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GENERAL FUNCTORIAL SEMANTICS, I. 

By JOHN R. ISBELL.* 
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Introduction. The taproot of the general (or free-form) functorial 
semantics of this paper is the observation that an adjoint connection between 
two categories is normally induced by an "object living in both categories" 
Indeed, half of the Introduction will go to clarifying the statement. Consider 
an example to begin with, Pontrjagin duality. I mean the duality between 
compact and discrete abelian groups; the semantics of the generally locally 
tompact version is too complex to begin with. In the compact-discrete setting, 
one need only consider the circle S to appear as a compact group S, and also 
as a discrete group S2. The character group of a compact group X1 or of a 
discrete group X2 has the underlying set Hom (Xi, Si) ; its structure (as 
discrete group or compact group respectively) is found by regarding that set 
as a subset of a power of the other aspect S3- of S. As a subset, it determines 
a subobject, the character of Xi. 

Note that this description of the duality is not particularly relevant to 
showing that it is a duality. That fact is a theorem of topological groups. 
That character groups yield an adjoint connection is a theorem of category 
theory. 

Of course there are a number of further familiar examples, such as Stone 
duality, represented by the compact Boolean algebra {O, 1}. By an (adjoint) 
connection I mean just a pair of contravariant functors F: "o'-> 0, 
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536 JOHN R. ISBELL. 

H: OP , adjoint on the right. To explain an object living in two 

categories takes longer. A very large central class of illustrations is given 
by the notion of an algebra in a category. From Lawvere's thesis [17] we 
have the meaning of a model A of an algebraic theory T in a (finitely) left 
complete category E. Moreover, my "taproot" is in this class of cases a 
reformulation of an old theorem of Freyd [6], giving a bijection from the 
isomorphism classes of connections between the variety r)T of T-algebras and 
E to the isomorphism classes of T-algebras in e. The theorem is readily 
extended to an equivalence between the category of connections 3 T(x) E and 
the category ET of T-algebras in E. One cannot yet reduce it to characters; 
A has underlying object A2 of E but not yet an underlying algebra A, in AT. 

This seems an appropriate place for more history. The free-form theories 
used here are essentially as long known as Freyd's theorem, coming from a 
manuscript of Gabriel's (fuller in some ways than the version being pub-- 
lished by Gabriel and Ulmer [7]). Pultr called them "relational theories" 
in giving a direct generalization [24] of Freyd's theorem to them. (Pultr's 
announcement at a conference in Waterloo and mine at a conference in Kanpur 
[15] were independent and nearly simultaneous.) It is important also that 
Lawvere used to stress adjoint connections as a generalization of Galois 
connections of order theory; that is the only antecedent of this paper (that 
I know of) in which two categories enter symmetrically, and it impressed me. 

Now the gist of the form to be given to the "taproot" is as follows. 
A category over X, U: R -->3, if complete and rather nice (e.g. any normal 
completion of a small category), and grounded by a representable functor U, 
is the category of models of a theory Str U after Gabriel. (Completeness 
is essential. Inverse limits of models of these theories are models.) The 
category R (x) 0 of connections between two of these is equivalent to the 
category of models of Str U in i, and also to the category of models of the 
theory of 0 in .. In general, a connection A = (F, H) is over a character 
theory; it has underlying objects A1 in E, A2 in i, and the effect of F and 
H is partially described by the Pontrjagin construction for A1 and A2, but 
not determined by A1 and A2. For R? = topological spaces, A1 and A2 
do not determine A. However, if R and Z are rather nice and both ground- 
ings are faithful and one of them reflects isomorphisms, all connections are 
character theories of the "pointwise" sort described in the first paragraph. 

The preceding paragraph summarizes Theorems 1. 2, 2. 6, 2. 8, 3. 4, 3. 8. 
For the topological spaces, see 3. 10. General Pontrjagin " duality " is another 
example of a non-pointwise connection, but not on topological abelian groups 
(not a connection); one must use kc-groups. 
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GENERAL FUNCTORIAL SEMANTICS, I. 537 

It is iniportant for this paper that universes are used, and theories may 
be bigger than the universe. It is important because big theories do not arise 
only from a love of generality. The complete theory of groups is big. Its 
objects are all of the (left) continuous covariant functors from groups to sets. 
Actually that statement is imprecise; still, for any class of different simple 
groups, their coproduct functor is an object of the theory. The hom sets are 
not small. Roughly, working with theories of variable form requires this. 
That assertion is made partially precise in 1. 5. Note that Gabriel-Ulmer 
[7] and Pultr [24] do not attempt to take the theory of a "fact." Indeed, 
results not involving that construction Str (the adjoint of the semantic 
functor), such as 1. 2, 2. 6, 2. 8, 3. 4, and 3. 8, mostly remain true when 
restricted to small theories and can be relativized to reasonable theories with 
small hom sets. That is more or less true of the five illustrations. 

There is a poorer, still very general, semantics which does not require 
big theories. The idea is to force the groundings U: B - to be faithful. 
In that reduced semantics, the completion of every small theory has small 
hom sets. 

The term "general functorial semantics" refers primarily to the main 
system; the theories are called ruled theories, and one may speak more pre- 
cisely of "ruled semantics." A broader notion is introduced for one result 
(1. 11) to the effect that any semantics stronger than ruled semantics works. 
Apropos of "works": adjoint functors called (with reason) "semantics" 
and "structure" are relatively trivial to produce. However, a system can 
scarcely be said to work unless the structure of the semantics of a theory T 
is semantically equivalent to T, i. e. Sem Str Sem T is equivalent (in some 
strong sense) to Sem T. That is what 1. 11 establishes. 

Apropos of "equivalent": a reader may regret to learn that we actually 
have pretheories, midtheories, and theories. But the motivation is strong. 
A pretheory is precisely after G-abriel (except for cardinality), so that its 
category of models lacks a distinguished grounding. To illustrate the signifi- 
cance, tensor products (like those known [6] for algebraic theories) make 
the category of theories monoidal, but pretheories are even closed monoidal. 
A midtheory is the obvious enrichment. Theories form a quotient category 
of the midtheories, by a rather small equivalence relation which makes things 
come out " on the nose." Illustrations: for theories, Sem Str Sem T is 
isomorphic with Sem T. Fixed-form theories-for a precise illustration, the 
category of algebraic theories-can be isomorphically embedded in complete 
theories, preserving the models. 

Facts (and prefacts and midfacts) unfortunately are not merely categories 
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538 JOHN R. ISBELL. 

over A (as in algebraic functorial semantics). I do not know if there is a 
reasonably general free-form semantics in which they are. However, there 
is reason to suspect it. A fact as defined here is a category over 23 with an 
additional element of structure called a coreguizus, resembling the regulus 
(after Gabriel) which is an essential constituent of a theory. The coregulus 
may be eliminable, because for a reasonable theory T, the coregulus of Sem T 
is canonically determined by the category (as the fine coregulus; 3. 5). 

Three points about the structure of the category Theo of theories are, 
I believe, of major importance, though this paper does not develop them. 
(1) Besides morphisms (- interpretations) there are natural transformations. 
These are never considered in algebraic semantics, because they are seman- 
tically unnatural. Here, the equivalence relation which takes us from mid- 
theories to theories is defined by means of certain restricted natural trans- 
formations, which seem to be the right ones to study further. For algebraic 
theories, the restricted natural transformations are invertible and unique. 
ln reasonable reduced theories they are still unique (2. 6); so they merely 
preorder the interpretations. The preordering is semantically natural. (2) 
Theo and the subcategories of reduced theories and of complete theories are 
not finitely complete. (2. 14) (3) But the category of reduced theories 
complete relative to reduced theories is complete. (2. 14.1) 

The (varietal) theory of 3 OPhas, but the theory of abelian groups (even 
of vector spaces over any field) lacks, the property that its tensor product with 
any varietal theory is (up to semantic equivalence) varietal. 

An appendix refutes a result I professed to prove in [12], that every 
iterated limit of representable functors on a small category is a twofold 
iterate, a limit of limits. In fact there is no small bound on the number of 
iterations required. My applications of this claimed result in [12] and [13] 
amounted only to truncating transfinite inductions, and all are easily corrected. 

I am indebted to J. W. Duskin for a number of conversations on this 
material. I am indebted to the referee for a number (thirty-six) of sugges- 
tions. The Introduction owes a good bit to K. H. Hofmann and K. Keimel. 

Chapter I. Semantic connections. 

Since some important individuals in the category of theories to be con- 
structed here (such as the complete theory of groups) are bigger than the 
universe in which the theories will be modeled, we must begin with some 
conventions, at least, about foundations. The conventions are these. In 
Zermelo-Fraenkel set theory (or any reasonable variant) we assume there is 
at least one uncountable inaccessible cardinal and we distinguish one of them, 
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GENERAL FUNCTORIAL SEMANTICS, I. 539 

called cc. We distinguish also a larger cardinal q such that the cardinals 
less tllan q are closed under (binary) exponentiation. Sets, and categories, 
smaller than oo are called small; set of power so are large. A set of power 
less than q is at most illegitimate, or ami. However, a category will be called 
legitimate if (only) its hom sets are small. 

We need the "universes" 1 A 1 of size cc and 1 ! of size q. is 
defined as the set of all sets of small rank, 1 . ! I as the set of all those sets 
whose rank a is such that every set of rank a is ami. (To recall the standard 
notion of rank: the rank of a set is the least ordinal exceeding the ranks of 
its elements.) The categories A, 3 ! consist of these sets (respectively) and 
all functions between them. Subject to a reservation, every category in this 
paper is assumed, or can be shown, to have both its set of objects and its set 
of morphisms elements of 1 A ! 1. Reservation: each of the several exceptions 
will be called a metacategory at least when it is first introduced, save for A !, 
which we now remark to be a metacategory. Without exception, a diagram is a 
diagram (==-functor) whose domain is not a metacategory. Finally, we use 
the symbol A ets for any ami full category of A ! that contains A and is 
extensive enough for the purpose of the moment; in other words, a Adets- 
valued functor is a bounded ami set-valued functor. 

Remark. The number of grades by size (small, large, ami, meta) seems 
irreducible. The inaccessibility of oo is intuitively necessary, though if one 
wishes only to justify formal theorems, one can doubtless evade the assumption. 
There may be one real possibility for reducing q. The illegitimate categories 
we need seem to have skeletons no bigger than 2-. Probably there is a 
sufficiently rich semantics with q the cardinal successor of 2-; but it will 
need some more refined measure than rank to delimit it. 

Now recall that a morphism from a diagram D: a --> to a diagram 
E: 03 --> consists of a functor Hf: a--> 03 and a natural transformation 
Ht: D -*>EHf. An inductive cone over D is a special case, precisely the 
case that 03 is the category 1 with exactly one morphism. (1 is a right zero 
of Cat, so Hf is uniquely determined.) Projective cones are not morphisms, 
but comorphisms in the following sense. It will be convenient to regard 
opposite categories as having the same objects and morphisms (with opposite 
multiplication), and to use same notation for D: a - and for D: a oP> e oP. 
Thus a morphism (Hf, Ht') - H: D -- E as above has an opposite composed 
of Hf: aCop -> 73 oP and Ht: EHf -* D; such an ordered pair is a comorphism 
from (note) E: S3OP--> OP to D: aop-> eop. One might use more super- 
scripts, but this notation will suffice for this paper. 

14 
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540 JOHN R. ISBELL. 

A morphism H: D -* E induces a natural transformation H#: LE - LD 
of the colimit functors [12] of the diagrams (taking inductive cones over E 
to cones with base EHf and then with base D). H will be called a colens 
if H# is a natural equivalence. Thus H is a (represented) colimit if and only 
if it is a colens and a cone. Lenses are defined dually (comorphisms H such 
that Hb is a natural equivalence of limit functors). 

A pretheory T consists of a category 5 and a set r (not necessarily ami) 
of morphisms of diagrams in 5. 5 is the category of or underlying T; 
r is the regulus, and its elements the rules. (I am indebted to A. J. Lohwater 
for a canvass of the meanings of "regulus." Note, a typical rule is not 
something like a commutative law for an operation *, but a specification that 
* is a binary operation.) 

A model of a pretheory (5, r) in a category ,6 is a functor M: 5OP* e 
taking each rule in r to a lens in B. ("Taking": in the notation estab- 
lished above, we get diagrams MD: COP >* and ME: S3P- E, and M takes 
(Hf,HI) to the ordered pair MoH made of Hf: C0P4 S3OP and the longi- 
tudinal (Godement) composition MoHt.) 

1. 0. 0. A morphism of diagrams H in R is a colens if and only if each 
representable contravariant functor on e takes H to a lens. 

Proof. Testing whether hx o H is a lens reduces to evaluating the 
natural transformation (hxo H) b at a singleton P in A ets since everything 
is a copower of P and limit functors preserve colimits. The domain 
Hom (Kp, hxE) becomes identified with Hom (E, Kx) if we identify functions 
P -* hxE (B) with their values E (B) -> X, and similarly for the codomain. 
For (every) hx o H to be a lens means that H connects these sets bijectively, 
which is exactly the condition for H to be a colens. 

We define a pretheory to be regular if its regulus consists of colenses. 
From 1.0.0: 

1. 0. 1. A pretheory is regular if and only if all representable contra- 
variant functors on its category are models. 

Dualizing 1.0. 0: 

1.0.2. A functor M: 5'OP v> R is a model if and only if every hXM 
is a model. 

A pretheory not known or assumed to be regular may be called singular. 
T is conical if its regulus consists eiitirely of inductive cones; light if its 
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GENERAL FUNCTORIAL SEMANTICS, I. 541 

category is small and its rules are morphisms of small diagrams; small if it is 
light and its regulus is small set. T is legitimate if its category is legitimate. 

It may be possible to do semantics using only conical theories. At least, 
(but not published) that for every small pretheory (5, r) there exist a small 
conical theories are more convenient and very general. Gabriel has shown 
conical pretheory (U, A) and a full faithful functor 5 -> 'U inducing an 
equivalence from the category of models of ('U, A) in A3 to the category of 
models of (5, r). 

It is possible to do semantics using only regular theories (2. 9, 2. 10), 
but singular theories are often convenient, e. g. for tensoring. It should be 
mentioned that, while a proof of stability for conical semantics (the analogue 
of 1. 4) would be impressive and instructive, it would not be conclusive. For 
instance, Theorem 2. 7 below is fairly important and the obvious conical 
analogue is false. (The same remarks apply to Theorem 1. 2, but I do not 
think stability can be proved without finding a suitable analogue of this.) 

1. 1. Every limit of models is a model. 

Proof sketch. If (5, r) is being modeled in E, one must consider a 
diagram of models N: 91 --Cat (OP, de) with limit M. Adjointed to it is 
N-: 9l X 5aP , with pointwise limit M along 9X. For HI: D--E in Ir, 

where D: C( -> , N (1 X D): 9l X (P -* has pointwise limit MlD. We 
have bijections between the projective cones over MD, N (1 X D), N (1 X E), 
and ME, with composition (3M o H) #. 

Let Mod(T, ,) denote the category of models of T in V (full in 
Cat(5ov,Oi)). 1.0.2 and 1.1 nearly characterize the operators Mlod(T, ). 
They seemingly do not do it on the present foundations, perhaps on no 
foundations. What matters for semantics is the following. First, 1. 0. 2 

reduces the description of Mod(T, ) to Mod(T, Aets), and models in 

legitimate categories to models in A. Then: 

1.2. THEOREM. A full subcategory 9h of Cat(5'P, A) is Mfod(T, A) 
for some singular pretheory T on 5 if and only if every functor 57OPr A 
which is an iterated limit of objects of 91T in some category Cat(5 oP, Aets) 
belongs to 9r. 

Proof. The condition is necessary, by 1. 1 and the preservation and 
reflection of lenses by A C A ets. Suppose 9Th satisfies it, and let r be the set 
of all morphisms of diagrams in 5 which each functor in 9T takes to a lens. 
Then Mod((5, r), A) contains 91T. For any F: 50P -> A, construct an 9T- 

reflection ' as follows. In a suitable category Cat(50P, Aets), form a 
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542 JOHN R. ISBELL. 

product ri indexed by the union of sets Hom (F, M), Jl in I 9T i, with a-th 
factor the codomain of a. Map F to IJ by the obvious map 7r whose a-th 
coordinate is a. Though Cat (9OP, bets) need not be complete, 7r has a right 
image F' with respect to morphisms to 91T, wvhich is an iterated limit of 
objects of 9Th, by 2. 6 of [9]. The initial factor p: F-> F' is 9Th-epic, and 
every a: F -> M factors across Ft. If p is invertible, F is in 9Th. It remains 
to verify that if p is not invertible it yields a morphism of diagrams H which 
is in r but not taken by F to a lens. 

Construct the universal diagrams D, D', which exhibit F, F' as colimits 
of representable functors. For instance, D: (-a 51 has objects a CE a 
indexed by the union of all values F(X), with D(a) ==X for a in F(X). 
The morphism a-> b in a are indexed by the morphisms t: D(a) ->D(b) 
such that F (t) (b) =a; and D(t) ==t. To define H: D->D', put Hf(a) 
== px(a) for a in F(X), Hf (t) - t. (t is in -a' since p is natural.) Then 
D'Hf is D, and we may put Ht = 1. Observe that, applying a Yoneda 
functor Y: 5 -> Cat (5 cP, b ets), YD and YD' have colimit objects F and F' 

(2. 1. a of [9]), and H induces p. 
That M o H is a lens need only be checked at P E I A 1, just as for 1. 0. 0. 

It means that H takes inductive cones over YD' with vertex M bijectively 
to inductive cones over YD. Since morphisms F --> 1M are uniquely divisible 
by p, this is true. Similarly, F a H being a lens would mean, at P, that H 
induces an isomorphism of the colimits F and F. The proof is complete. 

1. 2. 1. COROLLARY. Every pretheory T on a small category 5 has the 
same models in 3, and hence in every legitimate category, as some light 
pretheory T' on 5. 

This is a corollary of the proof. The universal diagrams D, D' are small; 
so one need only define the regulus of T' as the set of all morphisms of small 
diagrams taken to lenses by models of T. 

One naturally asks whether, for small 5, 1. 2 can be simplified to refer 
only to iterated limits in Cat (50P, ). It is not known; but one would need 
a quite different proof, for closure under iterated limits does not imply 
reflectiveness (MR 41 # 5444). 

A morphism of pretheories is a functor between their categories taking 
every rule to a rule. Evidently the pretheories and their morphisms constitute 
a metacategory PTh. 

We define a prefact F to consist of a category 5 and a set A of comor- 
phisms of diagrams in 5 (the coregulus of F). A morphismn is a functor 
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GENERAL FUNCTORIAI SEMANTICS, I. 543 

taking corules to corules. This gives us a (meta-) category PFa and an 
isomorphism 8: PTh-- PFa induced by the involution of Cat which takes 
every category to its opposite. It will be convenient to refer to this isomor- 
phism (like its underlying antomorphism) as "duality." 

An arity of a pref act in a category 9 is a (covariant) furnctor from its 
category to V taking corules to lenses. The pref act is regular if all repre- 
sentable functors are arities; equivalently, in view of 1. 0. lo, corules are 
lenses. Other terms such as "conical" carry over in the same way ("legiti- 
mate" is the only one of these really used below). 

For each pretheory T we define PSem T as the (regular) fact on 
Mod(T, A) whose corules are those morphisms of diagrams that are lenses point- 
wise on 5, i. e. the lenses that are preserved by Mod (T, A) C Cat (5 OP, A). 
(If T is regular and legitimate then Mod(T, A) contains the representable 
functors and all its lenses become corules.) For a morphism of pretheories 
F: T -- T', Cat (F, A) evidently takes models to models and lenses of 
Cat (5oP, A ) to lenses of Cat (OP, A ); so it induces a morphism of prefacts 
PSemF. Since Cat( ,A) is functorial, so is PSem: PThOP --EFa. 

We define PStr: PFaOP -> PTh as 8-1PSem 81. Note that the underlving 
category of PStrF is Ari(F, A)oP. 

1.3. THEOREM. PSem and PStr are adjoint on the right. 

Proof. This is a specialization of the familiar adjunction between 
Cat( opi, A) and Cat(, A)OP. For any 5 and 5, functors G: 5 -- Cat(3Y, A)op 
may be identified with G': 5ovp-> Cat(5,A) which correspond adjointly to 
G-: OrP X 5 -* A, which correspond obviously with G*: S X orP -> A, which 
correspond adjointly to GO: 5 ->Cat (SoP, A) (natural throughout). For 
G to take 5 into Ari (F, A) OP means that GO takes corules of F to lenses; 
similarly, for G to take the rules of T to colenses meanis that GU is into 
Mod(T, A). 

We define an equivalence of prefacts F, F' as a member of a pair of 
morphisms FV-F', F-->F, both of whose compositions are naturally equiv- 
alent to identities. A morphism of pretheories F is a presentation if PSem F 
is an equivalence. 

1.4. THEOREM. For every pretheory T, the ad junction map BT: T 
-> PStr PSem T is a presentation. 

For later generalization of 1. 4 (to stronger languages) we want two or 
three refinements, all involving much the same situation and proof. First: 
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544 JOHN R. ISBELL. 

1. 4. 1. Let I: F ->PSem T embed a full subcategory J of Mod (T,.3) 
such that every model is an iterated limit of objects of a in some 
Cat(0oP,rAets). Let F= (5,A), where A is the set of lenses preserved 
by a C Cat(fPi,.6). Then PSemPStrl is full and faithful. 

1.4.2. In 1.4.1, if every model is a subobject of a small product of 
objects of 5, or every object of PStr F is a quotient of a small coproduct 
of objects PStrI(A), then PSemqTPSemPStrI is an equivalence. 

What is PSemqT doing here? Reducing complications. We shall prove 
1.4.2. Then 1.4 follows (putting F=PSemT). 1.4.1 will come out of 
the same proof. Later we shall also need 

1.4.3. In 1.4.2, PStrl is an equivalence. 

But this is an easy corollary of 1.4.2 with 1.40P and the observation 
that PStr takes equivalences (specifically PSemPStrI) to equivalences. In 
the direction of completeness: 

1. 4. 4. In 1.4. 1 without more assumption, PSem PStr I need not be 
an equivalence. 

Proof. Example first (for 1.4.4), seems a good plan. A specked set 
is a set X with a base point 0 and an indexed partition of the non-zero points 
into oo subsets Xa,, indexed by the small ordinals. Morphisms of speckled 
sets X-> Y are those functions that take 0 to 0 and every Xoa into Ya, U {O}. 
Let T be the category of all speckled sets in A with the fine regulus, the set 
of all colenses. Take i C Mod(T, A) on the representable functors. Now, 
whatever else is in Mod(T,), it includes a product L of co representable 
functors represented by two-point speckled sets XaI, XS0 consisting of one 
point and XeO empty for ac#/. (For L is a product of models, and it is 
small-valued on 5, since for X in 9P, almost all Xoa are empty and Hom(X, X'l) 
singletons.) Similarly PStr F includes an isomorphic copy of T (image of qT) 
and a coproduct A of all Xa. Let us omit "P." Consider the adjunction 
map evsemT = e: Sem T -- Sem Str Sem T. There cannot be an object L' 
of Sem Str F such that Sem Str I (L/) is isomnorphic with e (L). For, for each 
a, e(L) (qT(Xfa)) reduces to L(Xa)), a two-element set. So L'(StrI(%T(Xfa))) 
would have two elements, and L'(A) would not be small. 

That is the only obstacle, the smallness question. We shall find an 
equivalence between Sem T and a pref act of A ets-valued models of Str F. 
Let us write v for (StrI)>T. Note that v simply takes T in 5 (and f in 5) 
to the corresponding evaluation on f C Cat (,7JoP, p3), except that the codomain 
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of v is Ari (F, A3 ) OP (not Ari (F, S )). Here 1. 20P applies; the coregulus of 
F consists of all lenses preserved by all of the functors in v(Y), so every 
object of U = Str F is an iterated colimit in some Cat(5, . ets) OP of objects 
v(T). 

Consider for a moment the metacategory Cat (5aP, 3 !), in order to define 
the sub- (meta-) category Hoom! T, as the union of all Cat(3oP, bets). 
(It is possible, but distracting, to find one category b3 ets sufficient for this 
proof.) Let Sem! T be the smallest full subcategory of Homr! T which 
contains 5 and whose intersection with each Cat(o0P, A ets) is closed under 
forming limits. By hypothesis this contains Sem T; by 1. 2, Sem T is (on) 
the set of all P -valued functors in Sem ! T. To be precise, Sem ! T was defined 
as a category and contains only the underlying category of Sem T; but we 
shall regard Sem! T as a (meta-) pref act with the coregulus of all lenses 
preserved in Hom! T. (It happens that all lenses are so preserved, but we 
do not need that.) 

In Hom! U, let 'hi! be the smallest full subcategory containing the image 
of 5 under the adjunction map ev (F to Sem Str F = Sem U) and closed under 
bounded limits (limits in Cat (9VP, A ets)). By 1. 2 again, Sem U is on the 
full subcategory 7f of 9nh! on the A-valued functors. 

Similarly, in Cat(Q, 3 !)?P, let Moh ! F be the union of all Cat(g, A ets)oP 
and let Str ! F be the smallest full subcategory closed under bounded colimits 
and containing v(T). Now there is a contravariant (evaluation) functor r 
from 5 to Cat(Sem!T,!), 7-(T)(M) M(T). Each -(T) is an arity. 
Then since everything in Sem! T is an iterated limit in Hoom! T of objects 
of X, we have a recursive formula for 7(T) (L) ; given any representation 
of L as a limit of objects Li on which r(T) is known, r (T) (L) =lim -r(T) (Li). 
Consequently for any morphism m : v (T) -> v (T') (v (X) being the opposite 
of the restriction of r (X) to 5), we can define -r, (m): r (T) -> -r(T) recur- 
sively; rT(m) A n mm for M in X, and for any representation of L as a limit 
of objects K for which 7-l(M)K is known,, Ml(m))L lim7-l(M)K. Defining 
T1 (v(T)) as - (T), we have a contravariant functor mr from the full image 
of v to Ari (Sem! T, A !). We are in business. Recursively in Str ! F, if ro, 
has been defined over some iterated colimits, extending r1 and with each rTa (A) 
an extension of A: So - A C A !, we can extend over a new colimit B by 
7 (B) -lim < (Ai) for any representation of B as colimit of Al's. r (B) is 
an arity since it is a limit of arities; it extends B since the rm (AI) extends Ai. 
We have the formula 1,g (B) (L) ==limr,g (B) (LI) for any limit L of Li's in 
Sem ! T, and use it to define r on morphisms. We conclude with r1 extended 
to a: (Str! F)OP -> Ari(Sem! T, !). 
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All we need of a is its restriction to U. We have ev-: Sem! T ---> i! 
ev-(L) (A) -a(A) (L). Offhand this is into Hom! U, but since ax is arity- 
valued, ev- preserves pointwise lenses. By construction, ev- 5 5 is naturally 
equivalent to ev. Every object X of in ! is isomorphic with an ev- (L) since 
X is obtainable from ev(5) by iterated formation of limits which one can 
copy in Sem! T. If X is in in, ev-(L) is small-valued on St and L is 
certainly small-valued on 5; so L is isomorphic with an object of Sem T. 

There is a functor Sem! v: Sem! U-- Sem! T, composition with v. It 
extends Sem v and preserves pointwise lenses. From the definitions, (Sem v) ev 
I= . So (Sem! v) ev- is a limit-preserving endofunctor of Sem! T whose 

restriction to 5 is naturally equivalent to that restriction of the identity. 
Such a natural equivalence A has a unique extension (by iterated limits) to 
a natural equivalence from (Semi v) ev- to 1. 

Sem ! v is also faithful, as follows. Every object of 'U is in fact, in 
Moh ! F, an iterated colimit of objects v (Ti). Then in Cat (5, A ) OP, any two 
different morphisms A -- B have different compositions with some v (Ti) -) A. 

This is a rule; if it were only one f: v (Ti) ->A, it would be the pushout 

f 
v(TO) - A 

A ->A, 

and for many f's, join them all to three A's in the same way. Any model 
of U preserves the rule. (Things in 'i ! are models by 1. 1.) Therefore 
any two natural transformations of models agreeing on v (5) are identical. 

This does it. When the final factor of an equivalence is faithful, both 
factors are full, both faithful, both equivalences. Under the first condition 
of 1. 4. 2, ev- takes every object L of Sem T to a subobject of a small product 
of objects of 'in in 'n !, which is small-valued and thus isomorphic with an 
object of 'in. (Being a subobject of a small product is expressible by a corule; 
compare the displayed diagram.) Under the second condition of 1. 4. 2, note 
that objects of 'in small-valued on the image of Str I are small-valued. 
Either way, ev- I Sem T is naturally equivalent to an 'i-valued functor E, and 
c Sem v and (Sem v) E are still naturally equivalent to identities. Hence 1. 4. 2. 
As noted before, this makes SemrT an equivalence. Then since Sem v is full 
and faithful, so is Sem Str I. 

Now we define the (meta-) category MTh of midtheories to consist of 
P 

arrows 1 - > T in PTh., where 1 is the right, zero category with the empty 
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coregulus. (That is not the right zero pretheory.) Thus a midtheory T 
consists of a category 5, a point P E a 1, and a regulus; morphisms are 
point-preserving pretheory morphisms. Similarly MFa consists of the objects- 
over-S, F -? S in PFa, where S is 93 with the fine coregulus consisting of all 
lenses. A midfact F consists of a prefact F and an arity U: F--> S, the 
grounding. 

This makes the requirement U'G = U for a morphism of midf acts 
G: F -- F' seem very natural. For light facts, it is not. We have no actual 
need to deal with light facts, but Theorem 3. 8 and some constructions apply 
to them. It seems that one should pass from (5, U, A) to the category of 
representable functors in Cat (5, 9 ) OP, with the grounding represented by U. 
It is not so clear what to do- with A; in 3. 8, A is the fine regulus, and it is 
clear. (3. 8 also has special features making contravariant representable 
functors usable and preferable.) 

Duality does not lift to midtheories and midfacts, but (1. 3. a) adjoint 
PSem and PStr do lift. Of course, MSem T is defined as PSem T- grounded 
by evaluation at the point; the morphism PSem F is a morphism of midf acts 
if F is a morphism of midtheories. MStr F is defined as PStr F pointed 
by grounding, and this also takes morphisms (by PStr) to morphisms. To 
lift the proof of adjointness, 1. 3, note that G (P) = U if and only if GO 
followed by evaluation at P is U. 

Theorem 1. 4, 1. 4. 1, 1. 4. 2, lift as well. One must reexamine the proof, 
but there is no difficulty in doing it over 93!. While reexamining, note that 
the natural equivalences X of composites with identities can be so chosen 
that U o X is an identity. Similarly 1. 4. 20P lifts and the needed natural 
equivalences ,B can be so chosen that fp is an identity. 

1. 5. If TO is a (mid-) theory of groups, Sem TO the usual midf act of 
groups, then in the first place, Str Sem TO is illegitimate. For the coproduct 
functor of any family of pairwise non-isomorphic simple groups is small- 
valued. By 1. 10P, these are arities. But a large coproduct has 2? idempotent 
endomorphisms. In the second place, this is not an accident caused by our 
having too many theories. Consider the midtheory T1 on the arrow category 
P X with empty regulus. A morphism of it into Str Sem TO is a diagram 
Z A. If A is "represented" by a large group, there are oo morphisms 
T- > Str Sem TO agreeing on objects, i. e. agreeing on the subtheory T2 

carried by the objects of T1. Adjointness translates this into morphisms of 
the legitimate midf acts Sem TP; so this situation must exist in any semantics 
having these theories and their models. Finally, morphisms T' -> T agreeing 
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on T2 are precisely morphisms taking X to a fixed object A (and P to the 
point Z of T); they can differ only in their values on the arrow. 

Next, the (meta-) category Theo of theories is defined as the quotient 
of MTh by the equivalence relation which identifies pairs of morphisms T ->T' 
related by a natural equivalence a such that ap = lp' (P, P' the points). 
We shall call such a natural equivalence a syntactic equivalence. So a theory 
is a midthoery; a morphism of theories, or intepretation, is a syntactic 
equivalence class of morphisms (of midtheories). Similarly a syntactic equiv- 
alence of morphisms of midfacts F -* F' is a natural equivalence a such that 
U'o a is an identity; Fact is the quotient of MFa by syntactic equivalence. 

1. 3. b. MSem and MStr factor across adjoint (on the right) functors 
Sem: TheooP --*Fact, Str: FactoP -- Theo. For by inspection of the proof of 
1. 3. a, G, and G2 are syntactically equivalent if and only if G1_ and G20 are so. 

To process 1. 4 and 1. 40P let us introduce some more terminology. A 
connection from R to O is a (contravariant) functor F: e OP-- i) having an 
adjoint on the right. That adjoint H is then determined up to natural 
equivalence. F is a Galois connection if (for one, hence all, adjoints H) the 
adjunction transformations ?j: 1 -* HF, r1: 1 -- FH, yield natural equivalences 

71 o F and -q o H. Equivalently, the left inverses F o -q, H o j are natural equiv- 
alences. A connection F is universal if FH and HF are naturally equivalent 
to the identities (which implies, of course, that - and r} are invertible). 

I do not have an example where F and FHF as well as H and HFH are 
naturallly equivalent, but the connection is not Galois. Nevertheless the 
Galois property seems considerably stronger; it means that the restrictions 
of - and 7j to the full images (of H resp. F) are invertible. 

1. 6. Every Galois connection F: feP- i) is naturally equivalent to a 
connection IFoR, where R is a reflector upon a full subcategory, F0 is a uni- 
versal connection, where I embeds a full reflective subcategory. 

Proof. Let 00, Ro be the full images of F and its adjoint H. Then 
F and H induce adjoint functors F0: V0P E1)O and Ho: 2)0X .go. As we 
noted above, the restricted adjunction transformations are invertible; F0 is 
universal. Moreover, HF: ? -- o. C R is a reflector with reflection maps 

-x, as follows. It suffices to test the factoring across qr of morphisms 
X->HFA, since every object HY of 60 is isomorphic with HFHY. By 
adjointness, every m: X-->HFA is H(g)qx for exactly one g: FA ->FX 

(adjointed to in). H takes ?I (FA, FX) injectively to R (HFX, HFA) a 
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fortiori; if g # h, even H(g) /x and H (h) x differ. Finally, for any 
n: HFX -> FA, form 

't/FX 
FX -- PHEX 

}(n) 

PA - FHFA. 
71FA 

Since these 's are invertible, one can fill in g: FA -*FX; adjunction 
yields n H (g). So we have a reflector R, 2), must be likewise reflective, 
and the composite IFOR is FHF. 

On the other hand, 1. 7 and 1. 8 give some sufficient conditions for a 
connection to be Galois. 

1. 7. A connection F is Galois if 7r o F is invertible. 

Proof. We need to invert v o H too, i. e. (locally) each -qHD: HD -> HFHD. 
This is possible at least for D of the form FC, i. e. o HFP is invertible, as 
follows. Since H a 7 is a one-sided inverse of - a H, so is Hoa o F of q o HF. 
Since - o P is invertible, so is Ho a o F, and its right inverse w o HF. Thus 
F induces a Galois connection between its domain , and its fuLll image 
2)Z0 C i). By the structure theorem 1. 6, the objects in H ( 0 o) are the objects 
of a full reflective subcategory of B. HD is a retract of HFHD and therefore 
isomorphic with HFC for some C; so 'qHD is invertible. 

1. 7. 1. If FHFH is naturally equivalent to FH by one of the distin- 
guished transformations j O FPH, F a a ? H, PH o ar then the connection is 
Galois. 

Proof. Of course F o qo H is a one-sided (left) inverse of the other 
named transformations, which are on this hypothesis the same, and all are 
invertible. 1. 7 applies to the induced connection between the domain of 
H and its full image. So v o H is invertible, and 1. 7 applies to H. 

One can formulate several more corollaries. First, there is an evident 
prolongation of 1. 7. 1 by finite induction. (Formal statement omitted because 
of the notation problem.) Second, there is an evident translation to adjoint 
covariant functors. Using these, consider a category a with a reflector Ro 
upon a full subcategory 9) and a coreflector CO upon a full subeategory B. 
Let Ro -H 1I J -H CON R = I?Ro, C = JCo. Crudely, if RC is idempotent then 
CR is idempotent. 
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Correctly: The adjunction transformations C -* 1 -> R yield unique trans- 
formations a: CRC -- RC, /: CRC -* RCRC; also a: CR -> RCR, b: CRECR 
-*RCR. We have: 

1. 7. 2. Given a reflector and coreflector as lust described, if a and /3 
are related by an isomorphism of their codomains then a and b are related 
by an isomorphism of their domains. 

Proof. If 0=,8 a, 0 invertible, apply 1J - CO to the diagram and consider 
the adjoint functors F = RoJ, G = Col. Co0OJ turns out to invert one of the 
distinguished transformafions (as in 1. 7. 1) GFG GFGFG. So all of these 
distinguLished transformations are invertible except 1 -> GF and FG - 1; 
and CR, CRCR have a suitable isomorphism. 

In the situation preliminary to 1. 7. 2 (nothing idempotent), one has 
a Galois connection between a and i oP. 1. 7. 2 describes the case that the 
induced connection between R and ) OP is again Galois. Of course this is a 
somewhat exceptional case, for which one would like to have criteria. Here 
is one. I have no ready application for it, but it did come up in some work 
which may find a place (later) around Chapter VI. 

Call a Galois connection F: aopd?* ?3 essential if for every monomorphism 
m: X->HY in a (H adjoint to F, Y in 3), Fm is an epimorphism rela- 
tively in the full image of F. In view of 1. 6, this is the same as to say 
that the reflection of m into full H (p3) is a monomorphism (absolutely). 
Note, X admits a monomorphism into a complete object HY if and only if its 
reflection morphism (completion) is monic. Accordingly F is essential if 
and only if when X is embeddable in a complete object, the completion HFX is 
the smallest complete object containing X. 

1. 8. An essential Galois connection F: 90P--> 21), restricted *to a mono- 
coreflective full subcategory of E, is again Galois. 

Proof. Let H be the adjoint connection, J the coreflector, I the adjoint 
insertion. Consider a coreflection (mono-) morphism m: IJHFIX -- HFIX; 
we have epic Fm: FHFIX -* FIJHFIX. Since F is Galois, adjunction 
71/FIx: FIX -- FHFIX is isomorphic. and Fm-jFIx is epimorphic. Blut Fm7JFIx 

is the adjunction morphism F IX for the connection Fl, since the composite 
adjunction takes it (via m) to Jm = 1JHFIX. An eFIx (the form being 1r-z) 
has a left inverse, so when epic it is invertible. By 1. 7, Fl is Galois. 

1. 9. THEOREM. Sem is a Galois connection. 

Proof. This means merely that the transformations we have, ev: Sem 
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Sem Str Sern and the " dual," are invertible. Invertibility of a natural 
transformation is a local property, and we have already verified it in lifting 
1. 4 and 1. 4?P to midtheories. 

As was indicated in the Introduction, the connectioln just finished is the 
main one for this paper, but we shall also regard it as an instance of a more 
general scheme. The same (pre-, mid-) facts are used throughout, but the 
theories (pre-, midtheories) so far considered are ruled. In the broader 
context the symbols PTh, MTh, Theo, Sem, Str (PSem, etc.) should be 
preceded by" 2 " to avoid ambiguity. It matters less for Sem (PSem, MSem), 
since the different instances are just different restrictions of one semantic 
functor. The notion of a presentation of theories therefore will not vary. 
(Of course, a morphism of midtheories is called a presentation only if MSem 
takes it to a syntactic equivalence.) 

A ruled theory is complete if it is isomorphic with some theory ? Str F. 
Ruled-complete facts are defined symmetrically. From the proof of 1. 9 (and 
omitting "meta-") : 

1. 9. 1. COROLLARY. The full subcategories 2?CTh of I Theo, 9 CFa of 
Fact, consisting of ? -complete theories and facts, are reflective, and ? Sem 
induces a universal connection between them. 

To adapt the argument of 1. 5 to ? Theo, one need only use an arity A 
"represented" by a group G whose elements fall into co orbits under the 
automorphism group. This is easily arranged in a coproduct of simple groups 
Ga. For instance, the centralizer of an element of one summand Gcy is con- 
tained in Ga, and one can distinguish oo elements by the sizes of their 
centralizers. 

Turning to general languages, we need first a language-holder E+. This 
is a set-valued functor on the metacategory of all ami categories, defined as 
follows. Let I be a set of q indices. For each category 5, for each object T 
of 5, let V(T) be a copy of I; its elements are called variables. For each 
morphism f: T-*> T' we introduce a symbol f* called a shift. Suppressing 
an induction, a term of type T is a variable in V(T) or a finite string of 
shifts followed by a variable in V (T'), the shifts being given by morphisms 
T-* T1 *. -* T'. Beginning a transfinite induction, an atomic sentence 
is a string T -,', where T and ' are terms of the same type. It has either 
one or two free variables, the variables which end 7- and r'. Sentences are 
generated from atomic sentences aj by negation, v; conjunction, A(Ui), 
of ami sets of sentences; and quantification, (3X)o1, for any ami set X of 
variables. We cannot (yet) confine quantification to the free variables of o-, 
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as will be seen, but we must keep track of free variables. The free variables 
of -- . are the same as in a,; of A (or), the union; of (3X) ) , the variables 
free in a, and not belonging to X. Then &(S) is the set of all these sentences. 

For a functor F: --5', E+(F): +(5J) - (57') is defined as fol- 
lows. Map each V1(T) bijectively via I to V(FT); take each shift f* to 
(Ff) *; and map terms to terms, sentences to sentences, accordingly. Evi- 
dently &+ is a functor. 

E+ will not be called a language. The elements are good sentences, but 
the functions E+(F) can take (e.g.) (3x) (3y) fx gy to (3z) (3z) 

h*z = h*z. The largest usable subfunctor of E+ is the saf e sentence functor, 
where a C 5+ (5 ) is safe if no two free variables of r are identified by a e 1. 
I call that E. 

(Within the safe sentences, one can exclude (3x)(3x) a. But there is 
no end of economies; ---- is not needed, and one could also build safety 
into the formation rules. Similar matters recur below in 1. 10.) 

A language is an arbitrary subfunctor of E. An Y-pretheory, for any 
language X, consists of a category 5 and a subset (E of s6 (5). A morphism 
of Y,-pretheories, (5, ~) -- (5', a'), is a functor F: J -- 5' such that 
e (F) (() C ('. Then S,-pretheories form a metacategory YPTh. 

Next we define "place," " satisfy," "validate," "model." The definitions 
differ from the usual ones because we must allow for models M: 5 oP) A 
some of whose values are empty. (Mostowski [22] and others have written 
notes on this, and Hailperin a longer paper [9]. They use different con- 
ventions; we follow Mostowski. As he points out, the predicate calculus of 
possibly empty models is definitely different (no modus ponens, no prenex 
form, - ) from the usual predicate calculus. Open formulas are all valid 
in the empty set; so a theory expressed by open formulas may have an 
unintended meaning. Fortunately, closed formulas mean what they seem to. 
The sketchy instructions in 1. 10 below refer to closed formulas.) 

For any function M: JOP -* A3 ets and any subset J of the set of all 
variables over 5, a (partial) J-place of M is a function p on J such that for 
x E J n V (T), p (x) C M1(T). The inductive definition of a J-place p of M 
satisfying a sentence Cr begins immediately after we note that satisfaction is 
a ternary relation among p, M, and a-. (For convenience:) J is exactly the 
set D (C) of variables occurring free in u. For the rest of the definition, M is 
fixed and J = DQ(r). Then for atomic r, of the form fr* flex g- * g1*y 
(r, s > 0), p satisfies Cr provided M(f1 * fr) (p (x)) =M (g, gs) (p (y) 
Inductively, p satisfies a provided p fails to satisfy ar. It satisfies A(o-j) 
provided each ovi is satisfied by the restriction of p to D(o'i). It satisfies 
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(3X)coi provided it can be extended to a D (.a) -place which satisfies cr. This 
defines satisfaction. M validates a if every D (f) -place of M satifies a-. M is 
a model of (5, () if it validates every sentence in (5. 

For any SC-pretheory T, Mod(T,3) and PSemT (or XPSemT) are 
defined exactly as before: category of all models, pointwise coregulus. If 
F: T -* T' is a morphism and M is a model of T', MF is a model of T 
(because all sentences are safe); and we have a functor PSem (contra- 
variant). For any prefact F, YPStr F is Ari (F, . ) OP- with the set of 
all sentences in Se(6) validated by all of the evaluations at objects of F. 
Adjointness (Theorem 1.3) carries over at once to every language ?. 

1.10. Ruled theories have been called 2-theories, and ? has been 
called a language. This is justified by the existence of languages in E 

which are capable of expressing all rules and only rules. (For instance, 
paraphrase a morphism of diagrams D -* E, " For each element at the colimit 
of D, there is an element at the colimit of E from which it comes, and any 
two of those are equal." The next step is to replace elements "at the 
colimit" by their coordinates, and routine further steps yield the general 
form of sentences of a suitable language.) There is not a sublanguage Y, 
of E such that SPTh is isomorphic with PTh(lRPTh) by an isomorphism 
preserving underlying categories and sets of models. (I doubt if the side 
conditions are necessary.) If this should be wanted, one could get it by 
narrowing both notions of theory. The idea would be to require theories in 
languages Se C S to be closed under permissible changes of variables, and to re- 
quire ruled theories to be invariant under the like changes, replacing diagrams 
D: a-*e by DJ: - *-- a-5, where J is an isomorphism. This is not 
different in kind from the passages from midtheories to theories, and some 
such step might become important. For present purposes, it is not important. 
Note that nothing in the proofs so far would be affected if we did restrict 
reguli in that way, nor if we paraphrased them in a suitable sublanguage of 'S. 
Thus, with the obvious restatements of the needed definitions (presentation, 
midtheory, syntactic equivalence, theory): all relevant results, 1. 1 through 
1. 9. 1, remain true for S-theories for any language Se such that each ? (5) 
can express any rule in 5 and nothing else. 

For the next result, let D? stand for any of these languages. 

1. 11. If I? is a sublanguage of ? then the adjunction maps 
-7T: T-- YPStr SePSem T are presentations. So is evF: F-X SPSem XPStr F, 
in the sense that ?PStr evF is an equivalence. ,Sem is a Galois coninection. 
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Proof. Let T = (5, () and let F1 = PSem T. Let 25 be the set of all 
sentences in t (5) validated by all functors in F1. Then 25, D (E and T 
may be replaced by T1 = (5, (,); PSem T1 is still F1. Let To be 5 with 
(a, n ? (5). The identity functor is a morphism i: T,-- T,. PSemi: 
F-- PSem T0, is full and faithful (since i is on an identity functor), and every- 
thing in PSem To must be an iterated limit in some Cat (5 OP, A3 ets) of objects 
of F1, since (by 1. 2) the set of such limits is the set of models for some 
ruled theory on 5, whose axioms are validated by functors in F1. 

Omitting " P," fill out a commutative rectangle on i, v: T- ? Str F1, 
j: 9?StrF1- SeStrF1 (on the identity functor), and -: T1-> ?StrF,. Sem 
takes it to a commutative rectangle. Sem j is faithful since j is on an 
identity, and Sem v is faithful by 1.4 and 1.4. 1. Then Sem - is an initial 
factor of a faithful functor and therefore faithful. It is also a final factor 
of an identity, (Sem ) ev = 1. So Sem q is an equivalence, and it is 
identical with Sem -qT. 

The second assertion follows in the same manner, using 1. 4. 3. The 
last assertion follows by the same remarks that led from 1. 4 and 1. 40P to 1. 9. 1. 

Chapter II. Some structure of theories. 

Let us define algebraic (pre-, mid-) theories as follows, imitating Lawvere 
[17] as closely as possible. Fix throughout the discussion a sequence of 
index categories JO, J1, * *, each Jn discrete on n objects. Relative to these, 
a pretheory T (5, r) is standard algebraic if S is small, with exactly So 

objects To, T1,, * *, and r has exactly M, members -H,, which are (actually) 
universal inductive cones whose base is the constant T1-valued functor on Jh 
and whose vertex is T,. Then plainly the full subcategory QIPTh of PTh on 
the standard algebraic pretheories is isomorphic with Lawvere's category of 
algebraic theories. The object T1 is distinguishable in T (though not neces- 
sarily in 5), and there is a functor tIPTh --> MTh which makes T1 the point; 
it is full and faithful, thus isomorphic from CPTh to its image, the standard 
algebraic midtheories. So is its composite with the quotient functor MTh 
-*> Theo. (A syntactic equivalence must be 1 at T1, thus also at its copowers.) 
Finally: 

2. 1. Str Sem is full and faithful on the standard algebraic theories. 

Proof. Since the completion Str Sem T is a complete reflection of T 
(1. 9. 1), it will suffice to show that T is a standard algebraic coreflection of 
Str Sem T with coreflection map 9T* Indeed aTheo is not coreflective; but 
its coreflectivizer evidently contains all those fine theories U whieh include 
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n-th copowers of the point for all n and have all Hom (P, nP) small. The 
coreflection of such a U is determined up to isomorphism in Theo by putting 
Tn= nP. Now for every legitimate regular midtheory T, XT is full and 
faithful, by two applications of the Yoneda Lemma. Hence for T in aTheo, 

9T is a coreflection map coreflecting Str Sem T intoaTheo. 

Consider the virtues of CTheo and (IMTh (CaPTh seems too artificial) 
with a view to generalizing. This category of theories (being Lawvere's) 
can be fully and rather naturally described in classical algebraic language. 
It can be done in predicate calculus, with some adjustments to take account 
of empty models and of morphisms. To take account of morphisms will 
require developing Freyd's notion of an elementary theory [5, p. 91] or some 
variant. Still the resources of the predicate calculus will help. 

Note that Lawvere's definition of the set of n-ary operations of an 
algebraic theory as Hom (P, nP) is appropriate for a very broad class of 
theories: certainly for those which have standard algebraic coreflections and 
for all complete theories. On all these, the set of n-ary operations is func- 
torial, and is a representable functor represented by (the standard counter- 
part of) Lawvere's free theory on an n-ary operation. 

Algebra is not in such good order in MTh, but we have a f unctorial 
partial cross-section of the semantic equivalence classes (where two midtheories 
are semantically equivalent if their completions, or equivalently their midf acts 
of models, are syntactically equivalent). 

Third, though aTheo is not coreflective, it has a big coreflectivizer. 
Lawvere's semantics has to deal with restricted facts (excluding e. g. the fact 
of complete lattices) essentially because his theories are not quite a coreflec- 
tive system. S7MTh is "less coreflective"; for instance, one cannot coreflect 

the completions. 
I shall use the phrase "reduced semantics" a little vaguely. A "maxi- 

mum system" will be defined, for which we can quickly establish the sine 
qua non a Galois semantic connection-and also coreflectiveness of the mid- 
theories. So one can treat arbitrary facts, and one can work on the more 
intuitive level of midtheories and midfacts. Then I shall describe more 
vaguely a narrower system with the same relatively complete theories and facts 
which recovers the crucial first virtue, intelligibility in terms of predicate 
calculus. The vagueness couLld be avoided, but I do not at all want to avoid 
it. The purpose in connecting the system with the predicate calculus is to 
connect with theorems of predicate calculus; I have not yet done that, and 
most likely some modification will be desirable. 

We call an object X of a midtheory T reduced in T if there is a small 

15 
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set of morphisms f,: P -> X such that for every model M of T in A ets, the 
functions M (f,) separate the points of M (X). 

2.2. An arity in MStr F is a reduced object if and only if it is a sub- 
functor of a small power of the grounding. 

Proof. Since evaluations are models, the morphisms P -e X showing 
that X is reduced embed it in a small power of the grounding. Conversely, 
if f: X -- Un, is a monic natural transformation, then in Ari (F, A ) OP f 
appears as an epic q: mP -> X, preserved by Ari (F, A) OP C Cat (f, A) OP. 
In any category, p: W -e X is epic if and only if 

W- >X 

x -~x 

is a pushout. So this cone is a rule of MStrF, and all models preserve it. 

A midtheory is reduced if all its objects are reduced. The reduced 
midtheories form a full subcategory MThR of MTh, which maps upon a 
full subcategory TheoR of Theo. 

2. 3. MThR is coreflective in MTh. The coreflector preserves syntactic 
equivalence and therefore induces a functor from Theo to TheoR, which is 
also a coreflector. 

The proof is quite straightforward. Note, the coreflection of a midtheory 
T need not be the subtheory T1 on the reduced objects, for they need not 
be reduced in T1. But a morphism must preserve reduced cbjects, so a 
reduced midtheory mapping into T goes into T1, hence into T2 = (T1) 1, and 
so on. 

Defining MStrR (respectively StrR) as MStr (Str) followed by the 
coreflector, we have at once: 

2.4. MSem I MThR and MStrR are adjoint on the right. Sem I TheoR 
and StrR are adjoint on the right. 

Although the reduced semantic functors are mere restrictions, it is some- 
times convenient to use the shorter symbols MSemR, SemR. 

2. 5. THEOREM. SemR is a Galois connection. 
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The proof amounts to observing that the proof of 1. 4 did not require 
all the conditions. We are now using U' - MStrR F - StrR F (for short) 
instead of U; Str F. But no properties of U were invoked beyond 

v 

T -> U - Str! F and the description of the rules of U as the pointwise 
rules, and (for conventional reasons, but conventions we are using) the arrow 
into Str ! F going into small-valued functors. For U', or any other fact so 
situated, the morphism ev: Sem T -> Sem U' is syntactically inverted by 
Sem v. 

This is "maximum" reduced semantics. It is not the absolute maximum 
on the present foundations; the essential semantic consideration is 2. 2, wbich 
would hold if we defined reduced objects by reference to small-valued models 
only. But that would be ridiculous. A reduced theory should be reduced 
by virtue of its form, and all models should respect the form.-The problem, 
what forms of rules suffice to reduce an object, is probably hard and does not 
seem pressing; but it does seem reasonable. 

The obvious reducing rule is diagrammed in 2. 2, and we note that coin- 
plete reduced theories do have these rules. For the following unexploited 
discussion, let us consider a " special " reduced theory to have at least enough 
copowers nP to express such a pushout rule reducing each object X. 

For fine theories having an object nP, it is appropriate to define the set 
of n-ary relations as the set of quotients of nP. This is a functor, the 
restriction of a functor on Theo represented by a theory on three objects P, 
nP, X , some obvious morphisms, and two rules (that nP is a copower and 
nP -+ X is epic). In special reduced semantics one will use such a free 
theory on an n-ary relation to define the set of n-ary relations in general. 
(Observe, "quotient" is a mere categorical concept; one wants assurance that 
the putative relations are modeled by actual relations.) 

At any rate, in special reduced theories each object is an n-ary relation 
in at least one way. Pick one. Recall that in Lawvere's theories the most 
general morphism is from mP to nP (m and n finite) and is determined by 
its coordinates, which are m n-ary operations. Here a morphism runs from 
an m-ary relation A to an n-ary relation B (m and n small) and analyzes 
into mn secondary n-ary operations, or more specifically, B-ary operations 
(defined only on B-related n-tuples). The translation incorporates, for each 
b: A -- B analyzed into ci: P -> B, an axiom 

A ( ?1(xl,- * -, x.),- * *, 0,b(x1, .. * X, n )) - 

Multiplication of morphisms is described essentially the same way as for 
algebraic theories; this extends without difficulty to the fictitious morphisms 
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introduced next. To express a conical rule, introduce the colimit as a defined 
relation D. The cone connects the vertex B to D by a family of B-ary 
operations. (The theorem that D "holds" for these operations amounts to 
a conjunction of axioms.) The rule requires this arrow D -- B to be invertible, 
and is expressed by introducing the inverse as a family of D-ary operations 
and recording that the compositions are identities. Finally, a general rule 
is expressed in the same way, but both of the relations are defined relations. 

As far as I know, the second notable virtue of algebraic semantics, the 
functorial cross-section of semantic equivalence classes of theories, is not pur- 
chasable for reduced semantics. For reduced-complete facts, it is, as follows. 

2. 5. 1. Call a midfact (5, U, A) deflated if every isomorphism f in a 

such that U (f) is an identity is (already) an identity. Trivially, a syntactic 
equivalence of morphisms F'- F is an identity if F is deflated; so MFa 
-* Pact is isomorphic from deflated midfacts to the corresponding deflated 
facts. Trivially, the full subcategory of MIFa on deflated midfacts is reflective. 
The reflection map F' -* F to a deflated reflection is an equivalence of cate- 
gories over .S if every automorphism in F' that lies over a identity is an 
identity, and a syntactic equivalence if also every isomorph of a corule 
of F' is a corule. If F' is MStr T for a reduced theory T, these conditions 
hold. So for reduced-complete midfacts, the deflated reflections are syntac- 
tically equivalent, hence still reduced-complete, and they cross-section the 
syntactic equivalence classes. By 2. 5, these are the semantic equivalence 
classes. 

Some remarks are called for on Linton's varietal and equational 
theories [18]. To convert the definition of a standard algebraic pretheory 
to " standard varietal," replace " small " by " legitimate " and 80 by oo 
one needs discrete index categories of every small power. 2. 1 and the remuarks 
on the virtues require no substantial change. The category of varietal theories 
is not (right) complete. For a standard equational theory, omit "'legitimate." 
Their semantics applies to arbitrary facts; every complete theory has a 
standard equational coreflection. However, Str Sem is neither fuLll nor faith- 
fuLl on standard equational theories. 

(That it is not full is perhaps not quite obvious. Form an equational 
theory T all of whose models in A are on sets A equivalent to Al for all 
small m, by introducing operations and axioms effecting such bijections. 
If U is the equational coreflection of the complete reflection of T, Str Semn 
is not full on Theo(U,T).) 

There is no difficulty in showing that eqluational semantics is a Galois 
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connection. Most of the work in 1. 4 went into showing that there are no 
more objects (up to isomorphism) in Sem Str Sem T than in Sem T (in 
Str Sem Str F than in Str F); when theories have a fixed form such as the 
equational form, this is trivial. Incidentally, this applies as well to "ruled 
equational " theories consisting of a standard equational theory and any 
additional rules. Torsion-free abelian groups are the models of one such 
(ruled algebraic) theory. 

We now have all the semantic connections that are going to be mentioned. 
But we have them only on objects and morphisms-not on natural trans- 
formations. It is left for the concerned reader to verify (readily) that the 
connections extend to natural transformations of morphisms of theories and 
of facts. I want to indicate the role of the natural transformations, and why 
they have no role in equational semantics. 

A syntactic transformation between two morphisms of midthtories T -> T' 
is a natural transformation a such that ap = lp'. Preliminary formulation: 
in standard or complete equational midtheories, every syntactic transformation 
is a syntactic equivalence. (In standard ones, an identity. For complete 
ones, apply an analogue of 2. 1 amplified for natural transformations.) 

One might want to admit some other transformations of morphisms. 
I cannot show that no others are of any use. But if naturality is required, 
there is nothing left except certain endomorphisms of P'. For the case of 
natural transformations from the identity morphism of an equational theory 
to itself, it is the monoid of unary operations which are central, i. e. homo- 
morphic operations. The general equational case is similar. 

Next observation, in final form: 

2. 6. 2. If F, G are morphisms from a reduced midtheory to a regular 
midtheory, there is no more than one syntactic transformation from F to G. 

Proof. For each object X of the domain we have a set of morphisms 
f.,: P --X taken to a separating family of functions by every model. Since 
hGXF is a model, there are not two elements of hGXF(X) mapped by every 
hGXF(fi) to G(fi). 

For reduced theories, accordingly, syntactic transformations partially 
order the interpretations into a regular theory. Note, forward is downward; 
if there is a syntactic transformation from F to G, G interprets the domain 
relations by smaller relations. 

2. 6. 3. A complete midtheory U is a right small-complete catego-ry 
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(1. 10P); so a small diagram D of morphisms KE and natural transformations, 
from any midtheory T to U, has a pointwise colimit L, which is a morphism 
of pretheories (1. 1). If T is reduced, one inqnires whether the Ei have a 
greatest lower bound. They do if they have a common upper bound. For 
then D can be set up as a pushout diagram of syntactic transformations, and 
L will preserve the point. 

In applying 2. 6. 3, an obvious candidate for common upper bound would 
interpret all n-ary relations by the largest n-ary relation nP. Of course 
that need not be a morphism. 

I said 2. 6. 2 is in final form. It can be generalized (e. g. by considering 
reflection Theo -> CTh), but not radically. Consider midf acts, for which 
syntactic transformations of morphisms F -> F' are defined as natural trans- 
formations a such that U' o a = 1. The natural statements are: 

2. 6. LPP A syntactic transformation of morphisms into a midfact whose 
grounding reflects isomorphisms is a syntactic equivalence. 

2. 6. 2.OP If F, G ar-e morphisms into a midfact whose grounding is 
faithful, there is no more than one syntactic transformation from F to G. 

The proofs are one-line; if U'(ax) must be 1, the first assumption makes 
ax invertible and the second makes it unique. 

Now the theoretical counterpart of the First Isomorphism Theorem 
assumed in 2. 6. 1P is fairly definite, though not entirely so for illegitimate 
or incomplete theories (which covers a great deal of territory). P should 
generate 5 (in the original sense [8], not the sense of Freyd). If S is 
legitimate and right extremal-complete, this is equivalent [12] to every 
object's being an iterated colimit of copies of P. For a precise result 2. 6. 1 
comparable with 2. 6. l0P and 2. 6. 2, let us say that a theory T is colimited 
by a set S of its objects if 5 has no proper full subcategory 'P containing 
S and all vertices of conical rules whose base is small and in 'P. 

2. 6. 1. A syntactic transformation of morphisms of midtheories must 
be a syntactic equivalence if the domain is colimited by its point and the 
codomain is regular. 

The proof is a straightforward transfinite induction over vertices of 
conical rules. Both morphisms take those rules to colimit cones; the syntactic 
transformation, being invertible oni the base, is invertible at the vertex. 

For the next topic it is necessary to say something about my incorrect 
description of stable funclors [12, p. 647] as liim-its of limits of representable 
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functors. The definition (a page earlier) tells us they are the iterat.ed 
limits of representable functors, with the iteration in Cat (ge, A ets) as in 1. 2. 
A brief appendix to this paper will show that two steps (limits of limits) 
do not suffice. Enough is saved from the erroneous proof to justify my 
applications in [12] and in [13]. 

2. 7. THEOREM. The midtheories of the form MStrF for legitimate 
regular facts F are characterized up to syntactic equivalence as those (5, P, r) 
such that r is fine, the full subcategory I of 5 on the objects T such that 
hT is small-valued is right adequate, and every stable covariant Aets-valued 
functor on 5 that is small-valued on A is representable. 

Proof. For legitimate regular F = (5,U,A), S is fully embedded in 
S= Ari(F, A )oP by a Yoneda functor Y, and therefore r consists of all colenses. 
Y (5) is right adequate in 5 and contained in A, so A is right adequate. 
Let G: 5 -> A ets be a stable functor small-valued on S. Then G is an 
iterated limit of representables, and GY is a small-valued iterated limit of 
arities, hence an arity A. Thus G I Y(5) is naturally equivalent to hA 1 Y(5). 
Since G and hA preserve all limits in 5, and every object is a canonical limit 
of objects in Y(5), G and hA are naturally equivalent. 

Conversely, suppose (5, P, r) satisfies the given conditions. The sub- 
category X is legitimate and hP I - U is small-valued. Let A be the 
set of all lenses in A that remain lenses in 5, and put F - (S, U, A). The 
right subregular representation F: 5 -> Cat (X ?, A ) 0P is full and faithful, 
since K is right adequate. IX takes 5 into Ari (F, A) OP by definition of A, 
and P to the point of MStr F by definition of U. A colens in 5 is taken 
to a lens by any representable hx, whether X is in A or not; hence F takes 
it to a colens, and F is a morphism T -- Str F. 

Now consider (in the light of 1. 2) the set a of functors in Cat (,, A) 
of the form hT I , and their isomorphs. For any iterated limit Lo of them 
in Cat (,W, A ets) which is small-valued, form the like iterated limit L of 
representable functors in Cat (5, A ets). L is stable, and L j =S Lo is 
small-valued; so L is representable, and Lo c a. Then a is Ari (K -A) for 
the fact K on A constructed in the proof of 1. 20P; and inspection shows that 
K is F. Thus F is an equivalence of categories. Since both T and MStr F 
have all colenses, F is a syntactically invertible morphism of midtheories. 

The conditions of 2. 7 are a bit awkward; the generality is also great. 
(For instance, we did not find P in i, and clearly it is not there in general.) 
Let me describe the tighter connections between T, F, and / which hold 
"4normally" (for instance, if T is also the completion of a legitimate regular 
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theory). In 2. 7 we have the fact K determining T. Normally, the category 
SC determines T. W has also the closure property that every stable small- 
valued covariant functor which has a small-valued conjugate is representable. 
5 consists of all the stable small-valued functors on XK; and (normally, recall) 
the induced theory To on A C 5 is a presentation of T. One can define 
the legitimate part To of MStrF for every legitimate fact whose grounding 
arity U is in K C MStr F: To is (,W, U, J',), where rO consists of all colenses 
preserved in Ari (F, A ) OP. This is att.ractive, but not fulnctorial. 

2. 7. R.OP The midfacts of the form MSem T for legitimate regular 
reduced theories T are characterized utp to syntactic equivalence as those 
(?, U, A) such that A is fine, U is representable, the full sub category se 
of 5 on the objects X such that U is injective on every f (X, Y) is left 
adequate, and every stable contravariant rbets-valued functor on 9 that is 
small-valued on se is representable. 

There is no difficulty in modifying the proof of 2. 7 to prove this. The 
statements and proofs of 2. 70P and 2. T. R are also apparent. A more 
important variant, easily deduced from 2. 70P, is as follows. Call a fact 
modeled if every stable contravariant p3-valued functor is representable. 

2. 8. A legitimate fact is (up to isomorphism in Fact) Sem T for some 
legitimate regular theory T if and only if it is fine and modeled and its 
grounding is representable. 

The important characterization of facts SemT for small theories T is 
Gabriel's [7]. It will not be explicitly used in this paper, but all parts of it 
and the next result in Gabriel's manuscript will be used. The categories 
are right extremal-complete (legitimate), with a small left adequate sub- 
category Se such that, for some small cardinal m, the covariant functors 
represented by objects in 9, commute with m-directed colimits. (A diagram 
is m-directed if every m objects in it have a common successor anld every 
m morphisms A --B in it have the same composition with some B -> C 
in the diagram.) Of course U and A (not present in Gabriel's formulation) 
are respectively representable and fine. The necessity of these conditions (all 
that will be used here) is not hard to prove. Some of them have been 
,extended to Mod(T, A) for light conical T by Freyd and Kelly (to be pub- 
lished); these categories are right small-complete, with a small left adequate 
subcategory, and co-well-powered. Gabriel proved co-well-poweredness for T 
small. 

In 2." and 2.8, "regular" (combined with "legitimate") is not redun- 
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dant. Of course regular theories suffice for semantics, since complete theories 
are regular. One thinks of regularizing a singular T, or passing to the 
" image " of 7)T* It is not the same, and I doubt if every (pre-, mid-) 
theory has a regular reflection. (Many do. Even if they do, the image of 

qT is different and more important.) 
The image we want is not, I think, a categorical image in MTh. Here 

we are trying to get closer to the models, not to respect the fine structure 
of theories; and we care only about legitimate-valued models, which reduce 
by 1. 0. 2 to A-valued models. 

The construct wanted here is the full image of _)T or (equivalently) the 
fully regular reflection of T. The basic definitions: a subtheory is a cate- 
gorical subobject in MTh, i. e. a subobject represented by a monomorphism, 
which (clearly) is the same as a one-to-one morphism. A morphism of 
MTh is full if it is a full functor, and a subtheory is full if its category is a 
full subcategory. The full image of F: T1 ,- T2 is the factorization across 
the smallest possible full subtheory of T2. 

The full image may be seen to be functorial from MTh2 to MTh3 (from 
morphisms in MTh to diagrams A -> B -> C in MTh). Hence the full image 
object Tr of qT, the middle object of the full image diagram, is a functor 
of T. Call it Frr T. The whole diagram is a factorization of q: 1 -> Frr 
-- Str Sem. Call the initial factor p: 1 -> Frr fully regulated reflection. It 
remains to call T fully regular if PT is an isomorphism, and to check: 

2. 9. Fully regular reflection is a reflection upon the full subcategor-y 
of fully regular midtheories. 

Proof sketch. Observe that a model M of T in R is the same thing as 
an interpretation of T in (,gop. M(P), r), where r is the set of all colenses. 
A theory is fully regular if and only if it is embeddable as a full subtheory 
of some MStr F, which is if and only if it is fully embeddable in a product 
of regular midtheories on r3oP. Then Tr is fully regular. Any morphism 
T U is pushed by p to Tr > Ur; if U is fully regular, T -> U factors 
T T Tr > Ur = U. UTniqueness of the factorization (into a product of 
theories carried by r3oP) reduces to equality of two models of Tr in 3 wnen 
they are equal on T, which routine analysis proves. 

The device used here, of converting models to morphisms, is important. 
I doubt if the artificial theories on 3 OP will bear any semantic significance. 
(Their categories of models are equivalent to A3oP, of course.) The point is 
that "models are morphisms." 
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2. 10. COROLLARY. The reflection map PT is a presentation, for every 
midtheory T. 

Proof sketch. MSemPT is not merely an equivalence, it is an isomor- 
phism. For the models M of T in .3 are the morphisms M, from T to certain 
fully regular midtheories U on 3 OP, which factor uniquely as MST, 

M2: Tr-> U; and M2 is the same as a model M., of Tr in 3. One readily 
checks that the bijection M i- M3 extends to morphisms of models and pre- 
serves the groundings and coreguli. 

To justify the terminology one should remark: a fully regular theory 
is regular, a legitimate regular theory is fully regular. 

It is not trivial that the fully regular reflection of a small theory T 
is legitimate. It is trivial, given Gabriel's unpublished result that Mod (T, A3) 
is reflective in Cat (0oP,A ) ; for the category of Tr is Gabriel's reflection of 
the left regular (Yoneda) representation of 5. 

The fully regular reflection of a legitimate theory need not be legitimate. 
Consider a category of oo objects Al, each with endomorphism monoid Z2, 

with two morphisms Ai -4 AO for each i (on which the endomorphism groups 
act freely), and a rule that Ao ought to be the coproduct of the others. 
A model in 3 then consists of a family of sets Si on which Z2 acts, SO being 
the product of the others. If no Si is empty, almost all of them will be 
singletons. But in the fully regular reflection, the Az are undamaged and 
AO becomes their coproduct, with more than so endomorphisms. 

One can attach "R" and " P" to 2. 9 and 2. 10 freely, with trivial 
variations of the proofs. One of these variants calls for comment: the 
reduced-fully regular facts admit a simple characterization. Call a midfact 
faithful if its grounding is faithful. 

2.11. The ad junction map F-4MSemn MStrRF is full and faithful if 
anid only if F is regular and faithful. 

Proof. The necessity is obvious. On the other hand, if F is regular 
and faithful, we get a somewhat stronger conclusion which for later reference 
will be labeled: 

2. 11. 1. Every representable arity is small-valued and reduced. 

For a faithful fact is legitimate. The natural transformations from hX 
tcl U are determined (Yoneda lemma) by the elements of U(X), which are 
small in number. And the universal map from hX to a power of U with 
factors indexed by U(X) is monic. 
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In the Introduction I suggested that going from ruled to reduced 
semantics amounted to adding rules to make the facts faithful. In a quite 
insufficient but precise sense, 2. 11 justifies that. A real justification would 
be a proof that every fact that is faithful and ruled-complete is reduced- 
complete (Sem of a reduced theory). I do not know whether it is true. 

Part of the point of reduced semantics is to diminish the association of 
illegitimate theories to legitimate facts. One might a priori want to stop it; 
but then one could not treat fairly reasonable facts such as the complete 
Boolean algebras. Most of the hypothesis of the next result is in this ad hoe 
definition of a solid fact (5, U, A). 5 is legitimate, right wide-complete, 
left extremal-complete, and satisfies the ascending chain condition on quotients. 
(The chain condition is, of course, that there is no well-ordered chain of order 
type co. This is not the first time it has been found useful [13].) U is 
representable. A consists of lenses and contains all small limits. 

From the results of Gabriel and of Freyd and Kelly recalled above 
(after 2. 8), the fact of models of a light conical theory is solid. The required 
properties of S are immediate from those results, except for the left extremal- 
completeness, which follows from right (wide-) completeness in the presence 
of a small left adequate subcategory [12; 4. 7]. The required representation 
of U is by the reflection of hP in Mod(T, 3), which is reflective (Gabriel, 
Freyd-Kelly). Since it is reflective, A is the fine regulus. 

2. 12. A reduced arity on a solid fact is representable. 

Proof. (5, U, A) being solid, there is a representation of U as hP for 
some P. A reduced arity A is a subfunctor of a small power of U, which is 
hQ for the corresponding copower Q of P. If R is the intersection of all 
quotients RI of Q such that hRi contains A, then hR contains A. For every 
proper quotient S,& of R, there is fa: R -> Ta in A (Ta) but not factoring 
across Sa. Start an induction with the product SO of the empty family; 
since A is an arity, R- >SO is in A(So). Having R J->Sa in A(Sec), Sa a 
proper quotient, take TO! as above and V- = Sa X Ta. The maps that we 
have from P to Sa, and Ta, yield R -> Va,, which is in A (V1o) from its coordi- 
nates. Now the right image of 1 > Va is a multistrict subobject S,+1 of Va; 
since A is an arity, R -> Sa+i is in A (Sa,+L) by a secondary induction. We 
have P -> S,+i ->S ; since R > Ta does not factor across S,a, Sa,i is a larger 
quotient than Sa. Similarly, at a limit ordinal A, the preceding R -> Sa 
(each in A (Sa)) yield a map into a product and upon a right image Sp 
(in A (Ss)). The ascending chain of quotients must end at a small ordinal, 
and it can end only when Sa is not a proper quotient. So IR is in A (R), 
and A = hR. 
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2.12. 1. COROLLARY. The reduced completion MStrR MSem T of a light 
conical reduced theory T is legitimate, and the adjunction map W is left 
adequate. 

For, since all reduced arities are representable, the category (of) 
MStrR MSem T and functor Wr are equivalent to MSem T and a reflected 
Yoneda representation. Another by-product of 2. 12 seems to deserve a 
more distinctive label; it extends Lawvere's result that algebraic functors 
have adjoints. (Precisely, it extends only the case of degree 1, but the 
general algebraic case is immediate from that subease.) 

2.13. The functor underlying a morphism from a solid fact to a reoular 
faithful fact has a left adjoint. 

Proof. For the underlying functor of G: F1 ->F2 to have an adjoint, 
the functors hXG = MStr G (hX) must be representable. By 2. 11. 1, hX is 
reduced; so MStr G (hX) is reduced; so by 2. 12, it is representable. 

In the next result, CTh is R CTh of 1. 9. 1. Recall that CFa is equivalent 
to CThoP. 

2.14. PTh, MTh, and MFa have limits and colimits of diagrams such 
that the family of underlying categories of the objects has an ami coproduct 
in Cat. Theo, Fact, and CTh have products and coproducts of such families 
of objects, but none of the three has equalizers or coequalizers. 

Proof sketch. The first sentence can be proved by a straightforward 
string of explicit constructions of products, equalizers, and the duals. I mean 
explicit relative to the corresponding constructions in Cat; those also are 
explicitly known, but the construction of a coequalizer is mildly complex and 
one does not need the details (for the present purpose). One does need to 
note that in MTh, product theories have product underlying categories, and 
the category of a coproduct is a disjoint union with points identified; and 
similarly in MFa, product facts are on pullback categories and coproduct 
facts on coproduct categories. Then next, the quotient maps 3ITh -* Theo 
and MFa -*Fact preserve products and coproducts. Specifically, (1) each 
1M1Th (T, X T*) -- X MTh (T, T*) reduces to its set of syntactic equivalence 
classes, which is evidently the same as the (product) set of coordinatewise 
syntactic equivalence classes. (2) Equally evidently, syntactic equivalence in 

1Th (+ Tj, T) is coordinatewise. (3-4) The like identifications in MFa are 
also evident; homming into a product, this depends on the requirement 
U o a = 1 for a syntactic equivalence. 
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Since CTh is reflective in Theo, it is closed under products; since CTh is 
full, those products are CTh-products. The reflection takes coproducts to 
CTh-coproducts. 

The six negative assertions will follow from the absence of equalizers 
and coequalizers in CTh (hence in its dual CPa. If Fact had equalizers CFa 
would be closed under them, coequalizers would reflect, and similarly for 
Theo). Consider the following pointed categories as theories with empty 
regulus. U3 consists of P, X, and five non-identity morphisms, namely an 
involution s of X and t,mU, ts, us: X -> P. Us is the subcategory omitting u 
and us; U' is the subcategory omitting also t and ts. Consider the following 
morphisms of midtheories. I: Ul C U2; J: U2 C US; K: U2 _> US extending 
JI but taking t to u, ts to us; L: U3-> US exchanging t with ts. In MTh, 

I 

11 1~~J 
U, >K U' 

is a pushout. But not in Theo, for US has the automorphism L (71 in Theo) 
such that LJ J in Theo, while LK = K already in MTh. Also, while K 
cqualizes L and 1 in 1ITh, an equalizer in Theo would have to let J factor 
through it. Even after applying Str Sem, the indicated pushout V and equal- 
izer W will not exist. That is, after applying MStr MSein =0 , the " syntactic 
pushout " V and " syntactic equalizer " W do not exist. For that, note that each 
Ut goes fully and one-to-one into Ut?. Suppose W exists. It has a unique 
point P and an object X unique up to isomorphism, the image of X 
from U'0. Since X has only two automorphisms, s and 1, determining 
it up to isomorphism suffices to tell the morphisms t and ts from u and us 
though not from each other. Then up to isomorphism, the image of W in U30 
contains the images of J and of K, hence all of U3. (More precisely, select 
a copy of X in W and let 9$ be the full subcategory on P and X; note that 
W ->U30 takes 9$ into a copy of US, unique up to a syntactic equivalence 
from 1: U3'0 U3'0 to some other endofunctor. Factoring J? through W in 
Theo gives JO: U2 C U20 _> W, which, followed by W -_ US0, is syntactically 
equivalent to J: U2 > U' C U'0; so the image of 9$ contains the equivalent 
of the image of J. Similarly it contains the equivalent of the image of K. 
This makes the equivalent of U3.) So W-> US0 does not equalize L and 1 
up to syntactic equivalence; contradiction. 

Finally, the argument since " Suppose W exists" is also justified by the 
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alternative assumption that W is the desired pushout; so that doesn't exist 
either. 

2. 14. 1. The category of deflated facts is as complete as MFa, because 
it is isomorphic with a full reflective subcategory of MFa. (To amplify "as 
complete": if they have a limit it is deflated; if they have a colimit they have 
a deflated colimit.) The category of reduced-complete facts is equivalent 
(2. 5. 1) to that of reduced-complete deflated facts, which is reflective in the 
deflated facts; to reflect (deflated) F, pass to Sem StrR F in Fact and then 
to its isomorphic deflated reflection. We conclude: the categories of reduced- 
complete facts and of complete reduced theories have limits and colimits of 
bounded diagrams. 

Chapter III. Tensoring and connections. 

The metacategory of pretheories PTh is a monoidal closed category 
(To '0, I, r, 1, a; p; V, hom , i, j, L) as defined in the first 55 pages of [3]. 
Fortunately Eilenberg and Kelly have provided a test much simpler than the 
definition, in II. 5. 7 of [3]. First, a monoidal category is merely a cate- 
gory 'U, with a binary operation 0D and a constant I making it a monoid up 
to coherent isomorphic corrections r, I of I to a right and left identity and a 
of 0O to associativity. (Details are given e. g. in [3], pages 471-472.) A 
normalization of it is a set-valued functor V naturally equivalent to hl (with 
a distinguished natural equivalence). Assume the weak transportability con- 
dition that every bijection V(T) -* X is V(f) for some isomorphism f: T - T'. 
Then the normalized monoidal structure underlies a (unique) monoidal closed 
structure if and only if each of the functors Iom (_0 U, V) is representable. 

The tensor product T1 0 T2 of two objects Tj == (,, Prj) of PTh is 
5, X 5 with the following "wedge" regulus rP,. For each rule H in r1 
and object Y of 52, let us say H = (Hf, t): D- E, D: a -7 1 , E: 3 > -* ; 
we form Dy (and EY) into 5, X 51 with coordinates D (resp. E) and the 
constant lY-valued functor, and HY = (Hf,? Hl X 1): DY -* Ey. For each 
object X of f5 and rule H in r2, we form XH similarly. r,, consists of all 
XH and HY. 

Morphisms Tj-> T (j = 1, 2) have a product functor 5, X 5, 
- Si' X 52', which is readily verified to take the wedge regulus into the wedge 
regulus; so we have a bifunctor 0. The identity object I is the category 1 
with the empty regulus. Then r, 1, a, and the verification of coherence are 
precisely the same as for the monoidal category on Cat, X, 1; one need only 
observe that the morphisms lift into PTh. 
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For transportability, we define V7(T) as the set of objects of 3 (with 
the obvious definition of V on morphisms). This is evidently naturally 
equivalent to h'. It remains to construct the hom theories (u(U,V),rp) 
which represent Hom (_0 U, V). a (U, V) is the category of morphisms from 
U to V and natural transformations. The " pointwise"' regulus rp consists 
of those morphisms of diagrams H: D -> E in f2 (U, V) which are taken to 
rules of V by all the evaluations Fi-*F(X) (X an object of U). 

Using Eilenberg-Kelly's notation (UV) for hom theories, we have to see 
the bijections between Hom(T, (UV)) and Hlom(T0 U, V), natural in T. 
Again the construction is familiar for Cat and one need only check that it 
lifts. Both homsets consist of functors identifiable (naturally) with functors 
5 X lt -> T. Such a functor gives a morphism from T to (UV) provided 
it takes objects of T into Q(U, V) and rules of T into rp; this is the same 
as taking the wedge regulus into the regulus of V. In view of [3], we have 
proved: 

3. 1. THEOREM. PTh is monoidal closed witth the tensor product 

(OrX g52, rP) and the grounding I 5 1. 

The grounding is a natural one, the tensor product is a simple one. It 
is also semantically sound; for the adjointness of 80U and (U-), and the 
correspondence between models in E and morphisms into suitable theories 
on ROP (seen in the proof of 2. 9), yield the usual semantic description of 0. 
(Incidentally, 0O is coherently commutative.) 

Since PTh is monoidal closed, so is the isomorphic category PFa. 
Accordingly it has a multiplication which for the moment we may call [x] 
and a " horn" which for the moment will be [ ]. 

For theories with points, we supply T1- 0 T2- (Tj-= ( rjn,P)) with the 
point (P,, P,). Evidently this yields a bifunctor 0 on MTh, still coherently 
associative. We shall see shortly that it is still semantically sound. 

Tensor products of syntactically equivalent morphisms are easily seen to 
be syntactically equivalent, so 0O gives rise also to a coherently associative 
bifunctor on Theo. For that matter, syntactic transformations also multiply. 
For the rest of this paper, that structure will not be mentioned. We work 
in midtheories and midfacts and systematically omit "mid-" and "M." 

We need to define the fact of models Sem (T; F) of a theory T = (5, P, r) 
in a fact F = (5, U, A), The underlying prefact is the hom fact [TOF-], 
where TO== (5op, rop). To amplify, the underlying category Mod (T; F) 

Q (T-, FO) OP consists of the functors M: 3 OP -> 3 which take rules in r to 
corules in A, and their natural transformations. The coregulus of Sem(T; F) 
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consists of those comorphisms of diagrams in Mod (T; F) which are taken to 
corules of F by all the evaluations evX (M i M (X) ), X an object of T. 
Finally, the grounding of Sem (T; F) is evP followed by U, H -> UH (P); 
this composite preserves the coregulus since its factors do. Having the fact 
Sem (T; F), note that evP is now a morphism, the forgetful functor. 

3. 2. For any two theories and a fact, Sem (T, 0 T2; F) is isomorphic 
with Sem(T1; Sem(T2;F)). 

The routine proof (note. isomorphic) is omitted. To conclude that 
is semantically sound, one should specialize the just-invented notion of models 
in a fact, and note that if we are modeling in the category ., and Sem T2 
is fine, then 3. 2 means what it appears to mean. Indeed we have a deviation 
if Sem T2 is not fine. Note that 2. 70P gives a very sweeping class of facts 
Sem T that are fine. We must return to fineness below; 3. 5 gives weaker 
conditions for it. It should be noted now that Sem T is fine if T is small. 
(This follows from 2. 70P and the legitimacy of the fully regular reflection 
of T, which, as was already mentioned, follows from Gabriel's results.) 

Note, too: 

3. 3. The tensor product of two presentations is a presentation. 

For this, since 0 is commutative (up to isomorphism), one need only 
observe that a presentation T2 -> T2', making Sem (T2'; r) -> Sem (T,; j ) an 
equivalence, will do the same for 

Sem (T,; Sem (T,'; ?.) Sem (T,; Sem (T,; A )) 

Rephrased, 0O preserves semantic equivalence. Semantic equivalence does 
not mean having the same (up to equivalence) models in every category; 
not even the algebraic [17] and varietal [18] theories of groups do that. 
(Consider their models in the category of finite sets.) But 3. 3 gives us the 
important proposition 

3.3. a. Semantically equivalent theories have equivalent models in every 
complete fact. 

(A reader who would prefer a more formal statement can readily formu- 
late one.) 

Having lifted tensor and hom(Sem(; )), we are ready to go forward; 
but a side road should be mentioned (and can be skipped). There are fourteen 
conceivable ways to lift tensor (considered as commutative) or hom by 
supplying points or groundings. All of them exist in some generality, 
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modulo a bookkeeping problem that I have not examined. This will be clear 
if we examine the one that seems third in interest. If F1, F2 are regular 
and well behaved (for instance, small) and their groundings are representable 
by P1 and P2, usually (P1,P2) will not represent an arity on F1-[x]F2-, but 
it will as soon as we pass to the fully regular reflection. For well behaved 

Fj, that arity will be small-valued. (Bookkeeping: it is determined only, 
like the Pj, up to isomorphism. I suppose it can be made functorial, like 
product and coproduct.) This "optensoring" of facts is not like t.ensoring 
the theories of the same facts. For instance, S[x]S reduces to the category 
1 (=(S?POSOP)r) SO does S[x]C for a fine fact C on a category having 
a two-sided zero object. The multiplication is monoidal on well behaved 
complete facts (up to equivalence, and applying SemStr instead of merely 
( )r) ; the identity is the fact of complete atomic Boolean algebras with every 
object grounded to a singleton. Optensoring the usual fact of complete 
atomic Boolean algebras with a suitable fact (5, U, A) yields (5, V, A), 
where V is represented by the square of an object representing U. One can 
compute a little more for other known facts with known duals. 

Returning to 0, we observe that the central fact Sem (T, 0 T2) is deter- 
mined by Sem T, and Sem T2, as Sem(Str Sem TX 0 Str Sen T1), by 1.9 
and 3.3. In simple cases (groups and topological spaces were noticed in 
the Introduction) it results from a simpler construction than Sem (Str ( ) 
0 Str ( ) ), or rather, that operation of "cotensoring" has a simpler descrip- 
tion. Note, the formula defines cotensoring at once 1 on Fact X Fact to Fact. 
The shortcut runs naturally from Cat X Cat to Cat, though we can elevate 
the source so as to reach Fact. 

Recall that a connection from a category V to a category i is a contra- 
variant functor from e to i having an adjoint on the right. The connections 
from e to i), with their natural transformations, form a category ,(x) ), 
the connection product. Evidently ? (x) i is equivalent to i (x) #. It is 
equivalent also to the symmetrically defined category whose objects (S, T, a) 
are pairs of contravariant functors in both directions with an adjunction on 
the right, with the obvious morphisms. That construct is probably more 
conveouieuit for some purposes, but we seem to need a little asymmetry. 

The connection product E (x) F of a pointed category E ( P,F) and a 
fact F = (5, U, A) is a fact defined as follows. Its category is E (x) 5; 
its grounding is UevP; and it has the pointwise coregulus (as in [(E, 0) F] ). 
Pointwise corules go by evP to corules and then by U to lenses; so ( (x) 5 
is indeed a fact. 

1 Too fast. Probably this construction can be profitably analyzed as the comnpletion 
of some more delicate construction. 

16 
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The theorem we want is to the effect that Sem (T1 0 T2) is constructible 
from Sem T1 and Sem T2 as a connection product. This theorem seems as 
sure as the Special Adjoint Functor Theorem to develop in several versions 
with no useful sharpest version. Like the Special Adjoint Functor Theorem, 
it has a convenient version that is liksly to suffice for most work concerned 
with particular facts rather than the structure of Fact. To wit: it suffices 
that both Sem T1 and Sem T2 satisfy 2.8. 

This is not the place to exhibit a basic library of variants of the Connec- 
tion Product Theorem, but two are needed. For one thing, (a) below contains 
most of Pultr's version [24] and (b) contains most of Freyd's [6]. 

3.4. THEOREM. If both Sem T, and Sem T2 are legitimate, and the 
grounding of Sem T1 is represented by R, then Sem (T1 0 T2) is syntactically 
equivalent to E (x) Sem T2 where C= (Mod(T1, ,),R), if either 

(a) Sem T1 is fine and modeled and Sem T2 is fine, or 

(b) SemT1 is fine, and every contravariant functor from it to A that 
preserves small colimits is representable. 

Proof. Consider the nletacategoiy Hom! Tj (union of all Cat(gjoP, d ets), 
from the proof of 1. 4), which contains both Mod (T,, A3) and a Yoneda repre- 
sentation of 5j which we shall identify with 5j. For any theories, a model 
M' of T1 in Sem T2 can be extended to a connection K (M) from Hom! T1 to 
Hom !T2. This is a standard Kan extension construction, yielding an adjoint 
pair because we have an adjointness relation from 3. 2; so a sketch will suffice. 
First., 3. 2 and commutativity of 0 identify the models M' (isomorphically) 
with models M of T1 X T2 (in p ) and with models M" of T2 in Sem T1. For 
objects A of T1, B of T2, we have (literal equality) M'(A) (B) == M"(B) (A). 
Having embedded the four categories involved into two, Hom! Tj, we get 
identifications Hom(B, M'(A)) -- Hom(A, 1M"(B)). Now 5g is left adequate 
in Hom !Th, so each object X is the colimit of its cospectrum [14] in 5j. 
That is a bounded diagram. Hence, writing X colim Ai (X in Hom! T1), 
we can define K (M) (X) = lim Ml'(A ) in Hom! T2. All the morphisms 
A -> X are coordinates in the representation of X as colimit of its cospec- 
trum; K (ill) takes them to corresponding coordinate morphisms. Morphisms 
X -Y X' are determined by their coordinates Ai -* X', and K (M) treats them 
accordingly. Defining K'(M) : (Hom! T2) OP -- Hom! T1 in the same way, 
the relation of adjointness on the right for X = colim Ai, Y = colim Bk 

reduces to lim lim Hom (Bk, U' (A1)) ) lim lim Hom (Ai, M" (Bk) ). These are 
not subtle iterated limits but morphisms from a colimit to a limit, and 
adjointness holds. 
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K (M) (X) (B) =lHom (B, K(M) (X)) - Hom (X, M" (B)) will be small 
if X is (with M" (B)) in Sem T1 and Sem T1 is legitimate. In that case 
K(M) (X) is a small set-valued model of T2, and K(M) (determined up to 
natural equivalence) may be chosen to take Sem T1 into Sem T2. If Sem T2 
is also legitimate, K'(M) may be chosen to take Sem T2 into Sem T1. In 
that case we have a connection I(M) from (E to Sem T2, obtained by exten- 
sion from the model M. We have, moreover, a full faithful functor I from 
Sem(T, 0 T2) into X(x) Sem T2, as follows. Functor, because a natural trans- 
formation M -- M, corresponds to a unique natural transformation M' 11', 
which has a unique extension K(M) -- K(M1); the morphisms K(M) (X) 
-> K (M1) (X) must be defined by limits, and (one verifies) this definition 
secures naturality. By uniqueness, K (taking M to K(M1)) is functorial, 
so its restriction I is too. As for fidelity, two natural transformations 
M- M1,' differing at some object A of 51 yield different natural trans- 

formations hyM' - hyM',, where Y = M'(A). By extension and adjunction 
we get different natural transformations hA' (ill) - hA' (M1). Therefore the 
natural transformations I'(M) -- I'(ZI1[) are different; and so must be the 
adjointed ones I(M) -->I((1M). Fullness is found on the same path in the 
opposite direction. Given a natural transformation cc: I (M1) --I (M1), form 
a longitudinal composition with M": J,OP--Mod(T1, A), and step up to 
Hom(B,I(M)M"B') -- Hom(B,I(M,)M"B'). I in this position can be 
leplaced by K; and adjunction yields (for B, B' in 52) 

0: Horni (Ml"B', K' (M) B) -* Hom (M"B', K' (M) B). 

Of course K'(M)B is just M"B. Define fl: M'--M1' by /3B== 4BB(1B). 

Naturality of A apropos of fi: B -> B' follows readily from juxtaposing two 
rectangles expressing naturality of j apropos of (1, f) and (f, ). One then 
verifies i== =I(,/). 

Given condition (a), we may assume by 2. 8 and 3. 3 that Si is contained 
(fully) in Sem T1. The embedding takes rules of T1 to colenses of Sem T1 
by 1. 0. 0. A connection J to Sem T2 takes colenses to lenses since it has an 
adjoint. Since Sem T, is fine, J I Si is a model M'. Since J takes all 
coliinits to limits, which are corules, K (Al) is an extension of an isomorph 
1 (M) of J; every connection is isomorphic with a connection I(M). Given 
condition (b), though Sem T, may not be fine, still the connections J take 
colenses to corules. For Mod (T2, A) is closed under forming small limits in 
Cat (520p, 93); hence all small limits of Mlod (T2, 9 ) are pointwise limits. 
So J, followed by an evaluation, is a representable functor on Mod (T1, 3) 
and preserves all colenses. That is, J takes every colens to a pointwise lens, 

This content downloaded from 134.117.10.200 on Thu, 26 Sep 2013 22:39:22 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


a 74 JOHN R. ISBELL. 

which is a corule. J 5 exists as before and is a model; and every connection 
is isomorphic with a connection I (M). 

In case (a) or (b) we have an equivalence of categories, which is also 
an equivalence of prefacts since both ( (x) Sem T2 and Sem (Ti; Sem T2) 
have pointwise coreguli (and since the Kan extension over new points X is 
obtained by taking limits of values at old points, so that 1. 1 applies). To 
secure that it is a syntactic equivalence we need only specify that the Yoneda 
embedding takes the point of T1 to the representing model R. The proof 
is complete. 

For SemT to be fine, the evaluation arities on it must be either repre- 
sentable or snitably related to representable functors. This is a precise 
proposition, by 1. 20P (and routine checking), which gives us the meaning of 
"suitably related." But it is convenient to have a less precise test in terms 
of functors on 5 rather than functors on Sem T. We call F: 5oP -- g ets 
importable on the theory T on 5 if, in Cat(SOP, bets), it has a reflection 
in Mod (T, .3), that is, if the set-valued reflection ' constructed in 1. 2 is 
small-valued. An object T of 5 is importable in T if hT is importable. The 
whole theory T is importable if it is colimited by the set of importable objects. 
(Colimiting was defined before 2. 6. 1.) 

Clearly a regular legitimate theory and (from Gabriel's reflection) a 
small theory are importable. So is the equational theory of complete Boolean 
algebras [18]; it has only countably many importable objects, but the others 
are (by rule) colimits of these. 

3. 5. Sem T is fine and modeled if T is importable. 

Proof. A lens in Sem T is a lens pointwise at least at the importable 
objects of T. If T is importable, all the evaluation arities are iterated 
colimits in Str Sem T (limits, as functors) of importable ones; so every lens 
in Sem T is a corule. 

Considering 'hi = Mod(T, A ) as a fine pretheory, an A3-valued model N 
on it is stable as an immediate consequence of 1. 2. Now every stable functor 
on 9Pi is the restriction of a representable functor h4- on some Mod (T. .3ets), 
for the set of A ets-valued functors on 9T for which that is true contains 
the representable ones and is closed under forming limits. We have a model 
N-: 5oP -* 3 ets representing N. For an importable object T, hr having a 
reflection R in 9Th, evT(N-) - N-(T) =- Iom(hr, N-) =I Hom(R, N-) = N(R) 
by (respectively) definition, Yoneda, the following argument, and the fact 
that N- represents N. For the third equality (induced by a reflection map 

R), the set of .3 ets-valued functors G for which llom(hr, G) =-Hom(R, G) 
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contains I 9nT I and is closed under forming limits. The end of the chain 
of equalities, N (R), is small, so evT(N-) is small. Finally, the set of 
U E | 5 | for which evU(N-) is small contains the importable ones and is 
closed under passage from base to vertex of small cones in r. 

Remark. Using the same hypothesis for the two conclusions that Seni T 
is fine and modeled sacrifices a little of the natural generality of the proofs. 
It is clear, at least after the next defi-nition, how one can weaken the hypo- 
thesis for each half of 3. 5. But the weakening for fineness is slight; and no 
use has appeared for modeledness of Sem T unless it is also fine. 

We call a theory T coseparated if 5 contains a small set C of objects 
such that for each object X of Sand model M of T in A, the functions AI(f) 
for f: TW - X, W C C, separate the points of M (X). In effect, we need only 
remark: 

3. 6. Sem T is legitimate if T is coseparated. 

Proof. If small C coseparates T, then models J1 of T in A3 are faithfully 
represented by their restrictions to the full subeategory ? on C. It does in ot 
matter whether e is small; M ( ) is, and Sem T is legitimate. 

For the semantic condition that T is coseparated one wants syntactic 
criteria. Three convenient sufficient conditions are that T is small, or 
equational, or fine on a coseparated category. Verifying the last, one must 
note that the actual coseparation by a small set C of objects is describable 
by colenses, so that the fine theory is a coseparated theory. In fact it is 
describable by colimits, of substantially the same form as in the proof of 2. 2. 

Summarizing 3. 5 and 3. 6 and surrounding remarks, Sem T satisfies 2. 8 
if T is small or varietal (or equational with Hom (P, P) small) or fine 
legitimate coseparated. The small case extends, by the results of Freyd and 
Kelly, to the light conical case. Moreover, in that case 3. 4(b) applies; for 
Mod (T, A)D, being reflective in the functor category on small 5, is right 
complete with a small left adequate subcategory, and the critical condition 
in 3.4(b) is the conclusion of Lambek's Theorem 7.1 [16]. 

The next natural question is one on which I know almost nothing except 
that (by 3. 11 below) it is hard. Unfortunately there are several parts to 
the question. But it is so important that something must be said about it. 
The whole question is, for what T1 and T2 is Sem (T1 0 T,) well behaved? 
The question is sharper in the semantics of varietal theories, where "well 
behaved" means " a varietal category." In that setting, the counterexamples 
below (3. 11, 3. 11. 1, 3. 11. 2) show that it is hard, but the affirmative results 
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([21] and below) make a beginning. Here, it would seem reasonable to ask, 
for what T1 is Sem (T, 0 T2) right complete for every small T2? However, 
I do not know one such theory T1 that is not semantically equivalent to a light 
conical theory. 

Sem (T, ? T2) and the product of the facts Sem Tj and the product of 
their underlying categories Mod Tj (short for Mod (Tj, AS)) are connected, 
ordinarily (e. g. for small T1 and T2), by five distinguished functors. Some- 
thing non-trivial will be said about 

0 Rep 
Mod T1 X Mod T,- > Sem (T10 T2) Sem T1 X Sem T2. 

First note the inclusion I: Sem T1 X Sem T2 -*Mod T1 X Mod T2; the prod- 
uct of facts is a pullback category, contained in the product category. Under 
mild restrictions, I preserves limits (a pullback of limit-preserving functors 
satisfying suitable transportability conditions) ; so under stronger restrictions, 
I has an adjoint. I have not looked into these restrictions, for in familiar 
examples the adjoint can be described and I can see no use to make of it or 
of I. 

Rep (like I) always exists and is strictly unique, being defined by its 
coordinates Sem (T, 0 T2) -> Sem Tj; these are composites of isomorphisms 
after 3. 2 and forgetful functors Sem (T; F) -* F. It is a morphism of com- 
plete facts (the product fact Sem T1 X Sem T, is the fact of models of the 
coproduct theory) and hence, under reasonable restrictions, has an adjoint. 
(It follows from the work of Freyd and Kelly that this holds if both theories 
are light and conical.) Before continuing with Rep let us try to treat 0. 
N. B. The treatment is not satisfactory, but motivates the symbol "0' " and 
sharpens the question "When is Sem (-0-) well behaved? " 

The model-tensoring bifunctor 0 can be described as a composite of 
arrows that we have already examined, but the description I mean is not even 
always valid for small theories. Accordingly, for a crude theorem: 

3. 7. Suppose (a) both Sem Tj legitimate. Then Mod Tj maps into 
Str Sem Tj by a Yoneda functor Y as in 2. 1. We should like Y(Mod Tj) 
to underlie a (regular) theory semantically equivalent to Tj. For this it is 
(necessary and) sufficient that (at) Sem Tj satisfy 2. 8, by the (statement 
and) proof of 2. 8. (The necessity is not worthl much, since this awkward 
construction can hardly be necessary.) So without assuming more, we have 
theories Tj' on Mod Tj and T,' 0 T,'on Mod T, X Mod T2,, semantically equiv- 
alent to the respective unprimed theories. If moreover (b) (T,' 0 T,')r is 
legitimate (i.e. every object of T' 0 T2,' is improbable), we can return by a 
Yoneda functor I, yielding 
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Yi 

0: T1'0 T2'-> (Ti'? T2')r > Sem (T, X T2). 

When (a) and (b) hold, 0: ModT1 X Mod T,-> Sem(TiOT2) exists. 

We may note, without the (routine) proof, that when this description 
applies (which makes 3.4 apply also), each functor Q 0 ( ): 

Mod T2 -> Mod T1? ( T, 

Q in Mod T1, is (left) adjoint to 

Mod T10 T2- Mod T1 (x) Mod T2-* Mod T2, 

where the first arrow is the equivalence of 3. 4 and the second is evaluation 
at Q. Further, the composite just displayed can be defined more generally 
whenever (every) Q is "exportable" (i. e. Sem T1 is legitimate), by 

Mod T1 X T2 - Mod (Str Sem T1, Mod T2) -*Mod T2. 

It is easy to write out a characterization of 03 based on that. The problem 
is when *0 exists. For varietal theories, this is equivalent to the problern 
when Sem (T1S 0T2) is a varietal category. (The verification is immediate 
from (1) the existence of a tensor multiplication in equational semantics, so 
that Sem (T1; Sem T2) as we have defined it is an equational category at 
least when Sem T2 is fine; (2) the fact that an equational category is varietal 
provided it has free algebras; and (3) the equivalence of the notions of a free 
algebra on im17m, generators in Sem (T1, 0T2) and a tensor product of the 
free algebras on m.n generators in Sem Ti. The easiest way to acquire belief 
in these observations is to check them, but they occur, more or less, in [6], 
[18], [6] respectively. In view of (3) we may supplement 3. 7: for 
varietal theories, it is necessary and sufficient for the existence of 0 that 
(b-) (T1? T2)r be legitimate.) 

Tensoring should be adjoint to homming. It is, in the following sense. 
The mnodified evaluation last displayed, call it eQ, lifts hQ 

eQ 
ModT1?3T2 --> ModT2 

I hQ I 
Mod T1 - > S 

up the forgetful functors. 
Suppose we consider 
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08) Rep 
Mod T1 X Mod T2- > Mod T1 (x) Mod T, - Mod T1 X Mod T2. 

When 3. 4 applies, this differs only notationally from the previous diagram. 
(This notation will be more convenient for 3. 8 and 3. 9). There is a 
marginal reservation; Rep: Sem (T1 0 T2) -- Sem T, X Sem T, is a morphism 
of facts, and the fact construction (x)F uses one coregulus (usually fine) 
which is abandoned in the present formulation. Finally, the main point 
about the present diagram is that it generalizes; the ModTj can be replaced 
by any categories over A. As far as 0 is concerned, this may be nearly point- 
less, since existence of 0 will depend on completeness conditions and com- 
plete categories over A are "ordinarily" categoes Sem T anyway. We now 
cease to consider 0) and pass to 

Rep 

Here (E and H are categories with distinguished objects, respectively 
(E, P), (5, Q). We must assume that the hom functors hP, hQ are A -valued. 
Let us use the simplest definition of CY (x) ~ at this moment, which is C (x) F 
as defined previously, where F is the fine fact on (5, hQ). Then 6 (x) ~ 
is a fact by definition. Note that it is obviously regular (and often fine, but 
that will not be pursued here.) We regard ? X a as the product object- 

over-A, made into a fact by the fine coregulus. 
For general , $, there is no guarantee that e X 5 is even non-empty. 

From the central case = Mod T we want to retain one bookkeeping assump- 
tion: hP is transportable. (In the sense of [3]: every bijection Hom(P,X) 
- A is Hom (P, f) for some isomorphism X -*X.) This can always be 
brought about (for legitimate E) by replacing e with the equivalent category 
V- of all representable contravariant functors on e to A. fq and R- are 
equivalent over A if and only if hP is transportable. 

Now, E being legitimate, a arbitrary as long as hQ is A-valued, 

RPep-: (x)- e- X ff 

may be defined by its coordinates. The first coordinate is postmultiplicationi 
by hQ. Each connection F has an adjoint G on the right, and hQ is repre- 
sented by G(Q); so hQF is indeed in R-. The second coordinate is evaluation 
at P. Both of these functors, hence also Rep, preserve the (pointwise) lenses 
in the coregulus of ( (x)zW? so Rep- is a morphism of facts. By routine argu- 
ments, the equivalences (of categories over A) 
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Sem(TO T,)-> SemT1(x) SemT, 
and 

Sem T1 X SemT, -> (Mod T1)- X Mod T, 

identify Rep-, up to an isomorphism of functors over A, with the previous Rep. 
We are ready for the question "How well does Rep F represent F? " To 

begin, replace "IRep" by "Rep-." 

3. 8. THEOREM. For ( = (B, P) legitimate and F (5,Q) with hQ 
A3-valued, Rep- is full and faithful if every object B is an iterated colimit of 
copies of P and hQ is faithful. 

Proof. First, if merely hQ is faithful then the first coordinate of Rep-, 
F -4 hQ, is (already) faithful. (Likewise the second coordinate is faithful 
if mnerely hQ is faithful.) 

Using the full hypothesis, consider any morphism a: Rep- -- Rep- G, i. e. 
any a1: hQF- hQG and a2 F: (P) ->G (P) such that alp: hQF (P) - hQG(P) 
is postmultiplication by a2. We need a: F--> G such that hQa = a' and ap = a2. 
Thus we have a partially defined, a?: F I e| -- G I L0 being given by a2, 

where eo is the full subcategory on P alone. Having a suitable extension ax 
of a? over a full subcategory Ex, we want to extend over one m-ore object X 
which is a colimit of a diagram D in L>X. F takes a universal inductive cone 
D -> Kx to a (universal) projective cone KFX -i FD; and axo D: FD -- GD 

yields a projective cone K: KEF -> GD. Since G takes colimits to limits (too), 
K is induced by a unique morphismn ax: FX -* GX. Moreover, hQ (ax) must 
be a1x because hQ preserves limits. Then ax+l formed from aX and ax is 
natural because hQax+l agrees with the natural transformation a1 and hQ is 
faithful. So the recursion runs. 

The assumptions on the distinguished objects in 3. 8, and also in 3. 9, 
fit in the following scheme. (a) Every object is an iterated colimit of copies 
of P. (b) hP reflects isonmorphisms. (c) If hP(f) is a bijection (isomor- 
phism) and f is a monomorphism, then f is an isomorphism. (d) For any 
monomorphism f: A -- Y there is a universal morphism i: A -X Y such that 
every morphism fp: P -> A -> Y factors through f. (e) hP is faithful. Here 
(c) is the defining condition for P to be a generator (in the sense of 
Grothendieck [8]. When (e) holds, P is called a "generator in the sense 
of Freyd" or (here, following Semadeni [26]) a coseparator. Note that (a) 
implies all the others; but in a right extremal-complete category (a), (b) 
and (c) are equivalent. ((c) > (a) from [12], and (b) z> (c) trivially.) 
For 3. 9 we want P satisfying (d) and (e), and call such an object an inducer. 
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Of course (d) may be paraphrased: on the subset underlying a subobject 
there is a (coarsest) induced structure. 

To illustrate, a one-point topological space or partially ordered set, or 
a discrete topological group of integers, is an inducer. The category of com- 
plete topological (abelian) groups has no inducer. I think this is a typical 
illustration. 

3. 9. Let E = (,e, Pi) for i = 1, 2, be legitimate categories having 
small powers, with inducers Pi. Then Rep- on l (x) %2 is isomorphic with 
a composition RZ, where Z is a reflector upon a full category and R is full 
and faithful. 

Proof. Z will reflect e1 (x) e2 upon the subcategory of "coarse" con- 
nections, as follows. We write UZ for hP . For each connection F: O1?P , 

let X2= F(P1). Define DF: EOP 2 by DF(S) =X,UjLs DF(f) XUlf 

(This is a generalized corepresentable functor of Ulmer [29]. The parentheses 
in "DF(S)" are for clarity, in "F( )" for balance.) Define 8: F - DF by 
coordinates, (Ss)g a= F(g) : F(S) -*> F(P1) for g C U1S. One readily verifies 
that 8 is natural. Also, each Ss is monomorphic, because P1 coseparates 
(so that F takes a pushout diagram like that in 2. 2 to a pullback). Induce 
ZF, is: ZF (S) -> DF (S) being universal such that U,is factors through 
U,Ss. Since U2,s factors through itself, we get 8s = isrs. Evidently ZF is a 
functor and r and i are natural. F is coarse if r is a natural equivalence. 

F being a connection with adjoint (on the right) H, ZF is a connection 
with adjoint ZH. The adjunction aST: Hom (T, ZF (S)) -4 Hom (S, ZH (T)) 
is constructed as follows. Morphisms in2: T -* ZF (S) correspond bijectively 
to their underlying functions U2M2: U2T-> U2ZF(S) = U2F(S) C (U2X2)UiS. 
Now U2F is represented by H (P2) =X1. We have identifications of U,X1 
= X, with U2X2, and of U,F (S) with bom (S, X1); to reduce notation we 
write these as equalities. Then the most general U2m' is precisely any function 
U2T-->XjUlS which takes each element t into U1 (Hom(S,X1)) and whose 
s-th coordinate U2T -> X, (for each s in U,S) is in U2(Hom (T, X,)). The 
adjunction in A of ( ) X U1S to Hom (U1S, ) identifies these with the 
functions in,: U2T X U1S -> Xo which take verticals {t} X U1S morphically 
into X2. The natural bijection U2T X U1S X U2T takes these m, to similarly 
described mi, which correspond to in: S -- ZH (T) the same way m2 corres- 
ponds to in2. Putting aST (M2) = i1, we have a, which is easily seen to be 
natural. 

Every natural transformation ir from a connection F' to a coarse con- 
nection F factors across r': ' -> ZF' and even across 8', as follows. For each S, 
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5s-rs: F(S) -> DF(S) = F(P,)UlS has for s-th coordinate (s: P1 -- S) rp1F'(s), 
since 7r is natural; that is, 8srs= (7P) U1S8' Now each rs' is epic, since U2 
takes it to a surjection. Thus 7r factors uniquely across r'; ZF' is a coarse 
reflection of F' and r' is a reflection mapping. It follows that the object 
function Z can be extended to a reflector upon the full subcategory Bo of 
coarse connections. 

Finally, R = Rep- I Ao is full and faithful. As noted in 3. 8, the present 
hypotheses suffice to make all of Rep- faithful. Further, a morphism 
a: Rep- F -* IRep- ' (in effect, (X1, X2) -> (X1', X2')) induces a morphism 
a2ui: DF -> DY which takes the subfunctor ZF into ZE (because a1 is a 
morphism); and for this a: ZE -> ZF', it is routine to verify Rep- a = a. 
("= ," modulo the obvious natural equivalence Rep-ZF-Rep- .) 

The reflector Z ordinarily has an adjoint besides its coadjoint )So 
C V,(x) e2; for instance, this certainly holds if Rep- has an adjoint V 
(since RZ is naturally equivalent to Rep- and R is fulll and faithful, VR 11H Z), 
thus if each Ei is Sem Ti where Ti is small (and 3. 9 applies). If 3. 8 applies 
too, Z is an equivalence. In the remaining scope of 3. 9, I know very little 
about the adjoint (even) of Z. Clearly whenever it exists it is faithful. 
If, for instance, ? = = completely regular spaces, with the usual point 
P1I P2, does Z have an adjoint ? A full adjoint? Is Z an equivalence? 

3. 10. Let (j = (,e, Pi) for i = 1, 2, satisfy 3. 9 and moreover, for each 
object Y of Xi and subset S of hP (Y), let the subfunctor of hy on the sets 
of morphisms f into Y such that hPi(f) factors through S be representable. 
Then R of 3. 9 is an equivalence; up to isomnorphism, Rep- has a coadjoint 
right inverse. If el A2, the category of partially ordered sets, of topological 
spaces, or of To, T1, or T2 spaces (and the Pi are the usual one-point objects), 
then Rep- also has an inequivalent adjoint right inverse. 

Proof. For the first part, one simplifies slightly the proof of 3. 9. Now 
that every subset underlies a subobject with induced structure, a coarse con- 
nection can be constructed over any (X1, X2) in .e1 X A. 

The second part, in the instances asserted here, involves fine connections 
and a functor Fin. For partially ordered sets, X = (X1, X2) in e X 1, 

la 
A in e, Fin X (A) is the set Hmon (A, X,) with the following partial order: 
f ? g provided for each a in A, f(a) ? g(a) in the order of X2, and on each 
component of A, either f= g or both are constant. Clearly this is a partial 
order. For a morphism f: A -* A', Fin X (f) is the morphism given by the 
function Hom (f, XI) -clearly it is a morphism, and Fin X is a functor. 
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For topological spaces, similarly, Fin X (A) is on the set iiom (A, X1); the 
limits of a filter A of morphismis A -*> X1 are those X,-pointwise limits g such 
that A has an open covering by sets U, on each of which either (1) all elements 
of some Li E A, and g, are constant, or (2) all elements of some Li E A agree 
with g. This is a topology, as is clear when one writes down (and checks) 
the conditions for a set to be open. It is finer than the X,-pointwise topology 
and thus is To, T,, or T, if X, is so. The functions HEom (ft, X) preserve 
limits of filters, so they are morphisms FinX(f). 

Fin X is a connection whose adjoint on the right is Fin* X - Fin(X,, X1). 
To verify it in the partially ordered case, a morphism from A to Fin X (B) 
amounts to a function mn: A X B -> Xo (XO the common underlying set of 
X1 and X,) taking each {a} X B morphically into X1 and A X {b} mor- 
phically into X,, such that if a < a, and b and b' are in the same component, 
then (*) if m (a,b) #imn(a',b) or in(a,b') #&nm(a',b'), then mn(a,b) ==n(a,b') 
and m(a', b) nm (a', b'). But if (*) holds when b < b', then it holds when- 
ever b and b' are in the same component; for if (e. g.) m (a, b) #m m (a', b), 
we get mr(a, c) =m m(a, b) 7i mn(a', b) = m(a', c) for each c comparable with 
b, and so on back to b'. Observing that (*) is symmetric in a's and b's, we 
have adjointness. Similarly in the topological case, A -} Fin X (B) amounts 
to m: A X B --> X taking vertical continuously to X1 and horizontals to X,, 
such that for each a in A, each b in B has a neighborhood Ub such that aj -* a 
implies (1) n (a, ) and, finally, n (a1, ) are constant on Ub or (2) finally, 
n (aj, ) n m(a, ) on Ub. (If b had no such neighborhood there would be 

a filter of sets of points aj,N -> a whose images in Fin X (B) fail to converge 
to the image of a.) Applying this to the filter of neighborhoods of a, we see 
that m is either constant on horizontals or constant on verticals throughout 
a neighborhood of (a, b), and Fin X is a connection. 

Fin X represents hX Rep. A morphism p = (pl, p,) from X to Rep F 
(F1,F2) corresponds to 7: Fin X -> F defined by hPQ,rA: hP2 Fin X (A) 

= Hom (A, X1) -- Hom (A, Fj) -* hP2F (A) composed of postmultiplication by 

p, and the representation defining F1. In the topological case 7rA is continuous, 
7r is natural, and p -> r is bijective as follows. Hom (A, X1) goes into 
iom (A, F1) (for all A, especially A = X1) precisely because pi is continuou.s. 
It goes continuously precisely because p2 iS continuous and every convergent 
filter in Fin X (A) derives by a quotient mapping from a coproduct E Ui -> A; 
the respect that F must pay to coproducts and quotients secures convergence 
of the corresponding filters in F(Y Uj) and in F(A). So 7rA iS continuous 
and p-- -r bijective. ,r is natural because hP27r is natural and hP' is faithful. 
Therefore we have the representations, which make a functor Fin adjoint to 
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Rep. Writing down the evident complete description of Fin, one sees that 
Rep:Fin is isomorphic with the identity. Rep- differs by an equivalence. 

Three questions on tensoring varietal theories: 

P1. For what varietal theories T is T0 U semantically equivalent to a 
varietal theory for every varietal U? 

P2. For what varietal T is TOU semantically varietal for all small 
varietal U, i. e. U having a rank? 

P3. What is a reasonable class of varietal theories semantically closed 
under 0? 

The little imprecisions in the statements of P2 and P3 willl do no harm 
in this paper since there are no results on those questions. 

One might ask that the tensor product theories be syntactically varietal. 
Not in the present syntax; but there is an equational tensor product ?ee 

which we now recall [6] and justify. The justification is incomplete, 
depending on an application of 3. 2 which depends on Sem U being fine, 
which we do not know unless U is importable. That is much weaker than 
requiring U to be varietal. (Actually SemT is fine for all equational T, 
but the only proof I know is longer than it is worth. Some proof will prob- 
ably be wanted; for a tensor product of varietal theories need not even be 
semantically importable, see 3.11. 2.) 

Now observe that a T 0U-algebra is the same, via 3. 2, as a T-algebra 
in the U-algebras, which is the same (up to equivalence) as a set which is a 
T-algebra and a U-algebra in such a way that every T-operation is U-homo- 
morphic. But that is the result of a construction of classical universal algebra: 
unite the operations and laws of T and U, and impose additional laws saying 
that the T-operations are U-homomorphic. (This is the same, by inspection, 
as U-operations being T-homomorphic.) The resulting equational theory is 
called T 0e U; we see that it is semantically equivalent to T 0 U (Sem U 
being fine). 

The condition that T 0 U is semantically equivalent to some varietal 
theory appears to be weaker than the condition that T Oe U is varietal. I do 
not know if it is weaker. (From Linton's results, TO U is semantically 
varietal if and only if Sem (T 0U) is tractable [18]. This is easily seen to 
happen if and only if Stre Sem (T 0 U) is varietal, where Stre is the equa- 
tional structure functor, taking the subcategory of Ari ( , A3) on the powers 
of the grounding. Also, if there is a varietal semantic equivalent this is the 
only one; semantically equivalent varietal theories are syntactically equivalent.) 
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584 JOHN R. ISBELL. 

At any rate, such results as I have are negative semantic (i. e. strongly 
negative) and affirmative syntactic (strongly affirmative). 

3. 11. There is a varietal theory T such that the category of vector 
spaces (over any field) in T-algebras is not varietal. 

Proof. The field will be assumed countable for convenience. All vector 
spaces mentioned will be infinite-dimensional, so that power- dimension. 

Let the operations of T be 0-ary 0, unary r, and m-ary w. for each small 
cardinal m >- t (and composites of these). The laws say that w. vanishes 
on each m-tuple whose terms lie in a subalgebra generated by fewer than mn 

elements (by listing all such m-tuples formed from n < m variables. Evi- 
dently this makes T varietal.) 

We shall construct arbitrarily great T-vector spaces generated by a 
sequence {xj}. Let A, be a vector space with basis {x4}. Let o- vanish on 
A0, and let the zero of T be the zero vector. Inductively, A,a, will be a vector 
space whose power manO exceeds all previous mng, closed under C and all previous 
win. For any skipped aleph m (m , ma for all a),wm vanishes. We must 
define w.. on Aam-, linear and vanishing on the degenerate set Dax of ma-tuples 
T-generated by fewer than ma elements. Thus it must vanish on the subspace 
Da- spanned by D,a. We put W.a(A.aIn) = Aama/Da, using the canonical 

projection to this quotient space. Call it Ea0. Adjoin copies of it, Ean 

= @(Eao). Let A,+1 be a direct sum (vector coproduct) of Aa and the direct 
sum Eae of all EX,. Extend Cr over Aa,+1 linearly. For m ? ma, we have 
Wm defined on A,,",; put Wm O=0 on Ea?fn and extend linearly over Aa,+In 
- Aaem D Eaor. We must show that the power ma+1 of Aa?i exceeds ma. 

At a 0, Do C A,,, is contained in U BRn over the subspaces Bn spanned 
by {x1,* x *, x}; by inspection, Eoo has uncountable dimension, and n1 > ino. 

For a =,l8 + 1, the set of values of w,,] is E o, and the set of values of every 
other wrn (m < man) is contained in Af6, a set of power only mn. Hence if 
the m,A-tuple (xy) is in Da, then all but fewer than ma of its distinct terms lie 
in U EI6n. If it is in Da,, then for some integer k, all but fewer than ma 

of its (distinct) terms are sums of elements of at most k summands Afi,E, Ef 

Er,6 - -. Now Ep, must have ma,, linearly independent elements yc (other- 
wise Aa would not). Theie are more than ma subsets S of the set I of indices, 
each of power ma, but any two of which have fewer than ma common elements 
[4]. For such S's, let xos be a list of {yc: i C S}; let 

xn - XOS +.Cr (X0S) +. . .** +y ((XOs) 
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GENERAL FUNCTORIAL SEMANTICS, I. 585 

Let xs be an ma-tuple whose terms are all the terms of all x.s, taken once each. 
Then for any non-zero linear combination c of the xs, almost all terms of c 
are formed from the terms of the xs without cancellation, and c is not in D-. 
Consequently the recursion runs up to a limit ordinal A. 

The union Ax of the expanding sequence {A,: a < A} has larger power 
mx and has the required closure properties. Moreover, mx = Y m,n is the 
supremum of the preceding (increasing) ma. If an mx-tuple (xy) is in Dx, 
its terms are T-generated by a set G of fewer than mx elements. Then G 
has fewer than ma, elements for some a <A. So all xy, excepting fewer than 
mx of them, lie in U E: (,8 < a, n = 0, 1, * ). Accordingly for (xy) in 
Dx-, for some integer k, all different xry with fewer than mx exceptions are 
sums of elements of at most k summands Ao, E,6. Uniting the sets {yi} used 
at previous isolated ordinals, the same argument applies. The construction 
runs until we choose to stop it at A,, putting W.rna = 0. 

I do not know how badly non-varietal the tensor product theory in 3. 11 
is. If the field is finite, the category is not right complete; for the 1-dimen- 
sional subspaces of Ao spanned by the x. are subalgebras having no coprodnct. 

3. 11. 1. There is a commutative varietal theory T such that the category 
of commutative semigroups in T-algebras is not finitely complete. 

3. 11. 2. The tensor product theory in 3. 11. 1 is not importable, for 
there are arbitrarily great cyclic algebras. 

Proof. Let the operations of T be wm for each small m ? 0, and com- 
posites of these. The laws, besides commutativity (wm is wn-homomorphic), 
say that wm vanishes on each m-tuple whose terms lie in a subalgebra 
generated by fewer than m elements. 

Let C be a two-element zero semigroup and zero T-algebra {O, c}; let 
D = {O, d} be isomorphic. We shall show that C and D have no coproduct, 
by constructing arbitrarily great algebras Ea generated by C U D. Each value 
of an operation will be 0 unless c is one of the arguments, and c will never 
be a value of an operation. This secures that all operations are homomorphic, 
and multiplication is associative. (Commutativity is implicitly assumed.) 
The laws of T will (all) hold because Wm will take non-zero values only on 
some m-tuples all but one or two of whose terms are distinct non-zero products, 
and the nonzero products and the exceptional terms c, d, will never be values 
of a wn. Let the values of operations not mentioned below (including all 
values of w1 and w2) be 0. 

Besides C U D take a product cd = a,. Form the sequence S3 = (c, d, a,). 
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Having the D-term sequence sk consisting of c, d, and some non-zero products, 
adjoin an element bk =Wk (sk). Adjoin ak+1 cbk, and let s8+1 be sk followed 
by a,+1. 

Let AX be {a3, a4, }. For infinite a, Aa being a set of non-zero 
products of power m,ny greater than that of any preceding Afi, adjoin the set 
Ba of subsets of A,, of power mo,. They are in no previous Bf, being too big. 
There are more than nt of them, for Bo, includes at least one of each comple- 
mentary pair of subsets of A4,. Attach Bo by defining each of its elements s 
to be the value of wma on some m,n(-tuple whose terms are c and a list of s. 
Adjoin a set Aa+1 equipotent with Bo,, and call its elements the products cs, 
s C Ba. At a limit ordinal A, let Ax be the union of the preceding Ao,. Since 
their powers are increasing, it is greater. The construction does not stop 
until we choose to shop it, by not attaching Bo,. (All remaining values of 
operations are 0.) 3. 11. 1 is proved. 

For 3. 11. 2, modify the previous construction only by making w, (c) = d 
instead of 0. The only change in the reasoning is that the reason for w2's 
vanishing on c-yclic T-algebras is now: w2 vanishes. This shows immediately 
that the algebraic tensor product theory is not importable. It is easy (and 
left to the reader) to deduce the same for the general tensor product. 

At this point my original manuscript included a simple artificial example 
of a varietal category which is not co-well-powered. But a natural example 
has turned up. Its objects are complete Brouwerian lattices, but the descrip- 
tion, and the morphisms, do not involve Brouwer's pseudocomplement opera- 
tion. The category is described in [1] and called the category of local lattices. 

3. 12. The local lattices for-m a non-co-well-powered varietal category. 

The proof will be sketched; imiuch fuller information is givTen in a manu- 
script to appear in M1lath. Scand., entitled "Atomless parts of spaces." First, 
Benabou in effect showed that the category is varietal [1], lacking only the 
term "varietal." Second, the complete Boolean algebras are fullv embedded 
in the local lattices, closed under limits and equalizers; and the embedding 
preserves the grounding. Therefore a free countably generated local ]attice 
has all countably generated complete Boolean algebras as quotients. 

Returning to Problem P1: if all operations of T are constant or unary, 
then in any T 0 U-algebra, the U-closure of the T-closure of a subset is 
T-closed. Hence all operations of TO?e U are U-operations of T-operations, 
and T 8e U is varietal if U is. This little result (from " hence ") generalizes 
to triples in rather general categories [21; 4. 6]. So does the sandwich 
construction 3. 13 below, though I have not verified that Mlanes' conditions 
(the ground category is "regular" [21]) suffice. 
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Compact topological algebras work the other way around; the closure 
of a subalgebra is a subalgebra. The reason (rephrased from [21] to a form 
more convenient over 3) is that in the theory T of compact (Hausdorff) 
spaces, every small set {wa} of na-ary operations has a uniformizer, which 
is a lIna-ary operation w whose value on a special IIn.-tuple f: llN,,> A 
whose values are determined by the a-th coordinate of the index-f (x) = fa(xa) 
-is W (fac), for all a and fa. I cannot generalize this very far, but it reaches 
to the complete, completely distributive Boolean algebras, as follows. 

3. 13. If the operations of T are generated by a subtheory To in which 
every small set of operations has a uniformizer and a set T1 of constant and 
unary operations such that in every T-algebra, the TO-closure of the T,-closure 
of any subset is a subalgebra, then T Oe U is varietal for all varietal U. 

The proof consists of a ro-utine verification that the TO-closure of the 
U-closure of the T,-closure of a subset of a T ? U-algebra is a subalgebra. 

3. 13 enables us to answer a question raised by R. Davis [2], as follows: 

3. 13. 2. For every varietal theory T, the category of T-coalgebras in .3 
is cotripleable over A3. 

For this we wish to apply 3. 13 to A OP. Why does it apply? There are 
two reasons, which is one more than we need, but they are the only two 
methods I know for applying 3. 13. (1) Ad hoc. The laws (of union and 
intersection) are so strong that every operation w (x,, x2, * ) (of the theory 
of complete, completely distributive lattices, To) can be put in the form 
V Ajxij; and so can a small set of operations. (Then put T1 {O, 1,').) 
(2) By convergence. The details are tedious, but everyone can see that in 
(compact) topological algebras the closure of a subalgebra is a subalgebra. 
A quick (sufficient) proof is in [21; 5. 6]. Analyzing it, one is led to define 
a convergence operation as an m-ary operation (m > 8 ) w, all of whose 
binary specializations of the form w (x, x, . . ., x, y, y, . * ) (one value x 

initially, one value y from there on) are equal to y. An operation is idem- 
potent if it uniformizes itself and the unary identity operation. 

3. 13. 1. Any n idempotent operations in a varietal theory which has 
m-ary convergence operations for all infinite m _< n have a uniformizer. 

The proof consists mainly of indices; rIn,-tuples for 1: a < a,. get 
shortened to Ilna-tuples for pa < a,, the ft-th operation being used to step 
from 8 to ,- + 1 and convergence operations at limit ordinals. In complete 
lattices (not a varietal theory) or m-complete lattices, the operations lim inf 

17 
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are convergence operations.-Unfortunately, rn-complete lattices have too many 
operations. There are mm specializations of A uniformized by A, but there 
are also ordinal strings having no uniformizer. Ont can create applications 
of 3.13, but I know of none to familiar theories except the basic two. 

Now 3. 13. 2 concerns the dual of the category of models of T in 
A OP -Sem T', and asserts that Sem (T; Sem T') = Sem (T 0 T') is triple- 
able over Sem T'. By 3. 13, it is a varietal category over A6, thus tripleable 
over P. We have the situation 

Sem T"- SemT' 

with adjoint pairs of functors, the U's morphisms of facts, and U'U = U". 
It is more or less known that in this situation (hypotheses indicated by the 
labeling) Sem T" is tripleable over Sem T'. Part of the exercise can be 
modified; Sem T' being A OP, Sem T" can be any complete fact whose grounding 
U" has an adjoint F'. For the preadjoint F of U is defined at least on the 
objects FA, i. e. Hom (FA, U ( )) =ibom (A, U'U ( )) = iom (F"A, ) is 
representable. But the (largest) domain of a preadjoint F is closed under 
adjoining colimits of diagrams D such that FD has a colimit [12; 3. 9]. Since 
every complete atomic Boolean algebra is a retract of a free one, and idem- 
potents split in any complete fact, it follows that F is defined everywhere, 
i.e. it is an adjoint. To finish, we need tripleability of each Sem T() over 
U(iFM); then Sem T" is tripleable over UF, either by Beck's criterion or 
directly by using U' to take UF-algebras to U"F"-algebras. 

Davis has classified the categories of T-coalgebras (assuming cotriple- 
ableness); each is equivalent to the category of coalgebras over a theory having 
a rank, and he gives one such theory for each equivalence class [2]. He also 
shows that there are other categories cotripleable over A, by an example in 
which U is the forgetful functor from complete atomic Boolean algebras with 
a completely additive closure operator satisfying x-'- = x'. The question is 
open whether all categories cotripleable over A are duals of varieties. Pre- 
cisely, if e is tripleable over A 0P with forgetful functor U, is C tripleable 
over A with forgetful functor U'U? 

The entire gap between 3.13 and P1 can be divided into four or five sub- 
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problems, one of which is easily solved. This division seems relevant because 
the generation of TO,e U has a form like the form of the proof of 3. 13: 
alternately applying operations of T and of U. The easy step is this. The 
theories T such that in TO? U-algebras, the U-closure of the T-closure of a 
subset is always a subalgebra, are exactly the theories generated by constant 
and unary operations. For if T has a really m-ary operation, one can give 
its free algebra on m generators {xa} m - 1 idempotent endomorphisms 
which move x1 to xa and fix the other generators. The U-closure of the T- 
closure of {x1} is the union of the cyclic subalgebras on the Xa. Next question: 
(Pla) If the T-closure of the U-closure is always a subalgebra, must every 
small set of operations of T have a uniformizer? (Pib) For T ?e U to be 
varietal for all U, must the alternating construction of it terminate after a 
small number of steps? Independent of U? Three? Finally, there is the 
gap between T OeU and its possibly simpler semantic equivalents. 

Note: the obvious extension of 3. 13 by tensoring two such T's is vacuous. 
I said "no results" on P2, but perhaps this remark is worth noting. 

The obvious answer "theories having a rank" can be extended to theories 
having suitable cardinal gaps (m,n] such that every word in n variables is 
a word in a subset of m of the variables. The details depend on the set 
theory (cardinal exponentiation). I omit details. 

I have one result on general Galois connections. Note that limits of 
connections are pointwise limits (if both of the categories are left complete); 
in particular, F2 ( F X F) and G2 are adjoint if F and G are. An adjunc- 
tion map X -> G2F2X has coordinates X-> GF2X factoring across the adjune- 
tion 2X -> GF (2X) (if 2X exists); then X -> (GF2X)2 factors through the 
diagonal. When that is an isomorphism, the squaring is vacuous, and X2 X. 
If the connection F2 is Galois, we conclude G2 G, whence F2 = F. 

Of course F2 = F means that the connection is simple, reducing to a 
universal connection between full reflective schlicht subcategories (schlicht: 
hom sets have at least one element), and therefore Galois. Summarizing 
(and removing the needless assumption that products exist): 

3. 14. The following properties of a connection between two categories, 
one of which has finite coproducts, are equivalent: it is (a) simple, or (b) 
square and Galois, or (c) idempotent. 

Non-simple Galois connections need not be prime (at least on product 
categories). I do not know if they must be squarefree. 

In lectures and preprints I have tried to formulate a problem, When does 
a universal connection cogenerate R (x) gOPP? (Look at any familiar one, 
such as Pontrjagin duality, to see that it does and "should.") Since R (x)?OP 
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is monoidal, equivalent to the category of endofunctors of ? having a left 
adjoint, one can describe an obstruction monoid to the universal connection's 
cogenerating (or doing almost anything). This is analogous to the Picard 
group, of autoequivalences modulo isomorphism of functors. As far as I 
can see, it is merely analogous. One example where the Picard group 
vanishes and this obstruction does not is interesting enough for other reasons 
to be presented below (3. 16. 1). More superficially, the examples such as 
Pontrjagin duality and Stone duality and the universal connection between 
the variety of compact spaces and its dual seem to depend on injective 
cogenerators (which both of the dual categories of 3. 16. 1 lack). But in the 
category of pairs of pointed sets, i\V X I\V, every object is injective and 
projective, each object (X, Y) neither of whose coordinates is a single point 
generates and cogenerates, yet the Picard group, Z2, measures the universal 
connection's failure to cogenerate. 

(The fact that Stone duality is a cogenerating connection is an unpub- 
lished result of Banaschewski; I have extended it from Boolean spaces to 
compact Hausdorff spaces. For Pontrjagin duality it is plain, since one has 
e (x) R OP equivalent to e6OP.) 

3. 15. THEOREM. If R and RO are each equivalent to the category of 
all models of a small theory, then they are schlicht. 

Proof. We have already recalled Gabriel's work from which every object 
of a small theory is importable. Call the resulting models imported. We 
need another observation of Gabriel. A classical (schlicht directed) direct 
mapping system is called m-directed, m a cardinal, if every m objects in it 
have a common successor. Then if T is small, there exists a small cardinal 
m such that Mod T is closed under m-directed colimits in Cat (JOP, A3) [7]. 

Our hypotheses imply that 6 has two small sets of objects {I,},{Ca}, 
corresponding to imported models in E and .6OP respectively. In particular 
the h coseparate and the Ca separate. For some small m, each h'i preserves 
n-directed colimits, and every morphism from a power Can to C0 (n > m) 
factors across a partial power Calm. (For in .6P, an n-fold copower is an 
m-directed colimit of the indicated partial copowers.) 

Choose regular n > m, and for each a (form a reduced power Qa :) 
consider a product Pa of n factors F8 (s C S) each isomorphic with CGa. 
Form the n-directed system of products pk = H [F8: s E Sk], where Sk runs 
over all subsets of S omitting fewer than n elements, ordered by reverse 
inclusion and bonded by projections. Take the colimit Qa. The diagonal 
Ca--> Pa, followed by Pa >Qa, remains monomorphic, since two distinct 
morphisms TC -> Ca > Pa remain distinct into all pk. Yet every morphism 
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Qa-- Cp yields a map Pa - Q,,-- Cpg which must factor both across a tiny 
partial power II [F8: s g Sk] and across HI [F: s E Sk]. But now, were there 
two distinct morphisms f, g: 1I-> Ca, they would remain distinct after 
Ca, - Pa > Qa -> Cf. The morphisms f*, g*: It - CE > Pa are distinguished 
by P.-> Cfi which factors two ways as above, so distinguished by their s-th 
coordinates for s C Skn (S - Sk), which is absurd. Since the I's coseparate 
and the C's separate, C is schlicht. 

The proof of 3. 15 evidently did not use the full force of the assumption 
on , or on ,eoP. One by-product is 

3. 15. 1. If A is a separator in a non-schlicht category E of all models 
of a small theory, the varietal theory Stre of hA: R?P-> e5 has no rank. 

For the (equational) theory of such a hom functor is the dual of the 
category of powers of A (always varietal), and all we used on the Ca's is that 
they separate and morphisms CUn -- C,: factor across very small partial powers. 

3. 15. 2. The conclusion of 3. 15. 1 holds for a separator A in a non- 
schlicht (elementary) category of models in the sense of Freyd [5, p. 91]. 

Proof. Form the set An as above and an ultrapower A' which is a 
coarser quotient of An than Q. A' is elementarily equivalent to A and thus 
in B. The quotient function p: An->A' induces a natural transformation 
7r: (hA)n -hA'. The diagonal transformation A: hA -- (hA) n yields monic 
7rA. Now if A is a separator and 6 not schlicht, there exist two different 
morphisms X ->A, at which (7rA) x must take different values. Since A is 
a separator, they are still distinguished by some morphism f: A' -- A and by 
the natural transformation ( which it induces. However, on the assumption 
that Stre hA has rank m, (qpir) x: Iom (X, A) n i bom (X, A) factors across 
a partial product Hom(X,A)m. Since the value of 7rx on an n-tuple is 
independent of any m of its terms, ((07r)x is constant: contradiction. 

It would seem to be a fairly delicate syntactic problem to unite these 
parallel results. The problem is not mooted by any broad common generaliza- 
tion; for the quasivariety e1 of rings having sLLfficiently many homomorphisms 
into the real field, R, has a separator (namely R) whose algebraic theory has 
rank 1, if there are no small measurable cardinals. Of course A, is not a 
quasivariety in the elementary sense [27], only in the struetural sense [201: 
a full subcategory of a variety closed under forming products and subalgebras. 

Considering 3. 15 as a theorem about universal connections, it does not 
extend to Galois connections. Indeed, if there are no small measurable 
cardinals, the variety AOP of complete atomic Booleali algebras is embeddable 
in the variety with rank > of Boolean cr-algebras, reflectively (the embedding 
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being a morphism of facts, induced by the natural interpretation of u-opera- 
tions in complete operations) and fully (by the measure condition). Thus 
there is a non-simple Galois connection between A and Y. Once one has such 
an example, the rank of the bigger variety can be lowered to 1 by using the 
variety of M-sets, where M is the monoid of endomorphisms of a suitable free 
algebra (here, a free countably generated a-algebra). On the other hand, 
the rankless variety B?v cannot be a quasivariety (in the weaker structural 
sense) in a variety with rank; for if Q is a quasivariety in a variety of rank m, 
then Str, Q also has rank at mlost m (since free algebras are projective, 
reflectors preserve copowers, and reflection maps here are coequalizers). Just 
past this, there is the further question: can R and 6OP be non-schlicht quasi- 
varieties (in varieties) having rank? Note, then neither is a quasivariety 
in the elementary sense. 

Next, just a couple of interesting Galois connections. M. G. Stanley has 
described [28] a category ?1 and a connection M from it to the category 0 
of unitary linear algebras over the real field. We shall see that M is Galois 
(if there are no small measurable cardinals) and dually embeds a sub- 
category of Q1 that may be called the real analytic curves into 9). The 
proof, most of which is in [25] and [28], applies equally well to real algebraic 
curves. The usual meanings of the italicized phrases must bend, but only 
enough to give complete categories. 

An object of V? 1 is a Hausdorff space which consists of an open and 
closed discrete subspace and a real analytic 1-manifold with boundary. A 
morphism is an analytic mapping such that the image of every non-empty 
open set has non-empty interior. For each X in ? 1, MX is the algebra of 
extended-real meromorphic functions on X. For fi: X -* X', 3l1f is the 
homomorphism defined by composition with f. Note: the excluded analytic 
mappings, constant on some open set, do not in general induce homomor- 
phisms of meromorphic functions. The subalgebra of analytic functions gives 
another connection, which is not Galois. Whether meromorphic functions 
on Riemann surfaces give a Galois connection depends on the unsolved 
problem whether embeddings of fields of meromorphic functions on connected 
Riemann surfaces are induced by analytic maps [25]. (The problems are 
equivalent modulo measurable cardinals; one implication will be clear from 
what follows and the inverse is not hard to deduce from [25].) 

There are seven connected real analytic 1-manifolds with boundary: 
an open, a closed, and a half-open interval, a circle, and three non-separable 
"long lines." The separable ones have sufficiently many meromorphic func- 
tions, but a meromorphic function on a long line is constant. Accordingly 
the full subcategory eo of V?1 on objects with separable components is reflec- 
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tive, and M factors across the reflector. It remains to show that GM I So 
is naturally equivalent to 1, where G is the adjoint of M on the right. 

G may be described [28] as follows. In ?1, an open interval P is left 
adequate; so ?1 is naturally fully embedded in the variety of sets on which 
the monoid 0?1(P,P) acts. (It is right complete and includes P, and is 
therefore [12; 4.7] reflective.) Then G takes each linear algebra Y to the 
obvious ? I(P,P)-set on ) (Y,MP), which is [28] in 2 (hence of course 
in go). So GMX is the set of unitary linear homomorphisms h: MX -* MP, 
and we must show that for X in e0 these are all induced by morphisms P -> X. 
(This is true outside ?o; we must note also that different morphisms P -> X 
induce different homomorphisms, when X is in Ro and thus has sufficiently 
many meromorphic functions.) 

The needed result may be in print, at least in the connected case. At 
any rate, Royden's proof [25] of the like result for algebras of complex 
analytic functions on connected open Riemann surfaces applies with trivial 
changes to real analytic functions on connected objects of ?o. But a homo- 
morphism MX->MP must preserve the subalgebras of analytic functions; 
for f E MX omits the value X if and only if 1 + f2 has a 3k-th root in MX 
for all natural numbers 7e. Since every meromorphic function is a quotient 
of analytic functions (for future use, this is proved by an algebra formula: 
on the extended reals x =x (1 +x2) 1/ (1 + x2) 1), the homomorphism is 
induced by an analytic function f: P - X. As remarked earlier, f must be 
a morphism. 

Finally, consider h: MX -> MP for disconnected X. The idempotents of 
MX go to 0 or 1, and those which go to 1 correspond to an ultrafilter F in 
the set of components of X. We are assuming small cardinals are non- 
measurable, so either F is principal (and we are done) or F includes a union 
of disjoint sets of components Sj each of which is not in F. Note that the 
characterization of functions omitting the value co shifts to any value; so 
the image of h (f) is contained in the image of f. Then to the sets Sj we 
may associate a function f constantly equal to j on components in Sj. The 
image of h (f) must be contained in the set of natural numbers greater than j, 
for every j, which is absurd. We have: 

3. 16. If there are no small measurable cardinals, M is a Galois con- 
nection, and M I Ro is a dual embedding. 

If real algebraic 1-manifolds with boundary are defined in the same 
manner, there is at least one anomaly; the line modulo 1 is a perfectly gool 
manifold having no non-constant meromorphic algebraic functions. If we 
take Nash's definition [23] (without boundary) and include also a closed 
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and a half-open interval, then it takes a little time to verify the essential 
arguments from [25], [28], and above, but nothing in it requires further 
comment here. This category of real algebraic curves is dual to its category 
of algebras of extended-real algebraic functions, if there are no small measur- 
able cardinals. 

3. 16. 1. In go (x) 6o?P, the universal connection does not cogenerate, 
for there are " discrete" connections A whose underlying object in 0 is 0- 
dimensional. Pic e0 vanishes. The same holds for algebraic curves. 

Appendix. Stable functors. 

In [12], a construction of the stable reflection of- any object F of 
Cat(aoP, A) for small C7 is mishandled, leading to the incorrect conclusion 
that if F is already stable it is a limit of limits of representable functors. 
Later in [12], and in [13], a stable reflection is sometimes introduced, with 
a reference to that construction. The construction is almost irrelevant, as 
long as it is established that the full subeategory of stable functors is reflec- 
tive. However, the simplest way to correct the proofs in question is to 
edit the original construction as follows. In line -7., p. 646 [12], replace 
"dominion" by "right image" and "sesquistrict" by "multistrict." Four 
lines later, change " Since D is the dominion" to " Since q is epic." 

As for the actual lengths of representations of stable functors as iterated 
limits, there is no small bound for general small categories. I do not know 
if there is even a small bound for each small category. To define length, 
let a 0-limit of a full subcategory C7 (or of its objects) mean an object of C1; 
an a + 1-limit, a limit of a diagram in the a limits; and a A-limit for a limit 
ordinal X means a pt-limit for some smaller ). 

For every small ordinal a there exists a small category C and a stable 
contravariant functor on a that is not an a-limit of representable fulnctors. 

Proof. The category Cl will have only three objects (but many imor- 
phisms); however, we define a category 03 D a which has additional objects 
A,, -, A* ,+,. The objects of a are F, A,, and D. The full subcategory 
on A, and D has just four morphisms, the identities and two morphisms 
A,->D. Further, every 3(Af,Ay) has one element if y _ p, no element 
if y > 13; t3 (D, Afi) is empty, and 03 (Af, D) has two elements. For /3> 0 
we call the morphisms AB- D do and i,; every composite A: .-A y- D 
(y<,3) is d:. 

Call the category so far defined (on D and A0,, A,+,) B. Convert 
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the Eilenberg-MacLane representation of R into a full embedding in a 
variety 'V of rank 1 as in [11; 4. 1], and note that it preserves equalizers 
and intersections. Let &3 be full in 'I) on B and a free algebra on one 
generator, F. a is the full subcategory on F, A,, and D. 

Since a includes F, it is left adequate in 'V, and its left closure is its 
left regular completion (the category of stable functors) [12]. Each AO,+ 
is the equalizer of Ap - D, and limit Ax is the intersection of its predecessors; 
so they represent stable functors. Now in showing that A:s is not a y-limit 
of a for y < a ? a + 1, we can ignore F, since Ap has no morphism into F 
(since F-- Ap+1). It will suffice to show that Ay maps to every y-limit of 
a n . This is evident for y =0. Having it for y, to map Ay,1 to the 
limit of a diagram H in the -y-limits of a n A, map Ay to each object of H 
in any way and compose with Ay,+ -> Ay. This gives a projective cone, i.e. 
A -> Ay equalizes everything, for it equalizes all pairs of morphisms to 
objects of -a and a separates its completion. So Ay,1 maps to the limit 
of H. Hence Ax maps to every y-limit if A > y, and at a limit ordinal A 
this means Ax maps to every A-limit. 

Apropos of the problem of constructing similar examples on a fixed small 
category a, there is an applicable technique, developed and refined through 
many of the papers of Z. Hledrlin and A. Pultr (notably [10]). Naturally 
it cannot (as far as is known) digest an arbitrary A? as we did above. 

STATE UNIVERSITY oF NEW YORK AT BUFFALO. 
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