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Commutative monads as a theory of distributions

Anders Kock
University of Aarhus

Introduction

The word “distribution” has a common, non technical, megnimughly synonymous with
“dispersion”: a given quantity, say a quantity of tomato,ynte distributed or dispersed
over a given space, say a pizza. A more mathematical use afdttewas made precise in
functional analysis by L. Schwartz (and predecessorsy:dt(continuous linear) functional
on a space of functions. Schwartz argues that “the matheahdistributions constitute a
correct mathematical definition of the distributions oneeteén physics”,[[19] p. 84.

Our aim here is to present an alternative mathematical yhafadistributions (of com-
pact support), applicable also for the “tomato” examplé Maitich does not depend on the
“double dualization” construction of functional analysénd also, to provide a canonical
comparison to the distributions of functional analysis.

Distributions of compact support form an important exangblenextensive quantityn
the sense made precise by Lawvere, cf. €.d. [14], and whéieatdagature is the covariant
functorial dependence on the space over which it is digethuThus, there is a covariant
functor T, such that extensive quantities of a given type on a givepesgaform a new
“linear” spaceT (X). In the theory we present her€,is an endofunctor on a cartesian
closed category’, in fact a monad; a linear structure grows, for monads witterdain
property, out of the monad structure.

An example of suchr is, for suitable&’, the double dualization constructi@that
gives the space of Schwartz distributions of compact suppoexcept that thi§ is not
commutative. The uniy of the monads associates to axne X the Dirac distributiondy at
X.

What makes our theory simple is the universal property witehunit mapn : X —
T(X) is known to have by general monad theory, — in conjunctioh Wit assumed com-
mutativity of T (in the sense of [6]). This is what makes for instance theomstof linear-
ity/bilinearity work well.

Generalities: We mainly compose maps from right to left (this is the defaaitd it is
denotedgo f); but occasionally, in particular in connection with dizpéd diagrams, we
compose from left to right (denotefdg); we remind the reader when this is the case.

In Sectiond1-1/1, the notions and theory (except the renmk$otals”) work for &
a general symmetric monoidal closed category, not nedbssartesian closed. Here, the
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reasoning is mainly diagrammatic. In the remainder, we thkeliberty to reason with
“elements”. In particular, the “elements” @f(X) are simply called “distributions oX”

The present text subsumes and simplifies the preliminarwaexts, [12], [13], and
has been presented in part in Krakow at the conference ‘feiftéal Geometry and Math-
ematical Physics, June-July 2011, in honour of Wlodzimiarzzyjew”, and at the Nancy
Symposium “Sets within Geometry” July 2011. | want to thamkorganizers of these meet-
ings for inviting me. | also want to thank Bill Lawvere for ftful discussions in Nancy, and
e-mail correspondence in the spring of 2011.

1 Monads, algebras, and linearity

Recall the notion of monad@l = (T,n, i) on a category’, cf. e.g. [16] 6.1 and 6.2. Recall
also the notion of -algebraA = (A, a) for such monad; here; : T(A) — Ais thestructure
map for the given algebra. There is a notiomudrphismof algebragA, a) — (B, ), cf.
loc.cit., so that we have the categefy of algebras for the monaB. For eachX € &, we
have theT -algebraT (X) with structure maguy : T?(X) — T(X). The mapx : X — T(X)
has a universal property, makiri@ (X), ux) into afree algebra onX: to everyT-algebra
(A,a) and every mag : X — Ain &, there is a unique morphism of algebffasT (X) — A
with fonx = f (namelyf = a o T(f)).

Recall that any algebra structuceon an objectA is by itself an algebra morphism
T(A) — A, and in particulaiux is an algebra morphism. Recall also that any morphism
T(f): T(X) = T(Y) (for f : X =Y an arbitrary morphism i#’) is an algebra morphism.

For the monads that we are to consider in the present amn@taelycommutativenon-
ads (cf. Sectiof]9 below), there are good reasons for amattee terminology: namely,
T-algebras deserve the namelinear spacesand homomorphisms deserve the name
linear maps(and, if T is understood from the context, th€'‘may even be omitted). This
allows us to talk aboupartial T -linear maps as well asT -bilinear maps as we shall ex-
plain.

An example of a commutative monad, wifithe category of sets, is the funcibmhich
to a setX associates (the underlying set of) the free real vectorespaX. In this case, the
algebras foil are the vector spaces ovRr and the morphisms are tfielinear maps.

For a general monad, the “linear” terminology is usuallyjostified, but we shall never-
theless use this terminology right from the beginning, ifes@s maps are concerned. Thus,
the mapf : T(X) — A considered above will be callgte T -linear extension of fX — A
(andnx : X — T(X) is then to be understood from the context).

2 Enrichment and strength

We henceforth consider the case whérés a cartesian closed category (cf. e.a.l[16] 4.6);
so, for any pair of objectX, Y in &, we have the exponential obje¢¥, and an “eval-
uation” mapev: YX x X — Y (or more pedanticallyew y). Since we shall iterate the
“exponent formation”, it becomes expedient to have an pa-fiotation. Several such are



in use in the literature, likgX,Y], X — Y, or X m'Y; we shall use the latter (tex code for
is \pitchfork;read ‘X hY” as “X homY"”), so that the evaluation map is a map

ev:(XMhY)xX =Y.

Sinced’ is a monoidal category (with cartesian product as monotdattire), one has the
notion of when a category isnrichedin &, cf. e.g. [1] 11.6.2. And since this monoidal
categoryé’ is in fact monoidal closed (withh as the closed structurey; is enriched in
itself. For&-enriched categories, one has the notion of enriched furagavell as enriched
natural transformation between such. (cf. e.g. loc.cif. B2.3 and 6.2.4). So in particular,
it makes sense to ask for afrenrichment of the functorf : & — & (and also to ask for
&-enrichment of) andu, which we shall, however, not consider until in the next et

Specializing the definition of enrichment to the case of afofinctorT : & — & gives
that such enrichment consists in mapgin

1§
XY =X T(x) mT(Y),

(for any pair of objectsX,Y in &) satisfying a composition axiom and a unit axiom.
The word “enriched” is sometimes replaced by the word “sifprand “enrichment” by
“strength”, whence the notatiorst”. We shall, however, need to consider two other equiv-
alent manifestations of such “strength” structurelqnntroduced in[[6] (and proved equiv-
alent to strength ir [10], Theorem 1.3), andiih [8], calledsorialandcotensorialstrength,
respectively. To give a tensorial strength to the endofumttis to give, for any pair of
objectsX,Y in & a map

"

t
X xT(Y) 22X T(XxY),

satisfying a couple of equations (cf. [10] (1.7) and (1.8)he tensorial strengtti’ has a

“twin sister” ,

t
TX)xY 2% T(XxY),

essentially obtained by “conjugatiafi by the twist mapX x Y — Y x X)". Similarly, to
give a cotensorial strength to the endofundids to give, for any pair of objectX,Y in &
a map

A
TXMY) 22X X T(Y),

(cf. [8]) satisfying a couple of equations. The three mastd&ons of strength, and also
the equations they have to satisfy, are deduced from ondanby simple “exponential
adjointness”-transpositions, cf. loc.cit. As an examigieys derive the tensorial strendth
from the classical “enrichment” strengsh We have the uniti of the adjunctio(— x Y) -

(Y h —); itis the first map in the following composite; the secondhis ¢nrichment strength

S
) by Xy T

X — % Y (XxY V) T(X xY).

Now apply exponential adjointness to transform this coritpasap to the desiret;{’Y :
XXT(Y)—=T(XXY).



The strength in its tensorial fortfi (and its twin sistet’) will be the main manifestation
used in the present paper. The tensorial form has the ady@nta of mentioningh at all,
so makes sense even for endofunctors on monoidal catedjogieare not closed; this has
been exploited e.g. in[17] and [3].

3 Strong monads; partial linearity

The composite of two strong endofunctors on the cartesiasedls” carries a strength de-
rived from the two given strengths. We give it explicitly ftre compositel o T (with
strength ofT given in tensorial fornt”), namely it is the “composite” strength is the top
line in the diagram({|1) below.

There is also an evident notion of strong natural transftionebetween two strong
functors; in terms of tensorial strength, and for the speeise of the natural transformation
U:ToT =T, this means that (not only the naturality squares but als®)dp square i {1)
commutes, for alX,Y.

The identity functot : & — & has identity map#ly as its tensorial strength. The bottom
square in[(lL) expresses that the natural transformation=- T is strongly natural.

The notion of composite strength, and of strong naturakfamation, are equivalent
to the classical notion of strength/enrichment (in termstpfin so far as endofunctors ef
goes, see |6] (and more generally, for functors betweemosits enriched ovef, provided
they are tensored oveéf, cf. [10]).

Here is the diagram which expresses the strength oT? = T (upper part), and of
n:1 =T (lower part):

t// T t//

xxﬁvlﬂlexTw-iﬁQT%wa
X X Ly Hxxy

X x TY . T(XxY) 1)

tyy
XX ny NXxY
X x Y : - X xY
X |d X

One can equivalently formulate strength of composite forsstand strength of natural
transformations, in terms of cotensorial strength,[cf, {Bis will not explicitly play a role
here. But one consequence of the cotensorial strength wiliriportant: if(C,y) is an
algebra for the monad, andX is any object ing, thenX rh C carries a canonical structure
of algebra forT, with structure map the composite

A
Txhe) 2 xm1ic) 20 x e



TheT-algebraX rh C thus constructed actually witnesses that the categdrgf T-algebras
is cotensoreaveré, cf. e.g.[1] 11.6.5.

The tensorial strength makes possible a description[(§f.dBthe crucial notion of
partial T -linearity (recall the use of the phradelinear as synonymous witff -algebra
morphism). LetB,3) and(C, y) beT-algebras, and IeX € E be an arbitrary object. Then
a mapf : X x B— C is calledT-linear in the second variabléor 2-linear, if T can be
understood from the context) if the following pentagon cames:

X x T(B) 8 T(X xB) T, T(C)
Xx B y (2)
X x B f - C.

In completely analogous way, one describes the notion ofdatity of a mapAxY — C,
whereA andC are equipped with algebra structures: just apply. Finally, a mapAx B —
Cis calledbilinear if it is both 1-linear and 2-linear. '

The notion of 2-linearity off : X x B — C can equivalently, and perhaps more intu-
itively, be described: the exponential transposé,dfe. the mapf : B— X 1 C, is T-linear
(= a morphism ofT -algebras), withT -structure onX rh C as given above in terms of the
cotensorial strength.

We shall prove

Proposition 1 The map §y : X x T(Y) — T(X xY) is 2-linear; and it is in fact initial
among 2-linear maps from X T(Y) into T-algebras. (SimiIarIy,§<t,Y is 1-linear, and is
initial among 1-linear maps from {IX) x Y into T-algebras.)

Proof. We first argue that; | is 2-linear. This means by definition that a certain pentagon
commutes; for the case tjjy this is precisely the (upper part of) the diagrain (1) exgires
thatu is strongly natural.

To prove thaty  is initial among 2-linear maps: Given a 2-linear X x T(Y) — B,
whereB = (B, ) is aT-algebra. We must prove unique existence of a lirfearaking the
right hand triangle in the following diagram commutative:

X x Y Y 1(x <)

XX!]Y t;éY

XxTY




Since the upper triangle commutes (strong naturality aff. the lower part off{1)), we see
that f necessarily is the (unique) linear extension ayggy of

X
XxY_jﬂlXxTY

B,
thusf is, by standard monad theory, the composite of the threafesivs in

TOM) pixwery) L rp P

"

XxTY 2% T(X xY)

-B. (3

To prove that thisf does indeed solve the posed problem, we have to prove thatttie
composite in[(B) equals. Composing forwards, this follows from the equations

iy TXxny).TER = XxT(ny)txry-TTB by naturality oft” w.r.tony
= XxT(ny).Xx py.f by the assumed 2-linearity df

but this givesf, by a monad law.

Itis a direct consequence of the definitions that postcompgas2-linear magf : X x
B — C with a linear map again yields a 2-linear map. Likewise, preposingf with a map
of the formX x g, with g linear, again yields a 2-linear map. Similarly for 1-linéaand
bilinearity.

4 Partially linear extensions

The universal property afx (makingT (X) the “freeT-algebra onX”) was mentioned in
Sectior[ 1. There are similar universal propertieXof ny and ofnx x Y:

Proposition 2 Let (B,3) be a T-algebra. To any fX xY — B, there exists a unique
2-linear f : X x T(Y) — B making the triangle

XxTY B

erlY f

XxY

commute. (There is a similar universal propertyfx Y : X x Y — T(X) x Y for 1-linear
maps.)

Proof. In essence, this follows by passing to the exponential prasesf : Y — X M B of
f, and then using the universal propertyrgf. More explicitly, there are natural bijective
correspondences

hom(X x Y,B) = hom(X,Y t B) = homyr (T(X),Y M B)



(where the second occurrenceYofh B is the cotensoY M B in &7, and where the second
bijection is induced by precomposition nk); finally, the set hom(T(X),Y h B) is in
bijective correspondence with the set of 1-linear mapX) x Y — B, by [9] Proposition
1.3 (i).

A direct description off is

B

t//
XxTY 25 T(X xY) M, 1 - B. (4)

For, the displayed map is 2-linear, being a composite of tlieerty . and the linear maps
T(f) and; and its precomposition wit)X x ny is easily seen to bé, using that is a
strong natural transformation.

Similarly, and explicit formula for the 1-linear extensiohf : X xY — B is

’ T(f) B

T(X)><th—’Y>T(X><Y) - TB - B. (5)

A consequence of Propositigh 2 is thgt, may be characterized “a posteriori” as the
unique 2-linear extension ovet x ny of Nx.y. But note that” by itself is described
independently ofy andp. Similarly fort’.

Also, Ax vy : T(XhY) — X T(Y) may be characterized as the unique linear extension
overnysy of X h ny.

5 The two “Fubini” maps

The mapt{ y : T(X) x Y — T(X x Y) extends by Propositidd 2 uniquely ovE(X) x ny
to a 2-linear maf (X) x T(Y) — T(X x Y), which we shall denote or ®x y. Thus,® is
characterized as the unique 2-linear map making the fotigwiiangle commute:

TXxTYg T(XxY)

TXxny (6)

thy
TXXY.

Now ty v is itself 1-linear; but this 1-linearity may not be inhedtey its 2-linear extension
®; it will be so if the monad is commutative, in the sense exydiin Sectiofil9.
Similarly, t v : X x T(Y) — T(X x Y) extends uniquely oveyx x TY to a 1-linear® :
T(X)xT(Y) = T(X xY), butits 2-linearity may not be inherited by its 1-linearexsion.
An alternative description of the 2-linearfollows by specializing[(4); it is

T (tg(,Y) Mxxy

t//
T T2(X xY) 2% T(X xY).

TXxTY 25 T(TXxY)



This is the description in [6], where is called{y and& is calledy. The notion of commu-
tativity of a strong monad was introduced in loc.cit. by tladitiony = {§. Similarly, the
1-linear® is the composite

X.TY T(ty)

t
TXxTY 2T T(X x TY) oy

T2(XxY) 255 T(X xY).

Both ® and® make the endofunctdF into a monoidal functor. The reason why we
call these two maps the “Fubini” maps is that when we beloerpret “elements” ifT (X)
(resp. InT(Y)) as (Schwartz) distributions, or as (Radon) measures, ttieequality of
them is a form of Fubini’s Theorem.

6 The “integration” pairing

The following structure is the basis for the interpretatdé (X) as a space of distributions
or measures, in the “double dualization” sense of functianalysis.

Formally, the pairing consists in mapgX) x (X h B) — B, available for anyX € &,
and anyT-algebraB = (B, 3). We denote it by a “pairing” brackdt-, —). Recall that we
have the evaluation magy: X x (X rh B) — B, counit of the adjunctiofiX x —) = (X h —).
Then the pairing is the 1-linear extension of it ovgr x B, thus(—,—) is 1-linear and
makes the following triangle commute:

TX) x (XMB) i) B

nx xB -

X x (X M B).

If ¢:X — Bis an actual map i, it may be identified with a “global” elemerit—
X rh B, and we may consider the magX) — B given by(—, ). This map is then just the
T-linear extension ovefyx of ¢: X — B.

The brackets ought to be decorated with symbadsd(B, 3), and it will quite evidently
be natural irB € &7 and inX € &, the latter naturality in the “extranatural” sense | [16},9.
which we shall recall. If we use elements to express equati@nmvell known and rigorous
technique, cf. e.gl[11] IIl.1, even though objects in a cate@ften are said to have no
elements), the extraordinary naturalityXris expressed: for anf/: Y — X, ¢ € X h Band
PeT(Y),

(T(H)(P), @) = (P.go ),

or more compactly, usind, to denoteT (f) : T(Y) — T(X) and f* to denotef i B, i.e.
precomposition withf,

(£:(P), @) = (P.f"(9)). (@)



To prove this equation, we observe that both sides are &find®, and therefore it suffices
(Propositio R) to prove that their precomposition withx B are equal; this in turn follows
from naturality ofp w.r.to f, and the extraordinary naturality ef

An alternative notation for the pairing:

(P.9) = [ @dP= [ 909 dP(Y).

is motivated by the interpretation 8f¢ T (X) as a measure (or as a Schwartz distribution)
on X, and of(P, ¢) as the integral of the functiop : X — B w.r.to the measurB, or, as the
value of the distribution on the “test functiog! In this context, the main case is wh&es

the “space of scalars”, but any other “vector spaceT {algebra)B may be the value space
for test functions.

7 The “semantics” map

By this, we understand the exponential transpose of théngainapT (X) x (X i B) — B;
is is thus a map

T(X) —% (X hB)hB.

In this context, thel -algebraB may be called “the dualizing object”. We could (should)
decorater with symbolsX and/orB, if needed. It is natural iX € & (by extra-naturality
of the pairing in the variabl&), and it is natural in the dualizing objeBte &7, by the
naturality of the pairing irB € &T. Why does it deserve the name “semantics”?

Let us for a moment speak abafitas if it were the category of sets. Thus, an element
P € T(X) gets byt interpreted as aX-ary operation that makes sense for anplgebra
B, and is preserved by morphismsDfalgebrass — B’ in £T. Here, we are talking about
elements irX h B as “X-tuples of elements iB”, and functionsX i B — B are thus X-ary
operations” that, given aK-tuple in B, returns a single element B. Thus, 1g(P) is the
interpretation of the “syntactic” (formal-ary operatiorP as an actuak-ary operation on
the underlying “set” oB; or, 75(P) is thesemanticof P in B, and it is preserved by any
morphism ofT-algebras. (This connection between monads on the catedasts, and
universal algebra, - or equivalently, the idea of viewingnads on the category of sets as
infinitary algebraic theories (in the sense of Lawvere) -sjmack to the early days of monad
theory in the mid 60’s (Linton, Manes, Beck, Lawvere, ... ur@heory demonstrates that
this connection makes sense for strong monads on cartdeggtcategories.

Part of the aim of the present study has been to demonstedtthghnotion of an exten-
sive quantityP distributedover a given spack¥ can be encoded in terms of a strong monad
T, but that it need not be encoded in the “double dualizati@radigm of functional anal-
ysis, like the double dugX rh B) rh B. In slogan form, liberate distributions from the yoke
of double dualizatiori! As a slogan, we shall partially ourselves contradict it,asguing
that “there are enough test functions, provided weBleary” (cf. Sectior[ 1]l below). On
the other hand, one may push the slogan too far, if one reflatesiit into ‘liberate syntax



from the yoke of semanti¢sivhich is only occasionally a fruitful endeavour. For, welth
that many distributions, say a distribution of a mass ovepacs (e.g. the distribution of
tomato on a pizza) is not a syntactic entity, and does nos@ifidepend on the concept of
double dualization. Mass distributions will be considere8ectior 1B below.

Remark. The t considered here (witB fixed) is actually a morphism of monads: even
without an algebra structure @< &, the functorX — (X rh B) th B is a strong monad
on &; if T is another strong monad dn, we have the result that: to gi®a T-algebra
structure is equivalent to give a strong monad morphisii = (— h B) i B, cf. [7]. The
unit of the double-dualization monad is the exponentiatgpmse of the evaluation map
X x (X B) — B. Itis the “Dirac delta mapdx : X — (X i B) M B. In the category of sets:
for x € X, 9 (x) is the map(X h B) — B which consists in evaluating at

Sincert is the exponential transpose of the pairing, and the paisiag defined as 1-
linear extension of evaluation, it follows thatis the linear extension of the ma® in
formula

Tx o Nx = O, (8)

or briefly, Ton = J, (B being a fixedT -algebra here). 11 [13], we even denotsdx) by
-

8 The object of T-linear maps

The following construction goes back {d [2]. L@, 8) and(C, y) be twoT -algebras, witil
a strong monad o&. We assume thaf has equalizers. Then we can out of the obttC
carve a subobje® rht C “consisting of” theT -linear maps; precisely, it is the equalizer

BmhcC
st.(TBry)

Bt C —— BMC TB)MC

in the lower map on the right, we compose forwards , so it ifylin

stgc

Bic 8S 1B mT(C) B MY

T(B)MC,

expressing internally that a mdp B — C is a morphism of algebras if two particular maps
T(B) — C are equal.

Now there is an evident notion of when a subobj&ct A of (the underlying object of)
an algebrgA, a) is a subalgebra. The objeBth C inherits an algebra structure from that
of C, using the cotensorial strengih so one may ask, B iy C a subalgebra ? This is not
in general the case. B andC are groups, the set of group homomorphigns C is not a
subgroup of the group of all mafs— C; it is so, however, focommutativegroups. This
leads to the topic of the next Section, commutativity of a athn
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9 Commutative monads

The notion ofcommutativenonad (a strong monad with a cert@ioperty) was introduced
in [6]: it is a strong monad for which the two “Fubini maps”’and® agree. There are seve-
ral equivalent conditions describing commutativity, arelsummarize these in the Theorem
at the end of the section.

Proposition 3 Let T be commutative. Let8B (B,3) and C= (C,y) be T-algebras, and
assume that f X x B — C is 2-linear. Then its 1-linear extensidn: T(X) x B — C over
nNx x B is 2-linear (hence bilinear). (Similarly for 2-linear exsions of 1-linear maps.)

Proof. To prove 2-linearity off means to prove commutativity of the following diagram
(where the bottom line i§, according to[(5))

t Tt T2f T
TXxTB Lo T(TxxB) s 12xxB) 1w 12c Y . 1C
TXxB y
TX x B T(X x B) - TC . C.
t/ Tf y

The assumed 2-linearity dfis expressed by the equation (composing from left to right)
t".Tfy=Xxp).f 9)
and the assumed commutativity of the monad is expressecetsahation
t". Tt uxxg =t".Tt" . ux s, (10)

using the explicit formulae fap and® at the end of Sectidd 5. We now calculate, beginning
with the clockwise composite in the diagram:

t" T T2f.Tyy = t".Tt.T?f.uc.y by an algebralaw
= t".Tt.ux«s.Tf.y by naturality ofu
= t'.Tt".uxxs.Tf.y by (@0), commutativity of the monad
= t'Tt".T?f.uc.y by naturality ofu
= t.Tt".T?f.Ty.,y byanalgebralaw
= t'T(XxB).Tf.y by(@9), 2-linearity off
= (TXxB)t.Tfy bynaturality oft’,

which is the counterclockwise composite of the diagramsTinoves the Proposition.

From Propositionl3 now immediately follows that when the abis commutative, then
®:T(X)xT(Y)— T(X xY) is bilinear; for, it was constructed as the 2-linear extensif
the 1-lineat’ : T(X) x Y —» T(X xY).

11



It follows rather easily that, conversely, bilinearity @fimplies commutativity of the
monad, cf.[[9] Prop. 1.5. Thus, also, the extension progeiti Propositiof]3 imply com-
mutativity.

From Proposition13 also follows that when the monad is conatiug, the pairing map
T(X) x (X h B) — B is bilinear; for, it was constructed as the 1-linear extensf the
evaluation maX x (X rh B) — B, which is 2-linear. By passing to the exponential transpose
this 2-linearity implies that its transpose, i.e. the seticamaprt : T(X) — (X h B) h B,
factors through the subobjet m B) mt BC (X M B) M B.

For commutative, and forB andC arbitraryT-algebras, the subobjeBtht CC BhC
is actually a subalgebra (and in fact provid@5s with structure of a closed category), cf.
[8].

The two last implications argued for here go the other way el wilinearity of the
pairing implies commutativityB it C a subalgebra d8 rh C (for all algebra$, C) implies
commutativity. The proofs are not difficult, and will be otei.

Finally, from [€], Proposition 1.5 (v), we have the equivate of commutativity with {1
is monoidal”; also, commutativity implies that the mondisiaiucturer on the endofunctor
T is symmetric monoidal, cf_[6] Theorem 3.2). We summarize:

Theorem 4 Let T= (T,n,u) be a strong monad o#f. Then t.f.a.e., and define the notion
of commutativity of T:

1) Fubini’s Theorem holds, i.e. the magsand & : T(X) x T(Y) — T(X x Y) agree,
forall X andY in&.

2) Themapp : T(X) x T(Y) = T(X xY) is T-bilinear forall X and Y .

3) For (B, 3) and(C, y) algebras for T, and X arbitrary, the 1-linear extensio(XI) x
B — C of a 2-linear map X< B — C is 2-linear (hence bilinear). (Similarly for 2-linear
extensions of 1-linear maps.)

4) For (B, 3) and(C, y) algebras for T, the subspacefy C C Brh C is a sub-algebra.

5) For (B, 3) an algebra for T, and X arbitrary, the “semantics” map T(X) — (X rh
B) m B factors through the subspa¢¥ m B) it B.

6) For (B, 3) an algebra for T, and X arbitrary, the pairing map(X) x (X h B) — B
is bilinear.

7) The monoidal structure on the endofunctor T is symmetric monoidal, and with
respect to this monoidal structuee, the natural transformatiop : To T = T is monoidal
(hence the monad is a symmetric monoidal monad).

Recall the universal property of x ny : X xY —= X x T(Y) and ofgx x Y : X XY —
T(X) x Y (Propositiori 2). We have an analogous propertyrfoix ny : X x Y — T(X) x
T(Y):

Proposition 5 Let T be a commutative monad. LetBB,3) be a T-algebra. Then any
f : X x Y — B extends uniquely ovexx x ny to a bilinearf : T(X) x T(Y) — B.

Proof. The extension is performed in two stages, algrg< Y, and then along (X) x ny.
The first extension is unique, as a 1-linear map, the seconditpie as a 2-linear map.

12



However, the 1-linearity of the first extension is preserkgdhe second extension, using
clause 3) in the Theorem.

Recall from Propositionl1 thag y : T(X) x Y — T(X x Y) is an initial 1-linear map
into T-algebras, and similarlf , : X x T(Y) — T(X x Y) is an initial 2-linear map. These
properties join hands whehis commutative:

Proposition 6 Let T be a commutative monad. ThenT (X) x T(Y) — T (X xY) isinitial
among bilinear maps to T -algebras.

(Thus, T(X x Y) may be denoted (X) ® T(Y). Tensor product& ® B for generalT -
algebrasA and B may not exist, this depends on sufficiently many good coézgral in
&)

Proof. LetB = (B,[3) be aT-algebra, and lef : T(X) x T(Y) — B be bilinear. We must

prove unique existence of a linemaking the right hand triangle in the following diagram

commutative:

X x Y — L T(x x V)

nNx x Ny T

TXXTY B.

Since the upper triangle commutes, we see thaécessarily is the (unique) linear exten-
sion overnxxy of (Nx x ny).f (composing forwards). To prove that thisdoes indeed
solve the posed problem: The two mapsf and f are 2-lineaiT X x TY — B, so by the
universal property off X x ny, to see that they agree, it suffices to see that the the agree
when precomposed with X x ny. Both of these two maps are 1-linear maps x Y — B,

so by the universal property gf x Y, it suffices to see that the two mayis< Y — B which

one gets by precomposition witfx x Y are equal. But they are both equaltpx x ny).f,

by construction off.

10 Convolution; the scalarsR:=T(1)

We henceforth assume that the moffais commutative. Ifim: X x Y — Z is a map in&,
we can usep to manufacture a map(X) x T(Y) — T(Z), namely the composite

T(m)

TXXTYL@»T(XXY) TZ,

called theconvolutionalongm. It is bilinear, since® is so, andT (m) is linear. Ifm:

Y xY — Y is associative, it follows from general equations for malabfunctors that the
convolution alongnis associative. I€: 1 — Y is a two sided unit for the semigrodfym,
then it gives rise to a unit for the convolution semigrdu}y ), which thus acquires a monoid
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structure. Ifmis furthermore commutative, then so is the convolution mdnthis latter
fact depends oil being asymmetrianonoidal functor, which it is in our case, cf. clause 7)
in the Theorem.

Similarly, if a monoid(Y,m,e) acts on an objecX in an associative and unitary way,
then the convolution monoid(Y) acts in an associative and unitary wayofX).

Now 1 carries a unique (and trivial) monoid structure, and thigal monoid acts on
any objectX, by the projection majpr : 1 x X — X. It follows thatT (1) carries a monoid
structure, and that this monoid acts on an). Let us for the moment call this action of
the convolution actioron T (X). It is thus the composite

TIxTX — 5% T(1xX)=TX,

it is bilinear, unitary and associative. It is the 2-lineatemsion oveiT 1 x nx of t; y (fol-
lowed by the isomorphisr (1 x X) = T(X)); this follows from [6). There is a similar
description of a right action of (1) on T(X), but T(1) is commutative, and these two
actions agree.

There is also an action by(1) on anyT-algebraB, derived from the pairing, namely
using the canonical isomorphismB — (1 h B),

Tixi (—,—)

T1xB—» T1x (1hB) B.

Let us call this thepairing action.

Proposition 7 For a T -algebra of the form TX), the convolution action of 1) agrees
with the pairing action.

Proof. Consider the diagram (where all the vertical maps are isphisms)

¢ Tt
TIxTX — e TaxTX) — L 120150 %) A T(1xx)
Tlxi T(1xi) T?(pr) T(pr)
TIx(IATX) — T(1x (LhTX - T2X - TX.
<ANTH) > TAX A TH) y

The top line is the explicit form of (the 1-linear version f) so the clockwise composite is
the convolution action. The counterclockwise compositeéspairing action. The left hand
and right hand squares commute by naturality. The middlarggcomes about by applying

T to the square
"

1xTX L T(1xX)
1xi T(pr)

Lx (LM TX) —= T(X).
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We claim that this square commutes. In fact, both composite-linear, so it suffices
to see that we have commutativity when we precompost by)x. This commutativity
follows by naturality of, together with the fact thatandpr are the exponential transposes
of each other.

We conclude that the total diagram commutes, proving theetesquality of the two
actions on an algebra(X) (the convolution pairing has only been defined for such alge-
bras).

(We note that the proof does not depend on commutativilly, gfrovided we take the 1-
linear version ofy, as we did. Also, it is valid in any symmetric monoidal closedegory,
replacingl by the unit object, angr by the primitively given unit isomorphisin X — X.)

Since pairing is natural iB € &7, it follows that the pairing action has the property that
any morphisming’T, i.e. anyT-linear mapB — C, is equivariant. The Proposition then has
the following Corollary:

Proposition 8 Any T-linear map TX) — T(Y) is equivariant for the convolution action
by T(1).

The convolution action on the free-algebraT (X) by the monoidT (1) is an associative
unitary action, because makesT into a monoidal functor, as we remarked; one can proba-
bly prove that the pairing action bly(1), defined for allT-algebras, is likewise unitary and
associative.

Since the monoid (1) acts in a unitary, associative, and bilinear way on &), and
T-linear maps preserve the action, it is reasonable to thirk(&) as the (multiplicative)
monoid ofscalars and to give it a special notation. We denote itRy

R:=T(1);

we denote its multiplication by a dot, and its unit by 1. Ithetmapn, : 1 — T(1).
(An addition onR will be considered in Sectidn 14 below.)

On totals

For anyX € E, we have a uniqgue mag t X — 1to the terminal object. Composing it with
themap 11— R=T(1) (i.e. byni) gives a map which we denotg 1X — R, the “map
with constant value 1”.

Just by the fact thal is a covariant functor, we have a mapxtofTl (X) — R, namely
T('x): T(X) = T(1) =R, “formation of total”. From uniqueness of maps into the terah,
we have for anyf : X — Y that tok = toty oT (f), or in elementwise terms, writin§. for
T(f):

tot(P) = tot(f,(P)).

We have
tOtx OrIX :T(!X)OFIX = rIlO!X (11)
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by definition of tot and by naturality af; but the latter map isx. — In particular, we have,
in elementwise terms, foce X,
tot(nx (x)) = 1. (12)

Proposition 9 The mapotx : T(X) — R equals the map—, 1x).

Expressed in terms of elements, RE T(X),
totx (P) = (P, 1x) :/ 1y dPeR
X

(recalling the alternative “integral” notation for the pag).

Proof. The two mapsT (X) — T(1) to be compared ar€-linear, so it suffices to prove
that their precomposites witl agree. For tg¢, (I1) shows that we getkl For (—,1x),
the precomposition again giveg 1cf. the description in Sectidd 6, immediately after the
construction of the bracket).

A consequence of the naturality @fw.r.to the maps !X — 1and!:Y — 1is that
tot(P® Q) = tot(P) - tot(Q), (13)

where the dot denotes the producRa= T(1). Hence also, the convolutid®« Q of P and
Q (along any map) satisfies {6t« Q) = tot(P) - tot(Q).

11 Schwartz distributions of compact support

There exist cartesian closed categodewhich contain the category of smooth manifolds,
and also contain the category of convenient vector spacitls émooth, not necessarily
linear, maps), for instance the categdip® of [5]. In the latter, the (convenient) vector
space of Schwartz distributions of compact support on a folanX is represented g m
R) Mt R for a suitable strong monad (with T(1) = R), see[[5] Theorem 5.1.1; this was
one of the motivations for the present development. We staluse this material from
functional analysis, except for terminology and motivatidrhus, withR=T(1), X M R
will be called theT -linear space of (non-compact) test functiamsX, and(X m R) mr R
is then the space df-linear functionals on this space of test functiomstinearity in the
example unites the two aspects, the algebrAitirfear), and the topological/bornological.
So in the [5] case okip®, (X h R) ht Ris thespace of continuous linear functionals on
the space of test functionwhich is how Schwartz distributio[ﬁ$of compact support) are
defined, forX a smooth manifold.

Recall that for a commutative mond@n &', we have the “semantics” map : T (X) —
(X h B) it B, for anyT-algebraB, in particular, we have suchw forB=R=T(1),

T(X) = (XA R) thy R (14)

Loften with C rather tharR as dualizing object.
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The functorX — (X th R) it Ris in fact itself a strong monad o#f, (not necessarily
commutative), and is a strong natural transformation, and it is even a morpbismonads.
(More generally, these assertions hold even wiRénreplaced by any othdr-algebraB.)

In the case of thé€ , T) of [5], the mapr : (X M R) it Ris an isomorphism for many
X, in particular for smooth manifolds One may express thigprty verbally by saying
that T(X) is reflexivew.r.to R in the category ofl -algebras. For an¥X in the & of [5],
it is @ monic map; this one may express verbally: “there amghR-valued valued test
functions to test equality of elementsTi{X)".

There are many examples @f, T) where there are not enough= T (1)-valued test
functions ; thus there are interesting mon@dsith T(1) = 1 (“affine monads”, see Section
[18 below).

However, we have the option of choosing otfiealgebra$3 as “dualizing object”. Then
there are enough test functions, in the following sense

Proposition 10 For any X € E, there exists a T -algebra B so that
x :T(X) = (XM B)Mhr B
is monic. The algebra B may be chosen to be free, i.e. of theTdY), in fact T(X) suffices.

Proof. TakeB := T (X). We claim that the following diagram commutes:

T(X) —% (X AT (X)) thr T(X)
ev,

T(X)

whereev, denotes the map “evaluate at the global elermgne X th T(X)". For, the maps
to be compared are linear, so it suffices to see that they agrer precomposed withy .
Now nx followed by is the Dirac delta map : X — (X h B) h B (cf. (8)), andd followed
by “evaluate atp € X rh B” is the mapg itself, by general A -calculus”. So both maps give
nNx when precomposed by.

So not only are there enough test functions; for gi¥erevenonesingle test function
suffices, namely)x : X — T(X).

12 Multiplying a distribution by a function

The action on distributions by (scalar valued) functiowsbé described here, has as ap-
plications the notion oflensityof one distribution w.r.to another, and also the notion of
conditionalprobability distribution.

Except for the subsection on “totals”, the consideratiaiasare valid for any symmet-
ric monoidal closed categoi, not just for a cartesian closed categories. The following,
however, utilizes the universal property of the cartesiapct.
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Now that we are using that is cartesian product, it becomes more expedient to use
elementwise notation, since this will better allow us top&at variables”, like in the fol-
lowing. It is a description of a “pointwise” monoid strucéuon X M R derived from the
monoid structure oR. The multiplication is thus a mafX m R) x (X m R) — X m Rwhich
in elementwise terms may be described,gandy in X M R, and forx € R,

(@-P)(X) == @(x) - Y(x).

The unitis the previously described lin elementwise terms the map- 1 € R. Similarly,
the action oRon T (Y) for anyY gives rise to a “pointwise” action of M Ron X M T (Y).

We shall construct an action of h R on the spacd (X). It has as a special case the
“multiplication of a (Schwartz-) distribution aX by a scalar valued functiod — R” known
from classical distribution theory. We let the action benfrthe right, and denote it by:

TX)x (XM R) |_—> T(X),

whereR= T (1); theR here cannot be replaced by otflealgebra.

To construct it, it suffices to construct a map X x (X h R) — T(X) and extend it by
1-linearity overnx x (X m R). The mapp is constructed as the composite (wjihy being
projection onto the first factox in the domain)

/

(PN 1) x B T x) = T(X).

Xx (XM T(1))
(The mapp is 2-linear, and 2-linearity is preserved by the extendigriTheoreni 4, sé- is
bilinear.) The 1-linear actioh exists also without the commutativity assumption, but then
it cannot be asserted to be bilinear.) The first map in thispusite depends on the universal
property of the cartesian product: a map into a product carohbstructed by a pair of maps
into the factors.
In elementwise notation, K€ X andg € X h R, we therefore have

nx = e=e@x-n(x) (15)

(recalling the descriptiofil6) of the action®f1) on T (X) in terms oft’).

In classical distribution theory, the following formulatieedefinitionof how to multiply
a distributionP by a functiong; in our context, it has to bproved (The classical formula
is the special case wheve=1,soT(Y) =R))

Proposition 11 Let Pe T(X), p € XhRandy € X M T(Y). Then
(Pro.y)=Po-).

Proof. Since both sides of the claimed equation dependilidiaear way orP, it suffices to
prove the equation for the case whée- n(x) for somex € X. We calculate the left hand
side, using[(15):

(N @) = (0(x)-n(x),P) = @(Xx) - (n(X), ) = @(X) - Y(x),
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using for the middle equality that-linearity implies equivariance w.r.to the action By
(Propositiod 8). The right hand side of the desired equationilarly calculates

(N, 0-¢) = (- ¢)(x),
which is likewise@(x) - ¢(x), because of the pointwise character of the actiok dfR on

X hT(Y).

Corollary 12 The pairing(P, @) (for P € T(X) and @ € X th R) can be described in terms
of - as follows:
(P, @) = tot(P- ).

Proof. TakeY =1 (soT(Y) = R), and takey = 1x. Then
tot(P - @) = (P 9,1x) = (P, ¢- 1x)

using Proposition]9, and then the Proposifioh 11. @utx = ¢.

Combining the “switch” formula in Propositidn 111 with Pragition[10 (“enough test
functions”), we can derive properties of the actian

Proposition 13 The actiort- is associative and unitary.

Proof. Let ¢n andg, be inX h Rand letP € T(X). To see thatP+ @) - @ =P+ (¢ - @),
it suffices by Proposition 10 to see that for any file@algebraB and anyy € X h B, we
have

(PF@)F @)= (PH (- @), ),

but this is immediate using Proposition 11 three times, Ardssociative law for the action
of the monoidX m Ron X rh B. The unitary law is proved in a similar way.

To state the following result, we use for simplicity the rtata f, for T(f) (where
f:Y— X)andf* for f M B, asin[7).

Proposition 14 (Frobenius reciprocity) For f : Y — X, Pe T(Y), andp € X h R,
f.(P)Fo=f.(PFf(0).

Proof. Both sides depend inB-linear way ofP, so it suffices to prove it folP of the form
ny(y), fory e Y. We have

fivy) e = nx(f(y) e by naturality ofn
= @(f(y)-nx(f(y) by (13)
= o(f(y) - f.(nv(y) by naturality ofn
= f(o(f(y) nv(y)) by equivariance of,., Prop[8
= f((nv(y)F f*(9)) by f. applied to[(Tb).

An alternative proof is by using the “enough test-functigeshnique.
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Density functions

ForP andQ in T(X), it may happen tha® = P+ ¢ for someg € X M R, in which case one
says thaQ has adensityw.r.to P, namely the (scalar-valued) functign Suchg may not
exist, and if it does, it may not be unique. In the case of (nompact) Schwartz distribu-
tions, one case is particularly important, namely whé¢isR", andP is Lebesgue measure;
then if Q has a density functiop w.r.to P, one sometimes identifies the distributiQrwith
the functiong. Such identification, as stressed by Lawvere, leads to ibggedalistinction
between the covariant character©fX) and the contravariant character Xfh R, more
specifically, between extensive and intensive quantities.

13 Mass distributions, and other extensive quantities

An extensive quantity of a given typa may, according to Lawvere, be modelled mathe-
matically by a covariant functdvl from a category?’ of spaces to a “linear” or “additive”
category«/, with suitable structure and properties. In particulag, ¢ategorys’ should be
“lextensive” (cartesian closed categories with finite @mjurcts have this property), and
should be “linear” (categories of modules over ﬂrﬁgive this property). In such a cate-
gory, any object is canonically an abelian semigroup. Alse functorM should take finite
coproducts to bi-products, by a certain canonical map.

It is a reasonable mathematical model that the quantity ofgeass(in the sense of
physics) is such a functor, withy being the category of modules over the rig of non-
negative reals. IM(X) denotes the set of possible mass distributions over theespac
then if P, andP, are masses which are distributed over the spgcene may, almost by
physical construction, combine them into one mass, digkib overX; so M(X) acquires
an additive structure; similarly, one may re-scale a masildiition by non-negative reals.
The covariant functorality oM has for its germ the idea that for a masdistributed over
a spaceX, one can form itsotal tot(M). Such total mass may be something like 100 gram,
so is not in itself a scalag R, but only becomes so after choice afiait mass, like gram,
so the scalar is natanonicallyassociated to the total mass.

Intensivequantities are derived from extensive ones as densitigatios between ex-
tensive ones. Thus, “specific weight” is an intensive quypofitypem-v-1 (wherev is the
guantity type of volume (if the spaceis a block of rubber, its volume (Lebesgue measure)
may vary; so volume is, like mass, a distribution varyingroxg

Here, we shall only be concerned witlire intensive quantities; they are those of type
m-m~! for some extensive quantity tyme For the example of mass, an intensive quantity
of typem-m~1 over the spac¥ may be identified with a functio — R, . Other extensive
guantity types may naturally give rise to other spaces dassae.g. the quantity type of
electric charge gives, in the simplest mathematical mait, to the spac® of all real
numbers (since charge may also be negative), or, in a mohestimated model, taking into
account that charge is considered to be something quari§ie@@n be counted by integers),
the spacd) should in principle be the correct one.

2commutative semiring with unit
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So every quantity type defines in principle its own Rgpf scalars. However, it is a
remarkable fact that so many give riseRpas the simplest mathematical model.

In real life, pure quantities come after the extensive ptaisines. The theory presented
in the preceding Sections follows, however, the mathemkttiaditiort], and puts the theory
of purequantities as the basis.

So to use Lawvere’s concepts, our cartesian closed categyisrthe category of spaces;
for X a spaceT (X) is the space of pure extensive quantities, varying o4eR=T(1) is
the space of scalars, aXdh Ris the space of intensive pure quantities varying o¢ethe
functor T may be seen as taking values in the categety= &7 of T-algebras; it is not
quite a linear category, but at least, all objects carry aioady the monoid of scalars, and
all maps are equivariant with respect to these, cf. Projpo$8. (Additive structure ineZ
will be considered in the next Section.)

The aim of the remainder of the present Section is to dematesfiow e.g. the theory
of a non-pure extensive quantity type, like mass, embedslig theory considered so far;
more precisely, to give a framework which vindicates thaidhat “as soon as a unit of mass
is chosen, there is no difference between the theory of masgdtions, and the theory of
distributed pure quantities”. The framework is the follogi

Let T be a commutative monad afi. Consider another strong endofunckéron &,
equipped with an action by T,

v:T(M(X)) = M(X)

strongly natural iX, and withv satisfying a unitary and associative law. Then eWd(¥X)
is aT-linear space by virtue ofx : T(M(X)) — M(X), and morphisms of the forrl( f)
areT-linear. LetM andM’ be strong endofunctors equipped with sclctions. There is
an evident notion of when a strong natural transformatiarM = M’ is compatible with
the T-actions, so we have a categoryofactions. The endofunctdr itself is an object in
this category, by virtue oft. We say thatM is a T -torsor if it is isomorphic toT in the
category ofT -actions. Note that no particular such isomorphism is chose

Our contention is that the category Bftorsors is a mathematical model of (not neces-
sarily pure) quantitieM of typeT (which is the corresponding pure quantity).

The following Proposition expresses that isomorphismsatibasA : T = M are de-
termined byA; : T(1) — M(1); in the example, the latter data means: choosingi&of
mass.

Proposition 15 If g and h: T = M are isomorphisms of T -actions, and ifg h; : T(1) —
M(1), then g= h.

Proof. By replacingh by its inverseM = T, itis clear that it suffices to prove thataf: T =
T is an isomorphism of -actions, angb; = idy (1), thenp is the identity transformation. As
a morphism ofT -actions,p is in particular astrongnatural transformation, which implies

3There is a, minor, mathematical tradition in the other dioeg namely Geometric Algebra, where oan-
structsa ring of scalarérom geometry.
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that the right hand square in the following diagram commideany X € &’; the left hand
square commutes by assumption@mn

"

X t
Xx1 22y T(1) - T(Xx 1)

= XX Py Pxx1

Xx1

XxT(1) — T(Xx1)
n t
Now both the horizontal composites ayg, 1, by general theory of tensorial strengths. Also
Pxx1 is T-linear. Then uniqueness dflinear extensions oveyx ., implies that the right
hand vertical map is the identity map. Using the naturaliifieation of X x 1 with X, we
then also get thaby is the identity map of (X).

14 Additive structure

For the applications of distribution theory, one needs mby that distributions on a space
can be multiplied by scalars, but also that they caadided In our context, this will follow

if the categoryl -algebras is aadditive(or linear) category, in a sense which we shall recall.
Most textbooks, e.gl [16]. [1] define the notion of additiaegory (with biproducts) as a
property of categories? which are already equipped with tiseructureof enrichment in
the category of abelian monoids (or even abelian groupskeder, we shall need that such
enrichment structure derives canonically from a centa@pertyof the category. This is old
wisdom, e.g. described in Pareigis’ 1969 textbaok [18] tisaadt.1.

We recall briefly the needed properties: Consider a categ6mnyith finite products
and finite coproducts. If the uniqgue map from the initial abji the terminal object is an
isomorphism, this object is a zero object 0. The zero objémiva one to define a canonical
map & from the coproduct ofi objectsB; to their product. If thisd is an isomorphism
for all n-tuples of objects, this coproduct (and also, the prodsa) biproductp;B;. Then
every object acquires the structure of an abelian monoidablij <7, with the codiagonal
map B ® B — B as addition, and with the map unique map-0B as unit. This in turn
implies a canonical enrichment of in the category of abelian monoids. We referito|[18],
(except that loc.cit. item 4) includes a property which impkubtraction of morphisms, i.e.
an enrichment in the category of abelian groups, but so labgraction can be dispensed
with, then so can item 4).)

Consider now a categor§ with finite products and finite coproducts, and consider a
monadT oné&. LetF : & — &7 be the functoX — (T (X), ux ), i.e. the functor associating
to X the freeT-algebra orX. If T(0) is the terminal object (where 0 is the initial object),
then it is clear thaF (0) is a zero object irfT. Even thoughs™ may not have all finite
coproducts, at least it has finite coproducts of free algel@ad so one may consider the
canonical map : F(X) + F(Y) — F(X) x F(Y) (whose underlying map i#’ is a map
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T(X+Y) = T(X) x T(Y), easy to describe directly, using 0 and the universal ptppér
Nx.y). Ifitis an isomorphism for alX andY, the category of free algebras will therefore
be additive with biproducts. The addition map for an obje@t(X) is thus the inverse of
o followed by T (0O0), where : X + X — X is the codiagonal. Sina&is T-linear, hence so
is its inverse. Alsal (O) is T-linear, so the addition map(X) x T(X) — T(X) is T-linear.
For a more complete description, see [3]lorl[12]. (Ih [3]sifproved that in fact that the
category ofall T-algebras, i.e€T, is additive with biproducts.)

Thus, in particular, any -linear map will be additive. It is tempting to conclude “leen
any bilinear (i.eT-bilinear) map will be bi-additive”. This conclusion is gpand similarly
1- or 2-linear will be additive in the first (resp. in the sedpwariable; but in all three cases,
an argument is required. Let us sketch the proof of this ferdhse of 2-linearity. Since
t¥ v is initial among 2-linear maps out &f x T(Y) (Propositiori_ 1), it suffices to prove that
t” is additive in the second variable, which is to say that tHiefdng diagram commutes
(whereA is “diagonalizingX and then taking middle four interchange”):

A t" x t
XXTYXTY — XXTYXXXTY —— T(XxY)xT(XxY)

Xx(+) (+)

X x TY 7 T(XxY).

To see this commutativity, it suffices to see that the two cositps agree when precom-
posed with
X x T (in;
x Ty XX Tn)

o
XXTY+Y) = XxTYXTY, (16)
(i=1,2); it is easy to see that we gétin both cases (and far= 1 as well as foi = 2).
(Hint: use that[(16) postcomposed wi¥hx (+) is the identity map oX x TY, cf. the
construction[[12], equation (32).)
Let us summarize:

e the addition mad (X) x T(X) — T(X) is T-linear
e T-linear maps are additive

e T-bilinear maps (respl-1-linear, respT-2-linear maps) are bi-additive (resp. addi-
tive in the first variable, resp. additive in the second V@&

It follows that the monoid of scala® = T(1) carries aT-linear additior+ : Rx R— R,
and that thel -bilinear multiplicationR x R — Ris bi-additive. SAR, with its multiplication
and addition, is a rig. Similarly, the multiplicative aati@f R on anyT (X) is bi-additive.
Since anyT -linear mapT (X) — T(Y) is equivariant for the action, and, a3 dinear map,
is additive, it follows that anyT (X) is a module over the rigr, and thatT-linear maps
T(X) — T(Y) areR-linear, in the sense of module theory.
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Since each object i’ carries a canonical structure of abelian monoid, one may ask
whether these abelian monoids have pineperty of being abeliargroups This is then a
property of the monad. It is, more compactly, equivalenth® property: 1€ R has an
additive inverse-1. If this is so, difference-formation, for anly-algebraA, will be aT-
linear mapAx A— A.

We shall need this further property in Section 17: diffei@rdalculus depends on hav-
ing differences.

15 Distributions on the line R of scalars

We now consider distributionB € T (X), whereX is the spaceR of scalars. TherX
R= R Rhas some particular (global) elements, to which we can afply), namely the
monomialsx", and alsoR has an additiolR x R— R, and we have convolution along this,
which we shall denote : T(R) x T(R) — T(R). (There are some quite evident generaliza-
tions to the spac¥ = R", but for simplicity, we stick to the 1-dimensional case.pBnples
of elements inT (R) are: probability distributions of random variables, cfc&en[18.

The nth momenbf P € T(R) is defined agP,x") € R, wherex" : R — R is the map
x+— X" In particular, the Oth moment & is (P, 1r), which we have considered already
under the name t@®), cf. Propositioi P. The 1st moment(B,x), i.e. (P,idr), or, in the
“integral” notation also used for the pairinfyx dP(x). WhenP is a probability distribution,
this scalar is usually called thexpectationof P. We therefore also denote E(P), so
E(P) := (P,x), for arbitraryP € T(R). (We shall not here considath moments fon > 2.)

Recall thaR:= T(1), soT(R) = T2(1), and we therefore have the map: T(R) — R.

Proposition 16 The “expectation” map E T(R) — R equalgu : T2(1) — T(1).

Proof. To prove(P,idr) = 1(P), we note that both sides of this equation dependTn a
linear way ofP, so it suffices to prove it for the case whéte- nr(x) for somex € R. But
(nr(x),idR) is “evaluation ofidg on x”, by construction of the pairing, so givesack. On
the other handgl; o nr is the identity map o, by a monad law, so this composite likewise
returnsx.

Recall from[I1) that tgtonx = 1x as maps fronX to R (for anyX). From Proposition
[18, we have thdE o nr = idg; in elementwise terms, fore R,

to(n(x)=1 ; E(N(X)=x (17)
(wheren denotegjr). Using these two facts, we can prove

Proposition 17 For P and Q in T(R), we have
E(P*Q) =E(P)-tot(Q) + tot(P) - E(Q).

Proof. Convolution isT-bilinear, andE and tot areT -linear. Since addition is &-linear
map, it follows that both sides of the desired equation ddpem T-bilinear way onP, Q.
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Therefore, by Propositidd 5, it suffices to prove it for theewherd® = n(x) andQ = n(y)
(with x andy in R). ThenE(P) = x, E(Q) =y and totP) = tot(Q) = 1. Also, sincex is
convolution alongt, we haveE(P+ Q) = E(n(x)xn(y)) = E(n(x+Yy)) = x+y. Then the
result is immediate.

Let h be a homothety oR, x+— b- X, for someb € R. Itis aT-linear map, since the
multiplication onRis T-bilinear. We claim
E(h.(P)) = h(E(P)) (18)

for anyP € T(R). To see this, note that both sides depend ii-linear way onP, so it
suffices to see it for the case®Bf= n(x) (xe R). ButE(h.(n(x))) = E(n(h(x))) =h(x) =

h(E(n(x)))-
We also consider the effect of a translation nsapn R, i.e. a map of the forrt— x+a
for somea € R. We claim

a.(P) =Px(n(a)) (19)

for anyP € T(R). To see this, we note that both sides here dependridimear way onP,
so it suffices to see it fdP = n(x). Then both sides givg(x+ a).
Applying Propositioi 17 td « n (a), we therefore have, far = translation bya € R,

E(a.(P)) = E(P)+tot(P) - a.
In particular, ifP has total 1,
E(a.(P)) =E(P)+a=a(E(P)). (20)

Recall that an affine maR— Ris a mapf which can be written as a homothety followed
by a translation. Combining(18) arfld{20), we therefore get

Proposition 18 Let f: R— R be an affine map. Then ifeT (R) has total 1, we have

If P e T(R) has totP) multiplicatively invertible, we definéhe center of gravity od®) by
cg(P) := E((tot(P))*-P).

SinceE is T-linear, it preserves multiplication by scalars,Go= (tot(P))~*- P has total 1,
and the previous Proposition applies. So for an affin® — R, E(f.(Q)) = f(E(Q)). The
right hand side igg(P), by definition. Butf, preserves formation of totals (any map does),
and then it is easy to conclude that the left hand sidg($,(P)). Thus we have

Proposition 19 Formation of center of gravity is preserved by affine mapsdf f.&°) =

f(cg(P))-

Thus, our theory is in concordance with the truth that “ceaferavity for a mass distribu-
tion on a line does not depend on choice of 0 and choice of @ifehgth”.
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16 The affine submonad; probability distributions

A strong monad” on a cartesian closed categafys calledaffineif T (1) = 1. For algebraic
theories (monads on the category of sets), this was intextlirc[20]. For strong monads,
it was proved in[[9] that this is equivalent to the asserttoat for all X,Y, the mapyx v :
TX)xT(Y) = T(X xY) is split monic with(T (pr1), T(pr2)) : T(X xY) = T(X) x T(Y)
as retraction. In_[15], it was proved thatdf has finite limits, any commutative monad
has a maximal affine submonag, the “affine part ofT”. It is likewise a commutative
monad. Speaking in elementwise tergX) consists of those distributions whose total is
1eT(1). We consider in the following a commutative morib@nd its affine parfo.

Probability distributions have by definition total€lR, and take values in the interval
from 0 to 1, in the sense thatO (P, ¢) < 1 if gis a multiplicative idempotentiX m R. We
do not in the present article consider any order relatioRoso there is no “interval from 0
to 1”; so we are stretching terminology a bit when we use thelwprobability distribution
on X" for the elements oflp(X), but we shall do so.

If Pe To(X) andQ € To(Y), thenP® Q € To(X x Y), cf. (I3) and the remark following
it. (Italso can be seen from the fact that the inclusion afregrmonad3g C T is compatible
with the monoidal structure.) From this in turn follows that e.g. probability distritoms
are stable under convolution.

Most of the theory developed presently works for the momgglist as it does fofT;
however, sincdp(1) = 1is trivial (but, in good caseSp(2) = T(1)), the theory of “multi-
plying a distribution by a function” (Sectidn112) triviaiz. So we shall consider tfg in
conjunction withT, andR denotesT (1). Clearly, To(X) is not stable under multiplication
by scalarss R; for, the total gets multiplied by the scalar as well. In pardar, we cannot,
for P € To(X), expect thaP - @ is in To(X). Nevertheles® + @ has a probabilistic signi-
ficance, providedP, @) is multiplicatively invertible inR. If this is the case, we may form a
distribution denote® | ¢,

Plo:=(Pg) - (P-@)=A-(P-o),
(writing A € Rfor (P,¢)~1) and so (using Propositignil1, and bilinearity) we have
tot(P|¢@) = (P[¢,1x) =A - (PF@,1x) =A - (Po-1x) = A - (Pg) =1,

so thatP| ¢ again is a probability distribution. More genera®y ¢, satisfies, for any
PYeXmR,

(Plo,y) =A(Po-y). (21)
Now, multiplicatively idempotent elements ¥ h R may reasonably be seen egentsn
theoutcome space Yand if ¢ and are such events, algp ( is an event, and it deserves
the notationp N ¢ (simultaneous occurrence of the two events). In this ntatnd with
the defining equation fok, the equation (21) reads

(Pony)

<P|(Pa4’>:wv

so thatP | ¢ is “the conditional probability thap (and ) occur, given thatp does”.
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Random variables and their distributions

A random variableX on an outcome space defines a probability distributioa To(R), and
is often identified with this distribution. Aair Xz, X, of random variables on the sarfe
on the other hand, cannot be identified with a pair of distiims onR, but rather with a
distributionP € To(R?), thejoint probability distribution of the two random variables. This
P gives riseto a pair of distribution$? := (pri).(P) (i = 1,2) (the marginal distributions
of P); so we havgP,P,) € T(R) x T(R). We may compar® with P, ® P,. To say that
P =P, ® P, is expressed by saying that the two random varialjemndX; areindependent
(On the other hand, the marginal distribution$of Q, for P andQ € To(R), agree with
P andQ; this is a general property of affine monads, mentionedexgrli
A pair of random variableX andY on Q has a sum, which is a new random variable; it
is often denote + Y, but the probability distributiore T (R) of this sum is not a sum of
two probability distributions (such a sum would anyway htotal 2, not total 1). X and
Y are independent, the suk+Y has as distribution the convolution alorgof the two
individual distributions. In general, the distributionXf+Y is +.(P) where+ : R> — Ris
the addition map anB € T(R?) is the joint distribution of the two random variables.
In text books on probability theory (see eld. [4]), one somes sees the formula

E(X+Y)=E(X)+E(Y)

for the expectation of a sum of two random variable<b(not necessarily independent).
The meaning of this non-trivial formula (which looks triljiaecause of the notational con-
fusion between a random variable and its distribution)yishe present framework, a prop-
erty of distributions orR. Namely it is a way to record the commutativity of the diagram

T(RxR) T, T(R)

B E

RxR R.

Here, 3 is the T-algebra structure o (R?), i.e. > : T?(2) — T(2) (recall that 2= 1+ 1,
so by additivity of the monadT (2) = T(1) x T(1) = Rx R); similarly, E is y;, and the
diagram commutes by naturality pf(recalling thatt is T(2 — 1)).

17 Differential calculus for distributions

We attempt in this Section to show how some differential @ale of distributions may be
developed independently of the standard differentialidakof functions.

For simplicity, we only consider functions and distributsoonR (one-variable calculus),
but some of the considerations readily generalize to 8isions and functions on any space
X equipped with a vector field.
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For this, we assume that the morikdn & has the properties described at the end of
Sectior 14, so in particulaR is a commutative ring. To have some differential calculus
going for suchR, one needs some further assumption: either the possitailftyrm “limits”
in R-modules, or else, availability of the method of synthetftedential geometry (SDG).
We present the considerations in the latter form, with (swersion of) the K@ axiomatics
as the base, since this is well suited to make sense in ang<Gartclosed categogy. In
the spirit of SDG, we shall talk about the objectsfés if they were sets.

Consider a commutative ring € &. LetD C R be a subset containing 0, and \ébe
anR-module. We say thaf satisfies the “KL'-property (relative t®)” if for any X € &
and anyF : X x D — V, there exists a uniqu€ : X — V such that

F(x,d) =F(x,0)+d- f'(x) foralldeD.

If V is a KL module, thenso iX hV.

Example: 1) modelR of synthetic differential geometry, (9 is the set ol € Rwith
d? = 0); then the “classical” KL axiom says that at least the medRiltself satisfies the
above condition. X = RandF(x,d) = f(x+d) for some functionf : R—V, ' is the
standard derivative of.

2) Any commutative ring, witlb = {0,d}, for one single invertiblel € R. In this case,
for givenF, the f’ asserted by the axiom is the function

(9 = 5 (F(ed) —F(x.0));
if X =RandF(x,d) = f(x+ d) for some functionf : R— V, f’ is the standard difference
guotient.

In either case, we may call thederivativeof f.

Itis easy to see thanycommutative rindRis a model, using0,d} asD, as in Example
2) (and then also, ang-moduleV satisfies then the axiom); this leads to some calculus of
finite differences. Also, it is true that i is the category of abstract sets, thererss@on-
trivial models of the type in Example 1); but, on the other dhahere are other cartesian
closed categorie§ (e.g. certain toposes containing the category of smoottifoids, cf.
e.g. [11]), and where a rather full fledged differential cdlis for functions emerges from
the KL-axiom.

We assume th&® = T (1) has the KL property (for some fixddl C R), more generally,
that anyR-module of the fornT (X) has it.

Proposition 20 (Cancelling universally quantifiedds) IfV is an R-module which satisfies
KL, and ve V has the property that ds= 0for all d € D, then v=0.

Proof. Consider the functiori : R— V given byt — t-v. Then for allx e Randd € D

f(x+d)=(x+d)-v=x-v+d-v,

4Kock-Lawvere
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so that the constant function with valuevill serve asf’. On the other hand}-v=d-0 by
assumption, so that the equation may be continued,

=x-v+d-0

so that the constant function with value® will likewise serve asf’. From the uniqueness
of f/, as requested by the axiom, then follows that 0.

We are now going to provide a notiondérivative P for anyP € T(R). Unlike differen-
tiation of distributions in the sense of Schwartz, whichesiged in terms of differentiation
of test functionsp, our construction does not mention test functions, and tsartz def-
initiond (P’, @) := (P, /) comes in our treatment out asesult see Proposition 23 below.

Foru e R, we leta" be “translation by", i.e. the ma X+ X+ U.

Foru=0, a(P) — P=0 e T(R). Assuming that th&moduleT (R) has the KL prop-
erty, we therefore have for ay< T(R) that there exists a uniqu® € T (R) such that for
alld € D,

d-P=ad(P)-P

Sinced - P has total O for altd € D, it follows from Proposition 20 tha®’ has total 0.

(If V is a KL module, differentiation of functionr® — V can be likewise be described
“functorially” as a mapRMmV — RMV, namely top € RV, ¢ is the unique element in
RV satisfyingd- ¢ = (a%)*(@) — ¢.)

Differentiation is translation-invariant: using

atoa®=a"S=aod!,

it is easy to deduce that
(a:(P)) = (a')«(P). (22)

Proposition 21 Differentiation of distributions on R is a T -linear process

Proof. Let temporarilyA : T(R) — T(R) denote the differentiation process. Consider a
fixedd € D. Then for anyP € T(R), d-A(P) =d-P is adP —P; it is a difference of two
T-linear maps, namely the identity map ®(R) anda® = T(a%), and as such i-linear.
Thus for eachd € D, the mapd-A: T(R) — T(R) is T-linear. Now to proveT -linearity of

A means, by monad theory, to prove equality of two map&R) — T(R); and sinced - A is
T-linear, as we proved, it follows that the two desired mapé&R) — T(R) become equal
when post-composed with the map “multiplicationdly T(R) — T(R). Sinced € D was
arbitrary, it follows from the principle of cancelling urgsally quantifiedis (Proposition
[20) that the two desired maps are equal, providgearity.

5to be precise, Schwartz includes a minus sign in the definitio accommodate the viewpoint thatis-
tributions are generalized functiofisso that a minus sign in the definition is needed to have wiffgéation of
distributionsextendinghat of functions.

6Note that this map is invertible. So we are not using the famptoperty ofT, except for invertible maps.
This means that some of the following readily makes sensdi$tribution notionsl which are only functorial for
a more restricted class of maps, like proper maps.
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Proposition 22 Let P T(R). Then
E(P) =tot(P).

Proof. The Proposition say that two map$R) — R agree, namelf o A and tot, where,

as above, is the differentiation procéss» P’. Both these maps are-linear, so it suffices
to prove that the equation holds for the c&se ng(x), for each fixedk € R. Let us writedy

for the distributionnx (x), so that we do not confuse it with a function. So we should grov

E(8,) = tot(&).

By the principle of cancelling universally quantifidd (Proposition 20), it suffices to prove
that for alld € D that
d-E(&) = d-tot(d). (23)

The left hand side of (23) is
E(d-&) =E(ald—&)
(Oxrd — )
(Ocrd) —E(&) = (x+d) —x=d,

by the second equation i (17). The right hand sidé_df (28) sy the first equation i .(17).
This proves the Proposition.

The differentiation process for functions, as a lapV — RMV, is likewiseT-linear,
but this important information cannot be used in the sameasgaye used -linearity of the
differentiationT (R) — T (R), since, unlikeT (R), RmV (not everRm R) is not known to be
freely generated by elementary quantities like &

Here is an important relationship between differentiatiulistributions onR, and of
functionsg : R — T(X); such functions can be differentiated, sinEeX) is assumed to
be KL as anR-module. (In the Schwartz theory, this relationship, with= 1, serves as
definitionof derivative of distributions, except for a signh change, ae earlier footnote.)

Proposition 23 For P T(R) andg € R T(X), one has

(P, 9) = (P.¢).

Proof. We are comparing two mapg(R) x (R T(X)) — T(X), both of which areT -
linear in the first variable. Therefore, it suffices to proke equality for the case & =
& (= nr(t)); in fact, by R-bilinearity of the pairing and PropositidnI20, it sufficesgrove
that for anyt € Randd € D, we have

(d-(&a),9) =(a,d-¢).

The left hand side igad (&) —

&, @), and using bi-additivity of the pairing anfl (7), this
gives((a)")()(t) — @(t) = (t +d

) — @(t), which isd - ¢/ (t).
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Itis easy to see that F : V — W is anR-linear map between KL modules, we have
Fog =(Fog) (24)
foranyp:R— V.
Proposition 24 Let Pc T(R) and Qe T(R). Then
(PxQ) =P xQ=PxQ.

Proof. Let us prove thatP x Q) = P’ x Q (then(P* Q) = Px Q follows by commutativity
of convolution). Both sides depend infabilinear way onP andQ, so it suffices to see the
validity for the case wher® = 3, andQ = &,. To prove(d, * &) = d, x &, it suffices to
prove that for alld € D,

d-(3ax &) =d- 3 d,

and both sides come out &g, .4 — d51 b, USING thatx is R-bilinear.

Primitives of distributions on R

We noted already in Sectidn]10 thRatand f, (P) have same total, for ang € T(X) and
f:X =Y. Inparticular, fo® € T(R) andd € D, d-P' = P— a?(P) has total 0, so cancelling
the universally quantified we get thaP’ has total 0.

A primitive of a distributionQ € T(R) is aP € T(R) with P = Q. Since anyP has
total 0, a necessary condition that a distribut@g T(R) has a primitive is that t¢Q) = 0.
Recall that primitives, in ordinary 1-variable calculuss also called “indefinitintegrals,
whence the following use of the word “integration”:

Integration Axiom. Every Qe T (R) with tot(Q) = 0 has a unique primitive.

(For contrast: for functiong : R — R, the standard integration axiom is that primitives
alwaysexist, but arenot unique, only up to an additive constant.)

By R-linearity of the differentiation procesg(R) — T(R), the uniqueness assertion in
the Axiom is equivalent to the assertighP’ = 0, then P= 0. (Note thaP’ = 0 implies that
P is invariant under translatior! (P) = P for all d € D.) The reasonableness of this latter
assertion is a two-stage argument: 1Pif= 0, P is invariant undearbitary translations
al(P) =P. 2) if Pis invariant under all translations, and has compact supipanust be 0.
(Implicitly here is: Ritself is not compact.)

In standard distribution theory, the Dirac distributidn(i.e. nr(a)) (wherea € R) has
a primitive, namely the Heaviside “function”; but this “fation” has not compact support -
its support is a half lin&€ R.

On the other hand, the integration axiom provides a (unigtiejitive for a distribution
of the form¢d, — ,, with aandb in R. This primitive is denote¢h, b], the “interval” froma
to b; thus, the defining equation for this interval is

[aa b]/ = 60 - 5a
Note that the phrase “interval from ...to ...” does not imfiigt we are considering an

ordering< onR (although ultimately, one wants to do so).
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Proposition 25 The total of[a, b] is b—a.

Proof. We have
tot([a, b]) = E([a,b]") = E(& — &a)
by Propositiof 22 and the fact thiat b] is a primitive ofd, — d4
—E(&) ~E(&)=b-a
by (L7).

It is of some interest to study the sequence of distributions
[-a,a, [—aalx[—aa, [-aax[-aa=x[-aa, ...;

they have totals& (2a)?, (2a)°,.. .; in particular, if 22= 1, this is a sequence of probability
distributions, approaching a Gauss normal distributibe (atter, however, has presently no
place in our context, since it does not have compact support)

The following depends on the Leibniz rule for differentigtia product of two func-
tions; so this is1otvalid under he general assumptions of this Section, butsedfurther
assumption of Example 2, namely tatonsists ofl € Rwith d?> = 0, as in synthetic dif-
ferential geometry. We shall then use “test function” téghe to prove a “Leibniz rulél
for the action-

Proposition 26 For any Pe T(R) andgp € R R,
(PF¢@) =P +o-P-¢.

Proof. Since there are enoudhvalued test functions (Propositibnl10), it suffices to grov
for arbitrary test functiom : R — B (with B a freeT-algebra - hence, by assumption, a
KL-module) we have

((PF@),n)=(P'-o-Prd¢,n).

We calculate (using that the pairing is bi-additive):
(P-9@).n)=(PF@.n") (by Proposition23)
=(P@-n’) (by Propositiof 11
(P(o-n)—¢-n)

using that Leibniz rule applies to any bilinear pairingelithe multiplication map,

=(P(¢-n))-(P¢ n)
=(P,o-n)—(P¢-n)

"with the Schwartz convention of sign, one gets a plus ratiar & minus between the terms.
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using Proposition 23 on the first summand

=(P'Fon) —(P-¢,n)

using Proposition 11 on each summand

=(P-o-Pr¢.n)

In other words, the proof looks formally like the one from ke@n distribution theory, but
does not depend on “sufficiently many test functions withuealinR".
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