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Abstract

In 1993, Kelly and Power showed that the category of �nitary monads on a locally �nitely
presentable category A is of descent type over a power of A; here we establish the stronger
result that the forgetful functor in question is monadic. Both their result and ours remain true
in the V-enriched case for suitable monoidal categories V. Generalizing further, we obtain a
monadicity result for algebras for an operad. c© 1999 Elsevier Science B.V. All rights reserved.

MSC: 18C15; 18C20; 18D20

1. Introduction

In their paper [8], Kelly and Power describe as follows a notion of presentation for
�nitary V-monads on a locally �nitely presentable V-category A, where V is sym-
metric monoidal closed and moreover locally �nitely presentable as a closed category
[6].
The category Endf(A) of �nitary endo-V-functors of A and V-natural transfor-

mations has a monoidal structure given by composition. A monoid in this monoidal
category is of course a �nitary V-monad on A; we shall write Mndf(A) for the cate-
gory of such monoids and their homomorphisms, and write W : Mndf(A)→ Endf(A)
for the forgetful functor.
If we write Af for the full sub-V-category of A given by the �nitely presentable

objects, and J : Af → A for the inclusion, then composition with J induces an
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equivalence of categories between Endf(A) and the ordinary category (Af;A) of
V-functors and V-natural transformations; since Af is (equivalent to) a small V-
category, this (Af;A), and hence also Endf(A), are themselves locally �nitely pre-
sentable [8, (3.4) and (7.5)]. Now if X is any �nitary endo-V-functor of A, then the
functor −X : Endf(A)→ Endf(A) sending Y to the composite YX preserves all col-
imits; in fact it has a right adjoint [3, p. 173]. The functor X− : Endf(A)→ Endf(A)
does not preserve all colimits, but it does preserve �ltered colimits; it follows [10, The-
orem 23.3] that W : Mndf(A) → Endf(A) has a left adjoint and is monadic. Since
the monad in question on Endf(A) is �nitary, it further follows that Mndf(A) is
locally �nitely presentable.
Choosing a set |Af| of representatives of the isomorphism classes of objects of the

underlying category (Af)0 of Af, we let ||Af|| be the free V-category on the discrete
ordinary category |Af|, giving an isomorphism of categories

(||Af||;A) ∼= (|Af|;A0):

Composition with the canonical V-functor ||Af|| → A induces a forgetful functor
V : Endf(A) → (||Af||;A); sometimes we prefer to think of it as landing not in
(||Af||;A) but in the isomorphic (|Af|;A0). This V is conservative, and has left and
right adjoints given by (V-enriched) Kan extension; hence is monadic.
Of primary interest in [8] is the composite U = VW : Mndf(A) → (|Af|;A0); of

course this has a left adjoint as V and W do so, but a composite of monadic functors
need not be monadic or even of descent type [12]. The main theorem of [8] is that this
U is of descent type (which guarantees that every �nitary V-monad has a presentation
of the form in question); in proving it, Kelly and Power are led to prove some results
of independent interest concerning composites of functors of descent type. At the same
time, Kelly and Power raised the question whether U here is in fact monadic, but
declared themselves unable to answer it; our principal aim below is to show that U is
indeed monadic.
In the special case A=V=Set, the �nitary monads in question are well known to

be equivalent to Lawvere theories [11], which are easily seen, as in [2], to be monadic
over SetN. For more general A, however, our theorem seems to be new, even when
V is Set.

2. Theorem

We shall obtain this result as a special case of a more general one, which we now
discuss.
We suppose given a monoidal right-closed category E = (E;⊗; I) for which the

forgetful functor W : Mon(E) → E, from the category Mon(E) of monoids in E, has
a left adjoint; then W is monadic by a simple and well-known application of the Beck
theorem. We further suppose given a monadic functor V : E → B, for which there
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exists a functor ♦ : E×B → B and a natural isomorphism

E× E
⊗−−−−−→ E

1×V

y
∼=

y V

E×B −−−−−→
♦

B

In these circumstances, we shall prove that the composite functor U=VW : Mon(E)→
B is monadic. Our desired result will then follow on taking E to be Endf(A) and
V : E → B to be the functor V : Endf(A) → (||Af||;A) of the Introduction; for
here we have V (X ⊗ Y ) = X♦VY , where ♦ : Endf(A)× (|| Af||;A)→ (||Af||;A)
is composition.
Let (−)⊗n : E → E be the “tensor power” functor, which takes an object E ∈ E to

its n-fold iterated tensor product E⊗n = E ⊗ · · · ⊗ E. The key step in the proof is the
following lemma:

Lemma 1. For all n ∈ N; the functor (−)⊗n : E → E preserves V-absolute coequal-
izers of re
exive pairs.

Proof. Let

R
f−−−−→−−−−→
g

S
q−−−−→ T (*)

be such a coequalizer. Trivially (−)⊗n preserves this coequalizer for n= 0 and n= 1;
we shall prove the result by induction.
For any X ∈ E, the functor − ⊗ X , being a left adjoint, preserves the coequalizer.

We shall show that X ⊗− preserves the coequalizer. Now

V (R)
V (f)−−−−→−−−−→
V (g)

V (S)
V (q)−−−−→ V (T )

is an absolute coequalizer, hence so too is

X♦V (R)
X♦V (f)−−−−→−−−−→
X♦V (g)

V (S)
X♦V (q)−−−−→ X♦V (T );

but the isomorphism X♦V− ∼= V (X ⊗−) gives an absolute coequalizer

V (X ⊗ R)
V (X⊗f)−−−−→−−−−→
V (X⊗g)

V (X ⊗ S) V (X⊗q)−−−−→ V (X ⊗ T );

whence

X ⊗ R
X⊗f−−−−→−−−−→
X⊗g

X ⊗ S X⊗q−−−−→ X ⊗ T ;

is a coequalizer by monadicity of V . Thus the coequalizer (∗) is preserved by both
X ⊗− and −⊗ X . (It is easy to see that the same remains true when the coequalizer
(∗) is replaced by any V -absolute colimit.)
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Suppose now that (−)⊗n : E → E preserves the coequalizer (∗) for n= k. Then in
the diagram

R⊗k ⊗ R
R⊗k⊗f−−−−→−−−−→
R⊗k⊗g

R⊗k ⊗ S R⊗k⊗q−−−−→ R⊗k ⊗ T

f⊗k⊗R

y

y
g⊗k⊗R f⊗k⊗S

y

y
g⊗k⊗S f⊗k⊗T

y

y
g⊗k⊗T

S⊗k ⊗ R
S⊗k⊗f−−−−→−−−−→
S⊗k⊗g

S⊗k ⊗ S S⊗k⊗q−−−−→ S⊗k ⊗ T

q⊗k⊗R

y
q⊗k⊗S

y

y
q⊗k⊗T

T⊗k ⊗ R
T⊗k⊗f−−−−→−−−−→
T⊗k⊗g

T⊗k ⊗ S T⊗k⊗q−−−−→ T⊗k ⊗ T

each row and each column is the coequalizer diagram in E of a re
exive pair. We
conclude from the “3-by-3 lemma” [5, Lemma 0.17] that the diagonal

R⊗(k+1)
f⊗(k+1)

−−−−→−−−−→
g⊗(k+1)

S⊗(k+1)
q⊗(k+1)

−−−−→ T⊗(k+1)

is a coequalizer in E. The result now follows by induction.

We are now ready to prove the monadicity of U : Mon(E) → B, using Par�e’s
“absolute coequalizer” version [14] of the Beck theorem. According to this version,
U : Mon(E)→ B will be monadic provided that:
(i) U has a left adjoint;
(ii) U re
ects isomorphisms;
(iii) Mon(E) has coequalizers of those re
exive pairs whose image under U has an

absolute coequalizer, and U preserves these coequalizers.
Now (i) and (ii) are clearly satis�ed by any composite of monadic functors, and so

it remains only to prove (iii).
Suppose therefore that R=(R;mR; iR) and S=(S; mS ; iS) are objects of Mon(E), and

that

is a re
exive pair in Mon(E) such that the pair (Uf;Ug) in B has an absolute co-
equalizer. Since V is monadic, there is a coequalizer

R
f−−−−→−−−−→
g

S
q−−−−→ T

in E which is preserved by V and is V -absolute. We must show that there is a monoid
structure on T such that q : S → T is a monoid morphism, and such that if T ′ is
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a monoid and x : q : S → T ′ is a monoid morphism, then x : T → T ′ is a monoid
morphism; for then q will be the coequalizer in Mon(E).
Since

R⊗ R
f⊗f−−−−→−−−−→
g⊗g

S ⊗ S q⊗q−−−−→ T ⊗ T ;

is a coequalizer in E, there is a unique mT : T ⊗ T → T satisfying mT (q⊗ q) = q : mS .
If we now set iT =q:iS , then (T; mT ; iT ) is a monoid: the unit laws follow from the unit
laws for S and the fact that q, being a coequalizer, is epimorphic; and the associativity
law follows from the associativity law for S and the fact that q ⊗ q ⊗ q, being a
coequalizer, is epimorphic. The arrow q is a monoid morphism by our choices of mT
and iT ; and if T ′ is another monoid and x : T → T ′ an arrow such that xq is a
monoid morphism, then the equation making x a monoid morphism holds since q⊗ q
is epimorphic. Thus q : (S; mS ; iS)→ (T; mT ; iT ) is the desired coequalizer, and we have
proved:

Theorem 2. Suppose that E is a right-closed monoidal category; and that V : E →
B is a monadic functor such that there exists a functor ♦ : E × B → B with
isomorphisms X♦VY ∼= V (X ⊗ Y ); natural in X and Y. If the forgetful functor
W : Mon(E) → E has a left adjoint; then the composite U = VW : Mon(E) → B is
monadic. In particular; since W does admit a left adjoint when E is complete and
cocomplete and for some regular cardinal � each E ⊗− : E → E preserves �-�ltered
colimits; U is monadic in this case.

As a special case we have as promised above:

Corollary 3. If V is a symmetric monoidal closed category which is locally �nitely
presentable as a closed category; and A is a locally �nitely presentable V-category;
then U : Mndf(A)→ (||Af||;A) is monadic.

Remark 4. Of course we could equally �x a regular cardinal � and consider a sym-
metric monoidal closed category V which is locally �-presentable as a closed category,
and a locally �-presentable V-category A. Then if A� is the full sub-V-category of
A comprising the �-presentable objects, there is, just as above, a forgetful functor U
from the category Mnd�(A) of monads on A of rank � to the V-functor category
(||A�||;A); from our theorem again we deduce the monadicity of this U .

3. Generalizations

The argument of the previous section clearly admits generalization; we shall now
describe what seems to be a reasonable setting. We �rst consider E and V : E → B

as above, but now replace monoids in E by more general algebraic structures.
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The idea is to consider a monad T on the monoidal category E for which T -algebra
structure on an object E ∈ E comprises “basic operations” E⊗n → E, subject to
equations between “derived operations”, also of the form E⊗n → E. Writing W :
ET → E for the forgetful functor from the Eilenberg–Moore category of T , we show
the composite U =VW : ET → B to be monadic, using once more the Beck condition.
To describe more precisely the structures we have in mind, we refer to the notion

of (Set-based) operad [1,9,13]. If we write N for the set of natural numbers, seen as a
discrete category, then the functor category [N;Set] has a symmetric monoidal closed
structure via Day’s convolution [4], the n-fold tensor product being given by

(X1 ⊗ · · · ⊗ Xn)(m) =
∑

m1+···+mn=m
X1(m1)× · · · × Xn(mn):

This now gives rise, as in [9], to another monoidal structure on [N;Set], right-closed,
but decidedly non-symmetric. The tensor product is given on objects by

(Y ◦ X ) =
∑
n

Y (n)× X⊗n

and similarly on arrows; while the unit J is given by N(1;−), so that J1=1 and Jn=0
for n 6= 0. A monoid X = (X;m; i) in the monoidal category ([N;Set]; ◦; J ) is called a
non-permutative Set-operad, and a morphism of operads is just a monoid morphism.
Thus to give an operad is to give a set Xn for each n ∈ N, a designated element
of X 1 called the unit, and a function associating to each sequence (f; g1; : : : ; gn) ∈
Xn × Xm1 × · · · × Xmn an element f(g1; : : : ; gn) of Xm1+···+mn , with these data satisfying
the evident associativity and unit laws.
Given a monoidal category E, there is a functor 〈−;−〉 : Eop × E → [N;Set]

de�ned on objects by 〈A; B〉(n) = E(A⊗n; B). In the case A = B, there is a canonical
monoid (that is, operad) structure on 〈A; A〉 for which the unit is the identity arrow
1A on A, and f(g1; : : : ; gn) = f(g1 ⊗ · · · ⊗ gn). If E is cocomplete, there is a functor
−?− : [N;Set] × E → E de�ned on objects by X?A =

∑
n Xn · A⊗n, where Y · B

denotes the coproduct of Y copies of B. Since there is also a natural isomorphism
E(X?A; B) ∼= [N;Set](X; 〈A; B〉), the functor −?A : [N;Set]→ E preserves colimits.
We now de�ne an X-algebra in E to be an object A of E equipped with a morphism

of operads � : X → 〈A; A〉. Given another algebra (B; �), an X-morphism from (A; �)
to (B; �) is de�ned to be an arrow f : A→ B in E rendering commutative

X
�−−−−−→ 〈A; A〉

�

y

y 〈A;f〉

〈B; B〉 −−−−−→
〈f;B〉

〈A; B〉:
Clearly the de�nition of X -algebras and X -morphisms can be expressed in terms of ?
rather than 〈−;−〉. The X -algebras in E and their morphisms form a category EX with
a forgetful functor W : EX → E, as in [1].



S. Lack / Journal of Pure and Applied Algebra 140 (1999) 65–73 71

Under fairly mild conditions this W will have a left adjoint and be monadic. Suppose
for example that E is cocomplete and that, for some regular cardinal �, each E ⊗ −
and each − ⊗ E preserves �-�ltered colimits. Let Pn be the “tensor power” functor
(−)⊗n : E → E; this is easily seen to have rank �, using the �nality of the diagonal
functor � : D → Dn for an �-�ltered D. Since the endofunctor S : E → E given
by X?− is a colimit of these Pn, it too has rank �. Write S-Alg for the category
of algebras for the endofunctor S, with US : S-Alg → E for the forgetful functor.
Since S has rank �, the forgetful functor US has a left adjoint FS and is monadic
by [10, Theorem 22.3], the monad USFS further being the free monad F(S) on the
endofunctor S and itself having rank �. Similarly the endofunctor R : E → E given
by (X ◦ X + J )?− has rank �; so that the forgetful functor UR : R-Alg → E has
a left adjoint FR and is monadic, and the monad URFR is the free monad F(R) on
R and once more has rank �. Now the multiplication m and the unit i of X induce
a morphism (m i) : X ◦ X + J → X , and so, writing h for (m i)?− : R → S, we
obtain a monad morphism F(h) : F(R) → F(S). On the other hand, the universal
property of the colimits in the de�nition of R gives rise to a natural transformation
k : R → SS + 1E, and so there is a functor P : S-Alg → R-Alg sending the S-algebra
(A; a) to the R-algebra with underlying object A and with R-action

RA
kA−−−−→ SSA+ A

Sa+A−−−−→ SA+ A
(a A)−−−−→ A:

It is straightforward to see that EX is isomorphic to the full subcategory of S-Alg given
by those algebras (A; a) for which

commutes. Now P commutes with the forgetful functors UR and US , and so by [11]
arises from a unique monad morphism p : F(R)→ F(S). Since the monads F(R) and
F(S) have rank �, we can by [10, Theorem 27.1] form the coequalizer q : F(S)→ T
of the monad morphisms p and F(h), and now W : EX → E is monadic, since it
coincides with the forgetful ET → E.
Just as in the proof of Theorem 2, we now use Lemma 1 to obtain:

Theorem 5. Suppose that E is a right-closed monoidal category; and that X is a
non-permutative Set-operad for which W : EX → E is monadic. Suppose further that
V : E → B is a monadic functor such that there is a functor ♦ : E × B → B and
natural isomorphisms X♦VY ∼= V (X ⊗ Y ). Then the composite U =VW : EX → B is
monadic.
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There is a more general notion of operad [9,13], involving not monoidal categories
as such but rather symmetric monoidal categories. Suppose that E is a cocomplete
symmetric monoidal closed category, and write P for the category of �nite sets and
bijections. Then by Day’s convolution once more, there is a symmetric monoidal closed
structure on [P;E] for which the m-fold tensor product is given on objects by the coend

(X1 ⊗ · · · ⊗ Xm)(n) =
∫ n1 ;:::; nm∈P

P(n1 + · · ·+ nm; n)⊗ X1(n1)⊗ · · · ⊗ Xm(nm):

A functor X : P→ E, seen as an object X ∈ [P;E], determines an essentially unique
strong symmetric monoidal functor X⊗− : Pop → [P;E] such that X⊗1 = X ; its value
at an object n ∈ Pop is the n-fold tensor power X ⊗ · · · ⊗ X . This allows us to de�ne
another monoidal structure on [P;E], the tensor product being given on objects by

Y ◦ X =
∫ m∈P

Y (m)⊗ X⊗m;

and the unit J being given by P(1;−). A monoid in ([P;E]; ◦; J ) is called an E-operad.
There is an embedding H : E → [P;E], given on objects by

H (A) = P(1;−)⊗ A:
A straightforward calculation shows that X ◦H (A) lies in the image of H , and so we
can de�ne an action ? : [P;E]× E → E of the monoidal category ([P;E]; ◦; J ) on E,
with H (X?A) = X ◦ H (A); clearly we have the explicit formula

X?A=
∫ n∈P

Xn⊗ A⊗n:

An E-operad (X;m; i) induces a monad (X?−; m?−; i?−) on E, whose Eilenberg–
Moore category is called EX .
Since E is symmetric monoidal closed, the functors E ⊗ − and − ⊗ E preserve

arbitrary colimits for each E ∈ E, and so by the 3-by-3 lemma once again we conclude
that the tensor-power functors (−)⊗n : E → E preserve all coequalizers of re
exive
pairs. It follows that X?− : E → E preserves coequalizers of re
exive pairs for any
X : P→ E, so that the forgetful functor W : EX → E creates coequalizers of re
exive
pairs for any E-operad X ; compare [7]. Now for an arbitrary monadic functor V :
E → B the Beck theorem gives:

Theorem 6. Let E be a cocomplete symmetric monoidal closed category; and
W : EX →E be the forgetful functor from the category of algebras for an E-operad
X. If V :E→B is a monadic functor; then so too is the composite U =VW :EX →B.
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