
Equational Reasoning with 2-dimensional DiagramsYves LafontLaboratoire de Math�ematiques Discr�etes, UPR 9016 du CNRS163 avenue de Luminy - Case 930 - 13288 Marseille Cedex 9, FranceEmail: lafont@lmd.univ-mrs.frAbstractThe signi�cance of the 2-dimensional calculus, which goes back to Penrose, has already been pointedout by Joyal and Street. Independently, Burroni has introduced a general notion of n-dimensionalpresentation and he has shown that the equational logic of terms is a special case of 2-dimensionalcalculus.Here, we propose a combinatorial de�nition of 2-dimensional diagrams and a simple methodfor proving that certain monoidal categories are �nitely 2-presentable. In particular, we considerBurroni's presentation of �nite maps and we extend it to the case of �nite relations.This paper should serve as a reference for our future work on symbolic computation, including atheory of 2-dimensional rewriting and the design of software for interactive diagrammatic reasoning.1 From terms to diagramsTerms are one of the basic ingredients of logic. Consider for instance the theory of commutativerings, expressed by means of function symbols +, � (both of arity 2), � (of arity 1), 0, 1 (both ofarity 0) and variables. This theory is called algebraic because it consists of equations between terms.It is generated by the following axioms:(x+ y) + z = x+ (y + z); 0 + x = x; x+ y = y + x; (�x) + x = 0;(x� y) � z = x� (y � z); 1� x = x; x� y = y � x;x� (y + z) = (x� y) + (x� z); x� 0 = 0:From those axioms, we derive theorems such as�(�x) = x; (x+ y) � (x+ (�y)) = (x� x) + (�(y � y));using the rules of equational logic, which are independent of the theory, and can be expressed asfollows: u = u u = v v = wu = w u = vw[u=x] = w[v=x] u = vu[w=x] = v[w=x]In these inference rules, u, v, w range over terms and u[v=x] is the term u where all occurrences ofthe variable x have been replaced by v.



1.1 Lawvere's approachFix a set � of symbols with arities, and consider the following category T(�):{ The objects are natural numbers.{ A morphism U : p ! q is given by a sequence u1; : : : ; uq of terms built with symbols in � andvariables in fx1; : : : ; xpg.{ The composition is de�ned by substitution. More precisely, if U : p! q and V : q! r are mor-phisms, then V �U : p! r is given by the sequence w1; : : : ; wr where wi is vi[u1=x1; : : : ; uq=xq].The identity on p is given by the sequence x1; : : : ; xp.This T(�) is a cartesian category (or category with �nite products, in the terminology of [Mac71]):{ The cartesian product of p by q is p+ q. The cartesian unit (or terminal object) is 0.{ The projections �1p;q : p+ q ! p and �2p;q : p + q ! q are given by the sequences x1; : : : ; xp andxp+1; : : : ; xp+q.{ For any U : r! p and V : r! q, there is a unique morphismW = hU; V i : r ! p+ q such that�1p;q �W = U and �2p;q �W = V : -� ?������� HHHHHHjp qp+ qr�1p;q �2p;qhU; V iU VIt is given by the sequence u1; : : : ; up; v1; : : : ; vq. Similarly, for any object p, there is a uniquemorphism from p to 0, which is given by the empty sequence.In fact, T(�) is the free cartesian category generated by �. Furthermore, if E is a set of equationson �, we can introduce the category T(�; E), whose objects are natural numbers and whose mor-phisms are sequences of terms modulo E . This T(�; E) is also a cartesian category, and any modelof E can be seen as a functor � from T(�; E) to the category of sets which preserves the cartesianstructure. This functor is de�ned as follows:{ �(p) =Mp where M is the underlying set of the model.{ If U : p ! q is given by the sequence u1; : : : ; uq, then �(U ) is the map f : Mp ! M q which isde�ned by the formula f(x1; : : : ; xp) = (u1; : : : ; uq) (interpreted in the model).This is the basis of the Categorical Logic (see [Law63, Poi85]) which replaces the syntactical notionsof terms, substitution, equational logic, : : :by the algebraic notion of cartesian category.1.2 Burroni's approachThe structure of cartesian category itself is rather sophisticated. Unlike composition, an operationsuch as U; V 7! hU; V i has no simple geometric interpretation. However, at the cost of adding a �nitenumber of symbols and equations, cartesian categories can be replaced by strict monoidal categories,where all operations have an obvious geometric interpretation in dimension 2. This suggests anequational logic of planar diagrams,which is more low-level and also more general than the equationallogic of terms. In fact, this kind of logic has already been used for a long time, for instance intheoretical physics (see [PeR86]). 2



Before giving a formal de�nition of these diagrams, we can already explain the representation ofterms. Each function symbol of arity p is pictured as a cell with p inputs and one output:+ � � 0 1In a �rst step, equations such as x � (y + z) = (x � y) + (x � z) and x � 0 = 0 can be pictured asfollows: =� + � �+x y z x y x z =0�x 0Next, variables are eliminated by means of three extra cells for sharing, discarding and swapping1:���HHHi��@@Now, our equations are pictured as follows: i00� =��@@HHH���� + � �+=No variable is needed because in each equation, the inputs of the left member correspond to theinputs of the right one, in the same order. Of course, this representation of terms is not uniqueand some extra equations will be needed, which do not appear at the level of terms. The precisecorrespondence between terms and diagrams has been established by Burroni (see [Bur93]). We shallreturn to this in section 5.2 2-dimensional syntaxWe start with a �nite set � of symbols, where a pair p; q of natural numbers is given for every � 2 �.We write � : p! q and � is pictured as a cell with p inputs and q outputs:�: : :p: : :q1 Those cells are related to the so-called structural rules of Gentzen's sequent calculus: contraction, weakeningand exchange. 3



Here is a possible way of de�ning our planar diagrams:{ A layer a is given by a symbol � : p ! q and a pair i; j of natural numbers (the context). Wewrite a = i + �+ j : i+ p+ j ! i + q + j. �: : :p: : :q: : : : : :ji{ A diagram u is given by a sequence of natural numbers p0; : : : ; pk and a sequence of layersa1 : p0 ! p1, a2 : p1 ! p2, : : : , ak : pk�1 ! pk. We write u = ak � : : : � a2 � a1 : p0 ! pk.: : :p0a1: : :a2: : :ak: : :pk... ...: : :Now, assume that a diagram contains two consecutive layers i+�+ j : i+ p+ j ! i+ q+ j andi0 + �0 + j0 : i0 + p0 + j0 ! i0 + q0 + j0 such that i+ q � i0, or equivalently j � p0 + j0, and considerthe diagram obtained by interchanging � with �0: : : :: : :�: : :p: : :q : : : : : :: : : p0q0�0: : : : : :: : : : : :: : : : : :: : :p�q p0�0q0Note that, in this process, the context of � becomes i; j�p0+q0 and the one of �0 becomes i0�q+p; j0.We call syntactical isotopy the equivalence relation generated by this transformation. Geometrically,two diagrams u; v : p! q are isotopic if it is possible to go from u to v by a continuous deformation.It is easy to see that equivalence classes are �nite, so that isotopy is decidable. From now on, weshall always work modulo isotopy. 4



For any u : p! q and v : q ! r, the diagram v � u : p ! r is de�ned by concatenation, and forany p, the diagram idp : p! p is de�ned by an empty sequence of layers:u: : :p: : :v: : :r : : :pClearly, the composition is associative with unit idp.If u : p! q is a diagram and i; j are natural numbers, the diagram i+u+ j : i+p+ j ! i+ q+ jis de�ned by extending the context: pu: : :: : :q: : : : : :i jIn particular we write i + u for i + u + 0 and u + j for 0 + u+ j. Now, if u : p! q and u0 : p0 ! q0are diagrams, the sum u+ u0 : p+ p0 ! q + q0 is by de�nition (q + u0) � (u+ p0) which is isotopic to(u+ q0) � (p+ u0):u: : :p: : :q : : :: : :p0u0q0 : : :: : :u: : :p: : :q p0u0q0In practice, u+ u0 will be pictured as follows:u: : :p: : :q : : :: : :p0u0q0Clearly, this sum is associative with unit id0 (the empty diagram) but not commutative. Furthermore,it is functorial since (v � u) + (v0 � u0) is isotopic to (v + v0) � (u+ u0). Indeed, both diagrams can bepictured as follows: : : :p : : :p0: : : : : :u: : : : : :u0vr v0r05



Therefore, we have de�ned a strict monoidal category D(�) whose objects are natural numbersand whose morphisms are (isotopy classes of) diagrams. In fact, it is not hard to see that D(�) isfreely generated by �.Now, let E be a set of pairs of diagrams w;w0 : p! q. Each pair will be called an equation. If adiagram is of the form v � (i+w+ j) � u where w is the left member of an equation, we can replacew by the right member w0 of this equation:: : :: : :w: : :: : :uv: : :i : : :j = : : :: : :: : :: : :uv: : :i : : :jw0Again, it is easy to see that the equivalence generated by this transformation (and isotopy) is acongruence: it is compatible with composition and sum. The quotient of D(�) by this congruenceis a strict monoidal category D(�; E). In the subsequent sections, we shall see examples of strictmonoidal categories which can be presented in this way, with �nite � and E . Of course, D(�; E)satis�es a universal property: if C is a strict monoidal category with an object A and a morphism'� : Ap ! Aq for each � : p ! q in �, such that all equations in E are satis�ed, then there is aunique strict monoidal functor � :D(�; E)! C such that �(�) = '� for all � 2 �.The most classical monoidal categories, for instance sets with cartesian product, or vector spaceswith tensor product, are not strict. However, this is not a real problem since any monoidal category Cis in fact equivalent to a strict one, whose objects are sequences of objects in C. Therefore we canforget about this bureaucratic distinction between strict and non-strict monoidal categories.3 Presentation of the �nite mapsHere we give the �rst example of a �nitely presented monoidal category, which will play an essentialrole in the interpretation of algebraic theories. We consider the category F of �nite maps:{ The objects are natural numbers.{ A morphism ' : p! q is a map from f1; : : : ; pg to f1; : : : ; qg.If ' : p! q and '0 : p0 ! q0 are �nite maps, then  = ' + '0 : p+ p0 ! q + q0 is de�ned by (i) = '(i) for i = 1; : : : ; p; (p+ i) = q + '0(i) for i = 1; : : : ; p0:This non-commutative addition de�nes a (strict) monoidal structure on F. We shall write ' + q for'+ idq and p+  for idp +  .3.1 monotone mapsAny monotone map ! : m! n is a product of maps of the form i + �+ j and i+ � + j, where � isthe unique map from 2 to 1 and � is the unique map from 0 to 1. In other words, � and � generatethe monoidal category of monotone maps. 6



These generators satisfy the following equations:� � (� + 1) = � � (1 + �); � � (� + 1) = id1; � � (1 + �) = id1:Let us introduce the following cells for � and �:@@�� iThe equations are pictured as follows: i iQQ��@@�� ��@@��QQ @@�� ��@@= = =(A1) (A2) (A3)If two diagrams inD(�; �) are equivalent modulo (A1), (A2) and (A3), they represent the same map.We shall now prove the converse.Let �n be the unique map from n to 1. It can be represented by a diagram an with n+ 1 layers.For instance, here are a0, a1 and a2:i i@@�� i@@��QQ��Lemma1. (decomposition of a monotone map) Any monotone map ! : m ! n can be uniquelywritten as �p1 + : : :+ �pn .This is obvious (pi is the number of antecedents of i by !), and this de�nes a canonical diagram b!for every monotone map !. In particular, this shows that � and � generate the monotone maps. Hereis a syntactical analogue of lemma 1:Lemma2. Any diagram u : m! n in D(�; �) is equivalent to a diagram of the form ap1 + : : :+apnmodulo (A1), (A2) and (A3).Proof. By induction on the length of u. If u is idn, then u is equivalent to a1+: : :+a1 by n applicationsof (A3). Otherwise u is of the form (i+ �+ j) � v or (i+ � + j) � v. In the �rst case, we use the factthat � � (ap + aq) is equivalent to ap+q (generalized associativity) by p applications of (A1) and oneapplication of (A2). The second case is obvious. utUsing this lemma and the uniqueness of the decomposition in lemma 1, we see that any diagramrepresenting a monotone map ! is equivalent to b!. Therefore, if two diagrams represent the samemap, they are equivalent. In other words, the monoidal category of monotone maps is �nitely pre-sented by �, � and the equations (A1), (A2), (A3). The category of monotone maps is also calledsimplicial category because of its geometric interpretation (see [Mac71]).7



3.2 permutationsIt is well known that any permutation � : n ! n is a product of transpositions i + � + j, where� : 2! 2 is de�ned by � (1) = 2 and � (2) = 1. In other words, � generates the monoidal category of�nite permutations.This generator satis�es the following equation:� � � = id2; (� + 1) � (1 + � ) � (� + 1) = (1 + � ) � (� + 1) � (1 + � ):Let us introduce the following cell for � : ���HHHThe equations can be pictured as follows:���HHHHHH��� ���HHHHHH������HHH ���HHHHHH��� ���HHH= =(B1) (B2)We shall now prove that we have indeed a 2-presentation of the permutations.Let �n : n+ 1! n+ 1 be the circular permutation mapping 1 to n+ 1. It can be represented bya diagram bn with n layers. For instance, here are b0, b1 and b2:���HHH ���HHHHHH���Lemma3. (decomposition of a permutation) Any permutation � : n + 1 ! n + 1 can be uniquelywritten as (�p + q) � (1 + �0) with �0 : n! n.HHH��� ���HHH: : :: : : : : :: : :: : : n qpp �0This is obvious (take p = �(1) � 1 and q = n � p). Applying this decomposition inductively, weget a canonical diagram b� for every permutation � : n ! n (if n = 0, take b� = id0). In particular,this shows that � generates the �nite permutations.8



Lemma4. Any diagram u : n+ 1! n+ 1 in D(� ) is equivalent to a diagram of the form (bp + q) �(1 + u0) modulo (B1) and (B2).Proof. By induction on the length of u. If u is idn+1, it is of the form (b0 + n) � (1 + idn). Otherwiseu is of the form (i+ � + j) � v and by induction hypothesis, v is equivalent to (bp + q) � (1+ v0). Nowthere are four cases (�gure 1):{ If i < p� 1, then u is equivalent to (bp + q) � (1 + u0) where u0 is (i+ � + (j � 1)) � v0.{ If i = p� 1, then u is equivalent to (bp�1 + (q + 1)) � (1 + v0).{ If i = p, then u is (bp+1 + (q � 1)) � (1 + v0).{ If i > p, then u is (bp + q) � (1 + u0) where u0 is ((i � 1) + � + j) � v0.We have used (B2) in the �rst case and (B1) in the second case. utAs in the case of monotone maps, we can therefore conclude that the monoidal category of �nitepermutations is �nitely presented by � and the equations (B1); (B2). This 2-dimensional presentationcan be compared with the traditional 1-dimensional presentation of the symmetric group Sn by meansof n� 1 generators �0; : : : ; �n�2 and n(n � 1)=2 equations:�2i = 1 for i = 0; : : : ; n� 2;�i�i+1�i = �i+1�i�i+1 for i = 0; : : : ; n� 3;�i�j = �j�i for i = 0; : : : ; n� 4 and j = i+ 2; : : : ; n� 2:Here, the generator �i represents the map i + � + (n � i � 2). Therefore, the two �rst familiesof equations correspond to (B1) and (B2). The third one corresponds to isotopy. Of course, the2-dimensional presentation is much more economical and deals with all Sn at the same time.3.3 mapsAny map ' : p ! q can be written as ! � � where ! is a monotone map and � is a permutation.Therefore �, � and � generate the monoidal category of �nite maps. Of course, the above equationsare satis�ed, but there are some extra equations relating � and � with � :� � (� + 1) = (1 + �) � (� + 1) � (1 + � ); � � (� + 1) = 1 + �;� � (1 + �) = (� + 1) � (1 + � ) � (� + 1); � � (1 + �) = � + 1;� � � = �:These equations are pictured as follows:���HHHHHH���@@������PPPP@@�� (C1)=PPPP���� ��@@ HHH������HHH��@@=(C3)
i���HHHi (C2)=HHH��� i i=(C4) @@��HHH���@@�� =(D1)9



HHH��� ���HHH ���HHH: : :: : :: : : : : : : : :v0: : :i > pHHH��� ���HHH ���HHH: : :: : :: : : : : :v0: : :i = p

HHH��� ���HHH ���HHH ���HHH���HHH
: : :: : : : : :: : :: : :: : : : : :: : :

v0 HHH��� ���HHH ���HHH ���HHH
���HHH: : : : : :

: : : : : :: : :
v0: : : : : :: : :=i < p� 1B2

HHH��� ���HHH ���HHH���HHH: : :: : : v0: : :: : : : : : HHH��� ���HHHi = p� 1 : : :: : : v0: : :: : : : : :=B1
Fig. 1. Reducing a diagram of permutation to its canonical form (induction step)10



Notice that (A3), (C3) and (C4) are in fact super
uous because they are consequences of the otherequations:i��@@ i@@�����HHHi��@@
����PPPPHHH��� HHH������HHH���HHH ��@@����PPPP��@@ PPPP����HHH������HHH ��@@ PPPP����PPPP�������HHHHHH�����@@ ���HHHHHH�����@@

HHH��� i ���HHH���HHHi i===
= = = =

==C2 D1 A2 C2 B1
B1 B1 C1 B1Alternatively, we could keep (A3), and (C2) would be derivable: HHH������HHH���HHHi HHH��� HHH������HHH PPPP����HHH������HHH ii ii ii i i��@@ ��@@��@@= =B1 = = =B1A3 C1 A2To show that we have a 2-presentation of the �nite maps, we could start from the decomposition' = ! � �, as in [Bur93]. However, the permutation � is not uniquely determined by ', the simplestcounterexample being given by the equation (D1). In fact, � is uniquely determined if we add theextra requirement that it does not permute any pair x; y such that '(x) = '(y). Here, we shallavoid this complication by using a direct argument, without going through the 2-presentations ofmonotone maps and permutations.Let �n = � + : : : + � be the unique map from 0 to n. It can be represented by the followingdiagram hn: ii : : :11



Lemma5. For any u : p ! q in D(�; �; � ), the diagram u � �p is equivalent to �q modulo (A2)and (C2).This is easily proved by induction on the length of u. As a special case, since �0 is the emptydiagram id0, we get the fact that any diagram u : 0! n is equivalent to �n.Now, let 
n : n + 2 ! n + 1 be the map de�ned by 
n(1) = n + 1 and 
n(i) = i � 1 fori = 2; : : : ; n+ 2. It can be represented by a diagram cn with n+ 1 layers. For instance, here are c0,c1 and c2: @@�� ���HHH@@�� ���HHHHHH��� @@��Lemma6. (decomposition of a map) Any map ' : m+ 1! n can be uniquely written as (
p + q) �(1 + '0) with '0 : m! n HHH��� ���HHH@@��: : :: : : p : : :: : :p : : :qm'0This is obvious (take p = '(1) � 1 and q = n� p� 1). Applying this decomposition inductively,we get a canonical diagram b' for every map ' : m ! n (if m = 0, take b' = �n). In particular, thisshows that �, � and � generate the �nite maps.Lemma7. Any diagram u : m + 1 ! n in D(�; �; � ) is equivalent to a diagram of the form (cp +q) � (1 + u0) modulo (A1), (A3), (B1), (B2), (C1), (C3), (C4) and (D1).Proof. By induction on the length of u. If u is idm+1, then u is equivalent to (c0 + n) � (1 + � + n)by (A3): i��@@ : : :mOtherwise, u is of the form (i + � + j) � v, or (i + � + j) � v, or (i + � + j) � v, and by inductionhypothesis, v is equivalent to (cp + q) � (1 + v0). If i > p, then u is already in the required form12



HHH��� ����PPPP@@�� HHH�����@@ ��@@��QQ���HHH��QQ ��@@= =Fig. 2. Two derivable equations(modulo isotopy). Otherwise, there are several cases to consider, as in the proof of lemma 4. We need(B2), (C3), (C4), (C1), (A1) and two other equations which are derivable (�gure 2). utWe conclude that F is �nitely presented by �, �, � and the equations of �gure 3. The dual Fopof F is the category T(;) of section 1, which is also the free cartesian category generated by a singleobject. The fact that Fop is �nitely presentable is the �rst step towards the reduction of the cartesianstructure to a monoidal one. ��@@��QQQQ��@@�� =(A1) i@@�� =(A2)���HHHHHH��� =(B1) ���HHHHHH��� ���HHH���HHHHHH������HHH =(B2)���HHHHHH���@@������PPPP@@�� =(C1) i���HHHi =(C2) @@��HHH���@@�� =(D1)Fig. 3. 2-presentation of the �nite maps 13



4 Presentation of the �nite relationsWe consider now the (strict) monoidal category of �nite relations:{ The objects are natural numbers.{ A morphism � : p! q is a relation between f1; : : : ; pg and f1; : : : ; qg.Addition for relations is de�ned in the same way as for �nite maps. Furthermore, we have a con-travariant involution which maps a relation � : p ! q to its dual �� : q ! p. We shall draw upsidedown cells for �� and �� (� being its own dual):��@@ iAny relation � : p! q can be written as  � '� where ' : r ! p,  : r ! q are �nite maps, and r isthe cardinality of (the graph of) �. Therefore �, �, ��, �� and � generate �nite relations.We have all equations for �nite maps, those obtained by duality and some extra ones relating �and � with �� and �� (�gure 4). To show that we have a 2-presentation of the �nite relations, wefollow the same method as for �nite maps.Lemma8. For any u : p ! q in D(�; �; ��; ��; � ), the diagram u � �p is equivalent to �q modulo(A2), (C2), (E�2) and (E3).In particular, any diagram u : 0 ! n is equivalent to �n. Now, let � : 2 ! 2 be the relationconsisting of the pairs (1; 1), (1; 2) and (2; 1).Lemma9. (decomposition of a relation) Any relation � : m + 1 ! n can be uniquely written as(n+ ��) � ((n� 1) + �n) � � � � � (�1 + (n� 1)) � (1 + �0) with �0 : m! n and where each �i : 2! 2 is� or �. ���HHH ���HHH@@����@@i: : :n : : :: : :mn�0 where�1 �n: : : is or�iIn this decomposition, �i is � when the pair (1; i) belongs to (the graph of) �. Applying thisdecomposition inductively, we get a canonical diagram b� for every relation � : m! n. In particular,this shows that �, �, ��, �� and � generate �nite relations.14



��@@��QQQQ��@@�� =(A1) @@��QQ����QQ��@@ =(A�1) i@@�� =(A2)i��@@ =(A�2)���HHHHHH��� =(B1) ���HHHHHH��� ���HHH���HHHHHH������HHH =(B2)���HHHHHH���@@������PPPP@@�� =(C1)PPPP������@@ HHH������HHH��@@=(C�1 ) iHHH���i =(C�2 ) i���HHHi =(C2) ���HHH��@@ ��@@=(D�1) @@��HHH���@@�� =(D1)
@@����@@ =(F1)���HHH@@����@@ ��@@@@��@@����@@ =(E1) iii@@�� =(E�2 )i��@@ i i=(E2) ii =(E3)Fig. 4. 2-presentation of the �nite relations 15



Lemma10. Any diagram u : m+1! n in D(�; �; ��; ��; � ) is equivalent to a diagram of the aboveform modulo the equations of �gure 4.Proof. By induction on the length of u. If u is idm+1, we use the derivable equations (A3), (A�3)and (C�3 ). Otherwise, we proceed as in the proof of lemma 7, using (B2), (C3), (C4), (C�1 ), (C�2 ) andeight other equations which are derivable. utUsing the same argument as for �nite maps, we conclude that the monoidal category of �niterelations is �nitely presented by �, �, ��, ��, � and the equations of �gure 4. It is possible to showthat, if we remove the equation (F1) from the list of �gure 4, we get a 2-presentation of the �nitemultirelations2.5 Algebraic theoriesHere we consider a set � of symbols with arities, and a set E of equations on �.5.1 syntaxLike any (strict) cartesian category, the category T(�) of section 1 has a (strict) monoidal structure:{ The monoidal product of p by q is p + q.{ If U : p ! q and U 0 : p0 ! q0 are morphisms, then U + U 0 : p + p0 ! q + q0 is de�ned by thesequence u1; : : : ; uq; v1; : : : ; vq0 where vi is u0i[xp+1=x1; : : : ; xp+p0=xp0 ].In the special case where � is empty, we get the dual of the category of �nite maps. Therefore,it is natural to consider three generators � : 1 ! 2, " : 0 ! 1 and � : 2 ! 2, respectively given byx1; x1, the empty sequence and x2; x1. They correspond to �, � and � by duality.In the general case, an extra generator � : p! 1, given by the term �(x1; : : : ; xp), is needed foreach symbol � of arity p. Beside the seven equations obtained by duality from the 2-presentation ofthe �nite maps (�gure 5), there are equations relating �, " and � with each symbol of �:� � � = (�+ �) � �n; " � � = "n;� � (�+ 1) = (1 + �) � �n;1; � � (1 + �) = (�+ 1) � �1;n;where �n : n! 2n, "n : n! 0 and �p;q : p+q ! p+q are respectively given by x1; : : : ; xn; x1; : : : ; xn,the empty sequence and xp+1; : : : ; xp+q; x1; : : : ; xp. Those equations are pictured in �gure 6 for sym-bols of arity � 2. Notice that (S4) is in fact super
uous, since it is a consequence of (S3) and (B1).In the unary case, we have indeed the following derivation:HHH��� HHH���HHH���HHH��� � HHH���HHH���HHH��� HHH���=B1 = =B1S3� � �16
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���HHHHHH��� ���HHHHHH��� ���HHH���HHHHHH������HHH=(A�1) =(A�2)= =(B1) (B2)Fig. 5. Equations for �, " and �The other cases have been handled in 3.3.We shall say that a morphism U : m ! n is strongly linear if the variables x1; : : : ; xm appearexactly once and in order. Clearly, such a morphism is represented by a diagram built only withsymbols of �, and this diagram is unique. Furthermore, we have the following decomposition:Lemma11. Any morphism U in T(�) can be uniquely written as W � V where V is (the dual of)a �nite map and W is strongly linear.Now, let � be the alphabet consisting of �, " and �.Lemma12. Modulo (S1), (S2) and (S3) for all � 2 �, any diagram u in D(� [�) is equivalent toa diagram of the form w � v where v is in D(� ) and w is in D(�).This is proved by induction on the length of u. Using those lemmas and the 2-presentation of the�nite maps in section 3, we conclude that T(�) is �nitely presented by � [ � and the equationsof �gures 5 and 6. Similarly, T(�; E) is a strict monoidal category which can be �nitely presentedby means of the same generators and equations as T(�), plus the equations of E expressed withdiagrams. Therefore, if there are n functions symbols in � and m equations in E , the 2-presentationhas n+ 3 generators and m + 3n+ 7 equations.2 A multirelation between sets X and Y is a relation with multiplicities, i.e. a map from X � Y to IN.17



� ����@@ =(S1) ���@@ � ���@@=(S1) ��@@� ���HHH��@@ ��@@� �=(S1)i� =(S2) i� i=(S2) i� i i=(S2)�HHH��� �HHH���=(S3) ���HHH ���HHH�����PPPP� =(S3)�HHH��� �=(S3)����HHH �=(S4) � ���HHH����HHH =(S4) PPPP���� � HHH���HHH����=(S4)Fig. 6. Extra equations for symbols of arity 0, 1 and 25.2 semanticsIn section 1, we have seen models of E as functors fromT(�; E) to the category of sets which preservethe cartesian structure. Here, it would be more natural to consider functors preserving the monoidalstructure. In fact, we shall see that the two notions coincide.Let C be a cartesian category, for instance the category of sets. We can always assume that C isstrict (see our remark at the end of section 2). Now, ifA is an object of C, the diagonal � = hidA; idAi :A! A�A, the canonical morphism " : A! 1 and the symmetry � = h�2A;A; �1A;Ai : A�A! A�Asatisfy all the equations of �gure 5. The converse holds:Lemma13. If � : A! A�A, " : A! 1 and � : A�A! A�A are three morphisms satisfying thefour equations (A�2), (A�3), (C�2 ) and (C�4 ), then � is the diagonal, " is the canonical morphism and� is the symmetry.Proof. Clearly, we have idA � " = �1A;A and " � idA = �2A;A. Therefore, the four equations give�2A;A � � = idA, �1A;A � � = idA, �2A;A � � = �1A;A and �1A;A � � = �2A;A. ut18



This means that, in the case of a cartesian category, there is no choice for interpreting the threegenerators �, " and �. As a consequence, any functor fromT(�; E) to C which preserves the monoidalstructure also preserves the cartesian structure. In particular, a model of E can be seen as a monoidalfunctor from T(�; E) to the category of sets.If we replace the category of sets by another monoidal category, for instance a category of vectorspaces, we get a nonstandard notion of model. In that case, the interpretation of �, " and � is notforced by the equations.6 Monoids, groups and Hopf algebrasNow we shall illustrate the previous section with some fundamental examples of algebraic theories.6.1 monoidsThe theory of monoids can be expressed by means of two function symbols � (of arity 2) and e (ofarity 0). It is generated by the following equations:(x � y) � z = x � (y � z); e � x = x; x � e = x:If we picture � and e in the same way as � and � in section 3, we notice that those equations correspondexactly to the 2-presentation of the monotone maps. Furthermore, writing (S1), (S2) and (S3) forboth function symbols, we get the equations (E1), (E2), (C1), (E�2 ), (E3) and (C2) of �gure 4. Buthere, we have (A3), so that (C2) is super
uous (see 3.3) and we obtain the 2-presentation of �gure 7for the theory of monoids.For the theory of commutative monoids, we add the commutativity axiom x � y = y � x which isinterpreted as (D1), and we obtain a 2-presentation of the �nite multirelations. This is not surprising,since an element of the free commutativemonoid generated by a �nite set fa1; : : : ; akg can be uniquelywritten as �ki=1niai where the coe�cients n1; : : : ; nk are natural numbers. If furthermore, we addthe idempotency axiom x �x = x which is interpreted as (F1), we obtain a 2-presentation of the �niterelations.6.2 groupsFor groups, we need another function symbol �1 of arity 1, which will be pictured as follows:Beside the axioms for monoids, we have the following equations:x�1 � x = e; x � x�1 = e;which are pictured as follows: ii��@@@@�� =(G1) ii@@����@@ =(G2)19
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Fig. 7. Equations for monoids 20



Of course, we should add (S1), (S2) and (S3) for �1, but we shall see that in fact, all three arederivable. Consider indeed the three following equations:@@�� HHH���@@��(H1)= HHH��� HHH���=(H3)ii(H2)=(H1) and (H2) are diagrammatic versions of the equations (x � y)�1 = y�1 � x�1 and e�1 = e,whereas (H3) is just (S3) for �1. Here are derivations for (H2) and (H3), using the equations (A�3),(C�3 ) and (C�4 ) which are themselves derivable:
���HHH ���HHH ���HHHii��@@ ��@@ =G2 ����PPPP���HHH ��@@��@@��@@ ��QQ =C�3A�1C1A1 ����PPPP ���HHH��@@��@@ ��@@��QQ=A�3C�4A3 =G1 ���HHH���HHHii ��@@��@@ =A�2A2C2 ���HHH

i i=E3iii=G1i@@��@@��=E�2i i@@��=A3
It would be tedious to derive (H1) directly. Instead, let us see how (x � y)�1 = y�1 �x�1 is derivedfrom the �ve axioms of the theory of groups. First we show that (y�1 � x�1) � (x � y) = e as follows:(y�1 � x�1) � (x � y) = y�1 � ((x�1 � x) � y) = y�1 � (e � y) = y�1 � y = e:Then we use the fact that u � v = e implies u = v�1, which is proved as follows:u = u � e = u � (v � v�1) = (u � v) � v�1 = e � v�1 = v�1:The �rst part of this reasoning is pictured in �gure 8. For the second part, we assume that u; v : 2! 1are arbitrary diagrams satisfying the three equations (1), (2) and (3) of �gure 9. The equation (1) isjust the diagrammatic version of u � v = e in the case of terms with two variables. If u and v are thediagrams corresponding to y�1 � x�1 and x � y, all three hypotheses are satis�ed, (2) and (3) beingrespectively (E1) and (E2). We conclude that (H1) is derivable.21



����PPPP���HHH���HHH!!!aaa @@��@@�����HHH���HHH HHH��� ii��@@@@����QQ i @@��@@�� i ii@@�� ��@@@@��@@�� ���HHH =C�3 =G1 = =G1C�4A2A1Fig. 8. Diagrammatic proof for (y�1 � x�1) � (x � y) = eSo far, we have not used (D�1), which means that all our equations can be turned upside down.Therefore, the dual (H�1 ) of (H1) is also derivable, and from it we derive (S1) for �1, using (D�1),(H3) and (B1). Similarly we derive (H�2 ), that is (S2) for �1.Alternatively, it is possible to show that (G2) is derivable from (G1), (S1), (S2) and the equationsfor monoids. This corresponds to the well-known fact that, in the traditional formulation, the equationx � x�1 = e is derivable from the other ones.6.3 Hopf algebrasThe theory of groups is almost self dual. There are two ways of making it perfectly symmetrical:adding (D1), in which case we get the theory of commutative groups, or removing (D�1), in whichcase we get the theory of Hopf algebras. In the latter case, we do not get an algebraic theory in thesense of section 5. It is clear indeed that (D�1) is not derivable, because otherwise its dual (D1) wouldbe derivable by symmetry, and this would imply that all groups are commutative. The equation (S1)for �1 is not derivable either, but (H1), (H2), (H3) and their duals are still derivable.By lemma 13, a Hopf algebra in the category of sets with cartesian product (or in any cartesiancategory) is just a group. So we must look for models in monoidal categories which are not cartesian.Traditionally, Hopf algebras leave in a symmetric monoidal category, for instance a category of vectorspaces, and � is interpreted by the symmetry of the monoidal product. In that case (B1), (B2), (C1)and (C�1 ) are automatically satis�ed.7 More examples7.1 braids and knotsA braid is like a permutation, but where you distinguish between overcrossing and undercrossing:����HHH HH HH���22



vi i i(3)=v@@�� ���HHHv v@@�� ��@@(2)=HHH���u v��@@@@�� ���HHH i ii(1)= u v=���HHHu i ii��@@@@�� ���HHH ���HHH vu ��@@@@�� HHH��� !!!aaa@@��u ���HHHu vii��@@@@�� ���HHH ==3 A1G2=A3A�3C�4 =2Proof:
���HHH����PPPPu v v@@�� ��@@@@�� HHH������HHH ����PPPP HHH��� PPPP����u v v��@@@@�� ��@@���HHH���HHH ����PPPP HHH��� vi ii@@�� ��@@HHH��� v=1= =A2A�1C�1C�3 A�2C�2

Conclusion:
Hypotheses:

Fig. 9. Diagrammatic proof for u � v = e implies u = v�123



A 2-presentation of braids is obtained from the 1-presentation of the braid group Bn just as a 2-presentation of permutations is obtained from the 1-presentation of the symmetric group Sn:����HHHHH HH��� = HH HH��� ����HHH =����HHH ����HHH����HHH �� ��HHH�� ��HHH �� ��HHH=For knots, two extra generators are needed:A diagram built with these two generators and those for braids represents a tangle. A knot is aspecial kind of tangle. The extra equations for tangles are the following:����HHH HH HH���= HHHH��� �� ��HHH== =
����HHH = HHHH��� =This 2-presentation is given in [FrY89], where several variants are also considered such as orientedtangles, tangles up to regular isotopy and framed tangles. Algebraic invariants for knots can be seenas models of those theories.7.2 2-categorical reasoningIn all previous examples, we have considered monoidal categories generated by a single object. Inthe case of a monoidal category generated by several objects, wires in diagrams must be labeled orcolored. 24



The next step consists in replacing monoidal categories by 2-categories. A strict monoidal categoryis indeed a 2-category with a single 0-cell. The algebra group of Santiago de Compostela has madean intensive use of 2-dimensional calculus in the 2-category of categories with Rodeja diagrams, buta nice feature of Penrose diagrams is the representation of 0-cells.For instance, if A and B are categories, an adjunction between two functors F : A ! B andG : B ! A consists of two natural transformations � : IdA ! GF and " : FG! IdB satisfying thefollowing equations (see [Mac71]):"F � F� = idF ; G" � �G = idG:Those equations can be pictured as follows:F� "F GA B A F B GB F A�" G B G A= =These diagrams are interpreted in the 2-category of categories. The wires has been thickened in orderto be labeled by F or G, and each connected component of the background is labeled by A or B.In bigger diagrams, the shape of the background may be quite complicated, and so, colors would bemore suitable. The representation of 0-cells is not so nice in the other kinds of diagrams (�gure 10).- - - -- - =�F IdB FIdA G " F���� @@@R- -@@@R -@@@ ��� @@@IdBIdA FGF =+ "+ � FFig. 10. Pasting diagrams and Rodeja diagrams for an adjunctionConclusionFor many kinds of computations, the 2-dimensional calculus is very helpful, but drawing diagramsby hand becomes quickly tedious. We shall need computers for two purposes:{ manipulating diagrams without taking care of the details of the drawing, and with the assurancethat our computations are correct (interactive reasoning),{ computing normal forms (automated reasoning).In the second case, a theory of 2-dimensional rewriting is needed, with a generalization of the Knuth-Bendix completion. This approach is sketched in [Laf92].25
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