ts open sets. The category of Heyting Algebras

is in turn ernbedded in TopS byr associating to each Heyting Algebra

H the category of sheaves of sets on H. Thus every sober topological

space (and this includes all of the rtreasonabletr spaces) is an object

i n  ToPs

Example. The category of groups is embedded in 7op 
s 

by associating

to each gloup G the category SG of abstract G-sets.

Example. Let G be a group and X a space. Let Sh(G,X) be the

corlection of sheaves on x which are acted on by G in such a way

that the projection map is equivaria"nt with respect to G. This is an

object  in  TopS.

All of the above examples will turn out to belong to a very important

subcategory of Tops, cal led the Eteadues ,which we now define.

Definition. A topos x is called an Etendue if there is an object

of X which covers t (i. e. C - 1 is epic) such rhat X /C

the category of sheaves on some Heyting Algebra.

c

i s
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E}ample. Ife have seen above that every sober topological space

and every group can be identified with an etendue. sz is an etendue

since it  is the category of sheaves on sierpinski space. we can also

consider any set r as an etendue by identifying it rilr.ith the category
T

S- =  s /L

The geometric morphisms frorn one topological space to another

are precisely those which are induced. by continuous maps. The geo_

metric morphisms from one group to another are tJrose fi:nctors
(} LT

s 
- 'r s'* induced by hornomorphisms G -- H. Tbe geometric

morphisms from one set to another are those f'nctors s 
r * s 

J

induced by ordinary functions I * J.

Remark. The fact that we have included both groups and spaces in a

category which is still small enough to have many very nice properties

makes it  much easier to formalize such notions as cohomorogy.

Note that S itself is an etendue,

sheaves on the one-point space. This

ing definition:

Definition. Let y

is a geornetric rnorphism

since it  is the category o{

observation motivates the follow-

be any object in 1epS.

s- r  y

Then a point in y



Example. Let G be a group, and let G, be the G-set consist ing of

G acting on itself by left translation Then G, covers 1 ard
(^-

s 
-/c, 

= s , so G is locally isomorphic to the one-point space (or,

more precisely, the category of G-sets is locally isomorphic to the

category of sheaves on the one-point space).

SG i t se l f  hasapo in t ,  name ly  S  t r -SG,  whe re  p ( s )=sG ( t r r e

collection of functions G * S). However, r.rnlike the points of a topo-

logical sPace, this point is moved by endomorphisms (namely the actions

of the elements of G). Thus we say that this point can rtspinr.

Renlarlq Our definition of etendue is not entirely standard. W'e have

said that x is an etendue if there is a covering c - 1 with x/c the

category of set-valued sheaves on some Heyting Algebra Fi. Grothendieck

adds the extra condition that H have nenough pointsn., that is, if we let

ilää(tt, z1 be the set of mappings H * Z which preserve infinite unions

and finite intersection, then this condition says that the map

-Tiää(r+. zr
$ + 2---" ' \" '  

- l  
must be monic. W'e have dropped this condit ion from

our definition.
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VIU Applications

A.  Let  X and V be objects  in  TopS.  Then Hom 
,or" ( "  

,  ,  )

can always be viewed as the category of models in some theory T in X

ttrought of as a set theory. In particular, the points of v ate the models

in the category of sets of some theory T. (For a further explanatioa

see Wraithts notes on Object ClassiJiers. )

ExaTnpre' Let K be a field, A the category of finitely generated

commutative K-algebras. Then Ho- Ton ( x , sA) turns out to be
,S

the category of commutative K-algebra objects in X . lf we let G be

the subcategory of SA consist ing of functors A r| S which pleserve

finite products, then Hom ( x,G ) guras out to be täe category
TOPS

of commutative K-algebra objects with no non-trivial idempotents in X ,

Example.

Hom
T opS

the theory

Let Sf be the categoty of finite sets. Then
q -

(  X ,  S-r )  is  just  X ;  1 .e. ,  the co l lect ion of  models  for

[x  = x ] .

F

Example. Let G be a group. Tben Hom 
rops( 

X s* ) turns out

to be the same ae gt(x , G), the category of principal homogeneous

G-objects in X . These are models of a theory ufrr ich has an object U,

a rnap  g :U -U  fo reach  g€  G  anda :< ioms :
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(s, s r)" = s, (sro) ,

lu [ue u]  ,

g1o = gzo F- false whenever e, /  Z, ,

3 \/
*  Vg .G  g : r=  Y

\ /
(Note that the V appearing in the last axiorn is not the sanxe as

existential quantification, since that would have to be over an object

in the theory. )

B.  Gonsider  the cagegory S?/nn?t .  Here a typ ica l  ob ject  is  a

commutative diagrarn

Such an object can be identified with a functor F: <ll + $ where co

is the well-ordered set of natural numbers, by lett ing F(n) = f- l(t t) and

taking all arrows to be restrictions of t. That is, F is the diagram

to  ' r  ' z  
d  

t 3 -
SO-Sr -5 r+ t34

where So = f-1(rr) and ,o = aiSo. This identif ication is an isornorphism

o f  ca tego r i es  5?7g$ ) "  =  S t ' r ,  and . ,  s i nce  s (d  i s t heca tego ryo f

sheaves on o ,;  {- } with the one-sided order topology, i t  shows that

S c is an etendue.

b

I
f l

I
IN

I'



Now it ig a true theorem that if X is any topos over

C - 1 is epic in X, that any geometric morphisrn S +

through the forgetful functor X /C + X as shown:

s

x
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and

factors

x/c

I
I
x

.2

s

x/c

I
X

(Stsetcn of proof: Given

x

the l i f t ings which are topos morphisms are in 1-1 correspondence with

the rnaps t * x*(C) in S (fir fact, this statement rernains true if

we replace S by an arbitrary topos. ) Thus, i f  C * 1 is epi, then

**6c1 * 1 is also epi (this is a general property of topos morphisms),

so that if s gatisfies even a weak axiom of choice, maps t -- **(c)

exist and so by what we have noted, the desired liftings exist. )

In part icular, let f :  s * s ? be a geometric morphisrn. Then

we have a commutative diagram of geometric morphisms
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which in turn yields a cornrnutative

The functor (forgetful)* object s? '  to  the ob jec t

diagram

s?/#
f
l(r"
I

'.' s?

of left

(t
. g a

rgetful)

adjoints

q)

*

takes the

tXa
SX

-l" 11
t

]N

sx

f r
I

{
]N

i.
The fr:nctor g can only be either evaluation at some point n (here we

are thinking of the domain of g* as S t'r ) o" the functor lim (which

can be thought of as evaluation at infinity).
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Now since (forgetful)* places the game fiber over every natural

number, the composition of (forgetful)* followed, by g* is always ttre

sarne fi:nctor if g is evaluation at ggg fi:rite point. This shows that

there are only two possibilities for f* (and heace for f) -- (forgetful)*

followed by evaluation at an arbitrary finite point, :n6 (forgetful)*

followed by evaluation at @. Therefor" s? has precisely two points.

Now let (*,*) be t}'e monoid of natural numbers, thought of

äs i l  of l€-elernent category. Clearly we may identify S? ." ,(W'+)

by associating the object x 
* > x in 5? to the fi:actor F: (w, +) -- s

which takes the unique object to t}re object x and the arrow n to the

n
arro\rr t". With this ideatification, one of the possibilities for f* is

simply the forgetful fi:actor , 
(W, +) -) S . The oth,er possibility

is to take each object M ilr , 
(w' +) 

, thought of as a monoid in its

own right which comes equipped with a monoid homomorphism IN * M,

to the underlying set of Z e* U .

If we write the forgetful firnctor (redr:ndantly) as *€ 
* 

- (ttris is

what is called in sGA4 the nbanal pointtr), then our two points are

n"IEN - and T|EW- , it is useful in some applications to abbreviate

these points as IN utd 7L The monoid structure of IN a:ad the group

structure of 7L then yield informatioa about the interactions between

these two points.
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C. The following example of a use for etendue is due to Mumford,

and makes heavy use of the fact that, while an etendue is localIy a topo-

logical space, it rnay fail to be one globally because of spin .

In complex analysis, all culves of a given genus are pararneterized

by some space. If we atternpt to do the sarne thing over an arbitrary

ground f ield, there does not exist such a space, precisely because of

the existence of Galois Groups. ,(t l  we had a space, these groups would

have to act on individual points of the space, which they cannot do. )

However, i t  is possible to parameterize by an etendue, since here we

can al1ow the Galois Groups to ttspintt the points. Ttris example is dis-

cussed further in SGA4.

D. A set is. a possible domain of variat ion. More interesting

domains of variat ion are topological spaces (here we have sheaves, r ings

of continuous fr:nctisrs, etc. ).  The passage to etendues is another step

in this generalization, and it even has geometric signiJicance (even though

the points rrray nspinn). In fact, every topos is a domain of variation,

but etendues are easier to work with then general topoi because they have

sets of points while general topoi have cla.sses of points.

U1timately, we may have to consider more general things. For

example, we might try to imbed TopS in a st i1l larger category H which

contained an object y such that for any object X of Top q, ,
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*o*, ( x , y ) would be precisely the corlection of Kuratowski

Finite objects of x . Thus v would .trbetr the concept of f initeness.

conceivably, by taking H large enough, we could recognize rarger

classes of concepts in this way.

Such enlargements Top 

"C 

H may be analogous.to the enlarge_

ment of affine spaces to more general algebraic spaces which are not

determined by a single ring of globar variabre quaatities . x eTop 
,

is a domain of variation determined by a single topos of global variable

sets; an object H would be determined by an interlocking systern of

topoi, each consist ing of sets varying over a piece of a covering of the

object .


