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Some years ago, G. D. Findlay and the author observed a connection 
between proofs in certain deductive systems and canonical mappings in 
certain categories [6, see also 8, Appendix II]. It is the object of  the present 
paper to give a more formal expression to this connection. 

Roughly speaking, the situation is this: While deductive systems may be 
viewed as free algebras on the category of pre-ordered sets, they may also 
be used to construct free algebras on the category of  all categories in some 
universe. The crucial step in the argument  is the construction of a category 
whose objects are the terms of a given deductive system and whose maps 
are equivalence classes of proofs. An equivalence relation is manufactured 
ad hoc to serve this purpose. However, in the pilot project under  investiga- 
tion, it turns out that two proofs are equivalent if and only if they have the 
same "scope", in the sense that any method of generalizing one proof 
(without changing the rules of inference) leads to a generalization of  the 
other. 

The present investigation is not carried out in all generality. Instead, we 
take as a pilot project a particular deductive system, which has been called 
"syntactic calculus" elsewhere [8, 9]. This system possesses a very simple 
decision procedure ~ la Gentzen, which has the pedagogical advantage of  
being free from so-called "structural" rules of  inference [7]. As has already 
been pointed out [9], this decision procedure may be lifted to the level of  
categories, where it corresponds to Bourbaki's method of multilinear 
mappings. 

The author plans to pursue this subject further,  both by investigating 
standard constructions ( = triples = monads) on the category of categories 
in general, and by looking at special deductive systems, in particular at the 
propositional calculus and its relation to Curry's theory of  combinators 
(see [3, Chapter 9]). 

* Part  o f  this work  was d o n e  while the  a u t h o r  was a m e m b e r  of  the Mathemat ica l  Research 
Inst i tute  of  the  E. T. H. in Zfirich in 1966. 
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1. Residuated Ordered Sets 

An ordered set A = (IA[, ~<) consists o f  a set I_d] and a binary relation ~< on 
]A] which is reflexive and transitive. (The usual term for this is "quasi- 
o rde red"  or  "pre-ordered".  We omit  the prefix, as we shall have no use for 
the anti-symmetry law.) I f  A and B are elements o f  [_A I, we write "A ---- B" 
for  "d ~< B and B ~< A". (The ant i-symmetry law would d e m a n d  that 
A ~ B implies A = B.) The  o rde red  sets A in a given universe are the object 
o f  a category Ord  whose maps are order-preserving mappings.  

A residuated orde red  set (d, ", / ,  ~ )  is an o rde red  set A = (]4{, ~<) 
together  with binary o p e r a t i o n s . , / ,  ~ :  ]_A I × [A] ~ 14l such that, for  all 
A,B,C IAt, 

(A . B) . C = A . (B . C) 

A . B < ~ C O ' o A < ~ C J B  

A . B  ~ C * o B  <<-A~C. 

For example,  given a semigroup (S, .), the set o f  all subsets o f  S becomes 
a residuated o rde red  set if we define, for  all subsets A, B of  S, 

A • B = { a . b ] a e A  a n d b e B }  

A , / B =  { s ~ S  [ V ~  s . b e A }  

A ~ B = { s e S  t V~A a . s e B } .  

Similarly, the set o f  all additive subgroups  of  a ring may be tu rned  into a 
res iduated o rde red  set. (In these examples,  the ant i-symmetry law does 
hold.) 

The  res iduated o rde red  sets (d_, ", J ,  ~ )  whose under ly ing sets IA] are 
in a given universe are the objects o f  a category. It is natural  to allow as 
maps f :  (4, - , / ,  ~ )  ~ (B_, " , / ,  ~ )  o f  this category all mappings  f :  ]4] ---> 
]BI which preserve o rde r  and the three operations,  the latter up  to iso- 
morphism,  to be precise: 

A <~ B ~ f ( A )  <-f(B) 

f(A • B) ~-- f(A) . f (B) 

f(A / B) = f(A) / f ( B )  

f(A ~ B) = f(A) ~ f(B). 

For technical reasons we shall also consider  strict maps which preserve the 
operat ions up  to equality, that is, with ~ replaced by =. 

T h e r e  is an obvious "forgetful"  functor  U f rom the category of  all 
res iduated o rde red  sets with strict maps to the category Ord  of  all o rde red  
sets in a given universe: 

\ )  = 4,  u( f )  = f .  
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We shall show that this functor U has a left adjoint F. To be precise, for 
any ordered set X we shall construct a "free" residuated ordered set F(X_.) 
and a map m(X): X ~ UF(~) in Ord with the usual universal property. All 
this can be done even if maps are not restricted to be strict, but then the 
word "adjoint" would have to be redefined and would deviate from its 
usual meaning. 

The construction of F(X) will depend on a certain deductive system 
D(X_). This will be described, as is customary in logic, by laying down what 
are its terms, formulas, proofs, and theorems. 

The terms of D(X) are described inductively by stipulating that all ele- 
ments of ]X] are terms, and that if A and B are terms then so are A • B, 

The formulas of D(X) have the form A ~ B, where A and B are terms. 
The theorems of D(K) are formulas which are provable from the follow- 

ing axiom schemes and rules of  inference. It is assumed that A, B, C are 
arbitrary terms and that X and Y are arbitrary elements of ]X]. 

DI: A - ~  A 

D2: ( A , B ) . C ~ A , ( B . C )  D20: A . ( B . C ) - - ~ ( A . B ) . C  

A .B---~C A .B---~C 
D3: D30: 

D4: A - - - ~ C / B  D40: B - - - ~ A ~ C  
A . B--* C A . B--+ C 

A--+B B - ' * C  
D5: 

A "-* C 

D6: X ~ Y w h e n X < ~ Y i n X .  

Proofs are written in tree form, see for example the derived rule of  
infe~-~lce D8 below. For typographical reasons it is often convenient to 
refer to a proof by its label. 

Labels of proofs are defined inductively: D 1, D6, D2, and D20 are labels 
of proofs. I f  a formula is derived by rule Dm, where m = 3, 30, 4, or 40, 
from a formula whose proof has been labelled Dn, the resulting proof is 
labelled Dmn. If  a formula is derived by ruleD5 from formulas whose proofs 
have been labelled Dm and Dn, the resulting proof is labelled D5mn. 

In describing the label of a proof we have suppressed subscripts. Actually 
we should write more cumbersomely D la, D6x.v, D2aa~.c, etc. A proof may 
be identified with its label with subscripts. Often one can reconstruct the 
proof of a given formula even from its label without subscripts. 

Here are some theorem schemes with their proofs: 

D31: A ~ ( A . B ) / B  
D41: ( C / B ) . B ~ C  

D3041: B ~ ( C / B ) ~ C .  
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Other easily proved theorems are the following: 

IC / B )  • C a / A )  --, C / A  

A / B  ~ (C / A )  / (B / A )  

( A \ B )  

C A / B )  

The following three derived 
to receive short labels: 

/ C  ~- A \  CB / C )  

/ C ~ - A / C C . B ) .  

rules of  inference are sufficiently important 

D7 : 

D70: 

D8 : 

A--->A' B---~B' 
A J B '  ---> A ' / B  

A---~A ' B---->B' 

A ' \ B - - - ~ B ' \ A  

A---~ A'  B--> B'  

A • B - - > A ' .  B '  " 

For example, a proof  of  D8 will be written out in detail: 

A' . B ~ A '  .B 
D3: 

Dra 

D5: A - - - > A ' A ' - - > ( A ' . B ) / B  D5: 

A ~ (A' . B ) / B  
D4: D40: 

A . B - - - * A '  . B  
D5: 

A . B - - > A '  . B '  

A ' . B ' ~ A '  .a'  
D30: 

Dn 
B--" B' B' --" A ' \  CA' . a') 

a ~ A ' \ C A '  • O') 

A' " B ~ A'  " B'  

Thus we have 

and similarly 

and 

D8mn = D545m31405n301, 

D7mn = D53405n30413541 m 

D7Omn = D53045m3401305401n.  

P R O P O S I T I O N  1. The forgetful function U from the category of  all resid- 
uated ordered sets with strict maps to the category of all ordered sets in a given 
universe has a left adjoint F. 

To be precise, given any ordered set X in the universe, there is a resid- 
uated ordered set F(X) in the same universe and an order-preserving 
mapping m(X): _X ~ UF(X_) with this property: For any residuated ordered 
set ( A , . , / ,  ~ ) and any order-preserving mapping f :  _X ~ A, there exists a 
unique strict m a p f ' :  F(X) ---> ( _ A , . , / ,  ~ )  such that U(f')m(X_) = f .  (We 
shall see later that m(X_)(X) <~ m(X_)(Y) if and only i fX ~< Y.) 
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Actually we are more interested in the construction of  F than its exist- 
ence, which might  be proved more briefly otherwise. 

Proof We put  F ~ )  = (IF(_X)l, <~, " , / ,  \ ) ,  where IF(X)I is the set of  
terms of  D(_X), A ~< B means that A ~ B is a theorem in D(X), and A • B, 
A / B ,  A ~ B  are as in D(X_). We take re(X) to be the inclusion mapping  of  
I_Xl into IF(_X)I, r egarded  as a map in Ord. Indeed,  re(X) preserves order ,  
for if X ~< Y in _X, then  X --~ Y is a theorem in D(X_), in view of  axiom D6, 
hence X ~< Y in ([F(X)I, ~<) = UF(X). 

Now let ( A , . , / ,  x,x) be any residuated ordered  set, and consider any 
map f :  X--* d in Ord. Define the m a p p i n g f ' :  IUF(_X)I ---, 141 recursively by 

f '  (x) = f ( x )  

f '  (A .B)----if(A)'f'(B) 

f ' ( A / B )  = f ' (A) / f ' (B )  

f ' ( A ~ B )  =f ' (A)~f ' (B) .  

Here  X is any element  of  IX[ and  A, B are any elements of  IA__I. 
We shall prove t h a t f '  preserves order,  hence it is a map UF(X_) --~ A_ 

in Ord.  Since it clearly preserves the three operations (with =), it is then 
a strict map  F(_X)---~ (A_, ", J ,  ~ ) in the category of  residuated ordered  sets. 

Suppose A ~< B, then A --~ B is a theorem in D(X). We prove by induc- 
tion on the length o f  the p roof  o fA  ~ B tha t f ' (A)  <-if(B). When A --~ B 
is an instant of  D1, then B = A and the result is clear. When it is an instant 
of  D2 or D20, the result follows f rom associativity in A__. When it is an in- 
stant o f  D6, then it has the form X --* Y, where X ~< Y in _X, hence f ' (X)  = 
f(X) <~f(r)=if(Y). When it is an instant of  D3, sayA ~ C / D  inferred f rom 
A • D --* C, we have f ' (A)  . f ' (D)=f ' (A • D) <~f'(C), by inductional hy- 
pothesis, hencef ' (A)  ~<if(C) I f '  (D) =f '  (C / D). The  remaining rules are 
treated similarly. 

Finally we observe that  (U(f')m(X_))(X)=f'(X)=f(X). Moreover, if g is 
any strict map such that  U(g)m(X_) =f, it is easily shown by induction that 

g=f ' .  
The  proof  is now complete. A few remarks are in order  concerning the 

relaxation of  "strictness". 
Given two maps g, h: (_B, - , / ,  ~ ) --~ (A__,.,/ ,  ~ ), we write g ~ h to 

mean that  g(B) ~ h(B), for all B in [B]. The  free residuated ordered  set 
F(_X) constructed above has the property  that any map g: F(X) --~ (A, . ,  
/ ,  ~ )  is isomorphic to a strict map go- We need only put  go(X) = g(X), 
for all X in [_X[, and then define inductively go(A • B)=g0(A) "go(B), etc. In 
particular, assume that  f :  X ~ A_ is any given map in Ord,  and that 
U(g)m(X_) ~ f i n  Ord.  Then  g = f ' ,  w h e r e f '  is defined as above. 

I f  we redefine the word "adjoint" along these lines, we may omi t  the 
word "strict" f rom the statement of  Proposition 1. 
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2. Residuated Categories 

By a residuated category we shall mean a system ( A , . , / ,  \ ,  a, b, c) where 
1. A is a category, 
2. ": A × A._A_ ---'.A, / : A × A °pp ~ A, ~ : A °pp × _A ~ d are functors,  
3. a, b, c are natural  isomorphisms 

a(A ,B ,C) :  (A - B ) .  C ~ A  • ( B . C )  

b(A, B, C): [A • B, C] -~ [A, C / B ]  

c(A,B, C): [A • B, C] ~ [ B , A \ C ] ,  

4. the composite map 

A-  (B.  ( C . D ) ) ~  (A . B ) .  ( C . D ) ~  ( ( A . B ) - C ) - D  

(A • (B.  C ) ) . D ~ A  • ((B. C ) . D ) ~ A  • (B.  (C .D) )  

obtained by repeated application of  a is the identity. 
Note that we have written [A, B] for Hom (A, B). 
Residuated categories are closely related to the "closed categories" of  

[4]. Condit ion 4 is also called "coherence" and has been discussed at 
length by Mac Lane [ 10]. 

As an example, though by no means the simplest example, take A__ to 
be the category of  all unitary (R - R)-bimodules, where R is an associative 
ring with 1, and define 

A .  B =  A ®,, B 

A / B  = HomR(Bn, An) 

A \ B  = Homn(nA, RB). 

As is well known, these are not only abelian groups but  also (R --R)-  
bimodules. 

Other  examples are the residuated ordered  sets considered above, 
if o rdered  sets are regarded  as categories in the usual manner.  

All residuated categories in a given universe form themselves a category 
if we give a suitable definition for a map (A, • • • ) ~ (B, • • • ). A naive 
and somewhat unnatura l  definition would say that  such a map is a functor  
T: A_ ~ B satisfying 

T(A • B) = T(A) • T(B), 

T(A / B) = T(A) / T(B), 

r(a \ B) = T(A) \ T(B), 

and similar equations for  maps, as well as 

T(a(A, B, C)) = a(T(A), T(B), T(C)), 
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T(b(A, B, C) ( f ) )  = b(T(/t), T(B), T(C)) (T( f ) ) ,  

T(c(A, B, C) ( f ) )  = c(T(A), T(B), T(C))(T( f ) ) ,  

where f i s  any map in [A • B, C]. We shall call such a functor T astrict map. 
Other maps will be discussed at the end of this chapter. 

Again we have a "forgetful" functor U from the category of all resid- 
uated categories and strict maps to Cat, the category of all categories in 
a given universe: 

U(.A_, " , / ,  ~ ,  a, b, c,) = .4, U(T) = r .  

PROPOSITION 2. The forgetful functor U from the category of all resid- 
uated categories and strict maps to the category of all categories in a given universe 
has a left adjoint F. 

To be precise, given any category_X in the universe, there is a residuated 
category F(X) in the same universe and a functor m(X): X --~ UF(X) with 
this property: For any residuated category (A__,.,/, ~ ,  a, b, c) and any 
functor T: X ~ A, there exists a unique strict map T': F(X) --~ (~, • • • ) 
such that U ( T ' ) m ~ )  = T. (We shall see by and by that re(X) is full and faith- 
ful.) 

Again we are more interested in the construction o f F  than in its exist- 
ence. 

Proof. First, we construct the deductive system D(X_) as in the case when 
X was an ordered set, with one difference: The old axiom scheme D6 is 
replaced by 

D6r: X ~ Y when f :  X ~ Y in X. 

Thus, with each map f :  X ~ Y in X there is associated an axiom D6r: X ~ Y. 
If  f ,  g: X ~ Y are distinct maps, D6 s and D6, are regarded as distinct ax- 
ioms. Here we are taking the unorthodox position that the same assertion, 
to wit X ~ Y, may be made by two distinct axioms. 

Next, we describe the category UF(X). Its maps are equivalence classes 
of proofs in D(X) with respect to a certain equivalence relation ---, which 
will be defined presently. Composition will be by the rule of transivity D5. 
Thus, ifDm: A ~ Y and Dn: B ~ C are proofs, we define the composition 
of the equivalence classes [Dm] : A ~ B and [Dn] : B ~ C to be the equiv- 
alence class of the proof 

Dm Dn 
A-- '~B B- ' - )C  

D5: 
A ---~ C 

that is, 

[Dn] [Dm] = [O5mn]. 

The identity maps in the category UF(.X) will be equivalence classes of 
instances of  axiom scheme D 1. 
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We complete the construction of  F(X_) by defining 

[Dm] • [Dn] = [D8mn] 

[Dm] / [Dn] = [D7mn] 

[Dm] ~ [On] = [D7Omn] 

a = [D2] 

a -1 = [D20] 

b([Dm]) = [D3m] 

b-I([Dm]) = [D4m] 

c([Dm]) = [D30m] 

c - l ( [ O m ] )  = [D40m]. 

The  functor  m(_X): X ---> UF(X_) is de termined by 

m(X)(X) = X, m(X) ( f )  = [D6r]. 

It remains to specify the equivalence relation - on the set of  proofs. 
Our  procedure  will be to collect all properties that  we want -= to satisfy and 
then to take the smallest equivalence relation (intersection of  all equiva- 
lence relations) with these properties. 

We shall only write Dm - Dn when Dm and Dn are proofs of  the same 
formula  A --> B. Trivially, -- must satisfy the reflexive, symmetric, and 
transitive properties, and,  almost equally trivially, the substitution prop- 
erties: 

Dm =- Dm' 
Dkm =- Dkm' (k = 3, 30, 4, 40) 

Dm-~ Dm' Dn ~ Dn' 
D5mn =- D5m'n'  

It follows that also 

Dm - Din' Dn =- Dn' 
Dkmn - Dkm'n' (k = 7, 70, 8). 

E 1. Composition in the category UF(X_) must have the usual properties. 
Thus  we require 

D5 lm =-- Dm 

D5ml =- Dm 

D55mnp =- D5m5np. 

E2. " , / ,  and ~ shall be bifunctors. Thus  we require 
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Dkl  1 =- D1 

Dk5mm'5nn'  = D5kmnkm' n' 

f o r  k = 7, 70, 8. 
E3.  a shall be a na tu ra l  i s o m o r p h i s m  with inverse  a -1. T h u s  we r equ i r e  

D588mnp2 =- D528m8np 

D 5 2 2 0  - D1 

D5202  = D1. 

E 3 ' .  b a n d  c shall be  na tu ra l  i s o m o r p h i s m s  with inverses  b -1 a n d  c -1 
respectively.  Fo r  example ,  the  na tura l i ty  o f  b a m o u n t s  to the  c o m m u t a -  
tivity o f  the  fo l lowing  d i a g r a m :  

O(A t, B ~, C) 
[A' • 8 ' ,  c ]  [A', c / 8 ' ]  

[[D8mn],DP] I l[[Dm], [D7pn]] 
[A • 8 ,  C'] b,A, ,,, C',' [A, C ' / 8 ]  

w h e r e  [Dm] :  A ---> A ' ,  [ D n ] :  B ~ B ' ,  [Dp] :  C ~ C' .  
A s s u m i n g  tha t  [Dk] : A '  • B'  ~ C, this m e a n s  tha t  

[D7pn]b([Dk])[Dm] = b([Dp] [Dk] [DSmn]), 

tha t  is to  say, D55m3k7pn - D3558mnkp. M o r e o v e r  we r equ i r e  D34m =- Dm 
a n d  D43m =- Dm. 

T h e  r e a d e r  will have  no  difficulty in wr i t ing  d o w n  the  a n a l o g o u s  p r o p -  
ert ies c o n c e r n i n g  c. 

E4.  T h e  compos i t e  m a p A  • (B • (C • D)) ~ • • • ~ A • (B • (C • D)) dis- 
cussed  above  shall be the  identi ty.  T h u s  we requ i re  

D 5 5 5 5 2 2 5 2 1 2 5 1 2  --- D1. 

E5 .  m(X) shall be a func to r ,  tha t  is 

m(X)(1) = 1, m(X) (g )m(X) ( f )=  m(_~(gf),  

w h e r e  f :  X ~ Y a n d  g: Y --~ Z i n X .  T h u s  we r equ i r e  

D61 =- D1 

D56s60 -~ D6,~. 

N o w  let ( A _ , . , / ,  ~ ,  a, b, c) be any  r e s idua t ed  ca t egory  a n d  cons ide r  any  
f u n c t o r  T: X ~ A. W e  claim tha t  the re  exists a u n i q u e  strict m a p  T ' :  
F(_X) ~ ~ ,  • • • ) such tha t  U(T')  m(X) = T. 
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We begin by defining T' recursively as a function on objects: 

T'(X) = T(X) when X is any object of  X, 

T'(A • B) = T'(A) • T '(B),  

T'(A / B ) =  T'(A)  / T'(B),  

T ' ( A ~ B ) =  T ' ( A ) ~ T ' ( B ) .  

To define T' on maps, we first introduce T'(Dm) for each proof, by in- 
duction on the length of  the proof, and then show that this depends only 
on the equivalence class of  the proof, so that we may write T'([Dm]) = 
T' (Dm). 

T'(D1) = 1 

T'(D2) = a(T'(A), T'(B), T'(C)) 

T'(D20) = a(T'(A), T'(B), T'(C)) -1 

T' (D 3m ) = b(T' (Dm ) ) 

T' (D3Om) = c(T' (Dm) ) 

T' (D4m) = b(T' (Dm)) -1 

T' (D40m) = c(T' (Dm))-' 

T'(D5mn) = T'(Dn) T'(Dm) 

T'(D6~) = T ( f ) .  

Assuming that Ds - Dt, we shall show that T'(Ds) = T'(Dt). The proof  
of  this will be by induction on the length of the proof  of the fact that Ds =- 
Dt. Now this will have been established by invoking one of  the rules E0 
to E5. 

E0. If  Ds - Dt has been deduced by the reflexive, symmetric, or transi- 
tive property, the result is clear. If  it has been deduced from one of  the 
substitution properties, the following case will illustrate what happens in 
general. Suppose we have concluded that D3m =- D3n because Dm =- Dn. 
Then, by inductional assumption, T ' (Dm)= T'(Dn), hence 

T'(O3m) = b(T'(Om)) = b(T'(On)) = T'(D3n)..  

El .  Suppose we have used D51m =- Dm, then 

T'(D51m) = T'(Dm) T'(1) ---- T'(Om). 

Similarly T'(D 15m) = T' (Dm) and 

T' (D55mnp) = T '  (Dp)(T' (Dn)T' (Din)) 

= (T'(Dp)T'(Dn))T'(Dm) 

= T'(D5m5np) 
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E2. For example 

T'  (D85mn '5nn ' )  = (T' (Dm')T '  (Dm) ) • (T' (Dn ' )T '  (Dn) ) 

= (T ' (Dm')  • T ' (Dn ' ) ) (T ' (Dm)  • T ' (Dn))  

= T ' (D58mn8m'n ' ) .  

This a rgument  uses the fact that T ' (D8mn)  = T ' (Dm)  • T ' (Dn) ,  which may 
be verified by a s traightforward computation.  

E3. We have 

T'  (D588mnp2)  = T '  (D2)T'  (D88mnp) 

= a ( ( T ' ( D m ) .  T ' ( D n ) ) .  T'(Dp)).  

By naturali ty of  a, this is 

(T ' (Om) • (T ' (On)  • T'(Dp)))a = T ' ( O 8 m 8 n p ) T ' ( D 2 ) =  T ' (D528m8np) .  

Moreover,  T'(D5220) = T ' (D20)T ' (D2)  = a- la  = T'(D1) etc. 
E3 '  is similar to E3. 
E4. Applying T' to the composite p roof  ofA • (B • (C. D)) ~ A • (B • (C. 

D)), we obtain 

T' (D5555225212512) = T' (D512)T' (D2)T' (D521)T' (D2)T' (D2). 

To  make this intelligible, one must  insert subscripts. But then it is easily 
seen that  this is the analogous map of  T' (A)  • (T ' (B)  • (T'(C) • T ' (D)))  into 
itself. Since (d_, • " ") satisfies the coherence condition 4, this must  be the 
identity map, that is, T' (D 1). 

E5. Finally we have 

T'(D61) = T(1 )=  1 = T'(D1) 

and 

T'(D56s60) = T' (D6~) T '  (D6s) = T (g) T ( f ) = T (g f ) = T'(D6.qs). 

This completes t he  proof  that  T' (Dm)  depends  only on the equivalence 
class o f  Din, and we shall put  T ' ( [ D m ] )  = T'(Dm).  T'  is then a functor,  for 
example, 

T' ( [Dn]  [Dm]) = T ' ( [ D 5 m n ] )  

= T ' (D5mn)  

---- T ' (Dn)T ' (Dm)  

= T ' ( [ D n ] ) T ' ( [ D m ] ) .  

It is easily seen that it is a strict map in the category of  residuated categories 
in the given universe. Thus,  for example,  

T' (A • B ) =  T ' (A)  • T ' (B) ,  
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by Construction, and 

T' (a(A, B, C)) = T' ([D2A,B,C]) = a(T' (A), T' (B), T' (C)). 

We compu te  

U(T')(m(X)(X)) = U(T')(X)= T'(X)= T(X), 

U(T')(m(X)(f)) = U(T')([D6f])= T'(D6s) = T(f) .  

Thus  U(T')m(.S) = T. Is T' unique  with this p roper ty?  Suppose  S is any 
strict map  such that U(S)m(X_) = T. It is easily shown that  S agrees with T' 
as an object funct ion,  by proving that S(A) = T'(A) by induct ion on the 
length o f  the te rm A. But  we can also show that S([Dm]) = T'([Dm]), by 
induct ion on the length o f  the p roo f  Din. This  is an immedia te  consequence  
o f  the following observations: 

S([D1A]) = S(1A) = ls,A), 

S([D2A,,,c]) = S(a(A, B, C)) = a(S(A), S(B), S(C)), 

S([D3A,B,cm]) = S(b(A, B, C)([Dm]) = b(S(A), S(B), S(C))(S([Dm])), 

S([D5mn]) = S([Dn] [Din]) = S([Dn])S([Dm]), 

S([D6e] ) = U(S)(m(X)(f)) = T(f ) ,  

with similar observations concern ing  D20, D30m, D4m, D4Om. 
We have seen in the above p roo f  that  with any functor  T: _X---~ U(A_,. • .) 

there  is associated canonically a map  T' :  F~_)---> (.4, • • .) in the category o f  
res iduated categories. T h e  maps in A_A_ o f  the fo rm T'([Dm]), where  Dm is a 
p r o o f  in D(X), may be called canonical with respect  to T. Canonical maps in 
A may also be def ined recursively without  re fe rence  to F(X). T h e  relation- 
ship between canonical maps def ined recursively and proofs  in D(X) had 
already been pointed  out  in [9, Append ix  II] .  

Let  us r e tu rn  to the question o f  what maps to admit  to the category of  
res iduated categories. Presumably the strict maps cons idered  hi ther to  are 
ra the r  unnatural .  A more  sophisticated definition is the following. A map 
(,4, • • .) ----> (B_, • . .) is a quadrup le  (T, u, v, w) where  T:A-'> B is a func tor  
and u, v, w are  natural  i somorphims 

u(A, B): T(A • B)---> T(A) . T(B) 

v(A, B): T(A / B ) ~  T ( A ) / T ( B )  

w(A, B): T(A ~ B) ---* T(A) ~ T(B) 

satisfying three  obvious commutat ivi ty conditions. Composi t ion of  such 
maps also has an obvious definition. I f  u, v, w are identity maps, (T, u, v, w) 
will be a strict map  and may be identified with T. 

We may remark  that the category o f  res iduated categories, like Cat, is 
" two-dimensional" in the sense of  Benabou;  one  can speak o f  maps f rom 
(T, u, v, w) to (T', u', v', w'): CA_, • • ") "-"> (B_, • • "). Such a map  is a natural  
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t ransformation t: T--~ T' satisfying three obvious commutativity conditions. 
Of  particular interest in the case when t is an isomorphism. 

Any map (S, u, v, w): F(X) ~ (d, • • ") is isomorphic to a strict map. I f  we 
assume that U(S, u, v, w)m(X_) -~ T, it is easily seen that (S, u, v, w) ~ T'. The  
word "strict" may be omit ted f rom Proposition 2, provided the word "ad- 
joint"  is redefined according to this observation. 

3. A Gentzen-Type Deductive System 

It is known [8] that  the deductive system D(X) has a decision procedure,  
that is, an algori thm for deciding whether  a given formula  A ~ B is a 
theorem. (Actually it was assumed in [8] that  X is a set without fur ther  
structure,  but  essentially the same method  works i fX is an ordered  set or a 
category.) This procedure  was modelled on Gentzen's method for the in- 
tuitionist propositional calculus [7] and will now be sketched. 

For any category X we construct a deductive system G(X), which will 
ultimately turn  out  to be equivalent to D(X). 

The  formulas of  G(X) have the form 

A 1 , A 2 , ' ' ' , A n ~ B ,  

where n is a positive integer and A1, A2, • • • , A,, B are terms of  D(X). 
In stating the following axiom schemes and rules of  inference for G(X), 

we assume that A, A, ~ ,  and tO are finite sequences of  terms of  D(X). More- 
over, A and  A are assumed to be non-empty,  while ~ and tO may be empty 
sequences. "~,  tO" denotes the sequence obtained by juxtaposing ~ and tO, 
if tO is empty this is jus t  ~.  

GI:  X'-~ Y w h e n f : X - - ~  Y i n X  

A,B---~ A B,A---~ A 
G2: A ~ A J B  G20: A + B ~ A  

G3: A---~B ~ , A , O " - - ~ C  G30: A---~B ~ , A ,  to---~C 
d~, A / B, A, to ---~ C ~ ,  A ,B  ~ A, to ---~ C 

G4: ~ ,  A, B, to --~ C 
dp, A " B, to---~ C 

G5: 
A ~ A  A ~ B  

A, A ---~ A "B 

We observe that  the conclusion of  each of  rules G2 to G5 contains all the 
terms which occur in the premise or premises and one new occurrence of  
one of  the operat ion s y m b o l s . , / ,  or ~ .  Given any formula  of  G(X), one 
can decide in a finite number  of  steps whether  it is a theorem, by work- 
ing backwards. 

We shall establish one theorem scheme and a number  of  derived rules 
of  inference. 
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G6: A-->A 

G7: 
A----~ A ~ , A ,  to---~ C 

~,  A, to--* C 

G8: A---~ A J B  G80: A--* BX'~A 
A,B---~ A B,A----~ A 

G9: ~ , A  " B, O--* C 
~ , A , B ,  to ~ C" 

Proof  o f  G6. Clearly X ~ X is a t heo rem for every object X o f  X, in view 
of  G 1. Assuming that  B --~ B and C ~ C are theorems,  we prove A ~ A for  
A =B • C, B / C ,  or  B ~ C ,  thus: 

B---) B C--)  C C----~ C B---~ B 
B, C---~ B • C B / /  C, C--~ B 
B . C ~ B  .C B / C ~ B / C .  

Proof  o f  G7. We distinguish four  cases. 
Case 1. Both premises are instances o f  G 1: 

f .q 
X--* Y Y--~ Z 

X--~Z 

T h e n  the conclusion may also be obta ined by rule G 1,s. Thus  one  replaces 
G71sl~ by Glq s. 

Case 2. T h e  last step in the p r o o f  o f  the first premise uses one  o f  rules 
G2 to G5, but  does not in t roduce  the main opera t ion  symbol o f  A. T h e n  
A ~ A is in fe r red  by rule G3, G30, or  G4 f rom one or  two formulas,  one  o f  
which has the fo rm A' --* A. One  replaces 

A' ---~ A . -  • 
A---~ A ~ , A ,  tO----~ C 

• , A, to--~ C 

by 

A ' --* A cb, A, tO -'~ C 
~,  A', to-~ C" • • 

q'o, A, to --~ C 

Thus  one  replaces G7kmn by Gk7mnp or  G7kmpn by Gk7mnp. 
Case 3. T h e  last step in the p roo f  o f  the second premise uses one  o f  

rules G2 to G5, but  does not  in t roduce  the main opera t ion  symbol o f  A. 
T h e n  ~ ,  A, tO ~ C is in fe r red  f rom one  or  two formulas,  one  o f  which has 
the fo rm ~ ' ,  A, tO' ~ C'. One  replaces 

,I~ ' ,  A ,  ~ '  - -> C '  • • • 

A--> A ~ , A ,  to--~ C 
~, A, to--> C 
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by 

A---~ A ~ ' , A ,  tO'--~ C' 

~' ,  A, to' --~ C' 
q~, A, t o ~  C 

Thus, for example, one replaces G7m2n by G27mn. 
Case 4. The last steps in the proofs of  both premises introduce the main 

operation symbol of  A. For example, if this operation is • and ~ and tO are 
empty, one replaces 

by 

A --* A A ' ---~ A ' A , A ' --* C 
A, A' --* A .A'  A .A ' - - -~C 

A, A' ---~ C 

A--* A A,A'---~ C 
A'---~ A'  A , A ' - - *  C 

A, A' --* C 

Thus one replaces G75mn4p by G7n7mp. 

If  we measure the degree of an application of  rule G7 by the total num- 
ber of  occurrences of  the operation s y m b o l s . , / ,  ~ ,  in ~,  A, to, A, C, it is 
easily verified that in each of  cases 2 to 4 an application of  G7 is replaced 
by one or two other applications of  G7 with smaller degree, while in case 1 
the degree is 0. G7 thus holds by induction on the degree. 

Proof of  G9. This is shown by induction on the number of  occurrences 
of  the operation symbols. ,  J ,  ~ in the premise, that is, on the length of  a 
proof  of  the premise. ,. 

I f  the premise has been obtained from @, A, B, to ~ C by G4, there is 
nothing to prove. Otherwise it will have been obtained by Gk from one or 
two premises, one of  which must have the form ~ ' ,  A • B, tO' ~ C. By in- 
ductional assumption qs', A, B, tO' ~ C is a theorem in G(X). It is easily 
verified in the different cases that the same rule Gk leads from ~ ' ,  A, B, 
tO' --~ C and the other premise, if any, to the conclusion ~,  A, B, tO ~ C. 

A shorter proof, using G7, is given by G9n = G7566n. 
Proofs of  G8 and G80 are similar to that of  G9 and will be omitted. 
G7 is Gentzen's "cut". G8, G80, and G9 are converses of  G2, G20, and 

G4 respectively. We shall now investigate under what circumstances G5, 
G3, and G30 admit converses. 

Suppose A and A are sequences of  terms of G(X). We say that A is prime 
to A provided X contains no map f:  X ~ Y with X occurring in a term of A 
and Y occurring in a term of  A. 

LEMMA 1. Suppose that ~ ,  F, tO ~ C is a theorem in G(_X) and F is prime to 
~,  C, tO. Then F is empty. 

Proof We proceed by induction on the length of  the proof  of  ~, F, 



302 JOACHIM LAMBEK 

to ~ C. If  it is an instance of  G 1, there is nothing to prove. Suppose it has 
been established by rule G2, thus: 

~, A, to, B--* A 
¢b, A, to--> A / B" 

Looking at the premise, we see that A is prime to qb, A, to, B, and deduce 
that A is empty, by inductional hypothesis. Rules G20 and G4 are treated 
similarly. 

Suppose the th¢orem has been established by rule G3, thus: 

A--* B ¢b',A, to'----> C 
~,  F, t o = ~ ' , A  / B ,  A, to'--> C 

By inductional hypothesis applied to the second premise, we deduce that 
A is not prime to C, therefore A / B  is not in F. 

Case 1. A / B  is in to= O , A / B ,  A, tO', then ~ '  = ~ ,  F, 0. Looking at the 
second premise ~,  F, 0, A, to' ~ C, we observe that F is prime to q~, C, 0, 
A, to' (the last three bits being contained in to) and deduce that F is empty, 
by inductional assumption. 

Case 2. A / B  is in q~ = ~ ' ,  A / B ,  0, but F is neither in to' nor in A. 
Then F = F1, F=,, where A = 0, F1 and to' = F2, to. Looking at the first premise 
0, F1 --* B, we observe that FI is prime to B and deduce that FI is empty, by 
inductionai hypothesi s. Looking at the second premise ~ ' ,  A, F2, to ~ C, we 
observe that F._, is prime to @', A, C, to and deduce that F2 is empty, by in- 
ductional hypothesis. Thus F = FI, 1"2 is empty. 

Case 3. A / B  is in @ = q~', A / B ,  0, and F is in to' = 0', F, to, where 0 = 
A, 0'. Looking at the second premise q~', A, 0', F, to ~ C, we observe that F 
is prime to @', A, 0', C, to and deduce that F is empty, by inductional hy- 
pothesis. 

Case 4. A / B  is in ~ = ~ ' ,  A / B ,  0, and F is in A = 0, F, A'. Looking at 
the first premise 0, F, A' ~ B, we observe that F is prime toB and deduce 
that F is empty, by inductional hypothesis. 

Rules G30 and G5 may be treated similarly, thus completing the proof  
of  Lemma 1. 

LEMMA 2. Suppose that A, A --~ A • B is a theorem in G(X), A is prime to A, 
B, and A is prime to A, A. Then A--* A and A --* B are theorems. 

Proof We proceed by induction on the length of  the proof  of  A, h --~ 
A • B. We may assume that the last step in the proof  used one of  rules G3 
toG5. 

Suppose the rule used was G5, say A = AI, A., and 

A, hi --~ A A.2 --~ B 
A, AI,, A., ~ A • B 

By assumption, A1 is prime to A, A. Applying Lemma 1 to the first premise, 
we see that A1 is empty, hence the premises are precisely A ~ A and A ~ B. 
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Suppose the rule used was G4, say A = A1, D • E, As and  

A, A1, D,E,  A2---~ A . B 
A, A1, D . E, A 2--* A . B" 

By assumption, A is prime to A,, D, E, As, B, and A1, D, E, A 2 is prime to 
A, A. By inductional hypothesis applied to the premise, we deduce that 
A ~ A and Ai D, E, A s -* B are theorems. Then  also ~ ~ B is a theorem, 
by G4. 

Suppose the rule used was G3, thus: 

F---~ E ~ , D ,  to--~ A . B 
A, A = ~ , D / E , F ,  to--~ A . B"  

Case 1. ~ = A and  D I E  is in A. Then  we may apply the inductional 
hypothesis to the second premise and deduce that A = • ~ A and  D, tO --* B 
are theorems. T h e n  also A = D / E, F, tO--* B is a theorem, by G3. 

Case 2. A = ~ ,  D / E ,  A' and tO is contained in 4, thus A = 0, to and 
F = A', 0. We look at the second premise and infer, by inductional hy- 
pothesis, that ~ ,  D ~ A and to ~ B are theorems. Then  also ~ ,  D J E ,  F---~ A 
is a theorem, by G3. Applying Lemma 1 to the first premise, we see that 
0 is empty. There fo re  A = to ~ B and A = ~ ,  D J E ,  F ~ A are theorems. 

Case 3. A = ~ ,  D / E ,  A' and tO is not contained in A, thus F = A', 0 
and A = 0, tO. We look at the second premise and infer, by inductional 
assumption,  that ~ ,  D --~ A and  tO ~ B are theorems. Applying Lemma 1 to 
the first premise, we again find 0 empty and deduce that A ~ B and A ~ A 
are theorems. 

Case 4. A is in ~ =  A, 0, then A =  O , D / E ,  F, tO. Looking at the second 
premise, we see, by inductional hypothesis, that A --~ A and 0, D, tO--~ B are 
theorems. T h e n  also A ~ B is a theorem, by G3. 

Since G30 is symmetric to G3, this completes the proof  of  Lemma 2. 

LEMMA 3. Suppose that ~ ,  A / B ,  A, tO ~ C is a theorem in G(__X), A is 
prime to ~, A, tO, C, and ¢b, A, tO is prime to A, B. Then A --~ B and cb, A, tO --~ C 
are theorems. 

The  proof  is similar to that of  Lemma 2 and will be omitted. 

4. Decision Procedures for D(_X) and UF (_X). 

In o rder  to compare  G(_X) with D(X_) we shall associate with each non- 
empty sequence A of  terms a single term [AI o f  D ~ ) .  This is done induc- 
tively by put t ing 

[AI=A,  IA, A I = I A I ' A .  

Thus,  for example, ]A, B, C] = (A • B) • C. The  following meta theorem thus 
establishes a decision procedure  for D(~_). 
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M E T A T H E O R E M .  A --~ B is a theorem in G(X_) i f  and only if lA] ~ a is a 
theorem in D(X_). In particular, A --> B is a theorem in G(X) i f  and only i f  it is a 
theorem in D(X). 

Proof First assume that  A --~ B is a t h e o r e m  in G(X) with p r o o f P  = Gin. 
We will show that  IAI --> B is a t h e o r e m  in D(X) with p r o o f  d(P) = Dm +. 
Dm + will be def ined by induction.  

I f  A --~ B is an instant  o f  G1 s then  IAI --~ B is an instant  o f  D6 r. T h u s  

D 1}- = D6 s . 

I f  A ---> A / B  is obta ined  by G2 f rom A, B ---> A, then  IAI --, A / B  is 
obta ined  by D3 f r o m  IA, BI = IA] • B --> A. T h u s  

D(2m) + = D3m +. 

I f  A ---> B ~ A  is obta ined  by G20 f r o m  B, A ---> A, then  IA] --~ B ~ A  is 
ob ta ined  by D30 f r o m  B • IAI ---> A. This  is not  the same as IB, A I ~ A, but  
follows f r o m  it and  the associativity relat ion Da: B • IAI ---> IB, AI by D5. 
T h u s  D(20m) + = D305am +. 

Similarly Iqb, A • B, toI --> C is ob ta ined  f r o m  Iqb, A, B, to] ---> C in D(_X), 
thus D(4m) + = D5bm +, where  Db: I~, A • B, toI ~ Icb, A, B, toI, prov ided  qb 
is non-empty .  I f  • is empty ,  a simplification is possible, and  we may  write 
D(4m) + = D m  +. 

Similarly we also have D(5mn) + = D5c8m+n +, where  Dc: IA, A[ ---> ]AI " 
IAI by associativity. 

T h e r e  r ema in  only G3 and  G30 to be considered.  For reasons o f  sym- 
metry ,  we only look at the former .  First, assume that  • and  to in the con- 
clusion o f  G3 are  empty .  Wri t ing  L = ]AI, we then  have: 

D7: A---> C L--> B 

D4: 
( A / B ) .  L - ->C 

T h u s  D(3mn) + = D47n+m +. Next,  suppose  • e m p t y  and  t O = P. T h e n  we 
have 

D3: 

D7: 

D4: 

D4: 

A " P - - > C  

A ---> C / P L --* B 

A / B  --> ( C / P ) / L  
( A / B )  . L - - - ~ C / P  

((,4 / B )  • L) • P --~ C 

T h u s  D(3mn) + = D4473n+m +. Similarly one  may deal with the r ema in ing  
cases in which ~ is not  empty .  

We have thus shown one  o f  the two implications o f  the me ta theo rem.  
Conversely,  we shall assume that  IAI ---> B is a t h e o r e m  in D(X), we wish to 
show that  A ~ B is a t h e o r e m  in G(X). I t  suffices to show that  IAI ---> B is a 
t h e o r e m  in G(X_), for  then  A ---> B can be der ived by r epea ted  applicat ions 
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of  G9. Thus  we want to obtain D 1 to D6 as derived rules o f  inference in 
G(X). This will imply that each p roof  P = Dn: .4 --~ B in D(X)  can be ex- 
panded  to a proof  g(P) = Gn*: A ~ B in G(X). We shall define Gn* by 
induction. 

Indeed,  we may put 

GI* = G6, G6]' = G b , 

G2* = G4456566. 

The  reader  will easily reconstruct the last p roof  from its label. A similar 
expression is found  for G20*. Suppose we already know that Dn may be 
expanded  to Gn*; then we put  

G(3n)* = G27256636n*, 

G(4n)* = G475n*64366. 

For example, the latter expansion looks like this: 

G5: 

G6 G6 
B--*  B C " *  C 

Gn* G6 G3: 
A ~ C/B__ B ~ B G4: C / / B ,  B --~ C 

A, B ---+ ( C / B ) .  B ( C / B )  • B -+ C 

G4: .4, B - + C  
A " B - - * C  

D30 and D40 are treated similarly. Finally, D5 is just  a case of  G7, that  is, 
we put  G(5mn)* = G7m*n*. The  proof  of  the meta theorem is now complete. 

In proving the above meta theorem we have translated each proof  Gm: 
A ~ B in G(X) into a proofDm+: IAI ~ B in D(X). In particular, a p roof  of  
the form G7mn may be thus translated, after  first eliminating the derived 
rule of  inference G7 by the method  of  the preceding chapter.  On the 
other  hand,  G7mn may be translated directly, for example,  when ~ and 
tO are empty:  

Dm+ Dn + 

D5: IAI --* A A --* C 
Ial--~ C 

It will be of  considerable use to us to know that  the roundabou t  transla- 
tion of  G7mn is equivalent to the direct translation: 

E6. D(7mn)  + =- D5m+n + 

- D58m + In + 

=_ D5c581m+n + 

=_ D5c5881m + In + 

if ~ and tO are empty 

if ~ is empty  and tO = P 

if ~ is non-empty  and tO is empty 

if ~ is non-empty  and tO = P 

with similar expressions when to consists of  more than one term. Here  

Dc: I~P, A I --+ I~p] . IA I 
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in the third equivalence and 

Dc: I ~ ,  A ,  e t  ~ (IdOl " IAI)" P 

in the fourth ,  using associativity. (It will be observed that,, in view of  E4, 
Dc is uniquely de termined up to equivalence.) 

P r o o f  We examine in detail the four  cases that arise in the p roof  of  G7. 
Case 1. G71~ 1~ = G 1~ r, hence, by E5, 

D(71sl,) + = Dl+s=  D6+s =- D56s6 . = D51~l + " 

Case 2. Take for example k = 4, A' =D,  E, and A = D  • E. Then  G 7 4 m n  = 

G 4 7 m n ,  hence 

D ( 7 4 m n )  + = D ( 4 7 m n )  + = D ( 7 m n )  +. 

By inductional hypothesis, we may put this 

- D 5 m + n  + = D 5 ( 4 m ) + n  +. 

Case 3. In the example considered, G 7 m 2 n  = G 2 7 m n ,  hence 

D ( 7 m 2 n )  + = D ( 2 7 m n )  + = D 3 ( 7 m n )  + =_ D358m + In +, 

by inductional assumption. In view of  E l ,  E3' and E2, this may be written 

=- D 3 5 5 8 m + n +  l =- D 5 5 m + 3 n + 7 1 1  =- D 5 m + 3 n  +. 

Case 4. In the example considered, G 7 5 m n 4 p  = G 7 n 7 m p .  Thus  we have 

D ( 7 5 m n 4 p )  + = D ( 7 n 7 m p )  + - D5c581n+(7mp)+ =_ D 5 c 5 8 1 n + 5 8 m  + lp + 

by inductional assumption, where Dc: ]AI " IA'I ~ [A, a ' l .  Now 

D58m + lp + -= D43558m + lp + 1 

D455m+ 3p+ 711  

-~ D 4 5 5 m + 3 p  + 1 

=_ D45m+3p+ 

There fore  

D 5 8 1 n + 5 8 m  + lp + _= D581n+45m+3p+ 

=- D435581 n+(45m3p  +) 1 

-= D4551345m+3p+7 In + 

=_ D455m+ 3p+ 7  In + 

D 4 3 5 5 8 m + n + p  + 1 

=__ D58m+n+p+ 

by E3'  and E1 

by E 3 '  

by E2 

by E l .  

b y E 3 '  a n d E 1  

by E3'  

by E 1 and E3' 

by E3'  

by E3'  and E l .  
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Hence  

D ( 7 5 m n 4 p ) +  --  D5c58m+n+p+ 

-~ D 5 5 c 8 m + n + p  + by E 1 

--  D5(5mn)+(4p )+ ,  

and this is the result  that  was to be p roved  in the case u n d e r  considerat ion.  
T h e  equivalence relat ion = between proofs  in D(X) may be t r ans fe r r ed  

to G(X_). Recalling that  each p r o o f  Gm:  A ~ B in G(~) gives rise to a p r o o f  
Dm+: [A[ ~ B in D(X), we define 

G m  =- G n  O.O D m  + = D n  +. 

We observe  the following substi tution proper t ies :  
E7. 

G m  =- Gin '  

G k m  - G k m '  
(k = 2, 20, 4, 5) 

G m  - G m '  G n  - G n '  

G k m n  - G k m '  n '  
(k = 3, 30, 7). 

With the except ion o f  k = 7, these are immedia te  consequences  o f  the 
above definit ion and  the p r o o f  of  the me ta theo rem.  Take ,  for  example ,  
the case k = 2. F rom G m  -~ G n ,  i.e. D m  + =- D n  +, we deduce  by E0 that  
D 3 m  + =- D 3 n  +, i.e. D(2m) + -= D(2n) +, i.e. G 2 m  - G 2 n .  T h e  case k = 7 is 
t rea ted  similarly, with the help  o f  E6. 

We assert  that  the t ransfer  o f  the equivalence relat ion -= f r o m  D(X) 
to G(X) is an "extension",  in the sense that  D m  - D n  0,~ G m *  =- D n * ,  i.e. 
D m  *+ - D n  *+. This  is an immed ia t e  consequence  of  the following: 

E 8 .  D m  *+ = - D m .  

P r o o f  Recall that  G l* = G6, hence  D1 *+ = D6 +. We will show that  
D6~ - D IA, by induct ion on the length o f  A, consul t ing the p r o o f  o f  G6A. 

Indeed ,  we have G 6 x  = G l l x  hence,  D6~, = DI~  = D 6 x  - D 1 ,  x by E5. 
Moreover ,  G6n.c  = G456B6c, hence  

D6+.c = D(45686c) + = D(56~6c) + = D86+6~.. 

By induct ional  hypothesis ,  we may put  this 

-= D81Blc = D18.c  

by E2. 
T h e  cases A = B / C and  A = B ~ C are  hand led  similarly. T h u s  we 

have  shown 

D1 *+ = D1. 

Recall that  D6• = G ls, hence  D6F + = D 1~ = D6 r . 
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Recall that G2* = G4456566, hence 

D2 *+ = D(4456566) + = D(56566) + = D5281811, 

as is easily seen, by writing out  the proofs  in detail. Moreover ,  using E2 
and E 1, this is 

- D52811 - D 5 2 1  - D 2 .  

Thus  we have shown the first o f  

D2 *+ - D2, D20 *+ -= D20, 

the second being similar. 
Assuming that  D n  *+ =-- D n ,  we claim also that 

D ( k n )  *+ - D k n ,  

when k = 3, 30, 4, 40. For  example ,  recalling that G(4n)* = G475n*64366,  

we have 

D(4n)* + = D(475n*64366) + 

-= D58n*+ 14711, 

Using the inductional  assumption and E2,  this is 

--- D58n141 

- D4358n141 by E3 '  

~- D43558n1411 by E1 

-= D455n341711 by E3'  

-- D455n 11 by E2 

- D 4 n  by E 1. 

Finally, assuming D m  *+ - D m  and D n  *+ = 

G ( 5 m n ) *  = D 7 m * n * ,  we have 

D ( 5 m n ) *  + = G ( 7 m * n * )  + 

- D 5 m . + n . +  

- D 5 m n .  

D n ,  and recalling that 

This  completes the p roo f  of  E8. 
We are now in a position to establish a relative decision p rocedu re  for  

the under ly ing  category UF(X_) of  the free  res iduated category F(X) gener-  
ated by the category X. Assuming that, for  any two objects X and  Y of  
X, [X, Y] is completely de te rmined ,  we shall see how to compute  [A, B],  
for  any two objects A and B of  U F ( X ) .  Now a map A ~ B is the equivalence 
class o f  a p roo fDm:  A ~ B. T h e  above me ta theo rem suggests that we look 
at the equivalence classes o f  proofs  G n :  A ~ B .  
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In general, let Mult (A, B) denote the set of all equivalence classes of 
proofs Gn: A ~ B. We may think of these equivalence classes as multi- 
linear maps. Now all proofs of  A ---) B and therefore all multilinear maps 
A --) B are easily found by working backwards. (See the comment after 
the introduction of G(X).) A decision procedure for UF(X) is therefore 
given by the following corollary to the metatheorem and E8: 

PROPOSITION 3. The assig~nments * and + establish a one-one corre- 
spondence between [A, B] and Mult (A, B). 

Proof In view of E8, Dm = Dm' implies Dm *+ - Dm '*+, that is, Gm* ==- 
Gm'*. We thus have a mapping which assigns to the equivalence class 
[Dm] the equivalence class [Gm*]. It is one-one, because Gm* - Gm'* 
implies Dm - Dm *+ =--- Dm '*+ =- Dm'. It is onto, because Gn - Gn +*, since 
Dn + =- Dn +*+ by E8. 

Multilinear maps were used by Bourbaki [2] in resolving problems 
about the tensor product and by Findlay and the author [6, 9] in studying 
canonical maps in the category of bimodules. 

As an application of our decision procedure we mention the following: 

ILLUSTRATION. The functor m(X_): X ---) UF(X) of  Proposition 2 is full. 
Proof Suppose [Dm] : m(X)(X) ~ m(X)(Y) in UF (X), that is, [Dm] : X---) Y. 

Now it is clear that in G(X) any proof of X---) Y must have the form Gle: 
X ~ Y. Therefore Gm* =- Gle, hence Dm - Dm *+ - D I [  ==- D6~, and so 
[Dm] = [D6f] = m(X)0c). 

Similarly one may show that in Proposition 1, m(X)(X) <~ m(X)(Y) im- 
plies X ~ Y. 

5. When Are Two Proofs Equivalent? 

We have shown that any category X generates a free residuated cate- 
gory F (X). For the moment we shall assume that _X is a discrete category, 
that is, just a set. Can we be sure that the underlying category UF(X) is 
more than just an ordered set? That the answer to this question is "yes" is 
shown by the following argument [6]. 

Let X and Y be distinct objects of X and consider the maps 

p =  [D31]: X / Y - - ) ( ( X / Y ) .  Y ) / Y  

q---- [D7411]: ( ( X / Y ) .  Y ) , / Y - - - )  X / Y .  

If  UF(X) were just a pre-ordered set, that is, a category which admits only 
one map between two given objects, the maps qp and pq would both be 1. 
Let us assume that this is the case, for argument's sake. 

Now take (_A, • • ") to be the residuated category of all vector spaces 
((R - R)-bimodules) over a field R, and introduce a functor T: X ---) .4 by 
putting T(X) = A, T(Y) = B,  where A has dimension 1 and B has dimension 
2. It does not matter what value T has for other objects (elements) of X. 
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We then have canonical maps 

T'(qp): A / B  ---> A / B 

T'(pq): ( ( A / B )  • B ) / B  ( ( a / B )  • B ) / B  

both equal to 1. This establishes an isomorphism 

A / B  = ( ( A / B ) .  B ) / B .  

Now A / B -- Home(B, A) ~ B ® ca has dimension 2, while the RHS ~- 
A ® nB ® nB ® RB has dimension 8, a contradiction. 

Actually, it is easily shown that 

qp= [D5317411] = [D1] = 1. 

Therefore 

pq= [D5741131] ¢ [D1] = 1. 

The following consideration makes it plausible why pq ¢ 1, that is 
D5741131 ~ D1. 

Consider the following proof  in D(X), where X, Y, Z, T are distinguished 
objects of  X. 

x / r - - + x / Y  

! x / r )  . y--+ x z - + z  ( X / Z )  . T--+ ( X / Z )  . T 

( ( X / Y ) .  Y) t/Z---+ X+/Z  X / Z - - +  ( ( X / Z ) .  T ) / ' T  
( ( X / Y ) .  Y) / Z --+ ( ( X / Z ) .  T) / T 

This also has label D5741131. If  Y = Z = T, it specializes to the above 
proof  of  

( ( X / Y ) .  Y / Y - +  ( ( X / Y ) .  Y ) / Y .  

On the other hand, the proof  D 1 of this formula yields a different generali- 
zation: 

( ( X / Y ) .  Z ) / T - - >  ( ( X / Y ) .  Z ) / T .  

We might say that the proofs D5741131 and D 1 of  the same formula have 
different "scope". We should not expect proofs of  different scope to be 
equivalent. 

Later we shall indeed give a rigorous definition of  the word "scope" 
to be able to state a result of this nature. First we shall consider a special 
situation. From now on X may be any category, not necessarily discrete. 

PROPOSITION 4. Assume that no three objects of X are connected by maps 
and that no object of X occurs more than once in the formula F ~ C. Then any two 
proofs P, Q: F ~ C in G(_X) are equivalent. 

Proof. The proof  is by induction on the length of  a proof  of  F ~ C, 
that is, on the number of  occurrences of  the operation symbols - , / ,  
in F ~ C. A little reflection will show that, aside from arguments by sym- 
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metry, we need only consider  the following eight cases: the last step in 
P involves rule Gi and the last step in Q involves rule Gj, where  

(i,j) = (2, 4), (2, 3), (4, 3), (4, 4), (4, 5), (3, 30), (3, 3), (3, 5), (5, 5). 

Case 1. P = G 2 m : F ~ A / B ; Q = G 4 n : F = r b ,  D . E ,  t O ~ A / B .  By 
inductional assumption,  F, B ~ A can have only one p roo f  up  to equiv- 
alence. Now, by G4 and G9, ~ ,  D • E, tO, B ~ A is a theorem if and only if 
~ ,  D, E, tO, B ~ A is. T h e r e f o r e  P is equivalent to P ' :  

~ ,  D, E, tO, B £-~k A 
• , D  . E ,  tO, B--->A 
dp, D . E, tO "---> A / B " 

Again by inductional assumption,  qb, D, E, tO ~ A / B  can have only one  
p roo f  up  to equivalence. But  G2k is one  such proof.  T h e r e f o r e  Q is equiv- 
alent to Q': 

¢p, D, E, tO, B C'-.~k A 
¢ , D , E ,  tO--'> A J B  
~,D.E, tO~A/B"  

It is not difficult to verify that P '  = Q', that is, G24k =- G42k. For example,  
taking ~ = F and tO empty,  P '  gives rise to the following p roo f  in D(X): 

F .  (D.  E ) - ~  (F .  D ) .  E B °--~I B 
D8: (F .  (D • E)) • B --* ( (F .  D) • E) • B ((F.  D) • E) • B ~>+ A 
D5: 

D3: (F .  ( D - E ) ) . B ~ A  
F . (D . E)---> A / B 

On the o ther  hand,  Q' gives rise to the following: 

020 D3: ( ( F . D ) . E ) . B O ~ A  
F . (D . E) ---> (F . D) . E (F . D) . E - +  A / B 

D5: 
F" (D " E)--> A , /  B 

The  equivalence of  these two proofs  is established thus: 

d(P') = D358201k + 

=- D3558201k+ 1 b y E 1  

----' D55203k+711 by E3 '  

-- D55203k + 1 by E2 

- D5203k + by E 1 

= d(Q'). 

Case 2. P = G 2 m :  F---> A / B ;  Q=G3kn:  F = ~ , D / E ,  A, to---->A l B .  
By inductional assumption,  ~ ,  D, tO --~ A J B  can have only one  p r o o f  up  to 
equivalence. By G2 and G8, it is a theorem if and only if ~ ,  D, tO, B ~ A is. 
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T h e r e f o r e  it has a p r o o f  G2k', and  Q - Q' :  

cI), D, tO, B 6-1-~ A 
A -~ E ~ ,  D, tO---> A I /  B 

~ , D / E , A ,  tO-'-> A / B  

Again by induct ional  assumpt ion ,  F, B ~ A can have  only one  p r o o f  up  to 
equivalence.  But  it has p r o o f  G3kk', and  t h e r e f o r e  P =- P ' :  

a ~--~k E cIJ, D, tO, B ~ A 
~ , D / E , A ,  tO, B--* A 

cI), D / E, A, tO ---> A / B " 

O n e  may easily show that  P '  -= Q' by c o m p u t i n g  G23kk' - G3k2k'. 
Case 3. P = G4m: F = qJ, A • B, tO --> C; Q = G3kn: F = ~ ' ,  D / E, A, 

tO' ~ C. T h u s  ~ ,  A • B, tO = ~ ' ,  D / E ,  A, tO'. T h e r e  are  th ree  subcases, 
accord ing  to whe the r  A • B is in ~ ' ,  A, or  tO'. 

Subcase 1. ~ '  = ~ ,  A • B, 0; tO = 0, D , / E ,  A, tO'. A rgu ing  as above,  we 
see that  P = P ' :  

A a-~k E ~ ,  A, B, O, D, tO' G--~ C 
q~,A,B,  O,D / E ,  A, tO'---> C 

~ , d  . B, O , D / E ,  A, tO'--> C 

and that  Q -= Q':  

~ , A , B , O , D , O ' ~ C  
A ~-~k E ~ ,  A . B, O, D, to' --> C~ 

~ , A  . B , O , D / E , A ,  to'--> C 

Again it is easily verified that  

P' =- G43kk' =- G34kk' = Q'. 

Subcases 2 and  3 are t rea ted  similarly. I t  ul t imately amoun t s  to showing 
that  G43kk' = G34kk', G34kk' =- G3k4k'. T h e  details will be omit ted.  

Case 4. P = G4m: F = ~ , A  • B, to ~ C; Q= G4 n :  F =  q~', D • E, to' --> C. 
T h u s  ~ ,  A • B, to = ~ ' ,  D • E, tO'. Let  us say that  • = ~ ' ,  D • E, 0, then  tO' = 
0, A • B, tO. I t  is easily seen that  P - P '  and  Q ~ Q':  

~ , , D , E , O , A , B  ~-~k C ~ ' , D , E , O , A , B  v--~# C 
~ ' , D "  E , O , A , B - - > C  
~ ' , D "  E , O , A  " B--> C 

~ ' ,  D, E, O, A • B --* C 
~ ' , D ' E , O , A ' B - - > C "  

Again it is easily verified that  P '  ~ Q'.  ( In this case both have label G44k; 
the distinction lies in the subscripts which have been  omit ted.)  

Case 5. P = G 4 m :  F = ~ , A  • B, to-->C; Q=G5kn:  F = A ,  A---> C = D . E. 
T h e n ~ , A  . B ,  t o = A ,  A. Let  us s a y , ~ = A ,  0 a n d A = 0 ,  A . B ,  to. T h e n  

p = P ' :  

A -~ D O, A, B, ,I, % F~ 
A, O , A , B ,  to--> D " E 
A, O,A " B, to--* D " E 
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and Q -- Q': 

O,A,B, E 
A G-'~k D O, A " B, to---~ E 

A, O,A " B, to-* D " E 

Again it is easily verified that P '  = G45kk' - G5k4k' = Q'. 
Up to now the special assumptions concerning the category X have not 

come into play. They  will however in the following cases. 
Case 6. P = G3jm, Q = G3Oj'm': 

a J A' ~'~ B ' ~ ' , A ' ,  to '--~ C A ---~ B cb, A, to ~-~ C , cm, 
~ , A  / B ,  A, to--> C ¢b', A' ,  B ' ~ A ' ,  to' ---~ C 

where qb, A / B ,  A, tO = qb', A', B' ~ A ' ,  to'. 
Subcase 1. B ' ~ A '  is in ~ = qb', A', B ' ~ A ' ,  0, then to' = 0, A / B ,  

A, to. 
We claim that ~ ' ,  A', 0, A, to is prime to A, B. For otherwise there would 

be a map f :  X ~ Y in_X, X in qb', A', 0, A, to and Y in A, B. But then the 
proof  of  A --~ B must contain an axiom GI ,  where g: Y --* Z or g: Z ~ Y. 
Since X occurs at most once in the conclusion, X ¢ Z, and so the three 
distinct objects X, Y, Z would be connected by m a p s f a n d  g, contradicting 
the assumption. 

Similarly one shows that A is prime to ~ ' ,  A', 0, A, to, C. It then follows 
f rom Lemma 3 that ~ ' ,  A', 0, A, to ~ C is also a theorem. But, by induc- 
tional assumption,  ~ ' ,  A', 0, A J B ,  A, to ~ C has only one p roof  up to 
equivalence. There fore  Q is equivalent to Q': 

A -~ B ~ ' ,  A' ,  O, A, to ~--~k C 
A ' E ~ B  ' * ' , A ' , O , A / / B , A ,  to--*C 

• ', n ' ,  B ' ~ A ' ,  O , A / B ,  A, to--* C 

As in earlier cases, it readily follows that P -= P ' :  

A, ~-~ B, ~p,, A,,  O, A, to ~--k>k C 
A -~ B ¢ ' ,  A' ,  B'  "x~ A' ,  O, A, to --* C 

~ ' ,  A ' , B ' ~ A ' ,  O,A / B , A ,  to---~ C 

One easily computes that P '  = G3j3Oj'k =- G3Oj'3jk = Q'. 
Subcase 2. B' ~ A '  is in to, hence A / B  is in ~ ' .  An a rgument  sym- 

metrical to that for subcase 1 will apply. 
Subcase 3. B ' ~ A '  is in A = 0, B ' ~ A ' ,  l~ and A / B  is in A' = 2,  

A / B ,  0. Looking at O',  E, A, to ~ C and applying Lemma 1, we see that  
E, A is not prime to ~ ' ,  C, to, say f :  X ~ Y with X in E, A and Y in qb', C, to. 
Looking at ~, A J B ,  0 ~ B',  we see that  its p roof  must contain an axiom 
G 1.0 with g: X "-~ Z or g: Z ~ X. In any case, Z ¢ Y, since Y may occur at 
most once in the conclusion. Thus  X, Y, Z are three distinct objects of  X 
connected by maps f and g, contradicting the assumption on _X, and so 
subcase 3 cannot  arise. 
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Case 7. P = G3jm, Q = G3jm' .  This  is quite similar to case 6, but  an 
addi t ional  subcase may arise: 

A--+ B ~ , A ,  to--+ C A'--+ B ~ , A ,  to'--+ C 
+,  A / B,  A,  to --+ C c~, A / B, A ' ,  q/ --+ C 

where  A, tO = A' ,  tO'. For  example ,  A = A' ,  0 and  tO' = 0, to. Looking  at 
A' ,  0 --+ B, we see that  0 mus t  be empty .  For  otherwise  there  would be a 
m a p  f :  X --+ Y with X in A' ,  0 and  Y in B. But  the p r o o f  o f  A' --+ B mus t  
contain an axiom GI~ with g: Y ---> Z o r g :  Z --> Y, where  Z # X  s inceX can 
occur  at most  once in the conclusions. T h u s  th ree  distinct objects X, Y, Z 
would be connec ted  by the m a p s f a n d  g in X, contradic t ing  the assumpt ion  
on X. T h e r e f o r e  A' = A and tO' = tO. Now, by induct ional  assumpt ion  A --+ B 
and  ~ ,  A, tO --+ C have proofs  which are unique up  to equivalence,  hence 
P - Q .  

Case 8. P = G3im, Q = G5jn:  

Oi>, A / B,  A,  tO --+ D . E F, A --+ D . E 

hence  + ,  A / B ,  A, tO = F, A. 
Subcase 1. A / B  is in A = O , A / B ,  A, tO. As in subcase 1 o f  case 6, we 

a rgue  that  0, A, tO --+ E is a theorem.  By inductional  assumpt ion ,  0, A / B ,  
A, tO --+ E has only one  p r o o f  up  to equivalence,  and  this p r o o f  must  be 
G3ik. T h e r e f o r e  Q ~ Q' = G5j3ik. As in earl ier  cases, we a rgue  that  P -= 
P'  = G3i5jk,  and  verify that  P '  -= Q'.  

Subcase 2. A / B  is in F = + ,  A / B ,  0 and  A is in tO = ~1, A, hence 0 = 
A, ~ .  As before ,  we use L e m m a  3 to show that  + ,  A, 1~ --+ D is a theorem.  
As in ear l ier  cases, we a rgue  that  

P =- P '  = G3i5kp =- G53ikp = Q' =- Q. 

Subcase 3. A / B  is in F = + ,  A / B ,  0 and  tO is in A = ~ ,  tO, hence A = 
0, l). Apply ing  L e m m a  1 to 0, l)  --+ B, we see that  1~ is e m p t y  (otherwise 
there  is a m a p  f :  X --+ Y with X in ~ and  Y in B, and  looking at A--+ B, there  
would be a m a p  g connec t ing  Y to a n o t h e r  object Z in A, B). T h e r e f o r e  
A = tO and  we are  in subcase 2 .  

Case 9. P = G5im, Q = G5jn. T h e  a r g u m e n t  is similar to the above and  
will be omit ted.  

T h e  p r o o f  o f  Proposi t ion 4 is now complete .  Before  giving an applica-  
tion o f  this, we need  some auxil iary results. 

Given a func to r  F:  _X --> _X' and  a t e rm  A of  G(_X), we write G(F)(A)  for  
the t e r m  o f  G(X')  obta ined  f r o m  A by replac ing  all occurrences  o f  objects 
X of_XX in A by F(X). T h u s  

G(F)(A(X,  Y, • • .)) = A(F(X) ,  F (Y) ,  • • "). 

Also, if A = A1, A2, • • • , A,, we write 

G(F)(A) = G(P)(A,) ,  . • • , G(F)(A,) .  
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Finally, if P is any proof  in G(X), we write G ( F ) ( P )  for the proof  in G(_X') 
obtained f rom P by replacing all occurrences o f  objects X of  X in P by 
F ( X )  and all occurrences of  m a p s f o f _ X  in P by F( f ) .  Thus  

G ( F ) ( P ( X ,  • • • , f ,  • • .)) = P ( F ( X ) ,  . • • , F ( f ) ,  • • .). 

LEMMA 4. Let  P:  A ~ B be a p r o o f  in G(X).  Then  there exists a category 

X A in which no three distinct objects are connected by maps, a f u n c t o r  F:  X A ~ XX, 

and  a general izat ion pA: A A __~ B a o f  P such that G(F) (P  A) = P and  such that no 

object o f  X_ A occurs more than once in A A ~ B a. 
P r o o f  Let all instances of  the axiom scheme G 1 in the proof  P:  A ~ B 

be enumera ted  by G hi, i = 1, 2, • • • , n wherein: Xi ~ Yi in X. (We do not 
rule out  thatj~ = f i  when i ~ j.) Let X A be the sum (disioint union) of  n 
copies of  the category 2, which has two objects 0 and 1 and one map a: 
0 ~ 1 other  than the identities, with injection functors Ki: 2 ~ _X A. Now 
for each i there is a functor  Fi: 2 --* X such that F~(0) = X~, Fi(1) = Yi, F~(a) = 

j~. Let F: _X A ~ X be the unique functor  such that  FKi  = Fi. 

Let pA: A A ~ B A be obtained f rom P by replacing each axiom G ls, by 
its analogue Gln,(,) in G(_XA). It is easily seen that pA is a p roof  in G(_XA). 
Moreover,  F(K~(a)) = F,(a)  =j~, hence G ( F ) ( P  A) = P. It is easily seen that 
each object of  X A occurs exactly once in A A ~ B A, by induction on the 
length o f  the proof. Finally, each object of  _X A has the form Ki(0) or Ki(1), 
hence partakes in at most one map Ki(a) of  X A. 

We define D ( F )  quite similarly to G(F)  above. Thus,  for a p roof  in 
D ( X ) ,  we put  

D ( F ) ( P ( X ,  • • • , f ,  • • .)) = P ( F  (X),  • • • , F ( f ) ) ,  

and obtain a p roof  in D(X_'), where F: _X ~ _X'. 
We recall f rom the p roof  of  the Metatheorem of  Section 4 that  each 

proof  P = G m  in G(X)  gives rise to a proof  d ( P ) =  D m  + in D(_X_). 

LEMMA 5. I f  F:  X ~ X '  is any f unc tor ,  and  P any p r o o f  in G(X_), 

D ( F ) ( d ( P ) )  = d (G(F) (P) ) .  

P r o o f  We wish to show that  it does not mat ter  whether  the function 
d is applied to a proof  P in G(X)  before or  after specialization, that is, 
replacing X by F ( X )  and f by F ( f ) .  This is clear f rom the recursive con- 
struction of  the function d, which depends only on the form of  P, that is, 
only on the label G m  without subscripts. (For this reason, subscripts were 
in fact omitted.) 

E9. Let F: X --~X' be a given functor.  I f  P, Q: A ---, B are proofs in D(_X), 
then 

P =- Q ~ D ( F ) ( P )  =- D ( F ) ( Q ) .  

I f  P ' ,  Q': A ~ B are proofs in G(X_), then 

P '  =- Q' ~ G ( F ) ( P )  =- G ( F ) ( Q ) .  
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Proof  T h e  first assertion is p roved  by observing that equivalence o f  
proofs  in D(_X) depends  orily on the fo rm of  the proofs,  hence is preserved 
upon  replacing X by F (X) a n d f  by F 0r). 

T h e  second assertion is now shown as follows. Assume P '  -- Q' in G(X)~ 
that is, d(P')  - d(Q') in D(_X). In view of  Lemma  5, 

d(G(F)(P'))  = D(F)d(P') )  - D(F)(d(Q'))  = d(G(F)(Q')),  

that is to say, G(F)(P' )  - G(F)(Q').  

COROLLARY.  I f  X is a discrete category and A --~ B is a theorem in G(X) 
in which every element of  X_ occurs at most twice, then any two proofs of  A ~ B 
are equivalent. 

Proof  Given proofs  P, Q: A -~ B in G(_X), construct  X A, F: _X A --~ _X, and 
pA: A A __~ BA as in Lemma  4. Suppose  Q contains the axiom Qlx:  x - -*  x.  
T h e n  X occurs in A --~ B, hence Gfx: X A --> X A occurs in pA. Let  QA: A A _._> 
B A be f o r m e d  f rom Q by replacing each axiom Qlx:  x -*  x in Q by Gfx: 
X A --* X A. T h e n  QA is a p r o o f  in G(_X A) and  G(F)(Q A) = Q. Now, by Proposi- 
t ion 4, pA _-- QA. T h e r e f o r e ,  by Eg,  

p = G(F)(P A) - G(F)(QA) = Q. 

By the scope of  a p r o o f  P : .4 --* B in D(X) we mean  the set o f  all F:  __X ° --~ 
_X, with _X ° in the given universe,  for  which there  exists a generalization 
p0: .4  0 _~ B 0 in D(_X °) such that D(F)(P °) = P. (One would be tempted  to 
speak o f  the "generali ty" o f  a p roo f  ra ther  than its "scope", were it not  
for  the fact that a p r o o f  o f  (A • B) • C -~ (A • B) • C using the associative 
law has the same scope as one  that does not.) 

P R O P O S I T I O N  5. The following statements concerning proofs P, Q: A 
B in D(X) are equivalent." (1) P =- Q;  (2) P and Q have the same scope in D(X); 
(3) There exists a category X_ ° in which no three objects are connected by maps, a 

functor  F: X_ ° ~ X,  and proofs po, Q0: A o ~ B o in G(X_ °) such that G(F)(P °) = 
g(P) and G(F)(Q °) = g(Q) and no object of  X ° occurs more than once in A ° ~ B °. 

Proof  (1) =0(2). Suppose  P: A ~ B and Q: A ~ B are equivalent proofs  
in D(X_). We shall show that they have the same scope, by induction on the 
length o f  the p r o o f  that P --- Q using rules E0  to E5.  (See the p r o o f  o f  
Proposit ion 2 for  these rules.) 

E0. I f  the last step in the p r o o f  of  P - Q uses reflexivity, symmetry,  
or  transitivity, the result is obvious. Let us assume that it uses the substitu- 
tion proper ty ,  for  example,  concern ing  rule  G3. T h e n  P and Q have the 
fo rm 

p~ ¢~' 
A "B"-~C A "B---~C 

A - - - ~ C / B  A - " ~ C / B  

where  P '  - Q'. By inductional  hypothesis,  P '  and Q' have the same scope. 
Assume F: X ° ~ X and  D(F)(P °) = P,  where  p0: A o ~ C o / B  o is a p r o o f  in 
D(X_°). T h e n  surely there  exists a p r o o f  p,0: A o . B o __~ C o in D(X_°), where  
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D(F)(P '°) = P'  and  p0 is obta ined f rom p,0 by following it up  with rule  
G3. Since Q' has the same scope as P ' ,  Q' also has a generalizat ion Q,0: 
A ° • B ° --* C O with D(F)(Q '°) = Q'. Let Q0 be obta ined f rom Q,0 by following 
it up  with rule G3, then D(F)(Q °) = Q. This  shows the scope o f  P is con- 
tained in the scope o f  Q. T h e  converse inclusion holds by symmetry.  

E 1. We will show that  D5 lm has the same scope as Dm and that D55mnp 
has the same scope as D5m5np. 

First, let P be a p r o o f  with label D51m, thus 

A ~ B  B ~ B  
A - o B  

where  Q has labelDm. Assume that p0: A 0 __. B 0 is a generalization o f  P in 
D(X °) with F: X ° ---> _X and D(F)(P °) = P. T h e n  p0 has the fo rm 

A o a_~ B o B o __. B o 
A o -+ B 0 

where  D(F)(Q °) = Q. This  shows that  the scope o f  P is conta ined in the 
scope o f  Q. T h e  converse conclusion is even easier. 

Next ,  let P and Q be proofs  with labels D55mnp and D5m5np respec- 
tively: 

B S-~c C ! - , D  A n--~B B S-~C 

A R--%B B - ' ~ D  A-->C CZ->D 
A---~D A-->D 

A s s u m e  that F: X ° --~ X and  P has g e n e r a l i z a t i o n  po: A o ~ D O in D(X °) with 
F(P °) = P. T h e n  po has the  f o r m  

BO ~s° CO CO ~ DO 

A o ~ B o B o --~ D O 
A o ~ D O 

Here  R °, S °, T O are generalizations o f  R, S, T respectively, with D(F)(R °) = 
R, etc. T h e r e f o r e  the following is a generalization QO of  Q: 

AO--~R o BO BO ~s° SO 

A o --. C o C O ~--~ D O 
A 0 --~ D O 

and D(F)(Q °) = Q. T h e  converse inclusion is p roved  similarly. 
Rules E2 to E5 are t reated in a similar fashion. We shall omit  the de- 

tails. T h e  inductional p roo f  o f  the implication (0) ~ (1) is thus complete.  
(2) =~ (3). Construct  X A, F: _X A -+ X, and  pA: ,/A __~ B A in G(X A) such that 

G(F)(P A) ~- g(P), as in Lemma  4. T h e n ,  by L e m m a  5, 

d(g(P)) = d(G (F)(P A)) = D(F)(d(P a)). 
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Now d(g(P)) =- P,  by E8, and,  since (1)1o (2), d(g(P)) and  P have the same 
scope. I f  we assume (2), this is also the scope o f  Q. T h e r e f o r e  the re  exist 
p roofs  P ' ,  Q' : A A ---> B A in O(.X A) such that  D(F) (P ' )  = P and  D(F)(Q' )  = Q. 

(3) ~ (4). Assume  (3). By Proposi t ion 4, g(pO) =_ g(QO) in G(X_°), that  is, 
d(g(P°)) =- d(g(Q°)) in D(_X°). In  view o f  E8,  this implies p0 = Q0. I t  then  fol- 
lows f r o m  E9 that  D(F)(P °) - D(F)(Q°),  that  is, P - Q. 

This  comp!e tes  the p r o o f  o f  Proposi t ion 5. We observe  that,  if  the  ac- 
tual construct ion of_X A and  F: X A --> X impl ied  by the p r o o f  of  L e m m a  4 is 
bo rne  in mind,  condi t ion (3) provides  us with a decision p r o c e d u r e  for  
de t e rmin ing  when two proofs  in D(X) are equivalent.  

I L L U S T R A T I O N .  The functor  m(X): X_ --> UF(X_) o f  Proposition 2 is 

faithful.  
Proof  Suppose  f ,  g: X ---) Y in _X and  m(_X)(f) = m(X_)(g), that  is, D6s - 

D6~. T h e n  the proofs  D6 s and  D6o have the same scope. Let 2 be the cate- 
gory  with two objects 0 and  1 and  one  non- ident i ty  m a p  a: 0---) 1. Let 
F: 2 ---) X be the func tor  def ined by 

F(0) = X, F(1) = Y, F(a) = f .  

T h e n  D6,  is a p r o o f  in D(2), and  D(F)(D6a) = D6 s. T h e r e f o r e  2 mus t  con- 
tain a m a p  b such that  D(F)(D6b) = D6 o, that  is F(b) = g. I t  follows f r o m  the 
paucity of  maps  in the ca tegory  2 that  a = b, hence  f =  g. 
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