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In this paper, we study planar directed ordered connected acyclic
graphs, in particular graphs that can be built over a (finite) doubly
ranked alphabet by parallel and serial composition. On the one hand we
introduce finite automata on graphs and, on the other hand, rational
expressions that involve union, nondeterministic parallel composition,
serial composition, and the iterations of these compositions. We prove
a Kleene Theorem linking these two characterizations of sets of
graphs. € 1995 Academic Press, (nc.

1. INTRODUCTION

Many formalisms have been developed in theoretical
computer science for specifying properties on words, trees,
graphs. The purpose of this paper is to discuss and relate
two of these approaches for a special class of graphs.

Let us recall that in the case of words, there is an effective
equivalence between:

I.  Automaton-definable. Recognition by the class of
finite automata, which is a class of algorithms for which
reduction of nondeterminism of the number of states is
possible.

II. Rational. Specification by rational expressions,
which express combinations of letters through the three
basic operators sequence {concatenation), alternative
(union), and iteration (the Kleene operator).

III. MSOL-definable. Specification by formulas of
monadic second order theory of one successor.

IV. Recognizable. Algebraic characterization as the
inverse homomorphic image of a finite monoid.

V. Regular. Syntactical characterization: generation
by regular (right linear) grammar.

The earliest of these results is due to Kleene (1956) and
states that a set of words is automaton-definable if and only
if it is rational: the Kleene Theorem. The equivalence

* Research supported by PRC-GDR “Mathematiques et Informatique”
and ESPRIT Basic Research Working Group COMPUGRAPH.

251

643:117:2-7

between MSOL and automata was established by Biichi
(1961) and Elgot (1961). It proves the decidability of the
theory and connects a specification formalism (logic) with
an algorithmic formalism (automata). A general algebraic
framework for the other results was given by Eilenberg and
Wright (1967), Mezei and Wright (1967), Rounds (1970),
and Thatcher and Wright (1968).

For example, the set O of words of odd length over the
alphabet {0, 1} which begin with “0” and end with “1” can
be specified in the following ways:

I. Let M be the automaton defined by

— {0, 1} the input alphabet

— 0=1{40>91,92, 91, 44} the finite set of states
— go: the initial state; ¢ : the final state

{(q(]’O’ Q1), (qu 1s ‘14), (ql’oa 42), (qls ]» qz)’
(qZ’ 0’ ql)’ (q2’ 1’ qB)a (‘]3, Oa ‘h), (Q3’ 1~ Qz)» (Q4, Os qA)a
(g4, 1,44)}, the set of transitions. Note that g, is a dead-
state.

Then the language accepted by M is equal to O.

II. Let the Kleene operator be denoted by *, the “or”
operator by +, and the concatenation of languages A, B by
AB; then O is the interpretation of the “rational” expression
OO+ 1)}0O+1)*(0+1) 1.

III. For a logical description, we identify a word
X Xy---x, with the relational structure ({1,2, .., n},
S, Py, P,), where § is the successor relation on {1, 2, ..., n},
Py={i|x,=0}, and P, = {i|x;=1}. A sentence f in the
corresponding monadic second-order language defines the
set of words satisfying f. For the example language above,
we have the sentence

1X(3xe Py(xe X) A (Iy xeS)))
A(VxVp(yeS.={xeX<=y¢ X))
A(AxeP(xeX) A W(IyyeS,))
0890-5401/95 $6.00
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where x, y are first-order variables and X is a varaible for a
set of positions. We consider the weak theory, so that we
can interpret it in finite words.

IV. Let M be the finite monoid of the mappings from
O =190, 9. 92, 93. 44} onto itself. Let ¢ be the morphism
from (0 + 1)* onto M defined by

@(0)=v  such that vgo)=¢q,, v(q)=4q,,
V(g =4qy, v(q3) =42, v(q4) =44,
@(ly=n  such that #lqy)=qs.  n(q)) =4,
ng)=qs,  mMq:)=4q2,  1(qgs)=4qa;

then O= ¢ '"{he M|h(q,) =q.}

V. O is generated from the axiom X by the right
linear grammar G=<{0, 1}, {X, Y, Z}, {X > 0Y; Y- 0Z;
Yo 1Z;Z- 1Y, Z-0Y, Z— 1} ).

It is noteworthy that similar equivalence results hold for
sets of infinite words, sets of finite trees and sets of infimte
trees. Relations between automaton-definability and specifi-
cations by “rational expressions” were studied extensively
by Thatcher (1973) and other points of view by Courcelle
(1988, 1989). But in the case of trees, a new problem arises
that can be stated as follows: to get rational specifications
of automaton-definable tree languages, it is necessary to
use sorted basic operators or sorted letters. Maibaum
(1974) generalized the notions of automaton-definability,
regularity, and rationality to sets over ranked alphabets
(algebra) and more generally many-sorted alphabets
(many-sorted algebra). Many-sorted algebras are simple
extensions of the usual notion of algebra where instead of
having one set as the carrier and operations on that set, a
many-sorted algebra has several sets (of different sort) and
operations on them. A simple example is the arithmetic
operations, which are only defined for certain sorts of
numbers. He began by generalizing the concepts of con-
catenation and Kleene closure from the conventional case
to the many-sorted case. We present here his method
because it introduces ours.

Let I be a set of sorts. A pair (w,i)el* x [ is called a
“type”; an I-sorted-alphabet consists of an indexed family of
sets (X, 1) ={(Z, D). :} w.ier+x s Where (X, 1), ;is the set of
symbols of type (w, i). If fe (X, I),, , then we say that fhas
type (w, i), sort i, arity w, and rank /(w) (where /{w) is the
length of the string w). A symbol of type (2, i) (where A
denotes the empty string) is called a constant. A (2, I)-
algebra A is an indexed family of sets {A4,},.,. called the
“carrier” of A, and each symbol of (X, ), , is interpreted
as a mapping from A, into A4, xA,,x - xA4,, for
Wi W,y W, =W,

We can define W(Z, I)={W(Z,1I),};.,, the family of
terms on the set (2, I) of operator symbols, as the smallest
family of sets satisfying
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— each (2, 1), ;is induced in W(Z, I),

— for each f in (2,1),,, w=ww,---w, and
(Il’ IZ’ R tn)e W(Za I)wl X W(Z’ I)WZ X e X W(Z’ [)wny
Sty 08 1in W(Z ),

We can make W(Z, I)into a (X, I')-algebra by defining a
syntactical interpretation of symbols of (X, [). The a-com-
plex product (for ae(Z, ), ;) generalizes concatenation.
Given A4, B sets of W(Z, 1), A ,B={te W(Z,I)/t is the
result of substituting an element of B for an occurrence of a
in an element of A4, not necessarily the same element of B
for distinct occurrences of a}. The a-Kleene closure of a
language A is the set A*={ V"/V°={a}, V"*'=
V"ou(Ad.,V™)}. These two operations are obviousely
partial. Given an alphabet (X, I), the class of rational sets of
terms is defined as the least class of subsets of W(ZX, I) which
contains the finite subsets of each sort and is closed under
the operations of union, a-complex product, and a-Kleene
closure, for each ae (X, I), ;.

We can illustrate the equivalence between automaton-
definability and rationality in the case of trees. Let X be a
ranked-alphabet composed of X, ={a}, X, ,=1{b},
Zo1=1{Lr, #}. Let us consider M to be the top-down
Z-tree acceptor (S, s, T)> where S={s,s.} is a finite
set of states, s; a designated initial state, and
T={s,a—s,s,b—s5.,5#—4 s, #— A} is a finite set
of transitions. M accepts a tree 7 if 5, can be written into the
empty string through the transitions of 7. For instance, the
tree a(b(a(b(#, #)), b(#, #))) 1s accepted by M (we
insert parentheses in order to make the reading easier). The
language accepted by M can be specified by the rational
expression {a(b(l, r))** , #)*' |# according to the pre-
vious definitions. If we now consider the many-sorted
alphabet (X, s) composed of (Z, 5), ,={a}, (Z, 5),.., = {b},
(Z,8),. ={#}.(2,8),,=1{#}, the language accepted by
M is “equivalent” to W(ZX, §),.

Doner (1970) applied the theory of recognizable sets of
finite trees to show that the monadic second-order theory of
p successors is decidable. Naturally, he proves first that
every recognizable set of trees over some alphabet can be
expressed in the form of some formula of MSOL. Rabin
(1969) has extended this result to the case of infinite trees.
The main difficulty of the proof of Rabin’s theorem is that
nondeterminism is irreducible in the infinite case.

It seems natural to inquire whether such characteriza-
tions can be generalized to a wider class of objects than
trees, especially to some classes of graphs. Unfortunately,
many of these results are no longer available. Courcelle
(1990) defined three families of operations (disjoint unions,
fusion of vertices, and renaming of vertices) making the set
of graphs into a many-sorted magma. So he could extend
the notion of recognizable set due to Mezei and Wright
(1967) for one-sorted magma to sets of graphs: a set is
recognizable if it is the inverse homomorphic image of a
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locally finite magma. On another hand, a graph can be con-
sidered as a logical structure with two domains, the sets of
vertices and the sets of edges. Hence logical formulas can
express properties of graphs. First-order properties can
express local properties of graphs. Monadic second-order
formulas written with quantificators over sets of edges and
set of vertices are more formulas written with quantificators
over sets of edges and set of vertices are more powerful.
Properties as k-connectivity, planarity, being a tree
are monadic second-order definable. He showed that
recognizability is strictly more powerful in expressiveness
that monadic-second-order logic.

We follow here another direction. Our aim is to define a
model of automata which generalizes known models of
automata on words and trees for an algebraic structure
which terms could be interpreted as special graphs. Histori-
cally, Arbib and Give’on (1968) were first who extended tree
automata to operate on planar directed ordered acyclic
graph recognition were studied.

Litovsky er al. (1991) prove that the set of planar graphs
that can be defined in monadic second-order logic can not
be recognized by any kind of local computations. So we can-
not hope to define a general notion of automaton-definable
set which should coincide with the MSOL-definability. Let
us remark that Kaminski and Pinter (1992) define and
study finite automata on directed acyclic infinite graphs.
These automata include Biichi and Rabin automata as
special cases.

We investigate here an intermediate class of finite graphs:
planar directed ordered acyclic graphs (pdag). Directed
acyclic graphs (dags) are used to model parallelism
(Ehrig, 1983, 1987, Grabowsky, 1981; Ochmanski, 1985;
Winkowski, 1979), rooted planar dags to model derivations
of phrase-structure grammars (Buttelman, 1973; Hart,
1974, Kamimura and Slutzki, 1982; Loeckx, 1970). Pdags
are related to trees closely enough for that we can
reasonably hope for a Kleene-like result. Kamimura and
Slutzki (1981, 1982) studied graphs built by parallel and
serial composition of letters of some doubly ranked
alphabet X; a letter of label a, head-rank 7, and tail-rank ;
interpreted as a node labelled by 4, with i input edges and
j output edges (we only study acyclic graphs and the direc-
tion of edges is downward on graphical representations).
Our pdags are built by parallel and serial compositions of
letters as for Kamimura and Slutzki but they are double
sorted (as in Simon (1983)). The ranks of a letter are not
integers but words on the alphabet of sorts. A letter of head-
rank i and tail-rank j can be seen as a box with i inputs and
j outputs; pdags can be interpreted as connections of such
boxes and sorts as the different patterns of inputs, outputs
(colors, shapes). X-categories (Benson, 1974; Claus, 1971;
Hotz, 1965, 1966; Schnorr, 1969; Simon, 1983) or
“magmoids” (Arnold and Dauchet, 1978, 1979) supply
algebraic frameworks for the study, but this paper is
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self-contained. For a set of sorts reduced to only one sort, if
the head-rank of all of the letters is one, we get the case of
trees, and if furthermore the tail-rank is one too, we
obviously get the case of words. Our automata work exactly
like those of Kamimura and Slutzki (1981), except that our
graphs have unbounded numbers of roots and that we
control the sequences of initial (and final) states by
recognizable languages of words.

Thomas (1991) has introduced a particular notion of
automaton-definability for graphs. His acceptor model
makes only it possible to specify MSOL-definable sets of
graphs and captures first-order logic when only single state
acceptors are considered. The idea of “local tests” is realized
in the form of tiling by transitions. For connected graphs,
our notion of automaton is a particular case of recognition
by tiling introduced by Thomas.

Our general approach and some results and theorems we
obtain are rather natural adaptations of material found in
the literature on finite automata. Occasionally when a
proof is very similar to its corresponding version, we
omit it. Unfortunately, nondeterministic automata are not
equivalent to deterministic automata with respect to the sets
of pdags accepted (Bossut and Warin, 1986), intuitively
because an automaton-definable set of pdags can contain
trees upside down and it is well known that nondeterminism
1s not reducible for top-down tree automata. Nevertheless,
our formalism of automata allows us to express a Knuth,
Morris, and Pratt patern matching algorithm for particular
pdags (Bossut and Warin, 1992).

The main result presented here is that the class of
automaton-definable sets of pdags is the least family of sets
of pdags containing finite sets of pdags and closed under
union, (iterated) serial composition (denoted : and ),
(iterated ) “nondeterministic” parallel composition {denoted
.~ and *N). We call this result the Kleene Theorem in pdags.
We mean by “nondeterministic” parallel composition the
parallel composition of two pdags which are not necessarily
both present side by side. We need this operator instead
of deterministic parallel composition (denoted .) mainly
because the moves of our automata on two nonconnected
subgraphs can not be synchronized.

For example, let 2 be the ranked alphabet such that
2, ,={c}, 2, ={d}, £, ,={a, b}. The rational expres-
sion R:co((acb) y(b=a))”-d specifies the set of trees
c((ab)", (ba)”), the two branches of which are finally fitted
together on node d to get a pdag. This set of pdags is
accepted by a finite pdag automata with the set of states
{$0, 81, 82, 8}, where s, is the initial state, s, the final state,
and the set of transitions is sy=co(s;.5,), §,°a—aos,,
$a0b—=bos, (8.5;)ed—>d-s;. Suppose now that we
consider the set of pdags specified by c((a~h).(hsa))” - d:
then for each pdag of this set, there will be, between the
nodes ¢ and d, branches of the same length. The specified
set of pdags i1s no longer automaton-definable, as no
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automaton can control this kind of equality. Note that the
rational expression R uses only letters of a doubly ranked
alphabet. We deduce from the automata which accept the
set of pdags specified by R an equivalent expression R’ over
the doubly sorted alphabet (X, S), where

(Zs S)sO,sls2= {C}’
(Ev S).\‘Z.sl = {b}’

(2, 8)o1.2= {a}
(29 S).\‘] $2, 5= {d}’
and

R =co((a+b) y(ath) od.

Our class and the results we get cannot be extended to
general graphs. For example, if we drop the assumption that
the graphs are planar, the sets of grids G, , (“ladders™)
which is automaton-definable relative to the sets of pdags is
no longer automaton-definable relative to the class of
directed acyclic graphs.

The paper is organized as follow. In Section 2 we present
some preliminaries; we asume the reader to be familiar with
basic notions concerning graphs. In Section 3, we define
graph automata, give some examples, and point out that, if
we are only interested in connected pdags, we can suppress
initial and final control (Theorem 11). In Sect. 4, we intro-
duce rational expressions. We remark that it is important to
use a nondeterministic parallel composition. The main
result of this part is the Decomposition Lemma. We state a
Kleene theorem for pdags in Section 5 and prove it by means
of the results of Sections 3 and 4.

2. PRELIMINARIES

2.1. Definitions

Let N be the set of natural integers. 2 a finite alphabet,
and S an alphabet of sorts. For a word e S*, |u} denotes
the length of u. A doubly ranked alphabet on X is a finite sub-
set of Nx 2 x N. For a doubly-ranked letter (i, a, j), i, @, j
are respectively called the head-rank, the label and the tail-
rank. A doubly sorted alphabet on (X, S) is a finite subset of
St x X xS*. For a doubly sorted letter (h, a, t), h, a, t are
respectively called the head-sort, the label, and the tail-sort;
|A| and |t| are respectively the head-rank and the tail-rank.
For a doubly sorted alphabet (X, S), [(X, S)] denotes the
associated doubly ranked alphabet {(|Al, a, [t])[(h, a, )€
(X, 5)}. Let (2, S) be a doubly sorted alphabet; (X, S), ,
denotes the set of letters of head-sort # and tail-sort 7. A
directed graph is correctly labelled if, for every node, the
head-rank is equal to the number of its input edges and the
tail-rank is equal to the number of its output edges. A graph
is connected if for each pair s and s’ of distinct nodes of this
graph there exists a path sequence of arcs that joins s to s’
For a graph language L, Cd(L) denotes the set of connected
graph of L.
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We study sorted planar directed ordered acyclic graphs
which are correctly labelled: sorred pdags. We need to intro-
duce a pseudo-neutral element ¢ to impose a grid-like
structure on the graphs in order to describe construction of
graphs by concatenations more conveniently. The symbol ¢
should be interpreted as an edge without source or target
node, and not as the empty graph. Formally, we define
sorted pdags as composition of letters of a doubly sorted
alphabet and a pseudo-unit element ¢ using two operators:
the serial composition denoted * - and the parallel composi-
tion denoted “.”.

2.2. Algebraic Framework

Let (Z, S) be doubly-sorted alphabet and let ¢ be a new
symbol. The set DE(Z, S} of sorted pdags expressions over
(X2, S} and its subsets DE(L, S), ,, for h and re S™, are
inductively defined by:

(i) ifseSthen (s,¢ 5)e DE(Z, S)s s
(ii) if (h,a, t)e(2,S),  then (h, a,t)e DE(Z, S), ,
(iii) ifde DE(X, S), ,and d' e DE(Z, S),. , then

(d-d'Ye DE(X, S), ;... \(parallel composition)
(d-d') is defined if t=4" and then (d-d')e DE(ZX, S),,

(serial composition)

(iv) DE(Z, S) is the union of all the DE(X, S), , for A
and te S,

The algebra of sorted pdags Dp(ZX, S) over (X, S) is defined
as the quotient of the free algebra DE(Z, S) by the relations
expressing

-— the associativity of - and -
— that ¢ is a pseudo-unit element for serial composition:

If we write for wueS* and wu=wuu-...-u,,
e“=(uy, e u)-(Uy, & uy)-...-(u,, & u,), then for
allde DE(Z, S), ,,¢"od=d-¢'=d.

— that (dod'y - (fof")=(d - f)e(d-f')ifd-d' and f [’
are defined.

For a sorted pdag d, |d| denotes the associated unsorted
pdag. |d| is the transformation of d by a morphism from
DP(X,S) into DP(|(X,S)|) which associates the letter
(|h], a, [t]) with the letter (A, a,t). For a sorted pdag
language L, |L] denotes the associated unsorted pdags
language.

Remarks. When Card(S) =1, we can omit the sort and
consider that (X, S) is a doubly ranked alphabet. A sorted
pdag d is connected if there are no pdags d’ and d” so that
d=d -d". For convenience, the set {u, &, u)lue S} will be
denoted &.
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2.3. Extending Basic Operators

We extend the parallel and serial compositions to sets of
sorted pdags and define the iterated parallel composition
denoted by * and the iterated serial composition denoted by
* as follows. Let 4 and B be two sets of sorted pdags; then

A-B={d-d'|de A and d'€ B}
A:B={d-d'|de A and d' e B}
A*={d, -d, ... d,/d,, d,,.,d,eAfornz=1}
A ={d,>dys...od, jd\, d,, ...,d, e A for n> 1}.
Notations. To avoid confusion with the usual concatena-

tion of letters, a parallel composition will be enclosed by
¢ >.So {q,9,9> denotes the parallel composition of the

7 ——p5
s

g J\z
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three doubly sorted letters g,, 4., g but ¢, ¢, ¢, denotes the
concatenation of labels ¢,, g,,¢,. For R, a language of
words, let R* = R*/{ A}, where 4 is the empty word.

Remark. Two elements of DE(X, S) represent the same
sorted pdag if and only if they are equivalent in the algebra
Dp(X, S). If the cardinal of S is one, doubly sorted alphabet
(2, §) can be identified with the doubly ranked alphabet X
So Dp(X,S) can be described as a category with an
additional monoid multiplication, called X-category (Hotz,
1965, 1966, Schnorr, 1969). In this case, Dp(X, S) can
be also seen as an algebra in the sense of Eilenberg and
Wright (1967) or a magmoide {Arnold and Dauchet, 1978,
1979).

ExaMmpLE 1. Figure | shows an unsorted pdag and the
way we construct its expression in our formalism over

And then, the final expression is

S
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FIG. L

Transformation of pdag in magmoid formalism.
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the doubly ranked alphabet =2, Ul ;ul, UL,
with 2, ={2,3}, 2,;=1{7}, 2, ,={1.4,6}, 2,,=
{50,

3. DIRECTED ORDERED (CONNECTED) ACYCLIC
GRAPH AUTOMATA

Our automata generalize the d(erivation)-dags automata
of Kamimura and Slutzki. Our graphs are more general
than the d-dags of Kamimura and Slutzki because they are
not necessarily rooted and connected. We build connected
graphs using nonconnected subgraphs as we build a wall by
pushing nonconnected lines of “bricks”; so we must define
moves of our automata on general directed acyclic graphs
and we introduce initial and final controls. We present only
the top-down case, the case of bottom-up automata is
analogous.

3.1. Definitions

A sorted pdag automaton is a construct M= ((ZX, S),
Q. R, I, F), where

— (&, S)is a doubly sorted alphabet
— Qs a finite set of states

- 1is the initial control, F is the final control, and I and
F are recognizable languages over Q

— Ris a finite set of rules of the form r: « — f, and « and
p are respectively the left-hand side and the right-hand side
of r. The rules in R are of the form

<P1P2~-P|h|>CU—’UC<¢11‘]2--~‘1;:|> for ocel, ,,

Prss Pigs ql,...,qmeQ.

M is deterministic if any two different rules have different
left-hand sides and if 7 does not contain two strings of the
same length. This property is decidable: if / is a recognizable
set over a finite alphabet X, let (Ix7)* be the set
{0xy, Yy xa, ¥2) X,y ¥)/X X020,y ¥y Vae ¥, €1} and
let D be the set {(x,, x,)(x3, X3)...(x,, x,,)|n integer and
X € X} ; then (I x I)* and D are recognizable sets over X x X
and / does not contain two strings of the same length if and
only if (I x I)* is included in D.

Let us identify a state ¢ with a doubly sorted letter of label
gq, of head-rank and tail-rank one; and of any sort (head-
sort = tail-sort). Then a configuration of M is a sorted pdag
oftheformd- (g) »d’, where d and d’ are sorted pdags over
(2, S) and (g¢) denotes a parallel composition of states.
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A configuration is initial if it is of the form (g} «d’ with
(g, €1, a configuration is final if it is of the form d-{¢)
with {¢) € F. We define a relation |-,, between configura-
tions of M as follows: C |-,, C" if (" is obtained from C by
replacing the left-hand side of some rule of R by its right-
hand side. %, is the reflexive-transitive closure of ,,.
A sorted pdag d is accepted by M if {q) -d }-%,d-{q') for
some {g) el and {q')» e F. L(M) denotes the sorred pdag
language accepted by M; a language L is automaton-
definable if there is some pdag automaton M such that
L=L(M). Two automata M and M’ are equivalent if they
define the same sorted pdag language. We say that L is
Cd-automaton-definable f Cd(L(M))= Cd(L) for some
automaton M. Two automata M and M' are Cd-equivalent
iff CA(L(M))=Cd(L(M")). AD denotes the class of
automaton-definable languages; CAD denotes the class of
Cd-automaton-definable languages.

Remark. The equality Cd(L(M))= Cd(L) does not
imply L(M) = L, unless L is a set of connected sorted pdags.

If we are interested in unsorted pdags associated with
sorted ones, or if we must for some construction associate
sorted pdags with unsorted ones, we can apply the following
construction and easily get Lemma 2.

Let M=((2,8), Q, R, I, F) be a pdag automaton. We
define (M| =(Q xS, |2, S|, R®S,I®S, F®S) where we
identify the set (@ x S)* with {J { Q" xS8"|n =1} and

I® S denotes the set of strings (m, m') of (O x S}*

such that m belongs to 1

F® S denotes the set of strings (m, m') of (Qx S)*

such that m belongs to F

R ® § denotes the set of rules
APiP2 P 81828, 50> 05g 1G5 G 1Ty 1))

such that

<plp2"'pn> JU—’U‘<‘11 qZ"'qm> iS in R and
($y85...8,,0,1t,...1, ) (X, S).

Then the following lemma is straightforward.

LemMMA 2. For every automaton M, L(|M|)=|L(M)|

ExampLE 2. Let W be the automaton (X, Q, R, I, F),

where

X is consider a doubly ranked alphabet;
Z=2,,u2,, with X, {a} and ZX,,={b};
Q={Lr.q.q.0'r'};

I=F=1UXq,q')*r;

R={{lYyca—a={I'), {rYya—a={r
'’y b—belgy, {qr'ysb—b:{q'r}
{qq'> b—b-{qdq)}.
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FIG. 3. Computation of automaton
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FIG. 4. General form of graphs accepted by the automaton of
Example 2.
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Figure 2 describes the rules of W as rewriting rules of
graphs; Fig. 3 illustrates a computation of W and Fig. 4
gives the general form of the graphs accepted by W. W is
deterministic.

Remark. As in the case of strings or trees, we can build
the product of automata and thus prove the the classes AD
and CAD are closed under union and intersection.

3.2. The Automaton CONNEC

The following deterministic automaton CONNEC
accepts precisely the connected pdags over a finite doubly
ranked alphabet X. This automaton has four states: /
(abbreviation of left), r (right), & (both), and » (neither).
Figure 5 describes the moves of this automation through a
graph with two connected components; with each node is
associated the state reached during the computation. The
dotted line represents “a journey on the graph, from the
bottommost and leftmost edge to the bottommost and
rightmost edge via the top of each connected component of
the graph.” If both sides of an edge are covered, CONNEC
reaches it in the state b; in the same way, if only the right-or
left-hand side of an edge is covered, then CONNEC reaches
it in the state / or r. If an edge is not covered, CONNEC
reaches it in the state n. These constraints are illustrated in
Fig. 6. With each edge is associated the state reached during
the computation.

DEeFINITIONS.  Let COL be the string language of the
factors of (b + In*r)*, ie., COL=(b*]+ ) (n*rb*I*n*)*
(rb* + 2). In fact COL is the set of reachable subsequences
of states in configurations of CONNEC.

We define the automaton CONNEC by CONNEC =
({#,b,nr}, 2, CONRUL, b*, In*r+b), where CONRUL
is the set of the following rules:

— foreveryoe X, yand xe {/, b, n, r}
(xPea—>0°(x)
— foreveryoel, ,,,m=2

(Yo —os{In" "
{ndsg—=0:{n™

(bYoag—-a-{n™ )
{ry-o—>a:(n" )

FIG. 5. Move of the automaton CONNEC.
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FIG. 6. Some computations of the automaton CONNEC.

— for every 0e X, |, p=2, and for every xuye COL,
with x, ye {/, b, n, r} and length(xuy)=p
ifxe{l, b} and ye{r, b}, {xuy) <o —-0:{b);
ifxe{l b} and ye{ln}, {xuydeo—a-{I);
ifxe{n r}and ye{r, b}, {xuy)co—-0o-{r);
if xe{n,r} and ye {l, n}, {xupd o —+0a-{n)
— foreveryocel, ,,p, m =2, forevery xuy e COL, with
x, ve{l, b, n,r} and length(xuy)=p
if xe{l b} and ye{r, b}, (xuydca—>0-{In""r);
ifxe{l, b} and ye{l n}, {xupdoo—ae{in™ '),
if xe{n r} and ye{r, b}, (xuyyoo—>0:(n™"'r);
if xe{n,r} and ye {L n}, (xuy) co—>a-{(n").
As an aid in the understanding of the construction of

CONNEC, we have included a pictorial description of some
computations of this automaton in Fig. 6.

Sketch of Proof. From the construction of CONNEC,
it is obvious that, for 6 a pdag of head-rank » and ¢ > 1,
0 has ¢ connected components if and only if {(b">o
O b Fonnec 00 {my with me(In*r+b)¢. So as the final
control of CONNEC is the language (/n*r + b), CONNEC
recognizes exactly the set of connected pdags.

3.3. The Theorem of Control

The reader can easily prove that graphs accepted by the
automaton W of Example 2 are the rectangular walls
described by Fig. 4. Let W’ be the automaton deduced from
W by “suppressing” the controls / and F, that is to say

BOSSUT, DAUCHET, AND WARIN

jl qn q ‘ql
[ 9 ¢ 49 . 4.9 d.qr7r
M — I S —
Y'q a 499 49.q9,q9.4q,r
N | 1
Il 9 9 9.9°9q9.9 .9 qr

I— [ ]

9 9q qQ dq

FIG. 7. General form of graphs accepted by the control-free
automaton of example 2.

replacing / and Fby {/, ¢, ¢, r} *. Then W' accepts “broken
walls” as in Fig. 7. Roughly speaking, the rules ensure a
“vertical” control; initial and final conditions on states
ensure an “horizontal” control. These two kinds of con-
straints are linked and we will see a way to include all or a
part of the “horizontal” control in the “vertical” control.
Nevertheless, it is obvious that the “vertical” control cannot
supply any horizontal control, in particular between several
connected components; the simplest example is the graph
language defined by the automaton 4 =({q,¢, 4"}, 2=
Sa={a.a}, ((qyea—as{q'y, (g)ed ~d(q">},
qq’, ¢"q"). In this example, L(A4) is reduced to the single
graph « - «'; the initial control gq’' ensures that @’ is on the
right-hand side of a and this control cannot be suppressed.
The previous example proves that we cannot suppress both
initial and final control, but we will state that we can
suppress either the initial control, or the final control
(Theorem 8 (First Theorem of Control)). Furthermore, we
prove that, for the connected pdags, we can suppress both
controls (Theorem 11 (Second Theorem of Control)). An
automaton M =((Z, S), @, R, I, F) is initial control-free if,
for some subset Q, of @, /= QF. Then Q, is called the set of
initial states of M. The same definition occurs in the final
control-free and control-free cases.

3.3.1. First Theorem of Control

Notations. 7y denotes the projection of (X', x X', x ... x
Z)*into (X)*.

Let M=((Z, S), O, R, I, F) be a pdag automaton. Let us
consider a word automaton F=(Q, K, K, K, u) which
accepts the language F, where K denotes the set of states of
F. K, and K, denote respectively the subsets of initial and
final states. u denotes the set of transitions; 4 is included in
KxQxK.

The proof is based upon the carriage of a well-chained
sequence of elements of K x Q x K (beginning with a state of
K, and ending with a state of K;) during the top-down
computation of the automaton, so, at the end of the com-
putation, it is enough to check whether we get a sequence of
transitions.
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So let us define well-chained sequences:

Plk, k'Y= {me(Kx QxK*)such that
m=(k,x,, k)Wky, x5, ka).. k1. x,, K))}
LemMa 7. Let M=((Z,S),Q.R I,F) be a pdag
automaton, we define the pdag automaton M'=((X,S),
Q', R, I' F') as follows:
O =KxQxK
I'={meQ'*|ny(m)el and me P(k,;, k)
with k,e K, and k€ K}
F'=pu*
R ={{m)y:x—>x-{m'y|nym)—>x-nym)eR

and m, m' € P(k;, k,;) with k, k; e K}.

ir RNy
Then for any pdag J:

Im;, moe Q* such that {m;» 8 |3, 5-{myp)
=Vm, € Pk, k;) with ny(my)=m,, Im € Plky, k) with

nolm)=m; such that {m} -6 B3 8= dmy).

Proof. Induction on the number r of nodes of the pdag
6. This property is true for r =/ by the definition of R'.

Inductive Hypothesis. This property holds for any d such
that its number of nodes is strictly less than r.

Let &’ be a pdag with r nodes; then there exist two integers
j.j' and a letter a of (Z, S) such that 8'=4,-(¢/-a-&’),
where &, is a pdag composed of r — 1 letters. If

Im;, m,e Q* such that  (m,» -0’ -3, 0" <{m,>
then
Ime Q* such that  (m,) -6, -5, 8, {m)
and

(myolela-e’y by (e a-e/) o {my) with j, j' 20.

The inductive hypothesis applied to §, implies that

VYm' € Plky, k) with  my(m')=m,

Im, € P(ky, k) such that

{myy -6, }_L'él"<ml>

with  7o(m,}=m;
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As (¢ a-¢’') has only one letter, it is easy to deduce from
the definition of R’ that

Vm, e Pky, kj) with  my(m,)=my,

Im' € P(ky, k) with z,(m')=m such that
'y (el a-e) a8 a /) o (my)
so we conclude that
VYm, € P(kg, k) with  mo(m,)=m,,
Im, € P(ky, ky) with  7y(m,)=m, such that

(my o6 |y 0" (myp. |

Then for every automaton, we can construct an equivalent
initial control-free or final control-free automaton.

THEOREM 8 (First Theorem of Control). For every pdag
automaton M there exist an initial control-free automaton
M’ and a final control-free automaton M" such that
L(My=L(M'y=L(M")

Proof. Let M=((Z,S), O, R, I, F) be a pdag automa-
ton; then the expected final control-free automaton is that of
Lemma 7. We must prove that for any pdag of Dp(ZX, S),
we have de L(M)<de L(M’). The case < is obvious;
conversely we have

de L(M)=-3m;el, mee F such that
(myod |2 8> {mp.
Using Lemma 7, we have
Vm,e Plky, ky) with m(my) =my,,
Im; € P(kgy, k)) with  my(m ) =m, such that

{myyod bop dodmy),
so if we take k, in K and k,in K., we obtain

dm,e F',

(myy o8 |3 85 (myy = e L(M).

myel such that

Let us consider a word automaton I=(Q, V, V,, V1, o)
which accepts the language 7 where V, ¥,, and V. denote
respectively the set of states of / and the subsets of initial and
final states. o denotes the set of transitions; ¢ is included in
Vx @ x V. Then to construct an equivalent initial control-
free automaton, take o* as /” and the union of the P(v, v')
forveViand v e Vpas F'. ||

In the case of words, for any finite automaton, it is well
known that we can use only one final state. In the same way,
we get the following result:
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COROLLARY 9. From the previous construction, we can
easily construct equivalent initial control-free or final control-
[free automaton with respectively only one initial or final state.

This last property enables us to prove that AD is closed
under serial composition.

3.3.2. Second Theorem of Control

Notations. Let M =((Z, S), Q, R, QF, F) be an initial
control-free automaton, where Q, < Q. Let us consider F a
word automaton (Q, K, K,, Kp, u) which accepts the
language F. We denote by yu, the transitions of x4 beginning
with an element of X,, by u, these ending with an element
of K, and by u, the intersection of u; and u,. Let us
denote by H the set {/, b, n, r} of states of the automaton
CONNEC.

LEmMMA 10. Let M=((Z, S), O, R, Q;, F) be an initial
control-free automaton, where Q, < Q, and let M' = ((Z, S),
Q' P, Q:* Q) be the automaton where

— Q=KxQOxKxH

— Q= KxQ,xKx{b)

Q= ok (1) D ppx ry U pyx {B) v {n)

— A rule (m)ox— xo{m') belongs to P' if and only if

o my(m)ox—>xomy(m')e P
o y(m)ox > xeomy(m')e CONRUL

hd nKxQxK(m)a nKxQxK(m')eP(k,'. kj) W'ithkf,ijK.

Then, for any pdag d of Dp(X. S);, {m) »d |5, d={m'y and
d connected implies that my . ;. k(M) and Tg, o x(M')€
Pk, k;) fork, k;e K

ir vy
Proof. Induction on the number r of nodes of §. From
the definition of P’, this property holds for r=1.

Inductive Hypothesis. This property holds for any d
whose number of letters is strictly less than r. Let 0" be a
connected pdag with r nodes; then there exist integers
j.j'.p, a member a of (X,S), and connected pdags
éy,0,,..,6, with less than r nodes such that J'=
(8,-05...8,)0(e/-a-&/). If (m)-d'}-3.8=(m')y then
there exists m such that (m) <4’ |73, (6,-6,...0,) > {m> >
(e/-a-&/) by 6" o (m').

We use the induction hypothesis p times: m can be decom-
posedintow,-w,..w,_,-w,and mintow, - w,...w,_,-w,
such that for ie {1, .., p}, there exist k; |, k, , € K such that
{w, > od; 3 6,0 {w;> with the projections on K x Q x K of
w; and w, belonging to the same set P(k, |, &k, ,).

As ¢' is connected, w,=u, b, W,=u, U,
u,-m"-v, (v;and u, not empty sentences) with

’

m =

oy wyow,_ - U)pealypao{m"y and the
projections on KxQxK of (v, -wy...w, ,-u,)
and m” belong to the same set P(k, k') for k, k' e K.
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So ky ,=ks i ks =ks 1;.ik,_ 1=k, , and therefore
the projection on KxQx K of m and m' belong to
P(kl 1 kp,Z)' I

THEOREM 11 (Second Theorem of Control). For every
pdag automaton M, there exists a Cd-equivalent automaton
M' both initial and final control-free, ie., such that
Cd(L(M)) = Cd(L(M")).

Proof. The automaton M’ is this one of Lemma 10. It is
obvious that each connected pdag that is accepted by M is
also accepted by M'. Conversely, let & be a connected pdag
accepted by M’; then there exist m, e Q;*, m e Q/* such
that (m;> <6 |3, d>{m,>. By Lemma 10 there exist kK and
k" € K such that the projections on Q of m; and m,belong to
Pk, k). As 0 is connected, 7 ,,(m,) € (In*r + b), this implies
that k € K, and k'€ K,. That means nolm;)e QX ny(m,)-
Oy d:emylm,) and my(m,)e Fandso de L(M). |

COROLLARY 12.  AD is closed under serial composition.

Proof. Let L, and L, two automaton-definable
languages, we deduce from the frist theorem of control that
there exist two automata M,=(X,, Q,, P,.I,, p*) and
M,=(2,, Q,, P,, p*, F;)such that L(M,)=L, fori=1,2.
Furthermore, we can suppose that p never appears in the
left hand-side of rule of M, nor in the right hand-side of a
rule of M,, and that @, n Q,={p}. Then the automaton
M=(X v, Q,uv@,, P,uP,, I,F,) is such that
LM)y=M,-M,. 1

4. RATIONAL EXPRESSIONS

We focus our attention on the parallel composition,
because we need to introduce a nondeterministic version of
it.

4.1. Operations on Sorted Pdag Languages

We define nondeterminstic parallel composition and non-
deterministic parallel iteration on sorted pdags. The most
“natural” parallel composition is the deterministic one, but
the example E, from Example 3 shows the way rational
expressions using the deterministic parallel composition can
specify languages which are not automaton-definable. The
reason is that no automaton can check if there is the same
number of occurrences of a letter in two nonconnected parts
of a graph, mainly because the moves of our automata on
two nonconnected subgraphs are not synchronised.

Note that Ochmanski (1985) introduces the concurrent
generalization of iteration (coiteration) to characterize the
class of regular trace languages. For instance, for an inde-
pendence relation {(a, b), (a, ¢)}, the coiteration of the
word abc is the language (ac + b)* where ac and b are the
“connected components” of abc.
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DEFINITIONS. Nondeterministic parallel composition is
denoted by ; nondeterministic parallel iteration is denoted
by **. Let d and d’ be two sorted pdags and let 4 and B be
two sets of sorted pdags; then

dyd ={dd}u{d elueS*}
det’

ule-djueS yuld-d}.
{dl.z\"dl.;\"". m|n1>0

d*Y =
def

and for 1 <i<m, d,=d} ve*.

A yB=1{d yd|deAand d'eBj.

def

A*Y = {d, yd, y

dcl

Ndmlrn>1
and for 1 <i<m, d;e A} ue*.

These operations are obviously associative.

Remark. From the definition of the parallel iterated
composition, e* = {¢“|ue S*}. For d a sorted pdag and 4

a set of sorted pdags, we get d*"V=(d+¢)* and
A*¥N = (A +&)*.
Notations. The parallel composition used in the

previous parts can be called the deterministic parallel com-
position; we denote it by . lterated deterministic parallel
composition is denoted by *. On the other hand, we denote
the sequential compositions a -a by @°, a-a-a by a*, and
a”=u{a"|ninteger}.

ExampPLE 3. Let X be a doubly ranked alphabet such
that X, ,={a,a'}, 2, ,={b}:

(E,) a*" and a* can be respectively identified with the
string languages (a¢ +¢)* and a™, where ¢ would be a letter
{and not the empty word).

‘Ez) b“(a_Nal)‘b = {b:(ala’)ab,bu(aw)cb,bu
(a‘a)Jb}.

(Ei) bo(a-a)*-b={b:(a"-a'")=blneN}.

(Ej) l(a na@ ) ob={bo(a"-a"):b|n,meN}.

4.2. Rational Sets of Directed Ordered Acyclic Graphs

We have informally presented in Example 3 some
rational expressions of pdags. Let us specify this notion.
Here.

DEFINITIONS. A pure-rational expression [E] over a
doubly-sorted alphabet (X, S) is a well-formed expression
with the serial operators =, ©, the parallel operators _, *",
and the “or” operator +. A rational expression is a
construct E=(S;,[E]. S;) where [ E] is a pure-rational
expression, S| is the subset of initial sorts of E, and Sy is the
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subset of final sorts of E. The interpretation #([E]) of a
pure-rational expression [E] is the set of sorted pdags
which is specified by [ E] in the usual sense (that means
Hhya, 0))=(ha, 1), H([E]+[F])=FA[E])u A([F]).
F(LE][F])=F4([E]) - F([F]), etc. ....). The interpreta-
tion #(E) of a rational expression E=(S(, [ E], Si)) is the
subset of ([ E]), ,sothat he SF¥ and 1 € SE. A sorted pdag
language is rational if it is the interpretation of some
rational expression; a (unsorted) pdag language L is
rational if L =|L'| for some sorted rational language L'
Two rational expressions E and F are equivalent if and only
if #(E)=#(F). Our main goal is the study of sets of con-
nected unsorted pdags; so we say simply that an automaton
M and a rational expression E are Cd-equivalent if
Cd(|L(M)])= Cd(|#(E)]). That means that we consider
only the unsorted pdags associated with the connected
graphs.

Remark. We use the following priority rules: ™ (iterated
serial composition) and *V (iterated nondeterministic
parallel composition) have priority over - (serial composi-
tion) and _, (nondeterministic parallel composition); there
is no precedence between ¥ and *", nor between - and

ExaMmPLE 4. Let (27, S) be the doubly sorted alphabet
(g,a,8), (q',a,5), (4,9, b55"), (s's,b,9¢"}}. For con-
venience, we denote these four letters respectively a, «', b,
and 5. The “set of rectangular walls” defined by the
automaton W (see Example 2) is rational. It can be specified
by the rational expression W' =({q, } (WY, {q.94'})
over (27, S), where [W']=((a_yb*"_,a') - b'*V)*

4.3. Rationality and Connected Components

The subsets of connected sorted pdags play an important
role because, if they are automaton-definable, they can be
accepted by control-free automata and control-free
automata and socan be easily composed.

DEerFINITION. For a sorted pdag language L, the con-
nected sorted pdag d is a connected component of L, if and
only if there exist two sorted pdags d, and d, such that
dy-d-dy,d-d,,d, d, ordis an element of L.

Remark. From the definition of the nondeterministic
parallel composition, for a pure-rational expression, the
set of its connected components is equal to the set of its
connected sorted pdags.

Notations. We denote d... fordu {d-e“|lueS*}, ..d
fordu{e’-d'|lueS*},d..d ford -d' u{d-¢*-d|ueS*}.
In the following, if there is no ambiguity, we denote [ £]
and #([E]) by E

DeriNITIONS.  Let £ be a set of sorted pdags over some
doubly sorted alphabet (2, 5). Recall that Cd(E) denotes
the set of connected elements of £. Then
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Cd,(E) = {d connected |3d' € Dp(Z, S), d de E}
def

Cd (E) = {d connected|3d' € Dp(Z, S),d' de E}

def

Cd,(E) = {d connected |3d', d" € Dp(Z, S),
def

d dd eE}
QE) = CAEYU(Cd/(E)...)u{...Cd (E)...)
def
U (...Cd.(E))
(E) contains the graphs of E in which all connected

components except one have been replaced by a parallel
compositions of ¢.

ExampLE 5. Let a, b, c,d be connected sorted pdags;
then for E={(a_yb_ y-c¢)+d we have
S(Ey={a..}ula-b. .} ufla..ctula-b-c}
uf{..b...buf..b-ctu{..ctu{d}
Cd(E)={a.b};  Cd(E)={b, c}
Cd,(E)={b}; Cd(E)y={a, b, c d}
QE)={a..}u{..b..}u{..c}uld}.
PrOPOSITION 13, Let E be a rational set of sorted pdags;
then we have the following inclusions:
Cd(E)c Cd/(E);
Cd/(E)c Cd(E);

Cd (E)< Cd.(E);
Cd,(E)< Cd(E).

These inclusions are obvious consequences of the
definitions.

LEmMMma 14 (Decomposition Lemma). For any pure-

rational expression [ E],
[E]"=[E]D"
Cd/([ E]")={d connected |de ((Cd/,([ E])...)
U(...Cd{[E])... N}
Cd ([ E]*)={d connected |de(...Cd,([E])...)"}
Cd ([E]")={d connected |de((...Cd,([E])...)
u(...Cd([E])N"}.

First, we are going to show that [E]" =Q([E])™

Proof. The definitions of , and *" imply that, for pure-
rational expression [ E], if J,-9,...d, belongs to S([£])
then &, y 0, n. . w0,isin F([E]).

e S0 Q ([E])<=[E] and therefore Q([E])" <[ E]".

« Conversely, for any é of [E], =96, -6,...0, where
each d, (1 <i< p) is connected
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—if p=1then d,e Cd([ E]) else

~-0,€Cd)([E]),d,€ Cd([E])andforeachi 1 <i<p,
0,€Cd ([E]) and Se(Cd([E])...)=(...CA([E])...)" %
(...CdA[ED)).

Therefore 6 € Q([ E])"" and we can easily conclude. |

We get the other results in the same way.

5. A KLEENE THEOREM FOR PDAG

The Kleene theorem for connected pdags 1s a conse-
quence of the following lemma, which is based on the pre-
vious results. We will show that there is an algorithm which
associates with any pdag rational expression an equivalent
automaton. But first we are going to show that for all
pure-rational expressions [E]: [ E], CA[E]), Cd/([ET),
Cd ([ E]), Cd ([ E]) are automaton-definable. We prove it
by induction on the number of operators of the rational
expression. This proof requires some properties of closure of
AD: closure under union, parallel deterministic, iterated
parallel deterministic, parallel nondeterministic and iterated
parallel nondeterministic composition. These results are
proved in Bossut and Warin {1992) and Bossut ez al.
(1988), their proofs are straightforward and we omit them.
To prove that [E]" is automaton-definable if [E] is
automaton-definable, we shall compose the different kinds
of connected components of [ E] in such a way that these
compositions verify the decomposition lemma, which
specifies the comparative positions of connected com-
ponents in [ E]™.

LemMma 15, For all [ E] the pure-rational expressions,
[E], CA[E]), CA[EY), CA[E]), and Cd{[E]) are
automaton-definable.

Proof. By induction on the construction of the pure-
rational expression.

(a) [E]e(Z,5), obvious
(b) [E] = [Ex] +[£,]

Cd([E])= Cd([E,]) v Cd([E.]),

Cd([E])=Cd([E\])vCd([E-])
Cd([E))=Cd([E ])v Cd ([ E:])
Cd([E])=Cd,([£])v Cd([E;])

() [E]=[E\}.~[E:]

CA[E])=Cd([E\]) v Cd([ E;]),

Cd/([E])=Cd([E\])v Cd/([E, ],
Cd([E])=Cd([E,]) v Cd([E,]),
Cd([E])=Cd([E\]) v Cd([E,]),
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(d) [E]=[EQ*Y

d([E])=Cd[E])v
Cd,([E])=Cd([E,])u
Cd([E])=Cd[E\Dv
Cd([E])=Cd([E ]

{(s,e,5)|se S},
{(s,8,8)|seS™},
{(s,6,5)|seS8*},
{(s,¢,5|seS*}.

(e) [E]=[E]-[E:]

CA[E])=Cd([E]:-[E,])
Cd([E])=Cd((CA([E]N* N [E])
A(Cd([E.D*N N [E DD
Cd(Cd(LE\D* n[E\])
S(CAd(LE.N*Y N [Ep])
Cd,([E]) = Cd((Cd([E,\]1)*" n[E,])
ACd([ES]*N [ E,])

Cd{({E]=

In cases (b), (¢), (d), and (e) the closure properties of AD
enable us to conclude easily (we omit details).

(f) [E]=[E,]”. This case is the most difficult one; we
present only a construction of an automaton which
recognizes the sorted pdags language [ £,]™. For the sets
Cd([E,]), Cd{[E\]), Cd([E,]). Cd,([E\]), similar con-
structions can be made with no important differences.

We use here the fact that [E,]"=Q([E,])", which
expresses the way the connected components of [ E,] can
appear in [ £,]”. In the sorted pdags of [ £,]*, the sorted
pdags of Cd,([ E,]) must be on the left-hand side, the sorted
pdags of Cd,([ E,]) must be on the right-hand side, those of
Cd([ E,]) both on he left and right-hand side, and those of
Cd, ([ E,]) can be anywhere.

Construction. Let us consider the control-free Cd-
equivalent automata M,, M,, M., and M, of, respectively,
Cd([E,]). Cd([E.]), Cd,([E,]) and Cd([E,]) con-
structed as in the proof of the second theorem of control.
Forje{1,2,3,4} M,=(Z, Q;, QI *, QF *, P,) and we can
suppose that the sets Q, are disjointed Each set of states @,
is, by construction, a product of sets where appears the set
{Lr.n b}. Let H,={l,r,, n,b,} be the isomorphic copy
for jequalto | to4 Let Hbe | H;, Qbe ) Q;, QIbe | O,
Fbe|)QF;,, and Pbe | P, forjequal 1to4

The required automaton M is defined as M =
I', QF'*, P'), where

o O'=QxH with H'={[,r,n b}. This last compo-
nent marks the right-hand or the left-hand side of the graph
during computation of the automaton.

((2.5). @',
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o I'={we QI*|n,(w) e (In*r + b)} where QI'=
OIx H'.
o QF ={qe QF x H'} such that

nylg)=b=mn,lq)e {bl»b%b% }

mlq) =n=my(q)€{n, ny, Long Lyong, ry, by}
nglg) =1 =m(qgyell, 5, by, 15,14, by}
nulg)=r=mn,lqg e{r,,u,r,, 1-’4,[)4}-

» We define a finite substitution s form Q'* into Q'* by

if ge QF', slg)= {q} - {qle Ql'lmy(g)= nn'(q')}~

otherwises s(q) = {q}.

This substitution transforms a final state into an initial
state, and preserves its projection on H':

P':{w«:a—>aas(n")|7rQ,(w)oa—>aJnQ,(w’)eP
and r,.(w) and n.(w') belong to n*

or 7, (w) and 7 .(w') belong to In*

or . (w) and 7, (w') belong to n*r

or m,(w) and m,.(w’') belong to /n*r + b}

So the mark / is carried along the left-hand side of the
accepted pdag, the mark r is carried along the right-hand
side of the accepted pdag. When an edge is in the same time

on the right- and left-hand sides, it carries the mark b.
Proof of LLIMY=[E,]"

e [E,]¥ = L(M): obvious.

o L{M)<={[E,]*: the idea is to express any pdag & of
L(M) as the serial composition of a {smaller) element J' of
L(M) and a pdag 4, of Q(E,). Then an obvious induction
leads to the inclusion. Let us explain this decomposition:

Any accepting computation (nt,>°d |-%6-(m,y of &
can be decomposed in the following way:

(my o8 b4

(Kmyy - (Kvyedy)-(my))

and
vy od, -%6,° <W1>

with me=m,wm,, (v) e QI,x H' and Tywelnkr,+b,
for some je {1, 2, 3,4}. Then

{mped" 36" o dmyy{uy{my)y
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where u € QF' and v belongs to s(u). So 6’ € L{M) and

if i=1 then &,e Cd([E|])
if i=2 then 0,e Cd,([E,])
if i=3 then J,e Cd,([E,])
if i=4 then J,eCd ([E\])

The construction of the states of QF' ensures that ¢, is
located correctly in 6. |}

We get now our main result. It means that we can design
an algorithm which associates with every sorted pdag
automaton M a rational expression E such Cd(|L(M)|)=
Cd(|#(E)|) and conversely.

TueoreM 16 (A Kleene Theorem). The classes of
languages of planar directed ordered connected acyclic graphs

— specified by rational expressions of pdags
— recognized by finite automata of pdags
are effectively equivalent.

Proof. For each automaton we can construct a control-
free Cd-equivalent automaton (Theorem 11). Let M =
(X, Q, @QI*, QF*, P) be this automaton. We consider the
doubly-sorted alphabet (X, Q) in which a letter ¢ has a
head-sort m and tail-sort m’ if and only if moa— a-m’
belong to P. So, the rational expression over (X, Q)
equivalent to M is

(QL (((Z, @N)*™)7™), OF).

Conversely, given a rational expression (S7, [E], §F), we
know (Lemma 15) that [E] is automaton-definable, so
there exist M a pdag automaton such that L(M)=[E] and
it is obvious that the set of pdags whose head-ranks are
members of ST* and whose tail-ranks are members of SF*,
is automaton-definable. So we have (S [E], SF)=
Dp(Z, 8)g+ sp» N[ E] and the pdags language expressed
by (SI, [ E], SF) 1s automaton-definable.

6. CONCLUSION

We get a “two-dimensional Kleene theorem” for a class of
graphs which is a generalization of trees. Unfortunately as
our class of pdag languages contains the class of derivation
pdags of any semi-Thue system, we lose a lot of decidability
results. For example, as the set of the derivation graphs of
a phrase-structured grammar is automaton-definable,
emptiness and equivalence are undecidable. We do not
know if our class is closed under complementation.
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