Here is the highly referenced seminar handout notes by Lawvere, 1962. The pen markings are mine; in
several places my initial thoughts are incorrect (e.g., P has products therefore... In fact P does not have
products or equalizers -only weak products and weak equalizers). Rather than “correcting them” by more
markings I left them incorrect; we have a rather detailed analysis of this category as we were trying to
determine if it had equalizers (we proved it doesn’t). Attached to his notes is a recent email exchange I had
with him concerning “probabilistic relations” using this category.
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THE CATEGORY OF PROBABILISTIC MAPPINGS

~ — With Applications to Stochastic Processes,
Statistics, and Pattern Recognition
- by F. W. Lawvere
1. Objects and Maps in the Category of Probabilistic Mappings
1.1 Measurable Spaces
1.1.1 The objects which we consider are rueasurable spaces 8. That is,
0= <S,B> will be an ordered pair in which S is any set and B is any
o -algebra of subsets of S. This means that:
(0) Every member of B is a subset of S. Gews 2 Brole &Kgbf?—
4%\3’&“) The empty set 9 and the "whole space' S are members of B. ‘”{‘1" U
) 2) IfB € B (i.e., if B is a memnber of B) then the complement ; e
/(-‘ (:(b g( ) ( ) ip g,AB, > B.UBz
?7 (SNB)SB. aﬂa%#fh}(d"a"
L = g
/(R:‘ ey (( 3) 1fB.,i=0,1,2,--- is any countable family of members of B, ~
\‘\ zJ’ 1 oo T‘v& b(,&b"“‘i
W, w0 then the union iQOBi is also a member of B. <=5

beiton L’¢

A a=2lc. 15 (o) c.wpur'(f
1.2 1f =<8, B> is any measurable space and if { is a mndl%:?ﬁeé?.g on Jools

C‘;..m fle
-y :_,_\_.H S with values in a partially ordered set /\, then f is said to be Q- /\. n.easur-

We also say that B is the class of measurable sets of Q.

p Vo T WRYS ¥
V‘f“’}u by able if for each A¢ /\ we have Iuif () < kl ¢ B; that is, if the se’z {of all
W — we 57 So »a~2ls. 15 > 7
% s/ € O whose_value under f prer.{e es a o(xt;g Ais m easurable for each A, 5w
locnle.
U“Ul}‘suz'For example, we will use this notion when /A= R, the real number. rjw

1.3 More generally, if Q= <S, B> and Q' = <§', B'> are any measurable
spaces, and 1f,§ is any function defined on S with values in 8', theng is

/
S —F said to be a measurable mapping if and only if £ (B )¢ B for every B'¢ B',

where f-l(B') denotes the set of all x ¢ S for which f(x) ¢ B'. The foregoing
paragraph is seen to be a special case of this by considering Q' =</, B(A)>

where B(/\) is the smallest o -algebra containing all sets of the form

{xtx < x} for all LE A

Q 2
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If Q= <S5, B> is a measurable space, then by a probability mieasure on {I

is meant a function P which assigns to every measurable set B& B a real

number P(B), in such a way that:

(0) 0L P(B)<1 for every BE B

(1) P(S)=1

(2) 1f Bi{; B fori=1,2,-.- and if BinBj =0fori#j(i.e., Bi are pair-
wise disjoint measurable sets) then

o X
P B.)= P(B.
(,9B)=F PB)

i=

In case S is a countable set and B consists of all subsets of 5, then for any

——

probability measure P on <S, B> and any B ¢ B, we have
P(B)= I P
(B) xEB ({=x})

where {x} is the "singleton' subset of S whose only member is %, for each

x £ B, Thus, in this case, a probability measure is already determined by
1S~ (6.1 Pid—>¢to, ]

a function p(x) = P({x} ) of members of S; this function is arbitrary, save

for the two conditions 0 < p(x) <1, x}gs p(x) = 1.

If S is not countable, then probability measures on {Jare not determined by
their values at singletons, For example, if S = {xl 0<x < 1} = the "unit
interval", and if B = the smallest o -algebra containing all closed subinter-

vals = the class of '""Borel sets', then there are a great many probability

P

measures P on {}= <S5, B> for which P({x}) = 0 for all x. For example,
in this case P = L.ebesque measure = (generalized) length is a probability

measure but every singleton has zero probability,

1.6 If 8= <S, B> and Q' = <S', B'> are measurables spaces, if { is a

measurable mapping (1.3) from Qto ', and if P is a probability measure

on £} then the probability measure Pf induced on ! by P via f is defined

by .
(peyB') & pie i)

for every B'£ B'. Note ot @: st /CpreL. PSS,

— \ e o B2 gt S .
P 15 e sarllost wmesde At ¥ b He 132y e &\v;&,"‘n‘ %)
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e 8Md Sv il '
N, 4
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To verify that Pf is probability measure (i.e., satisfies the conditions
0, 1, 2 of 1.4) note that the mapping f-l from B' to B is a o -homomorphism;
i,e., that .

f-l(S'NB') = s~f'1(13') for B'¢ B'

Y& ey = lB") fors'em'

UB=0) i7oer ey
i=1 i=1

f_l(S')‘—'S

From this it is obvious that Pf is a probability n.easure if P is, in fact,
any mapping fron: B' to B which satisfies the above conditions (whether
induced by a mapping from S to S' or not) will induce a m.apping from

probability measures on Qto those on ',
If = <S, B> is a nieasurable space and, if x£ S, then Px defined by

_ {1 if x¢ B
PeBY= 10 if x¢B

for any B€ B, is a probability measure on {I, known as a "one-point' or

"Dirac' measure.

Let 0= <5, B> be a measurable space, Pa probability measure on §,

f a bounded measurable n.apping from Q to R = the space of real numbers
with Borel sets as the measurable sets (""Bounded' means that for some
positive real number M, [‘f(x)[ < Mforall x¢S). Such an f is often called

a bounded random variable. We now wish to define the P-expectation of f,

also called the integral of f with respect to P, denoted by either

Eg)}fnfdP

or by f f(x)P(dx)
0



7 E\(Pa,()(mm\; s a c,(;.s$ifaz Cav\iu(:f!, e(—eF\A-J\"/ ou(a f,,- r o veroablg® ("ﬁf'—va(o.;j
(_}«32_ u-’b":é‘ -+ W(«le lt’ 16 m,l Czl'bxan»& o( ?ra(ﬂ>‘=‘(«'5+l‘< vH&(_;p‘ng

N This can be done by considering approximations to the integral based on
doubly infinite increasing sequences , o
X s:auz_ Y & Pk & Seiy £ el fombens
N vee <a < <a_ <a_ <a_<X-+*°
= S22t %t % bt T dage,
[*FS_O, Z? N - - a4 e

%  of real numbers. Given any such sequence a, define the upper approxima-
tion M _.b»(Ca'-‘(MSUle‘—(ZI e S
s S
. -t J (f,P,a)= S a )P a
g S’ JP :9“%? a‘ ?(l,;(“?’)} ( ) -m= <n<m|£/n) fén-»l' nl
£ w30 Lot

" and the lower approximation W ’i s i sudenrd
e fen) o2 ot "rlﬂ::t‘,%
_.;I; (f, P,a) = \4 . ﬁan) o Pﬂan'an*'l}
~oco<n <o J

Here Pf(a,b} =P {x ‘ a<f{x)<b } as defined in 1. The upper integral
is defined by

T (f, P) =inf J (f, P,a)
and the lower integral by

I1(f,P)= sup_.];(f,P,a)

where the infimum and supremum are taken over all doubly infinite increas-
ing sequences a. IfI ({,P)= T (f, P), then the function f is said to be integrable

with respect to P, and the integral is defined to be the common value

I (f,P)=J P =T ({,P) .
)

It can be shown that every bounded measurable function (on £} is integrable
with respect to every probability measure (on {2). For each individual P,
there will ordinarily be many unbounded functions which are integrable with

respect to P.

1.9 If S is a countable set, B the family of all subsets of S, f any bounded

measurable function on 1= <S, B>, and P any probability measure on I,

5
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then

~— [ toRtax) = B txipix)
9]
where p(x) = P{ {x} ) as defined in 1.5,
1.10 Let {f,g be any two bounded measurable functions on a measurable space §,
and let P be any probability measure on 2. Then
| (f+g)dp:f fdp+f gdP .
Q Q Q
If a is any real number, then
j af(x) P(dx) = a | f(x) P(dx) .
) 0 0
If fn is any sequence of bounded measurable functions such that fn is unifornily
b ded (lf < i i =
ounde (‘ n(x)[__ M for all x,n) and if nl.lfl_)}m fn{x) f(x) for each x £ S,
then Jim [t ap={ wp.
-~ R e’ 9]
1.11 1f 0 <6 <1 and if Pl’ P2 are any two probability measures on the measurable
space ), then P = GPl + (l--G)P2 is also a probability measure, and
[ tap=4 [ [P +(1-6) f fap,
a & Q
for any bounded measurable function f on .
1.2 Probabilistic Mappings
2.1 Let &=<5, B> and Q' =<', B"> be any measurable spaces. We say T is
a probabilistic mapping from Qto Q' and write Q——T—;Q' if and only if T assigns,
to each point in {}, a probability measure on ', and does so in a2 measurable
way. More precisely, T is a function of two variables x £ 5, B'£ B' having the
properties
Tha R.E-c 'sc:w“ws (0) 0<T(x,B)<1 for all x& S, B's B'
S (1) T(x,8")=1 for all x& S
Tk o 6

feesurt ue
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a0 a0
(2) T(x,ul}a; ) = ‘§1 T(x,B}) for each x ¢ S and for each disjoint
1= b S

rl”)

@, By (0, \E’“(g@éﬁl‘.nce B' of measurable sets of O,
T(~,B)§ — [, 1] i

A : (3) {x\T(x,B')g a}aB for each 0<a <1 and each B'E¢ B'.
fleNeaks

We will refer to T(x,B') as the (conditional) T-probability of the event

ol ®) west e

be (& #) B in Q' given the elementary event x in {), or as the T-probability that

x i8 mapped into B'. In case S'is countable and B! consists of all subsets)w

Tx,B') =
of S', then a probabilistic mapping OE—? Q' is entirely detern.ined by a Tx, U.ﬂ 9=
1
function t of two pointvariables x £ S, x'g 5. (See 1,5) i Tl4x7) = i -t(x,x,)
2.2 Every measurable mapping f from Q to Q' (these being measurable spauea) Q*ﬂz/f&
may be regarded as a probabilistic mapping Q-—f—-—) Q' as follows: ®
‘=X X7 2 s’):{‘v&*’éB‘
T (x,B') = lféggB;_ { ai" 0 otherone
= f P dome LG e (x 0 (%,8)
\———}(x’&) 7 —A i d
X That is, Tf assigns to x the one~point measure (on ') which 1s concentrated

&
2l B)’S‘ B at f(x). Probabilistic mappings of this special sort we call deterministic,
] (]

R . Let O—I:oﬂ -U--) Q" be probabilistic mappings, We define the composition
Tol.

Q-——3 Q' to be the probabilistic mapping defined by
bhw-\:;l mzs‘;}u@ MQ'*— —(64& adfe
T Sl LG Dishlodie
TonB"szxdx ux',B" -
( X ) (x, ) - U ) 3 Ley S wle &u) d(‘((x:a-—\
a ?rvb ecure. oal -Q_
That is, (TOU}x,B") is the T(x, o)-expectation of U(O,B").
This is the correct law for composition of conditional probabilities in

physical and other situations,

2.4 If  is a countable space is 2,3, then (ToU){(x,B") = tx, x"). U(x',B") .

x*¢ s
1f Q" is also countable, then

(ToUN=,§x') = :48?5'; t(x,x') cu(x',x") . Tx(g') (Uéx ?B

xeg’
\\
\, —

“one cane defrie ) Z ((x, £x%)
. x65' [
@'—"“’3(.10,!") = rhs, i st

) Z tix, x°)
xEB'

b=




./ B.5 ¥ als o £5 Q" are measurable mappings then

Tfog=Tfo Tg

where fog is the usual composition of functions (thus the deterministic

n.appings constitute a subcategory (2.7) of the category of all probabilis-
e’ 3 - G 5
tic n,appir‘tgi:‘ ﬂa& %0““@"3 dot s o",u—(s * rezsurzhle Sprees MQES
arrows s seasvnhle fachat . —
2.6 A probabilistic miapping 1 —E> Q, where 1 is a one-point space, is just a

probability measure on {2, If Q-,-I-;Q is a probabilistic n.apping, then

Po T is the induced distribution on f'. This is familiar in case ' is _—
‘“(T-% Wes b e tle lefntion oF wdveed Lotrbofion Hr 2 Genend ?rv(oab.(tsﬂ PPy T.
Euclidean space and T a detern.inistic mapping {(i.e., T is a "random T is defermaashie
s wdoces to
variable'), Another special case is that where {i=<S5,B>, Q' = <§,B'>, % 6l
ief

and B' is a sub-U-algebra of B, while T is the "identity" n.apping; then __ e
g y pping P(x,8) = Phsls)
(

PoT is the restriction of P from B to !B,'. &
P(*l') (":"‘(B‘
2,7 I ( ] ;
ol ol o Y, om
then

To(UoV)=(ToU)oV.

Also, if i{z denotes the probabilistic mapping defined by the (deterministic)
identity map on 2, then
idoT=T=ToiQ¢

T
whenever @~ 0', Thus, the class P of all probabilistic mappings between

measurable spaces, together with our notion of com.position, is a category

in the sense of Eilenberg-MacLane. Thus, the notions of functor, natural

transformation, and adjoint functor have a well-defined meaning in connec-

(ygx\tion with # . |The "objects" of P are arbitrary measurable spacesn

a‘*’{p E‘c}\&‘

ﬁg(y\ 2.8  Let, for each object Qin P, £ (O = the set of all probability measures
; on 3, equipped with the sniallest 0-algebra such that for each neaanrable

-Tim
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Q-={S,®7
Ae®
A8, the evaluation D (0) —> [0,1] at A is n.easurable. Thus, D (0)

T . s
is also an object in # . For any 03 Q' in P , define the deterministic

map () Méb (') by

B (THPHA) =| [ Pdw) T (w0, A)
| Q

for every Pg © () and every pr.easurable A' < Q'. Thus, &5 (THP)= PoT

for Pg £ (Q); i.e., viewed as|a probabilistic mapping, \“?"”D—l*[ \
1 PoTg
YW=
PMP.AN=1, por3q

g
for every element P of £ ({)), and for every measurable set A’ of proba-

0 &)
bility measures on o O LT el
s>
Define also the probabilistic mapping w(_zq‘wv\ :“S:zwnb‘c ' 4 gk VP
P e Twss > 'V.SP( R ¢
9250 oy e

for each object Qin P by the formula

Po(P A)= P(A) e POXA) |—=>0-

for each element P of £ (Q) and each measurable AC Q. Then for any

T g . .
0= Q' in P, the diagram 2, o @.._-, Vg

o ) .7
B —2sfn ¥ e

b(r)l lrr g —id
P

is commutative, so that p is a natural transformation of the functor cﬁ
into the identity functor on‘@.

2.9 Actually  is co-adjoint to the inclusion of the deterministic subcategory

into 7 ; i.e. ,m‘%ﬁmmwﬁ ﬂ’—r—y 0' is any probabilistic

mapping then there is a unique deterministic n.apping f such that the

L
i"\g ch?@ ’ -8-

The '4':‘* . Ba\:
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diagran. oo \\\o
— pay EEMTRl
» (0 1
TT ,{ g £ > . o) iBl)=0
Q ‘(‘Q) 5(9') ----)Q' Q . T ’{‘63)/:\
‘LQM-f o ® o i

is cornmutative. (In particular, there is a deterministic inclusion

W(;(n))g_'jg 00— B () and this is actually a retract with associated retraction ©®

o)
: ()} : ) .y .
%‘(:_’9( It is expected that this adjointness observation will aid in the analysis
p e'IT) — T of various n.ethodological problems such as Bohm's questions about
o

quantum n.echanics,
I.3 Stochastic Processes and Decision Maps
3.1 A fairly general class of decision problems may be formulated as follows,
There is a basic space  and a measurable partition A of ‘Ql elements

determinstic w L‘{)/E{

of A being called ''patterns' or ''decisions". We denote the quotient

n.apping 8—> A by f. (Actually, for the formulation of the problem we
could allow f{ itself to be ""fuzzy"; i.e,, probabilistic.) There is also a
space T of "observable states' and a probabilistic niapping Q——gl‘
expressing the conditional probability F(w, A) that the observed state lies
in any A & T, given that the basic state is wge . The problemn: is then

to find a "best" completion 8 of the diagram

One of the "virtues'" of probability theory (and hence of the cate-
gory -P ) is that this general proHen., when properly explicated, has a

solution in many cases in which the corresponding detern:inistic problen:

‘does not; a basic reason for this is the possibility in P of forming convex
I T i
—:F? Q con.binations of maps, whereas there is no corresponding operation which
Lo
SClaos produces detern.inistic n.aps, Of course, if there exists 8 such that
B N
.Q;_________-—»ﬂ 10

w ‘ -9-
I (O Tt Li-eT) (x-) = BT ) « (O Tty ) + B —IR
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Fod =1f, we would choose such 8 as the solution to our problen.; unfortun-
ately, this is not possible for many F, f of interest. One popular schen.e
for making definite the criterion for choosing 8 is to work with a given

P
distribution 1 —> & on {} and to choose 8§ so as to maxin.ize the quantity
w“rﬁ s 94 pg 5B ?

‘ il SL("u: :‘ Peezndd
\reé( Y_?(x)}) C“,P(K, )J j (Fob)(x, {f(x)} ) P (dx) §ooa ?z(hwat’:;;s 051 f(?: Chirs] wleca
LT & R be tws itk of A€ ’?L*‘“ A

P wiv?

which represents the average (with respect to P) of the probability of
making the correct decision by first making the observation F and then
following the decision rule 8, The probability measure P clearly expresses
the relative importance attached to various basic states xt¢? when evaluat-
ing the decision rule 8. In the absence of any such P, one could choose 8§
so as to m.aximize
inf (Fo8)x, E(x])
xe8
The existence of solutions 8 to these optin.ization problen.s can be

established in very great generality by topological arguruents,

3.2 We consider stochastic processes with discrete tinie. Let N be the cate-
gory with countably many objects and no non-identity maps, and let ‘PN
denote the category whose objects are sequences ﬂo, Ql' -« of objects

in ® . We define a functor ‘3?&

ek, P
N ¢ pn Ll

Probc®s 7
@\,Q}.i {k<n .

for each sequence {2 of nmeasurable spaces, where k-[j Ql denotes the
n k

n.easurable space whose elements are all n-t uples <x

by

o"”‘xn-—1> with

xis Qi, equipped with the smallest 0-algebra which n.akes each projection

T7 Qk — Qj measurable, If Qn is thought of as the space of all possible
k<n

11
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3

histories of the systen: up to time n. We define a general ten.porall

states of a system at tin.e n, then @Q)n is the space of all possible

discrete stochastic processin { to be any map

Pz

(}E(Q)-——E—)QW

v ' s EQUIERLEY
in PN, Given any two processes SHo Tq(s (,S Egl;eA
A To “fhe GASY =

b —>0, b -5 o /
/

the general theory of categories indicates that a map P —£—>P’ of stochastic

processes should be defined as a sequence

f
0 20
. = ol 4ot
- > H’f‘l" [ashe
of maps in , such that for each tinie nelj the d1agran ( & = 3/_Pr/°‘-‘,$.’—-
% - (et ek
B & 2 &jyﬂe o 18 2(% Locors Bt
(f) 1
@ (ﬂ) 2 @ (Q 3; ~ BN
- ot @ i N
n d s
c 8
Qn _7_'-_9 Qvn 90 W( G’;ﬂ E(ﬁ\% 3
n

wd 79 3 o
S \,?C,BN 3,6,‘9
is comimutative. Since there is also an obvious notion of con position r/‘)}3
such maps, all stochastic processes and all maps of such de&ermine a

category . - W‘-”Q WSLK@WQ»
(6. ¢ L% \

which we call the category of temporally discrete stochastic processes, % O \Y}\"
All the machinery developed in the general theory of categories, as well
as that which can be developed for the particular category @, can thus
be applied to formulate, explicate, and solve many methodological

problen.s within the category (q) T N),

-3 If N denotes the additive monoid of non-negative integers, conside red

as a category with one object 0, then the functor category
12 pN

<1T=
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is the category of temporally discrete Markov processes. Explicitly,

an object in YP 5, is just 2 measurable space {2 together with a probabilis-

tic n.apping Q—}‘-—>Q » and maps finfPW satisfy a comn.utative diagram

ke | £

Q—wws o

W;me 2! Tl f lT'

G’ Q" 0

If we are I%iwm a Markov process <{2, T> together with an initial

distribution 1 —>Q, we can view our situation as a general stochastic
process in which

1. Qn= Q forallng M
2, @(Q)O —>Q_ is just P
3. @(Q)n ——)Qn is just the coruposition

T
— 0 -0
kyn %{ n-1

where the first is the projection; i.e., the dependence on the past is
really only on the preceding moment and, furthermore, the law of
transition fron: one tin.e to the next does not change with tin e,

If we denote by (1, P l\:) the category of Markov processes augm.ented

with initial distributions, then the foregoing discussion detern.ines a functor

1LPN—3,PN).

This assertion carries the additional information that the various n.appings
n.atch up properly, and also raises the question of whether the above
functor has an adjoint (or co-adjoint). That is, is it possible to extend

any process to a Markov process in a fashion which is universal with

respect to maps to (or from) Markov processes? ?

13
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Inbox (3) - kirksturtz@universalmath.com - Register.com Webmail 8/5/11 4:26 PM

From: wlawvere@buffalo.edu
Subject: Re: Probabilistic Relations
Date: 07/19/2011 08:23 AM

To: kirksturtz@universalmath.com

Dear Dr. Sturtz

For this and many other constructions,

for example an internal Hom, it seems

that one needs to consider the category of

all convex spaces and not just its full subcategory P.
That is, the whole Eilenberg-Moore category of

the commutative pr monad, not only the Kleisli
category of free algebras (="simplices" in this case).

In group theory one deals with actual groups not only
their presentations (= maps in the Kleisli category).

The most obvious property of this monad that most
do not have is that the free on 1 is 1, with the result
that the tensor product has projections ("marginals")
which however do not have the universal property of
the associated cartesian product.

The commutativity of the monad means that all sorts of
diagram categories arising in statistics can be enriched.

Thanks for your interest and | look forward to your
further comments.

Best wishes
Bill Lawvere

On Tue 07/19/11 9:39 AM, "kirksturtz@universalmath.com" kirksturtz@universalmath.com sent:
> Dear Prof. Lawvere, | have been trying to develop the concept of

> probabilistic relations using the Category of Probabilistic Mappings,

> P, via Rel(P). Such an approach requires P be regular - it is not.

> It only has weak equalizers; given a parallel pair f,g: X--—->Y,

> the weak equalizer is the extreme set of the set of all probability

> measures P on X which satisfy f P = g P, along with the evaluation

> map. (Choquet Theory) In P arrows to 2 with the powerset

> algebra correspond to measurable functions, and seemingly the

> apparent alternative to the Rel(P) approach is to define a

> probabilistic relation as either a P map X x Y --—--—--—-> 2, which

> for finite spaces correspond directly to fuzzy relations, or as a P

>map X xY ------>[0,1] . Defining composition is the challenge.

> | am familiar with the current literature - it falls short of

> capturing this critical concept. Any thoughts are greatly

> appreciated. Respectfully,
> Kirk Sturtz, Ph.D.

> Universal Mathematics
> Dayton, OH

> 937-610-8704

>
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