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Doctrines (: strict 2-monads) were introduced, under the name 

of equational doctrines, by Lawvere [16], and are discussed to some 

extent in [121 above, which is our general reference for notation, 

terminology, and basic concepts. Clubs were introduced, in connection 

with coherence problems, by the present author in [5], [6], and [7], 

where covariant clubs were distinguished from mixed-variance clubs; 

only the first concern us in this paper. Such a club K gives rise to a 

doctrine Ko- on the 2-category CAT of all categories. I suggested in 

[51 §4.1 and in [6] §4.1 that the simple concept of (covariant) club 

used there doubtless admitted of wide generalization, and indicated the 

way I expected this to go. Such a widening of the meaning of "club" 

would increase the number of doctrines writable in the form Ko- for a 

"club" K, and I was in effect toying there with the idea that perhaps 

every doctrine was so writable. 

The purpose of the present paper (some aspects of which were 

announced in [ii]) is to carry out this generalization of the "club" 

idea to what seem to be its natural limits. I must say at once that I 

withdraw from the position that every doctrine then comes from some 

club; in particular i withdraw my assertion in [6J §4.1 that we can get 

in this way the doctrine whose algebras are categories-with-equalizers. 

I, at any rate, can see no generalization wide enough to achieve this. 

What we do construct is a monoidal 2-category CATf*CAT, an 

object of which is a category K together with an "augmentation functor" 

F: K ~ CAT, and the "tensor product" for which is denoted by o. We 

embed CAT fully in CATf*CAT by assigning to A E CAT the "trivial 

augmentation" A ~ CAT sending each object of A to the empty category; 

then KoA E CAT whenever A ~ CAT. Thu~ K~-~ K °- gives a 2-functor 
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from CAT~*CAT to the 2-category [CAT,CAT1 of endo-2-functors of CAT. 

This 2-functor ~ is 2-fully-faithful, and carries the tensor product 

o into composition of endo-2-functors. A club is now by definition a 

o-monoid K in CATf*CAT, and is carried by ~ into the doctrine Ko-. 

The doctrines arising thus from a club have the advantage of a 

very concrete presentation: in the sense that a category K with its 

augmentation F: K ~ CAT is a more concrete object for study than a 

general 2-functor D: CAT ~ CAT. Still more special are the doctrines 

Ko- where K is a o-monoid in certain sub-monoidal-2-categories of 

CATf*CAT, such as CAT~Set. It is easy to recognize certain structures 

on a category as being actions of a doctrine of the latter kind, and to 

describe in theory the process of constructing K from the basic operat- 

ions and axioms; finding K explicitly in practice is what we may call 

the coherence Pr0blem for the given structure. Again, it is to 

doctrines D of this latter kind that the work of Day [II seems to 

extend, giving a D-structure on [A°P,set] from one on A, and leading to 

the notions of a pro-D-structure and of a closed D-structure - one in 

which each structural functor has a right adjoint in every argument. 

There are lots of things I still do not understand. I have no 

criterion in terms of the doctrine D for it to be Ko- where K is a club 

in CAT~*CAT, or a club in CAT~Set; although as I said I can recognize 

the latter case from certain presentations of the structure. I know 

that clubs in CAT~Set play an important role, but have no special 

feeling for those in CAT~*CAT, except that one is ineluctibly led to 

this generalization. In the CAT~Set case, I know what it means to ask 

the coherence question "which diagrams commute?"; for more general 

structures I do not. In the still more restricted CAT/~ case, where 

is the category of natural numbers and permutations, ! know how to ask 

the coherence question even for closed D-categories (e.g. closed monoi- 

dal categories), in terms of mixed-variance functors and the generalized 

natural transformations of Eilenberg-Kelly [2]; but in the CAT~Set case 
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I do not. For instance, what kind of coherence result does one hope 

for in the case of cartesian closed categories? 

Because of these uncertainties, which may attract the interest 

of others, I choose to devote §i to a brief account of the original 

club idea as suggested by coherence problems, before embarking on the 

above generalizations; besides providing motivation, it may suggest 

avenues that I have not seen. The substance of the present paper 

begins in §2 where, changing gear completely, we begin with the most 

general before passing to the particular. Our path differs in two ways 

from the brief outline above: first, some things loosely stated there 

have to be made more precise; and secondly, to minimize the long 

verifications so common to 2-categorical studies, we take a round-about 

route. 

i. THE ORIGINAL CLUB IDEA 

I.I It arose naturally, originally in the mixed-variance case, from 

an attempt to refine the formulation of certain coherence problems - 

such as that for a closed category 191, that for two closed categories 

connected by a closed functor [17], and that for a closed category V 

together with a V-natural transformation between two V-functors bet- 

ween two V-categories |i01. 

In each of these cases the diagrams whose commutativity was in 

question could be conceived of, to a first approximation, as having 

functors (of many variables and of mixed variances) for vertices, and 

natural transformations (of the generalized kind introduced by 

Eilenberg-Kelly [2]) for edges. Precision however required, as was 

already recognized in [91, that the vertices be not actual functors in 

the model but their abstract descriptions in the theory; for otherwise 

one would have unwanted composites of f: T ~ S and g: S' ~ R, where S 

and S' although formally different had identical realizations in a 
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particular model. Yet in [9] the edges were still actual natural 

transformations. 

This served well enough while only positive results - certain 

diagrams d__oo commute - were sought. In Mac Lane's original coherence 

theorem [19] for a monoidal or for a symmetric monoidal category, the 

result had in fact been that all diagrams commute. For a closed cat- 

egory [9] it was no longer so; some diagrams failed to commute in 

general, although they might do so in a sufficiently degenerate model. 

My student Lewis [17] found such non-commutativity even in the purely 

covariant case of two monoidal categories connected by a monoidal 

functor. What was crucial was that Lewis found a perfectly correct 

necessary and sufficient condition for commutativity in this case - 

which made no sense at the level of models. We clearly had to go 

further and replace the edges too by their abstract descriptions; it 

is noteworthy that Isbell independently suggested doing this in his 

review [4] of [9]. (The preliminary account of Lewis' work in [17] 

is superseded by a far better one in his forthcoming thesis [18].) 

1.2 We now had a category K whose vertices were abstract descript- 

ions of those functors obtainable by iterated composition of the basic 

structural ones, and whose morphisms were abstract descriptions of 

those natural transformations obtainable from the basic structural 

ones by composing them in all possible ways with the basic functors 

and with one another. This category K had a good deal of structure, 

and it was the abstraction of this structure that I called a club. 

Each club was an invariant description of an extra structure that a 

category, or a family of categories, might carry; and the coherence 

problem became that of determining the club K from its generators (the 

basic structural functors and natural transformations) and its relat- 

ions (the axioms to which these were subjected). The analogy with 

Lawvere's theories is clear; although in fact a closer analogy is with 

props or operads. 
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The structure on K was as follows. First, each formal functor 

T had a type FT, specifying its arity, the category (when there was 

more than one) from which the i-th argument was to be drawn, and the 

variance of this argument. Next, each formal natural transformation 

f: T ~ S also had a type Ff, specifying which arguments it was to pair 

off; this was called by Eilenberg-Kelly [21, and has since been called 

by me, not too happily I think, the graph of f; I shall try to avoid 

this over-used word. These types FT and Ff may be considered as 

objects and morphisms of a suitable category T, so that F appears as a 

funetor F: K ~ T, and K as an object of the category CAT/T. 

The next piece of structure is the recognition that objects of 

K can be composed with one another - or rather substituted into one 

another, a better expression for functors of many variables. Thus 

from T of arity n and $I,... , S n of arities ml,..., m n we can form 

T(S1,..., S n) of arity ml+...+ mn, also written n(m 1,..., mn). 

Similarly for the morphisms of K; one can form f(gl''''' gn )' with its 

special cases T(gl,... , gn ) and f(S1,... , Sn). It turns out that this 

can be expressed as a multiplication ~: KoK ~ K, where o is the "tensor 

product" for a certain monoidal structure on CAT/T. 

Finally one must distinguish among the objects of K the formal 

identity functor (or functors, when many categories are involved); it 

turns out that this comes to giving a unit ~: J ~ K, where J is the 

identity for o. The associativity of composition (or of substitution), 

and the identity property of ~, are then given by subjecting ~ and n 

to the monoid axioms. Thus we end with the definition of club as 

"o-monoid in the monoidal category CAT/T ". 

We can embed CAT in CAT/T by giving to A E CAT the trivial au$- 

mentation F: A ~ T assigning arity zero to each object of A. Then to 

give to a category A the extra structure characterized by the club K 

is to give an action KoA ~ A of the monoid K on A. Thus the categor- 

ies with this structure are the algebras for the monad Ko- on CAT. 
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Similarly when the structure is borne by a family of categories, 

indexed say by A; then CAT/A replaces CAT. 

i:~ We must now point out that what we have just said is, in the 

mixed-variance cases from which we drew our examples, over-simplified 

for expository purposes: the phenomenon of incompatibility for the 

generalized natural transformations of [2] causes the "tensor product" 

o to be not everywhere defined on CAT/T. This is discussed at length 

in [5], [6], and [7}; we pursue it no further here because we hence- 

forth restrict to the purely covariant case. Then all we have said is 

exact, and in fact more is true. Namely, o is a 2-functor and CAT/T 

is a monoidal 2-category; so that Ko- for a club K is not only a monad 

but a 2-monad or doctrine. Moreover the monoidal 2-category CAT/T is 

actually closed: its internal-hom (B,C) is a very rich functor cat- 

egory, whose objects are functors B n ~ C of all arities and whose 

morphisms are natural transformations of all types. 

In the covariant case the type rf of a natural transformation 

of the Eilenberg-Kelly kind is nothing but a permutation of the argu- 

ments in passing from domain to codomain, as in the symmetry A~B ~ B~A 

in a monoidal category, or in the associativity (A®B)~C ~ A@(B®C) 

where this permutation is the identity. If we restrict for simplicity 

to the one-category case the type rT of a functor is just its arity 

n E ~, so that in this case the category T is just the category 

with natural numbers as objects and permutations as morphisms. It is 

to clubs at this CAT/~ level that [5] and [6] are devoted, except that 

the many-category case is allowed for and the corresponding mixed- 

-variance case is also considered. 

1.4 The suggestion naturally occurs that many more coherence prob- 

lems can be formulated in this way if we further widen the notion of 

"natural transformation f of type Ff ". For instance, a category with 

finite coproducts has a binary functor + and a nullary functor O, with 

"natural transformations" A ~ A + B, B ~ A + B, A + A ~ A, 0 ~ A, 
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subjected to equational axioms. The types of these natural transfor- 

mations are not permutations but functions: the two functions I ~ 2, 

and the unique functions 2 ~ i and 0 ~ i. Similarly for a category 

with two monoidal structures (®,I) and (¢,N), connected by distrib- 

utivity maps (not isomorphisms) 

(I.I) d: (A@B)@(A@C) ~ A®(B@C), e: N ~ A@N, 

for which the coherence problem has been studied in another formulat- 

ion by Laplaza [14] and [15] (whose results we generalize in [8] 

below). In other words we expect a generalization with CAT/~ replaced 

by CAT/~, where ~ is the skeletal category of finite sets, with 

natural numbers as objects and functions as morphisms. 

Having gone this far it is natural to expect still more: why 

should the arities n be finite sets? We can still speak of a functor 

B n ~ C when n is a small category: and if a category A with finite 

coproducts has functors A 9 ~ A and A 0 ~ A, so a category A with 

coequalizers has a functor A ~ ~ A. So we may expect a further 

generalization with CAT/~ replaced by CAT~Cat. 

That such a generalization does exist was announced in [iII; in 

the sense that we still have a monoidal structure o on CAT~Cat, the 

monoids K for which give doctrines on CAT. (I am ignoring for the 

moment the fact that we must, like Kock in I13~, use here a rather 

special version of Cag) Yet this is not altogether a generalization 

of the "coherence problem"; for K is not now so simply given by its 

generators and relations. It was my failure to anticipate this last 

point that led me falsely to predict that the doctrine for categories- 

with-coequalizers would be seen as coming from a club. 

The attempt to carry out the details of this generalization 

automatically led to a further, and final, one: the 2-functor 

~: CAT~Cat ~ [CAT,CATI is not full; we can make it so by adding more 

1-cells and 2-cells to CAT~Cat to get a new 2-category CAYf*Cat; and o 

can still be defined, indeed cries out to be so, on CAYf*Cag or even 
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CAT~CAT. This is the level of generalization we promised in the 

introduction, to the details of which we now pass, after first adding 

a final remark to this section. 

1.5 If D = Ko- is the doctrine for categories-with-finite- 

-coproducts, that for categories-with-finite-products is the opposite 

doctrine D* (cf. [16]) given by D*A = (DA°P) °p. We could if we liked 

define a club of the second kind, with augmentation landing not in 

but in CAT °p - or in ~op in this particular case - and CAT then D* 

would be K °po-, where this is a new "o". For the basic natural trans- 

formations are now AxB ~ A, AxB ~ B, A ~ A×A, A ~ i, which can clearly 

be said to have "types" in S °p . So we get a second distinguished sub- 

class of doctrines, those coming from clubs of the second kind; but 

they are just the opposite doctrines of those coming from clubs, and 

we shall not complicate the present paper by making special reference 

to them. 

This does, however, raise the question of how we approach the 

coherence problem for more complicated structures, such as a category 

with both finite coproducts and finite products, where we have natural 

transformations like 

A+A ~ A ~ A×A; 

or for the distributivity problem of §1.4 when the maps (i.i) are 

is omorphisms , so that d-ld is a natural transformation 

( A ~ B ) ~ ( A ~ C )  ~ ( A ~ B ) ~ ( A ~ C ) .  

I t  i s  t e m p t i n g  t o  s ~ y  t h a t  h e r e  t h e  t y p e  o f  t h e  n a t u r a l  t r a n s f o r m a t i o n  i s  

neither in ~ nor in ~op, but is something of the form n ~ p ~ m, that 

is, an op-span. However I have so far been unable to extend the club 

idea to this case; I am quite puzzled about what a good "coherence 

result" would be, other than the explicit determination of the doct- 

rine; and I make no further reference in this paper to the possibility 

of such further extensions. (P.s. Some later thoughts on what a "coher- 

ence result" should be are contained in my paper [8] below inthis volume.) 
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2. LAX NATURAL TRANSFORMATIONS 

2.1 We use a single arrow ~ for 1-cells and 3-cells, in particular 

for functors or 2-functors and for modifications; we use a double 

arrow ~ for 2-cells, in particular for natural or 2-natural transfor- 

mations; and we use a wiggly arrow ~sv~ for the lax natural transfor- 

mations we are about to introduce. 

We identify a set with the corresponding discrete category, 

and a category with the corresponding 2-category with only identity 

2-cells. If A is a 2-category, A 0 is the category obtained by discar- 

ding the 2-cells, and IAI = obA is the set obtained by discarding also 

the 1-cells. For 2-categories A and B, we denote by [A,B] the 

2-category of 2-functors, 2-natural transformations, and modifications; 

recall that we use these terms in the sense of LI2] above. It is 

necessary in this context to distinguish clearly A from A0, for IA,B~ 

and IA0,B] are quite different when B is a 2-category. Therefore we 

shall always write CAT for the 2-category and CAT 0 for the category, 

and so on. 

2.2 For 2-categories A and T and 2-functors F,G: A ~ T, a lax 

natural transformation ~: F ~Gis what Gray 13] called a "2-natural" 

one: it assigns to each object A of A a morphism ~A: FA ~ GA in T, and 

to each morphism a: A ~ A' in A a 2-cell ~ in T of the form a 

(2.1) FA 

FA ' 

~A 
GA 

~a Ga 

GA' 
~A' 

These data are to satisfy the axioms 

(2.2) ~IA = I~A, aa'a = aa'~a (pasting composite) 
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and the axiom 

(2.3) FA 
C~A ~A 

Fa Fa 

FA' 

~ GA equals 

Ga 

~ GA' 

FA 

FA ' 

C~-- 
a 

~A' ~A' 

GA 

GA' 

for each 2-cell ~: a ~ ~ in A. This last axiom (2.3) is vacuous when 

A, as it shall be in all our applications, is merely a category. The 

2-natural transformations ~: F ~ G (which are just the natural ones 

when A is merely a category) are those lax ones a: F ~+ G for which 

each aa is the identity 2-cell. 

We compose lax n.t.'s by horizontal pasting of diagrams like 

(2.1), getting a category ~AtT]0, of which [A,T] 0 is a subcategory. 

It becomes a 2-category ~A,T] when we take as 2-cells the modifications 

F 

G 

Such a modification 8: e ~ B assigns to each A E A a 2-cell 

8A: aA ~ BA rendering equal the left two diagrams below, for whose 

common value we use the notation of the diagram on the right: 

~A 
(2.4) GA = ~ GA = FA 

Fa ~Ba 

FA' 

Ga 

GA' 

B A, 

FA 

1 
C~ A t 

F A ' ~  

i 

g A , 

Ga 

GA' 

a A 
~GA 

FA' ~ GA' f 

g A, 

Horizontal and vertical composition of modifications is defined in 

the obvious way. When ~ and B are 2-natural, the above is the usual 
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definition of modification as in [12], so that the inclusion 

[A,T] ~ [A,T~ is "full on 2-cells" 

We write I for the unit category with one object * and one 

morphism. There is an evident isomorphism 

(2.5) r- n : T - ~ [ Z , T ]  = ~ Z , T ]  , 

where for example ~B ~, called the name of B, for B E T, is the 

2-functor sending * to B. 

2.3 

uation 

(2.6) B 

where 

Let A,B be merely categories and T a 2-category. From the sit 

F FH 

A T we get B T, 

G GH 

(2.7)  (~H)B = ~HB' (aH)b = aHb' (@H)B = @HB" 

Thus the functor H induces a 2-functor [H,T~: [A,T~ ~ [ B , T ~ .  

Given a second functor K: B ~ A and a natural transformation 

n: H ~ K, we get a modification 

~H 
(2.8)  FH ~ Gtt 

FK q~mvvvvvv~+ GK , 

~K 

where 

(2.9) (~n)B = ~nB 

Moreover the two modifications on the left below coincide, and we 

denote their common value as in the diagram on the right: 
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~I: ~H 

(2.10) FH GH = FH ~-.mA,,-~ GH FH -- GH 

Fq @H G~ Pn Gq Fn G~ 

FK 

~K ~K ~K 

here we have, in the notation of (2.4), 

( 2 . 1 1 )  __(en) s = @ 
n B 

We may s a y ,  w i t h  a n  o b v i o u s  m e a n i n g ,  t h a t  n :  H ~ K i n d u c e s  a n  o p - l a x -  

- n a t u r a l  I n , T ] :  [ H , T ~  ~ [ K , T ]  w i t h  c o m p o n e n t s  

(2.12) [~,T] F = Fq, ~,T]~ =' ~ . 

3. THE 2-CATEGORIES CATfT AND CAT~*T 

3.1 Let T be a 2-category. An object of CATfT consists of a cat- 
._a____ 

egory A and a functor r: A ~ T. A morphism from (A,F) to (B,A) con- 

sists of a functor T: A ~ B together with a lax natural transformation 

T as in 

(3.1) A T ~ B 

Composition of these is by the obvious pasting of diagrams: 

A T ~B S ~C 

r 
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That is, the lax n.t. in the composite is the composite 

F 

h AT ~ Y 

EST 

(The reader is asked for his cooperation in seeing "E" here as upper- 

-case Greek epsilon.) A 2-cell (T,~) ~ (T',T'): (A,r) ~ (B,A) con- 

sists of a natural transformation ~: T ~ T' together with a modificat- 

ion 8 as in 

(3.4) r 

e 

AT ~--~ AT ' 

An 

Vertical composition of these is given by 

(3.5) 

n,T' 

T" 

r 

AT Aq ~- AT' A~' mAT" 

The more complicated horizontal composition of 

(3.6) 

(T,T) (S,~) 

(T',T') (S',~') 
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is given by 

(3.7) T S 

A B ~  ~ ~ C  
T' S' 

together with 

(3.8) 
F 

AT ' ~ AT' 

EST ¢~ (~ ' T ' 

E~ T ~, 

ES'T , ~. ES'T' 
ES'~ 

here ~q is formed as in (2.10) from ~: E~.a ~ a' and ~: T ~ T'. 

A direct verification that CATfT is a 2-category is fright- 

fully tedious, and to be manageable at all needs some lemmas about the 

behaviour under pasting of derived modifications like ~ . Happily it 

is not necessary. An obvious representability argument shows that it 

suffices to do it for CATfCAT, and in §6.3 below we give a 2-full 

embedding of this into a known 2-category. Once we check that this 

embedding respects the various compositions and identities, the 

2-category axioms are automatic. Alternatively, a different full 

embedding given in §5.2 below does the same for CATf*CAT which we are 

about to introduce; this extends by representability arguments to 

CATf*T; and (CATfT) c° is isomorphic to CATf*T c°°p. 

3.2 CAT~*T has the same objects (A,r: A ~ T) as CATfT. However a 

morphism from (A,F) to (B,A) now consists of a functor T: A ~ B toget- 

her with a lax n.t. T as in 
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(3.9) 
T 

A .... ~ B 

r 

(so that T has the same sense as in (3.1), but T the opposite sense). 

A 2-cell from (T,T) to (T',T') now consists of (~,e) where ~: T ~ T' 

as before, but e is a modification of the form 

(3.10) 
A~ 

AT ~. 
w 

F 

AT' 

With T and q reversed in (3.2), the new analogue of (3.3) is 

(3.11) EST 

l AT ~ ' 
_ J -  • 

F 

there is no change in (3.5) except the reversal of T,T',T"; and (3.8) 

gets replaced by 
ESq 

EST ~-- EST' 
(3.12) 

qT ~ ES'T' Cn 

~'T' 
Aq 

AT ~ AT ' 
r 
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It is easy to see that there is an isomorphism 

(CATfT) c° ~ CATf*T c°°p sending (in what I hope is, in the light of 

[12], an obvious notation) (A,£) to (A°P,£°P), (T,T) to (T°P,TC°Op), 

and (q,0) to (q°P,0C°). (In fact we apply coop to everything, but co 

is trivial on some elements and op on others.) 

3.3 It is clear what is meant by LIT, Lf*T where L is a sub-2-cat- 

egory of CAT. 

There are various sub-2-categories of CATfT that stand out. 

By fixing A and requiring that T = i and q = i, we get UA,T~ as a 

sub-2-category; similarly ~A,T] °p as a sub-2-category of CATf*T. In 

particular taking A as the unit category I we get the composite 

( 3 . 1 3 )  r ~ : T ~ ~ I , T ~  ~ C A T f T ,  

where the first isomorphism is what we calledr ~ in (2.5). 

If instead we allow all T and q, but require T = i and 0 = i, 

we get CAT/T 0 (ef. [12] §1.3) as a sub-2-category both of CATfT and of 

CATf*T. (We should note I suppose that the strictly accurate name for 

is CAT/~T~ : it is the comma-object of i: CAT ~ CAT C A T / T  o a n d  

rT? : I ~ CAT in the 2-category of 2-categories. However we may omit 

the corners when no confusion is likely.) 

Finally we observe that we have evident forgetful 2-functors 

( 3 . 1 4 )  CATfT ~ CAT ~ CATf*T , 

sending (A,£) to A, (T,T) to T, and (n,O) to q. 

4. LAX COMMA CATEGORIES 

4.1 Let T be a 2-category, A and B categories, and r: A ~ T, 

A: B ~ T functors. We define the lax comma category £JA, or more 

precisely (A,r)~(B,A), to be what Gray [3] calls the "2-comma-category'. 

An object of £//A is a triple (A,k,B), 
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(4.1) A, PA k ~AB, B, 

where A E A, B E B, and k is a morphism in T. A morphism from 

(A,k,B) to (A',k',B') is a triple (a,K,b), 

(4.2) A 

A' 

FA 

Fa 

FA' 

k 
r~ AB B 

~-AB' B' , 
k' 

where a ~ A(A,A'), b E B(B,B'), and < is a 2-cell in T. Composition 

is the evident pasting operation. 

There are the obvious projection functors do: F~A ~ A, 

di: F~A ~ B, sending (a,K,b) to a and to b respectively. There is aim 

a lax natural transformation l: Fdo~ Ad I with components 

I(A,k,B) = k, l(a,K,b) = ~" The easy proofs of the following two 

propositions are left to the reader. 

Proposition 4.1 F//A is determined by the following universal prop- 

erty. For a category C, the equations 

(4.3) P = dog , R =dlG , ~ = IG' 

or in brief 

(4.4) C ~quals ¢ 

~ r  A 
r 

dl 

~B 

F 

set up a bijection between funotors G: C ~ FIA and triples 

(P: C ~ A, R: C ~ B, a: FP ~ AR). To wit, G must carry 
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(4.5) 
~C 

C to PC FPC ~ ARC 

C ' PC ' FPC ' ~- ARC ' 
~C' 

RC 

Rc 

RC' 

Proposition 4.2 If in the above situation we also have G' 

corres~o.ndin $ to (P',R',~'), ther e is. a bijectiqn between natural 

transformations y: G ~ G' and triples (w,P,~) where ~: P ~ P', 

p: R ~ R' and ~ is a modification 

(4.6) F P ~ R  

v 

In terms ofY , we have in the notation of (2.8) 

(4.7) w = doY, p = dlY, u = Xy; 

while the C-component of Y is 

(4.8) PC 

P'C 

w 

a C 
FPC ~ ARC RC 

FP'C ~ AR'C R'C. 
~v 

C 

4.2 We now exhibit Jas a 2-functor 

(4.9) ~ :  CATf*T × CATfT ~ CAT; 

in fact the definitions of CATfT and CATf*T were chosen to make this 

SO. 

From (T,T): (A,F) ~ (A',F') in CATf*T and (S,g): (B,A) ~ (B',A') 

in CATfT we get 
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(4.10) 

A B 

T F ~.~.~~ S 

F' A' 
and hence, by Proposition 4 .I, a functor 

(4.11) (T,T)I(S,~). (A,r)Y(B,a) -- (A',r')//(B',A') 

which sends the typical morphism (4.2) to 

TA k CB 
(4.12) TA r'TA m FA ~ &B ~ A'SB 

Ta I r'Ta I ~a ~ [Fa ~K iAb ~°b IA'Sb 

TA' F'TA' ~ FA' ~ AB' ~&'SB' 

SB 

Sb 

SB ' . 
T A k' ' ~B ' 

That  t h e  f u n c t o r  ( 4 , 1 1 )  d e p e n d s  f u n c t o r i a l l y  on (T ,T)  and ( S , ~ )  i s  

perhaps best seen by pasting onto (4.10) a (T',T'): (A',F') ~ (A",F") 

and an (S',o'):(B',A') ~ (B",A"); alternatively by direct use of 

(4.12) in the light of (3.3) and (3.11). 

Next consider (~,e): (T,T) ~ (T,T) in CATf*Y and 

(~,@): (S,c) ~ (S,~) in CATfT. From the natural transformations nd0 

and together with the modification 
~d I 

Td 0 ~ ~d 1 
(4.13) F'Td 0 ~ Fd 0 ~ma~a~-~Ad I ~J~-*A'Sd 1 

F'Td 0 ~ Fd O _  ~ Ad I ~ A'Sd 1 

Td 0 ~d I 
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we get by Proposition 4.2 a natural transformation 

(4.14) (q,0)Y(~,~): (T,T)F(S,a) ~ (~,T)#(S,~) 

whose (A,k,B)-component is 

(4.15) 
T A a B 

TA £'TA > FA k AB ~ A'SB SB 

TA r'~A ~,FA ~ AB ~a'gB gB 

~A k ~B 

It is very easy from (4.15) to check that ~ respects vertical and 

horizontal composition of 2-cells in CATf*T and CATfT; thus J is 

indeed a 2-functor of the form (4.9). 

4.3 The projections of CATf*T x CAT~T onto its factors, composed 

with the forgetful 2-functors (3.14), give new forgetful 2-functors 

(4.6) forgo, forg1: CAT#*T x CATfT ~ CAT , 

sending ((A,£), (B,A)) to A and B respectively. The following is 

clear from (4.12) and (4.15): 

Proposition 4. 3 The functors do: (A,F)J(B,A) ~ A and 

di: (A,£)J(B,A) ~ B are the components of 2-natural transformations 

do: J ~ forg O and d1: # ~ forg I. D 

5. THE 2-FUNCTOR o AND THE EMBEDDING CAT~*CAT ~ [CAT,CAT] 

5.1 Form the composite 2-functor 

CATf*T x T - - - ~ - - - - ~  C A T [ * T  × CATfT ~ CAT, 
i × r • # 

where r m : Y ~ CAT~T is the 2-functor (3.13) sending B E Y to 

(I,~B~), etc. Our interest is in the special case Y = CAT; we then 

write the above 2-functor as 

(5.1) o: CATf*CAT x CAT ~ CAT. 
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We usually abbreviate its value (A,F)oB on objects to AoB ; for its 

value on morphisms or 2-cells we write (T,T)oS and (q,8)o~ in full; 

except that we are sometimes interested in the restriction of o to 

CAT/CAT 0 × CAT, where T and 8 are identities, and then we write simply 

ToS and qo~. 

An object of AoB is a pair (A,X) where A C A and X is a functor 

FA ~ B; we write this object as A[X]. A morphism A[X] ~ A'[X'] is a 

pair (a,x) of the form 

(5.2) A FA 

a ra 8; 

A' FA ' S  

here a is a morphism in A and x is a natural transformation. We write 

the morphism (5.2) as 

(5.3) A[ X] 

l a[ xl 
A'[X'] 

If (T,T): (A,F) ~ (A',F') and S: B ~ B', the functor 

(T,~)oS: AoB ~ A'oB' sends, as a special case of (4.12), the morphism 

(5.2) to 

(5.4) 
T A 

TA F ' TA -- ~-~ FA ~ X 

Ta I F'Ta I ~Ta !i" ~~XX B 
TA' F'TA' 

T A , 

~B' 

If (q,0): (T,T) ~ (T,~) and ~: S ~ S, the natural transformation 

(q,O)o~: (T,T)oS ~ (T,T)~S has, as a special case of (4.15), the A[X]- 

-component 
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(5.5) TA F'TA 

HA r ' r~  A FA ...... 

TA F ' TA T A 

X 

S 

~-B ~ B '  - 

We have as in §4.1 the projection functor 

(5.6) do: AoB ~ A 

sending (5.2) to a: A ~ A'. As in Proposition 4.3 this is the compon- 

ent of a 2-natural transformation 

(5.7) do: ° ~ forg O , 

where fOrgo: CAT[*CAT x CAT ~ CAT sends ((A,r),B) to A, etc. 

5.2 The 3-category of 2-categories is of course cartesian closed; 

in particular there is a bijection between 2-functors K × L ~ M and 

2-functors K ~ [L,M] . Under this bijection the 2-functor o of (5.2) 

gives a 2-functor 

(5.8) 

to wit 

@: CAT~*CAT -~ [ C A T , C A T ] ,  

( 5 . 9 )  ¢ ( A , F )  = A o - ,  ¢ ( T , T )  = ( T , T ) o - ,  ¢ ( n , 8 )  = ( ~ , 8 ) o - .  

Our first main result is: 

Theorem 5.1 The 2-functor } is 2-fully-faithfu !. 

Proof. Take a 2-natural transformation G: (A,F)o- ~ (A',F')o-, with 

components GB: AoB ~ A'oB. We are to show that G = (T,T)o- for a 

unique (T,T). 

The uniqueness of (T,T) is immediate; for if G is (T,~)o- it 

follows from (5.4) that 

(5.1o) Gri(A[irA]) = TA[T A], 

and that GrA , sends the morphism 
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(5.11) A 

al 
A' 

Fa 

of AorA' to the morphism 

(5.12) TA 

Ta l 
TA ' 

FA 

rA'" 

FA' 

T A 
F 'TA ~FA 

v Ta [ ~  
r'Ta ]I ra U i rA' 

F'TA' ~FA' 
T A , 

of A'°FA'; that is to say, 

(5.13) GrA ,(a[lra]) = Ta[~a ]. 

So by (5.10) and (5.13) G uniquely determines T and T. 

Now let any 2-natural G be given, let AtX] E AoB, and observe 

that by the naturality of G we have commutativity in 

GFA 
(5,14) AorA ~ A' rA 

AoB 

A'oX 

B. 

If we define TA,T A by (5.10) and evaluate both legs of (5.14) at the 

object A[IFA] we get 

(5.15) a~(AEx]) = TAEX.TA]. 

In particular, GFA , (At Fal) -- TAIFa.'rA], the domain of (5.12). With 

this said, it now makes sense to define Ta,T a by (5.13). 

Next, replace A,X by A',X' in (5.14) and evaluate both legs at 

the morphism a[ira] of (5.11). By (5.13) this gives 

(5.16) GB(a[ Ix, .ra ] ) -- Ta[X' .T a] . 
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Now let a[x] be the morphism (5.2) of AoB. By the 2-natural- 

ity of G we have commutativity in 

AoX 

AorA 

AorA' 

Aox / 

G 
rA 

G B 

(5.17) ~-A oFA 

A'oX 

~ A '  oB 

A' orA' 

~ A'oX' 

Taking the A[IrA]-component of each leg we get, using (5.10) and (5.5), 

( 5 . 1 8 )  GB(1A[ xl ) -- 1TA[X.~ A] . 

But the a[x] of (5.2) is the composite 

A[X] ~- A [ X '  . r a l  ~- A ' [ X ' I  , 

1A[ x] a[ i x , .  r a  ] 

and G B is a functor; so GB(a[x]) is, by (5.16) and (5.18), the compos- 

ite 

TA[X.T A] ~-~ TAIX'.Fa.T A] ~ TA'IX'.TA,] ; 
ITA[X.T A] Ta[X'.T a] 

that is, 

(5.19) GB(a[x]) is 

Using the fact that G B 

functor and ~ a lax n.t. 

T A 
TA F'TA ~FA 

I I I Ta r ' T a  

TA'  F ' T A '  ~ F A '  
T A , 

is a functor, we now easily get that T is a 

by applying GFA to IAIllr A| and by applying 
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GFA,, to the composite 

A[ra'.ra] ~A'[ra']~A"[IFA,,]. 
a[ i] a'[ I] 

Then by comparing (5.19) with (5.4) we see that G B is indeed (T,T)~8. 

It remains to prove that ¢ is fully faithful on 2-cells. So 

let (T,T), (~,~): (A,F) ~ (A',r') and let y: (T,T)o- ~ (T,Y)o- be a 

modification with components YB: (T,T)oB ~ (T,~)oB. We are to show 

that ¥ = (n,8)o- for a unique (0,0). 

If ¥ is indeed of this form, it follows from (5.5) that the 

A[IFA] component of ¥FA is 

(5.20) (~rA)A[irAl :nA[e A], 

which proves the uniqueness of n and 9. If now for any ¥ we define H A 

and 9 A by (5.20), we have because y is a modification commutativity in 

Ao X 

(T,T)oFA 

AorA~YrA A' rA 

(T,~)oB 

Ao B YB oB, 

(T,~) oB 

A ToX 

and calculating the A[iFA]-component of both legs gives 

(5.21) (yB)ALX] : nA[XeA] , 

in agreement with (5.5). That n is indeed natural, and that 0 is 

indeed a modification, follow at once when we express the naturality of 

YFA' for the particular morphism (5.11) of A-FA' D 

Corollary 5.2 CAT/T and CAT/*T are indeed 2-catesories. 

Proof By the remarks in §3.1 and §4.2, with the above theorem. U 
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5.3 We devote this section to some comments,largely informal, on 

this full embedding @: CATf*CAT ~ [CAT,CAT]of 2-categories. 

First, its image is not the whole of [CAT CAT]. To see this, 

note that we have clearly 

(5.22) (A,F)oI ~ A, 

where I is the unit category. So for a 2-functor D: CAT ~ CAT we have: 

(5.23) If D ~ (A,F)o- then A a DI. 

It follows that if DI ~ I and if D ~ (A,F)o- then A ~ I, so that 

F = rn~ for some category n. But it is also clear that 

(5.24) (l,rn~)oB ~ [n,B]; 

so any D in the image of ~ with DI ~ I must be [n,-] for some n. Now 

the 2-functor D: CAT ~ CAT sending B to [[B,2],B], where 2 is the 

discrete category with 2 objects, is certainly not of the form [n,-] . 

(For [n,Bl = [m,B] when B is discrete, where m is the number of path- 

-components of n; and no m is consistent with both D2 = 24 and D3 = 38.) 

Even the 2-functor part of a doctrine D need not be in the 

image of ~. Consider the doctrine, which can be given explicitly, for 

a category-with-coequalizers. There it is clear that DI is at any rate 

equivalent to I; this is enough to make DB equivalent to [n,B] if D 

were in the image of ~; but D is not of this form. I think however 

that this D is a quotient of something in the image of @, to wit of 

[n,-] where n is ~ . 

I have no real idea how big the image of ~ in fact is; chiefly 

because, while I can pick out the putative A by (5.23), I don't see 

how to fix F in terms of D, and hence have no test for D to be in the 

image of ~. 

We are going to show in §7 that the image of @ is closed under 

composition of 2-functors. What else is it closed under? Certainly 

products and coproducts. 
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It suffices to illustrate by binary ones. The product in 

CAT~*CAT of (A,F) and (A',F') is (A × A',A) where A(A,A') = FA + F'A'; 

and (A × A',A)oB ~ (A,F)oB x (A',F')oB. The coproduct in CATf*CAT of 

(A,F) and (A',F') is (A + A',A) where AIA = F and AIA' = F'; and 

(A + A',a)oB ~ (A,F)oB + (A',F')oB. 

I haven't checked whether CATf*CAT has equalizers: chiefly 

because it would be a long business not relevant to our main purpose. 

But if it does have equalizers, my rough calculations indicate that 

would not preserve them. (If @ preserved them it would mean that 

equalizers of lax n.t.'s were constructed pointwise, which seems false.) 

If it has coequalizers, on the other hand, they are probably preserved. 

For then @ would seem to have a left adjoint, modulo size 

considerations. Consider a 2-natural G: D ~ ~(A,F) : (A,F) o-, with 

components GB: DB ~ AoB. By Proposition 4.1 and the definition of 

AoB as (A,F)~(I, rB~), such a G B would correspond to P: DB ~ A togeth- 

er with ~: FP ~ B~, where B~ is the composite 

DB ~ I ~ CAT, 
rB~ 

that is, the constant functor at B. In other words the G B are in 

bijection with morphisms (DB,B!) -~ (A,F) in CAT~*CAT. The G's them- 

selves would then be in bijection with the morphisms ~B(DB,B~) ~ (A,F) 

in CAT~*CAT if the indicated coend exists. 

On the other hand it seems that ~ is as far as it can be from 

having a right adjoint; in the sense that any D E [CAT,CAT] with a 

2-reflexion in CATf*CAT already lies in the latter. For if 

(5.25) [CAT,CAT]((A,r)o-,D) ~ CATf*CAT((A,F),(B,a)) 

2-naturally in (A,F), take (A,F) : (I, rr~). Then the left side of 

(5.25) is, by (5.24) and Yoneda, Dn; while the right side is easily 

seen to be (B,A)on. So D ~ (B,A)o-. 

5.4 We shall always henceforth use T to denote a sub-2-category 

of CAT, not necessarily full on 1-cells, but always taken to be full 
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on 2-cells. 

We have an obvious inclusion 

(5.26) CATf*T ~ CATf*CAT , 

which composed with ¢ gives 

(5.27) ¢T: CATf*T ~ [CAT,CAT]. 

It is clear that (5.26) is full on 2-cells, and is full on 1-cells 

precisely when T ~ CAT is; so that the same is true of (5.27). 

6. THE GROTHENDIECK CONSTRUCTION 

6.1 Our next main goal is the proof in §7 below that CAT[*CAT is 

closed in [CAT,CAT] under composition of objects (that is, of 

2-functors CAT ~ CAT). We shall do this by showing that 

Ao(Bo-) ~ (AoB)o-; here AoB is the category so denoted in 55, but now 

provided with an augmentation AoB ~ CAT derived from the augmentations 

of A and B. 

The considerations of 51.2 above suggest that the augmentation 

n = £A of A E A is a kind of "arity" of A. An object A[X] of AoB 

consists of A and X: £A = n ~ B, so that X is a kind of n-ad of 

objects of B. If these objects of B also have arities, provided by an 

augmentation A: B ~ CAT, then A[X] should have an arity n(m), where m 

is the composite AX: n ~ B ~ CAT, and where n(m) generalizes the 

n(ml,... , m n) = m I +...+ m n of §1.2. In fact the appropriate general- 

ization is precisely the Grothendieck construction assigning to a 

category n and a functor m: n ~ CAT the corresponding fibred category 

over n, which we may call n(m). 

6.2 We therefore define the Grothendieck 2-functor 

(6.1) 8: CAT,CAT ~ CAT 
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by setting 

( 6 . 2 )  @ = r i l l - ,  

where o f  course / i s  the  2 - f u n c t o r  o f  ( 4 . 9 )  w i t h  T put  equa l  t o  CAT. 

We a l s o  use,  where c o n f u s i o n  i s  u n l i k e l y ,  the  " p a r e n t h e s i s "  n o t a t i o n  

suggested above:  namely 

( 6 . 3 )  @(A,£ )  = A ( £ ) ,  @(T ,T )  = T ( T ) ,  8 ( q , 8 )  = q ( e ) .  

An object of A(F) is a pair A,Y where A E A and Y: I ~ FA 

(that is, Y E FA; but it is useful to write Y as a funetor with 

domain ~). We write this object as A(Y). A morphism A(Y) ~ A'(Y') is 

a pair a,y of the form 

(6.4) A 

a I I Fa 

which is a fancy way of saying that y is a morphism ra.Y ~ Y' in rA'. 

We write this morphism as a(y) . 

If (T,T): (A,£) ~ (A',r') in CAT/CAT, then by (4.12) the 

functor T(T) sends (6.4) to 

T A 
(6.5) TA ?r'TA 

Ta 
~a r'Ta 

TA' ~F'TA'. 

T A , 

If (q,e): (T,T) ~ (T,T) in CATfCAT, the natural transformation q(8) 

has by (4,15) its A(Y) component given by 

(6 .6)  TA 

~A 

I y ~ rA 

~ F'TA 

F'~A 
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We have as in §4.1 the projection functor 

(6.7) d1: A(r) ~ A 

sending (6.4) to a: A ~ A'. As in Proposition 4.3 this is the 

component of a 2-natural transformation 

(6.8) d1: @ ~ forg, 

where forg: CATfCAT ~ CAT is the forgetful 2-functor sending (A,F) to 

A, etc. Writing ~ for the arrow category 0 ~ i, we can regard 9, 

forg, and d I in (6.8) as constituting a 2-functor 

(6.9) @: CATfCAT ~ [~,CAT] 

sending (A,F) to dl: A(F) ~ A, etc. We can call O the augmgnted 

Grothendieck 2-functor. 

6.~ The results we need about the Grothendieck construction are 

most easily derived from the following theorem, which is a slight 

extension of Gray's "Yoneda-Like Lemma" on page 290 of [5]. 

Theorem 6.1 The 2-functor 9: CAT,CAT ~ [~,CAT] is 2-fully-faithful. 

Let 

A ( r ) ~  

A 

Proof. 

(6.10) ~ ~  A'(r,) 

~ A'  
T 

b e  a m o r p h i s m  i n  [ ~ , C A T ] .  We h a v e  t o  s h o w  t h a t  M = T ( T )  f o r  a u n i q u e  

I f  M i s  i n d e e d  T ( ~ )  we c o n c l u d e  f r o m  ( 6 . 5 )  w i t h  a = 1 A t h a t  

(6.11) M(A(Y) ) = TA(TAY) , 

(6.12) M(IA(Y) ) = ITA (TAy) , 

which fixes T A on objects and morphisms. Moreover if we define T A by 
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(6.11) and (6.12), the fact that M is a functor and the fact that the 

composite of iA<Y') and IA<~ is 1A(Y'~ show that T A iS a functor. 

Again, if M is T(T) we conclude from (6.5) with Y' = ra.Y and 

y : i that 

(6.13) M(a<Ira.Y) ) = Ta<(Ta)y) , 

which fixes the components of T a. If we define these components by 

(6.13), the naturality of T follows from the functoriality of M a 

together with the following equality, where y: Y ~ Y' in FA: 

iA,<ra.y) . a< ira.Y> = a<ira.Y,) iA<Y>. 

The fact that the typical morphism a(y) of (6.4) is the comp- 

osite IA,(y) . a(iFa.Y>, along with the fact that M is a functor and 

the definitions (6.12) and 0.13), now easily gives that M(a<y>) is 

(6.5). The lax naturality of T then follows by applying M to the com- 

posite a'(ir(a,a).y) . a(!ra.Y>. 

Now let ~: T(T) ~ T(T) be a natural transformation rendering 

commutative 

~(~) 

dl 3(7) dl 

T 

A q ~ 

We h a v e  t o  s h o w  t h a t  ~ = n (O)  f o r  a u n i q u e  8 .  

I f  ~ i s  i n d e e d  n (O)  we h a v e  by  ( 6 . 6 )  t h a t  

(6.15) ~A(Y) = nA<(eA)Y) ' 

which fixes the Y-component of 0. If we now define (0A) Y by (6.15), 

the naturality of 8 A follows from the naturality of ~ with respect to 

a morphism 1 A ~} ; and the fact that 8 is a modification follows from 

the naturality of U with respect to a morphism a (Ira.Y) . D 
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Remark 6.2 The above theorem could serve as well as Theorem 5.1 to 

complete the verification, in Corollary 5.2, that CAT#T and CAT~*T 

are 2-categories. 

6.4 As a result of the above theorem we have an isomorphism of 

categories 

(6.16) 

[ A(r) , A'(r') ] 
eATfCAT((A,r),(A',r')) ~ [~,eAT][dI! ~d I ] 

which is moreover 2-natural because it is given by the 2-functor @. 

There is an evident 2-functor (not full) 

(6.17) CAT × CAT -~ CATfCAT 

sending A,B to (A,B') etc., where B': A -~ CAT is the constant functor 

at B, composite of A ~ I and rBT: I -~ CAT. It is also clear that 

(6.18) @(A,B~) = A × 

i Pr 
A , 

and similarly on 1-cells and 2-cells. Putting (A',F') = (I,rB 7) in 

(6.16) therefore gives a 2-natural isomorphism 

(6.19) CATfCAT((A,r), (l,rB'~)) ~ CAT(A(F),B), 

which exhibits @ as the left-2-adjoint of the 2-functor r- -I of (3.13). 

(Note that, for categories C and B, we mean exactly the same by 

CAT(C,B) and by [C,B] .) The left side of (6.19) can equally be written 

as the left side of 

(6.20) ~A,CAT~(r,B!) ~ CAT(A(F),B). 

An object ~: r ~ B! of the left side of (6.20) is called a lax 

cocone over F with vertex B; Its components look like 

(6.21) 

ra!  JL ~a 
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So in view of (6.20) it is reasonable to call A(F) the lax colimit of 

F: A ~ CAT; this is in effect Gray's theorem on page 289 of [3]. 

We give the explicit form of (6.20). By (6.5), the image of 

~: F ~A~ ~!is the functor P: A(F) ~ B sending a~} to 

(6.22) y FA ~A 

a 

and by (6.6) the image of a modification p: ~ ~ ~ is the natural 

transformation ~: P ~ ~ whose A(Y) component is 

~A 

f ~ PA (6.23) I ~- FA .~B. 
Y 

By (6.11) - (6.13), or directly from the above, ~ is refound in terms 

of P by 

(6.24) SAY : P(A(Y)), sAy = P(IA(Y)), (~a)y = P(a(iFa. Y)); 

and p is refound in terms of w by 

(6.25) (OA) Y = ~A(Y} " 

6. 5 In (6.20), we describe functors with domain A(F). To get 

information about functors with codomain A(F), we can e~ther go back 

to the definition of A(F) as FII~F and use Propositions 4.1 and 4.2 

directly; or use (6.16) again, this time replacing (A,F) by (C,I!) and 

(A',F') by (A,F). In either case we get 

(6.26) CATfCAT((C,I~),(A,F)) ~ CAY(C,A(r)). 

An object of the left side of (6.26) consists of a functor T: C ~ A 

together with a lax n.t. T: I~ ~ FT (that is, a lax cone over FT 

with vertex I). A nicer-looking result is given by looking at the 

subcategories of both sides of (6.16) obtained by fixing the T of 
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(6.10). 

(6.27) 

In the general case this gives, for T: A -* A', 

A(r) , A'(r')l 

~ A , C A T ~ ( r , r ' T )  ~- CAT/A' Taxi  Sdl 

A' A' 

Making again the above substitutions of (C,I~) for (A,£) and (A,£) for 

~',£') this gives 

C , A ( r )  

(6.28) ~c,cAr](~,rT) ~ CAr/A T,t ~a~ 
A A 

We remark, without making use of the fact, that another expression for 

the right side of (6.28) is classical; by e.g. the proposition on page 

255 of Gray [3]  we have 

(6.29) [A,CAT](~T,F) ~ CAT/A 

c , A(r) 

T, I idl 
A A 

where the functor ~ sends T to the functor ~T: A ~ CAT given by 

(~T)A = T/~A ~, the ordinary comma category of T: C ~ A and FA~: I ~ A. 

6.6 Taking A = A' and T = i in (6.27) gives 

A(r) , A~r,) 
(6.3o) ~A,CAT~(r,r,)~ C,T/A d~l ~d~ 

A A 

If we define the 2-functor @A as the restriction of 9 given by 

(6.31) ~A,CAT] ~ CAT,CAT ~ CAT, 
@ 

and define 9A: ~A,CAT~ ~ CAT/A as the 2-functor defined by @ and sending 

£ to d1: A(£) ~ A, then (6.30) is the special case of Theorem 6.1 

asserting 

Proposition 6.3 9A i-9-s 2-fully-faithful. D 

We can look upon (6.20) as asserting that @A has the right adjoint 

B ~ Bt; and on (6.29) as asserting that the composite 



215 

(6.32) [ A , C A T ]  ~ ~ A , C A T ~  ~ C A T / A  
~A 

has left adjoint ~. 

7. THE MONOIDAL STRUCTU~ ON C A T f * C A T  

7.1 Consider the category CAT 0 o CAT0,where the first CAT 0 has as 

augmentation the inclusion CAT 0 ~ CAT, and the second CAT 0 is merely a 

category. Consider a typical morphism T[y] : A[F] ~ A'[F'] in 

CAT 0 o CAT0; it has the form 

(7.1) A 

A' 

Here A is a category, and F a functor from A to CATo, or equally to 

CAT; so we may identify the objects A[r] with the objects (A,[) of 

CATfCAT. We can then identify the morphism T[y] in (7.1) with the 

morphism (T,y): (A,F) ~ (A',F') of CATfCAT. Thus CAT 0 o CAT 0 may be 

identified with a subcategory of (CATfCAT)o: to wit, it has all the 

objects, but only those morphisms (T,T) for which the lax n.t. T is 

in fact an honest natural transformation y. This being so, there 

should be no confusion if we write 

(7.2) @: CAT 0 o CAT 0 ~ CAT 

for the functor obtained by restricting the 2-functor O of (6.1). 

Given functorsr: A ~ CAT and A: B ~ CAT, we write as usual AoB 

for the more precise (A,r)oB, and we define an augmentation functor 

E: AoB ~ CAT as the composite 

(7.3) AoB ~ C A T  0 o CAT 0 ~ C A T .  
FoA @ 
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Here F stands for the morphism (F, I) of CATf*CAT shown in 

(7.4) A F CAT o 

CAT • 

Thus FoA in (7.3) sends the typical morphism a[x] of AoB exhibited 

in (5.2) to the morphism 

(7.5) rA 

Fa 

FA' 

FA 

FA' 

B ~ CAT, 
A 

so that E sends a[x] to 

(7.6) r a ( a x ) :  r A ( a X )  ~ r A ' ( a x , ) .  

The basic result asserting that the image of the embedding 

¢ of (5.8) is closed under composition of endo-2-functors of CAT 

is now the following: 

Proposition 7.1 Given cate$ories A and B with augmentations F an d 

A, assign to AoB the augmentation E above. Then for C E CAT there is, 

2-naturally in C, an isomorphism 

( 7 . 7 )  a :  (AoB)oC ~ A o ( B o C ) .  

Proof A typical morphism of (AoB)oC is an a[x][p] : A[X][P]-~A'[X'I[P'I 

of the form 
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(7.8) A[ X] rA(AX)~ 
P 

a[ x] ra(Ax) I x!~/~p ~ , ~  C 

A'[X'] rA'(A 

where a[x] itself is the typical morphism (5.2) of AoB. 

By (6.19) or (6.20), to give P is equivalent to giving a lax 

n.t. 

(7.9) ~: AX qr~XA-~ C! 

where AX,C~: FA ~ CAT. If similarly P' corresponds to a', the 

2-naturality of (6.19) shows that P'.Fa(Ax) corresponds to the 

composite 

(7.10) FA ra = rA' ~ I 

CAT, 

that is, to ~'ra.AX. By (6.19) or (6.20) again, to give p is then 

equivalent to giving a modification 

(7.11) AX ~V~nAAAnA~ C! 

ax'.ra ~ C ! r a .  
~t 

ra 

Since however BoC is A~rC 7, to give the pair X: FA ~ B and 

is equivalent by Proposition 4.1 to giving a functor 

(7.12) Z: FA ~ BoC. 

If similarly the pair X',~' corresponds to Z': FA' ~ BoC, then by (4.4) 

the pair X'.Fa, ~'Fa corresponds to the composite 

(7.13) FA ~ rA' ~ BoC. 
ra z' 
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Now by Propositlon 4.2 to give the pair x,p as in (7.11) is equivalent 

to giving a natural transformation z of the form 

(7.14) 

Fa 

FA' Z' 

B ° C 

We henceforth write Z,z as 

(7.15) Z = X[P] , z = x[p] ; 

and we define the isomorphism a by 

(7.16) a(a[x][p]) = a[x[p]] 

It has of course to be verified that a respects identies - this 

is obvious - and composites. If we compose (7.8) with a'[x'][p'] : 

A'[X'][P'] ~ A"[X"][P"] to get a"[ x"] [ p"] , we actually have 

p" = p'FA(AX).p. By the 2-naturality of (6.19), P'FA(AX) corresponds 

to ~' Ax when we take account of what horizontal composition of ra " 

2-cells means in CATSCAT. Since (6.19) is functorial, it follows that 

the P" corresponding to p" is the composite 

AX ~ C~ 

Ax o 

AX~ Fa ~ C ~ Fa 

Fa 

~X'ra I 
P ' F a  

AX". Fa'. Fa ~vw~vv~w~ C ! Fa ' . Fa. 

Fa'.Fa 

It now follows easily from (4.8) that z" = Z'Fa.Z , as required. 

Finally we have to verify the 2-naturality of a in C. First, 

if we compose (7.8) with R: C ~ C' then ~,0 are replaced by their 

composites with R~: C! ~ C'! by the 2-naturality of (6.19), and it 
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follows by §4.2 that (7.14) is replaced by its composite with BoR. 

This is the naturality of a. For its 2-naturality we Just take the 

domain A[X][P] of (7.8) and compose it with 

R 

C ~ C ' ,  

R 

t o  g e t  t h e  m o r p h i s m  1 A [ 1 1 ( ] [ ~ p ] ,  and  a p p l y  a t o  t h i s .  The c o r r e s p o n d i n g  

"0"  i s ,  by t h e  2 - n a t u r a l i t y  o f  ( 6 . 1 9 ) ,  g i v e n  by 
R: 

AX ~ C'~C'' 

so that by §4.2 it easily follows that a sends IAIIx]I~p] to 

BoR 

FA ~- BoC~ ~B~ ~BoC', 
Z 

BoF~ 

as required. O 

We record the detailed form of a more explicitly than by (7.16) 

by using Propositions 4.1 and 4.2, along with (6.24) and (6.25), to 

describe explicitly Z = X[P] and z = x[p] . Namely Z sends the morph- 

ism ¢: n ~ n' of FA to 

(7.17) Xn 

x~ 
Xn ' 

AXn a ~  

ax¢l C 

AXn' an' 

and z has n-component 

(7.18) Xn A Xn 

x n Ax n ~ On C 

X'.Fa.n AX'~a.n 

where, for y: Y ~ Y' in AXn, 



(7.19) 

(7.20) 

7.2 
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~n Y = P(n<Y> ), any : P(in<Y>), (~¢)y : P(¢(IAx%.y)), 

(On)Y = Pn<Y) " 

We now get automatically the desired monoidal structure on 

CATf*CAT. First, by Theorem 5.1, there is a unique way of making 

(7.21) o: CATf*CAT × CATf*CAT ~ CAT/*CAT, 

which is so far only defined on objects, into a 2-functor such that the a of (F.7) 

is 2-natural in (A,F) and (B,A) as well as in C. Using the explicit 

forms (7.17) - (7.20) above, and (5.10), (5.13), and (5.20), it is a 

purely mechanical process to calculate 

(7.22) (T,T)o(S,o): AoB ~ A'oB' 

and 

(7 .23)  ( n , e ) o ( C , ~ ) :  (T ,T)o(S ,g )  ~ ( T , [ ) o ( ~ , ~ ) .  

One part of the calculation is easy: if 

(T,T)o(S,c) = (N,v) and (n,@)o(~,@) : (~,~) (7.24) 

then 

(7.25) N = (T,T)oS and ~ = (n,@)o~; 

this follows on observing that the I-component of the a of (7.7) is 

clearly 

(7.26) (AoB)ol - -  AoB ----IT Ao(BoI) 
r Aor 

where r: AoI ~ A is the 2-natural isomorphism of (5.22). For the 

calculation of v and ~, however, we have to follow through the above 

process, and I merely give the results. 

v is to be a lax n.t. 

(7.27) AoB (T,~)oS= A'oB' 

CAT " ~ ]  
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where E is given by (7.6) and E' analogously. Take a[x] : A[X] -* 

A'[X'] in AoB as in (5.2), and write Ta[w]: TA[W] -~ TA'[W'] for its 

image under (T,T)oB, as displayed on the right side of (5.19). Then 

its image under (T,T)oS is Ta[Sw] : TA[SW] -* TA'[SW'] as in (5.4). In 

view of (7.6), the v we want is to have components 

(7.28) F'TA(A'SW) vA[X] 

H 

(A' Sw) ~Va[ x] F f Ta 

F'TA' (A'SW') 

vA'[X'] 

Now we have 

~-FA(AX) 

i ra(ax) 
rA'(AX') 

(7.29) 

r'TasF, A' ~ w ~ ' B  A 7 CAT, 

whence as in (2.8) we get 

CW 
(7.30) A'SW ~ AW 

A'SW'.F'Ta ~ AW'.F'Ta. 

aW,.F,Ta 

Since W = XT A by (5.19), the pair (TA,~ w) is a morphism 

(F'TA,A'SW) ~ (FA,AX) in CATfCAT, and it turns out that we have 

(7.31) vA[X] = TA(~W) . 

The top leg of (7.28) is therefore (recalling the meaning of composit- 

ion in CAT[CAT) Fa. TA(AXTA.oW) , while the bottom leg is 

'Sw) Since by (5 19) w X'Ta.xTA we can write TA,.P'Ta(oW,.F,Ta.A • . = , 

(7.30) as 
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(7.32) 
AXT A 

A'SW ~ AW )- AX'.Fa.T A 

A'SW'.F'Ta ~ AX'.~A,.F'Ta, 

~W ' . F' Ta 
which exhibits 

(Ta,Ow): (Fa. TA,AXTA.aW ) ~ (TA,.F'Ta,¢w, F,Ta.A'Sw) 

as a 2-cell in CAT,CAT. It turns out that we have 

(7.33) Va[x] -- Ta(Ow). 

It remains to give the modification @ in 

E'~ 
(7.34) E'N ~ E ' ~  

E 

The A[ Xl -component of v is TA(e W) by (7.31); that of ~ is ~A(~_); 
W 

here W = XTA, W = X~ A. The A[X]-component of ~, that is of (~,@)o~ by 

(7.25), is ~A[~X~A.F,DA.SX@A] by (5.5); hence that of E'~ is 

r'~A(&'~X~A.F,~A.A'SX@ A) by (7.6). Thus the A[X]-component of ~.E'~ 

is 

. - .A' 'SXO A) (7.35) ~A F'~A(°X~A.F'~ A ~X~A.F'~A'A " 

The A[X]-component of @ is to be a 2-cell from TA(O W) to (7.35); it is 

in fact given by 

( 7 . 3 6 )  @A[X] = @A(¢X@A) " 

Here @X@A is the modification 
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(7.37) A,SXT A ~ A,SX~A.r,~A 

I I 
AXT A ~ AX~A.r'n A 

AXg A 

obtained as in (2.10) from ¢: a ~ ~.A~ and XeA: XT A ~ X~A.r'nA; it is 

clear that the pair (eA,¢X@ A) is indeed a 2-cell in CATfCAT with the 

right domain and codomain. 

7.5 Some comments now about the 2-functor (7.21) whose explicit 

form we have just given. Let us embed CAT 2-fully in CATf*CAT by 

identifying A with (A,0~) where 0~ is the constant functor at the 

empty category 0. Then if B C CAT, so that A : 0!,we have for all 

A[X] that rA(AX) = FA(O~) = 0, so that E: AoB ~ CAT is also 0~, and 

AoB E CAT. Hence the 2-functor o of (5.1) is just the restriction of 

the 2-functor o of (7.21). 

The expressions we have given for (T,T)o(S,a) and (~,@)o(C,@) 

above simplify when, as in many important examples, T and a are honest 

natural transformations, not lax ones, and e and @ are identities; 

this is necessarily so for instance when the augmentations r and A of 

A and B factorize through SET c CAT. For then, using r in the two 

senses of (7.4), it is the case that T = (T,I) is a 2-cell 

(A,r) ~(CATo, incl) 
F 

in CATf*CAT, and the v of (7.27) is the composite 

(7.39) ~...~A,oB,~ 
Ao;T~Da'J~T°°~CA~0oCAT0 ~cA, ,  

FoA @ 

while the @ of (7.34) is, by (7.36), the identity again. 

There is a further simplification when we suppose that T and 
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also are identities, so that we are working in the sub-2-category 

CAT/CAT of CATf*CAT; then v too is an identity by (7.31) and (7.33). 

In other words CAT/CAT is closed under o; and ToS, ~°~ unambiguously 

denote the composites in (7.24) or (7.25). 

7.4 That o is coherently associative with an identity, making 

CATf*CAT a monoidal 2-category, follows from Proposition 7.1 since 

[CAT,CAT] is a strict monoidal 2-category with composition as its 

"tensor product". Turning first to the identity for o, we see at 

once that it may be taken to be the object 

(7.40) I : (I,~) 

of CATf*CAT; for (5.24) gives a 2-natural isomorphism l: JoC ~ C 

for C e CAT, so that Jo- is isomorphic to i E [CAT,CAT]. (Note that, 

while in general we write n for the discrete category with n objects, 

and in particular 0 for the empty category, we write I rather than I 

to avoid confusion with identity maps. Note also that, since we 

identify A E CAT with (A,0!) E CAT~*CAT, and in particular I with 

(l,~0m), we need to distinguish I from J = (l,rl~).) 

From Proposition 7.1 we now get well-determined 2-natural 

isomorphisms 

(7.41) l: JoA ~ A, r : Aoj ~ A 

for A E CAT~*CAT. It is clear that the functor-part of I is the l 

above, that of (5.24), sending ,[raT] to a; and that the functor-part 

of r is what we called r in (7.26), that of (5.22), sending a[l,~] to 

a. However, as morphisms in CATf*CAT, 1 and r involve also lax n.t.'s 

and p as in 

(7.42) 
1 & 

J ° A  ~ A A oJ ~ A 

CAT , C A T ,  
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where A,E are the appropriate au~entations. As we have defined things 

and p are not identities, only isomorphisms; for e.g. by (7.6) 

A(*[~]) = I(rFA I) which, while isomorphic to rA, is not the same as it. 

Again Proposition 7.1 gives a well-determined 2-natural 

isomorphism 

( 7 . 4 3 )  a: (AoB)oC ~ Ao(BoC)  

for A,B,C E CATf*CAT; the coherence of a,l,r is automatic; and clearly 

the functor-part of a is just the a of (7.7). Once again, however, its 

other part a , 

(7.44) (AoB)oC a ~ Ao(BoC) 

CAT , 

is only an isomorphism, not an identity. This is true even if the 

augmentations F,A,E of A,B,C factorize through SET C CAT; M(A[X][P] ) 

and N(AfX[P]] ) are different sets, in the same sense that, for sets 

U,V,W, the sets (U × V) x W and U × (V x W) are different sets. 

7"5 This failure of ~,p,~ to be identities is of importance, and 

we look at it more closely. 

The whole failure arises, as it were, from the special case 

A = B = C = CAT0, where (7.42) and (7.44) take the forms 

(7.45) 1 JoCAT o ~-CAT o,  

OAT o o CAT ° 

CATooJ r ~ CATo 

CATo°CAT o 



(7.46) (CAT 0 o CATo)oCAT o 

@°1 l 

CAT o o CAT o 
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a 
CATo o (CATo o CATo) 

~I I°9 

CAT o o CAT o 

CAT o 

For example, the diagram (7.44) is just the result of pasting on to 

the top of (7.46) the commutative diagram 

(7.47) (AoB)oC a 

(roa)oS 

(CAT ° o CATo)OCAT ° 
a 

To see this, recall that M is 

Ao(BoC) 

Tro(AoE) 

CAT 0 o (CAT 0 o CAT0). 

@.9oI.(FoA)oE by (7.3), with a 

corresponding value for N; recall that the a of (7.43) is natural; 

express this naturality with respect to F,A,E regarded as morphisms as 

in (7.4); and use the observation at the end of §7.3 that 

(F,I)o(A,I) = (FoA,I), etc. Similar observations can be made for 

and p. 

It is easy to calculate precisely the X,p,~ of (7.45) and 

(7.46). First, they are not merely lax natural, but honest natural 

isomorphisms; so we need only look at their values on objects. First, 

for A E CAT, the top leg of the left diagram in (7.45) sends *[A] 

to A, and the bottom leg sends it to l(rA1); ~*[A] is the canonical 

isomorphism A ~ I(rAT). Next, the top leg of the right diagram in 

(7.45) sends A[ !] to A, while the bottom leg sends it to A(I~); 

PA[~] is the canonical isomorphism A ~ A(I~). Finally, consider the 

effect of the two legs of (7.46) on A[F][A] where £: A ~ CAT and 
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A: A(F) ~ CAT. The top leg sends it to A(E), where E = @(F[A]); the 

bottom leg to A(F)(A). If we write Z for F[A]:A ~ CAT 0 o CAT 0 , it 

follows from (7.17) that E = @Z sends a: A ~ A' to 

Fa(Ba): FA(6 A) ~ FA'(BA,) where, for y: Y ~ Y' in rA, 

(7.48) 6A(Y) = A(A{Y)), 6A(Y) = A(IA{Y)), (@a) Y = A(a(IFa.y)). 

The isomorphism ~ = ~A[F][A] : A(E) ~ A(F)(A) is now easily written 

down; an object of A(E) is A(K) where A E A, K: I ~ EA = FA(BA); K 

corresponds to Y(L) where Y E FA, L: I ~ BAY; an object of A(r)(A) is 

A (Y) (L) where A(Y) E A(F) and L: I ~ A(A(Y)) = BAY; similarly for 

morphisms. 

So ~,P,~ fail to be identities in the most trivial way; if we 

take A to be discrete, £ to be constant at the discrete category B, 

and A to be constant at the discrete category C, the above component 

of ~ is in effect the isomorphism (A x B) x C ~ A x (B x C). However 

they do fail to be identities, and as a result, as we see by (7.45) 

and (7.46), CAT 0 fails to be a monoid in CATf*CAT; so that CAToO- 

fails to be a doctrine; it is only a pseudo-doctrine (cf. [12], §1.5 

and §3.5). The same is true of the more realistic "doctrine" Cat0o-; 

and hence of the "doctrine" whose algebras are categories with small 

colimits, which Kock [13] shows to be a quotient doctrine of Catoo-. 

The pseudoness here is a fact of life; Zoberlein in his thesis 

[20] accepts it and gets involved in the whole complexity of pseudo- 

doctrines. Perhaps this is the right thing to do; but it daunts me 

totally, and I shall avoid it as long as I am able. To do this I 

follow Kock's thesis [13], where he considers categories with small 

colimits indexed only by specially chosen isomorphs of small cate$ories. 

I am the more inclinedto do so since, when we specialize the small 

categories to be finite sets, we get what is obviously the "right" 

setting for the corresponding coherence problems. 

We therefore set about to modify the above in such a way that 
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~,X,p become identities; we do so by replacing CATS*CAT by a 

sub-2-category CAT#*cat. We could define a club to be a o-monoid in 

CAT#*CAT, but it will be simpler if we use the name only for a 

o-monoid in CAT,*cat. 

8. THE MONOIDAL STRUCTURES ON CATS*cat AND CAT~*T 

8.1 Up until now size considerations have clearly been of no 

importance, and we have not hesitated for instance to write CAT~CAT 

(meaning of course CAT/~AT~). As we now wish to move back step-by- 

-step towards more practical situations, we should in any case want 

at this stage to consider CATf*Cat rather than CATf*CAT; that is, to 

deal with those (A,F) for which each FA is a small category. This 

however would not be enough to make identities of the isomorphisms 

~,p,~of §7.5, so we go further. 

We write set for the full sub-category of get determined by 

those small sets that are in fact ordinal numbers. We write cat for 

the full sub-2-category of Cat determined by those small categories A 

such that IAI = obA is an ordinal number and moreover each hom-set 

A(A,B) is an ordinal number. We are led to use this 2-category cat 

because Kock's thesis [13] showed its success in overcoming our 

difficulty about ~,p,~; but it is in fact an entirely reasonable thing 

to do in analogy with §1.4 above, where the "types" FA were not 

arbitrary finite sets but elements of ~, i.e. finite ordinals. 

More generally we are going to let Y denote a sub-2-category of 

cat, not necessarily full on morphisms, but at any rate full on 2-cells. 

As in §5.4, CAT#*T is then a sub-2-category of CATS*CAT , full on 

2-cells, and full on 1-cells when Y ~ cat is so. Similarly CAT~T is a 

sub-2-category of CAT,CAT. Recall too that, if L is a full sub-2- 

-category of CAT, L~T denotes the obvious full sub-2-category of 

CATfT, and similarly for Lf*T. 



229 

Of course we get the restriction 

(8.1) o: CATf*T × CAT ~ CAT 

of the 2-functor o of (5.1); and as pointed out in §5.4 nothing in 

§5 needs changing when T is full in cat. The non-trivial 

modifications we are going to make concern the Grothendieck 

construction of §6. 

8.2 In place of the @ of (6.1) we define a new Grothendieck 

2-functor 

(8.2) @': c a t f c a t  ~ ca t  

which is an isomorph of the restriction of @ to c a t , c a t .  To do this 

it suffices, when A E cat and F: A ~ cat C CAT, to give an object 

@'(A,F) in cat and an isomorphism ~: @(A,F) ~ @'(A,F). We then use 

this isomorphism to transfer to @' the 2-functor structure of @. 

We begin by giving the restriction of @' to set,set . For 

A E set and r: A ~ set, @(A,F) is the discrete category with objects 

A (Y) where A E A, Y: I ~ FA. These objects can be ordered lexico- 

graphically: A(Y) < A' (Y') if A < A' or if A = A' and Y < Y' 

(regarding Y,Y' as elements of FA). Then @(A,F) is a well-ordered 

set. We define @'(A,F) to be the corresponding ordinal, and 

~: @(A,F) ~ @'(A,F) to be the unique order-isomorphism. 

Now let A C cat, F: A ~ cat. Define IFI: IAI ~ set by 

IFIA = IFAI. We define @'(A,F) to be B where 

(8 .3 )  IBI = Q ' ( I A I , I r l ) ,  

(8.4) B(~A(¥~, ~A'~Y'~) = O'(A(A,A'),Z), 

where Za = FA'(Fa.Y,Y'). 

There is an obvious isomorphism of categories ~: @(A,F) ~ @'(A,F), 

as desired. Clearly the @' we have defined on setfset is the 

restriction of this @' on catfcat. 

We now simplify by changing our notation. When there is no 
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danger of confusion, we henceforth write 0 for @', A(Y} for wA(Y) , and 

a(y) for wa(y) . We also use the parenthesis notation again, with A(F) 

for O'(A,F), etc. 

8.3 Returning now to §6, we see that there is little to change 

when the 0 of (6.1) is replaced by the @', now itself called @, of 

(8.2). Of course a(y) is now not (6.4) but its image under ~, but 

(6.4) continues to represent it well. The 0 of (6.9) becomes 

0: catfcat ~ [~,cat] C [~,CAT]; and Theorem 6.1 continues to hold for 

this new 0. Similarly we still have (6.16) and its consequences (6.19), 

(6.20), and (6.26) - (6.31), as well as Proposition 6.3. 

We can go further. Let T be a full sub-2-category of cat that 

is closed under the Grothendieck construction. By this we mean that 

A(r) E T if A C T and if F: A ~ cat factorizes through T c cat (we then 

write F: A ~ T). Then for the same reasons all the above results of §6 

remain true with CAT replaced not only by cat but by T. Examples of 

such T are set; the full sub-2-category ord of cat whose objects are 

categories A E cat which are ordered sets (i.e. A(A,A') = 0 or i); and 

the full subcategory S of set determined by the finite ordinals (the 

case of §1.4). 

Those results of §6 depend of course on the fullness of T in 

cat. But we can at least define @: TfT ~ T and O: TfT ~ [~,T] for 

certain non-full sub-2-categories T of cat: although we always require 

fullness on 2-cells. For this we need not only that A(£) E T when 

A E T and F: A ~ T, but also that T(T) is a morphism in T when T is a 

morphism in T and each T A is a morphism in T. The only cases that will 

concern us are that where T = P, the subcategory of S with the same 

object-set ~ but with permutations as its only morphisms - this is the 

case of ~1.3 - and the case where T is the discrete category N itself. 

8.4 Coming now to §7, and taking a T C cat as above, not 

necessarily full, we can again regard T O o T O as a subcategory of 

(Tf*T)o, and as in (7.2) define the restriction 
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( 8 . 5 )  8 : T  0 o T O ~ T O 

of @; of course when Tis just a category, as in the cases set, S, 2, 

this is no restriction of @ but is @ itself. Note in particular that 

(8.5) is the restriction of @: cat 0 o cat 0 ~ cat O. 

Then for (A,F), (B,A) E CATf*T, the analogue of (7.3) becomes 

E: AoB ~ T given by 

(8.6) AoB ~ TooT 0 ~ T,  
roA O 

exhibiting AoB as an object of CATf*T, where o is the restriction (8.1) 

of (5.1). Since we have done no more than replace AoB by an isomorph 

in CAT[*CAT, we still have Proposition 7.1; even the explicit 

description in (7.17) - (7.20) of the a of (7.16) does not change, 

modulo of course the new meaning of n(Y) etc. in (7.19) and (7.20). 

As a result we get in analogy to (7.21) an extension 

(8.7) o: CAT~*T x CAT~*T ~ CATf*T 

of (8.1) when T i s  full in ca t ;  and moreover the o of (8.7) is just the 

restriction of its value 

( 8 . 8 )  o :  CATf*cat  × CATf*cat  ~ CAT~*cat 

for T = c a t .  Of course the detailed descriptions of this 2-functor 

in §7.2 also hold unchanged, again modulo the new meanings of ~A(oW), 

etc. 

When T is not full in cat we cannot conclude the same directly 

since we then lack the analogue of Theorem 5.1. Nevertheless we still 

do get (8.7); we have only to check that, for the v of (7.24),each 

vA[X] lies in T; but by (7.31) this is TA(~W); and T A is a morphism 

in T by hypothesis; each (~W)n = oX~An for n E r'TA is also a 

morphism in T by hypothesis; whence the same is true of TA(O W) since 

T is closed under the Grothendieck construction. 

The expressions for a,l,r are also unchanged, as far as their 

functor parts go. However the a,k,O of §§7.4 and 7.5 are now 



232 

identities, since before replacing @ by @' they are order-preserving 

isomorphisms of categories. Hence we have what we want. In 

particular a,l,r actually live in CAT~cat O, or in CAT~To; and we 

recall from §7.3 that these latter 2-categories are also closed under 

the 2-functor o. We sum all this up in the following theorem: 

Theorem 8.1 CATS*cat is a monoidal 2-category with tensor product. 

o given by (8.8) and described explicitly in §7.2; with identity 

j = (l,rl~); and with a,l,r as described in §7.4. It contains CATa__ss 

a full sub-2-cate$ory when we identify A with (A,0');and o restricts 

t_~o o: CAT f'cat x CAT ~ CAT. The corresponding 

(8.9) ¢: CAT~*cat ~ [CAT,CAT] 

i_~s 2-fully-faithful, and is a strong monoidal functor (sending o t__o_o 

composition~ to within isomorphism). The monoidal structure on 

CAT,*cat restricts to the sub-2-category CATf*T~ and also to the 

sub-2-categories CAT~cat 0 and CAT~To, when T is closed under the 

Grothendieck construction. Moreover the restriction of (8.9) given 

bY 

(8.10) ¢: CAT[*T ~ [CAT,CAT] 

is still 2-fully-faithful when T i s  2-full in c a t .  D 

Note that the o of (8.8) is not the restriction of that of 

(7.21); it is only isomorphic to this. 

9. THE CLOSED STRUCTURE ON CAT/T 0 

We have said that we shall use the word club in general to 

denote a o-monoid in CATf*cat, which may happen to lie in some 

smaller CATf*T, and which by Theorem 8.1 is essentially the same 

thing as a doctrine whose functor-part lies in the image of the ¢ 

of (8.9) (or of (8.10)). The original clubs however, described in §i 

above, and arising from coherence problems, were o-monoids in the 
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non-full sub-2-category CAT/cato, often in a smaller CAT~To, and in 

particular in CAT/~ or CAT/~. Because these clubs are of especial 

practical importance, we now look more closely at the monoidal 

structure on CAT~To, and show that it is in fact closed (but not 

biclosed). 

Consider f~rst the relation between several such 2-categories. 

Let T C T' C aat where T, Y' are closed under the Grothendieck 

construction. Then, whether T and T' are full in cat or not, the 

inclusion 2-functors 

(9.1) C A T / T  0 ~ CAT/T~ ~ C A T ~ c a t  0 

are full (which is not the case when / is replaced by f*). Moreover 

each has a right 2-adjoint. If we write i: T ~ T' for the inclusion, 

and write the first 2-functor in (9.1) as i,, then it has the right 

2-adjoint i sending (C,E) to its pullback (B,A) along i as in 

(9.2) B 

A 

T 
i 

Next, the restriction 

i 
= C 

T~ ° 

(9.3) ¢': C A T ~ c a t  o ~ [CAT,CAT]  

of the ¢ of (8.9) is certainly not full; nor of course is its further 

restriction 

(9.4) ¢': C A T / T  o ~ [ C A T , C A T I .  

What is the case, however, is that (9.3), and hence also (9.4), have 

right 2-adjoints -- recall from the end of §5.3 that this was not the 

case for ¢ itself; rather there it was "as far from true as it could 

be". 

We define a 2-functor 
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(9.5) ~: [ C A T , C A T ]  ~ C A T / T  
o 

• . ~ CAT which shall be the right adjoint of the~' of (9 4) Let k: T O 

be the inclusion, and define Y as the composite of the 2-functors 

( 9 . 6 )  [CAT,CAT] ~[To,CAT] ~ ~To,CAT] _~CAT/To,  
[ k , 1 ]  q 0 

where the middle 2-functor q is just the inclusion, and O is OT0 in 

the sense of (6.31) (the original, unmodified, O). We observe that, 

in view of (6.32), we are asserting that ¢' is the composite of 

~: CAT/T 0 ~ [T0,CAT] and the Kan right 2-adjoint of [k,l] ; but it 

seems to be just as easy to establish the present result without 

reference to ~. We state it formally: 

Theorem 9.1 T is right 2-adjoint to 0' 

Proof We have to give a 2-natural isomorphism of categories 

01 ( 9 . 7 )  ~:  CAT/T 0 £ ' ~d I [ CAT, CAT] (Ao-,D). 

T o T o ] 

In view of (6.28), we need therefore an isomorphism 

(9.8) Wl: ~A,CAT](I!,Dkr) ~ [CAT,CAT](Ao- ,D) .  

We might as well, as we have constantly been doing, write £ for kr. 

So now r: A ~ CAT, and we seek an isomorphism 

(9.9) ~ i :  [ A , C A T D ( I : , D F )  -~ [ C A T , C A T ]  (Ao-,D). 

For a: I! ~ DF we define w ~ to be G: Ao- ~ D whose 
i 

B-component GB: AoB ~ DB is the functor sending the typical morphism 

a[x] of (5.2) to 

(9.10) ~A ~ DFA ~ DX 

a A , ~DrA ' ~ DX ' 

conceived of as a morphism in DB. For a modification 
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0: ~--~': I! ~ DF we define ~ip to be the modification ~: G ~ G' 

whose B-component ~B: GB ~ G'6 is the natural transformation with 

A[ X] -component given by 

(9.11) I ~ J~ pa~DFA ~ DB. 
DX 

~'A 
It is clear enough that G B is indeed a functor, and scarcely 

harder to see that ~B is indeed a natural transformation. We leave 

to the reader the easy proof that G is 2-natural, that ~ is a 

modification, and that wl is a functor. 

One next shows that Wl is an isomorphism; given G: Ao- ~ D, 

one argues pretty much as in the proof of Theorem 5.1 to show that G 

arises as above from a unique ~; for example (9.10) shows we must have 

(9.12) ~A = GrA(A[IrA] )' ~a = GFA'(a[ira] )' 

and we use the 2-naturality of G to show that a is lax natural and 

that G is w (~). Similarly (9.11) shows that we must have 
1 

( 9 . 1 3 )  0A = ( ~ r A ) A [ I F A ]  ; 

and we verify that p is a modification with ~l(p) = ~. 

I have no really short way of verifying the 2-naturality of 

the isomorphism w thus established; conceptual proofs would take us 

into extensions for which we have no other use; i myself have found it 

easiest to verify the 2-naturality of the inverse -1, by direct 

calculation using (9.12), (9.13), and our detailed knowledge of (6.28).[ 

I have given the above proof in outline only, because I make 

no really central use of the theorem. I note here that the above 

theorem provides a new proof of Theorem 5.1, by specialization to the 

case where D = Bo-; it is a kind of generalization of Theorem 5.1. I 

note further that, just as Gray on page 290 of [31 calls our Theorem 

6.1 "Yoneda-like", so too is this theorem "Yoneda-like"; it purports 



236 

to give 2-natural transformations Ao- ~ D in terms of special 

"universal" components as in (9.12), just as the V-Yoneda lemma allows 

us to determineaV-natural transformation A@- ~ D in terms of a 

universal element A ~ DI. 

9.2 We have said that CAT/T 0 is a closed category; 

-oB: CAT/T 0 ~ CAT/T 0 has a right adjoint {B,-): (CAT/To)°P ~ CAT/T 0 • 

We have also said that it is not biclosed; Ao- has no right adjoint. 

Let us dispose of this latter point first. 

If Ao- had a right adjoint, it would preserve the initial 

object 0 ~ T O of CAT/T 0 . Yet Ao0 has as objects those pairs A[I 0] 

where £A = 0; it is therefore isomorphic to the fibre of £: A ~ T O 

above 0; which need by no means be 0. 

What we are claiming is that there is a 2-functor 

(9.14) { , }: (CAT~To)°px CAT/T o ~ CAT/T o 

such that we have 2-naturally 

( 9 . 1 5 )  CAT/To(AoB,C)  ~ C A T / T o ( A , { B , C } ) .  

The case of greatest importance for us is that where B,C E CAT C CAT~To; 

and here it is particularly simple to give {B,C} So for the moment 

we are looking at 

(9.16) CAT(AoB,C) ~ CAT/To(A,{B,C} ) 

for A E CAT~To, B,C E CAT. 

The left side of (9.16) is the same as [CAT,CAT](Ao-,D), where 

D is the right 2-Kan-extension of rCT: I ~ CAT along rB~: I ~ CAT, 

that is to say, 

( 9 . 1 7 )  D = [ [ - , B ] , C ]  : CAT ~ CAT. 

This is obvious without explicit reference to Kan extensions; we have 

using 2-Yoneda, and writing E for Ao-, 
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(9.18) tCAT,CATI(E,[[-,BI,CI) i 2-nat(En,[[n,Bl,Cl)  

2 -na t ( [n ,Bl , [En ,Cl )  

[EB,CI 

= C A T ( A o B , C ) .  

It follows from Theorem 9.I that we have (9.16) where 

(9.19) { B , C }  = VD = V[[-,BI,Cl.  

In view of the definition (9.6) of ~, we have the following descript- 

ion of {B,C}. An object consists of n E T O together with a functor 

T: [n,B] ~ C; which latter we may equally write as T: B n ~ C. A 

morphism consists of %: n ~ n' in T O together with a natural trans- 

formation 

(9.2o) B n 

j ~  

B n ' . ~ ~  

C. 

This last is precisely what we called, in §1.3 in the case T = ~, or 

in §1.4 in the case T = ~, a natural transformation T ~ T' of type 

: n ~ n'. So {B,C} is a "rich functor category", with objects 

(n,T: B n ~ C) and morphisms (~,f) as in (9.20). The augmentation 

(B,C} ~ T O of course sends (n,T) to n and (~,f) to ~. 

In fact one scarcely needs to appeal to Theorem 9.1, whose 

proof after all we have only sketched, in this case. With {B,C} 

defined by (9.19), we know from (6.28) that a functor H: A ~ {B,C} in 

CAT/T 0 corresponds to an ~: I! ~ [[F-,B],C]; the components 

[[r gl~i ,C] 

[r a,B] ,Cl 

[It A',BI ,Cl 
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clearly may be written as 

[ra,Bl 

[ FA,6] 

[ r i , , B I ~ ~ A  , 

C~ 

and evidently correspond to a functor F: AoB ~ C, sending A[X] to ~A X, 

etc. We leave the reader to verify the following explicit description 

of the isomorphism (9.16), which can be used to provide a third, 

totally direct and elementary, proof of the isomorphism. 

9.3 The F: Ao6 ~ C and the corresponding H: A ~ {B,C} are connected 

as follows. H sends a: A ~ A', where FA = n, FA' = n', ra = ~, to 

(9.20) where 

( 9 . 2 1 )  TX = F ( A [ X ] ) ,  Tx = F ( 1 A [ X ] )  , f x '  = F ( a [ 1 x ' ¢ ] ) "  

To g i v e  F i n  t e r m s  o f  H, l e t  H s e n d  a :  A ~ A '  t o  ( 9 . 2 0 ) .  T h e n  ( 9 . 2 1 )  

gives F on objects; it also gives F on morphisms since the generic 

morphism a[x] of (5.2) is the composite 

(9.22) A[Xl = A[ X'¢]------~ A'[ X'l. 
IA[ x! a[ IX,C! 

This suggests making an abbreviation which goes against the 

usual convention that the name of an object can be used as the name of 

its identity morphism. We do this because, especially in §i0 below, 

the notational advantages outweigh the disadvantages. 

We elect then to abbreviate the morphism IA[ x] of AoB to A[x], 

but the morphism a[ix,@] ~ where a: A ~ A' with Fa = @, to a[X'] . Then 

(9.22) gives the generic a[x] as 

(9.23) i[x] ~ A[x,¢] ~ A,[x'], 
A[ x] a[ x' ] 
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and (9.21) gets re-written as 

( 9 . 2 4 )  TX = F ( A [ X l ) ,  Tx = F ( A [ x ] ) ,  f x '  = F ( a [ X ' l ) .  

Next, we consider a natural transformation O: F ~ F, and the 

corresponding ~: H ~ H in CAT/T 0 . Writing again T for HA and T for HA, 

we have T = HA 

(9.25) B n C, A 

and it is given by 

(9.26) (°A)x = °A[Xl" 

9.4 We now give {B,C},or more exactly {(B,A)~C,E)}, in the gener- 

al case where (B,A), (C,E) E CAT/T 0 . Just for the moment write TB, C) 

for the original {B,C} of §9.2 when the augmentations of B and C are 

discarded (or replaced by the trivial ones), so that B,C E CAT. Then 

{B,C} = {(B,A),(C,E)} is to be a subcategory of {B,C}. 

Recall that we have 0: TfT ~ T. For n E T O define a functor 

Yn: Ton ~ TO by 

(9.27) Yn(m) = n(m), Yn(~) = n(~) = in(~), 

where ~: m ~ m' in TOn. For v: n ~ n' in T O define a natural 

transformation 

(9.28) 

o |  o 

T O n ~  
whose m'-component (Yv)m,: n(m'v) ~ n'(m'), where m': n' ~ T 0, is 

given by 

(9.29) (Yv)m, = v(m') : V(im,v)- 

Note that in (9.27) and (9.29) we have used the same conventions 
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with round brackets as we introduced in §9.3 with square ones: 

in(~) is written n(u) but V(im,v) as v(m'). 

Now an object of {B,C} is a pair n,T where n @ Y and where 
0 

T: B n ~ C renders commutative 

( 9 . 3 0 )  - sn T ~- C 

TO n ..... y ~ T O ; 
n 

a morphism from n,T to n',T' consists of 4: n ~ n' in Y and a natural 
0 

transformation f as in (9.20), satisfying 

(9.31) B n 

B @ ~ ~  

B n ' 

We now state formally: 

n 

An' 

Theorem 9.2 There is a 2-adjunction 

(9.24) CAT/To(AoB,C) ~ CAT/To(A,{B,C}). D 

We have not given the proof in the general case; it is a very easy 

matter to get it once we have the special case where B,C C CAT ; one 

has only to check that a functor AoB ~ C (or a natural transformation) 

is consistent with the augmentations if and only if the corresponding 

A ~ {B,C} lands in the subcategory {B,C} given by (9.30) and (9.31). 

A detailed treatment in the case T O = ~ is given in [ 5], to which we 

refer any reader wanting more details. 

Note of course that, while the o of CAT/T 0 does not depend on 

TO, being just the restriction of that of CATf*cat, the internal-hom 

{B,C} depends heavily on T O . Of course if i is the inclusion 

T O C TO, , then {B,C} is just i {B,C}' in the sense of the second 
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paragraph of §9.1. 

9.5 We end this section with some examples, or rather counter- 

-examples, before passing in the next section to the still-more-special 

properties of CAT/~. 

The terminal object in any monoidal category is a monoid; 

hence TO, with its identity augmentation, is a club in CAT~To, with 

multiplication the @ of (8.5), and with identity the inclusion J ~ T. 

Thus we have as examples of clubs c a t ,  s e t ,  o r d ,  ~,2,~. Other 

examples of clubs in CAT/~ were given in [6]. If K is any club in 

CAT~To, then F: K ~ T O is a map of monoids in CAT~To, inducing a 

doctrine-map to-: Ko- ~ TOO-. 

For an example of a club not in CAT~cat 0 we can take any 

n E cat and set K = (I, ~n~). Then KoA ~ A n, and Ko- is the 2-functor 

A ~ An. We know that this becomes a doctrine if we define its 

multiplication (An) n ~ A n and its unit A ~ A n via the diagonal 

n ~ n x n and the unique map n ~ i. The corresponding multiplication 

~: KoK ~ K and identity q: J ~ K for K certainly do not lie in 

C A T / c a t  . 
o 
Now we give an example of two clubs (K,F), (L,A) in C A T / ~  

indeed in CAT~L, and a doctrine-map Ko- ~ Lo-, where the 

(T,T): (K,F) ~ (L,&) inducing this does not lie in CAT/~, but only in 

CATf~ (and not in CATf*~ or CATf*~ either). We take K = L=~, with 

F: ~ ~ ~ as the constant functor at i, and with A: ~ ~ ~ as the 

inclusion. The 2-functor Ko- is N×- ; it becomes a doctrine via the 

sum +: ~ × ~ ~ ~ and ~0~: I ~ ~; a K-structure on A consists in giving 

a single endofunctor P: A ~ A. On the other hand L is the club (see 

[6]) who~e algebras are strict monoidal categories. From an 

L-structure on A we get a K-structure on A by setting PA = A@A. This 

algebraic 2-functor must arise from a doctrine-map Ko- ~ Lo-, and hence 

from a club-ma~ (T,T): K ~ L. The latter is easily seen to be 
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T 

I < ~ >  ncl 

where Tn = 2 n and T n is the unique map 2 n ~ I; it lies in CATf*{ but 

neither in CAT/{ nor in CATf*~. 

In general, by a club-map we mean a map of o-monoids in 

CAYy*cat. The above shows that, even if the clubs in CAT/S, to which 

we now turn, are of especial importance, we cannot handle all club 

maps without going to CAT[*~. However in some cases a club map too 

can be seen from the basic data to lie in CAT/S. 

I0. CLUBS IN CAT/~ 

I0.i We now return to this most important case, referred to in §1.4 

above as arising in coherence problems, along with its subcases CAT/~ 

and CAT/~ (and, for that matter, CAT/I = CAT itself; here o reduces 

to cartesian product ×). As a matter of notation, we write 

A[X] E AoB in the form A[XI,... , XJ when FA = n; and we write the a[x] 

of (5.2), when Ya = ~: n ~ n', as 

(lO.1) 

here 

a[x i .... , Xn] : A[X i .... , X n] ~A'[X' I .... , X n, ]; 

(10.2) xi: X i ~ X~i . 

We replace the square brackets by round ones to denote the image of 

A[X] under an action KoA ~ A, and in particular under a multiplication 

KoK ~ K; so the image of A[X] becomes A(X), or in more detail that of 

A[XI,... , XJ becomes A(XI,... , Xn) , and similarly for morphisms. This 

agrees with our "parenthesis notation" for @; since n(m) or 
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n(m 1,..., m n) = m 1+...+ m n is indeed the image of ntm] under the 

multiplication 9: ~o~ ~ ~. When we have a club K, we also write ~ for 

the image of the unit n: J ~ K; the ~ of ~ is just i. Similarly we 

have the notation ¢(~1"'" @n):n(ml"''mn ) ~ n'(m'l"''m'n' ) for the 

image under 9 of morphisms, where ¢: n ~ n' and ~i: mi ~ m'¢i" 

In accordance with the conventions of §9.3 we abbreviate 

(10.3) IA[Xl... Xn] : A[XI... X n] -~ A[X'I... X' n] 

to 

(10.4) A[Xl... Xn]: A[X1... Xnl ~ A[X'I... X'n] 

where xi: X i ~ X'i; and we abbreviate 

(10.5) 

to 
(10.6) 

a[ix'¢1"'" IX'¢n]: A[X'¢I... X'¢n] ~ A'[X'I... X'n,] 

a[x'1... X'n,]: A[X'¢I... X'¢n] -~A'[X' 1 . . . .  X'n'] 

We make also the corresponding abbreviations with round brackets, as we 

did in §9.4. As in (9.22), the typical morphism (I0.i) then appears as 

the composite 

> AtX' ] ~ A'EX' X~].  (10.7) A[XI''" Xn]A[xi...Xn] ¢1''" X'¢n aiX,1...X,n, 1 l ' ' "  

The reader will have no trouble expressing (9.24) and (9.26) in this 

expanded notation. 

Since the special case CAY/~ has been treated in detail in [5] 

and [6], and since there is not much to change, I shall give only an 

outline in this section. There are some mild notational differences 

from [5] and [6]; there ¢ was always an isomorphism and (10.2) was 

replaced by xi: X ~ X'i, which is impossible here. That, however, 

had the effect of making (10.6) conformable with the convention that X' 

stands for IX,; here we have to sacrifice something and we choose it to 

be this. 
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10.2 What makes the present case specially simple is the discrete- 

ness of the images FA under the augmentation; in fact much of what we 

say below would apply equally well to CAT~set, but we stick to the 

most practical case of finitary operations. 

Let us agree that for this section "club" means "club in 

CAT/~ ". From the above discreteness it follows that if K is a club, 

so is its set of objects IKI, with of course the same "multiplication" 

T[S1,..., S n] ~ T(S1,..., S n) for objects and the same identity ~; and 

it follows also that the inclusion IKI ~ K is a club map in CAT/~. 

A club which is discrete as a category is called a discrete 

club; it may be regarded as a o-monoid in SET/~. (Of course there 

are clubs in CAT/~ that are not discrete). The further consequence 

of the above is that, in constructing a club K from generators and 

relations, we can construct IKI first and settle the objects before 

starting on the morphisms. It is this that is false for CAT/cato, and 

it is this that forms the basis of all that we do in this section. 

10.3 Let any object (P,F) of SET/~ be given. It is easy to 

construct the free discrete club (Q,F) it generates - which is also 

automatically the free club it generates. We construct the set Q 

inductively by 

(10.8)  & • Q; 

(10.9) if P E p with FP : n and if QI''''' Qn E Q then 

P(QI''" qn ) E Q. 

We embed P in Q by identifying P with P(~ ... ~), and extend F to Q 

... = ... FQn). To save repetition, let us by F~ = i, FP(Q 1 qn) n(FQ1, , 

agree that until further notice "club map" means one in CAT/~ (i.e. 

over S), and not a general one in CATf*~. Let us also agree that all 

augmentations are denoted by F if no other name is given. It is clear 

that for any club L and any morphism P ~ L over ~, there is a unique 

extension to a club map ~ ~ L. 
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Now let 0 be a relation on Q such that ToS implies rT = rS, 

and consider club-maps M : Q ~ L such that ToS implies MT = MS. It is 

clear that these factorize uniquely into club maps Q ~S ~ L,where S is 

the quotient discrete club of ~ obtained by first enlarging p to a 

congruence ~ with respect to the operation T(SI,...,S n) of substitut- 

ion, and then setting S = Q/~. We can call S the discrete club with 

generators P and relations p. 

A model of P is a category A together with, for each P ~ P, 

a functor IPI : A n ~ A, where n = FP. This is clearly the same thing 

as a morphism P ~ { A , A} over ~; the endo-internal-hom ( A , A} 

is of course always canonically a club; and so a model of P is the same 

thing as a club-map Q~ {A , A }, or again as an action Q oA ~ A; so it 

is just a Q-al~ebra or Q-category. 

A model of P,O is such a model A of P satisfying 

ITI = ISI : A n ~ A whenever TpS. It is therefore an S-category 

for the discrete club S. 

The most obvious example is that of a strict monoidal category 

A; here P has objects ~ and I with F@ = 2 and FI = 0, and Q is subjec- 

ted to relations p identifying ~(~,~) with ~(~, ®), ~(I,~) with ~, and 

~(~,I) with $; the corresponding discrete club S is ~ itself, with 

identity augmentation. 

10.4 Given a discrete club S, whether by generators and relations 

or directly, let us be given a graph D (in the usual sense of graph - 

objects and arrows - not that of [5] and [6]) with object-set IDI = S, 

and let us be given a morphism of graphs r : D ~ ~ extending r : S ~ ~. 

We might as well now replace S by IDI. Consider for a club L those 

graph-morphisms D ~ L over ~ such that the composite IDI ~ D ~ L is 

a club-map. I assert that there is a universal such map D ~ M into a 

club M, so that any such D ~ L factors through a unique club-map 

M ~ L; we can call M the club ~enerated by S and D. In particular 
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a model of (S,D) means an S-category A together with, for each 

f : T ~ S in D, a natural transformation Ifl : ITI ~ IsI of type rf, 

in the sense of (9.20). So such a model A is just an M-category for 

the club M. 

To construct M we begin by enlarging D twice, without changing 

its objects; first we define an instance of an f : T ~ S in D to be a 

formal expression 

(i0.I0) f(R I ... Rn,): T(R~I ... R~n) ~ S(R I ... Rn,) 

where ~ = Ff, and where the objects T(R~I ... R%n) etc. are of course 

not formal but are the objects of IDI so denoted. We identify f with 

f($ ... ~), and so the instances form a bigger graph D' extending D, to 

which we also extend F. 

We next, for an instance g : T ~ S in D', define an expansion 

of g, i.e. an expanded instance of some f, to be an expression 

(i0.ii) P(1 ... g ... l) : P($ ... T ... ~) ~ P($ ... S ... ~) 

for some P E IOl. We identify g itself with ~(g), and now have a still 

bigger graph O", to which we again extend F. 

We then pass to D''', the free category generated by the graph 

D", to which we again extend r. The category D''' is not yet a club, 

but a partial structure of o -monoid can be defined on it; and it is 

clear that any morphism O ~ L over ~ into a club L, whose restriction 

IDI ~ L is a club-map, extends uniquely to a functor O''' ~ L which 

respects the partial club-structure on D''' There are two sorts of 

diagrams in D''' which are necessarily sent into commutative diagrams 

by D,,, ~L; they are typified by 
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(lO.12) T(SI...Si...Sj...S n) 

T(l...l...g...l 1 

T(Si...Si...S~...S n) 

T(l...h...i...i) 

T(l...h...l...1) 

T(SI...S~...Sj...S n) 

T(1...1...g...l) 

T(SI...S~...S~...S n) 

and by 

f(Si...Si...Sn,) 

(10.13) T(S¢I ......... S$n ) ............. 

T(1...k...k...l) 

T(S¢~ ......... Sen) 

f(S1"''S!'''Sn')m 

T'(SI...Si...Sn,) 

~T'(sl...s~...sn,). 

Here (10.13) needs some explanation. The left vertical arrow stands for 

either leg of a diagram like (10.12); or the corresponding thing when 

there are more than two maps k in it; and these k's occur at all those 

indices j for which Sj = i. The diagram (10.12) says in effect that 

T is "functorial", and (10.13) that f is "natural". It suffices in 

fact to impose these diagrams not for all f,g,h,k E D''' but for 

f E D", g,h,k ~ D'; the more general cases then follow automatically. 

All this is rather more complicated than in the CAT/~ case of [61. 

If we write Funat for the class of diagrams of the form (10.12) 

and Nat for those Qf the form (10.13), and D'''/(Funct + Nat) for the 

quotient category with the same objects got by imposing these relations, 

it turns out that this last is the desired club M; for it indeed admits 

a club-structure in which, in analogy with (10.7), f(gl...gn ) is 

defined to be the composite 
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(10.14) T(SI...S n) ~ T(S'~I...S'~n) ~ T'(S'I-.-~'n,)- 

T(gl...g n) f(S'l...S'n,) 

10.5 Now suppose that, besides the above, we are given a set o of 

diagrams f,g : T ~ S in M with Ff = Fg; or, what is perhaps more usual, 

a set o of such diagrams in D'''; and we consider only those graph- 

morphisms D ~ L over ~ into a club L~ still requiring IDI ~ D ~ L to 

be a club-map, for which, in the induced N''' ~ L or M ~ L, the images of 

f and g coincide for each f,g: T ~S ~lo. ~here is again a universal such L, 

say K, a quotient-category of M,and itself a club, such that any such 

map factorizes as R ~ M ~ K ~ L for a unique club-map K ~ L. In fact 

K is obtained from M by imposing as extra relations all the expanded 

instances of the relations a; or better, is obtained as 

(10.15) K = D'''/(Funct + Nat + Imp), 

where Imp, standing for the imposed relations, consists of all the 

expanded instances of the relations a. 

We may in fine call K the club ~enerated by the function- 

generators P, with relations p, and the natural-transformation- 

generators D, with the relations o. 

A model A of (P,p,D,o) is of course a model of (P,@,D) 

satisfying the relations o; it is the same thing as a K-category A for 

the club K. 

A typical example is that of symmetric monoidal categories~ where 

P consists of ~ and I with F@ = 2 and FI = O; where p is vacuous; where D consists of 

a : e(~,~) ~ ~(~,e), a : ~(~,~) ~ ~(~,~), 

r : @(i,I) ~ i, ~ : i ~ ®(i,I), and 

c : ® ~ @, with Fa, F~, Fr, F~ identities and with Fc the non- 

identity permutation of 2; and where ~ consists of the usual coherence 

axioms, together with aa = i, aa = i, r> = i, ~r = i, establishing 

a,~ as inverses of a and r. Here the club K is in fact in CAT/S; 
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other examples leading to clubs in CAT/~ are suggested in §1.4 above. 

10.6 It should now be clear that a complete solution to the 

"coherence problem" for such a structure (P,p,D,q) consists in the 

explicit determination of the club K. To find the objects of K is 

already a word-problem, but usually easy, and trivial if P is vacuous. 

To find the morphisms is a word-problem that is usually much harder. 

We know the generators, and it is a question of knowing when 

f,g : T ~ S in D''' coincide in K because of the relations in (10.15); 

that is, of knowing "which diagrams commute". A necessary condition is 

of course Ff = rg; this is the condition for the writability of a 

diagram, in terms of generic components of the "natural transformations" 

f and g. For example, in the symmetric-monoidal-category case, we have 

c,l : ® ~ @ with Fc ~ rl; and the generic components 

(10.16) 
C ~ B  @ A 

A®B ~ 

~ A ® B  

do not form a closed diagram. The "all diagrams commute" case is that 

where Ff = Fg is also sufficient for f = g, i.e. where F is faithful. 

It is of course a rare case. 

In (10.16) the specia ! components c,l : A ® A ~ A ® A form a 

closed diagram, but this does not commute in a typical model, and makes 

no sense in the club K. If one wants to know which such specialized 

diagrams commute, one has only to look at the free model KoA on A, 

which of course we also know completely when we know K. 

10.7 The considerations of §§10.3 - 10.5 assert that a "map" 

(P,p,D,~) ~ L of the kind described there leads to a club map K ~ L 

in our current sense of the word, that is to say, in CAT/~. This 

situation may be recognized even when L itself is given only by 

generato~and relations (P',p',D',~'). Thus we are able without 

calculation to conclude for example the existence of a club map K ~ L 
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over ~ when K is the club for monoidal categories and i that for 

symmetric monoidal categories; or when K is that for symmetric 

monoidal categories and L is that for two symmetric monoidal 

structures together with a distributive law, as in (i.i) above. This 

is often very handy, in view of the observation in §9.5 that not all 

club-maps K ~ L for clubs K,L in CAT/~ themselves lie in CAT/~. We 

may also observe in [8] below that we have to leave CAT/~ for CATf*~ 

when considering a distributive law KoL ~ LoK between clubs that 

themselves lie in CAT/~. 

10.8 A further application of the considerations of §§10.3 - 10.5 

is in connection with K-morphisms (~,~) : A ~ A' between K-categories 

A and A'; that is, for (lax) D-morphisms, in the sense of [12]§3.5 

in this volume, where D is the doctrine K o- for a club K in CAT/~. 

Denote by FUN the 2-category which is like [~, CAT[ except 

that the morphisms are not lax n.t.'s but op-lax n.t.'s; if we took 

[~, CAT~ itself we should get op-K-morphisms instead of K-morphisms. 

So an object of FUN is a functor ~ : A ~ A', and a morphism is O,O',~ 

of the form 

(i0.17) 
8 

A ',- B 

A'  ~ B'  
8 ,  

while a 2-cell is y,¥' where ¥ : O ~ [ and y' : O' ~ [' satisfy 

(Io.18) 

A ~ ' ~  B ~ A - -  ~- B 

A' ~ B' A'  y ]~..,  ~ B'  
O' 

@' 
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There is an evident 2-functor 

(10.19) ~ : CAT/~ × FUN ~ FUN 

sending K, ¢ to Ko@, sending T : K ~ K' and (e, e',~) : @ ~ @, to 

(To@, To8 ' , To~), and sending n : T ~ T and (y,y') : (8, @',~) ~ 

(@,e',~) to (noy, qoy,). So there is really no need to distinguish 

notationally ~ from o. It is moreover clear that (10.19) provides 

an action of CAT/~ on FUN, in the sense that (KoL) ~ ~ ~ K~(Lg¢), etc. 

It is finally clear that we have a 2-adjunction 

(10.20)  FUN(K~¢,~) m CAT/~ (K,< ¢,@ >),  

where <$,~> denotes the comma object 

(10.21)  <¢,¢> = { 6 , 1 } / { i , ~ }  

in CAT/S, as in 

d I 
(10.22) <~,@> ~ ~ {A,B} 

{A',B'} ......... ~-{A,B' } 

{¢,I} 

Thus FUN is exhibited as a tensored CAT/S - category. 

An action (@,0',~): K?@ ~ @ of the club K in CAT/S on @ E FUN 

is clearly the same thing, by §3.5 of [12], as actions @:KoA ~ A and 

@':KoA' ~ A', making A and A' into K-categories, together with an ~, 

(10.23) KoA ~ A 

Ko~ 

KoA' ~ A' , 
@, 

making of (~,~) a K-functor A ~ A' Such an action then is a 

club-map K ~ <@,~> over ~ where <@,@> has its evident club-structure. 
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To give a when 8,6' are already given is to give such a K ~ <¢,¢> 

whose composites with d o and d I are the given club-maps K ~ {A',A'} 

and K ~ {A,A}. 

Such an ~ has components 

( lo.24) 
aT[AI...An] : T(¢AI...¢A n) ~ ¢ T(A1...A n) 

which are to be natural in T and in the Ai, and the axioms (3.17), 

(3.18) of [12] become 

(zo.25) 

aT(Sl...Sn)[A1...Am I 

(i0.26) 

~T[ SI(A 1 ) .Sn( .Am)] 
• . .  Am1 .... T(~SI[A i ] "''a S Am] )" • . . Aml n [ • . . , 

If now K is given by generators and relations (P~p,D,~), the 

description of the structure as a club-map K ~ <¢,~> shows how to 

give ~ in terms of these generators and relations. First, one has 

only to give a T = ~T[A1...An] for T E P, and it is of course to be 

natural in the A i. One then gets the general a T by (10.25) and (10.26). 

To a relation TpS one must impose the axiom a T = a S. It remains to 

impose as axioms the naturality of a T in T only for morphisms 

f : T ~ S in 9, and one is finished. 

In this way one sees for instance that, when K is the club 

either for monoidal categories or for strict monoidal categories, a 

K-functor is a monoidal functor in the usual sense (not a strict one 

in the strict monoidal category case; the axioms from the 

identifications @(@,~) = @(~,@) in this case are the same as the 

axioms expressing naturality in a: @(@,~) ~ @(~,®) in the non-strict 

case, etc.) Similarly for symmetric monoidal functors, monad functors, 
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and other well-known cases. 

In the same way we see that for a K-natural-transformation 

q: (¢,~) ~ (@,B): A ~ A', we need impose on the natural 

transformation B: ¢ ~ ~ the axiom 

(lO.27) 
T(%A1..-¢A n) 

T(qA1...nAn) i 
T(@AI...~A n) 

~T[ A I ... A n] 
~T(A1...A n) 

qT(A1...A n) 

..... ~--- ~T(A1...An) 
~T[A1...A n] 

representing the axiom (3.19) of [12], only for those objects T in P; 

as we commonly do for monoidal natural transformations. 

10.9 We conclude by noticing some other properties that seem to be 

special to the case of clubs in CAT~q, or perhaps CAT~set O. 

Let K then be a club in CAT/~. By a closed K-category we mean 

a K-category A such that, for each T @ K, with FT = n say, and for 

each i, the functor T(A1...Ai_ 1- Ai+l...~) : A ~ A has a right adjoint 

for each choice of the A. E A. Thus symmetric monoidal closed cate- $ 

gory, monoidal blclosed category, cartesian closed category, etc. 

The reader may like to check what such a thing is when a K-category 

is a category A bearing a monad, or a comonad. 

I showed in [7 ] that, when K actually lies in CAT/~, the 

closed K-categories were the algebras for a club L of the mixed- 

variance kind of §1.2 above; in particular they are monadic over CAT. 

I left open there the question whether the canonical K ~ L in this 

case was faithful. 

This question can be answered by using a Yoneda embedding, as 

announced in [ii]. In fact, it is to clubs K in CAT/~ that the work 

of Day in [i] seems to extend. 
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For if A is a K-category for a K in CAT/~, we can extend the 

K-structure on A to one on B = IA°P,setl , and indeed uniquely (to 

within isomorphism) if we ask B to be a closed K-category; for then 

the realization ITI: B n ~ B of T E K must be the left Kan extension of 

its realization ITI: A n ~ A. This solves the above question when K 

lies in CAT/~; for if we take B to be {K°P,set} there is a unique 

strict L-map L ~ B taking ~ E L to the image under Yoneda of the ~ of 

K; the strict K-map K ~ L ~ B then coincides with the Yoneda embedding, 

since they have the same effect on !; whence K ~ L is faithful since 

the Yoneda embedding is so. (We are using of course that K ~ K o I is 

the free K-category on I, i.e. on ~ E K). 

Note that the above Yoneda extension does not work for an 

arbitrary doctrine D, or even for a club K in say CAT~cat O. For I is 

always a D-category, and yet {l°P,set} ~ Set need not be. But Set, 

or at any rate sat, is certainly a K-category for a club K in CAT~set, 

since there is a club-map r: K ~ set. 

Of course the above is a little loose, since the lack of strict 

associativity for colimits in Set causes B = [A°P,get} to be only a 

pseudo-K-algebra in general; either we take account of this by 

comparing pseudo-algebras with algebras, as we shall to some extent 

do in I81 below; or we replace Set by an equivalent category admitting 

strictly associative colimits - I have not thought out the question 

of whether set has these. 
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