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INTRODUCTION

Categories enriched with tensor products, here called tensor categories,
but also called monoidal categories, have been studied and used extensively
in the literature [MLI1, EK, ML2, SR, DM]. Large examples such as the
categories of Abelian groups and of Banach spaces are important for
studying mathematical structures. Small examples, as found in particular in
algebraic topology, are important as mathematical structures in their own
right.

Some tensor products behave like composition and so are not generally
expected to be commutative. Yet categories with a “commutative” tensor
product deserve special attention in the same way that commutative rings
do in ring theory. Natural examples of commutativity are not strict in
the sense of an equality 4 ® B=B® A. Rather, natural isomorphisms
c 5 A® B> B® A exist. In the case of categories of sets with structure
¢4 5 is given on elements by a simple switch in order. It seemed reasonable,
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BRAIDED TENSOR CATEGORIES 21

especially in view of Mac Lane’s coherence theorem [MLI1, ML2], to
assume the symmetry condition

“B.AOPA\leA@B' (S)

Together with a condition (B1) of “bilinearity” expressing ¢4 zg ¢ in terms
of ¢, g and ¢, ¢, this is the notion of symmetry for a tensor category [EK].
The property (B2), expressing r,q 5 ¢ in terms of ¢, ~ and ¢4, is then a
consequence. A weaker notion of commutativity was contemplated in
[KR1], which kept (S) and replaced (B1).

During May 1985 we were led to analyze the dropping of (S) with the
retention of (Bl) and (B2). Such commutativities we call braidings. A
tensor category equipped with a distinguished braiding is called braided.

Early justification for isolating the notion of braided tensor category
came from homotopy theory. For one of us, this came via [JT] where the
particular tensor categories, arising as algebraic homotopy 3-types of arc-
connected, simply connected spaces, are what we call braided categorical
groups: they are groupoids and each object has a quasi-inverse with
respect to the tensor product.

For the other of us, initial motivation for braidings came from higher-
order category theory. Bicategories with tensor product had been con-
sidered [ WIit] as a base for enriched category theory, and it was suggested
that such a bicategory with one object might amount precisely to a sym-
metric tensor category (by a generalization of the argument [EH] com-
mutativity of the higher homotopy groups). When we checked the details
of this suggestion, it was a braiding rather than a symmetry which resulted.

The publication of this paper has been delayed, mainly by us. Although
by now there are many publications concerning braided tensor categories,
we feel there is still need for this fundamental paper on the subject to be
widely available. In retrospect, the changes from our initial written version
[JS1] are not so major, as we shall explain below.

Like the present paper, (JSI] included the definition, examples including
the braid category as the free braided tensor category on a single
generating object, the coherence theorem for braided tensor categories, the
modified argument of [EH] put in terms of extra multiplications on tensor
categories, a little bit of enriched category theory over a braided base, and
a classification theorem for braided categorical groups (extending [SHX]
which deals with the symmetric case).

Two talks in 1986 led to a widening interest in braided tensor categories.
One was the talk of P. Freyd at the Category Theory Conference at
Cambridge University; he described joint work with D. Yetter [FY1] in
which they had discovered that their category of tangles was braided and
autonomous (that is, each object has a dual; such tensor categories are
also called “compact” and “rigid”), and was “free” in some sense. The other



22 JOYAL AND STREET

was V. Drinfel’d’s International Congress talk on quantum groups where
the “quasitriangular” bialgebras are examples of braided protensor
categories. These talks provided classes of new examples of our structure:
directly in the case of the former; by convolution [Dal] on the categories
of representations in the latter case.

M. C. Shum began looking at coherence for autonomous braided tensor
categories with a view to modifying the work of [KL] on the symmetric
case. She discovered that the category of tangles was not the free
autonomous braided tensor category in the most straightforward inter-
pretation of this statement. The problem was resolved in [FY1] by
considering regular isotopy classes of geometric tangles.

In mid-1987, we were led to deal with this problem in a different way:
by looking at tangles of ribbons instead of tangles of strings. This led us to
the notion of balanced tensor categories which, as well as a braiding, have
a rwist on each object; the free category as such is the category of braids
on ribbons. Incorporating dual objects, we were led to define tortile tensor
categories.

An interesting example of a braiding which we found at that time was on
the tensor category of complex representations of the general linear groups
GL(n, F), where F is a fixed finite field. The proof of invertibility of this
braiding turned out to be quite difficult and was not achieved until the next
year.

Also in 1987, the first author’s talk at the Category Theory Conference
in Louvain-la-Neuve, entitled “Knot invariants revisited,” discussed poly-
nomial invariants from a categorical viewpoint. During the Conference,
Iain Aitchison brought us a copy of a preprint (which became [T] from
the Low-Dimensional Topology Conference at Sussex the previous week ).
Turaev's work involved a geometric tensor category but, instead of
braidings, he used Yang-Baxter operators.

We decided it was necessary to make clear the connection between
braidings and Yang-Baxter operators. Hence the 1988 version of the pre-
sent paper dealt with this subject and included the example on representa-
tions of GL(n, F). Some discussion of quantum groups was also included.

Since [FYI1, FY2, JS2, JS4, SMC] have already appeared, we have
decided to drop most of the references to quantum groups and tangles from
this paper and to concentrate on a self-contained account of coherence for
braided tensor categories, with full proofs which do not need reference to
the literature on coherence theory. We found it necessary to begin by
giving a version of Mac Lane’s coherence theorem [ML1, ML2] for mere
tensor categories. In fact, we hope our account will provide a key for entry
into that literature.

Finally, we point out that the various sections are, to a large extent,
independent.
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1. TENSOR CATEGORIES

After defining the concepts, we provide a brief, yet thorough, account of
the coherence theorems for tensor categories and for tensor functors. The
main idea, which differs from that of Mac Lane [ML1, ML2], is based on
the observation of Robert Gordon and John Power that Corollary 1.4
{below) follows from the Yoneda Lemma for bicategories [St1]. Some of
the techniques we use are scattered through the literature [K3, K4, K35,
BKP] and generalize to other categorical structures.

Recall [ML2] that a tensor (or “monoidal”) category ¥ =
(¥, ®,1,a,/,2) consists of a category ¥, a functor @ : ¥ x¥ — ¥~
(called the rtensor product), an object fe ¥~ (called the unit object) and
natural isomorphisms

a=a45c (AQB)®C— AQ(BOC),
(=t I®A- A, 1=2, AQI—> A

(called the associativity, left unit, right unit constraints, respectively) such
that, for all objects 4, B, C, De 7", the following two diagrams (called the
associativity pentagon and the triangle for unit) commute:

/‘

(4@B)®C)®D AR (B®(C®D))

" ®\ /@ “

(A®(BRC)®D— AQ((B®C)® D)

(A®B)®(C®D)

(ARN®B—— A®(I® B)

mg;\ /@/

A®B

A tensor category is called strict when all the constraints a 4 g5 ¢, £ 4, 24
are identity arrows.

ProprosiTioN 1.1 [K2]. In a tensor category, the equality

/,zll

holds, and the following two diagrams commute:
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(ARB)®I—— AR (BR®I) (I®A)®B—— I® (AR B)

NSNS

AR B

Proof. In the following diagram, the triangular region distinguished by
the question mark (?) commutes, since all the other regions and the outside
of the diagram commute and the arrows are all invertible. Now take D=1
and use the fact that » is natural and invertible to obtain commutativity of
the first triangle of the proposition:

/ vebpteb \

A®B)®1)®D AR (B®(I®D))

l®u®/./
?

9 (A®B)®D~"—>A®(B®D

1@«
tl@n@l l®(:®n’\

(AR (BRN)Q®D —— AR ((B®1)® D)

Commutativity of the second triangle is proved similarly.
The following square commutes by naturalness of ».

TRNRI—— I®]

,®.l l

I®1 1

Since : is invertible this gives 1 =:® 1: (/® [)® I —» I ® I. But then, taking
A= B=11n the first triangle of the Proposition and the triangle for unit,
and using the invertibility of 2, we obtain 1 ® =1 R IRUR N - IR I
By naturalness and invertibility of 7/, we deduce that :=/:/®7— L
Q.E.D.

Suppose ¥, #° are tensor categories. A tensor functor F=(F, ¢,, ¢,):
¥ — % consists of a functor F: " — #°, a family of natural isomorphisms

$3.48: FAQFB-—=» F(A® B),
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and an isomorphism ¢,: I —> FI such that the following three diagrams
commute:

FA® (FB® FC)
“ I ®é:

(FA® FB)® FC FAQ F(B® C)
@1 l J 2
F(A® B)® FC F(A®(B® ()
¢ Fa
F(A®B)®C
FAQI ! FA [® FA ! FA

1®¢ul ] +r ¢0®11 [ 14

FAQ® FI TF(A@I) FI®Q FA 7F(1®A)

The tensor functor is called strict when each of the isomorphisms ¢, , 5, ¢o
is an identity. Suppose G: ¥ — %  is also a tensor functor. A morphism
0: F— G of tensor functors is a natural transformation 6: F — G such that
the two following diagrams commute:

FARFB —2 F(A® B) FI

%
(u@ﬂ,;l l Oie s 7 / lo,
o~

In order to express the coherence theorem for tensor categories, we need
to consider the free tensor category F % generated by a category ¥. The
objects of #% are given inductively by the requirement that they include
the objects of €, a new object /, and an object (M ® N) for any two objects
M, Ne #€. The arrows of F% are equivalence classes of arrows built up
formally from the arrows of ¥ and the basic constraints «, 7/, : by
tensoring, substituting, inverting, and composing, where the equivalence
relation is generated by the axioms for a tensor category. There is a functor
i: % — F % such that, for each functor F: ¥ — ¥~ into a tensor category ¥",
there exists a unique strict tensor functor F': #% — ¥  such that the
following triangle commutes:
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Let #,% denote the free strict tensor category on the category €; so £ %
is just the free monoid on €. The objects are words 4, 4, ... 4, in objects
of ¢ and the arrows f,f;...f,: A A,...A,— B, B,... B, are words in
arrows f.: A, — B, of €; so # € is the disjoint union of the categories 4",
n>0. The tensor in Z€ is concatenation. Then there is a unique strict
tensor functor I': %% — #.% such that I'-i is the inclusion of the
generators. In fact, I is the universal strict tensor functor out of #¢ which
forces the constraint isomorphisms «, /, : to be identities. We prove

THEOREM 1.2 (Coherence for Tensor Categories). For all categories €,
the functor

I#F6€—->%%
is an equivalence.

We begin by constructing, from any tensor category ¥, a strict one
denoted by e(¥"). The construction is inspired by the Cayley Theorem in
which a monoid M is embedded in the monoid of endofunctions End(M)
by using the left regular representation. The image of M in End(M) can
be characterized as the self maps M -— M commuting with all right
translations.

The objects (E, p) of e(¥") consist of a functor £: ¥" — ¥ and a natural
family of isomorphisms

pa5(EA)® B E(A® B).

The natural transformation p might be thought of as a witness of the
fact that E commutes with right translations (-)® B. An arrow
8:(E,p)—> (£, p') 1s a natural transformation 0: E— E’ such that the
following square commutes for all objects 4, B of ¥

(EA)® B —2**4 E(A® B)

04®1p l lf’4®s

(E'A)®B —— E'(A®B)

Composition is the vertical composition of natural transformations. The
tensor product for e(¥#7) is given on objects (E, p), (F, o) by the equation

(E,p)®(F, 0)=(E-F 1),

where 1,4 5 is the composite

(EFA)® B, E(FA® B) —*%, EF(A® B);



BRAIDED TENSOR CATEGORIES 27

the tensor product on arrows is horizontal composition of natural
transformations. Thus e(¥") becomes a strict tensor category with unit
object (1,,1 4 ).

There is a functor L: ¥~ —e(¥") given by

LX=(X®—, ay ) Lf=f®-

ProrosiTiON 1.3, L:¥" —e(¥") is a fully faithful tensor functor.
Proof. Suppose 8: LX — LY in e¢(¥"). Let f: X — Y be the composite

)T'
X—* o x@Il—2,yl—Hy.

It follows from commutativity of the diagram

1v®/4

X®A-——>(X®])®A AL XRQURA) S XA

I® 1y j 01D 1,4 l 01®Al 10.4

Y@A—o (Y®NQA——— YOURA) 157 YO 4

and the triangle for unit that 6,=f®1,=Lf U Lf=Lf" then
f®1,=1"®1,, so f=f" by naturality of ». So L is fully faithful.
To see that L is a tensor functor, we note that we have

£ (1 g ) U®— a;, )
which gives an arrow ¢,: I — LI by Proposition 1.1, and we have

‘lxy (AR (Y®-), (X®’lr . )O(ax,ng) m)
»(X®Y)®-, ”’X@)’,,),

which gives an arrow ¢,: LX®LY - L(X®Y) by the associativity
pentagon. The hexagon diagram involved in showing that this gives a
tensor functor reduces to a pentagon since e(¥”) is strictly associative;
this pentagon is again that for associativity. The square diagrams reduce
to triangles, of which one is the triangle for unit, and the other is from
Proposition 1.1. Q.E.D.

COROLLARY 1.4. Every tensor category is tensor equivalent to a strict
one.

Proof. Take the full image of L. Q.ED.

This Corollary 1.4 by itself is a coherence result. However, it is a weaker
statement than the Coherence Theorem (Theorem 1.2) because it uses a



28 JOYAL AND STREET

tensor functor while the Coherence Theorem involves a strict tensor
functor. Later we prove a coherence theorem for tensor functors.

We describe the construction for functors of the analogue of the
equalizer for maps. Given functors S, T: o/ — ¥, the category Eq(S, T) has
objects (A, #) consisting of an object Ae./ and an isomorphism
h:SA—= TA in Z, and has arrows f: (A, h)— (A, h"), those arrows
f:A— A" in o/ for which the following square commutes:

SA — 5 T4

{ T

SAl ———h',—") T4’

There is a functor P: Eq(S, T) — &/ given by P(A4, h)= A and Pf = f. There
is a natural isomorphism ¢: SP—» TP whose component at (A4, h) is A. If
S, T are tensor functors between tensor categories &/, Z then a
straightforward calculation shows that Eq(S, T) supports a unique
structure of tensor category such that P becomes a strict tensor functor
and ¢ becomes an isomorphism of tensor functors.

We now prove the following “flexibility” result.

PrROPOSITION 1.5. Every tensor functor T: ¥%€ — ¥ is isomorphic to a
strict tensor functor S: F€ — 4.

Proof. By freeness of %%, there is a unique strict tensor functor
S: F%€ — ¥ such that Si=Ti: € — ¥ . Also, there exists a unique functor
F:¢ —Eq(S, T} such that PF={ and oF is an identity. So we have a
unique strict tensor functor F': € — Eq(S, T') with F'i = F. By freeness of
F €, the strictness of PF’, and the equality PF'i=1 i, we obtain the
equality PF'=1_,,. So we have the isomorphism ¢F': S— 7T of tensor
functors. Q.E.D.

We need one final observation before giving the proof of Theorem 1.2.
Each functor F:% — ¥  into a tensor category extends to a functor
F’: #% — ¥ (not a priori a tensor functor) whose restriction F/ to €”" is
defined inductively by

~ -
Fi=I, F|=F  F.  =(@@"'=¢"x¢—1 v xy -2, y)

Proof of Theorem 1.2. First observe that I': #4 — %, C is surjective on
objects and full since it is a splitting for the extension i’: € — F € of the
functor i: € — F%. So it remains to prove that I is faithful. Proposition 1.3
gives the construction of a faithful tensor functor 7: #€¢ — #  with #~
strict. By Proposition 1.5, we have an isomorphism S-—= T with
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S: F€ — # strict. By the universal property of #% and # ¢, there is a
unique strict tensor functor R: %% — #  such that RI'=S. But S is
faithful since it is isomorphic to 7, and T is faithful. Then RI'= S implies
that I is faithful. Q.E.D.

COROLLARY 1.6, In the free tensor category generated by a set A of
objects, every diagram commutes.

Proof. We have an equivalence #43 % A4, and the category #. A is
discrete. Q.E.D.

To relate Corollary 1.6 to the coherence theorem of Mac Lane [ML2,
p- 1651, it is convenient to use the notion of clique. Recall from [JS2] that
a cligue in a category is a non-empty family (C,|k € K) of objects and a
family of arrows (u,,: C,— C,|(k, h)e Kx K) such that u,-u, =u,, and
u =1 (so that u,, has inverse u,,). In other words, a clique is a functor
whose domain is a category equivalent to the category 1 (with one object
and an identity arrow).

Now consider a tensor category ¥~ with set of objects K=obj ¥7, and
the unique strict tensor functor t: #(K)— ¥~ which extends the inclusion
of the discrete category K in ¥". By Corollary 1.6, the fibre I~ '(w) of the
functor I': #(K)> #,(K) over an object w=A4,4,... 4, is a category
equivalent to the category 1. The image of I '(w) under t: F(K)— ¥~
gives a clique in ¥". For example, if w=ABCDE, the clique gives a
canonical isomorphism

(A NR((BRC)®UR (DR E)))
= (I®(A®B))® (UK ®((C®D)® E))).
For each tensor category ¥, there is a strict tensor category st(¥"). The

objects of st(¥") are words w=A,4,... A,, in objects of ¥. An arrow
fW— W is an arrow f: [w] = [w'] in ¥7, where we define

[(P1=1 [A]l=4, and [A,4;... A4, 1=[44;...4, 14,

Composition is just that of ¥. In other words, the extension
19,0 #(¥")—> ¥ of the identity 1, of ¥ factors as a composite of a functor
Z,(#7y - st(¥") which is the identity on objects and a fully faithful functor
[ J:st(¥ Y- 7. The tensor ® for st(¥") is given by v ® w=ovw and by
commutativity of the square

[01® [w] 25 [0 ® [w]
Ij! lll

. [ g
[ow] ey [v'w]

6077102.1-3
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in which the vertical isomorphisms are those of the clique. Thus
[ J:st(¥")— ¥  becomes a tensor functor. The functors s: ¥ —st(¥"),
which takes each object A€ 7" to the word 4 of length 1 and each arrow
to itself, is a splitting of the functor [ ]:st(¥")— ¥". Since the tensor
function [ 1:st(¥") — ¥ provides a fully faithful retraction for s, it follows
that s: ¥~ —st(7¥") is an equivalence of tensor categories. This gives another
proof of Corollary 1.4, but this proof uses the coherence theorem.

We would like to show that each tensor functor T: ¥ — ¥#" induces a
strict tensor functor st(7'):st(¥") — st(#"). The way to define the functor
st(7) on objects is obvious, but to define it on arrows requires a coherence
theorem for tensor functors which we now develop.

There is a tensor functor H': % H — # H generated freely by a given
functor H: ¥ — &. That is, %, H is the free tensor category ¢, and # H
is the tensor category formally generated by £ and the structural
isomorphisms ¢,, ¢, of a tensor functor extending H to the tensor functor
H' on #%. More precisely, there is a commutative square of functors

H

|}

FC— FH

such that, for all commutative squares

¢ 2, g

Ml l

v . "

with T a tensor functor, there exists a unique commutative square of tensor
functors

F6¢ - FH

Ul ly

[t d

with U, V strict and Ui= M, Vj= N. In particular, there is a commutative
square

F¢ 2 FH

rl Jd

s FH

where 4 is strict and 4j: 2 - % 2 is the inclusion of the generators.
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THEOREM 1.7 (Coherence for Tensor Functors). For all functors
H:€— 2, the functor A: % H - #.2 is an equivalence.

COROLLARY 1.8. In the codomain category #,¢ of the free tensor functor
generated by a function &: A — M, every diagram commutes.
Proof. The functor 4:#E¢—> %M is an equivalence, and # M is
discrete. Q.E.D.
LEMMA 1.9, Suppose the following squares of tensor functors commute
for M, N, strict and i=1,2:
76— 7 H

| I

4 7
For each isomorphism 1: T\ — T, of tensor functors, there exists a unique
isomorphism v: N, — N, of tensor functors such that

X

vH' =1tM.

Proof. Let #°' be the tensor category whose objects are invertible
arrows in ¥  and whose morphisms are commutative squares. The
isomorphism 1 induces a tensor functor T:¥ — %' Applying the
universal property of H’, we obtain a commutative square

SR

T

from which the result follows. Q.E.D.

Proof of Theorem 1.1. The functor 4 is surjective on objects and full
since it is a splitting for the extension j”: # % — % H of j. It remains to
prove A faithful.

By Proposition 1.5, the tensor functor H' is isomorphic to a strict tensor
functor S: #% — % H. The universal property of H’ gives the commutative
square



32 JOYAL AND STREET
We also have the identity square

F6¢—2L 0 ZH
1

.

and S=H’, so we can apply Lemma 1.9. This shows that Ex1, and
so F is an equivalence. From the universal property of H', we have a
commutative square

Fe€— FH

b

FEC > FD

and also I'4, = 4. By Theorem 1.2, it suffices to prove that 4, is faithful.
Since § is strict, E factors through 4,. Since E is an equivalence, 4, is
faithful. Q.E.D.

We now return to the question of how to define st(T):st(¥") - st(#")
for any tensor functor T: ¥ — #". For an object w= A4, ... 4,, of st(¥"),
define

st(T)(w)=(TA,) ... (TA,,).
For an arrow f: w — w’, define
sSUTHS):[TA,...TA,,1 > [TA|...TA,]
by requiring commutativity of the square
[TA,..TA, 1228 (T4, ... TA4,]
2‘! I’l
T[A,...A,] —— T[A]...A4,]

LAVl

where the vertical sides are those of the clique in %" obtained using
Corollary 1.8. This construction produces a strict tensor functor
st(T): st(¥") — st(#"). Composition of tensor functors is preserved by the
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construction, so we are able to replace diagrams of tensor categories and

tensor functors by equivalent diagrams of strict tensor categories and strict
tensor functors.

2. BRAIDINGS AND YANG-BAXTER OPERATORS

DErFINITION 2.1. A braiding for a tensor category ¥~ consists of a
natural family of isomorphisms

e=c, 5 AQB-> B® A

in ¥ such that the two diagrams (B1) and (B2) commute:

(B1) (B®A)®C— BR(A® C)
rV wr
(A®B)®C B®(C®A)
A®(B®C)—— (BRC)® A
(B2) AR (C®B)—— (A®C)® B
AV w‘s
AR(B®C) (CRA)®B

(A®B)®C—— C®(A®B)

If ~ is a braiding then so too is ¢’ given by ¢/, 5= (cp 4) ' since (B2) is just
obtained from (B1) by replacing ¢ with ¢". A symmetry [EK] is a braiding
for which ¢=¢".

DEFINITION 2.2. A braided tensor category is a pair (¥, ¢) consisting of
a tensor category ¥~ and a braiding ..

ProproSITION 2.1. In a braided tensor category, the following diagrams
commute:
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AR AR A I®A : AR
NSNS
(ARC)® B
/ \@1
A®(CRB) (CRAI®B
2NN
A® (B8 C) CR®A®B)
2
(A®B)®C AN W CR(B®A)
NN N
(BRA®C S (C®B)®A
\ \\\ /®l
B®(4A®C) (B®C)® A
1®« o
BR(C®A)

Proof. For the first triangle, take B=C=17 in diagram (B1), and use
the coherence of «, 2, £ and the invertibility of ¢, ,. The second triangle is
obtained similarly from (B2) with 4= B=1 The big diagram is shown to
be commutative by constructing the indicated dashed arrows: two of the
regions commute by (Bl) and the quadrilateral commutes by naturality
of ¢ QED

ExampLE 2.1 (Braids, and labelled braids on strings). Let P denote a
Euclidean plane and let C,(P) be the space of subsets of P of cardinality
n. The Artin braid group B, is the fundamental group of C,(P). Denoting
some n distinct collinear points of P by 1,2, .., n, we can describe a loop
w:[0,1]-C,(P) at the point {1,2,..,n} of C,(P) by its graph in
[0, 1] x P; for example,

1 2 3 4 5

BERNCEN
L SN
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where a horizontal cross section by P at level 1 € [0, 1] intersects the curves
(called the strings) in the subset w(7) of P. Let s, be the braid depicted by

1 2 1
Si | l
1 2 i
A presentation [A, B] for B, is given by the generators sy, ..., 5, and the
relations

i+1 n-1 n

i+1 n-1 n

(A1) 5.8, 185 =5:4155 41 for 1<ig<n—2,

(A2) 8;8,=5;5; for 1<i<j—1<n-—-2

The braid category B is the disjoint union of the B,. More explicitly, the
objects of B are the natural numbers 0, 1, 2, ..., the homsets are given by

B, when m=n
%] otherwise,

B(m,n)={

and composition is the multiplication of the braid groups. The category B
is equipped with a strict tensor structure defined by addition of braids,

@ : %m X gn - %m-f-n’
which is algebraically described by the equation
S DS, =8:5m,; (=5my;5)

and is pictured as in the following example:

K WX
N N A

a B asf

]

A braiding for B is given by the elements

C=Cpnp-mM+n—n+m,
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illustrated by the following diagram:

N

1 m 11 n ]

This can also be depicted as follows:

n m
m n
The picture for ¢, , = (¢, ) ' is then as follows:
n m
m n

Naturalness of «,, , is proved pictorially by the equality
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More generally, for any category .o/, there is a braided strict tensor
category B [ .o/ of braids having their strings labelled by arrows of .o7. (The
notation B[ .« is intended to indicate that it is a wreath product in a
generalized sense [K57].) The objects of B [.o¢ are finite sequences of
objects of /. An arrow

(% fionfn)i (A, s A,) = (B, ... B,)

consists of xeB, and f,e .&/(A4,, B,,;,), where i a(i) is the permutation
defined by a. Such an arrow can be viewed as the braid « labelled by
fis . £, as, for example:

Composition of labelied braids is performed by composing the label on
each string of the composite braid. The operation of addition of braids
extends in the obvious way to labelled braids B[ .o/ xB .o/ - B (.o,
yielding a tensor structure on B [.o/. There is an obvious braiding on
B [.o/ obtained from the braiding on B by labelling the strings with
identity arrows. We have an inclusion functor

it >B[.of
identifying .o/ with the labelled braids with a single string.

ExaMpPLE 2.2 (Super Vector Spaces). (This example is further explained
in Section 3 on categorical groups; also see [MS, Lyu].) Consider the
category Z, ¥ect. of Z,-graded complex vector spaces. The objects are
pairs (A4,, 4,) of vectors spaces and the arrows are pairs (fy, f,) of linear
maps. There is a familiar tensor product on this category given by

(Ao, 4))® (Bo, B))=(A4;® By @A, ®B,, 4,® B, ® 4, ® By).

However, apart from the familiar associativity constraint and symmetry,
we also have the associativity constraint and braiding which, for
homogeneous x, y, z, are given by
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(X ® 1) ®7) = {(-1)x®(y®z) for x, y, z all odd,

x®R(y®:z) otherwise,
ol y®x for x, y both odd,
(@)= {y ®x otherwise.

ExaMpPLE 2.3 (The Centre of a Tensor Category). (See [JS3, Mj2].)
The centre 2, of ¥ is the category whose objects are pairs (A4, ), where
Ae ¥ and

UWAR - —® A
is a natural isomorphism such that the following two conditions hold:

uy

AR I®A4

N/

AR(X®Y) 25 (XR Y)® A
(ARX)®Y XQ(Y®4)

u,\'m‘ %8: uy

(X®A)®Y —— X®(A®Y)

An arrow f: (A4, a)— (B, b) in Z,. is an arrow f: A — B such that, for all
Xev,

bye(f@)=(1® f)eay.

Moreover, &, becomes a braided tensor category with tensor product
given by

(4,a)R® (B, b)=(AR B, (a®1)-(1®¥))
and braiding given by

C(d.a)(Bb)—dpg: (4, a)® (B, b)— (B, h)® (4, a).

DEFINITION 2.3. Suppose ¥7, # are braided tensor categories. A tensor
functor F: ¥ — # is said to be braided when the following square
commutes:
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FA® FB—2 F(A® B)

1 [n

FB® FA — F(B® A)

EXAMPLE 2.4. Suppose F:¥ — %" is a tensor equivalence between
tensor categories ¥~, # . Each braiding « for ¥~ transports along F to a
unique braiding on #” such that F becomes braided. In particular, if ¥" is
braided, so is st(¥").

ExaMmpLE 2.5. For any tensor category ¥, there is a tensor category
¥, called the reverse of ¥, with the same underlying category, but with
tensor product ® ' given by

AR'B=B® A.

If ¥~ is braided then the identity functor 1,. of ¥" together with ¢, = and
¢o=1, forms a tensor isomorphism ¥ —= ¥"™". The proof requires
commutativity of the square

ARBRC—2L BRA®C

@rl Jf

AQC®B—— CO®B® A

(which does commute since it becomes the third diagram of Proposition 2.1
when we replace the bottom side using (B1) and the right side using (B2)).
Moreover, ¥ is braided via (: A®'B->B®'A4, and ¥ —= ¥ is a
braided tensor isomorphism.

The concept of a Yang-Baxter operator on an object in a tensor category
has been considered at various levels of generality in [Dr, Man, T]. We

need to extend this somewhat. Let T: &/ — ¥ be a functor from a category
&/ to a tensor category ¥ .

DEFINITION 24. A Yang—Baxter operator on T is a natural family of
isomorphisms

y=yan TARTBSTB® TA

such that the following diagram commutes:
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(TAQ TC)® TB
,,/‘ \,@I
TA®(TC® TB) (TCRTA)®THB
l®/ \

TA® (TB® TC) TC®R(TA® TB)
o 1y
(TARTBY®TC TCR®(TB®RTA)
(TBRTAYRTC (TCR®TBY®TA
\ /@1
TBR(TA® TC) (TBRTC)®TA
l®x /1
TBR(TC® TA)

When .o/ is the category 1 with a single object 4 (and a single arrow 1),
a Yang-Baxter operator on 7 is the same as a Yang-Baxter operator on
the object X'=T(A) in ¥

ExaMpLE 2.6. By Proposition 2.1, any functor T:.&/ —» ¥ into a
braided tensor category ¥~ comes equipped with a Yang-Baxter operator
obtained from the braiding of ¥:

yas=crsr8 TAQ TB3TBQ TA.

In particular, we obtain a Yang-Baxter operator on the inclusion functor
i:of - B .o; we shall denote it by =

PrROPOSITION 2.2. (a) For any strict tensor category ¥~ and any
Yang—Baxter operator y on T:.of — Y7, there exists a unique strict tensor
Sunctor T':B{.of - ¥ such that the following triangle commutes and
T'()=y:

o B
\ lr,
h
1/‘

(b) B . is the free braided strict tensor category on sf.
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Proof. Step 1. (a) holds for o =1. Given a Yang-Baxter operator y
on X in ¥, define T':B — ¥~ on objects by T'n=X ®" (the nth tensor
power of X). For 0 < i< n, define

y>=X®“ —l)®2/®X®(n' i—l):X®n__)X®u.

These satisfy the relations given in Example 1.1 for the presentation of
the Artin braid group B, ; (A1) holds since 4 is a Yang-Baxter operator,
and (A2) holds by functoriality of ®. Thus we obtain a monoid
homomorphism T,: 8, - ¥ (X ®", X ®") taking s, to y, for all 0<i<n.
This defines T on arrows. Clearly this 7' is the unique strict tensor functor
with the properties claimed.

Step 2. (a) holds for general o/. We use a technique of Kelly [K3,
pp. 74-75] to reduce it to the special case already proved. The wreath
product construction & { .o/ can be defined for any category .« equipped
with a functor &/ — & into the disjoint union € of the symmetric groups.
This construction has a right adjoint, denoted by {./, 4}, which is a
category equipped with a functor {.«/, #} — &. More precisely, there is a
natural bijection between functors & | o/ - # and functors & — {.o/, 4}
over €. The explicit description of {.&/, #} is as follows. For any natural
number #e€ N, the symmetric group &, acts on the category [.&/", #] of
functors from the cartesian product .&/" of n copies of &/ to 4 via the
formula

(6FNA,, ... A,)=F(A4,,, s A}

This action is used to construct the semi-direct product

(o, B}, =[ A" BIXS,.

The objects of {o/,#}, are the functors F:&/"—#. An arrow
(v, 06): F— G has u:6F— G a natural transformation. The composition is
given by the formula

(v, 7)o (u, )= (vtou, 10).

For ¥ a strict tensor category, there is a strict tensor product on {&/, ¥ '}
for which {of, ¥} > & is a strict tensor functor: for F:&"— 7,
G: /" — ¥, take FRG: &/" "™ —> ¥ ta be the functor given by

(FRGHA,, ... A,, B\, .., B,})=F(A4,,.., 4,)®GCG(8, ... B,).

Returning to the proof, we take any Yang-Baxter operator ; on
T: o - +". Then we obtain a Yang-Baxter operator (y,5): T®T—
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T® T on the object T of {.o7, ¥"}. By Step 1, there is a unique strict tensor
functor T#:8B — {.of, ¥} with

T*(1)=T and T*(s))=(y,s,).

Now & is a strict tensor category and s, € S, is a Yang-Baxter operator
therein. So, by uniqueness, the composite of T* with the canonical functor
{of, ¥7} > & is just the canonical surjection B — &. By adjointness, 7 *
corresponds to a well-defined functor T': B [ .o/ — ¥". Checking that 7" is
the unique strict tensor functor as required is then purely mechanical.

Step 3. (b) holds. We have already seen that B | .o is a braided strict
tensor category. We must see that it is the free such generated by «/. So
let ¥~ be any braided strict tensor category and let T:.o/ — ¥~ be any
functor. By Example 1.6, we obtain a Yang-Baxter operator 4 on T given
bY 4.4 8=rcr4rs- By Step2, there exists a unique strict tensor functor
T:Bfo -+ such that T'<i=T and T'(¢;,,5) = c74 rg- It TEMains to
show that T satisfies the further equations needed for it to be braided. For
each object B of .o/, consider the set

{A = (AH ey An)G%j'(yl T’("A.l’B): rT'A,TB}‘

Using the axioms for a braiding, we see that this set contains the unit
object of B .o/ and is closed under tensor product; so it contains all
objects of B [ .«/. Now consider the set

{B=(B,,..B,)eB[A|T(c\5)=crrpiorall AcBf.o".

Again, using the axioms for a braiding, we see that this set contains the
unit object of B [ .« and is closed under tensor product; so it contains all
objects of B | /. So T is braided. Q.ED.

COROLLARY 2.3. For every braided tensor functor F: B .o/ — ¥ into a
braided strict tensor category V", there exist a braided strict tensor functor
S:B[.o ¥ and an isomorphism o:F=S of tensor functors whose
restriction g~ i to <o/ is the identity.

Proof. By Proposition 2.2 (b) the condition Foi=S-i defines S. Now
proceed as in Proposition 1.5, noting that Eq(F, S) is a strict tensor
category (since ¥ is) and it admits a unique braiding for which
P:Eq(F, S) > B [ o becomes a braided strict tensor functor. Q.E.D.

We can also deduce the “bicategorical” universe property of B |.o/. We
need a little notation. Suppose .o/, # are categories. We write [.o«/, #] for
the category whose objects are functors T:.of — # and whose arrows are
natural transformations ¢: 7 — S between such functors. If ¥, #  are
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tensor categories, we write Jex(¥ ', #7) for the category whose objects
are tensor functors F: ¥ — %" and whose arrows are morphisms y: F—» G
of tensor functors. If ¥°, #  are braided tensor categories, we write
BTen(¥", W) for the category full subcategory of Zex(¥", #°) consisting of
the braided tensor functors.

COROLLARY 2.4. Suppose s/ is a category and ¥ is a braided tensor
category. Then restriction along i: .of — B [ .o/ determines an equivalence of
categories

BTen(B [ o, ¥ )3 [, 4],

Proof. From the following commutative square in which the vertical
functors are equivalences induced by s: ¥~ —st(¥#7), we see that it suffices
to prove the result for ¥~ a braided strict tensor category.

BITn(B[ o, V) —— [, 7]

| |

BTen(B [ o, st(¥")) — [, st(17)]

But then each Te [.o/, ¥'] has the form T = F-i for a unique braided strict
tensor functor Fe 27¢»(B § o/, ¥7) by Proposition 2.2(b).

It remains to show that #Te»(B | .o/, ¥') - [, ¥ ] is fully faithful. So
take any two braided tensor functors F,G: B | .o/ — ¥ and any natural
transformation ¢: Foi—Goi Let S, T:B .o/ - ¥ be the braided strict
tensor functors isomorphic to F, G, respectively, as assured by
Corollary 2.3. By using the category [2, ¥'] of arrows in ¥  (which
pointwise enherits a braided strict tensor structure from ¥7), Proposi-
tion 2.2(b) yields that the natural transformation ¢:Sci— T-i has the
form ¢ =~/ for a unique morphism «: S — T tensor functors. Using the
isomorphisms F2 S, G = T, we obtain a unique morphism ¥ : F— G of ten-
sor functors such that ¢ = ¢ 1. Q.E.D.

We now consider coherence for braidings. After the coherence discussion
of Section 1, it is natural to introduce the free braided tensor category
F £ generated by the category .. For each braided tensor category 7,
restriction along the inclusion ./ — #£.«/ determines a bijection between
braided strict tensor functors F4/ — ¥" and functors &/ — ¥". In par-
ticular, there is a unique braided strict tensor functor I': F4.o& - B .o
whose restriction to .o/ is i: ./ —» B[ ..

THEOREM 2.5 (Coherence for Braided Tensor Categories). [ Féof —
B | .o/ is a braided tensor equivalence.
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Proof. We have a pushout diagram

Fod —— FoA

L

of categories and functors. For we know by Proposition 2.2(b) that B § o/
is the free braided strict tensor category and so is obtained from #/.</ by
forcing all the associativity isomorphisms to be identities. Also, # .« is
obtained in the same way from #.o/. Moreover, these associativity
isomorphisms are in bijection via the functor on the left side of the square.

It is a general property of pushouts in ¥~/ that, if the top functor is an
equivalence and the left functor is injective on objects, then the bottom
functor is an equivalence. So the result follows from Theorem 1.2.  Q.E.D.

There is a canonical braided strict tensor functor B j .o/ — B induced by
the unique functor ./ — 1. Composing this with I we obtain a braided
strict tensor functor

Frod +Bf.of B

whose value at an arrow of F/.«/ is called the underlying braid of that
arrow.

COROLLARY 2.6. In the free braided tensor category generated by a set A
of objects, a diagram commutes if and only if all legs with the same source
and target have the same underlying braid.

Proof. The arrows of B { A are braids labelled by elements of the set A,
so BfA—B is faithful. By Theorem 2.5, it follows that the composite
FtA->B] A - Bis faithful, Q.ED.

As an application of Corollary 2.6, we prove the commutativity in any
braided tensor category of some particular diagrams. These results can also
be proved directly (as for Proposition 2.1) by subdividing the diagrams
into sub-regions, each of which commutes by an axiom for braided tensor
categories.

PropOSITION 2.7.  For all objects A, B, C, D of uny braided tensor
category ¥, the following diagrams commute
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(AR B)®(C®D)2L (BRA)®(CR®D)— BR(A®(C® D) 25 BR((41® C)® D)

I®c

1®c
(A@B)R(D®C) |
1 BR(DR(ARC))
(A®BY®D)Y®C

1®a!
a®l
| |

(AR (BRDNAC—p ((BEDIQA)®C—— (BO(D®A)OC—— BR(PRABC()

(A®B)®C —— (BQA)QC
A® (B® C) '
o /Cg@(BcaA)
A®(C® B) (CRB)® A

¢

Proof. 1t suffices to prove the commutativity of these diagrams in the
free braided tensor category on four generating objects, and, for this,
we need only check that the two legs of each diagram have the same

1)

3. BRAIDED CATEGORICAL GROUPS

In this section we study a special class of braided tensor categories and
prove a classification theorem for that class.

607:102/1-4
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DerFINITION 3.1. A categorical group ¥ is a tensor category in which
every arrow is invertible and, for each object A, there is an object 4* with
an arrow &,: A*® A — I. We say ¥ is braided when it is equipped with a
braiding. A categorical group is strict when it is strict as a tensor category
and ¢, can be chosen to be an identity. Strict categorical groups are the
group objects in the category of categories.

ExaMpPLE 3.1. We can construct a braided strict categorical group ¥~
from any pair of abelian groups 4, X and bilinear map f: A x A — X. The
objects of ¥~ are the elements of A. The homsets are given by

Y (a. b) = X for a=b
0= 4] otherwise.

Composition is addition in B. The tensor product is defined by
(x:a—a)@(y:b-ob)=(x+y:a+b—->a+b)

The braiding is
fla,b):a+b—-b+a

In particular, for a commutative ring K, we can take 4 = X =K under
addition, while f is the multiplication operation K x K — K.

Remark 3.1. It is well known (see [BS] for the history) that strict
categorical groups are the same as the “crossed modules” of Whitehead
[W]. Recall that a crossed module (N, E, 0, *) consists of groups N, E, a
group homomorphism é: N — E, and an action of E on N subject to the
following four axioms:

e * (uv) = (e » u){e * v), (ef ) *ru=e=*(f*u),
dlexuy=ed(u)ye ', Nu)xv=uvu "
A strict categorical group ¥~ gives a crossed module as follows: E is the set
of objects of ¥7, N is the set of arrows u: 4 — I into the unit object, @ is
the source function u+> A, and the action = is conjugation,

Bx(u:A>1)=(BQuRB*: BR AR B* - I).

The group structures on N and E are induced by the tensor product of ¥".

Given any crossed module (N, E, &, *), the corresponding strict categori-
cal group ¥ is described as follows. The objects are the elements ee E.
An arrow u:e—e' is an element we N with e=3a(u)¢’. Composition is
multiplication in N. The tensor product is given by

(uze—=e )R :f—f)=(ule xv).ef - €f').
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Braidings for a strict categorical group are in bijection with “bracket
operations” [C] for the corresponding crossed module. A bracket operation
for a crossed module (N, E, 3, *) is a function { , }: Ex E - N satisfying
the five conditions

legff={efif+leg}) lefigh=(ex{f g}ie g}
e, fr=efe 'S, {Ou, ([ *u)=u, {e, v} v=exuv.

For a braided strict categorical group, the bracket operation on the
corresponding crossed module is given by

{4, B} =(c, ;@ A*@B*: AQ B® A*@ B* - I).

Given a bracket operation on the crossed module (N, E, ¢, x), the
braiding on the corresponding strict categorical group is given by the
equation

cor=lef}ief = fe

Suppose G, M are abelian groups. Then M can be regarded as a trivial
G-module (via the action xpu=pu for xe G, ue M) and the cohomology
groups H"(G, M) can be considered. However, it is argued by Eilenberg
and Mac Lane [E, MLO, EM] that these groups are inappropriate here
since they take no account of the commutativity of G, and so should be
replaced by groups H7, (G, M). We describe H3, (G, M).

An abelian 3-cocycle for G with coefficients in M is a pair (A, ¢), where
h:G*— M is a “normalized 3-cocycle”

h(x,0, y)=0
hx, y,z2)+ h(u, x+ y, 2)+ h(w, x, yY=h(u, x, y+z)+ h(u+x, y, 2)
and c: G* - M is a function satisfying
h(y, z, x)+clx, y+2)+ hix, y, z)=c(x, z)+ h(y, x, 2} + c(x, y)
—h(z,x, y)+elx+ y, 2)—h(x, y,z)=c(x, z)— h(x, z, y) + (), 2).
For any function k: G* - M satisfying
k(x,0)=k(0, y)=0,

the coboundary of k is the abelian 3-cocycle d(k)= (A, ¢) defined by the
equations

h(x’ Vs Z) =k(y’ - _k(x+ ) Z) +k(xa J'+ Z) —k(xa J')
clx, y)=k{x, y) —k(», x).
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Then H} (G, M) is the abelian group of abelian 3-cocycles modulo the
coboundaries.

For any normalized 3-cocycle h:G® — M, there is a tensor category
¥ =7 (G, M, h) defined as follows: the objects are elements of G; the
homsets are given by

. M for x=y
¥ (x, y)=
(x, ) {g for x#y:

composition is addition in M; tensor product is given by
(x—=>x)@(viy—-y)=(utvix+y—->x+y);

the associativity isomorphism is

h(x, y,z2): (x+ y)+z=>x+(y+2);

and the 0 of G is the (strict) unit object.
A remarkable observation connecting braidings with cohomology is the
following.

PrROPOSITION 3.1. To say that ¢ is a braiding for the tensor category
T (G, M, h) is precisely to say that (h, ¢) is an abelian 3-cocycle for G with
coefficients in M. Also, an equation

(h,c)— (K, ") =tk)
then determines a braided tensor isomorphism (G, M, hy=F (G, M, i)

Proof. The properties of ¢ in the definition of abelian 3-cocycle amount
precisely to the axioms (B1), (B2) for a braiding for the tensor category
T (G, M, h). For the second sentence of the Proposition, the identity
functor enriches to a tensor isomorphism via ¢, =k(x, y):x+y—x+y
using the first equation defining a coboundary, and the second equation
yields that this isomorphism is braided. Q.E.D.

Remark 3.2. Suppose A4 is an abelian group and R is a commutative
ring. Suppose (4, ¢) is an abelian 3-cocycle on 4 with coefficients in the
multiplicative group R™ of units. Let 4 .#+«(R) denote the category of
A-graded R-modules: the objects are families

M=(M,lacA)

of R-modules and the arrows are families of R-module homomorphisms.
There is a tensor on this category given by the “convolution formula”

b+c=u
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The following equations define an associativity constraint < and a
braiding «:
a((x@y)@z)y=h(a, b, c) xRy ®=z) and
A(x®@y)=cla, b) y®x where xeM,, yeN,, zeP_.

In this way, 4 .# o« (R) becomes a braided tensor category.

A function q: G — M between abelian groups G, M is called quadratic
when g(x+ y)—g(x)—q(y) is a bilinear function of x, y. This amounts to
the conditions

g(—x)=q(x)
gx+y+z)+q(x)+q(y)+q(z)=q(y +z)+q(z + x) + g(x + ).

The trace of an abelian 3-cocycle (4, ¢) is the function g: G — M given by
g(x)=c(x, x).
A calculation shows that traces are quadratic functions.

THEOREM 3.2 (Eilenberg and Mac Lane [E, MLO, EM]). Trace deter-
mines an isomorphism between the group H, (G, M) and the group of
quadratic functions from G to M.

In the case where G is a cyclic group Z/n of order n, we have an
isomorphism

H} (Z/n, M)=Hom(Z/(n?, 2n), M).

Explicitly, given an element ve M such that n?v = 2nv =0, we can define a
3-cocycle (A, ¢) as

0 for y+z<n
xnv for y+z=n,

hx, y,z)= {
c(x y)=xpv,

where x, y,z€ {0, 1,..,n—1}.

Combined with the above Remark 3.2, this gives the setting for
Example 2.2.

We now state and prove a precise classification theorem for braided
categorical groups. (The case of symmetry was dealt with by [SHX].) In
this classification, two braided categorical groups which are connected by
a braided tensor equivalence are considered the same. The problem arises
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of giving a complete invariant of this relation. (See [K1] for a categorical
discussion of complete invariants.)
For any braided categorical group ¥, consider the invariant made up of

(1) the group my(*") of isomorphism classes of the objects in ¥,
where multiplication is induced by the tensor product,
(i1) the group =, (¥")=7v¥"({, 1) of automorphisms of the unit
object I, where the operation is composition,
(iii) the map q: n,(¥") — =, (¥ ) assigning to each object its signature

glA)=sgn(A)=c, @ A*@A*= {4, A}.

The group =, (¥") is abelian since the multiplication

T (¥ )X, (¥) -7 (¥), (u, ) u®v

is a group homomorphism [EH]. The group n,(¥") is abelian because of
the braiding. We see below that ¢ is a quadratic map.

Let 2«a be the category whose objects (G, M,.q) are quadratic maps
q:G—> M between abelian groups G, M, and whose arrows (f, p):
(G, M, q)— (G', M, q') consist of group homomorphisms f, p such that we
have a commutative square

Let #%€% denote the category whose objects are braided categorical
groups and whose arrows are braided tensor functors. We have a functor

T: ;%(6'@——»;2(/(10/, P (o (F7), T (Y), q).

THEOREM 3.3 (Classification of Braided Categorical Groups). The
Sunctor T: BE€YG — 2ecad has the following properties:

(1) for each object Q of 2ead, there exists an object V" of BEY with
an isomorphism T(¥' )= Q;

(2) for any isomorphism p: T(¥')—=> T(¥+"'), there is an equivalence
F: 9" 397 such that T(F)=p; and

(3) T(F) is an isomorphism if and only if E is an equivalence.
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Proof. Recall that a category is skeletal when any two isomorphic
objects are equal. Every category is equivalent to a skeletal one. A skeletal
categorical group ¥~ is necessarily of the form 7 (G, M, h), where

G=obj ¥ =n,(¥), M=n(¥)=¥{1),
h(x’ Vs 2)={L.r.,;'.:®2*®y*®X*’

where o, ,. . x®@y@®z—>x@y®z is the associativity isomorphism.
If ¥ is braided then we get an abelian 3-cocycle (A, ¢) with c¢(x, y)=
., ®@x*®@ y*. This, together with Theorem 2, makes Property (1)
obvious. Property (3) is a consequence of the observation that an arrow
F: ¥ — %" is an equivalence if and only if the maps n,(F), =n,(F) are
invertible. To prove Property (2) note that it reduces to the case where
¥", " are skeletal by using the fact that every object of #€Y is equivalent
to a skeletal one. Now observe that an arrow between skeletal braided
categorical groups amounts to a triple

(f 0. k): (G, M, h, ¢} > (G',M', K, ¢)
consisting of group homomorphisms f:G—~G’, p: M —- M’', and d(k)=
(h", ¢") where

h”(.’(, Vs Z) = hl(gx’ gy, gz) - Ph(x, P Z), C”(xa y) = Cl(gx’ g}’) - pc(x, y)

Given any arrow (f, p): (G, M, q) - (G', M', q') in 2«ad, where q, ¢’ are
the traces of (A, ¢), (4, ¢'), we see that

(ph, pc), (W'g?, c'g?)

are abelian cocycles with the same trace. By Theorem 2, these cocycles
differ by a coboundary 8(k); so, in fact, T is full. Q.E.D.

Remark 3.3. We reiterate that we actually proved T to be full
However, T is not faithful. In fact, for any objects ¥, ¥ in #¢% and any
arrow p:T(¥')—T(¥"') in Z2wuad, isomorphism classes of arrows
F: ¥ > in €% with T(F)=p are in bijection with elements of the
group

Ext(my (¥7), 1, (¥))

(which is the same situation as for the complete invariants found in [StO]).
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4. A BRAIDING FOR REPRESENTATIONS OF
THE FiNITE GENERAL LINEAR GROUPS

The main purpose of this Section is to describe a non-trivial braiding for
the classical [Gn, Z] tensor product of finite dimensional complex
representations of the general linear groups GL,(F ) for a fixed field F, of
cardinality ¢. Before considering this, we briefly review categories of
representations of the symmetric groups &,,.

It is well known that to study representations of the symmetric groups,
we should look at all the symmetric groups taken together. So we consider
the category P of finite sets and bijective functions; this category is

equivalent to the disjoint union & of the symmetric groups €,, neN.
A linear species [J] is a functor

M P - Yeed,,
where ¥ec/, is the category of finite dimensional complex vector spaces and
linear functions. We write #£°P for the category [*B, #2c¢,] of linear species

with the natural transformations as maps. A linear species determines (and
is determined up to isomorphism by) a sequence of representations

S, xM[n] - M([n]
of €,, neN, where M[n] is the value of the functor M at the set
{1, 2, .., n}. The tensor product of linear species M, N is given by

(MON)S)= & M(T)®N(S\T),

TS
where the direct sum runs over all subsets 7 of Se ‘P and S\7 denotes the
complement of 7 in S. A bijection ¢: § — S’ induces bijections
M(T)— M(T’), N(S\T)—= N(S'\T")
for T S and T'=¢(T), and hence a linear isomorphism
(MN)E): (MIN)S)—= (MRN)(S")

Associativity constraints come from the identity

(MRN®P)S)= & MU)SNT\U)® P(S\T).
UeTcsS
Furthermore, we have a natural isomorphism ¢, , MON—=> N@M
whose component at Se B is the direct sum over all T< S of the switch
maps
M(TY)® N(S\T)— N(S\T)® M(T),
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where the codomain is the direct summand of (N® M)(S) for the subset
S\T of S. It is straightforward to verify that we have described a symmetric
tensor category AP which has been studied [J] in connection with
combinatorics.

Now we consider representations of finite general linear groups. Let 6(q)
be the category whose objects are finite vector spaces over the field F, and
whose arrows are linear isomorphisms. The monoid of endomorphisms of
Ee®(q) is the finite general linear group GL(E). A (finite dimensional
complex) representation of ®(q) is a functor

M:G(q)— Victy.

We write #6(q) for the category [®(q), ¥«c/;] of representations of G(q)
with natural transformations as maps. A representation M determines (and
is determined up to isomorphism by) a sequence of linear representations

GL(n, F,)x M[n] > M[n]

of GL(n, F,), n>0, where M[n]=M(F}).
The classical tensor product of representations has the following simple
expression in our setting: for representations M, N of ®(g), we put

(MBN)E)= @ M(A4)®NE/A),

where the direct sum runs over the set of all subspaces 4 of £ and £/A4 is
the quotient space. Each linear isomorphism E = E’ induces isomorphisms
A=A, E/A=E'/A’, for each subspace A of E, and hence a linear
isomorphism (M N)E)>(M® N)(E’). The associativity constraints
come from the obvious identity

(MRN®P)E)= @ M(A)®N(B/A)® P(E/B).
A<B<E
In this way we obtain a tensor category #®(q). The braiding for #®(q)
is less classical.
THEOREM 4.1. #®(q) is a braided tensor category.

Proof. To describe the braiding «: M@ N - N® M, we have to define
an isomorphism

O0=cpy v(E): (MRN)—= (N® M)(E)
for each Ee ((q). For each pair 4, 8 of complementary subspaces of E, let

rapg.A—>E/B, S,p E/A— B
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be the canonical isomorphisms. When A4, B are not complementary, put
r4+5=9545=0. The composites

Miry )@ N(sq.8)

M(A)® N(E/A) M(E/B)® N(B)

—wih , N(B)® M(E/B)

are the entries 8, 5 of the matrix (8, ;) defining the map

8: @ M(A)QN(E/A)—> D N(B)® M(E/B).

A< E B E

Naturality is clear. The invertibility of the map 6 is non-trivial and will be
proved in detail in [JS57; however, see Theorem 4.2 below. It then remains
to check the commutativity of (B1) and (B2). To do this, we use the 3-fold
tensor product to transform (B1) into the triangle below.

MRIN@P NOPOM

NS

NOM®P

The symmetry of the tensor product of ¥ec/; allows us to translate the
value of the above triangle at F to the triangle

® MA)QNB/A)®P(E/B)—> @ M(E/D)®N(C)® P(D/C)

A<B<E C<D<E
x B

M(B/CYON(C)® P(E/B)

C'<B<
where

(i) the matrix y has component y, 5., zero unless 4, D are
complementary subspaces of E and the canonical isomorphism E/A =D
sends B/A4 to C, in which case y, gz - p is induced by the isomorphisms

A=E/D, B/A=C, E/B=D/C;
(ii) the matrix « has component o, 4 - 5 zero unless B= B’ and A,

C’ are complementary subspaces of B, in which case «, g (- 5 15 induced by
the isomorphisms

A=B/C', B/A=C, E/B~E/B’;
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(iii) the matrix f has component f g  , zero unless C=C’ and
B'/C, D/C are complementary subspaces of E/C, in which case .. 5 (., is
induced by the isomorphisms

B/C=E/D, C=C, E/B=D|C

The desired resuit y = o follows from the equation
Yasco=Pcrcnascs

which holds when either side is non-zero. Q.E.D.

The relationship between Hecke algebras and representations of the
finite general linear groups is now explained without proof. Let Q denote
the set of monic irreducible polynomials with nonzero constant term over
the field F,. Let d, denote the degree of ue Q. Also, let ¢, =1 if ©(0) is a
square in F, and e, = —1 otherwise. The Hecke category based on Q is the
complex-additive strict tensor category H(Q) presented as follows. The
objects are the elements of Q. The arrows are generated by arrows

Cop U@V v @u
subject to the relations

Cor®Cpu=q™*  for distinct »,v,  and

(Cw‘ _ gqu?)du(du +1 )) ° (Cu,u + Buq(l/z)d..ld.. -1 )) =Q.

Gelfand and Graev [H, Appendix 3] have shown how to assign a cuspidal
representation U, of GL(d,,F ) to each ueQ, and the calculations of
[H; Chap. 1, Sect. 5] can be used to show that the assignment of the
braiding U, @ U, - U,@U, in #6(g) to ¢, ,: u®@ v —v@u is compatible
with source, target, tensor, and the above relations. So we obtain a
complex-additive tensor functor

HQ) — #6(q).

A result of Harish-Chandra [H; Chap. 1, Sect.4] implies the next
structure theorem for #®(q) from which follow the invertibility of the
braiding of #®(q) and the braiding axioms for $(Q).

THEOREM 4.2. The functor H(Q)— A®(q) is fully faithful. Moreover,
every object of R®(q) is in the closure of the image of this functor under
direct sums, retracts, and tensor products.
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5. ABSTRACT CATEGORICAL ASPECTS OF BRAIDINGS

We now present some results which are mainly of a categorical nature.
We give a theoretical explanation of braidings by relating them to extra
tensor products on a tensor category. (Indeed, this was one of our starting
points for the notion of braiding following the suggestion of Walters [ Wit ]
that one-object bicategory with suitable tensor product should probably be
a symmetric tensor category.) Symmetries are also “explainable.” We also
point out that categories enriched over braided tensor categories admit
opposites and duals; classically [EK] this was just done for symmetric
bases. Finally, we show that the concept of braiding can be abstracted
to tensor objects in braided tensor 2-categories, and we give some
applications.

We begin by observing that some of the commutative diagrams proved
for a braiding can be taken as replacements for the defining axioms (B1)
and (B2).

ProOPOSITION S5.1. In a tensor category ¥, a natural family of
isomorphisms

e ARB->B®A, A, Bey

is a braiding if and only if the two triangles of Proposition 2.1 and the first
diagram of Proposition 2.7 commute.

Proof. Propositions 2.1 and 2.7 prove “only if.” For the converse, take
C =1 in the first diagram of Proposition 2.7 and use the triangles to obtain
(B1). For (B2), take D=1 Q.E.D.

Let1 denote the category with only one object, 0, and with only one
arrow, an identity. Clearly there is a unique tensor category structure
on 1. This is clearly the terminal object in the 2-category e of tensor
categories. For each tensor category ¥~, there is a tensor functor /: 1 — ¥~
which is unique up to isomorphism of tensor functors. The product ¥~ x #~
of two tensor categories ¥°, ¥  is just their product as categories together
with the tensor product given by the composite

VXW )V W R sy W x W B2, ey

and the constraints such that the projections are strict tensor functors. This
is clearly the product in the 2-category Zes.

Let us define a multiplication on a tensor category ¥~ to be a tensor
functor @: ¥" x ¥~ — ¥~ together with isomorphisms of tensor functors p, 4
as illustrated below:
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(1y .1) - - [YAPR]
! ¥ x ¥ !
o s 7
1y by
v

The tensor structure on the functor @: ¥ x ¥ — ¥~ involves isomorphisms

¥ '

$o: 1= D(I, 1),
24488 PA A)QDP(B, B')= P(ARB, A ®F)

satisfying various coherence conditions; see Section 1.

PROPOSITION 5.2.  In a tensor category ¥, a family of arrows

e ARB->B®A, A, Bevy”

is a braiding for ¥ if and only if a multiplication @ on ¥~ is defined by the
assignements @ = ® 1 ¥ x ¥ =¥, po=12, I IQIL p=1, A={¢ and ¢,
is such that the square below commutes:

(A®A)®(BRB) L (A®B)® (A’ ® B')

elu T
(AQ(A'®B))®B o=, (AR (B®A"))R® B

1®ND1

Proof. By Corollary 1.4, it is possible to assume that ¥ is a strict
tensor category. It is clear then that @ be a tensor functor is equivalent to
the diagrams of Proposition 5.1 characterising a braiding, except that the
diagrams are tensored on one side or other by extra objects. These extra
objects cause no problem since tensoring preserves commutativity, and, in
the other direction, the extra objects can be taken to be I That p, 4
are morphisms of tensor functors amounts to the two triangles of
Proposition 2.1, Q.E.D.

The next result generalizes the fact that, if a binary operation on a
monoid is a monoid homomorphism and has the unit of the monoid as a
unit, then the operation is forced to be the monoid multiplication and the
monoid is commutative [EH].

PROPOSITION 5.3.  For any multiplication @ on a monoidal category 4", a
braiding ¢ for ¥ is defined by the following commutative diagram:
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AR B 4.2 B® A
z@wl lz'cbpl
D, A)R®D(B, ) DB, X D], A)
¢:1 lm
DPIRB, ARI) DPBRILI®A)
P, r) @1,/ )
&(B, A)

The multiplication obtained from this braiding ¢ via Proposition 5.2 is
isomorphic (in the obvious sense) to @. If ' is any braiding for ¥ and @ is
obtained from ' via Proposition 5.2 then ¢=¢'.

Proof. By Corollary 1.4, it is possible to assume ¥~ is a strict tensor
category. The conditions that p, A be morphisms of tensor functors include
the condition that p,, 4, both be inverses for ¢,: I—=> ®&(I,I); so p,=4,.
This allows us to replace @ by an isomorphic tensor functor which is a
multiplication on ¥~ with p and 4 both identity morphisms. Having done
all this, let us now put

¢(Aa A,s B9 B,) = ¢2:A.A'.B,B'

so that the conditions for a multiplication become that ¢(A4, I, B, I),
o, A, I, B), ¢(A, A", I, 1), ¢(1, I, B, B') all be identity arrows,

PARB,ARB,C,C')o(P(A, A", B, BY® 1 4¢.¢))
=¢(4, A, BRQC, B C)o (14, @B, B, C,C))
These give the three equations

#(1, AQ B,C,I)=¢(1, A, C, B)- (1, ¢(/, B, C, I))
HC, A, L B) (H(C, 1,1, A)® 15)=$(C, I, I, A® B)
¢(C. 4,1, By (¢(1, 4, C, 1)® 15) =8I, 4, C, B)-(1,®¢(C, I I, B)).

Moreover, ¢, z=¢(B, 1,1, A) '-¢(I, A, B,I); so the three equations
above easily give

rA®B,(‘=(1"A,(‘®IB)O(1A®('B,(‘)s

which is axiom (B2) for a braiding; axiom (B1) is similar.
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For the second sentence of the proposition, we have the tensor
isomorphism

#(A, 1,1, B): A® B—= &(4, B).

For the third sentence, we have ¢(A4, 4", B, B')=1,® ;. y® 15; so
CA.Bzﬂ(B’ Ia Iv A)i lo¢(1s Aa Ba [)

=(1pQ¢c;,®1,) '=(1,®c4 1))
=cly 5 Q.E.D.

PROPOSITION 54. Suppose the braiding ¢ corresponds to the multiplica-
tion & as in Proposition 5.3. Then ¢ is a symmetry if and only if @ is a
braised tensor functor.

Proof. As usual, we can assume ¥~ strict and, by Proposition 5.3, that
@ is defined in terms of ¢ as in Proposition 5.2. Then to say @ is braided
is to say that the following square commutes:

ARA ®BRB —%2, SQARB ®B

]®r4»3®ll Jl@qj‘@l

ARBRAR®B — ARXBRA®B

CARBARE

Take 4 = B’ =1 in this square to see that  must be a symmetry. That the
square does commute when ¢ is a symmetry follows from Mac Lane’s
coherence theorem [ML1]. Q.E.D.

Remark 5.1. A more categorical formulation of Propositions 5.2, 5.3,
and 5.4 is possible. We have mentioned that the 2-category Fe» of tensor
categories has products. Let #.7 ¢» denote the 2-category of braided tensor
categories, braided tensor functors, and morphisms of tensor functors.
Propositions 5.2 and 5.3 yield an equivalence of 2-categories

BT en =~ Mult(Ten),

where Mult(Je») denotes the 2-category of tensor categories with multi-
plication. Notice that the 2-category #Je» has products formed as in Jen
with the obvious braidings. Let ¥ J¢» denote the full sub-2-category of
BT en consisting of the symmetric tensor categories. Proposition 5.4 gives
equivalences of 2-categories

S Ten ~ Mult(BTen) ~ Mult(Mult(Fen)).
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We now consider monoids in a tensor category ¥~. A monoid A in ¥~
consists of an object A and arrows u: A® A4 —> A4, n: - A (called multi-
plication and unit) in ¥~ satisfying the usual associativity and unity condi-
tions [ML2]. A homomorphism of monoids is an arrow f: 4 — B which
commutes with the multiplication and unit. This gives a category Mon(¥")
of monoids in ¥". (For example, if ¥"=.#0d , is the category of modules
over the commutative ring 4, then Mon(.# o ,) = .o5/(4, is the category of
£-algebras.)

If ¥~ is braided, we can define a monoid structure on the tensor product
A® B of two monoids 4, B in ¥~ by means of the multiplication and unit

ARBRARB2®L AR ARBR®B—"2* > A® B,
1721, A® B,

where we write as if ¥~ were strict. In this way, Mon(7") becomes a tensor
category for which the forgetful functor Mon(¥") — ¥~ is a strict tensor
functor. Also, for each monoid A4, we obtain an opposite monoid A°® by
replacing the multiplication u by its composite with ¢, ,. A monoid A4 is
called commutative when it is equal to its opposite; that is, when the
following triangle commutes:

AR A ol A® A
,‘\ / "
A

Remark 5.2. Category theorists will recognize that the above construc-
tions for monoids carry over to enriched categories. Categories with homs
enriched in a tensor ( = monoidal) category ¥~ have been defined in [EK,
pp. 495-496]; they are more briefly called ¥ -categories. (Monoids in ¥~
are one-object ¥ -categories.) For symmetric ¥°, Eilenberg and Kelly
defined the notions of opposite and tensor product for ¥ -categories. This
carries over using exactly the same definitions with ¥~ merely braided.
There are just two warnings that need to be made.

(i) Opposite is not generally an involution. (Yet it is still possible to
use the principle of duality in ¥ -category theory, since the assignment
of — o/ °P is invertible.)

(ii) The tensor product on the (2-)category ¥ -Cat of ¥ -categories
and ¥ -functors (and ¥ -natural transformations) yields a tensor (2-)
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category. However, ¥ '-¢«/ is generally nor braided in the way one might
expect (unless ¥ i1s symmetric).

ExampLE S5.1. For any group G, Freyd and Yetter [FY1, FY2] have
constructed a braided tensor category %:G-% ¢ of “crossed G-sets”. A G-set
is a set X together with a left action Gx X — X, (g, x)— gx, so that
(gh)x=g(hx) and lx=x. A crossed G-set is a G-set X together with a
function ||: X — G, x> |x|, satisfying the condition |gx{=glx| g .
A morphism f: X —Y of crossed G-sets is just a function satisfying
flgx)=gf(x) and |f(x)| = |x|. The tensor product of crossed G-sets X, Y
1s their cartesian product X x Y as G-sets with {(x, v)| =|x| |»|]. Thus we
have a tensor category %:G-%/. It becomes braided by c: Xx Y- ¥Yx X
given by ¢(x, y)=(lx| », x). (The usual switch map is not a morphism of
crossed G-sets!) What we point out here is that each crossed module
(N,G, 0, +) (see Remark 3.1) yields a commutative monoid N in the
braided tensor category yields a tensor category %:G-%/. (The functions *,
¢ give N the structure of a crossed G-set, while the group multiplication of
N makes it a monoid in €:G-%/¢; one of the crossed module axioms
asserts commutativity.)

We now consider tensor objects in braided tensor 2-categories. A rensor
structure on a 2-category X is just a tensor structure on the underlying
category of ", with the extra data needed for the tensor X : . x . ¥ — A"
to be a 2-functor, and satisfying the condition that the constraints «, 7, »
should all be 2-natural. (The reader may need to refer to [KS] for the
meaning of the 2-categorical pasting diagrams drawn below.)

DEFINITION 5.1. A tensor object of X consists of an object V of 17,
arrows 1: VRV -V, i: I- V (called the tensor and the unir for V), and
invertible 2-cells

VoV V2L vV [N V- L SN 74

®1 x t 1

Ve v

V V

(called the constraints of associativity, left unit, right unit) such that the
following two equations hold (where, for example, we have written 3 for

VRV V):

607 102 1-5



62 JOYAL AND STREET

3 —— 2
1®¢ _ 3,;@1 2
= —
® —_— r @1 ' 1
2 — 1 2 —

!

Call V strict when «, A, p are identity 2-cells, so that V precisely amounts
to a monoid in A",

ExAMPLE 5.2. The 2-category ¥« ¢ of categories, functors, and natural
transformations, with cartesian product as tensor product, is a tensor
2-category. A tensor object in €'« is precisely a tensor category.

ExampLE 5.3. Let #:sf/ denote the 2-category whose objects are
categories and for which each homcategory #:4/(.«/, #) is the category of
right-adjoint functors [4, %/ — [, %/ ], where [.o/, #] denotes the
category of functors and natural transformations from .o/ to #. A right-
adjoint functor [4, ¢] — [/, ¥/] is determined up to isomorphism by
the restriction of its left adjoints to representables, and so by a functor
o P x B — Y/. The cartesian product of categories makes #:s/ a tensor
2-category. A tensor object in e/ is a protensor category (called
“premonoidal” in [Dal ]); the tensor is determined up to isomorphism by
a functor P: .o/°P x .o/ P x .o/ — /.

ExaMmpLE 5.4. Proposition 5.3 tells us that a tensor object in the
cartesian tensor 2-category <. amounts to a braided tensor category.

Suppose ¥, & are tensor 2-categories. A tensor 2-functor @: X — &L is
just a tensor functor between the underlying tensor categories X ¥
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enriched with the structure of a 2-functor and such that the constraints ¢,,
¢, are 2-natural. We also need the notion of weak tensor 2-functor which
is defined in the same way without the restriction that ¢,, ¢, should be
invertible.

PROPOSITION 5.5. Weak tensor 2-functors take tensor objects to tensor
objects.

Proof. If V is a tensor object in ¥ then @V becomes a tensor object
in % with tensor equal to the composite

VBV -V V) —2s DV

Since @ is a 2-functor, it preserves invertibility of 2-cells and any equations
between pasted diagrams. Q.E.D.

ExaMPLE 5.5. The representable 2-functor X' (I, -): #" — € ¢ is a weak
tensor 2-functor; so each tensor object V in . gives a tensor category
H7(1, V). Applying this to Example 3, we see that each protensor category
o/ gives rise to a tensor category Ziof(1, &) =~[o/, %/] which is
precisely [, %¢] with the convolution tensor product of [Dal]. In fact,
(o, (] is a biclosed tensor category [Dal].

There is an inclusion €a¢ — P10/ taking each functor T: .o/ — 4 to
restriction [#, %%¢]— [, %2¢] along T. This inclusion is a tensor
2-functor, so every tensor category can be regarded as a protensor
category. In this way, every example ¥~ of a tensor category gives an
example of a biclosed tensor category [¥, ¥2¢].

Now suppose the tensor 2-category ¥~ is braided; this just means that
the underlying tensor category is braided and that the braiding is 2-natural.

DEFINITION 5.2. A braiding for a tensor object V in ¢ is an invertible
2-cell y as in the triangle

VeV —tk VeV

‘ \\éi//,

V

such that the equation
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(B1)

ey crrgl

/\®' @/\ /N‘/\
SN

holds and so does the equation (B2) obtained from (B1) by replacing the
braiding ¢, g for & by (cz4) "and 7y by y 'o(ey ) . A braided tensor
object is a tensor object with a distinguished braiding.

PROPOSITION 5.6. (i) Braided weak tensor 2-functors take braided
tensor objects to braided tensor objects.

(1) A braiding for a tensor object satisfies the following equality:

(YB)
3 2.3 I R I QAN
1®, @1 1®;y PRCR 1®7 » ®1
e — =y 1®1 —_— i
(®1 1@, 1@ (®1 1@, /®l &1
1 ®¢ ®1
2 2 2 =2 2 2 2

\\/ \7

Note that the 2-naturalness of the braiding for " implies that the weak
tensor 2-functor 4" (I, —): # — %« / is braided.

EXAMPLE 5.6. Both $«¢ and :#:c¢ are symmetric, and braided tensor
objects therein are respectively braided tensor categories and braided
protensor categories. It follows that each braided protensor category .o/
gives a convolution braided tensor category [.«/, % /].

ExaMpPLE 5.7. For any tensor category ¥, the category Mon(¥ ) of
monoids in ¥ (as described earlier in this section) becomes a 2-category
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on defining a 2-cell «: f = g between monoid homomorphisms f, g: 4 > B
to be an arrow o: J— B in ¥ such that the following diagram commutes:

_r__-pB

A
17 I
B

e, B®B —— B
Suppose 7~ is symmetric. Then, using the tensor product described ecarlier,
Mon(7 '} becomes a symmetric tensor 2-category. Hence also Mon(¥ )P is
a symmetric tensor 2-category. A hialgebra in ¥ is a strict tensor object in
Mon( ¢ )'". Thus we obtain the notion of braiding on a bialgebra A as used
in the theory of quantum groups (see [JS47]). (A tensor object in
Mon(¥ )P is a quasi-bialgebra as used by [Dr].) Moreover,

Mon(Y )" > %6a/, A Mod(A4)

is a symmetric weak tensor 2-functor, so each braiding on A4 gives a
braiding on the tensor category Mod(A) of A-modules [Mj1].

6. BALANCED TENSOR CATEGORIES

Many examples of tensor categories possess structure which is part-way
between braiding and symmetry,

DEFINITION 6.1. Suppose 7 ' is a braided tensor category. A (full) nwist
for ¥ " is a natural family of isomorphisms

0=0,4— A
such that §,=1, and the following diagram (T) commutes:

(T) A®B 5 B® A

”45‘,Bl l @0y

ARB < BR A

A tensor category equipped with a braiding and a twist is called balanced.
A tensor functor F: Y — # is called balanced when it is braided and
preserves the twist (that is, FO,=10,,). We write BFe»(# ', #') for the
category of balanced tensor functors and morphisms of tensor functors.

Remark 6.1. In example 2.5 we saw that the braiding ¢, , determines a
tensor isomorphism ¥ —= ¥ ™. The braiding (+, ,) ' determines another
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tensor isomorphism ¥ —> ¥ ™. A twist is precisely a morphism between
these two tensor isomorphisms.

Remark 6.2. In checking examples it is useful to observe that the
braiding axiom (B2) is redundant in the list of axioms for a balanced
tensor category.

ExaMPLE 6.1. The identity arrows determine a twist for a braided
tensor category if and only if the braiding is a symmetry. So symmetric
tensor categories are balanced.

ExaMPLE 6.2. In Example 3.1 of a braided strict categorical group,
constructed from a bilinear map f: 4 x 4 — X, there is a twist given by

b,=fla,a):a—a.

ExaMmpLE 6.3. The braid category B (Example2.1) is canonically
balanced. The twist 0,: n — n can be viewed by taking the diagram for the
identity braid on n vertical strings with the ends of the strings on two
parallel horizontal rigid rods and rotating the top rod through 360°
according to the right-hand screw law with thumb pointing upward (see
below). In particular,

0,=1,:1->1 and O,=(c, ) =(5)":2>2

//V

The twist condition (T) can be verified by physically taking two adjacent
ribbons representing the identity braids of m and n, performing the
operations ¢, ,, 8,®48,,, ¢, ,, in order, and observing that the result is a
complete twist of the two ribbons taken together as one:
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More generally, the labelled braid categories B [ .o/ (Example 2.1) are all
canonically balanced. Just label the strings of the twist for B with identity
arrows.

ExaMpLE 6.4. There is a tensor category B defined similarly to B
except that the arrows are braids on ribbons (instead of on strings) and it
is permissible to twist the ribbons through full turns. The objects of B are
the natural numbers, while the only non-empty homsets are the
endomorphism monoids. The monoid B(n, n) is the group generated by
Siy - S, 1.8, subject to the braid relations (A1), (A2) (Example 2.1) for
Sis -5, ; and the further relation

Su 15wSn 1Sn =805y 1808y -

The pictorial representation of the generators is

i-1 i i+l i+, n

A braid on ribbons is completely described by a braid on strings labelled
by integers n € Z indicating how many twists are performed on each ribbon
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of the braid and in which direction. Therefore, we can identify B with the
braided tensor category B[ Z, where Z denotes the additive monoid of
integers regarded as a one-object category.

Now each ribbon has two edges which act as strings, so there is a faithful
braided tensor functor B — B taking n to 2n, and taking the full twist
s,: 1 = 1in B on one ribbon to (5,)*: 2 — 2 in B. Restriction of the canoni-
cal twist on B along this functor makes B into a balanced tensor category.
(Warning: this is not the same as the canonical twist on B {7 as in
Example 6.3.)

There is also a balanced category B .o/ of braids on labelled ribbons
which can be identified with B | Z x.o/ as a braided tensor category, but
with twist obtained by restriction along the functor B | .o/ - B { .o/ induced
by B - B.

DEFINITION 6.2, Suppose 7:.o/ — ¥ is a functor from a category &/ to
a tensor category ¥ . A Yang-Baxter operator 4 on T (Definition 2.3) is
said to be halanced when 1t is equipped with a natural family of
isomorphisms

0=0,:TA—TA
such that the following two squares commute:

TA®TB—-— TBR®TA—2—>TARTB

n®|J |®Ul l(}@l

TA@TB—”—» TB@TA—Z/> TA®TB

ExaMPLE 6.5. Each functor T:.¢/ — ¥ into a balanced tensor category
admits a balanced Yang-Baxter operator 4, z=rcy4 5, 0=07,. In
particular, the inclusion /:.o/ - B{ .o/ admits a canonical balanced
Yang Baxter operator s, ¥.

Remark 63. A functor T:.o/ — ¢ together with a natural
automorphism 6 of T precisely amounts to a functor S:Zx.o/ — ¥
A balanced Yang-Baxter operator (4, (/) on T precisely amounts to a
Yang-Baxter operator 5, on S. Equipped with these observations, the
reader will find no difficulty in supplying proofs of Proposition 6.1 and
Theorem 6.2. The same ideas are involved as for the corresponding results
in Section 2.

PrROPOSITION 6.1. (a) For any strict tensor category ¥ and any
balanced Yang—Baxter operator (y,80) on T:.o/ — 1, there exists a unique
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strict tensor functor T': B [ of — 3" such that T'(x) =y, T'(Y)=0, and the
Sfollowing triangle commutes:

o —— B .of

\ JT

¥
(b} B .o is the free balanced strict tensor category on <.
(c) For every balanced tensor functor F: B f{ .o/ — ¥ into a balanced
strict tensor category ¥, there exists a balanced strict tensor functor

S: B/ >3 and an isomorphism o:F=S of tensor functors whose
restriction a<~i to s¢ is the identity.

(d} Suppose &/ is a category and ¥" is a balanced tensor category.
Then restriction along i: sf — B [ of determines an equivalence of categories

BTen(B{ .o, v )S [, ¥ ].

To consider coherence for balanced tensor categories we introduce the
free balanced tensor category # b.o/ generated by the category .&/. For each
balanced tensor category ¥, restriction along the inclusion & — #Fb.o/
determines a bijection between balanced strict tensor functors #b.o/ — ¥~
and functors &/ — ¥, In particular, there is a unique braided strict tensor
functor I": Fbo/ — B | .o/ whose restriction to o is i:.o/ » B[ A.

THEOREM 6.2 (Coherence for Balanced Tensor Categories). I #bo/ —
B [ .o/ is a braided tensor equivalence.

There is a canonical balanced strict tensor functor B [.«/ — B induced by
the unique functor .« — 1. Composing this with /" we obtain a balanced
strict tensor functor

Fbo -B|.7 > B

whose value at an arrow of #b.o/ is called the underlving ribbon braid of
that arrow.

COROLLARY 6.3. In the free balanced tensor category generated by a set
A of objects, a diagram commutes if and only if all legs with the same source
and target have the same underlyving ribbon braid.

7. AUTONOMY

This section deals with dual objects in tensor categories and their
interrelations with braidings, Yang—Baxter operators, and twists.

K07 102 1-6
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Suppose ¥ is any tensor category. A pairing between two objects 4, B
of ¥ is a map
e AQB— L

For any objects X, Y and map f: X—>B®Y, let ¢*(f) denote the
composite map

ARX 2L, A BR Y2, V.

The pairing is exact when the function
e*:V(X,BRQY)> ¥V (A® X, ¥)

is bijective for all X, Y e ¥". This implies we have an adjunction of functors
A®-— B®-. It is easy to see that the pairing ¢ is exact if and only if
there exists a map

n:I—>B®RA

such that the following two adjunction triangles commute (where we write
as if ¥~ were strict):

A—2" . AQB®A B w01 BOA® B
\ /£®l \ /@n
A B

It follows that we also have an adjunction of functors - ® B —-® A.

DEerFiNITION 7.1. When the above adjunction triangles commute, we say
that the pair (n, €) is an adjunction between 4 and B, and that 4 [respec-
tively, B] is left adjoint or left dual to B [respectively, right adjoint or right
dual to A7]; we write

{(n,e): A— B.

We call # the unit and ¢ the counit of the adjunction. If (,¢): 4 — B and
(n',¢'): A" — B’ then there is a bijection between maps f: 4 — A" and maps
g: B’ — B determined by any one of the four equations

f=A"®n)(A@g®A)(¢®A),
£ (f®B)=¢£-(A®g),
(BRS)on=(g®A4')n,

g=(n"®B)-(BRf®B)(B'®¢)

We write f — g to indicate that f, g correspond under this bijection.
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DEFINITION 7.2. A tensor category is left (right) autonomous when every
object has a left (right} dual. It is autonomous when it is both left and right
autonomous.

When 77 is left autonomous, we choose an adjunction
(N4, 64): A% — A

from which we obtain a functor
() 9P sy

determined on arrows f: A — B by the condition
=

The functor ( )* is always fully faithful; it is an equivalence of categories
if and only if ¥~ is autonomous.

Tensor functors preserve duals. More precisely, suppose that F: ¥ — %~
is a tensor functor and ¢: A® B— I is a pairing in ¥". Then a pairing
e FA® FB - I in %" is given by the composite

do0

FA® FB—2s F(A® B) - FI-*S I

If ¢ is exact then so is ¢©. So 4 — B implies FA — FB. It is also easy to see
that f — g implies Ff — Fg.

Now we consider morphisms «: F— G of tensor functors F,G: ¥ — #~
in relation to duals.

ProposITION 7.1. If ¥ is left autonomous then Fen(V,W') is a
groupoid. More explicitly, if A— B in ¥~ then ay: FB— GB is invertible
with o, —ag'.

Proof. By the coherence results of Section 1 we may write as if F, G, ¥,
%~ were all strict. Let g: GB— FB be defined by a,— g. So g is the
composite

GB-1"2°%, FBR FA®Q GB

FB®x4®GB

FB®GA®GB

FB® Ge

FB.

Since o is a morphism of tensor functors, we have agg = (2@ GA)°
(FB®ua,) and apg ,° Fn=Gn. Hence

tpog=(GBRGe) (23X GARGB)
(FB®o,QGB)-(Fn®GB)
=(GB® Ge) (G ® GB) = 145.

Similarly, geoy=1,5; 50 g=a, "' as required. Q.E.D.
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The next results deals with braidings and duals.

PROPOSITION 7.2. Each left autonomous braided tensor category is
autonomous.

Proof. Example 2.5 shows that a braiding on ¥ enriches the identity
functor to a tensor functor ¥ — ¥ ™. Hence, an adjunction (n,¢): 4 — B
in ¥ yields an adjunction 4 — B in ¥ *; but this is just the adjunction
(n',¢'): B— A in ¥, where

£ =(BRA5AQB—1I)
and

o1
n=(I—>B®A-"> AR® B). Q.E.D.

Autonomous symmetric tensor categories were called “compact closed
categories” and studied in depth in [KL]. Autonomous braided tensor
categories are studied in [FY1, FY2].

Before looking at Yang—Baxter operators in the context of duals, we
need to recall the idea of “mates under adjunction” [KS]. Suppose that we
have two adjunctions

(n,€): A* — A, ({,k): B*— B
in an arbitrary tensor category ¥ . The mate of a map [ X®A—->B®Y
under these adjunctions is the map

fUB*®X > Y® A*

obtained as the composite
B*® X LeXen, B*QXRAR A* 222V, Br QBRI YR A*
reYel Yy A*.
The function

( )(H : '/(X@A, B® Y}—* ¥ ‘(B*®X, Y®A*)

is the natural bijection obtained by composing the hom bijections for the
two adjunctions of functors

~®A—-®A* B*® —B®-.
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It is easy to see that f“ can be characterized as the only map
B*® X+ Y® A* rendering commutative either of the following two
squares:

X ‘2l ,BRB*®A B*QXRA4L2LYRA*®A4

l®’!l l 1® /¢ 1®fl Il®£

XQ®A®A* ——— BRY®A* B*Q@B®Y —; Y

We have the special cases f“ =¢*(f) when B=B* =1, and f*“ = f* when
X =Y =1 The following easyexercise is quite useful in dealing with mates.

ProrOSITION 7.3. Suppose A¥ — A, B¥* — B, C* — C and
[SA®RA->BRY, gX®B-CRY".
Then the mate of the composite
X@X®A—2L X' QBRY-2EL CRY'®Y
is the composite
C*RXRXEL2L Y RB*RXIE2L YR Y® At

A full proof of the following result appears in [JS4, Sect. 10,
Proposition 87.

ProOPOSITION 7.4. In a braided tensor category, if B* — B then the mate
of c, 5 ARB->B®Ais (cA‘B.)": B*®A—- AR B*.

Remark 7.1. The calculation proving Proposition 7.4 also shows that
the condition of invertibility, for a braiding in an autonomous tensor
category, is redundant. This was observed by Yetter {Y].

DeFmNITION 7.3 Let T: o/ — ¥ be a functor from a category &/ to a
tensor category ¥". A Yang-Baxter operator y on T (Definition 2.4) is
called dualizable when, for each A € .o/, the object TA has a left dual, and,
for all A, Be &/, the mates

¥ (#5')° (TB*®TA - TA® (TB)*

of the two maps g, 5, 54 TA® TB— TB® TA are invertible.

Any braiding on an autonomous tensor category is a dualizable
Yang-Baxter operator (Proposition 7.4).
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A dualizable Yang-Baxter operator 4 on a functor T: .o/ — %" can be
extended by duality to a Yang-Baxter operator g’ on a functor
T': o/ — ¥, where o/’ is the disjoint union & + &/°P of the category &/
and its opposite .&/°P. To avoid ambiguities, we write 4° and f° for the
object and arrow in .&/°P corresponding to 4 and f in .«/. The extensions
of T and 4 are given by the following equations:

T(A)=T(4), T'(4°)=T(4)*,
T'(f)=T(f), T'(f°)=T(N)*,
Yas=yan  ¥an =i "
Yos=(ras)" Yes=(yan)"
The next result is applied in [JS4, Sect. 10].
PrROPOSITION 7.5. The extension y' of a dualizable Yang-Baxter

operator y is a Yang—Baxter operator.

Proof. As usual, we write as if ¥~ were strict. For all X, Y, Ze /', we
need to prove commutativity of the following hexagon:

TYXRTZRTY-* 2L TZTX®TY

l®q/' \@ v

TX®TY®TZ TZRTYR®TX

/@1

TYRTX® TZW TY®TZ®TX

y

The eight cases arising from whether X, Y, Z are in &/ or .&°P can be
reduced, by duality of various kinds, to the following three cases, where
A, B, C are all in «/.

(i) X=A, Y=B, Z=C. Here the hexagon is alrecady an instance of
the Yang-Baxter condition for g itself.

(1) X=A°, Y=B, Z=C. Here the hexagon becomes the following:

TA*@TCOTB 2, TC® TA*® TB

I®”/. 1® (435"

TA*®TBR®TC TCRTBR®TA*

(rag)" ‘8\‘ A@ !

TBRTA*®TC P TBRTCR®TA*

1@y,
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By mate naturality and Proposition 7.3, the upper leg of this hexagon is the
mate of the composite

oy 1
yac® 1 1® vy y4c®!
———) & - & 5 e

while the lower leg is the mate of the composite

- -1
1®yac y48®1 I ® yac
o — e .y e T

These two composites are equal by the Yang-Baxter condition for 4 itself.

(i) X=A,=B°, Z=C. After replacement of two of the arrows by
their inverses, the hexagon here becomes the following:

TAQTC® TB* 2*®L TC® TA® TB*

1@(«,5(‘7' \@ vis

TARTB*®TC TC®TB*®TA

tyat)” '®l\ /AB)“' ®1

TB“'®TA®TC—]E—; TB*®@TC®TA

The leftish leg of the last hexagon is the mate of the composite

1
1®ype , _wvas®l o 1®yac
—_ — iy

The rightish leg is the mate of the composite

-1
yac®1 1® yan yac® 1
— & e d —

. .

Again, these two composites are equal by the Yang-Baxter condition for
itself. Q.ED.

DeriNiTION 7.3. A tensor category is called rorrile when it is
autonomous and balanced, and, for all objects A,

0,.=0%: A* > A*.

Coherence for tortile tensor categories is dealt with by Shum [SMC].
The free structures are categories of tangles on ribbons. Compare [RT].

DEFINITION 7.5. A Yang-Baxter operator g on 7T: .4/ — 7 is called
tortile when it is dualizable and balanced and the following diagram
commutes for all objects 4 € .o/
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04

TA — TA — TA

1®ﬂl‘,4l I £746 1

TARTARTA* TA®TA®TA*—lé-—_-mTA®TA*®TA
Y4.4

ya.401

Proofs of the following result can be found in [JS3, Proposition 1, J$4,
Sect. 10, Proposition 7].

PROPOSITION 7.6. For a tortile tensor category ¥, the pair (c,0) is a
tortile Yang—Baxter operator on the identity functor of ¥°.

For any category .7, let i: .o/ — Ft.o/ denote the universal functor out of
& into a tensor category and equipped with a tortile Yang-Baxter
operator («, ). Write %, for the subcategory of the category ¢ with the
same objects but only the invertible arrows.

THEOREM 7.7. The tortile Yang-Baxter operator (z, ) on i: .o — Fto/
comes from a tortile tensor category structure on Ft.</, and restriction along
i determines an equivalence of groupoids

BIen(Ftod, ¥v') 3 [, ¥ Jio

SJor all tortile tensor categories ¥,

Proof. The case o/ =1 is proved in [JS3]. The general case follows by
techniques used in the proof of Proposition 2.2. Q.E.D.
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