ROCTRINAL ADJUNCTLON

by

G. M. Kelly

This paper deals with adjunctions n,e: f— u: A = A'yhere AA'
are categories with structure; its purpose is to unify and simplify various
isolated observations in the literature, at the same time extending them
widely.

{(a) First, and trivially, there is the classical result that a
left adjoint f preserves colimits.

(b) If A and A' are monoidal categories, perhaps closed, and
if f—u is merely an adjunction in CAT, it is not in general the case
that f "preserves tensor products™ in the sense that f(X8'Y) & fX 8 Y
and fI' =2 I, PFor instance, let A = A' = Set, and let f(X) = X + X, so
that u(A) = A x A. Yet it is striking how often in natural examples f
does preserve tensor products: a whole class of cartesian closed
examples is provided by geometric morphisms of topoi, but there are
innumerable others, of which perhaps the best known 1s that where u is
the forgetful functor from (Ab, 8) to (Set, x).

One can dig out from the proof of an old theorem of mine
(I3] 855.1 and 5.2), which was not itself directed to this question, a
sufficient condition for f to preserve tensor products; namely that A
and A' be symmetric moncidal closed, that the adjunction f—u lie not
merely in CAT but in Sym Mon CAT, and finally that u be normal
(i.e. commute with the canonical symmetric monoidal functors A - Set
and A' — Set).

{¢) Two theorems of Street deal with adjunctions for categories

with structure: Theorem 9 of [8] asserts that the left adjoint of a
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monad-functor is an op-monad-functor, and Theorem 1 of [9] asserts
that the left adjoint of a lax natural transformation is an op-lax
natural transformation.

(d) Let V be a symmetric monoidal closed category and let T
be a monoidal monad (= commutative monad) on V. Then provided V admits
equalizers, the category VT of T-algebras is closed, in the original
"internal-hom" sense of [2] (cf. Koeck [7]); it has been shown to have a

tensor product, making it monoidal closed, only when it is cocomplete;

and cocompleteness has only been demonstrated under highly restrictive
hypotheses on V and T. In this context Wolff [11l] has looked at

1
T (arising in fact from a distributive law),

certain adjunctions VT -V
and shown them by direct calculations to be closed adjunctions. Perhaps
the right approach here is to change universes, recovering the missing
tensor product, and then to use the easier "monoidal" methods; but it
might also be of value to have a simple criterion, directly in terms

of internal~hom, for an adjunction to be closed.

(e) Finally there is Day's result [1] giving sufficient
conditions for a full reflective subcategory A of a biclosed monoidal
category A' to admit itself a biclosed monoidal structure, in such a
way that the adjunction f—u, where u is now the inclusion, becomes
a monoidal adjunction.

It turns out that there are some simple general results that
illuminate all of the above situations. We start in 81 with a doctrine
D, which could be on any 2-category at all, but which we take to be a
doctrine on CAT, purely because the nomenclature is there more vivig.
(For what we need here about doctrines we refer to [6] above in this
volume, especially §3.5.) We suppose that A and A' are D-categories,
and that we are given an adjunction n,e: f—qju: A = A' in CAT. Our
first result is that there is a bijection between enrichments of u to

a D-functor (u,ﬁ) and enrichments of f to an op-D-functor (f,%').
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Our second result is that if the adjunction f-qj u admits enrichment

to an adjunction (f,f)——{(u,ﬁ) in D-CAT, then f is the inverse of the
above E', 50 that (f,f) and (f,f') are strong; moreover that if the
enrichment u is given, (u,ﬁ) has a left adjoint in D-CAT precisely when
£' 1s an isomorphism, the left adjoint then being (f,f) where f and !
are inverse; and finally that if the enrichment E is given, (f,f) has a
right adjoint in D-CAT precisely when it is strong, the right adjoint
being (u,a) where u corresponds by our first result to the inverse Tt
of F.

The first result encompasses the two theorems of Street in (c¢)
above - for the second of these the relevant 2-category is not CAT but
a suitable CAT/A. The second result gives a proper answer to the
question raised in (b) above: to say that [ preserves tensor products
is to say that it is strong, so that this happens precisely when the
adjunction is one in Mon CAT, which can also be expressed as a condit-
ion on a, here represented by its generators u: uA8'uB — u(A8B) and
uw®: I' -l (cf. §10.8 of [4] above in this volume). This shows how
wide of the mark the sufficient condition given in (b) above really is:
that A and A' should be closed, or even symmetric, is totally irrele-
vant; as for the normality of u, we shall see that it 1is a consequence
of the adjunction's lying in Monr CAT, and not an independent condition
at all. The observation (a) that left adjoints preserve colimits can
also be seen as a trivial case of this second result, by taking D as
the doctrine whose algebras are categories-with-colimits: any
functor gives a comparison of colimits, and is hence canonically a
D-functor, so that the adjunction is always in D~-CAT and f is always
strong, which here means colimit-preserving.

In §2 we look at the case where D is the doctrine whose algebras
are monoidal categories, but supposing A,A' to be actually moncidal

closed. Then the giving of {i: uA®'uB - u(A8B) is equivalent to the

giving of a certain a: ul A,B] = [uA,uB]' where the square brackets
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are the internal-homs; and the conditions on ﬁ, uo for the adjunction
to be monoidal translate into conditions on U and uo. That on u® is
equivalent to the normality of u (whether the categories are closed or
not); that on a is independent (showing again how mixed-up 1s the
"sufficient condition" given in (b) above). Similarly the conditions
on f, £° (namely that they be isomorphisms) translate into conditions
on t and £°. Now, however, that the conditions are expressed entirely
on the internal-hom level, we can ask whether they are still the
conditions for the adjunction to be a closed one, even in the absence
of the tensor products, so as to provide the "simple criterion" desired
in (4) above. (Recall that for monoidal closed categories, monoidal
functor = monoidal closed functor = closed functor, and similarly for
natural transformations.) The answer 1is that they are indeed still the
precise conditions. I suppose an ideal proof would be in terms of
pro-D-structures; but the theory of these has not been developed, and
in view of the marginal interest of non-monoidal closed categories I
merely give an independent ad hoc proof and leave it at that - the role
here of the general results of §1 1s merely to suggest the right
conditions.

Finally in §3 we return to the case of a general doctrine D and
turn to the analogue of Day's result in (e) above. So we now suppose
A to be a full reflective subcategory of A', or equivalently we suppose
the counit £: fu = 1 to be the identity. Now only A' is given as a
D-category; we seek conditions under which it is possible to give a
D-structure to A too, at the same time enriching the adjunction to one
in D-CAT. Our results in §1 show that f must be strong; this at once
shows that the enrichment 1s essentlally unique if 1t exists, and gives
a necessary condition; we show that the condition is roughly sufficlent.
By "roughly" I mean that we may have to make do with a pseudo-D-
structure on A (axioms satisfied only to within isomorphism). We can

get an honest D-structure in two cases: for any D, if we actually
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ask f to be strict (accepting the correspondingly stronger necessary
condition); and for certain "flexible" D, where a pseudo-D-algebra is
"the same thing" as an honest one. The D for monoidal categories is
"flexible"; that for strict monoidal categories is not. In the
monoidal case, then, our condition is necessary and sufficient, and it
reduces to Day's. Thils shows two things about Day's result. First,
biclosedness is irrelevant; the result is essentially a "monoidal" one;
we just get as a bonus that A is closed or biclosed if A' is. Secondly,
since u nmust be normal by our §2, the restriction to normal u, which
Day imposes upon himself in the first paragraph of the introduction

of [1], is in fact no restriction at all.

1. The main results

1.1 We refer heavily to [6] above in this volume, both for its
results on adjunction and for all terminology not otherwise explained.
We suppose given a doctrine D = (D,m,j) on some 2-category.
Everything we say 1s quite independent of the 2-category in gquestion,
and so, merely for notational simplicity, we write as if the 2-category
were CAT. We suppose that A and A' are D-categories, with actions
n: DA - A and n': DA' > A', We further suppose given an adjunction
n,e: f—Ju: A = A' in CAT.

We consider palrs of natural transformations a,f' as in

(1.1) DA — 2 o 4 DA — 0 o 4
T g
Du G u Df %' £
DA e AT, DAl AT
n' n'

which are mates ([6] §2.2) under the adjunctlons Df—|Du and f—u.

We record from [6] Proposition 2.1 the value of f' in terms of G, to wit



262

n 1
(1.2) DA - A - A
T fe
u
Df w u u by
Dn
DA = DA - A'.
1 n'

Denote by I, II the axioms for (u,a) to be a D-functor, namely
(3.17) and (3.18) of [6] with f replaced by u. Denote by I', II' the
corresponding axioms for (f,g’) to be an op-D-functor — the same (3.17)
and (3.18) of [6] with f reversed in sense and re-named }', and with

A,A'" interchanged.

Lemma 1.1 Axiom I is eguivalent to I' and II to II'.

Proof. Proposition 2.5 of [6] shows that the mates of the left
squares of the left sides of I and II are identities; Proposition 2.1
of [ 6] shows that the mate of the left square of the right side of I

is Df'; Proposition 2.2 of [6] completes the proof. 0

Theorem 1.2 There is g bijection between enrichments of uw to a D=~

functor U = (u,a): A > A' and enrichments of f to an op-D-functor

' = (f,%'): At = A, This bijection is given by taking u and £ to

be mates under the adjunctions Df—Du and f—u. O

1.2 Now consider a further natural transformation E as in
(1.3) DA' n' - A
B
Df £ IS
Y |
DA - A,
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Let us call I", II" the axioms for (f,;) to be a D-functor F. If these
are satisfied, the condition for e: fu = 1 to be a D-natural transfor-

mation ¢: FU = 1 1is, by (3.19) of [6],

(1.4) - A — DA —2 > 4
Du
u
PR Y 1 DA' |1 1
De
2@-
Y DI\, ¥ Y
= A DA —_— A,

We get an equivalent condition by pasting Dn to each side along the edge
Du, which is an invertible process by (2.1) and (2.2) of [6]: it comes
to the same thing to say that we pass to mates under the adjunctions
Df—Du and 1—1. The mate of the right side of (1.4) is then the

identity natural transformation of n.Df; the mate of the left side is
DA

w&
——

n S
1l on DA A

Dy

par 41! - A'/=/>~ 1
- €
Df f R

DA = > A,

which in view of (1.2) above can be rewritten as

\\ /

(v}

U
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We conclude that, if F = {f,}) is a D-functor, then € is D-natural if
and only if £1.f = 1, the identity of n.Df. An exactly similar argument
shows that n: 1 = UF 1s D-natural if and only if f£.f' = 1. Since I",

II" are equivalent to I',II' when E and £ are inverse, we have:

Proposition 1.3 Given E and E', and hence the mate E of the latter,

n and € constitute an adjunction in D-CAT between D-functors U = {(u,u)

and F = (f,E) if and only if

(1) (u,a} is_a D-functor;

(i1) (f,f) is a D-functor; and

(ii1) f and r are mutually inverse.

Moreover (i) is equivalent to

(') (f,f') is an op-D-functor;

and (i') and (ii) are equivalent in the presence of (iii). O

Immediate consequences are:

Theorem 1.4 In order that a D-functor U = (u,a): A = A' have

a left adjoint F = (f,%) in D-CAT, it is necessary and sufficient that

u have the left adjoint f in CAT, and that the f' given by (1.2) be an
1

isomorphism. Then f = £'° %, and F is necessarily strong. [l

Theorem 1.5 In order that a D-functor F = (f,%): A' = A have

a right adjoint U = (u,a) in D-CAT, it is necessary and sufficient that

f have the right adjoint u in CAT, and that F be strong. Then u is the

mate of f' = %_1, in the sense of (1.1). O

i&i We leave the reader to formulate the obvious dual theorems
obtained by replacing the doctrine D by the opposite doctrine D¥, where
D¥A = (DAOp)Op; he willget in this way theorems about adjunction in the
2-category of D-categories and op-D-functors; here it is the right

adjoint that must be strong; and so on.
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2. The monoidal and closed cases

2.1 Now let D be either the doctrine whose algebras are monoidal
categories, or else that whose algebras are symmetric monoidal
categories. These doctrines arise from clubs in CAT/P, and it follows
from §10.8 of [4] above in this volume that a D-functor is the same
thing as a monoidal functor or a symmetric monoidal functor, as the
case may be. In both cases S is determined by its components

i: UA ®' uB = u(A®B) and W I > ul, subject to the usual axioms
([ 2] page 473 in the monoidal case, with the extra axiom of [2] page
513 in the symmetric monoidal case). It further follows from §10.8
of [4] that E is an isomorphism precisely when G,uo are isomorphisms.
Similarly a D-natural transformation is, in both cases, a monoidal
natural transformation.

Theorems 1.4 and 1.5 therefore apply to an adjunction
(£,£,£°)— (u,u,u®) either in Mon CAT or in Sym Mon CAT, via the
intermediary of an op-monoidal functor (f,f',fo'). The condition in
Theorem 1.4 1s now that %' and £91 pe isomorphisms; that in Theorem 1.5
is now that f and £° be isomorphisms. There is no difference between
the non-symmetric and symmetric cases; it is just automatic that G
satisfies the extra axiomin the symmetric case 1f and only if f or £
does. We get the explicit expressions for %': f(X8'Y) > fX 8 f£Y and
for £9': FI' > I in terms of & and u° from (1.2), giving D its value
in terms of the appropriate club. We find for 9 and %‘ respectively

the composites

(2.1) £I° > ful > I
£ Q
u €

(2.2) F(X8'Y) ———m F(ufX®'ufyY) —— fu(fx8ry) — > fX8fY.
£(nén) fu £
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Given a monoidal functor U = (u,a,uo): A = A', write V for
A(I,~): A = Sef and V' for A'(I',-): A' - Set with their canonical
monoidal-functor structures ({2] page 504). There is a canonical
monoidal natural transformation V = V'U with A-component

A(TI,A) ———> A'(ul,ul) —> A'(I',uhd),
U, Arv(u’,1)

as shown in [2] page 510; we call U normal if this is a natural

isomorphism V 2 V'U (we do not require it, as we did in [2], to be

actually an equality). If we use the adjunction f—fu we find at once:

Proposition 2.1 U is normal precisely when (2.1) is an isomorphism.

In particular normality of U is a necessary condition for the existence

of an adjunction F—jU in Mon CAT. [

One can similarly transform the condition that (2.2) be an isomorphism,

but I see no special meaning in the thus-transformed condition, and omit

it.
2.2 Now suppose that the monoidal categories A and A' are closed,
so that -8B and -8'Y have right adjoints [B,-] and [Y,-]'. Then instead

of giving u: UA ®' uB - u(A8B) we may equally well give its mate under
the adjunctions -8B—{[B,~land -8'uB—[uB,~]"'; which is a natural
transformation
(2.3) a: ulB,C] - [uB,uC]"'.
It is shown on page U487 of [2] that the monoidal-functor axioms for
ﬁ,uo on page 473 of [2] translate into the closed-functor axioms for
ﬁ,uo on page 434 of [2]; and similarly for monoidal natural transformat-
ions and closed natural transformations.

We leave the reader to verify that the condition that (2.2) be
an isomorphism translates into the condition that

(2.“) u[ fY,C] B —— [ufY,uC] ' Pr————— I S [Y,UC] '
u [n,1]



267

be an isomorphism. Moreover, if £ is given, and corresponds to f,
then the condition that f be an isomorphism translates into the condit-

ion that

(2.5) [Y,uCl' ——> uf[Y,uC]? e uffY,fuC] ——> ul fY,C]
n uf ull,e€]

be an isomorphism. So (u,a,uo) has a left adjoint when u does if and
only if (2.1) and (2.4) are isomorphisms; and (f,%,fo) has a right
adjoint when f does 1f and only if fo and (2.5) are isomorphisms.

We omlt the proofs of these reductions precisely because we are
now going to give direct proofs of the last two statements that apply
even to non-monoidal closed categories. Our motive for doing this was
given in the introduction. As the reader will see, the proofs that
follow largely parallel those of §1, and would doubtless be best seen
in the context of pro-D-structures, if the theory of these had been

worked out.

2.3 Our definition of (non-monoidal) closed category is an inessen-
tial modification of thatof [2]; a category A, a functor

[, 1: AP x4~ A, an object I of A, and natural transformations

L: [B,Ccl = {[A,B],[A,C]]), j: I - [A,Al, i: A = [I,Al, this last
being an isomorphism; subjected to the axioms CCl - CCh of [2] page
429, together with the axiom that the A(A,B) ~ A(I,[A,B]) induced by J
be an isomorphism.

We suppose given as before an adjunction n,e: f—u: A > A’
in CAT, but now we suppose A and A' to be closed, and not necessarily
monoidal. It is still the case that there is a bijection between
morphisms u®: I' - ul and morphisms £°': fI' - I, where £°' is given
in terms of uo by (2.1): this is of course immediate by the adjunction
f——u. But in place of the bijection between natural transformations
£ and natural transformations E' that we had in the monoidal case, we

get something more complicated. Precisely, natural transformatlons

u as in (2.3) are in bijection with natural transformations
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u, ul fY,C] = [ Y uCl?,

u, being given in terms of u as the composite (2.4); and natural

transformations f; °flY,z]' = [£Y,fZ] are in bijection with natural
transformations

£,0 [Y,ull'—ulfy,Cl,

f1 being given in terms of f as the composite (2.5). To see that

ur>u, and fk=f are indeed bijections, we have only to write {(2.4)

and (2.5) in 2-dimensional form as, respectively,

(2.6) AP ]

fop/ Op)\pxl l[ a u

AOPA e AYOP A e AOPAr e At

1xu [,]'

(2.7)
AyOpr» - A’ - A

. J
1xu 1xe 1xf & f £ u

AtOPxA —— o A'OPsA e AOPp a4
1 £OPyq [,

exhibiting u, as the mate of 3 under certain adjunctions, and f1 as the
mate of % under others, in the sense of [6] §2.2.

A closed functoris of course said to have an adjoint if it has
one in the 2-category of closed categories, closed funcbors, and closed
natural transformations. The main result of this section, suggested by

and extending the assertions of §2.2 above, is:

Theorem 2.2 A closed functor U = (u,u,u®):A - A' has a left

adjoint F = (f,f,fo) if and only if u has the left adjoint f and

moreover £°' and U, given by (2.1) and (2.4) respectively, are
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isomorphisms. Then £° is the inverse of f°' and f corresponds by (2.5)

- -1
to £y =u, 7.

A closed functor F = (f,f,fo): A' = A has a right adjoint

U= {u,u,uo) if and only if f has the right adjoint u and moreover £°

and fl’ the latter given by (2.5), are isomorphisms. Then u®

corresponds by (2.1) to £ = fo_l, and u corresponds by (2.4) to
_ -1

u = f1 .

Proof Take all the data u,uo,f,fo as glven, with the mates

ui,fo',f1 of the first three, without supposing yet that the closed-
functor axioms CFL-CF3 of [2] page U434 are necessarily satisfied by U
or by F. This last in no way prevents us from mechanically forming
the composites FU = ¢ = (¢,;,¢O) and UF = ¥ = (w,;,wo) as on [ 2] page
b3k,

Qur first observation 1s that n: 1 = ¥ and e: ¢ = 1 satisfy
the axioms CN1 and CN2 for closed natural transformations, on page
441 of [2], if and only if £° is inverse to £°' and £, tou,. In
fact ¢ satisfies CN2 if and only if flu1 = 1; n satisfies CN2 if and
only if u1f1 = 1; e satisfies CN1 if and only if £21r° = 1; and
n satisfies CN1 if and only if £°r°' = 1.

We prove only the first of these assertions, leaving the others
to the reader. Express fyu, = 1 by pastlng (2.6) on top of (2.7). In
the resulting diagram the 2-cells f and u have a common edge, and the
result of pasting them along this edge is just ¢. The other three
2-cells are the triangles nop x 1, n, 1 % €. Get rid of the first two
of these by pasting on an e®P? x 1 and an € to cancel them out, as in
(2.1) and (2.2) of [B]; the expression of f1u1 = 1 is now that $ with a
1 x € pasted on is equal to the identity of ul , 1(f°®? x 1) with an

P x 1 and an ¢ pasted on in suitable places. But this is just CNZ for

€ 1n 2-dimensional form.
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This establishes the "only if" part of both the assertions of
the theorem. For the Mif" part of the first assertion, we use the
prescription of the theorem to define g and fO; and it remains to show
that F = (f,%,fo) satisfies the closed-functor axioms; similarly for
the "if" part of the second assertion.

We shall show here that F (resp. U) satisfiles the axiom CF3
of [2] page 434 when U (resp. F) does, and when the hypothesis is
verified that u1 and f1 are inverse; we leave the easier axioms
CF1l, CF2 to the reader. Write the two legs of CF3, say for ¥, as

PsPy: WIY,2] —— [[X,Y],[¥X,yZ]];
we are now for simplicity writing [Y,Z] for {Y,Z]'. We similarly use
PP, for the two legs of CF3 for U or for F.

We do not, a priori, know CF3 for ¥; but we do know that
n: 1 =Y satisfies CN2, and by an easy diagram-filling-in argument
we get that

n P

i
i1s independent of i. Now give ¢ its value uf, and express the Py
for ¥ in terms of those for U and for F, as is done in the bilg diagram
on page 435 of {2], which we shall call A.
First suppose we know CF3 for U. Then (2.8) and A give that

(2.9) n up,
[Y,z] = ufly,z] = ulfIX,Y],[fX,fZ]]

g
[uflX,¥], ul £%,£2) 1= [uflX,¥],[ufX,urzl]

[1,u]

is independent of i, But since (2.4) is the isomorphism u the

1’
morphisms u and [1,ul in (2.9) are both coretractions and can be
cancelled: the composite of the first two morphisms in (2.9) is
already 1lndependent of i. This implies that the top leg of the

diagram
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n fupy
f1v,2] > ruf[¥,z] ful £1X,Y],[ £X, 1211
1 £ £
1Y,z [f1X,Y],[£X,2]]
Py

is independent of i. But the square commutes by naturality, and the
triangle by one of the adjunction-equations;hencepi is independent
of i, which is CF3 for F.

Now suppose instead that we know CF3 for F and seek it for U.
We conclude from (2.8) and A that
(2.10) n u§ Dy
[Y,2] —> uflY,2] —> ulfY,f2] —= [ul £X,fY] ,[ufX,ufz]]

[u%,l}

[uf[ X,Y] ,[ufX,ufrz]]

is independent of i. Write this for Z = uC, compose on the end with
[1,[1,uell :[uflX,Y], [ufX,ufuCl] = [uf[%,Y],[ufX,uCl], and use
naturality to move this last morphism back through [u%,l] and Py

in the process it becomes ul1,e] : u[rfY,fuCl = u[fY,Cl; so that the
first three morphisms in the thus-transformed composite (2.10) form the

isomorphism f1 of (2.5) and can be removed. What we now have is that

(2.11) ul £Y,C) = [ul £X,fY] ,fufX,uC}]——> [ufl X,¥] ,[ufX,ucl]

Dy [uf,1]

is independent of 1. Now set Y = uB, compose with

ule,1] : ulB,Cl = ul fuB,Cl on the front, and with

[n,11 : {uflX,uBl,[ufX,ucll = [[X,uBl,[ufX,uCllon the end. Using
naturality to move the first morphism through the second, and observing
that the last three morphisms then give an instance of the isomorphism

[fl’l]’ we have that
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(2.12) ulB,C] —— [u[ fX,B]l,[ufX,uc]]
Py
is independent of i. The "extraordinary" naturality of Py in A gives

the commutativity of

P,
ul B,Cl = » [ul fus,Bl,[ufud,ucl]
Py [ule,1],1]
[ula,B] ,[ua,uCl] ful4,B],[ufud,uCll ;
[1,lue,1]]

since by (2.12) the top leg is independent of 1, so is the bottom leg;
but [1,lue,1]1]1is a coretraction and hence cancellable, uec being a
retraction by one of the adjunction equations. Thus the p; on the left

is independent of i, which is CF 3 for U. [0

3. Reflective subcategories

3.1 We return now to the case of an arbitrary doctrine D, and use the
results of §1 to generalize Day's result in [1].

So once again we are given an adjunction n,e: f—u: A > A’ in
the 2-category on which D acts, but now we suppose that we are in the
special case where
(3.1) fu=1 and e =1: fu= 1.

The results being independent of the 2-category, we again write as if
this were CAT; then (3.1) may be expressed by calling A a full
reflective subcategory of A', with inclusion u and reflexion f. The
adjunction equations {({(2.1) and (2.2) of [6] above) now become

{(3.2) fn = 1: f = fuf; nu = 1: u = ufu.
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We suppose A', but not A, to be given with a D-structure, with
action n': DA' - A', By an enrichment of this situation we mean the
giving of a D-structure to A, with action n: DA - A say, and the
enriching of u and f to D-functors U = (u,a) and F = (f,%) in such a
way that n,e provide an adjunction F— U in D-CAT.

By Theorem 1.5 to give an enrichment is to give a D-structure

to A and to give an isomorphism f as in

(3.3) DA! n' - At
=
£
Df £
Y Y
DA - A
n

that makes of (f,%) a strong D-functor. If such an enrichment exists
at all, it is unique to within a suitable isomorphism; for (3.3) gives
n.Df 2 fnt', while (3.1) gives Df. Du = 1, so that n is effectively
determined by

(3.4) n & £.n'".Du.

Now consider the composite

(3.5)
DA
,/B;/////;( an Du
1

DA

DA - A
n' f

Y

If an enrichment exists, (3.5) is isomorphic by (3.3) to n.Df.Dn,

which is the identity by (3.2). Thus a necessary condition for an
enrichment to exist is that (3.5) be an isomorphism. In the case where
D is the doctrine for monoidal categories, this clearly reduces to the

single condition
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(3.6) f(n®'n): F£(XB'Y) —m F(ufX®'uf¥) is an isomorphism;
and Day [ 1] has shown that in this case (3.6) is also sufficient.
However the invertibility of (3.5) can hardly be sufficient for a
general D; if D were the doctrine for strict monoidal categories, the
invertibility of (3.5) would still reduce to (3.6), but the monoidal
structure constructed by Day on A, given by A8B = f(uA®'uB), would not
in general be strict even though that on A' was strict. As we said in
the Introduction, the doctrine for monoidal categories has a certain
"flexibility" - an ability to absorb isomorphisms - which the doctrine
for strict monoidal categories lacks.

It turns out that the invertibility of (3.5) is necessary even

for the existence of a pseudo-enrichment; and that for this it is also

sufficient. To be precise, let D' be the doctrine whose algebras are

the normalized pseudo D-algebras in the sense of Street [10] §2 in this

volume. That is to say, a D'-category differs from a D-category in
that the associativity axiom for the action is satisfied only to within
a (prescribed) isomorphism, subjected to suitable axioms; the unitary
axiom however (this 1s what "normalized" means) is satisfied on the
noge, Then a D'-functor [resp. strict D'-functor] 1s what Street
calls a lax homomorphism [resp. strict homomorphism] of pseudo-D-
algebras. Since every D-category is a fortiori a D'-category, and
every strict D-functor is a fortiorl a strict D'-functor, there is a
doctrine-map p: D' = D; and it is shown in my paper [5] below in this

volume, which also justifies the other remarks above, that p is a

retraction.
3.2 We can now give the main result of this section.
Theorem 3.1 Let the reflexion n,e:f—u: A — A’ be given as above,

and let A' be a D-category, hence also a D'-category. Then the

reflexion admits a D'-enrichment if and only if (3.5) is an isomorphism.
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Proof First, the necessity. Consider the composite of (3.5) with
pA': D'A' - DA'. By the 2-naturality of p, the morphism pA' can be
moved past the triangle Dn in (3.5), turning the latter into D'n.
But then pA' composed with n': DA' - A' is just the action of D' on
A'. Thus the composite of (3.5) with pA' is just the analogue of (3.5)
with D' replacing D. We already know that this must be invertible if
a D'-enrichment is to exist. But then (3.5) itself must be invertible,
since pA' is a retraction.

We turn to the sufficiency. Guided by (3.4), we define
n: DA - A by
(3.7) n = f.n'.Du.
We can then write (3.5) as an isomorphism
(3.8) ¢ = f.n'.Dn : fn' = n,Df,
and we define the f of (3.3) to be the inverse of ¢.

We check that n satisfies the unitary law for an action. We

have
n.jA = f.n'.Du.jA by (3.7}
= f.n'.jA'.u by the naturality of J
= fu by the unitary law for n'
=] by (3.1).

As regards the associative law, we have

n.mA = f.n'.Du.mA by (3.7)
= f.n'.mA'.D%u by the naturality of m
= f.n'.Dn'.D%u by the associative law for n';
while
n.bn = n.Df.Dn'.D%u by (3.7).

Therefore the ilsomorphism
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(3.9) u = ¢.Dn'.D%u: f.n'.Dn'.D%u = n.Df.Dn'.D%u

is an isomorphism

(3.10) u: n.mA = n.Dn,

and we define v to be p~

1

It remains to verify that n and v constitute a normalized

pseudo-action of D on A, and that f and t constitute a "lax homomor-

phism of pseudo-D-algebras” in Street's language. Then in terms of D',

we have a D'-action on A and a strong D'-functor (f,g): At > A,

whence the desired D'-enrichment follows by Theorem 1.5.

The axloms to be verified are

the axioms (1), (2), (3) of [10]

§2 for v, and the axioms (5), (6) of [10] §2 for f. The notations are

rather different: Street's i is our

as well as our n'; his z is 1 in our

J, his ¢ is both our m and our n,

case (normality); his 8 1is our v,

and also our v' which is 1 (A' being a honest D-category); and his 0o

is our f. In verifying these axioms

we replace v and f by their

inverses, u and ¢ respectively, inverting the arrows accordingly.

Axiom (1) reads yu.jDA = 1. But

u.JDA

¢. Dn'.D%u. jDA Dby (3.9)

$. JA'. n'.Du

by

the naturality of jJ.

This will therefore follow from axiom (5), which reads ¢.jA' = 1. But

0.3A" =

Axiom (2) reads u.DjA =

u.DjA

f.n', Dn.jA’
f.nt.jA'.n
fn
1

But

6.Dn' .D%u.DjA
¢.Dn'.DjA! .Du
¢ .Du

f.n'.Dn.Du

by
by
by

by

by
by
by

by

(3.8
the 2-naturality of J
the unitary axiom for n'

(3.2).

(3.9)
the naturality of j
the unitary axiom for n'

(3.8)
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= 1 since nu = 1 by (3.2).
This leaves us with axioms (3) and (6). The first of these
reduces to the second, via (3.9). For the left side of axiom (3) is
the vertical composite of n.Du with u.DmA, and the right side 1is the

vertical composite of u.0%n with w.mDA. DNow using (3.9)

n.Dy = n.Dé¢.D°n'.D%u;
u.DmA = ¢.Dn'.D%u.DmA
= ¢.Dn'.DmA'.D%u by the naturality of m
= ¢.Dn'.D2n'.D3u by the associativity axiom for n';
u.D%n = u.sz.DQn‘.DSu by (3.7)3
w.mDA = ¢.Dn'.D2u.mDA

¢.mA'.D2n'.D3u by the naturality of m.

[}

But the left side of axiom (6) is the vertical composite of n.D¢ with
¢$.Dn', and the right side is the vertical composite of u.DQf with
¢.mA'. So axiom {3) follows from axiom (6) on composing with Dgn’.Dau.

It remains then to verify axiom (6). Now

n.D¢ = f.n'.Du.Df.Dn'.D®n by (3.7) and (3.8);
¢.Dn* = f.n'.Dn.Dn! by (3.8);
u.Dgf = f.n'.Dn.Dn'.D?u.D?f by (3.9) and (3.8);
$.mA' = f.n'.Dn.mA’ by (3.8)
= f.n‘.mA'.Dzn by the 2-naturality of m
= f.n’.Dn‘.Dzn by the associativity axiom for n'.

The vertical composite of the first two of these is indeed equal to that

of the second two, both being

D24Ar > D2A! » DA' - DA'—3 Al A,
n' b
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This completes the proof. [J

3.3 As we have said in the Introduction, there are two cases in which
we can actually get a D-enrichment. The first is that where (3.5) is
not merely an isomorphism but an identity; which corresponds to asking
F = (f,g) to be not merely strong (as it must be by Theorem 1.5) but
strict. This may seem rather an artificial case; but it often arises

in nature, as the paper [5] below will show, and I have found it
extremely useful in various (unpublished) considerations related to

coherence. To state it formally:

Theorem 3.2 Let the reflexion n,e: f— u:A - A' be given as above,

and let A' be a D-category. Then the reflexion admits a D-enrichment

with F strict if and only if (3.5) is the identity (which includes the

assertion that £f.n'.Du.Df = f.n').

Proof For the necessity, we are to have (3.3) with ; = 1, 80 that we
must have f.n' = n.Df. So (3.5) is n.Df.Dn, which is the identity since
fn =1 by (3.2).

The sufficiency is contained in the proof of Theorem 3.1, since
in the present case we have ¢ = 1 and u = 1, or equally ; = 1 and
v =1, [

We said towards the end of §3.1 that the doctrine-map p: D' =D
is a retraction; that is, there is a 2-nabtural transformation
q: D=D' with pgq = 1. In general we cannot suppose ¢ to be a
doctrine-map. If we can find a doctrine-map g with pg = 1, we call the
doctrine D flexible. In the paper [5] below, we show that for any
doctrine D the doctrine D' is flexible; and we also show that D is
flexible if D is of the form K°-, where K is a club in CAT/Z (or even
in CAT/set) whose discrete club |K| of objects is a free discrete club
in the sense of [4] §10.3 above. Thus the club for monoidal categories,
or that for symmetric monoidal categories, is flexible, since the

functor-operations are generated freely by ® and I; the c¢lub for strict
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monoidal categories escapes the result since ® and I are subjected to
axioms like 8(8,1) = 8(l,8).

By applying the theorem below in the case where D is replaced
by D', we see that Theorem 3.1 remains true even when A' is originally

given as a D'-category rather than a D-category.

Theorem 3.3 Let the reflexion n,e: f-—u: A > A' be given as

above, and let A' be a D-category, where D is flexible. Then the

reflexion admits a D-enrichment if and only if (3.5) is an

lsomorphism.

Proof The necessity was shown in §3.1. For the sufficiency, first
use Theorem 3.1 to get a D'-enrichment. Then apply the 2-functor
q-CAT: D'-CAT -~ D-CAT (cf. [6] §3.6 above) to get a D-enrichment.
The only point at issue is whether the D-structure A' now has is that

1t started with; this is ensured by pq = 1. 0O
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