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The Roots of Commutative Algebra 
in Algebraic Number Theory 

ISRAEL KLEINER 
York University 

North York, Ontario, Canada M3J 1 P3 

Introduction 

The concepts of field, (commutative) ring, ideal, and unique factorization are among 
the fundamental notions of (commutative) algebra. How did they arise? In large 
measure, from three central problems in number theory: Fermat's Last Theorem, 
reciprocity laws, and binary quadratic forms. In this paper we will describe how this 
happened. 

To put the issues in a broader context, these three number-theoretic problems were 
instrumental in the emergence of algebraic number theory-one of the two main 
sources of the modern discipline of commutative algebra.' The other source was 
algebraic geometry. It was in the setting of these two subjects that many of the main 
concepts and results of commutative algebra evolved in the 19th century. Thus 
commutative algebra can be said to have been well developed before it was created. 

To set the scene for our story, a word about mathematics, and especially algebra, in 
the 19th century. The period witnessed! fundamental transformations in mathematics 
-in its concepts, its methods, and in mathematicians' attitude toward their subject. 
These included a growing insistence on rigor and abstraction; a predisposition for 
founding general theories rather than focusing on specific problems; an acceptance of 
nonconstructive existence proofs; the emergence of mathematical specialties and 
specialists; the rise of the view of mathematics as a free human activity, neither 
deriving from, nor dependent on, nor necessarily applicable to concrete setting; the 
rise of set-theoretic thinking; and the reemergence of (a new variant of) the axiomatic 
method. As for algebra, its subject-matter and methods changed beyond recognition. 
Algebra as the study of solvability of polynomial equations gave way to algebra as the 
study of abstract structures defined axiomatically. While in the past algebra was on 
the periphery of mathematics, it now (the 19th and early 20th centuries) became one 
of its central concerns. Moreover, algebra began to penetrate other mathematical 
fields (e.g. geometry, analysis, logic, topology, number theory) to such an extent that 
in the early decades of the 20th century one began to speak of the algebraization of 
mathematics ([3, p. 135] and [22]). 

1Commutative algebra is nowadays understood to be the study of commutative noetherian rings. The 
first book on the subject, dating from the 1950s, was Zariski and Samuel's Commutative Algebra. In the first 
decades of the 20th century, what we understand as commutative algebra was known as Ideal Theory, a 
name which reflects the sources of the subject. 

3 
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4 MATHEMATICS MAGAZINE 

Algebraic Number Theory and Unique Factorization 

Algebraic number theory arose (as noted) from the investigation of three fundamental 
problems: Fermat's Last Theorem, reciprocity laws, and binary quadratic forms. 
Although these problems had their roots in the 17th and 18th centuries, they began to 
be intensively studied only in the 19th century. The strategy that began to emerge 
was to embed the domain Z of integers, in terms of which these problems were 
formulated, in domains of (what came to be known as) algebraic integers. Let me 
explain. 

Fermat's Last Theorem states that xn + y = zn has no nontrivial integer solutions 
for n > 2. It suffices to consider n = 4 and n = p, an odd prime. Fermat proved the 
conjecture for n = 4 in the early 17th century, and Euler proved it for n = 3 in the 
18th (Euler's proof had a gap). In the early 19th century, Dirichlet and Legendre 
proved Fermat's conjecture for n = 5, but the case n = 7 defied the efforts of the best 
mathematicians, including Dirichlet and Gauss.2 A new approach was called for. It 
was provided by Lame. 

On March 1, 1847, Lame excitedly announced before the Paris Academy of 
Sciences that he had proved Fermat's Last Theorem. His basic idea was to factor the 
left-hand side of x'P + yP = z as follows: 

x P + yp = (X + y)(X + + (02y) ... (X + wjp-ly), (1) 

where w is a primitive pth root of 1. Since x P + yP = zP, the product of the factors on 
the right-hand side of (1) is a pth power. Lame claimed that if these factors are 
relatively prime, then each is a pth power. From this a contradiction can be derived 
using Fermat's method of infinite descent. If the factors x + y, x + wcy, . . ., x + w P- 'y 
are not relatively prime, then, upon division by a suitable a, we obtain the relatively 
prime factors 

X+y X+Wy x + wP-ly 
a a a 

and the proof, Lame asserted, proceeds analogously.3 
Following Lame's presentation, Liouville, who was in the audience, took the floor 

and pointed to what seemed to him to be a gap in Lame's proof. The gap, he said, was 
Lame's contention that if a product of relatively prime factors is a pth power, then 
each of the factors must be a pth power. This result is of course true for the integers, 
Liouville noted, but it required a proof for the complex entities Lame was dealing 
with. 

Liouville's observation went to the heart of what was wrong with Lame's proof. 
Specifically, to prove Lame's claim one had to show that unique factorization holds in 
the domain 

Dp = (aO + alw + +a1W_P-: ai E Z} 
of so-called cyclotomic integers. About three months after Lame's presentation 

2Gauss was apparently not very interested in Fermat's problem. In a letter to Olbers in 1816 he said: "I 
confess indeed that Fermat's theorem as an isolated proposition has little interest for me, since a multitude 
of such propositions, which one can neither prove nor refute, can easily be formulated" [20, pp. 818-819]. 

3The essential idea of Lame's approach is contained in the following method for finding all primitive 
pythagorean triples (x, y, z): Factoring the left-hand side of x2 + y2 =Z2 we get (x + yi)(x - yi) = Z2. It 
can be shown that x + yi and x - yi are relatively prime (since (x, y, z) = 1), and since their product is a 
square, each is a square. In particular, x + yi = (a + bi)2 = (a2 - b2) + 2abi, hence x = a2 - b2, y = 2ab, 
and it follows that Z = a2 + b2. This is the standard formula yielding all pythagorean triples. 
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Kummer wrote to Liouville that Dp is in general not a unique factorization domain 
(UFD). (The first p for which it is not is p = 23.) 

It is important to note that although Lame's proof was false (it is correct for those 
p for which Dp is a UFD), his overall strategy proved fundamental for subsequent 
approaches to Fermat's Last Theorem. In particular, he proved the theorem for 
n = 7(!), a feat that (we recall) eluded the likes of Dirichlet and Gauss. 

We turn now to reciprocity laws.4 Gauss was the first to define formally the notion 
of congruence. Thus it was natural for him to pose the question of solvability of the 

2 congruence ao + alx + a2x + * +aM X 0 (mod n). The problem in this general- 
ity proved intractable (it is so to this day), and so (as Polya would advise) Gauss 
considered a simpler case, namely ao + alx + a2x2 = 0 (mod n). Several reductions 
show that it suffices to consider the congruence = q (mod p), where both p and q 
are odd primes (the case of even primes has to be considered separately). Gauss 
proved that there is a "reciprocity relation" between the solvability of x2 q (mod p) 
and x2-p (mod q). Specifically, x2-q (mod p) is solvable if, and only if, x2-p 
(mod q) is solvable, unless p q 3 (mod 4). In the latter case, q (mod p) is 
solvable if, and only if, x2-p (mod q) is not. This is the celebrated quadratic 
reciprocity law, one of the "jewels of number theory," proved in Gauss' Disquisi- 
tiones Arithmeticae of 1801. 

What about higher reciprocity laws? That is, is there a "reciprocity relation" 
between the solvability of X... q (mod p) and x1n-p (mod q) for m > 2? Gauss 
opined that such laws cannot even be properly conjectured within the context of 
natural numbers [28, p. 105], adding that 
The previously accepted laws of arithmetic are not sufficient for the foundations of 
a general theory ... Such a theory demands that the domain of higher arithmetic be 
endlessly enlarged [17, p. 108]. 

A prophetic statement, indeed. Gauss was calling (in modern terms) for the founding 
of an arithmetic theory of algebraic numbers. In fact, Gauss himself began to enlarge 
the domain of arithmetic by introducing what came to be known as the Gaussian 
integers, 

Z[i] = {a + bi: a, b E Z), 

and showing that they form a UFD. This he did in two papers in 1829 and 1831, in 
which he used Z[i] to formulate the law of biquadratic reciprocity.5 In the 1831 

4It is no easy matter to define what a reciprocity law is (see [10], [21], [29]). For our purposes, the 
descriptions that follow suffice. 

5The law can be stated (essentially) as follows [8, p. 64]: 

(Z7T )4( )4 ( I )[(N(JYr1)/4][(N(o) -1)/4] 

where 7r and o- are distinct primes in Z[i], N(a) is the norm of the Gaussian integer a, and 

(a 4 = 1 if X4 -a (mod 7r) is solvable in Z[i] 
7T t - 1, i, or - i otherwise 

(We recall that the quadratic reciprocity law can be stated in terms of the Legendre symbol as 

(P)( 
q ) p = )- 1/2)][(q - 1)/2] . 

The proof of the biquadratic reciprocity law was found in Gauss' diaries. The first published proof was 
given by Eisenstein in 1844. The theorem can be used to determine the solvability in Z of x4 = q (mod p) 
[17, p. 127]. 
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6 MATHEMATICS MAGAZINE 

paper Gauss also introduced the geometric representation of complex numbers as 
points in the Euclidean plane. At about the same time, Jacobi and Eisenstein (as well 
as Gauss in unpublished papers) formulated the cubic reciprocity law. Here one 
needed to consider the domain 

Z[p] = (a +bp: a,b EZ}), 
where p is a primitive cube root of 1. Z[p] was also shown to be a UFD. The search 
was on for higher reciprocity laws. But as in the case of Fermat's Last Theorem, here 
too one needed new methods to deal with cases beyond the first few, since unlike 
Z[i] and Z[p], other domains of higher arithmetic needed to formulate such laws 
were not UFDs. 

We now turn to the third number-theoretic problem related to the rise of algebraic 
number theory, namely representation of integers by binary quadratic forms. (This 
problem is, in fact, intimately connected to reciprocity laws; see [10].) An (integral) 
binary quadratic form is an expression of the form f(x, y) = ax2 + bxy + cy2, a, b, c 
E Z. The major problem of the theory of quadratic forms was: Given a form f, find all 
integers m that can be represented by f; that is, for which f(x, y) = m. This problem 
was studied for specific f by Fermat, and intensively investigated by Euler. For 
example, Fermat considered the representation of integers as sums of two squares. It 
was, however, Gauss in the Disquisitiones who made the fundamental breakthroughs 
and developed a comprehensive and beautiful theory of binary quadratic forms. Most 
important was his definition of the composition of two forms and his proof that the 
(equivalence classes of) forms with a given "discriminant" D = b- - 4ac form a 
commutative group under this composition. 

The idea behind composition of forms is simple: If forms f and g represent 
integers m and n, respectively, then their composition f * g should represent the 
product mn. The implementation of this idea is subtle and "extremely difficult to 
describe" [12, p. 334]. Attempts to gain conceptual insight into Gauss' theory of 
composition of forms inspired the efforts of some of the best mathematicians of the 
time, among them Dirichlet, Kummer, and Dedekind. The key idea here, too, was to 
extend the domain of higher arithmetic and view the problem in a broader context. 
Here is perhaps the simplest illustration: If m1 and m2 are sums of two squares, so is 
m1m2. Indeed, if m1 = xj2 + yj2 and m2 = x2 + y22 then m1m2 = (x1x2 - Y1y2)2 + 
(x1y2 + x2y1)2. In terms of the composition of quadratic forms this can be expressed 
as f(x1, Yd)* f(x2, Y2) =f(X1X2 - Y1Y2, x1y2 + x2 Y), or f * f =f, where f(x, y) = 
x2 + y2. But even this "simple" law of composition seems mysterious and ad hoc until 
one introduces Gaussian integers, which make it transparent (ci denotes the conjugate 
of a):6 

(X12 + Yl2)x22 + Y22) 

= (x1 + y1i)(xl - yli)(x2 + y2i)(x2 - Y2) 

= (X1 + Yli)(X2 + Y2i)(Xl + Yli)(X2 + Y2i) 

= [(XlX2 - YlY2) + (XlY2 + X2Y1)i] [(XlX2 - YlY2) + (XlY2 + X2Y1)i] 

= (xlx2 - YlY2) + (XlY2 + X2Y1)2. 
In general, ax2 + bxy + cy2 = m can be written as 

I b b+ v'-D b - V- 
-(ax+ b- 2 y tax + 2 Yb = m, 

6The following example gives a better sense of the subtlety and apparent arbitrariness of Gauss' law of 
composition of binary quadratic forms: If g(x, y) = 2x2 + 2xy + 3y2, then g(xI, Y1)* g(x2, Y2) = h(2xlx2 
+ x1y2 + x2y1 - 2Y1Y2, x1y2 + x2y1 + Y1Y2), where h(x, y) = x2 + 5y2, so g * g = h. 
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where D = b- - 4ac is the discriminant of the quadratic form. We have thus 
expressed the problem of representation of integers by binary quadratic forms in 
terms of the domain 

R {U+'Th:u vEZ,u v (mod2)} 

Specifically, if we let 

b + g D 
a = 2, 

then 

ax2 + bxy +cy2 = a (ax +,y)(ax + /y) =aN(ax + Py), 

where N denotes the norm. Thus to solve ax2 + bxy + cy2 = m is to find x, y E Z 
such that N(ax + ,3y) = m. In fact, Kummer noted in the 1840s that the entire theory 
of binary quadratic forms can be regarded as the theory of "complex numbers" 
(Kummer's terminology) of the form x + yxfi? [6, p. 585]. And since such domains of 
"complex numbers" did not, in general, possess unique factorization, the development 
of their arithmetic theory became an important goal. (Gauss' theory of binary 
quadratic forms may, in fact, be seen as the first major (implicit) attempt to deal with 
nonunique factorization.) 

It is time to take stock. We have seen that in dealing with central problems in 
number theory, namely Fermat's Last Theorem, reciprocity laws, and binary quadratic 
forms, it was found important to formulate them as problems in domains of (what 
came to be called) algebraic integers. This often transformed additive problems into 
multiplicative ones (e.g. x3 + y3 = Z3 was changed to (x + y)(x + py)(x + p2y) = Z3, 

p a primitive cube root of unity). Now, multiplicative problems in number theory are, 
in general, much easier to handle than additive problems-provided that one has the 
(multiplicative) machinery to do it, namely unique factorization in the domain under 
consideration. Thus the study of unique factorization in domains of algebraic integers 
became the major problem of a newly emerging subject-algebraic number theory. 
Number theory had lost its innocence (which, at the appropriate time, is of course no 
bad thing). After more than 2000 years in which number theory meant the study of 
properties of the (positive) integers, its scope became enormously enlarged. One 
could no longer use the term "integer" with impunity. The term had to be qualified 
-a rational (ordinary) integer, a Gaussian integer, a cyclotomic integer, a quadratic 
integer, or any one of an infinite species of other algebraic integers. Of course the real 
difficulty was not the multiplicity of types of integers, but the fact that, in general, 
domains of such integers no longer possessed unique factorization. 

Could one regain the paradise lost by establishing unique factorization in some 
sense for these domains? An affirmative answer was given by Dedekind and Kro- 
necker in the last third of the 19th century. We will describe the work of Dedekind, 
who introduced the notions of ideal and prime ideal, and showed that every nonzero 
ideal in an arbitrary domain of algebraic integers is a unique product of prime ideals. 
(An ideal P is prime if xy E P implies x E P or y E P.) This result generalizes the 
theorems on unique factorization of elements into primes in (for example) Z, Z[i], 
and Z[p]. But it was preceded by very significant contributions by Kummer to the 
problem of unique factorization, which inspired both Dedekind and Kronecker (in 
different ways). We begin with a sketch of Kummer's contribution. 
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8 MATHEMATICS MAGAZINE 

Kummer and Ideal Numbers 

We recall that the domains of cyclotomic integers Dp = {aO + al + +aP-,1w 0p: 

ai E Z, a) a primitive pth root of 1} were central in the study of Fermat's conjecture. 
They also proved important in the investigation of higher reciprocity laws. The two 
problems are, in fact, related, and progress on one was often linked with progress on 
the other (see [17, p. 203]). Gauss contended that if he were able to derive higher 
reciprocity laws, then Fermat's Last Theorem would be one of the less interesting 
corollaries. That is one prediction where Gauss proved to be wrong: A general 
reciprocity law (due to Artin) was obtained in the 1920s, but Fermat's problem is not 
resolved.7 

Both Fermat's problem and higher reciprocity laws were of great interest to 
Kummer (the latter apparently more than the former), and to make serious progress 
on them it was essential to establish unique factorization (of some type) in the 
domains Dp. This Kummer accomplished in the 1840s. As he put it in a letter to 
Liouville, unique factorization in Dp "can be saved by the introduction of a new kind 
of complex numbers that I have called ideal complex numbers" [3, p. 101]. Kummer 
then showed that every element in the domain of cyclotomic integers is a unique 
product of "ideal primes". 

Kummer's theory was vague and computational. In fact, the central notion of ideal 
number was only implicitly defined in terms of its divisibility properties (see [12] or 
[13]).8 Kummer noted that in adopting the implicit definition he was guided by the 
idea of "free radical" in chemistry, a substance whose existence can only be discerned 
by its effects [9, p. 35]. 

The following example (even if not of a cyclotomic domain) may give a sense of 
Kummer's theory of ideal numbers. Let D = (a + bV5ii: a, b E Z}. This is a standard 
example (due to Dedekind) of a domain in which factorization is not unique. For 
example, 6 = 2 X 3 = (1 + V5i)(1 - Vii), where 2,3, and 1 + V5 i are primes (inde- 
composables) in D [1, p. 250]. To restore unique factorization of 6 E D, adjoin the 
"ideal numbers" V2, (1 + V i)/ C2, and (1 - VUi)/V12. These are, in fact, ideal 
primes.9 We then have 

6=2X3=V2XV2X x+ i x 
1 Fi 

7These unprophetic words were of course uttered prior to Wiles' June 1993 announcement of his proof 
of Fermat's Last Theorem. In a widely distributed e-mail note in December 1993 Wiles noted that "during 
the review process a number of problems emerged" but that he believes that he "will be able to finish 
[closing the gaps in the proof] in the near future." In any case, Wiles' proof (when (if) the gaps are closed) 
would by no means follow from Artin's reciprocity law. 

8Every ideal number of Dp is of the form a, where a E Dp [3, p. 105], although not every number of 
this form is an ideal number. The positive integer h (which is independent of a) is called the class number 
of D,p. It is a measure of "how far" Dp is removed from possessing unique factorization: h = 1 if, and only, 
if Dp is a UFD. In modern terms, the ideal numbers (of DP)) are in one-one correspondence with the 
valuations on the cyclotomic field Qp = {qo + qlw + + q. - la) qi E Q} (see [6, p. 581]). 

9An ideal piime had no more explicit definition than an ideal number. It was described in terms of the 
set of all cyclotomic integers divisible by it [13, p. 325]. Note also that the adjoined ideal numbers are 
square roots of elements of D, since 

hence D is "not too far removed" from being a unique factorization domain (assuming that this is true for 
all elements of D); that is, its "class number" is 2. 
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and 6=(1 + i)(l - Ci)= F x(1 + Ci)/ x F x(1- i)/2; that is, 
the decomposition of 6 into primes is now unique. Furthermore, although the choice 
of the ideal primes V2, (1 ? VUi)/4 v seems to have been ad hoc, it will come to 
seem natural after ideals are introduced. 

A cruder but perhaps more revealing example is the "domain" H = (3k + 1: 
k = 0, 1, 2, ... } = (1, 4,7, 10, 13, ... }, introduced by Hilbert. (This is not an integral 
domain, but its structure as a multiplicative semigroup illustrates the ideas involved.) 
Here 100 = 10 X 10 = 4 X 25, where 4, 10, and 25 are primes of H. We can eliminate 
the nonuniqueness of this factorization by adjoining the "ideal primes" 2 and 5. Then 
100 = 10 X 10 = 2 X 5 X 2 X 5 and 100 = 4 X 25 = 2 X 2 X 5 X 5. 

The notion of adjoining elements to a given mathematical structure in order to 
obtain a desired property is commonplace and important in various areas of mathe- 
matics. Thus we adjoin -1 to the reals to obtain algebraic closure, and adjoin 
"ideal points" (points at infinity) to the euclidean plane to obtain symmetry (duality) 
between points and lines. The adjunction of ideal numbers to the cyclotomic integers 
should be seen in the same light. 

Kummer's ideas were brilliant but difficult and not clearly formulated. The funda- 
mental concepts of ideal number and ideal prime were not intrin'sically defined. 
"Today," notes Edwards, "few mathematicians would find [Kummer's] definition [of 
ideal primes] acceptable" [15, p. 6]. Most importantly, Kummer's decomposition 
theory was devised only for cyclotomic integers (he mentions, without elaboration, 
that an analogous theory could be developed for algebraic integers of the form x + 
y/T). What was needed was a decomposition theory that would apply to arbitrary 
domains of algebraic integers. This called for a fundamentally new approach to the 
subject, provided (independently, and in different ways) by Dedekind and Kronecker. 
We will focus (as mentioned) on Dedekind's formulation, which is the one that has 
generally prevailed. 

Dedekind and Ideals 

Dedekind's work (in 1871)10 was revolutionary in several ways: in its formulation, its 
grand conception, its fundamental new ideas, and its modem spirit. Its main result 
was that every nonzero ideal in the domain of integers of an algebraic number field is 
a unique product of prime ideals. Before one could state this theorem one had, of 
course, to define the concepts in its statement, especially "the domain of integers of 
an algebraic number field" and "ideal." It took Dedekind about 20 years to formulate 
them. 

The number-theoretic domains studied at the time, such as the Gaussian integers, 
the integers arising from cubic reciprocity, and the cyclotomic integers, are all of the 
form Z[0]=(a0+al0+ * +anon: a eZ}, where 0 satisfies an "appropriate" 
polynomial with integer coefficients. It was therefore tempting to define the domains 
to which Dedekind's theorem would apply as objects of this type. These were, 
however, the wrong objects, Dedekind showed. For example, he proved that Kum- 
mer's theory of unique factorization could not be extended to the domain Z[V3i] = 
(a + bV3i: a, b E Z} [13, p. 337], and, of course, Dedekind's objective was to try to 
extend Kummer's theory to all domains of algebraic integers. One had to begin the 
search for the appropriate domains, Dedekind contended, within an "algebraic 

10It appeared as Supplement X to the 2nd edition of Dirichlet's Vorlesungen iuber Zahlentheorie, which 
was written as commentary on, and explication of, Gauss' Disquisitiones. Dedekind wrote two other 
versions of his theory, in Supplements to the 3rd and 4th editions of Dirichlet's Zahlentheorie (in 1879 and 
1894 respectively). 
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10 MATHEMATICS MAGAZINE 

number field"-a finite field extension Q(a) = {qO + qlca + * * * +qas8 : qi E Q} of 
the rationals, a an algebraic number (the notion of "algebraic number" was well 
known at the time, but not that of "algebraic integer"). He showed that Q(a) is 
closed under the four algebraic operations of addition, subtraction, multiplication, and 
division, and then defined axiomatically (for the first time) the notion of a field:"1 

A system A of real or complex numbers is called a field if the sum, difference, 
product, and quotient of any two numbers of A belongs to A [3, p. 118]. 

This procedure was typical of Dedekind's modus operandi: He would distill from a 
concrete object (in this case Q(C)) the properties of interest to him (in this case 
closure under the four algebraic operations) and proceed to define an abstract object 
(in this case a field) in terms of those properties. This is, of course, standard practice 
nowadays, but it was revolutionary in Dedekind's time. Dedekind used it again and 
again, as we shall see. 

To come back to the domain of algebraic integers to which Dedekind's result was 
to apply: He defined it to be the set R of all elements of Q(C) that are roots of monic 
polynomials with integer coefficients. (All the elements of Q(C) are roots of polyno- 
mials, not necessarily monic, with integer coefficients.) He showed that these ele- 
ments "behave" like integers-they are closed under addition, subtraction, and 
multiplication. They are the "integers" of the algebraic number field Q(C). Dedekind 
did not, however, motivate this basic definition of the domain of algebraic integers, a 
fact lamented by Edwards: "Insofar as this is the crucial idea of the theory, the 
genesis of the theory appears, therefore, to be lost" [13, p. 332]. 

This is not to say, of course, that the notion of the domain of algebraic integers 
cannot be motivated. The (algebraic) integers of Q(C) are to Q(C) what the (rational) 
integers (the elements of Z) are to Q. Now, the elements of Q can be thought of as 
roots of linear polynomials with integer coefficients (viz. p(x) = ax + b). Among 
these, the integers are the roots of monic linear polynomials (viz. q(x) = x + b). If we 
extend this analysis to polynomials of arbitrary degree (over Z), their roots (in Q(C)) 
yield (all of) Q(C), while the roots of the monic polynomials among them yield the 
domain of integers of Q(C). Moreover, just as Q is the field of quotients of Z, so 
Q(C) is the field of quotients of its domain of integers. (See also [27, pp. 264-265], 
for a discussion, from a different perspective, of the issue of motivation of algebraic 
integers.) 

Having defined the domain R of algebraic integers (of Q(a)) in which he would 
formulate and prove his result on unique decomposition of ideals, Dedekind consid- 
ered, more generally, sets of integers of Q(C) closed under addition, subtraction, and 
multiplication. He called them "orders". (The domain R of integers of Q(C) is the 
largest order.) Here, then, was another algebraic first for Dedekind-an essentially 
axiomatic definition of a (commutative) ring, albeit in a concrete setting.'2 

The second fundamental concept of Dedekind's theory, that of ideal, derived its 
motivation (and name) from Kummer's ideal numbers. Dedekind wanted to character- 
ize them internally, within the domain Dp of cyclotomic integers. Thus, for each ideal 
number o- he considered the set of cyclotomic integers divisible by o. These, he 
noted, are closed under addition and subtraction, as well as under multiplication by 
all elements of Dp. Conversely, he proved (and this is a difficult theorem) that every 

"Algebraic number theory was not the only source of the field concept. Others were Galois theory and 
algebraic geometry. See [24]. 

'2Algebraic number theory was one of the sources of commutative ring theory. The other was algebraic 
geometry. Noncommutative ring theory had entirely different origins. See [19]. 
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set of cyclotomic integers closed under these operations is precisely the set of 
cyclotomic integers divisible by some ideal number r. Thus there is a one-one 
correspondence between ideal numbers and subsets of the cyclotomic integers closed 
under the above operations. Such subsets of Dp Dedekind called ideals. These 
subsets, then, characterized ideal numbers internally, and served as motivation for the 
introduction of ideals in arbitrary domains of algebraic integers.'3 Dedekind defined 
them abstractly as follows [13, p. 343]: 
A subset I of the integers R of an algebraic number field K is an ideal of R if it 
has the following two properties: 
(i) If /3, y E I then /3 ?y e I. 
(ii) If ,l3 e I, ,ut E R then 83,t Eu I. 
Dedekind then defined a prime ideal-perhaps the most important notion of 

commutative algebra-as follows: An ideal P of R is prime if its only divisors are R 
and P. Given ideals A and B, A was said to divide B if A D B. In later versions of his 
work Dedekind showed that A divides B if, and only if, B = AC for some ideal C of 
R (see [7, p. 122]). Having defined the notion of prime ideal, Dedekind proved his 
fundamental theorem that every nonzero ideal in the ring of integers of an algebraic 
number field is a unique product of prime ideals. 

Here is another way of introducing ideals, in the spirit of Kronecker's work on 
establishing unique factorization in domains of algebraic integers. It is perhaps best 
illustrated with an example. Let D = {a + bC/ i: a, b E Z}. As we noted, D is not a 
UFD. Since uniqueness of factorization in a domain is equivalent to the existence of 
the greatest common divisor (g.c.d.) of any two nonzero elements in the domain [16, 
p. 199], it follows that one way to reestablish unique factorization in D is to introduce 
g.c.d.s in D. (This is Kronecker's motivation for the introduction of divisors (ideals); 
see [5, p. 125], or [13, p. 353].) How do we introduce the g.c.d. of, say, 2 and 1 + V5i, 
which appear in the factorizations of 6 into primes, 6 = 2 X 3 = (1 + V5-i)(1 - )? 
We look at Z (or any UFD) for guidance. 

If a, b E Z, the g.c.d. of a and b can be found among the elements of the set 
I = {ax + by: x, y e Z}. In fact, I is a principal ideal of Z, I = Kd) = {dm: m EZ, 
and g.c.d. (a, b) = d. (An ideal J of a ring R is principal if it is generated by a single 
element a E R. We write J = Ka).) In like manner, if D were a UFD, then g.c.d. 
(2, 1 + CiHi) would be found among the elements of P = {2Ca + (1 + i)/,3: a, ,3 E D}. 
Moreover, we would have P = Ks) (the principal ideal of D generated by some 
s E D) and g.c.d. (2, 1 + 5 i) = s. Since D is not a UFD, there is no s E D such that 
P= Ks). But why not have all of P represent (capture) g.c.d. (2, 1 + C i)? Indeed, 
this is Kronecker's idea. (Dedekind would have argued for an "ideal element" ? 
( 0 D) to describe P, so that P would be the set of elements in D divisible by s; we 

exhibit such an ? below.) We note that P is an ideal of D, though not a principal 
ideal. Similarly we let Q = K3, 1 + C/i ) = {3a + (1 + Ci)/,3: a, /3 E D} and R = 
<3, 1 - C/ i) (note that K2, 1 - V5i ) = K2, 1 + C/i>)). We then easily verify that 
p2 = <2), PQ = (1 + i), QR = <3), and PR = <1 -i). (If A and B are ideals of 
a ring R, their product is the ideal AB = {Efiniteaibi: ai E A, bi E B}.) 

Returning now to the factorizations 6 = 2 X 3 = (1 + C/ i)(1 - C/ i), they yield the 
following factorizations of ideals: <6) = <2) 3) = P2(QR) and <6) = K1 + / >i) <1 
- C5Hi) = (PQ)(PR) = P2QR. One can readily verify that the ideals P, Q, R are 
prime. Thus the ideal K6) (if not the element 6) has been factored uniquely into 
prime ideals. Paradise regained. See [5], [13]. 

13Ideals also arose in an entirely different setting in noncommutative algebra. They appeared in the 
works of Cartan (1898) and especially of Wedderburn (1907), who called them "invariant subalgebras". See 
[19]. 
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Let us compare this factorization of K6) into prime ideals with the factorization of 6 
into ideal primes (a la Kummer) that we gave earlier: 

6=2x3=4~x4~x1 + X/f5i x I i 

and 

6 = (1 + i)(1 - Fi) = VX I 2 ii X4VX I 2i 

Performing some 18th-century symbolic callisthenics, we obtain the following: Since 
p2 = K2), P -/C (where " " stands for "corresponds to", "captures," "represents"). 
In fact, P is the ideal consisting of all elements of D divisible by the ideal number r/ 
(that is, such that the quotient is an algebraic integer [7, p. 235]). This would have 
been Dedekind's way of introducing P (that is, s = C). We also have PQ = 
K1 + C i ), hence PQ/P (1 + x/ i)/ 2, so that the ideal Q corresponds to the 
ideal number (1 + x/0i)/V2. And since PR = K1 - V5i), PR/R (1 - )/2, 
hence R (1 - x i)/ C2. This removes the mystery associated with our earlier 
introduction of the ideal numbers C and (1 ? C5 i)/ C2. (How might Dedekind 
have restored unique factorization to the "domain" H = {1, 4,7, 10, 13, ... } we consid- 
ered earlier?) 

Dedekind's Legacy 

Dedekind's Supplement X to Dirichlet's Zahlentheorie was the culmination of 70 
years of investigations of problems related to unique factorization. It created, in one 
swoop, a new subject-algebraic number theory. It introduced, albeit in a concrete 
setting, some of the most fundamental concepts of commutative algebra, such as field, 
ring, ideal, prime ideal, and module (the last we have not discussed). These became 
basic in algebra and beyond. Supplement X also established one of the central results 
of algebraic number theory, namely the representation of ideals in domains of 
integers of algebraic number fields as unique products of prime ideals. The theorem 
was soon to play a fundamental role in the study of algebraic curves. It would also 
serve as a model for decomposition results in algebra. 

As important as his concepts and results were Dedekind's methods. In fact, "his 
insistence on philosophical principles was responsible for many of his important 
innovations" [13, p. 349]. One of his philosophical principles was a focus on intrinsic, 
conceptual properties over formulas, calculations, or concrete representations. An- 
other was the acceptance of nonconstructive procedures (definitions, proofs) as 
legitimate mathematical methods. Dedekind's great concern for teaching also influ- 
enced his mathematical thinking. His two very significant methodological innovations 
were the use of the axiomatic method and the institution of set-theoretic modes of 
thinking. See [14], [15]. 

To illustrate, compare Dedekind's and Kronecker's definitions of a field. (Recall 
that these two mathematicians developed essentially the same theory, at about the 
same time, but used entirely different methods and approaches.) Dedekind defined a 
field axiomatically (even if in a concrete setting), as the set of all real or complex 
numbers satisfying certain properties. Kronecker did not, in fact, define a field in the 
way we think of a definition. He described it, calling it a "domain of rationality": It 
consisted of all rational functions in the quantities R', R", R with integer 
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coefficients (Q(R', R", R"', . . . ) in current notation). He put no restrictions on these 
quantities-they could be indeterminates or roots of algebraic equations. In this 
sense, Kronecker's field concept is more general than Dedekind's. On the other hand, 
the elements R', R", R"',... had to be given explicitly, so that (for example) the field 
of all algebraic numbers would not be considered a domain of rationality, whereas it 
qualified as a field under Dedekind's definition. Here was a foreshadowing of the 
formalist-intuitionist controversy, to emerge in full force in the early decades of the 
20th century. 

The axiomatic method was just beginning to surface after 2000 years of near 
dormancy. Dedekind was instrumental in pointing to its mathematical power and 
pedagogical value. In this he inspired (among others) David Hilbert and Emmy 
Noether. His use of set-theoretic formulations (recall, for example, his definition of an 
ideal as the set of elements of a domain satisfying certain properties), including the 
use of the completed infinite-taboo at the time-preceded by about 10 years 
Cantor's seminal work on the subject.'4 Undeniably, it justifies the description of his 
1871 memoir as "the 'birthplace' of the modern set-theoretic approach to the 
foundations of mathematics" [14, p. 9]. Edwards' tribute (especially as it comes from 
one who is a great admirer of Kronecker's approach to the subject) is fitting [14, p. 
20]: 
Dedekind's legacy... consisted not only of important theorems, examples, and 
concepts, but of a whole style of mathematics that has been an inspiration to each 
succeeding generation. 

Postscript 

What of the three fundamental number-theoretic problems that gave rise to the 
development of algebraic number theory? In the 1871 memoir Dedekind gave a very 
satisfactory explanation, in terms of ideals, of Gauss' theory of binary quadratic forms, 
in particular of the composition of such forms. Specifically, with each quadratic form 
f(x, y) = ax2 + bxy + cy2 with discriminant D = b2 - 4ac Dedekind associated the 
ideal I of integers of the quadratic field Q(VDh) generated by a and (- b + D)/2, 
that is, I = Ka, (-b + 1D5)/2). He showed that this establishes a one-one correspon- 
dence between quadratic forms with discriminant D and ideals of the domain of 
integers of Q(vD ), and that under this correspondence composition of forms corre- 
sponds to multiplication of ideals (see [1]). Although this result made Gauss' composi- 
tion of forms transparent, it did not end interest in the (arithmetic) study of binary 
quadratic forms. In particular, the representation of integers by specific forms and the 
determination of the class number of forms are problems of current interest. See [10]. 

Various reciprocity laws beyond the biquadratic were formulated and proved in the 
19th century, especially by Eisenstein, Kummer, and Hilbert. Kummer's work relied 
on his results on unique factorization of cyclotomic integers, Hilbert's initiated 
class-field theory (see [10], [17]). But these efforts were not entirely satisfactory. In 
fact, one of Hilbert's 23 problems presented at the 1900 International Congress of 
Mathematicians was to find a general reciprocity law. Artin solved the problem in the 
1920s with his celebrated reciprocity law-a centerpiece of class-field theory. It 
establishes (in one of its incarnations, and roughly speaking) a connection between 
the Galois group of an abelian extension of an algebraic number field and the 

14Several authors have commented on the methodological analogy between Dedekind's definitions of 
"ideal" and of "Dedekind cut". The definition of a cut, in fact, preceded that of an ideal. See [3], [13]. 
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arithmetical properties of the ground field (see [10]). A far cry from the quadratic, 
cubic, and biquadratic reciprocity laws! See [21], [29]. 

Having instituted unique factorization in the domains Dp of cyclotomic integers, 
Kummer proved Fermat's Last Theorem for "regular" primes. (A prime p is regular 
if it does not divide the class number h of Dp; equivalently, if for any ideal I of Dp, if 
IP is a principal ideal then so is I.) He then showed that all primes p < 100 (with the 
exception of 37, 59, and 67) are regular. Thus Fermat's Last Theorem was established 
for all primes p < 100 (about 10 years later Kummer disposed of the three remaining 
cases). Given that Gauss and Dirichlet failed to prove Fermat's theorem even for 
n = 7, this was quite an accomplishment. It showed the power of Kummer's theory of 
ideal numbers in cyclotomic domains. Much progress was made on Fermat's Last 
Theorem following Kummer's work (see [12] and [25]). In 1976, through the use of 
powerful computers along with powerful abstract mathematics, Fermat's Last Theo- 
rem was shown to hold for all primes p < 125,000 (see [25]). In another direction, as a 
corollary of his pioneering work on abelian varieties, Faltings showed in 1983 that for 
eachfixed n > 2 the equation x' + yf = zn has at most finitely many solutions (See [4, 
pp. 41-42]). Wiles' very recent "proof' of Fermat's Last Theorem has its roots in 
Taniyama's 1955 conjecture about elliptic curves. It took 30 years to tie the conjec- 
ture to Fermat's Last Theorem. The high point of these developments was Ribet's 
1987 proof that a special case of the Taniyama conjecture implies Fermat's Last 
Theorem. Wiles (apparently) devoted the past six years to proving this special case of 
Taniyama's conjecture. See [11], [26]. 

Emmy Noether used to say modestly of her work that it can already be found in 
Dedekind's. It would not be amiss to say that much of the subject matter of this paper 
originated in, or was inspired by, Gauss' Disquisitiones Arithmeticae of 1801. A new 
subject, algebraic number theory, came into being. It embodied fundamental concepts 
whose consequences reached far beyond number theory. Yet some of the major 
number-theoretic problems of that period are still with us today, two centuries later. 
Of course, the tools that have been brought to bear on their study are recent, and they 
are powerful. Gauss, Kummer, and Dedekind would likely have found them initially 
inscrutable, but in time wondrous. Mathematics is alive and well (if any evidence 
were needed). 
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It had to be e! 
(Sung to the tune of "It Had to be You!") 

It had to be e, 
Nonintegral e, 
I looked around 
Until I found 
A base that would do. 
To diffrentiate 
Or to integrate, 
One that would not 
Carry along 
Some ugly weight. 

Some bases I know 
Are simpler to state, 
A snap to invert, 
Exponentiate, 
But they wouldn't do. 
For no other base can fit Math so well, 
With all its digits I love it still! 
It had to be e, 
Irrational e, 
It had to be e! 

-WAYNE BARRETT 

BRIGHAM YOUNG UNIVERSITY 

PROVO, UT 84602 
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