FROM )\-CALCULUS TO

CARTESTAN CLOSED CATEGORIES

J . Lambek

Haskell Curry may be surprised to hear that he has spent a
doing fundamental work in category theory. The purpose
f this account is to convince categorists that Cartesian closed
ategories (Eilenberg and Kelly, 1966) have been anticipated by
gicians (Curry, 1930) by many years and, conversely, to per-
suade logicians that combinatory logic may benefit from being
yrased in categorical language.
I have attempted to tell this story twice before (1972,
1974), but am not entirely gatisfied with these ecarlier accounts.
The pregsent exposition is essentially my unscheduled talk at the

477 Durham Symposium on applications of sheaf theory to logie,

slgebra and analysis.

I regret that limitations of space do not permit a discus-
gien of illative combinatory logic (Curry and Feys, 1958) or
sbinatory type theory (Church, 1940) and applications thereof

o the construction of free toposes.

Let m& confess at once that 1 am not a historical scholar
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*xed B<X0g, 1.>) by (%)

gk, ,<x0.,1 by (vi)

E < ‘lili'h},- «_-‘-.]E'- by (1i1)

B <k X .I.-‘I..I" :-:-.-1.15'-.'1HI|..\.§'.. by (iv) and
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1 and 2
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T categorists). Theorem 2 may be
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(1)

(i)

d

1 iving that Alx] 4is the Kleisli category of the obvious
riple n A assocliated with the funcrion A % (=): A = A1
r of the triple on A associated with the functor {—Jrll'. S
(Lambek 1974) for details. It is also not difficulet to prove
directly that the Kleisli category has the universal property
i hx]. This alternative approach (loc. eie,. § 3) bypasses
the historical development discussed above, but also loses the
lgorithm for calculating K __.‘I.'._J\}. Such a direct approach,
vithout mention of Kleisli categories by that name, was also
sed in (Volger, 1975).
a special case of Theorem 2 we obtain the following.
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CORDI VEerLy FAYTICRA o ARGt f free toposes.
minate 32 ; ; Writin

that gx = pix) - : 5 I i \
! feg = (f'{g"x))

such that

may introduce natural numbers
Gea i, l=A x= ], 2=} (xxX); iuuas
3 X

successor, addition, multiplication and exponentiation by

ite recursive functlons, and Kleene proved in 19% that

lve r Turing computable) functions are precisely those
reive functions which are definable in the type-free

fortunately there are difficulcies when one introduces

pes. If a has type A, them f and g in (feg)'a have
B, v, For n'f to make sense, n will then have
f type B, and for n'm to make sense, m will have
of tvpe B. If m and n are both natural numbers, we
B . Ry . A i
ed t B" = B and this would be a consequence of A = A,

Bow, it 1is :rtainly possible to postulate a type A such
t L 1) = A (Scotc, 1972). However, it seems more natural to

eN, Se¢ N= N and
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1 A
that F is also essentially the same as the set of G5del's
{ Lo [ = Fogip. 1 L)
% M 1
tions £ Iinicte tvpe.
' F j
for all n: 1 + N and + A .
These ldentitcles are T ited to the Peano-lawvers axioa, FOOTHNOTES
i A A N A
st i als with a morphlsm A = A instead Thi =
Wca - = I ; Here = denotes equalicty in A, Alx], Alx.v], etc.
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14 i 3
., . = 4 X
i 5 Actually, the application symbol | should carry sub-
. .
“m Y :‘ scri A and B; but we omit these whenever they are
- ¥
clear from the context, a8 they are throughout this paper.
The Peano-Lawvere axiom als es unigueness
r related ideas and further references see also the
Marie-France Thibault 1lled a arteslan closed category ¥
thought provoking paper by Scott (1970).
N, 0, g, satisfying the above identities a prerecursiv

-_-I-E!'ull'[_. .
wishes to acknowledge support from the Natural

(a) The set of primitive recursive functioms is propel
wees and Engineering Research Council of Canada and partial
contalned in the set F of functions repres:
cupport from the Quebec Department of Education. He is indebted
morphlsmse N~ + N i{n the free prerecursive CALE{
W.5. Hatcher for drawing his attention to an error in the
generated by the empty category ;

riginal manuscript.
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RELATING THEORIES OF THE A-CALCULUS

Dana 5. Scott

Mertom Col age

ke ford

Mathematical theories arise for many different reasons,
sometimes in connmection with specific applications and often
owing to accidental inspiration. From time to time we ought to
ask ourselves concerning our theories where should they have
come from; usually the answer will have little to do with the
exact historical development. The A=-calculus is, I feel, a
case in point. In Scott (1980), in the Kleene Festschrife, I
mide up a story of where the theory of type=free A=calculus
could have come from. Any number of people who heard my lec-
ture and read the manuscript were cross with me. They said
"But it didn't develop that way! And besides we doubt it ever
would have." But this reaction misses the point of my story. I
hall not,however,repeat the earlier story here, for the point

the present paper is different. For those people who do
not like to discuss philosophy = even Phllosophy of Mathematics
- my rémarks here can be taken as a suggestion of how to group
diverse models of A-calculus rather uniformly under a general
scheme, The scheme is by now rather well known and not at all
original with me. What I hope can be regarded as a useful con-
tribution is my putting of the ideas in a certaln order. As I

consider the order to be a natural one, I feel there is philo-




