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Abstract

The significance of the 2-dimensional calculus, which goes back to Penrose, has already been pointed
out by Joyal and Street. Independently, Burroni has introduced a general notion of n-dimensional
presentation and he has shown that the equational logic of terms is a special case of 2-dimensional
calculus.

Here, we propose a combinatorial definition of 2-dimensional diagrams and a simple method
for proving that certain monoidal categories are finitely 2-presentable. In particular, we consider
Burroni’s presentation of finite maps and we extend it to the case of finite relations.

This paper should serve as a reference for our future work on symbolic computation, including a
theory of 2-dimensional rewriting and the design of software for interactive diagrammatic reasoning.

1 From terms to diagrams

Terms are one of the basic ingredients of logic. Consider for instance the theory of commutative
rings, expressed by means of function symbols 4+, x (both of arity 2), — (of arity 1), 0, 1 (both of
arity 0) and variables. This theory is called algebraic because it consists of equations between terms.
It is generated by the following axioms:

(z+y)+z=c+y+2), O+r=2z  z+y=y+z, (—2)+z=0,

(xxy)xz=rx(yxz), Ixae=ua, TXYy=yxa,
X (y+z)=(rxy + (zx2), zx0=0.
From those axioms, we derive theorems such as
—(—x) ==z,  (v+y) x(x+(-y) = (@ x2)+(=(y xy)),

using the rules of equational logic, which are independent of the theory, and can be expressed as

follows:
u=v u=v

u=u u=w wlufz] = wlv/z] ufw/z] = v[w/z]

In these inference rules, u, v, w range over terms and uf[v/z] is the term u where all occurrences of
the variable # have been replaced by v.



1.1 Lawvere’s approach
Fix a set 2 of symbols with arities, and consider the following category T(X):

— The objects are natural numbers.

— A morphism U : p — ¢ is given by a sequence uy, ..., u, of terms built with symbols in 2 and
variables in {1,...,2p}.

— The composition is defined by substitution. More precisely, if U : p — q and V : ¢ — r are mor-
phisms, then Vo U : p — r is given by the sequence wi, ..., w, where w; is v;[ui/z1, ..., ug/2,].
The identity on p is given by the sequence z1,..., zp.

This T(X) is a cartesian category (or category with finite products, in the terminology of [Mac71]):

— The cartesian product of p by ¢ is p+ ¢q. The cartesian unit (or terminal object) is 0.

— The projections Tzl)yq :p+q— pand ﬂ'f,yq :p+ g — q are given by the sequences zy,...,z, and
LTply---yLptgq-

— Forany U : r — p and V : v — ¢, there is a unique morphism W = (U, V) : r — p + ¢ such that
Tzl)quWIU andﬂ';yqu:V:

p p+aq T q
oo o,
It is given by the sequence wuy,...,up,v1,...,v,. Similarly, for any object p, there is a unique
morphism from p to 0, which is given by the empty sequence.

In fact, T(X) is the free cartesian category generated by X. Furthermore, if £ is a set of equations
on X, we can introduce the category T(X; &), whose objects are natural numbers and whose mor-
phisms are sequences of terms modulo £. This T(X; ) is also a cartesian category, and any model
of £ can be seen as a functor @ from T(X; ) to the category of sets which preserves the cartesian
structure. This functor is defined as follows:

— @(p) = MP where M is the underlying set of the model.
— I U :p— qis given by the sequence uq,..., uy, then ¢(U) is the map f : MP — M? which is
defined by the formula f(z1,...,2p) = (u1,...,u,) (interpreted in the model).

This is the basis of the Categorical Logic (see [Law63, Poi85]) which replaces the syntactical notions
of terms, substitution, equational logic, ...by the algebraic notion of cartesian category.

1.2 Burroni’s approach

The structure of cartesian category itself is rather sophisticated. Unlike composition, an operation
such as U, V — (U, V) has no simple geometric interpretation. However, at the cost of adding a finite
number of symbols and equations, cartesian categories can be replaced by strict monoidal categories,
where all operations have an obvious geometric interpretation in dimension 2. This suggests an
equational logic of planar diagrams, which is more low-level and also more general than the equational
logic of terms. In fact, this kind of logic has already been used for a long time, for instance in
theoretical physics (see [PeR86]).



Before giving a formal definition of these diagrams, we can already explain the representation of
terms. Each function symbol of arity p i1s pictured as a cell with p inputs and one output:

S

In a first step, equations such as  x (y+ z) = (# x y) + (¢ x z) and  x 0 = 0 can be pictured as
follows:

¢

Next, variables are eliminated by means of three extra cells for sharing, discarding and swapping':

Nos

Now, our equations are pictured as follows:

:

No variable is needed because in each equation, the inputs of the left member correspond to the
inputs of the right one, in the same order. Of course, this representation of terms is not unique
and some extra equations will be needed, which do not appear at the level of terms. The precise
correspondence between terms and diagrams has been established by Burroni (see [Bur93]). We shall
return to this in section 5.

2 2-dimensional syntax

We start with a finite set X of symbols, where a pair p, ¢ of natural numbers is given for every a € X
We write « : p — ¢ and « is pictured as a cell with p inputs and ¢ outputs:

! Those cells are related to the so-called structural rules of Gentzen’s sequent calculus: contraction, weakening
and exchange.



Here is a possible way of defining our planar diagrams:

— A layer a is given by a symbol « : p — ¢ and a pair 4, j of natural numbers (the context). We
writea=¢t+a+j:i+p+j—i+q+7.

P
q
— A diagram u 1s given by a sequence of natural numbers pg,...,pr and a sequence of layers
ai i po— p1, ds i p1L — P2, ..., A : Pp—1 — Pr. We write u =ag o...0azs0ay : pg — pg.

Po

i[:::éi::::E

S ay ;

r -------- . -.-. --------- I

Lo I,

ll. ........ 1L H
Pk

Now, assume that a diagram contains two consecutive layers t+a+j:¢1+p+j — i+ ¢+ j and
4o +5 i +p+ 7 — i 4+ ¢ + 7 such that i+ ¢ < ¢, or equivalently j > p’ + j/, and consider
the diagram obtained by interchanging o with o':

p

q

Note that, in this process, the context of o becomes ¢, j—p’+¢’ and the one of o' becomes i’ —q+p, j'.
We call syntactical isotopy the equivalence relation generated by this transformation. Geometrically,
two diagrams u, v : p — ¢ are isotopic if it is possible to go from u to v by a continuous deformation.
It is easy to see that equivalence classes are finite, so that isotopy is decidable. From now on, we

shall always work modulo isotopy.



For any u : p — ¢ and v : ¢ — r, the diagram v o u : p — 7 1s defined by concatenation, and for
any p, the diagram id, : p — p is defined by an empty sequence of layers:

Clearly, the composition is associative with unit id,.
If u:p— qis a diagram and i, j are natural numbers, the diagram i+u+j : t4+p+j5 —i+q+J
is defined by extending the context:

In particular we write i +u for i +u+ 0 and u+jfor 0O+ u+j. Now,ifu:p—gqand v :p — ¢
are diagrams, the sum u+ v’ : p+p’ — ¢+ ¢’ is by definition (¢ + ') o (u + p’) which is isotopic to
(u+q)o(p+u):

P P
L R ! | S|
' u ' P p ' o' '
q T o Py q

P P
| A R - .
freesemmnse e [ e [
q q

Clearly, this sum is associative with unit idg (the empty diagram) but not commutative. Furthermore,
it is functorial since (v o u) + (v' o u’) is isotopic to (v 4+ v') o (u + «'). Indeed, both diagrams can be
pictured as follows:

P P
TI—— R
[
| — r """"" i fr/ """"" i



Therefore, we have defined a strict monoidal category D(X) whose objects are natural numbers
and whose morphisms are (isotopy classes of) diagrams. In fact, it is not hard to see that D(X) is
freely generated by X.

Now, let £ be a set, of pairs of diagrams w,w’ : p — ¢q. Each pair will be called an equation. If a
diagram is of the form v o (i + w + j) o u where w is the left member of an equation, we can replace
w by the right member w’ of this equation:

[ i N P N [ s |
O S A R O O NS W A

Again, it is easy to see that the equivalence generated by this transformation (and isotopy) is a
congruence: it is compatible with composition and sum. The quotient of D(X) by this congruence
is a strict monoidal category D(X;&). In the subsequent sections, we shall see examples of strict
monoidal categories which can be presented in this way, with finite X and £. Of course, D(X; &)
satisfies a universal property: if C' is a strict monoidal category with an object A and a morphism
0o + AP — A? for each a : p — ¢ in X, such that all equations in £ are satisfied, then there is a
unique strict monoidal functor @ : D(X; &) — C such that $(a) = ¢, for all @ € .

The most classical monoidal categories, for instance sets with cartesian product, or vector spaces
with tensor product, are not strict. However, this is not a real problem since any monoidal category C
is in fact equivalent to a strict one, whose objects are sequences of objects in C'. Therefore we can
forget about this bureaucratic distinction between strict and non-strict monoidal categories.

3 Presentation of the finite maps

Here we give the first example of a finitely presented monoidal category, which will play an essential
role in the interpretation of algebraic theories. We consider the category F of finite maps:

— The objects are natural numbers.
— A morphism ¢ : p — ¢ is a map from {1,... p} to {1,... q}.

If o:p—qand ¢ :p — ¢ are finite maps, then ) = o+ ¢’ : p+p' — ¢ + ¢’ is defined by

P(7) = (i) fori=1,...,p,
Yp+1i) =g+ ¢ (%) fori=1,...,p".

This non-commutative addition defines a (strict) monoidal structure on F. We shall write ¢ + ¢ for

¢ +1d, and p 4 ¢ for id, + o).

3.1 monotone maps

Any monotone map w : m — n is a product of maps of the form ¢ + ¢+ j and ¢ 4+ 1+ j, where p is
the unique map from 2 to 1 and 7 1s the unique map from 0 to 1. In other words, g and 5 generate
the monoidal category of monotone maps.



These generators satisfy the following equations:
po(p+1)=po(l+p), po(m+1)=idy,  po(l+n) =ids.

Let us introduce the following cells for g and #:

¥ ?

The equations are pictured as follows:

(A1) (A2) (As)

If two diagrams in D(y, 1) are equivalent modulo (A;), (A2) and (As), they represent the same map.
We shall now prove the converse.

Let «,, be the unique map from n to 1. It can be represented by a diagram a, with n + 1 layers.
For instance, here are ag, a; and as:

9Q$

Lemmal. (decomposition of a monotone map) Any monotone map w : m — n can be uniquely
written as ap, 4+ ...+ oy .

This is obvious (p; is the number of antecedents of ¢ by w), and this defines a canonical diagram &
for every monotone map w. In particular, this shows that g and 5 generate the monotone maps. Here
is a syntactical analogue of lemma 1:

Lemma?2. Any diagram v :m — n in D(y, n) is equivalent to a diagram of the form ap, +...+ap,

modulo (A1), (Az2) and (As).

Proof. By induction on the length of w. If w1s i1d,,, then u is equivalent to a;+. . .4a; by n applications
of (As). Otherwise w is of the form (i + p + j) ov or (i + 7+ j) o v. In the first case, we use the fact
that y o (ap + a4) is equivalent to a,1, (generalized associativity) by p applications of (A1) and one
application of (Az). The second case is obvious. a

Using this lemma and the uniqueness of the decomposition in lemma 1, we see that any diagram
representing a monotone map w Is equivalent to &. Therefore, if two diagrams represent the same
map, they are equivalent. In other words, the monoidal category of monotone maps is finitely pre-
sented by p, n and the equations (A1), (Az2), (As). The category of monotone maps is also called
simplicial category because of its geometric interpretation (see [Mac71]).



3.2 permutations

It is well known that any permutation m : n — n is a product of transpositions ¢ + 7 + j, where
7:2— 2 is defined by 7(1) = 2 and 7(2) = 1. In other words, 7 generates the monoidal category of
finite permutations.

This generator satisfies the following equation:

ToT =1ds, (t+Do(l+7m)o(r+ ) =(1+1)o(r+ 1o (l+7).

The equations can be pictured as follows:

(B2)

We shall now prove that we have indeed a 2-presentation of the permutations.
Let 8, : n4+ 1 — n+ 1 be the circular permutation mapping 1 to n + 1. It can be represented by
a diagram b, with n layers. For instance, here are by, b7 and bs:

TR R

Lemma 3. (decomposition of a permutation) Any permutation 7 : n+1 — n+ 1 can be uniquely
written as (Bp + ¢) o (1 +7') with 7’ : n — n.

Let us introduce the following cell for 7:

This is obvious (take p = w(1) — 1 and ¢ = n — p). Applying this decomposition inductively, we
get a canonical diagram 7 for every permutation 7 : n — n (if n = 0, take ¥ = idp). In particular,
this shows that 7 generates the finite permutations.



Lemmad4. Any diagram uw:n+1—n+1 in D(7) is equivalent to a diagram of the form (b, +¢) o
(14 w") modulo (By) and (B2).

Proof. By induction on the length of w. If u is idy 41, it is of the form (bg + n) o (1 +id, ). Otherwise
u is of the form (i 4+ 7+ j) o v and by induction hypothesis, v is equivalent to (b, +¢) o (14 v'). Now
there are four cases (figure 1):

— Ifi < p—1, then u is equivalent to (b, + ¢) o (1 +u') where v/ is (i + 74 (j — 1)) o v'.

— If i =p—1, then u is equivalent to (bp_1 + (¢ + 1)) o (1 + /).

— Ifi=p, then wis (bpy1 + (g — 1)) o (1 + /).

— If i > p, then wis (by + ¢) o (1 + ') where v’ is (i = 1) + 74 j) o v'.
We have used (Bz) in the first case and (Bjy) in the second case. O

As in the case of monotone maps, we can therefore conclude that the monoidal category of finite

permutations is finitely presented by 7 and the equations (B1), (B2). This 2-dimensional presentation
can be compared with the traditional 1-dimensional presentation of the symmetric group .S, by means

of n — 1 generators 7, ..., Th—2 and n(n — 1)/2 equations:
=1 fore=0,...,n—2,
TiTi41Ti = Tit1TiTit1 fore=0,...,n—3,
TiT; =TT fore=0,...,.n—4and j=i+2,...,n—2.

Here, the generator 7; represents the map ¢ + 7 4+ (n — ¢ — 2). Therefore, the two first families
of equations correspond to (Bj) and (Bz). The third one corresponds to isotopy. Of course, the
2-dimensional presentation is much more economical and deals with all S,, at the same time.

3.3 maps

Any map ¢ : p — ¢ can be written as w o 7 where w is a monotone map and 7 is a permutation.
Therefore p, n and 7 generate the monoidal category of finite maps. Of course, the above equations
are satisfied, but there are some extra equations relating g and n with 7:
To(p+ ) =14+p)o(r+Do(1+7), To(n+1)=1+n,
To(l+p)=(p+l)o(l+r)o(r+1), 71o(l+n)=n+1
[HoT =p.
These equations are pictured as follows:

N el
B legl 0



Fig. 1. Reducing a diagram of permutation to its canonical form (induction step)
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Notice that (As), (C3) and (C4) are in fact superfluous because they are consequences of the other
equations:

? Cy D Q As % Co By
>%| - §| z - % o
Alternatively, we could keep (As), and (C3) would be derivable:
A3 Bl 01 AZ Bl

To show that we have a 2-presentation of the finite maps, we could start from the decomposition
¢ =w o, as in [Bur93]. However, the permutation 7 is not uniquely determined by ¢, the simplest
counterexample being given by the equation (D;). In fact, & is uniquely determined if we add the
extra requirement that it does not permute any pair z,y such that ¢(z) = ¢(y). Here, we shall
avoid this complication by using a direct argument, without going through the 2-presentations of
monotone maps and permutations.

Let n, = n+ ...+ n be the unique map from 0 to n. It can be represented by the following

diagram h,,:

11



Lemmab. For any u : p — ¢ in D(u,n, 1), the diagram u o n, is equivalent to n, modulo (As)
and (C3).

This 1s easily proved by induction on the length of u. As a special case, since 15y 18 the empty
diagram idg, we get the fact that any diagram u : 0 — n is equivalent to n,.

Now, let v, : n+2 — n + 1 be the map defined by 7,(1) = n+ 1 and 7,(¢) = ¢ — 1 for
t=2,...,n4+ 2. It can be represented by a diagram ¢, with n 4 1 layers. For instance, here are ¢y,

Lemma6. (decomposition of a map) Any map ¢ : m+1 — n can be uniquely written as (v, + ¢) ©
(14 ¢') with ¢ :m —n

This is obvious (take p = ¢(1) — 1 and ¢ = n — p — 1). Applying this decomposition inductively,
we get a canonical diagram @ for every map ¢ : m — n (if m = 0, take @ = 5,). In particular, this
shows that u, 7 and 7 generate the finite maps.

Lemma7. Any diagram v : m+ 1 — n in D(u,n,7) is equivalent to a diagram of the form (¢, +
q)o(l—l—u’) modulo (Al), (Ag), (Bl), (Bz), (Cl), (03), (04) and (Dl)

Proof. By induction on the length of w. If u is idy41, then u is equivalent to (¢co +n) o (1 + 1+ n)
by (As):

Otherwise, u is of the form (i + 7+ j) o v, or (i + p+ j) ov, or (i + 5+ j) o v, and by induction
hypothesis, v is equivalent to (¢, + ¢) o (1 +v'). If ¢ > p, then u is already in the required form

12



Fig. 2. Two derivable equations

(modulo isotopy). Otherwise, there are several cases to consider, as in the proof of lemma 4. We need

(B2), (C3), (C4), (C1), (A1) and two other equations which are derivable (figure 2). a

We conclude that F is finitely presented by p, , 7 and the equations of figure 3. The dual F°P
of F is the category T(()) of section 1, which is also the free cartesian category generated by a single
object. The fact that F°P is finitely presentable is the first step towards the reduction of the cartesian
structure to a monoidal one.

Ly o]

(C1) (C2) (D1)

Fig. 3. 2-presentation of the finite maps
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4 Presentation of the finite relations

We consider now the (strict) monoidal category of finite relations:

— The objects are natural numbers.
— A morphism p : p — ¢ is a relation between {1,...,p} and {1,... q}.

Addition for relations is defined in the same way as for finite maps. Furthermore, we have a con-
travariant involution which maps a relation p : p — ¢ to its dual p* : ¢ — p. We shall draw upside
down cells for g* and n* (7 being its own dual):

L

Any relation p : p — ¢ can be written as ¥ o ¢* where ¢ : 7 — p, ¥ : r — ¢ are finite maps, and r is
the cardinality of (the graph of) p. Therefore pu, n, u*, n* and 7 generate finite relations.

We have all equations for finite maps, those obtained by duality and some extra ones relating u
and n with p* and n* (figure 4). To show that we have a 2-presentation of the finite relations, we
follow the same method as for finite maps.

Lemma8. For any u : p — ¢ in D(p,n, 0%, 0", 7), the diagram w o n, is equivalent to n, modulo
(A2), (Ca), (E3) and (E3).

In particular, any diagram u : 0 — n is equivalent to n,. Now, let k¥ : 2 — 2 be the relation
consisting of the pairs (1,1), (1,2) and (2,1).

Lemma9. (decomposition of a relation) Any relation p : m + 1 — n can be uniquely written as
(n+n)o((n—=1D4pp)o--o(pr+(n—=1))o(l+p") with p : m — n and where each p; : 2 — 2 is

T OT K.

3

In this decomposition, p; is & when the pair (1,¢) belongs to (the graph of) p. Applying this
decomposition inductively, we get a canonical diagram p for every relation p : m — n. In particular,
this shows that u, n, ¢*, n* and 7 generate finite relations.

14



(£1)

Fig. 4. 2-presentation of the finite relations
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Lemma10. Any diagram uw:m—+1—n in D(p,n, p*,n*, 1) is equivalent to a diagram of the above
form modulo the equations of figure 4.

Proof. By induction on the length of u. If u is idpy41, we use the derivable equations (As), (A4%)
and (C%). Otherwise, we proceed as in the proof of lemma 7, using (Bs), (C3), (C4), (CT), (C3) and
eight other equations which are derivable. O

Using the same argument as for finite maps, we conclude that the monoidal category of finite
relations is finitely presented by p, 1, p*, n*, 7 and the equations of figure 4. It is possible to show
that, if we remove the equation (Fy) from the list of figure 4, we get a 2-presentation of the finite

multirelations?.

5 Algebraic theories

Here we consider a set X' of symbols with arities, and a set £ of equations on X.

5.1 syntax
Like any (strict) cartesian category, the category T(X) of section 1 has a (strict) monoidal structure:

— The monoidal product of p by ¢ 1s p + q.
—IfU:p—qand U’ :p — ¢ are morphisms, then U + U’ : p+ p' — g+ ¢’ is defined by the
sequence ui, ..., Uy, 1, ..,y where v; is wi[zpy1/21, ..., Tpypr [2pe].

In the special case where X 1s empty, we get the dual of the category of finite maps. Therefore,
it is natural to consider three generators 6 : 1 — 2, :0 — 1 and ¢ : 2 — 2, respectively given by
z1, 1, the empty sequence and zs, z,. They correspond to p, 5 and 7 by duality.

In the general case, an extra generator « : p — 1, given by the term (x4, ..., 2;,), is needed for
each symbol « of arity p. Beside the seven equations obtained by duality from the 2-presentation of
the finite maps (figure 5), there are equations relating 8, ¢ and ¢ with each symbol of X

§oa=(a+ a)ob,, coa=e,,

co(la+1)=(1+a)oo,, co(l+a)=(a+1)ooyn,

where 6, 1 n — 2n,e, :n — 0 and 0, 4 : p+q — p+q are respectively given by z1, ..., &5, %1, ..., Ty,
the empty sequence and 2,41, ..., %p4q, T1,...,%p. Those equations are pictured in figure 6 for sym-
bols of arity < 2. Notice that (Sy4) is in fact superfluous, since it is a consequence of (S3) and (By).
In the unary case, we have indeed the following derivation:

16
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=

XTI~

(C1) (C3) (D)

Fig. 5. Equations for 6, £ and o

The other cases have been handled in 3.3.

We shall say that a morphism U : m — n is strongly linear if the variables zq,..., z,, appear
exactly once and in order. Clearly, such a morphism is represented by a diagram built only with
symbols of X', and this diagram is unique. Furthermore, we have the following decomposition:

Lemma1l. Any morphism U in T(X) can be uniquely written as W oV where V is (the dual of)
a finite map and W 1is strongly linear.

Now, let I' be the alphabet consisting of §, ¢ and o.

Lemma12. Modulo (S1), (S2) and (Ss3) for all o« € 2, any diagram v in D(I' U X)) is equivalent to
a diagram of the form wov where v is in D(I') and w is in D(X).

This is proved by induction on the length of u. Using those lemmas and the 2-presentation of the
finite maps in section 3, we conclude that T(X) is finitely presented by I' U X and the equations
of figures 5 and 6. Similarly, T(X; ) is a strict monoidal category which can be finitely presented
by means of the same generators and equations as T(X), plus the equations of £ expressed with
diagrams. Therefore, if there are n functions symbols in X' and m equations in £, the 2-presentation
has n + 3 generators and m + 3n + 7 equations.

2 A multirelation between sets X and Y is a relation with multiplicities, i.e. a map from X x Y to IN.

17
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Fig. 6. Extra equations for symbols of arity 0, 1 and 2

5.2 semantics

In section 1, we have seen models of £ as functors from T(X; ) to the category of sets which preserve
the cartesian structure. Here, it would be more natural to consider functors preserving the monoidal
structure. In fact, we shall see that the two notions coincide.

Let C' be a cartesian category, for instance the category of sets. We can always assume that C' is
strict (see our remark at the end of section 2). Now, if A is an object of C', the diagonal & = {(ida,id4) :
A — A x A, the canonical morphism ¢ : A — 1 and the symmetry o = (7% 4,74 4) :Ax A — Ax A
satisfy all the equations of figure 5. The converse holds: 7 7

Lemmal3. If6 : A— AxA c:A—1lando: AxA— Ax A are three morphisms satisfying the
four equations (A%), (A%), (C%) and (C}), then § is the diagonal, € is the canonical morphism and

o is the symmetry.

Proof. Clearly, we have idy X ¢ = 71'114714 and ¢ x idy = 71'124714. Therefore, the four equations give
2 _ 1 _ 2 _ 1 1 _ 2
TAyAO(S—ldA,TFAyAO(S—ldA,7TA7AOO'—7TA7A and TAAC0 =Ty 4 O

18



This means that, in the case of a cartesian category, there is no choice for interpreting the three
generators &, € and . As a consequence, any functor from T(X; ) to C which preserves the monoidal
structure also preserves the cartesian structure. In particular, a model of £ can be seen as a monoidal
functor from T(X; €) to the category of sets.

If we replace the category of sets by another monoidal category, for instance a category of vector
spaces, we get a nonstandard notion of model. In that case, the interpretation of 8, ¢ and o is not
forced by the equations.

6 Monoids, groups and Hopf algebras

Now we shall illustrate the previous section with some fundamental examples of algebraic theories.

6.1 monoids

The theory of monoids can be expressed by means of two function symbols - (of arity 2) and e (of
arity 0). It is generated by the following equations:

(x-y)-z=x-(y-2), e-r=ux, r-e=zx.

If we picture - and e in the same way as g and 7 in section 3, we notice that those equations correspond
exactly to the 2-presentation of the monotone maps. Furthermore, writing (S1), (S2) and (S3) for
both function symbols, we get the equations (F1), (Fa), (C1), (E3), (F3) and (Cs) of figure 4. But
here, we have (Asz), so that (C3) is superfluous (see 3.3) and we obtain the 2-presentation of figure 7
for the theory of monoids.

For the theory of commutative monoids, we add the commutativity axiom x - y = y - # which 1s
interpreted as (D), and we obtain a 2-presentation of the finite multirelations. This is not surprising,
since an element of the free commutative monoid generated by a finite set {ay, ..., ax} can be uniquely
written as Eleniai where the coefficients ny,...,n; are natural numbers. If furthermore, we add
the idempotency axiom x -2 = x which is interpreted as (F}), we obtain a 2-presentation of the finite
relations.

6.2 groups

For groups, we need another function symbol ~! of arity 1, which will be pictured as follows:

!

Beside the axioms for monoids, we have the following equations:

which are pictured as follows:

19



(A1) (Az2) (Az)

Fig. 7. Equations for monoids
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Of course, we should add (S1), (S2) and (S3) for =1, but we shall see that in fact, all three are

derivable. Consider indeed the three following equations:

[é IR T:

(Hy) and (H;) are diagrammatic versions of the equations (J:~y)_1 y~l -zt and e =

= e,
whereas (Hs) is just (S3) for ~1. Here are derivations for (Hz) and (Hs), using the equations (A%),
(C%) and (C) which are themselves derivable:

As Fo5 e 8 s
Cs
A3 Af Aj
Cy Ay Cy

[i< - E - - - >?]

Tt would be tedious to derive (Hy) directly. Instead, let us see how (« - y)_1 =y .27 1 is derived
from the five axioms of the theory of groups. First we show that (y=! - z71) - (z - y) = ¢ as follows:

-1 1

(e @y =y (@ )y =y ey =y oy =

Then we use the fact that w-v = ¢ implies u = v~!, which is proved as follows:

u=u-e=u-(v-v ) =(u-v)- v =e- vt = vt
The first part of this reasoning is pictured in figure 8. For the second part, we assume that v, v :2 — 1
are arbitrary diagrams satisfying the three equations (1), (2) and (3) of figure 9. The equation (1) is
just the diagrammatic version of u - v = e in the case of terms with two variables. If v and v are the
diagrams corresponding to y=! - 2~! and z -y, all three hypotheses are satisfied, (2) and (3) being
respectively (E7) and (E2). We conclude that (Hy) is derivable.
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Fig. 8. Diagrammatic proof for (y™' - a™) - (z-y) = ¢

So far, we have not used (D7), which means that all our equations can be turned upside down.
Therefore, the dual (H7) of (H;) is also derivable, and from it we derive (S7) for =1 using (D7),
(H3) and (By). Similarly we derive (H3), that is (S3) for =*.

Alternatively, it is possible to show that (G3) is derivable from (G1), (S1), (S2) and the equations
for monoids. This corresponds to the well-known fact that, in the traditional formulation, the equation

1

x -2~ = e 1s derivable from the other ones.

6.3 Hopf algebras

The theory of groups is almost self dual. There are two ways of making it perfectly symmetrical:
adding (D7), in which case we get the theory of commutative groups, or removing (D7), in which
case we get the theory of Hopf algebras. In the latter case, we do not get an algebraic theory in the
sense of section 5. It is clear indeed that (D7) is not derivable, because otherwise its dual (Dy) would
be derivable by symmetry, and this would imply that all groups are commutative. The equation (S)
for =1 is not derivable either, but (Hy), (Hz), (H3z) and their duals are still derivable.

By lemma 13, a Hopf algebra in the category of sets with cartesian product (or in any cartesian
category) is just a group. So we must look for models in monoidal categories which are not cartesian.
Traditionally, Hopf algebras leave in a symmetric monoidal category, for instance a category of vector
spaces, and ¢ is interpreted by the symmetry of the monoidal product. In that case (By), (B2), (C1)
and (C7) are automatically satisfied.

7 More examples

7.1 braids and knots

A braid is like a permutation, but where you distinguish between overcrossing and undercrossing:

Sl
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Hypotheses:

Conclusion:

—1

Fig. 9. Diagrammatic proof for « - v = ¢ implies u = v
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A 2-presentation of braids is obtained from the l-presentation of the braid group B, just as a 2-
presentation of permutations is obtained from the 1-presentation of the symmetric group S,:

\_\ \_
—\\:\K _\\_//_

r

For knots, two extra generators are needed:

A diagram built with these two generators and those for braids represents a tangle. A knot is a
special kind of tangle. The extra equations for tangles are the following:

i

-ord Ly
J || §

This 2-presentation is given in [FrY89], where several variants are also considered such as oriented
tangles, tangles up to regular isotopy and framed tangles. Algebraic invariants for knots can be seen
as models of those theories.

L

7.2 2-categorical reasoning

In all previous examples, we have considered monoidal categories generated by a single object. In
the case of a monoidal category generated by several objects, wires in diagrams must be labeled or
colored.
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The next step consists in replacing monoidal categories by 2-categories. A strict monoidal category
is indeed a 2-category with a single O-cell. The algebra group of Santiago de Compostela has made
an intensive use of 2-dimensional calculus in the 2-category of categories with Rodeja diagrams, but
a nice feature of Penrose diagrams is the representation of 0-cells.

For instance, if A and B are categories, an adjunction between two functors F' : A — B and
G : B — A consists of two natural transformations n : Id4 — GF and ¢ : FG — Idg satisfying the
following equations (see [Mac71]):

EFOFU:idF, GEOUGIidg.

Those equations can be pictured as follows:

Fl ¢ | [« 1|4

These diagrams are interpreted in the 2-category of categories. The wires has been thickened in order
to be labeled by F' or G, and each connected component of the background is labeled by A or B.
In bigger diagrams, the shape of the background may be quite complicated, and so, colors would be
more suitable. The representation of 0-cells is not so nice in the other kinds of diagrams (figure 10).

Id .4
Id .4 >
- 7
Un Y v F F F F
G = e — > > > =  ——
F M e F G
Id[j >

Ids

Fig. 10. Pasting diagrams and Rodeja diagrams for an adjunction

Conclusion

For many kinds of computations, the 2-dimensional calculus is very helpful, but drawing diagrams
by hand becomes quickly tedious. We shall need computers for two purposes:

— manipulating diagrams without taking care of the details of the drawing, and with the assurance
that our computations are correct (interactive reasoning),
— computing normal forms (automated reasoning).

In the second case, a theory of 2-dimensional rewriting is needed, with a generalization of the Knuth-
Bendix completion. This approach is sketched in [Laf92].
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