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Introduction

Recent years have seen the rapid development of a new branch of mathe-
matics. Articles on the subject are easily recognized, as nearly all the terms
used bear the prefix “super”. Some of the ideas embodied in “supermathe-
matics” were discussed individually long ago, though mathematicians lacked the
stimulus to study them in detail, and it has only recently become clear that
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2 D. A. Leites

they are all parts of a single whole.

Interest in supermathematics was originally aroused by its applications to
physics. Apparently, a unified theory of strong, weak, electromagnetic, and
gravitational interactions can be constructed in the language of supermanifolds.
For this subject and for the beautiful properties of supersymmetries, we refer
to the surveys of Ogievetskii and Mezinchesku [19] and Freedman and
Nieuwenhuisen [26], which contain references to hundreds of physical papers,
of which we only mention those of Berezin and Marinov [23] and Ogievetskii
and Sokachev [20].

Representations of space-time have changed with the development of science,
to the point where physicists now reluctantly accept the following fundamental
premise.

We live in a(4, 4)-dimensional supermanifold whose underlying manifold
is the ordinary 4-dimensional space-time. The group of transformations of
this supermanifold is a Lie supergroup whose points make up the Poincaré
group.?

This fundamental premise has a philosophical significance that transcends
the confines of pure physics.

The first mathematician to realize that he stood on the threshold of a new
subject (“‘supermathematics’) was undoubtedly Berezin.

Being concerned with questions of the second quantization, he noticed the
possibility of giving a parallel description of the boson and fermion fields and,
as early as the 1960s, arrived at the conclusion that there is a non-trivial
analogue in analysis, in which the role of functions is taken by elements of the
Grassmann algebra.

The incubation period lasted for seven years, and then articles appeared in
which various issues in supermathematics were presented. They contained the
specific notions of a supermanifold and a Lie supergroup, the construction of
an analogue to Lie theory for Lie supergroups and Lie superalgebras, a
description of the simplest Lie superalgebras, the construction of a theory of
integration in supermanifolds, the beginnings of a representation theory of Lie
superalgebras and Lie supergroups, and more besides.

It is high time we acknowledged that the prefix “super” was introduced by
spirited physicists, who first designated (by the single word super!) some
remarkable groups that reshuffled the particles of different statistics. Then
they realized the action of these supergroups on “‘superspaces”, and this
terminology later spread through the whole subject. Note that in some con-
temporary articles and in every article written before 1974 Lie superalgebras
are called graded Lie algebras. I prefer the term “Lie superalgebra”. Firstly, it

1 This model will be discussed in detail in the section describing the representations of Lie supergroups.

The first papers in which the Poincar€ group is extended to a Lie supergroup and the Minkowski space
to a superspace, which is more suited to the construction of supergravity, are due to Gol’fand and
Likhtman, Volkov and Akulov, and Wess and Zumino (see [19], [34]).
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is more accurate, since the term ‘“‘graded Lie algebra” is inconsistent (Lie
superalgebras are not Lie algebras), and secondly, the term Lie superalgebra
is elegant and dynamic.

Having said so much about physics, it is not surprising that the “super” point
of view is also useful in mathematics (see [8], [16], [27], [29]).

In the large collection of articles on supermathematics and its applications,
there are hardly any that give an account of the elementary concepts on which
the theory is founded. The purpose of this article is to remedy this deficiency.

In the text we keep to the following terminology.

A statement will be called: an assertion if it is obvious or proved in a refer-
ence; a remark if it is unimportant at a first reading; a lemma if it is of an
auxiliary nature; a proposition if it is important; and a theorem if it is very
important.

In work with superobjects, consistency in choice of signs plays a special
role. To avoid errors, we must keep in mind the following rule (Quillen {32]):
when something of parity p moves past something of parity q, the sign
(— 1)P9 appears.

This article covers the simplest ideas in the theory of supermanifolds and
comprises the first part of a general survey by Bernshtein and myself, which
also contains the theory of integration in supermanifolds, the elements of
representation theory of Lie supergroups and Lie superalgebras, and the
elements of differential geometry on supermanifolds (see [6], [7], [9], [25],
[33]).

I have tried to imbue the presentation of supermanifolds with geometrical
clarity. It differs in this from earlier articles, where, under the momentum of
[5], all the ideas are expressed in terms of the algebra of functions on a
supermanifold.

I am deeply grateful to F. A. Berezin for attracting my interest in 1971 to
the problem, which at that time seemed horrendous enough, of “doing
analysis in the Grassmann algebra’. I thank him and A. L. Onishchik for much
help. I also thank B. M. Zupinik, A. N. Rubakov, and B. L. Feigin for many
fruitful discussions, and Yu. I. Manin, V. V. Molotkov, A. B. Sosinskii,

D. B. Fuks, and V. N. Shander for some useful comments. I am grateful to
I. A. Akchurin for psychological preparation for the solution of Berezin’s
problem and for his advice (in 1968) to read the lectures of Yu. I. Manin [17].

CHAPTER I
LINEAR ALGEBRA IN SUPERSPACES

All the spaces and algebras considered here are over the field k=R or C
(though everything that is said remains true for any field ¥ with char k # 2).

The purpose of this chapter is to transfer the basic concepts of linear algebra
(as in an undergraduate course) to the “super” case.
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§ 1. Linear superspaces

1.1.1. Let Z, = {0, 1} denote the field of residues modulo 2. A linear space
M is called a superspace if it admits a decomposition

M = M3 Mjy.
The elements of Mz and M7 are called homogeneous even and odd elements of

M, respectively. If vEM,;, i € Z,, we write p(v) =i and call p(v) the parity of
v. A subsuperspace is a subspace N C M such that

N =(N0QM)® (N M.

If M and N are superspaces, we make MO N, M ® N, and HomM, N) into
superspaces by setting
(M®N)l:Ml®NH <M®N)l= 2] Mm®Nna
m+n=i
and HomM, N); = {F € HomM, N) | FM,, C Np,..;}, respectively, where
mni€Z,

Morphisms from M to N are elements of Hom(M, N),.

1.1.2. A superspace A is called a superalgebra if A is an associative algebra
with identity and if the multiplication A X A = A is an even bilinear trans-
formation.

A superalgebra A is called commutative if ab = (— 1Y @r®pg for homo-
geneousa, bEA. _ _

Here and later, (— 1)° = 1, (= 1)! =—1. In what follows, we assume that a
relation holding only on the homogeneous elements also holds on arbitrary
elements providing that it holds on their homogeneous components.

1.1.3. IMPORTANT EXAMPLE. For ¢ =(§,, .. ., §,) we denote by A(n),
A[£], or k(§) the exterior algebra (Grassmann algebra) in n variables. This is the
algebra generated by &,, . . ., §, subject to the relations

gi&f = _gjgi (lv ] = 1: 29 ooy n)‘

In particular, £} = 0.
Any f € A(n) can be written uniquely as a sum

= Efvgv, v E k,

where v takes all possible valuesv=(v,, .. .,»,), where each »; = 0 or 1, and
= . Z". This expression can also be written in the form:
f= Fioigbis -+ - B fi .4, €k

0issn 1<11<...<ij<n

We introduce on A(n) the structure of a superalgebra by setting p(§;) = 1.
1.1.4. The tensor product of two superalgebras A and B is the superspace
A @B, together with the structure of a superalgebra given by

(zQy)(z® t)=(—1)PVP® 2z Q yt,
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where x,z€A and y, t €B.
ASSERTION. 1) If A and B are associative superalgebras, then so is A Q@ B.
2) The tensor product of commutative superalgebras is also commutative.
For example,
An) @ A(m) = A(n + m).

1.1.5. For any superalgebra A there is a canonical projection
n: A - Al(A7) = A5/ ((ADY.

Here the symbol (x) denotes the ideal generated by a set x.

We shall often make use of the following result.

LEMMA. Let A be a commutative superalgebra. Then an element a € A is
invertible if and only if w(a) is invertible (see Proposition 1.7.2).

82. Modules over superalgebras

1.2.1. Let 4 be an associative superalgebra with identity.

A left module over A (or left A-module) is a superspace M together with a
left action of A on M, that is, a mapping A X M -~ M satisfying the following
conditions:

a)a(bm)=(abym,a, bEA, meM,

b) (@ +bym=am+ bm,alm + mY=am +am’,

o) lem=m,

d) if p(a) and p(m) are defined, then p(am) = p(a) + p(m).

Right A-modules are defined in a similar way.

1.2.2. Throughout this chapter, all superalgebras are assumed to be commu-
tative unless the contrary is stated.

If A is a commutative superalgebra, then any left A-module can be turned
into a right 4-module (and vice versa) by setting

(*) ma=(—1P™P%am, acA, meM.
The structures of a left and right module over 4 are compatible:
a(mb) = (am)b, a, bEA, mEM,

that is, every module over a commutative superalgebra is two-sided.

In what follows, as in the “‘even” commutative case, a module over a
commutative superalgebra is said to be two-sided whenever the transition from
left action to right action is effected by the formula ().

1.2.3. Let M and N be A-modules. An A-homomorphism or (linear)
operator from M to N is a linear transformation F: M = N such that

F(ma) = (F(m))a forall a € A, m € M.

The superspace of A-homomorphisms from M to N is denoted by Hom 4 (M, N).
In Hom, (M, N) we introduce the structure of an A-module by the formula
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(%) (aF)(m) = a(F(m)), (Fa)(m) = F(am).
From the formulae (*) here and in 1.2.2 it follows that
aF = (—1)P@rF) Fq,

Given operators F: M = N and G: N = L, their composite Go F: M = L is
also an A-linear operator, and
(aG) o F = a(Go F), (Ga)oF = Go(aF), Go(Fa)= (Go Fla.

1.2.4. Let A be a commutative superalgebra. A superalgebra C is called an
A-algebra if C is an A-module such that

(acy)ea= a(cycs), (c1@)cy = cy(acy), ¢y(cqa) = (c160)a,
wherea € A and ¢, ¢, €C.
EXAMPLES. 1) End, (M) = Hom, (M, M) is an associative A-algebra with

identity.
2) If C is an associative superalgebra, the set

Z (Cy={z€Clcz—(—1)PPE)zc =0 forall ¢ € C}

is called the centre of C. 1t is clearly a Z(C)-algebra. The structure of C as an
A-algebra is given by the homomorphism 4 = Z(CO).

1.2.5. The A-module M* = Hom, (M, A) is called the adjoint or dual of M.
The pairing of M* and M is denoted by (, ), that is, (m*, m) is the image of
m € M under the action of m* € M*, 1t foliows from the definition that

(m*a, m)=(m*, am), (am*, m)=a(m*, m),
(m*, ma)=(m* m)a, a€A, mecM, m*ecM*.
For any A-module M there is a canonical homomorphism:
Iy : M —> M** = (M*)* given by the formula

(IM (m)’ m*) — (_ 1)P(M)p(m*) (m*, m)_

1.2.6. Corresponding to any F € Hom, (M, N) there is an adjoint operator
F* € Hom, (N*, M*) defined by

(*) (F*n*, m)=(—1""P") (x| Fm).

This formula (*) yields the following result.

ASSERTION. 1) p(F)=p(F*).

2YIfF: M~ Nand G: N~ L are homomorphisms of A-modules, then
(GF)* = (— 1PEP G prg*

3) IN°F=F**°IM.

1.2.7. The tensor product of A-modules M and N is the superspace M ® LN,
that is, the factor of M ® N (the tensor product over k) by the relations

ma@n-—m®an =0, wheremEM, nEN,ac€A.
M® 4, N becomesan A-module if we define
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a(m @ 4n) = am @ 4n, (M Q 4n)a = m O 4na.
There is a canonical isomorphism T between M ® ,N and N ® M
T:m@am — (—1)P™PNy @, m.

1.2.8. Let P(M) denote the A-module consisting of elements P(m), m €M,
with A-action and parity given by

p(P(m)=1—p(m), P(m)a=P(ma), aP(m)=(—1)™ P (am).

(Note that the last equation follows from the other two.)

The mapping m > P(m) is the canonical odd homomorphism from M to
PM).

For any A-homomorphism F: M — N, where M and N are A-modules, we
define an A-homomorphism P(F): P(M) = P(N) by setting

P(F)(P(m)) = P(Fm).

We identify M and P(P(M)) by setting m = P(P(m)). It is then clear that
F=P(P(F)) for any homomorphism F.

§3. Matrix algebra

To study the coordinate expression for vectors in free modules and the
matrix notation for operators we need a matrix calculus. Since the supercase is
somewhat different from the ordinary one, we devote this section to the
necessary definitions. The motivation for them will become clear in §4.

1.3.1. A matrix structure is a rectangular array whose cells are indexed by
pairs consisting of a row number and a column number.

A supermatrix structure is a matrix structure with a parity attached to each
row and column. (The parities of the i-row and j-column are denoted by
Prow (1) and p_,(7), respectively.)

We usually arrange a supermatrix structure in such a way that all the even
rows and columns come first, and the odd ones second, so that it can be
conveniently written in block form

R S
X= (T U) ’
where R, S, T, U are the matrix structures corresponding to the partition into
even and odd rows and columns.

If a supermatrix structure has p even rows and g odd rows, and r even columns
and s odd columns, we call it a matrix structure of size (p, ¢) X (r, 5). A
(. q) X (p, q) structure is said to have order (p, q).

1.3.2. Given a supermatrix structure X, the set {X;; | X;; € 4} corresponding
to the cells of X is called a matrix over A.

The notion of parity in the space of matrices over A4 is defined as follows:
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p(X)=0 if p(Xi)+ Prow(@)+pear ()=0  forall i, j,
1 if P (Xi1)+Prow (l)+Pcol (]) =1 for all iy Js

When a matrix is written in block form

R S
X = (T U)
in accordance with the partition by parity of rows and columns, the definition

of the parity of X can be restated in the form
pX)=0 if p(Ry)=pUy=0, p(Si)=p =T,
p(X)=1 if p(Ry)=pUy=1, p(S;)=p(Ty))=0.
1.3.3. The product of two matrices X and Y is computed in the usual way:
(XY);;= 2 XnY ;.

But in the supercase we consider such a product to be defined only if the
columns of X have the same parity as the corresponding rows of Y. In particular,
a (p, q) X (m, n) matrix can only be multiplied on the right by an (i, n) X (7, s)
matrix. Under these conditions, we have p(XY) =p(X) + p(Y).

1.3.4. EXAMPLE. Let Mat (A) denote the space of matrices of order
(p, @) over a superalgebra 4. W1th respect to the parity and multiplication
defined above, this space forms an associative superalgebra.

1.3.5. The superspace of (p, g) X (m, n) matrices over a commutative
superalgebra A is made into an A-module by defining (see 1.4.4):

(Xa)ij — (_ 1)P(G)P001(J')Xija, (aXij) — (__ 1)p(a)p"°W(i)aXij.

An alternative definition is as follows. For each pair (r, s), we define a
homomorphism of superalgebras A > Mat, ((4), by assigning to eacha €4 the
dlagonal matrix scalar, (@) = (q;;), where g;; =0 fori #j and

=(- H? row (P (@) If, as usual the first r rows and columns are even and
the others are odd, then

scalar, ;(a)=diag(a, ...,a, (—1)P%Pa, ..., (—1)PPaq).
N, — Y ~/
If X isa (p, g) X (m, n) matrix, then

aX =scalar,, 4(a)-X, Xa=X .scalar,, ,(a),

where scalarp,q(a) and scalar,, nla) are the matrices of order (p, g) and (m, n),
respectively, corresponding toa € 4.
In particular, the associativity of matrix multiplication implies that

@X)Y = a(XY), (Xa)Y = X(@Y), X(Ya) = (XY)a.

EXERCISE. Determine the centre of Matp q A4).
1.3.6. A row-vector (column-vector) is a matrix with just one row (column),
and that of parity O (see 1.4.4).
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1.3.7. We now define transposition in the space of matrices over a commutative
superalgebra A. This differs from the ordinary definition by the appearance of
certain signs. Therefore, in contrast to ordinary transposition, which is denoted
by t, we denote supertransposition by the symbol st.

Let X = (X;;) be a (p, g) X (m, n) matrix over A. Its supertranspose Xstis
the (m, n) X (p, q) matrix whose entries have the following form (see 1.3.8
and 1.4.7):

(XSt)ij — (____ 1)(Prow(‘l)+1’co](j))(P(X)+pr0w(’i))in — (_ '1)(pr0w(i)+pcol(j))(p(Xi])"—pcol(j))Xﬁ

where the parities p,,,, (i) and p_(j) are with respect to X*'. In block notation

x=(¢ 3)
this means that
(6 D)"=(_& %) it p=0,
(2 2)'=(a ~5) it =T

Note that the double transpose has the form
A B\st\st A —B
((c D) ) =(—-c D) :
It is clear that supertransposition satisfies the identity (st)* = id.
EXAMPLE. If X is a column-vector with coordinates

(xla s s ey Tty o o xm+n)v

the first m being even and the rest odd, then the row-vector X has the
coordinates

@1y« e s By — (—D)Emadg o (= )P Emandz L,

IfY=0:,..., ¥, +,)isarow vector with the first m columns even and the
rest odd, then Y is the column vector with coordinates

Was o2 Yo (—1)PImDyp gy o (— ) Wmandy, ).
1.3.8. ASSERTION. The transpose of a product is given by
(XY = (— )P OrDystyst
In particular,
(@X)* = (— )P PEOxt = o X",

84. Free modules

The structure of modules over superalgebras is complicated enough, even in
the commutative case. In this section we select a class »f modules that are
simpler by virtue of properties shared with linear spaces over a field.
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All the modules considered are over a superalgebra 4.

1.4.1. Let [ be a set that is the disjoint union of subsets /5 and /5.

A basis of an A-module is a set of homogeneous elements m; € M, i €1, for
which p(m;) = 0 fori € I3 and p(m;) =T for i € I7, and such that every m € M
is uniquely expressible as a sum Zu;m;, u; € A, where all but finitely many of
the y; are equal to 0.

An A-module M is said to be free if it has a basis with some indexing set
I=1I5 U I7. The dimension of a free A-module is the element p + g¢ of the
ring Z[el/(e? — 1), with p = | I5l, ¢ = | It|. It is customary to write dim M = (p, q),
for the sake of brevity.

Unless otherwise stated, we assume modules to be finite-dimensional, that
is, dim M = (p, ¢q) with p, g <oo. We usually enumerate the elements of a basis
in a free module so that the even ones come first and then the odd ones.

LEMMA. The dimension of a free module is independent of the choice of
basis.

PROOF. We consider a homomorphism from the ring

Al(47) = A5/((4DDH

into any field k. Then M ® ,k is a superspace over k of dimension (p, q). The
invariance of p and g now follows from that of the dimension of a linear space
over a field.
1.4.2. We see that free A-modules with a single generator fall into two types:
a) the generator is even, and the module is canonically isomorphic to A,
b) the generator is odd, and the module coincides with P(A4).
It is clear that P(M) = P(4) ® .M for any A-module M (see 1.2.8), and that if
dim M = (p, q), then

dim P(M) = (g, p).
1.4.3. Let {m;} be a basis for an A-module M. By definition, each element
m €M is uniquely expressible in the form
We call the T L€ A the left coordmates of m (with respect to the given basis)
and write them as a row-vector ¢ u |, defining p () = p(m;) (see §3). Now
m can also be written uniquely in the form
me=3mp;, pi€A.
We call the ] the right coordinates of m and write them as a column-vector

| uf 3, defining p_ ., () = p(m;).
It is easy to verify that the row-vector of left coordinates is obtained from
the column-vector of right coordinates by supertransposition:

(Wi = (| pD)* (see §3).

1.4.4. Let m; and n; be the elements of a basis of A-modules M and NV,
respectively. To any operator F €Homy, (M, N) we assign the matrix F= (Fip)s
where
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(*) ij= E niFij.

We put p,ow (1) = (1), Peoi(7) = 0(m;); Fisa (dim N) X (dim M) matrix.

Conversely, every such matrix corresponds to the operator given by (*).

To every homogeneous operator there corresponds a matrix of the same
parity. To the product (composite) of operators there corresponds the product
of the corresponding matrices. The correspondence F = F is an A-module
homomorphism.

If M =N and m; = n;, the correspondence F —> F defines an isomorphism of
superalgebras

End 4, M — Mat, ,(A4),where(p, ¢q) = dim M.

Here an elementa € 4 C Endy M goes over into the matrix scalar(a).

IfM=A and m, =1, then Hom, (4, N) is naturally identified with N; we
assign to any operator F: A = N the column-vector of right coordinates of
F(1)EN,

1.4.5. We now consider the effect of a change of basis on coordinates of
vectors and operators.

Suppose that {m;} and {m;} are two bases for an A-module M. Then the
matrix C = (c;;), defined by

I
m;= 2 m;c;j,

is called the matrix of coordinate change. It is clear that C is both even and
invertible.

The right coordinates | ), | ,ul."> of a vector m € M, with respect to
{m;}, {mji} respectively, are related by the formula

l p‘:) =C , !“'?)7 that iS; P':= 2’ cij“';T‘
Hence, for the left coordinates,
(i =(w' 1C**  (because p(C)=0).

Now let {n;} and {ni} be two bases for the A-module N. Let Flbe the
matrix of an operator F: M — N with respect to {m;}, {r;}, and F' its matrix
with respect to {m3}, {ni}.It is easy to verify that these matrices are related

by
F=DF'C1,
where C and D are the matrices of coordinate change in M and N, respectively.

HM=N, m;=n;,and m/ =n/, we obtain the formula describing the effect of
changing the basis on the coordinates of an operator F € End, M:

F=CFcC.
1.4.6. Let M be a finite-dimensional free A-module, and {m;} a basis of M.
Then it is easy to check that the m* € M* given by
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(mi, m;)=§;
form a basis for M*. The bases {m;} and {m}} are said to be dual; {mj} is the
left dual of {m;}, and {m;} is the right dual of {m}}.
It is clear that p(m )= p(m,), in particular, dim M* =dim M.
Let {m*} be the basis of M** that is left dual to {m}}. Clearly,
Iy (m;) = (—1)P"Pm* so that [, : M - M** is an isomorphism. This is used
to identify M and M**;in particular, we can consider both (m*, m) and

(m, m*) = (—1)PmPRm(m*, m).

If {m{} isa basis for M* and {mi} and {m;} are its left and right duals, then
these bases of M are related by m_ = (- DHP™idy,

If m* € M*, and q; = (m*, m;), then the row-vector (g; | coincides with the
left coordinate vector of m* in the basis {mj}. In particular, if m is a vector
with right coordinates | u;?, then

(m*, m)= 2 a;u;.

The row vector (a; | coincides with the matrix of m* € M* in the basis
{m), {1}. _

1.4.7. Let M and N be A-modules with bases {m;} and {n;}, and let F be
the matrix of an operator F: M = N with respect to these. Then, with respect
to the left dual bases {m}} and {nj} of M* and N*, the adjoint operator F'*
has the matrix F* = (F)st. This follows easily from the definitions.

1.4.8. Let F € Hom, (M, N). If we order the bases {m;} and {n;} insucha
way that the even ones come first and then the odd ones, and if to F there
corresponds in the bases {m;}, {r;}

= A B

F= (c D) '
then, in the bases{P(m;)} and {P(n;)} for P(M) and P(N), to P(F) (see 1.2.8)
there corresponds the matrix

PO =(5 4)-

§5. Bilinear forms

1.5.1. Let M and N be modules over a commutative superalgebra A. A
mapping B: M X N = A is called a bilinear form if it is additive in both
arguments and B(ma, n) = B(m, an) and B(m, na) = B(m, n)a, where m €M,
nEN a€cA.

EXAMPLE. If M=N*, then B(n*, n)=(n*, n) is a bilinear form.

It is readily checked that every bilinear form B determines a morphism of
A-modules B: M @ ,N - A, given by B(m ® n) = B(m, n). Thus the
space Bil, (M, N) of bilinear forms can be identified with the space (M ® ,N)*.
The space then acquires a natural 4-module structure. It is clear that
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p(B(m, n)) = p(B) + p(m) + p(n),
(aB)(m, n) = a-B(m, n) = (—1)P2?B)B(am, n).
1.5.2. Every bilinear form B € Bil, (M, N) determines a homomorphism
By y+: M —> N* by the rule

(Bar,n» (m), n) = B(m, n).

The correspondence B = By, y« defines an isomorphism between the 4-modules
Bil, (M, N) and Hom, (M, N*).

Similarly, we can define an isomorphism from Bil, (M, N) to Hom, (N, M*),
sending a form B to the operator By p+ given by

(m, By, m» () = (— 1)*P"™ B (m, n).

A bilinear form B € Bil, (M, N) is called non-degenerate if By v and By pre
are isomorphisms.

1.5.3. Let M and N be finite-dimensional A-modules with bases {m;} and
{r:}, respectively. We assign to a form B € Bil, (M, N) the matrix B =B,
where

B;j=(—)"""®) B (m, n)).

This is called the matrix of the bilinear form. It is easy to see that B is the
matrix corresponding to the operator By j« with respect to the bases {n;}
and {m}*}, where {m}} is the left dual of {m;}.

The correspondence B~ B defines an isomorphism from Bil L, (M, N) onto
the 4-module of matrices with the corresponding superstructure.

If u! is the row-vector of left coordinates of m € M and »” the column-
vector of right coordinates of n € N, then it is easy to check that

B (m, n) = (— 1" (ul| B vy,

1.5.4. Let M and N be A-modules, C and D the matrices of a coordinate
change in M and N. Then the matrix B’ of a form B in the new basis is related
to B by the formula

B' =C"BD.
In particular, if M =N, m; =n;, and m; =n;, then B'= C*'BC.
1.5.5. Given a form B € Bil, (M, N), we define a form B’ € Bil, (N, M) by
setting
Bt (n, m) = (—1)P™P™B (m, n).

It is easy to verify that B! is indeed a bilinear form.
The correspondence B = B! defines an isomorphism of A-modules:
Bily (M, N) = Bily (N, M). Furthermore, (B")! =B for every B € Bil, (M, N).
If B is the matrix of B with respect to bases {m;} and {r;} of M and N,
then the matrix B’ of B’ has the form

(BY)i; = (B*)yy (= 1)Prow®
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In block notation,

§=(R S) — Ft,

(& D), p®=o,
T U Bt:{ ° i

(L& Z50), p®)=1.

1.5.6. We now examine the case M =N and denote the space Bil, (M, M) by
Bil, (A).

A form B € Bil, (M) is calied symmetric if B ! = B, and skew-symmetric
if B' =— B. It is clear that the spaces of symmetric and skew-symmetric forms
are A-submodules of Bil, (M). Any bilinear form B can be uniquely written as the

t - Bt
sum of a symmetric and a skew-symmetric form: B = B’;—B + B 5 B .

Let {m;} be a basis for M. Then to symmetric forms there correspond
matrices that, in block notation, are of the form

E=(IT{ 5) where R'=R, Ul=—U, St=(—-1)"PT,

To skew-symmetric forms there correspond matrices

o] R S '
B:(T U)’ where Rt:——R, Ut=U, St::_(“1)p(B)T.

86. The supertrace

1.6.1. For a commutative superalgebra A, the supertrace str is defined on
Matp,q(A) by the formula

X)+1 1 X5+ i
str X = E (_1)(1)( )P row( )Xii= S‘ (_1)@( i+ )pmw(i)Xii.
In other words
str (‘g g) =trd—tr D for even matrices,
str (g g) =trA+4trD for odd matrices.

We list the main properties of the supertrace.
ASSERTION.a)str(X + Y) =str X +str Y.
b) If Z is a matrix of size (p, q) X (r, 5) and W a matrix of size (r, s) X (p, q),
then
Str(ZW) = (—1)P2rW) str(WZ).

In particular, if X € Matp, q(A) and C is an even invertible matrix, then
str(CXC™ V) =str X, because X =(XC')Cand CXC™! =C(XC™).

¢) str(aX) =a str X, str(Xa) = (str X)a.

d) str(X$t) = str X.

e) str(P(X)) =— (- 1)PPstr X,

1.6.2. Let M be a finite-dimensional free A-module. We define the
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supertrace str on End 4 (M) by setting str X = str X . the matrix corresponding
to X € End4 (M) in some basis. Under a change of basis X goes over into
CXC™, so that the supertrace is unchanged. The properties a)—e) above clearly
remain valid for operators.

§7. The Berezinian (Berezin function)

1.7.1. Let £ be a commutative superalgebra, and GL, ,(+#) the
multiplicative group of even invertible elements of Mat, ,(-#). This is an
analogue to the general linear group in the usual linear algebra. We want to
define a homomorphism: GL;, o(#) — GL, o(#)= A% (the group of
invertible elements of #5), which is an analogue to the usual determinant.

1.7.2. Let

X=(f 2)€Maty, q(A)).

LEMMA. X is invertible if and only if A and D are.

This is an immediate consequence of the following general result.

PROPOSITION. Let & be a commutative superalgebra,

WA > A = A /(A7) the natural homomorphism, and

s: Mat,(A) — Matn(.;é)

the corresponding homomorphism of matrix algebras (Where the superstructure
is ignored). Then X € Mat,(A4) is invertible if and only if w(X) is invertible.
PROOF. It is clear that if X is invertible, then so is 7(X). -~
Conversely, assume that m(X) is invertible. Since 7: Mat, (A4) — Mat,(A4)
is an epimorphism, there is a matrix ¥ € Mat,(s£) such that #(X) n(Y) =
=7(Y) n(X) =1, thatis, #(XY) =xw(YX) = 1. It is sufficient to prove that XY
and YX are invertible, and we do this for XY, the other case being similar.
Now XY has the form 1 — Z, with m(Z) = 0. We claim that Z is nilpotent,
thatis, Z"*! = 0 for some r; from this it follows that 1 + Z+ Z2 + .. .+ Z"
is the inverse of 1 — Z = XY. All the entries in Z belong to the ideal generated
by A ;hence, there are elements &, . . ., & € A such that every entry in Z
can be written as a sum of products of the £;. Then the same is true of the
entries in Z'*!  and in every product there are at least » + 1 factors.
Since these are all equal to zero, it follows that Z"*! = 0.

1.7.3.For X=(4 p)€GLy o(#) we define
Ber X = det(4 — BD~1C)(det D).

Note that D is invertible by Lemma 1.7.2. The entriesinDand A —BD™'C
lie in the commutative algebra #3,s0 that the determinants are well-defined
and Ber X € #;.

It is easy to check that Ber X is an invertible element of A3.

We call the function Ber the Berezinian in honour of F. A. Berezin. It is an
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analogue to the usual determinant, as the following theorem shows.
THEOREM.If X, Y € GL,, ,(A4), then
Ber(XY) = Ber(X)-Ber(Y).

1.7.4. We carry out the proof of the theorem in a number of steps.
a) We consider the subgroups G,, Gy, and G_ of GL,, ,(A4) given by

eom{(s 2} aom{(d 9. em{(l D)

Every matrix X € GL, 4(+#) can be written in the form X =X X, X_, with

X, €G,, X, €G,,and X€ G _. Forif X=(g g) then
x=(o "VHETET 0= ) (YT 0) - (bhe 1)
From

1t B\ (1 B'\_ (1 B+B
(0 1)(0 1)—(0 1 )
it follows that every matrix X, can be written as a product of elementary

1E

matrices, that is, matrices of the form ( 01

), where E has only one non-zero

entry.
b) We claim that Ber(XY) = Ber X-Ber Y whenever X € G, or X € G,,
and similarly, whenever Y € G, or Y € G_.
Taking, for example, the case
1 F A B
X=(; 1)€6s Y=(g 1),
we see that

Ber (XY)=Ber (“47¢ 24 P) = det (4+ FC—(B+ FD) D1C) det D4 =

=det (4d—BD"C)det D"'=BerY =Ber X-Ber Y.
The other cases are treated similarly.

¢) We claim that Ber(XY) = Ber X+Ber Y for any elementary matrix

r—(} )cen

Writing X in the form X, X, X_, we have
Ber XY = Ber X X,(X.Y) = Ber X,-Ber XY,
Ber X-Ber Y = Ber X,-Ber X_-Ber Y,
by b). Therefore, it is sufficient to prove that

Ber (X_.Y)=Ber X_-BerY =1.

1 0

Let X-=(C .

) . Then
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1 E

Ber X_Y = Ber (C 14 CE

) =det (1 —E (14-CE)™ C) det* (1 -+ CE).

Note that E has only one non-zero entry, namely, some £ € 4.1t follows
that in the matrices E, CE, and E(1 + CE)™! C, all the entries are divisible by £,
so that the product of any two of them is zero. Hence, we can invoke the
following lemma.

d) LEMMA. Let L be a square matrix over a commutative ring R, and
suppose that the product of any two of its entries is zero. Then (1 + L)™' =1 —L
and det(l1 + L)=1+1tr L.

The proof is immediate.

¢) We now complete the calculation in ¢). We have (1 + CE)™* =1 —-CE,
and E-CE = 0. Therefore

Ber XV = det(1 — EC)det=Y(1 + CE) = (1 — tr EC)(1 - tr CE)~%.

It is easy to check that tr CE =— tr EC, because the entries in E and C belong
to A+. Thus,

Ber (X_Y) = (1 + tr CE)Y(1 + tv CE) = 1,

which proves c).

f) Let G be the set of matrices Y €GL,, o(-#) such that Ber(XY) =
= Ber X*Ber Y for all X € GL, 4(A4). Itisclear that G is a group, since for
alY,, Y, in G,

Ber (X -Y,Y,)=Ber (XY,) Y,=Ber (XY,)BerY,=
= Ber X Ber Y, Ber Y, = Ber X . Ber Y,Y,.

As shown in b) and ¢), G contains G_ and G, and all the elementary matrices

Y€ G, . Since GL,, o(A#) is generated by these matrices (see a)), it follows

that G = GL,, 4(+#), thatis, Ber(XY) = Ber X-Ber Y for all X, Y € GL,,, ,(.#).
1.7.5. Let X = (% 1) €GLy, o). In the definition of Ber X the roles

played by A and D are disparate. We can also define the function

Ber X = det(D — CA-'B)-det-! 4.
Since

X= (c.;—1 (1)) (g D—Cl'?A—lB) .
it follows from Theorem 1.7.3 that
Ber X = det(D — CA-1B)'det A = (Ber X)-1.
1.7.6. Let X € GL,,, q(#). Then Ber(X*®') = Ber X.
Forif X=(7 7) then
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_g: C;t)=

= det (A! + C* (DY)t B*) det™t D! = det (A— BD-1C) det~1 D.

1.7.7. For any +#-module M, let GL(M) = GL (M) denote the group of
invertible even elements of End ,(M). IfM is a finite-dimensional free
A-module, then we define the function Ber on GL(M) by setting Ber X = Ber X
for X € GL_/(M), where X is the matrix of X in some basis. Now Ber X is
well deﬁned because under a change of basis X is transformed into CXC™!,

a matrix with the same Berezinian. It is clear that Ber E’ Ber X-Ber Y.

It follows from 1.7.5 that Ber(P(X)) = (Ber X)™! = Ber X.

If M* is the dual module and X* € GL(M*) the adjoint of X € GL(M), then
it follows from 1.7.6 and 1.4.7 that

Ber (X*') = Ber (

Ber X* = Ber X.

If M and N are finite-dimensional free #£-modules and F € GL(M),
H € GL(N), then

Ber (F @ H) = Ber F-Ber H.

1.7.8. In the “even” case there is a relation between the trace and the deter-
minant given by the formula det exp X = exp tr X. We need an analogue to
this equation.

LEMMA. Let X € Mat,, (#) be an even matrix such that the product of
any two entries of it is zero. Then

Ber (1 + X) =1 4 str X.
ForifX=(g g),then
Ber(1+X)=det(1+A—B(1+D)1(C)det* (14 D)=
' =det(1+4)-det(1— D)=1-+trd—trD,

because B(1 +D)'C=0,trAtrD=0,(1+D)' =1 -D,det(l1—D)=1—1tr D,
and det(l1 +4)=1+1trA4,by Lemma 1.7.4 d).

§8. Tensor algebras

1.8.1. Let A be a commutative superalgebra and B a commutative A-algebra.
Then with any A-module M we can associate the B-module Mg =B ® 4 M
this correspondence is called a change of rings. It is easy to check that there
are canonical isomorphisms

(M@ N)B = Mg® Ng, (P(M))B = p(MB)v
(M®AN)B == MB®BNB'

1.8.2. The tensor product of two A-modules was defined in 1.2.7. The

tensor product of 4-modules M, , . . ., M, is the superspace
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M,®, ... Q,M, obtained from the tensor product of the M; over &k
factored by the relations
m® ...0ma® m;y, ® ... m, =
= m® ...0mQ@am;1,® ... Q®m(i=1,2, ..., n—1).
1.8.3. The tensor algebra T(M) of an A-module M is defined as the super-
space @ T™(M), where T°(M)=Aand T"(M) = MQ, ... O M

nz=0
(n-copies), endowed with the structure of an algebra through the tensor product
(over A), namely, if x € T"(M) and y € T*(M), then
ay = z® 4y € T™* (M).

In other words,

(MO®my® ... mpy)(m @ ... & my) =
=m® ...0m, Q@m ... Q my.
The superalgebra 7(M) admits a natural Z-grading by degree:

deg z = n <> 2 € TMM).

T(M) can be described as the universal object for mappings into associative
A-algebras. Let i: M = T(M) be the natural homomorphism of 4-modules; it is
clear that i is an embedding and that 7(M) is generated by the elements of M.

LEMMA. a) The pair (T(M), i) has the following universal property .

If B is an A-algebra and o: M = B is an even homomorphism of A-modules,
then there is a unique homomorphism T(o): T(M) = B such that T(a) o i = «.

b) The universal property determines the pair (T(M), i) uniquely up to
isomorphism.

The proof is left as an exercise.

1.8.4. Let Js be the two-sided ideal of T(M) generated by the elements of
the form xy — (= )72y where x and y are homogeneous elements of
M=T"'"(M). The A-algebra T(M)/Js is called the symmetric algebra of M
and is denoted by S(M) =S, (M). We can equip S(M) with the grading given by
S(M) = Gio S™(M), where S"(M) = T™(M)(mod Jg). Since

Jso (M) I3 (Mo ...,
it follows that
SYM) = TX(M) = M;

we denote the corresponding homomorphism: M — S(M) by the same symbol
i as before. It is clear that the elements of S! (M) generate S(M), and since
they commute in the supersense, S(M) is a commutative 4-algebra.
1.8.5. For any A-module M we define the exterior algebra E(M) = E, (M)
by putting E(M) = S(P(M)). It is clear that E(M) is a commutative A-algebra.
The morphisms of 4-modules P: M = P(M) and i: P(M) —~ S(P(M)) combine to give a
canonical odd morphism t=io P: M > E(M).
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Let M =L © N be a direct sum of A-modules. We define an
A-homomorphism o: M — S(L) ® S(N), by settingo((, n))=1® 1 + 1 n,
and we extend this to a homomorphism of superalgebras

a: S(M) > S(L) ® S(N).
LEMMA. The homomorphism a is an isomorphism.
It is sufficient to verify that the pair (S(L) ® S(¥), «) satisfies the

conditions of Lemma 1.8.3, and this is trivial.
The canonical isomorphism

E(M) = E(L) ® E(N)

is established in a similar way.

Thus,
§*(M)= & S'(L) ® S"(N),
EM(M)= @0 Ei(L) ® E**(N)
for any n.

89. Lie superalgebras and derivations of superalgebras

In this section we assume that char £ % 2 or 3, but not that the super-
algebras are associative or have an identity.

1.9.1. A superalgebra £ over a commutative superalgebra A4 is called a Lie
superalgebra if the multiplication in £ (usually written [ , ] and called
commuitation) satisfies the following laws:

(1) [z, yl= —(—1)""Vy, 7],

(2) (— )PP (2 [y, 2]+ (— )PPy, [z, 2]+

+(— 1"V [z, [z, yl]1=0.
We will be chiefly concerned with Lie superalgebras over k.
The law (2) is called the Jacobi identity.

1.9.2. If M is a superspace, we make End; (M) 'into a Lie superalgebra by
setting for F, G € End 4 (M)

(1) (F, G]=FG—(— 1)@ g

We use the notation (Endy (M)); to emphasize that we are thinking of the
multiplication (1).

In general, any associative superalgebra A gives rise to a Lie superalgebra
A, if we define

(2) (@, b]=ab—(—1)""® ba

fora, b € A. Conditions (1) and (2) above are easily checked.
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1.9.3. Let us look at the laws (1) and (2) of 1.9.1 in more detail.

When x, y, z €Z5,(1) and (2) show that X5 is an ordinary Lie algebra.

If two of the elements x, y, z are even and the third is odd, then the Jacobi
identity shows that the operation [ , ] defines a representation of £ on Z£75.
But if two of them are odd and the third is even, then we see that the bilinear
symmetric mapping [ , |: £; x £; — £ is a homomorphism of Lg-modules.
The proof of this requires one application of (2).

Thus, to specify a Lie superalgebra £ we need only prescribe:

1) a Lie algebra Z5;

2) an £g-module £5, such that

[‘T’ y] = _[y’ xl,

where x € £y, y € £;5 and [, | denotes the action of Lyon L5

3) a symmetric bilinear mapping £; X L1 — L5 also denoted by [, ], that
is a homomorphism of Z5-modules; here the mapping [ , | defined by 2) and 3)
must satisfy for all x, y, z € Z; the identity

lz, ly, 211 -+ ly, [z, 2]] + [z, [z, y}l = 0.

1.9.4. It is easy to see that a change of rings carries one Lie superalgebra
into another (that is, if £ is a Lie superalgebra over a commutative superalgebra
A, and B is a commutative A-algebra, then £ = B® 4, £ is a Lie superalgebra
over B).

PROPOSITION. Let £ be a superalgebra (with operation [ , 1) overa
commutative superalgebra A. Then X is a Lie superalgebra if and only if, under
any change of rings, the following conditions are fulfilled:

a)if X € (£ gy, then [X, X] =0,

b)if X €(L )y, then [X, [X, X]] =0.

PROOF. We prove the Jacobi identity for X,, X,, X; € . We consider the
superalgebra B = A[«; , a5, a3 ], where p(o;) = p(X;) + 1. Then

X = Yo X; € (L)1,
so that [X, [X, X]] can be written in the form
DYamaliai Xy, Where X, € L.

It is not hard to check that the coefficient X,;; of a; o, o5 is precisely the
left-hand side of the Jacobi identity, and this is equal to zero by b). The skew-
symmetry is proved similarly.

REMARK. This proposition also has something to say about Lie algebras,
regarded as Lie superalgebras whose odd part is zero.

1.9.5. Let A be an arbitrary superalgebra (not necessarily associative or
commutative). A linear operator D € End; (4) is called a derivation of A if

D (ab) =D (a)-b+ (—1)"P"@ gD (b).
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The superspace Der; A of all derivations of A4 is a Lie subsuperalgebra of
Note that, because of (1), the Jacobi identity (2) can be rewritten in the
form

[z, Ty, 2l = llz, yl, 2l + (—1)P&PD [y, [z, z]].

Thus, the operator adx of left multiplication by x, that is, adx(y) = [x, y]
for x, y € £, isa derivation of J£.

1.9.6. A left module over a Lie superalgebra £ is a superspace M together
with an even mapping £ X M — M such thatforg,, g, € £ and m €EM:

(g1, ga2lm = gi(gam) — (—1)PEVPED go(gym).

CHAPTER 11
ANALYSIS IN SUPERSPACES AND SUPERDOMAINS

The difference between supermanifolds and manifolds consists in the fact
that, while the functions on a manifold form a commutative algebra, those on
a supermanifold form a commutative superalgebra. In the study of super-
manifolds, we cannot get by without sheaves and ringed spaces. We need only
the very basic definitions and the simplest facts from the theory of sheaves,
and a good introduction is to be found in [17] or {21].

Supermanifolds are formed by glueing together simpler pieces, superdomain
in a superspace. In this chapter we study analysis on superdomains.

§ 1. Definition of superspaces and superdomains

Let X be a topological space. Suppose that to each open subset U C X there
is assigned a set #(U) and that for any open subsets U C V there is a
restriction mapping o F(V)— F(U) such that r(l]/ o r,‘j’ = r(’}/ for any open
subsets U C V C W; #(Q)is a singleton and r] is the identity mapping.

We often write I'(U, #) instead of #(U)and §|;, instead of r [/ (§)
forge F(V).

A family # of sets F(U) and mappings r(IJ/ is called a sheaf if for any
collection {U;} of open sets in X with U = U U, the following conditions (of
uniqueness and glueing) are satisfied:

D if &, n€ F(U) and EIUi =y, then £ = n;

2)if & € F(U;) and £i|Ul~U v = E,(Uiu U for all i, j, then there isa £ € # (U)
such that |y, = §; for all 7.

If # and & are sheaves over X, then a morphism h: ¥ - % isa
collection of mappings hy: # (U) — § (U), one for each open U C X, such
that rj hy = hyr) forany U C ¥ of X. If all the h;; are inclusions, then %
is called a subsheaf of §.
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If all the # (U)) are groups or modules or superalgebras, . . ., and the r{,’ are
homomorphisms of these structures, then % is called a sheaf of groups, or
modules, ot superalgebras, . . ..

The restriction of a sheaf ¥ over X to a sheaf over an open subset U C X is
defined in the obvious way and denoted by # |g.

A ringed space is a pair (X, ), where X is a topological space and # isa
sheaf of rings over X. If (X, #) and (Y, &) are ringed spaces, a morphism
g: (X, 7)— (Y, §) is a collection (¢, ¢}), where ¢: X > Y isa
continuous mapping and ¢¥: 9 (U) - ¥ (p~(U)) a homomorphism of rings,
one for e@vc_}ll open subset U of Y, compatible with the restriction mappings,
that is, r &1y, © % = @bery.

EXAMPLE (the structure sheaf on a manifold). Let k=R andlet M be a
Hausdorff space with a countable base and locally homeomorphic to an open
subset of k™ . Suppose that every point p € M has an open neighbourhood V
and that /2, is a homeomorphism from ¥ onto an open subset of k™ such
that for any open set U/ C V the function f: U = k is smooth (that is, infinitely
differentiable) on A, (U).

Let U= U U;, where the U; are open subsets of M. A mapping f: U= k is
called a smooth function if f|;; is smooth for all i. A ringed space (M, C,)
is called a smooth manifold ofdimension mif T(U, ©Ou) isan algebra of
smooth functions on M.

2.1.1. Let (%7, O,p) bea ringed space. A ringed space

AP = (kp’ 60%-11. q)’ where T’ (U’ 670%1’, q) =T (U’ ®h11> ® A (Q),

is called a smooth superspace. In other words, functions on #¢?,? are functions
on kP with values in A(g). Here k? is called the underlying space of %P9,
Let U be a domain in &P . A ringed space

UPT = (U, Ogppglv)

is called a superdomain of dimension (p, q).

We denote superdomains by script letters 9, 7°, #°, ..., often
omitting reference to the dimension. The underlying domains of superdomains
U, 7, W are denoted by the corresponding Latin capitals, U, V, W. lfuisa
point in an underlying domain U, then we also refer to ¥ as a point in 7/ and
write u € 9.

In what follows, we restrict our attention to smooth real superdomains,
writing O, . instead of Og, . and C(7/) instead of I'(U, Op,). Every
function f € C™(%{) can be written uniquely in the form

fB= X Hh@E. = NAE
—vl,...,vq v

where v; =0 or | and f, (&) is a smooth function of the coordinates
u=(u,,.. .,uq)on U.
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The functions u,, . . ., u, ECw(UI[,)G and &,, ..., Eq € C™(1l); are called
coordinates on 1. (the u; even and the §; odd coordinates). The set of these
functions is calied a coordinate system on 9/. For convenience, we often write
a coordinate system in the form x = (x,, .. ., Xp+q ), where

Ty = Uy o vy Tp = Upy Tpig == &1y v+ oy Tppq = Cqe

2.1.2. A morphism ¢ of a superdomain 7. = (U?, O, . |y)into a
superdomain 7° = (V™, O, , |v)is a morphism of ringed spaces ¢: 71 — 7".
If u € %, we often denote the point ¢(x) € 7" simply by ¢(w).

A morphism ¢@: 7% — 77 is called an isomorphism (or a diffeomorphism) if
thére is a morphism ¢: 7° — 7/ such that ¢oy and ¢o ¢ are identity
morphisms. In this case, p =m and g =n. If x = (u, £) is a coordinate system
on 7, and y = (v, n) a coordinate system on 7° and if ¢: 2/ — 7" isan
isomorphism, then the set of functions

o*(Y) = (0*(vD)s o« o *(Vp), O*(M1)y « - oy P*(My))

is also called a coordinate system on 9, and the passage from x to ¢*(y) is
called a change of coordinates. We usually identify the rings C*(7/) and C*(7")
by means of theisomorphism ¢* and we do not distinguish between the
coordinates ¢*(y) and y,

2.1.3. EXAMPLES. a) A superdomain 7/ of dimension (p, 0) is simply a
domain U in R?,

b) The underlying space of a superspace of dimension (0, g) consists of a
single point. But the ring of functions on .%°9 is non-trivial (it is isomorphic
to A(g)). Therefore, this superspace has many non-trivial automorphisms.

¢) Let E = UP be a fibration with g-dimensional fibre, and £,z the
sheaf of sections of the exterior algebra AE of this fibration. Then
UP.9 = (UP, L4g) is asuperdomain. Letu,, ..., up, be coordinates on UP
and &, . . ., §, a basis in the fibre of £. A morphism ¢: 9?2 — VP9 is
defined by the formulae

Q* (u) =9} (u)+i <..?."<1 @iy, WE, - By

(‘) |1 2r |

" (E)) =j 2 @?1.. Fgria (®) Ej] T E].2r+1'

(S < ge

The difference between the fibration AE and the superdomain 4/P,9 is
best understood by looking at the underlined terms in (). In the category of
superdomains there are many more morphisms than in the category of
fibrations, namely, those for which the underlined terms are non-zero.

d) Let UP-? be a superdomain with underlying domain U. The canonical
homomorphism n: CP(9) — C*(U) (see 2.1.1) induces a morphism of
superdomains n: U — 49/, where U is regarded as a superdomain of dimension
(p, 0). This = is called the canonical embedding of the underlying domain.
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Thus, the underlying domain is always a subsuperdomain. Note that the
embedding n: U — 9 always induces an isomorphism of the underlying
domains, but when ¢ > 0, it is not an isomorphism of superdomains.

The canonical embedding 7 is compatible with morphisms of superdomains:
every morphism ¢: % — 7° determines a morphism ¢: ' — V of the
underlying domains regarded as superdomains, and so¢ = qomn.

Note that we can also define a homomorphism p: C™(U) — C%(),
by setting p(f) = f. This gives us a projection p: 7/ — U. However, in
contrast to 7, p is not compatible with coordinate changes.

2.1.4.Let U = (U, Ogpgqlv) beasuperdomain, and ¥ an open subset of
U. Then the restriction to V of the sheaf O, , induces on V the structure
of a superdomain 7” = (V, Ogypq |v). In this case we call 7° an open sub-
superdomain of /.

The canonical embedding ¢: 7" — %/ induces a homomorphism
@*: C*(U)— C=(7"). The function ¢*(f) is called the restriction of
fe Cc™(U) to 7° and is denoted by [ |ge.

If ¢:%U—9%" isa morphism of superdomains and %"’ an open subsuper-
domain of 7", we denote by ¢ (¥"")the open subsuperdomain of 7/
corresponding to U’ = ¢ Y(W') < U.

Ifu €9, aneighbourhood of u in 7 is an open subsuperdomain 7" < 9
such thatu € 7.

As in ordinary analysis, we often say that some property of superdomains
holds ““in a neighbourhood of «”°. For example, the statement that a function
€ C™(2)) is “invertible in a neighbourhood of u” means that there is a
neighbourhood 7 of u in % such that f |0 is invertible. The statement that
a morphism ¢: % — 9 “is a diffeomorphism in a neighbourhood of ¥ means
that there is a neighbourhood %" of u in 7/ and a neighbourhood 7" of
w = @(u) in %" such that ¢ |yo: 7" — 7 is a diffeomorphism.

2.1.5. Let ¢: 77 — 7" be a morphism of superdomains. We claim that the
mapping 5: U — V of underlying domains in the definition of ¢ is always
smooth.

LEMMA. Let f€ C¥(7 ),u €U. Then ¢*(H(u) = flou)).

In particular, if y = (vy, .. ., U,y N1 - - -» Ny, ) IS a coordinate system on 7,
then ¢: U — V is given by

¢lu) = v = (h(w), ..., hn(w), where h; = ¢*(v;) € CT(U),

hence, is a smooth mapping. _

PROOF. Let /* = ¢*(f) € C¥(9/) and v = ¢(u) € V. Suppose that
() 5= F(v). By adding a constant to f, we may assume that?*(u) =0 and
?(v) # 0. Let V' be a neighbourhood of v on which? is different from zero and
so is invertible. It follows from 1.1.5 that 7 |0 is also invertible.
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Let 9" = ¢ 7"'). Then f§ Iy = ¢*(f lg=r) is invertible. Therefore,

7* is invertible on 9/’, but this contradicts the fact that u € 9/’ and?*(u) =qQ.

2.1.6. A superdomain 9/ can be recovered from a knowledge of C*(2)
as an abstract superalgebra.

With every u € 9 we associate the homomorphism s,: C™(2/) — R given
by s, (f) = f(u). Then s, (f) is called the value of f at u. We again emphasize
that a function f € C™(7) is not determined by its values at points.

It is clear that distinct homomorphisms correspond to distinct points.

LEMMA. Any homomorphism of R-algebras s: C™(2) — R has the form
s =5, forsomeu € 9.

This lemma shows that the points in {/ are in one-to-one correspondence with
the homomorphisms C*(7/) - R, hence U can be recovered from the abstract
superalgebra C*(2/). The topology on 9/ and the structure of the ringed space
(U, Ogp,aq lgy) can also be recovered from this superalgebra; this follows, for
example, from Theorem 2.1.7 below.

PROOF. Letx =(u,,.. ., Up s £, Eq) be a coordinate system on /. We
claim that the point u = (s(u, ), . . ., s(4,)) belongs to U and thats =, . To
prove this, we consider f; = u; — s(u;).

Suppose that # & U, and consider the function k2 = f{ +...+ f}. Then
ne C™(U) is different from zero at all points of U and is thus invertible. By
2.1.1, A € C™(9!) is also invertible. But this contradicts the fact that
s(h)=0.Hence,u € U.

Now suppose that s(f) # s, (f) for some f € C*(7/), and consider the function

=i+ ... +H T — s

As above, it can be shown that 4 is invertible; but this contradicts the fact that
s(h) = 0. Thus, s =s5,,, and this completes the proof.

2.1.7. In classical analysis, an important role is played by the “coordinate
expression” of mappings. If X is a domain with coordinates (x,, . . ., x,) and
Y is a domain with coordinates (y,, ..., 5, ), a morphism ¢: X > Y
can be specified by y; = fi(x) i = 1, . . ., m). In other words, ¢ is uniquely
determined by the set of functions

fi = 9*(y1) € C7(X).

A similar assertion holds in the supercase. It plays an important part in
everything that follows.

THEOREM. Let 9/ and 7" be superdomains andy = (Vy, .. ., Vp, 15 - - - Mp)
a coordinate systemon 7.

a) Let V*: C™(¥) — C™(U) be any morphism of superalgebras. We con-
sider the set of functions y¥ (i=1,...,m +n), where y;* = v} = v*(v;)
fori=1,....m, andy,",‘,+]- = nlf"= v*(n;) forj=1,...,n. Then the set of
Junctions (v*, n*) satisfies the following condition:
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(*) vFe(C™ CITS 1 E(CT (W), fu€, then v= (17*1*, cey 17’3‘,, (u))
belongs to V.
b) Let

* * » *
y* :(Uu c oy Umy Mgy -+ o Mn)

be an arbitrary set of functions in C*() satisfying (*). Then there is one and
only one homomorphism of superalgebras V*: C™(9") — C¥(7l) for which
V*(v;) = vf, ¥¥*(n;) = n7.

¢) To every homomorphism of superalgebras v*: CT(U) — C(7") there
corresponds one and only one morphism of superdomains ¢: U — 9" such
that o*: C™(7") — C*(2) is the same as V*.

It is clear from this that the morphisms of 7/ into 7" are in one-to-one
correspondence with the homomorphisms of superalgebras C™(7") — C™().
Furthermore, these morphisms can be specified in terms of coordinates by
prescribing a set of functions y* = (v*, n*) satisfying (*). We have used this
expression of morphisms in Example ¢) of 2.1.3.

Note that when 7~ is a superspace, the second part of (*) holds
automatically.

For the proof of the theorem we need two technical lemmas.

2.1.8. LEMMA (Hadamard’s lemma). Let 7/ be a superdomain with
coordinates

(1 o v vy Upy By o v vy &y u €U
Let I, be the ideal in C*(1l) generated by the functions

U, — Su(ul)v « v ey Up — Su(up)s glv o 0oy gq'

Then for any function f € C™(7) and any integer k > O there is a polynomial
Py in the coordinates

y = (ulv AR ] upv Elt LA ] Eq)
such that

f— Py € IB+1,

PROOF. By explicitly writing out the elements of the ring C*(7") as in
2.1.1 it is sufficient to verify the lemma in the case g = 0. But then it is just the
classical Hadamard lemma.

2.1.9. COROLLARY. The kernel of the homomorphism s,: C*(7) —R
(see 2.1.6)is 1.

For it is clear that /, C Kers, , and it follows from Hadamard’s lemma that
C*(N) = R+1,.

2.1.10. LEMMA. Let P9 be a superdomain, f, f' € C*(IL), and k an
integer greater than q. If f — f' EIu" forevery u € U, thenf=f".
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This lemma shows that, although a function f € C*(7/) cannot be recovered
from its values at the points of 9/, that is, from its images in C*()/I, = R, it
can be recovered from a knowledge of ““its values up to a small exponent &,
where k > g, that is, a knowledge of its images in C*(9)/T k  forall
ue il.

PROOF OF THE LEMMA. We consider the function f” =f—f'. Now
f” €1IF for any u € U. It follows that f” belongs to the ideal generated by the
functions u; —s, (u;) (=1, .. ., p), since the product of any g + 1 odd
functions is equal to zero. Hence, all the coefficients f; in the expansion
f" =Zfz¢ vanish at u. Since this holds for all u, we see that f” = 0 and
f=r

2.1.11. PROOF OF THEOREM 2.1.7. We carry this out in a number of
steps.

(1) Let v*: C™(7") - C™() be a homomorphism of superalgebras, and
u € 9/. We consider the homomorphism s,: C”(9) — R (see 2.1.6) and the
composite homomorphism s = s, o¥: C7(7") = R. As was shown in 2.1.6, s
has the form s, where v is some point in 7°. We consider the ideals
I, = Kers, = C™(%)and I, = Kers, = C®(7") (see 2.1.9). It follows
from the definition of v that y*(/,) — I,. In particular, if 9, .. ., 05, ) are
the coordinates of v, then v; —v? €1, for all i, so that
V(v — 1Y) = v} — v} € I,, hence, v® =79*(u). Thus, the point with the
coordinates (07 (u), . . ., V,5(u)) is v and so belongs to 7", This proves a).

(2) Let y* = (v*, n*) € C7(2) be a given set of functions. We claim that
the homomorphism ¢*: C¥(7") — C™(%), if it exists, is uniquely determined
by the condition y*(y,) = yf.

For f € C*(7"),we show that {*(f) is uniquely determined by the set y *. By
Lemma 2.1.10, it is sufficient to verify that for any u € 9/ the image of V*(f)
in the quotient algebra C™(%)/I+! is uniquely determined.

First of all, it is clear from (1) that y* determines a unique pointv € 7°
such that ¢*(/,) = I,. We choose a polynomial P(y) such that
f~P()EII*! (see 2.1.8). Then ¢*(f) — P(y*) € p*(I3™") < Ia+t,
that is, the image of y*(f) in C™(7)/I¢+! coincides with that of P(y*), hence,
is determined by y*. Thus, ¥* is unique.

(3) Let y* € C™(2) be a given set of functions satisfying (*). Then the
functions 3%, . . ., 7 determine a smooth mapping ¢: U — V.

We claim that there is a homomorphism ¢$*: C™(7") — C*(U) such that
P*(y;) = yi (which is unique by (2)).

Let C™(V) be the subring of C*(%") consisting of those functions that only
depend on v. Since every f € C*(7") can be written uniquely in the form
z fﬁs" , with f; € C7(V) (see 2.1.1), it is sufficient to construct a homomorphism
V¥: CT(V) - C=(1l). Hence, we may assume that n = 0.

We write each y}* in the form y; + y/', where y{ =y* € C™(U) = C*(U)
and y;' =y* —p/. Itis clear that y;" is nilpotent, indeed, (v/")?*! = 0.
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The mapping E U — V induces a homomorphism P*: C° (V) — C (D),
for which ¥*(y;) = y;. We want to modify ¥* to a homomorphism
P*; C» (V) > C= (2l) such that

¥y = yif = yi + Ui

For any f&€ C™(V), let f denote its Taylor series. This means that we
consider the function

f(yl + Zyy Yo + 29y « - oy Ym + Zm)v

where the point (z,, . . ., z,, ) varies over a small neighbourhood of zero,
expressed as a Taylor series in z: f= X f, z*, where « ranges over n-tuples of
non-negative integers and f,, € C*(V). We regard f as a formal power series in
z, that is, we are not concerned with its convergence. It is clear that

s e e~ an

(f+h)y=f+h, fh=Ffh,
where the right-hand sides are the sum and product of forrqal power series in z.
Let y*(f) denote the element of ¢ (7/) obtained from f by replacing f,, by

o*(f,) and z; by y/, i=1,..., m;this makes sense because ;" is nilpotent. It
is clear that

YE(f A R) = 0*(f) +4*(R), p*(fR) = yH(f)p*(R).

Furthermore, y*(y;) = yi, so that y* is the required homomorphism.

(4) Let @: U — 7° be a morphism of superdomains. We claim that it is
uniquely determined by the homomorphism of superalgebras
o*: CT (7)) — C% (U).

First of all, note that, by 2.1.5, the mapping 6: U — V can be recovered
uniquely from ¢*.

Next, for any open subset V' C V, the homomorphism

o3t TV, O, ) = D@ V'), Op, )

is uniquely determined, since we know its effect on the v; and 7;. Hence, the
morphism ¢: 9 — 7° of ringed spaces is determined by ¢*.

(5) Let ¢*: C¥(7")— C*(U) be a given homomorphism. Then the set of
functions y* = y*(y) satisfies (*), by (1). The set of functions
Vi, .., Y €C=(U) determines a smooth mapping ¢: U~ V. If V'isan
open subset of ¥ and U'=¢-Y(V’), then, by (3), the set of functions
v s 17]-*| y'» determines a homomorphism

Ve 1 TV, Op ) = T(U', Op ).

By the uniqueness proved in (2), the system of homomorphisms ¢v* is
compatible with restriction homomorphisms. Therefore, we obtain a morphism
¢: 7. — 7" of ringed spaces for which ¢* = ¢*. This completes the proof
of Theorem 2.1.7.
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2.1.12. Let % and 7" be superdomains with coordinates (i, £) and (v, n),
respectively. The product of 9/ and 7 is the superdomain 9/ X ¥° with
underlying domain U X V and coordinates («, v, £, 7). We consider the
projection morphisms

preg: U X 7 —> A and prge: U X 7" =7,
given in terms of coordinates by the formulae
pry (wi)=u;,  Pry (v)=0,  pry (&) =%, pry(m)=0,
prip (u;) =0,  prée (v;) =v;, prie (&) =0, Prye (M) = e
LEMMA.If % is a superdomain, then for any pair of morphisms

¢: W — U and p: W — 7" there is one and only one morphism
e XWP: W— U X T such that

pPry o @ X =¢ and prgpogp X P = .

This lemma follows at once from the coordinate expression of morphisms.
§2. Vector fields and Taylor series

2.2.1. Let 272 be a superdomain and x = (i, £) a coordinate system on 7/.

We define a derivation 50;—_: C” (M) — C* (1) called a partial derivative, by

setting

%(fgjx B0 =alEn g,
S (8 By =y (— ) P g,

q

where f € C™(U).
LEMMA. The 38/0u; are even and the a/ag,. are odd. They satisfy the
Leibniz rule

(fg) g—i-f au :
7§7(fg) ag, g+ (— 1)”%-5%5-

PROOF. By linearity, we may assume that f and g are monomials in £, and
for monomials the proof is immediate.

2.2.2. Let Der ¢*(9/) denote the Lie superalgebra of derivations of C™(9/)
(see 1.9.5). Then Der C*(%) has the structure of a C*(2/)-module, given by

(fD)(g) = f(D(g)), where f, g € C*(U), D € Der C™(U).
It is clear that
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[Dy, 1Dy] =D, (f) D5+ (—1)P"P (D), D,].

Letf g€ C™(?) and letfdenote the operator g - fg. Then [D, f] = D(f).

By analogy with classical analysis, we call the derivations on C%(7l) a vector
field on U.

2.2.3. LEMMA. The Lie superalgebra Der C*(L) is a free C™(I)-module
with basis {9/0x;}.

PROOF. Let D € Der (/). We set D; = D(x;) and consider the field
D' =D —ZD;d/dx;. Since D'(x;) = 0 for all i, we can see that D'(P) = 0 for any
polynomial P € R[x]. By Lemma 2.1.10, it is sufficient to prove that
D'(fHE 1™ for any f € C*(7) and any u € U. Let P be a polynomial such
that f~PE€[7*! (see 2.1.8). Then

D'(f) = D'(f) — D'(P) = D'(f — P) € If™".

This completes the proof.

2.24. Let @: 97?2 — 7'™" be a morphism of superdomains and
x = (u, ), and y = (v, ) coordinate systems on 9% and 7 respectively.

The matrix of derivatives of the coordinates y by the coordinates x is defined
as I,

d
Ty hin = 7= @* (Ba)-
The set of partial derivatives of any function f € C>(7"} is written in the form

of a column-vector | 8f/dy;) (and similarly for g € C*(U)).
THEOREM (rule for differentiating a composite function).

m+n
do* dp* .
(*) _____(P (f):: V —(P——(yﬂq)*(if—) (L=1,2.,---,P+Q)’

0x; <J dx; dyn
h=1

or, in matrix notation,
g* (f
(+) wD =1,

In particular, if y: ¥ — %" is a morphism of superdomains and
z = (w, {) a coordinate system on %", then

(***) I:xy"lp* (Iyz)z-[xz'
COROLLARY. If x and y are two coordinate systems on U, then
A 7 S
oz; Z dr; dyp °*
In ordinary analysis, the Jacobian matrix is used instead of Ixy , which is its
transpose. Therefore, we also introduce the Jacobian matrix J, of a mapping

@ by J, = (I,,)%t. In other words, Jq is of size (m, n) X (p, q) and is given
by the formula

af
¢* By
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N
Iy = (— 1)(P(yk)+1)P(xl) - ¢* (Us)

o
du 3

Jo= (_631 2&)'
du 08

From (**#) it follows that Jyq = @*(Jy)-J, (see 1.3.8); we recall that
p()=0.

2.2.5.PROOF OF THEOREM 2.2.3. Let D denote the difference between
the left- and right-hand sides of (*) in 2.2.3. It follows from 2.2.2 that

D(fg) = D(Ng*(g) + (=)D o*(ND(g),

where f, g € C*(7"), and D(f), D(g) € C=(2/). Moreover, it is easy to verify that
D(@,)=0forr=1,...,m+n. Therefore, it follows from Leibniz’ rule that if
fis a polynomial in y, then D(f) = 0. The proof that D(f) = 0 for any function
f goes just as in Lemma 2.2.3.

2.2.6. In ordinary analysis, the Taylor series of a function f is a power series
that approximates f asymptotically in a neighbourhood of a given point x. The
coefficients of this series can be expressed in terms of the derivatives of f at x.

Since in the supercase the value of a function at a point carries little
information, we have to use Taylor series that depend on additional parameters.

We begin by formulating Hadamard’s lemma for functions depending on a
parameter.

Let 2/ and ¥ be superdomains with coordinate systems x and y,
respectively, and let 9/ X 7" be their product (see 2.1.12). Suppose that 0
belongs to 7, and let Iy be the idealin C*(2 X 7°) generated by the set
of functions y = (v, n).

GENERAL HADAMARD LEMMA. Left f€ C™(A X 7). Then for any

integer r 2 O we can select a polynomial P, = X P, V' iny=(,n)
imitivi=r 7

" with coefficients P, , € C*(U) such that f— P, € 15.
We shall prove thisin 2.2.11 but first we derive Taylor’s formula from it.
2.2.7. Let %" be a superdomain with coordinates u, v, &, . Let U be the
subsuperdomain of %" defined by v = 0, n = 0. (This means that in the
underlying domain W we select a subdomain U of W by means of the equation
v = 0 and leave in it of the odd coordinates only £.) The formulae

o*(u) = u, o*(& =& ¢*(v) =0, o*(n) =0
vield a natural embedding ¢: 9 — %". Let
f g = fly=o = @*().

it follows from the general Hadamard lemma that

or, in block form,
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CY) = C=(W) & Iy

in a neighbourhood of u, where C*(q() is naturally embedded in
CHY (u — u, & — E), and Iy isthe ideal in C*(%") generated by the
functions y = (v, ).

2.2.8. TAYLOR’'S FORMULA (first form).

THEOREM. In the notation of 2.2.6,let f€ C*(U X 7°) and let r be a
non-negative integer. Then there is a polynomial

Pr = E P'nn annv
Inl+ivisr

of degree at most r in the variable y = (v, n), with coefficients P, , € C* (U),
such that f— P, € I3*. This polynomial is unique, and its coefficients can be
expressed in terms of f by the formula

_ N [ (2o
Pav==0 [ (5) (7)1,
Here 49/ isembedded in %" asin 2.2.7,n=(n,, .. ., p ),
Vo= (Vi e e Vs R =Ml oL onpl, N(v) = (—1)MIVI=D2,

The P, constructed in the theorem is called the Taylor polynomial of degree
r of fin the variable ¥y = (v, n). The formal power series

f:: 2 Pn‘vvnnv

is called the Taylor series of finy.
PROOF OF THE THEOREM. The existence of P, follows from the general
Hadamard lemma. Next, applying to f — P, the operator

nv__ i n __f__ v
D" = ( v ) ( on ) ’
where | n |+ | v | <r, we obtain a function in Ig4. It follows that
D‘n.vf ‘71 — D‘nVPr l?/-

But it is easy to see that the right-hand side is equal to N(v)n! P, ,, as required.

2.29. TAYLOR'S FORMULA (second form). Let 9/P-? be a superdomain
with coordinates x = (u, §), and let f € C™(9/). We introduce additional
coordinates Ax = (Au, A¥) and consider the function f(x + Ax). In more
detail, on the superdomain 9/ x %P.¢ with coordinates (4, Au, £, A§) we
define a morphism s: ¥ X %HP%— 9/ by s*(x;) = x; + Ax; (in a neighbour-
hood of u X {0}). Then f* = s*(f) is a function of x and Ax and is usually
written f(x + Ax).

Applying Taylor’s formula to Ax, we obtain the formula in its second form:

fetaz)= > P, (Au)" (A9 + o,

|n | +ivisr
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where the remainder term  has a zero in Ax of order at least » + 1, that is, it
belongs to ];,+ ! where 14, is the ideal generated by the variables Ax.

2.2.10. The second form of Taylor’s formula yields the following
“geometrical” interpretation of the partial derivatives, which corresponds to
the usual definition of classical analysis. Let 9/ be a superdomain with
coordinates x= (u, £), and let f € C™(). For a fixed i we consider the function

h(.’lf, t) = f(xlv v oovy Xy +t .., xp+q) - f(xlv ey xp+q)7

where # is a coordinate of the same parity as x;. By Hadamard’s lemma, there
is then a function g(x, 1) such that ¢ g(x, t) = h(x, t) (note that if ¢ is an odd
variable, then g(x, ¢) is not uniquely determined by this equation). From the
definition we have
L =g,

It follows from 2.2.9 that this expression is the same as that defined in 2.2.1,
in particular, is independent of the choice of g(x, ¢).

2.2.11,PROOF OF THE GENERAL HADAMARD LEMMA (see 2.2.6).

(1) We claim that it is sufficient to prove the general Hadamard lemma for
r = 0. For assuming that this has been done, we proceed by induction on r. Let

P, be a polynomial such that w = f— P, € I3/'. This means that
o= D fuu™Y, where fo, €CT(UXT).
Inl+Iv]i=ri-1

We write each of the coefficients f,, in the form C,, + f,,,, with C,, € C* (%)
and f,,, € Iy (this is possible by the case r = 0 of the lemma). Setting
Pr+1 = Pr + Z Cnvvnnv,
(r1+{VT=r+1
we then find that f—~P,,, € I3} % Thus, we have constructed P,, , from P,,
and this completes the proof.

(2) It remains to consider the case r = 0. Using the explicit expression for the
elements of C™(7 X 7") as polynomials in ¢ and n with coefficients depending
on u and v, we see that it is sufficient to carry out the proof in the purely even
case. Next, an induction on the dimension allows us to reduce everything to the
case of a single variable v. Thus, it is sufficient to show that if

fluy,. .., U,, v) is a smooth function, then
1
gluy, ..., up, V) = -v_[f(ul, cewy Upy V) — flUgy « - .y Up, O)]
extends to a smooth function of (u,,. . ., Up v). But it is easy to check that g

can be given explicitly by the formula
1
gy, ...y Up, V)= S %f—)-(ul, co .y Up, V) dE,
0
in which the right-hand side is a smooth function of u and v. This completes
the proof of the general Hadamard lemma.
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§3. The inverse function theorem and the implicit function theorem

2.3.1. THEOREM (the inverse function theorem). Let % and 7" be
superdomains with coordinate systems x = (u, £) and y = (v, n), respectively
let @: U — 7~ be a morphism of superdomains and uy € 9. Then the
following conditions are equivalent:

a) ¢ is adiffeomorphism in a neighbourhood of u,,

b) the Jacobian matrix J, of ¢ is invertible at u,.

Note that dv/0§ and 9n/du are odd functions, so that they vanish at u,.
Therefore, b) is equivalent to the invertibility of the matrices ov/ou and
on/of at u,.

2.3.2. We break up the proof of Theorem 2.3.1 into several steps.

(1) a) = b). By passing over to neighbourhoods, we may assume that ¢
is an isomorphism, that is, a change of variables, and this case was analysed in
2.2.5.

(2) We now embark on the proof of the reverse implication. Let I;; denote
the ideal in C*(4!) that singles out the underlying domain U; this is the ideal
generated by the variables &.

We show first that we may restrict our attention to the case when ¢: U — V
is a diffeomorphism and vi* = u;(mod I;) (that is, U =u;see 2.1.3). For since
Jv/du is an invertible matrix, we can invoke the classical inverse function
theorem and replace U and ¥ by subdomains U’ and V' such that ¢: U’ — V'
is a diffeomorphism. We can then replace the coordinates # on U' by new
coordinates u' =v*on U’ without disturbing the coordinates &. It follows that
v=u (mod I).

(3) We may assume that dn/0¢ is invertible everywhere on U, for otherwise
we replace U by a neighbourhood of u, where it is invertible. Without disturb-
ing the coordinates u, we make a linear change of the coordinates &:

=) ke, Where (7 = (2L).
h

Note that this is a change of coordinates, since it has the inverse

.E,h = Eghi?é;’
where the g;; € C7(U) can be found from the system of equations
2&nilii = i,

which can be solved, because (f]-k) is invertible.
In the new coordinates

vi = u(mod Iy), mf = &i(mod I}),

and we can assume that this is already true for the original coordinates

x =, k).



36 D. A. Leites

(4) We now construct a morphism : 7" — 9/ inverse to ¢.
We define morphisms )%: 7" — 7/ by setting

’ll): (.’IJ;) =Yi,
Yi+ 1 (1) = Pi (20 + 95 (20— 0k (21)).
We claim that % is the required morphism for k£ > g. To see this, we consider
the mappings

Ap: CH(U) ~ CT(A), M) = @*pE () — f

(they are not homomorphisms). By construction, 4, ,, (x;) = A4 (4 (x;)).
Since the homomorphism g*y¥: C*(U) - C¥(U) satisfies the condition

e*P5(u;) = ui(mod Iy), ¢*Py () = Ei(mod It),

it follows that Ao (%) C I5* 1. Hence, A, (f) C I for all f € €™ (). In parti-
cular, A, (f) = O for k > g, that is, ¢*¢} is the identity homomorphism.

(5) We have now constructed a morphism y: 7° — 4 such that {¢ is the
identity, that is, @ has a left inverse. If v, = @(u,), then the Jacobian matrix
Jy of v isinvertible at vy, because Jy(ve)J (o) = 1. It follows from what
has been proved that there is a morphism ¢': 9/ — 77 such that ¢’ is the
identity. But it is clear that ¢’ = ¢yo = ¢, thatis, ¢ is the two-sided
inverse of .

2.3.3.COROLLARY. Let 9: U — J" be a morphism of superdomains such
that the mapping ¢: U — V of the underlying domains is one-to-one and the
Jacobian matrix J,, is invertible at every pointu € U. Then ¢ isa
diffeomorphism.

PROOF. We construct a morphism ¢: 7° ~» 9/ inverse to . We put
$ = ¢!, which is well defined, since ¥ is one-to-one. If v € ¥ and
u = ¢-1(v), then by the inverse function theorem ¢ maps a neighbourhood
94’ of u isomorphically onto a neighbourhood 7 of v. Hence, on %’ there is
a morphism ¥': 7 — 9/’ inverse to . It is clear that ¢ = P, so that i
is continuous in a neighbourhood of v; by the same token q'; VU
is a continuous mapping. We identify the topological spaces U and V by means
of the homeomorphisms ¢ and .

Let Og4 and Oge be the structure sheaves on U and V.

Then ¢ induces a morphism of sheaves ¢*: Ogo — g4, which, by
the inverse function theorem, locally in a neighbourhood of each point
u € 9/, has an inverse Pi: Oy — Oge. Clearly this inverse is unique, so that
the morphisms 1;; on different neighbourhoods agree on their intersection.
Therefore, they induce a global inverse morphism of sheaves ¢*: Ogy — Ogpo,
that is, a morphism of ringed spaces §: 7" — 9/ inverse to ¢.

2.3.4. COROLLARY. Let @: U — 7" be a morphism of superdomains.
Suppose that the Jacobian matrix J, is invertible at every point u € U and
that @ does not glue points together, that is, “p(u) 5= ‘o(u') for distinct points
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u, u' € U. Then there is an open subdomain 7°' < 7, such that (1) < 7"
and ¢ 1 — ¥ is an isomorphism.

PROOF. Let V' = ¢(U). fvE V' and u — ¢-'(v), then by the inverse
function theorem, there are neighbourhoods U" of u and V" of v such that
¢: U”— V" is a diffeomorphism. In particular, V' is an open subset of V.
Let 7 denote the corresponding subdomain of %°. Then applying Corollary
2.3.3 to the morphism ¢: % — 7", we see that it is an isomorphism.

2.3.5.COROLLARY. Let UP.? be a superdomain, x = (u, £) a coordinate
systemon U, and y = (vy, . . ., v, My, . - -, Mg) @ system of functions
satisfying the following conditions:

a) vy € (CT(M)gm; € CTANT5

b) the matrices of partial derivatives A = (dv/ou) and D = (dn/9§) are
invertible at every point u € U ;

c) the v; separate points, that is, if u, u' € Uand u # u', then
vi(u) # v;(u") for some i.

Then y = (v, £) is a coordinate system on 7.

To prove this it is sufficient to apply Corollary 2.3.4 to the morphism
¢: 9 — #7:9 defined by the coordinate expression ¢*(v;) = v;, ©*(nj) = n;,
where y' = (v, ") is a coordinate system on %P,

2.3.6. THEQREM (the implicit function theorem). Let %/, 7", and W be
superdomains with coordinate systems x, y, and z, respectively; let
©: U XV — W beamorphism of superdomains, and let u, and v, be
points of Uand V with w, = @(u,, v,). Suppose that the Jacobian matrix
Jow = (02/0x) is invertible at (ug,vy) € U X 7.

Then there is one and only one morphism {: W X ¥ — U defined in a
neighbourhood of wy X vy such that W w, X v,) = u, and the composite

PX pr o
/A A —> UXTV =Y
coincides with the projection prgy: W XV — W .

In the classical case this assertion can be expressed in the language of points

as follows:

oW(w, v), v) = w forall veV, we W.

PROOF. We consider the morphism @' = ¢ X prge: U X V" — ¥ x 7"
By hypothesis, Jo- is invertible at (i, vy ). Therefore, by the inverse function
theorem, in a neighbourhood of (w,, vy) there is an inverse morphism
YW X 7" — 9 x 9. Itis clear that the morphism ¥y = pry o ¢’
satisfies the conditions of the theorem. The uniqueness of y follows from the
fact that ¢ X proe: #° X ¥ — 9/ x 7 isinverse to ¢’, hence, is uniquely
determined.

2.3.7. Let 9 be a superdomain and J = (‘é g

functions on 9/. The rank of J at a point u € 9/ is defined as the pair of
numbers

) an even matrix of
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vl J(u) = (rk(A(w), tk D(w)).
Let ¢: 90 — 7”7 be a morphism of superdomains,
z = (ul» o . vy ubv Ela L] gq) and y = (vl’ MR Um, 7]1» LS ] 'ﬂn)

coordinate systems on 9/ and 77, and J, the Jacobian matrix of ¢.

A morphism ¢ is called an immersion atu € U ifrk J,(u) = (p, q),
and a submersion at u €9/ if tk J, (1) = (m, n).

THEOREM. a) A morphism ¢ is an immersion at u, if and only if in some
neighbourhood of u, it is an embedding of subsuperdomains, that is, ¥ can be
writtenas U X W and ¢ as

0 U=U XAt~ T =UX V",
where v: {pt} — Y s the inclusion of a point.

b) A morphism o is a submersion at uy if and only if in some neighbourhood
of uq it coincides with a projection, that is, 9l can be writtenas 7" X W,
and ¢ as

pr 7
o U=T XYW —— 7.

In other words, if ¢ is an immersion, then in a neighbourhood of ¢(uy) € 7~
we can choose a coordinate system ' = (v', n') such that ¢*(vj) = u,; and
p*¥(m) =& forl<i<p 1<j<gq,and ¢*@) = ¢*(n;) =0 for
i>p,j>gq.Butif ¢ isasubmersion, then in a neighbourhood of uy, € 9/
we can choose a coordinate system x' = (u', £') such that
*(vy) = uj, ¢*my) = §; for 1 <i<m, 1 <j<n,

PROOF. a) By renumbering the coordinates y, we may assume that the
matrices

i) , a .
(o v @) 1<y k<p and (0" (), 1<, I<q

are invertible. We consider the superspace 2™-P, »-¢ with coordinates
Upays- s UmsEqeqs- - En,andlet W =AU X R"=P,"1 We specify a
morphism : %" — 9" by the formula
PY) = o*yy) for 1< i<p,m+1<i<m+g,
YY) = 0*(ys) + 2z for p<i<Kmym+g<<i<m+n
It is easy to check that J, is invertible at wy, =uy X (0) € %", hence, by the
inverse function theorem, ¢ is a local diffeomorphism in a neighbourhood of

this point. Therefore we can replace 7° by #" and ¢ by the natural
embedding

U =AU X {0} —>F =AU X B,
The converse, which asserts that the embedding of a manifold is an
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immersion, follows easily from the fact that the property of being an
immersion at u, does not depend on the choice of coordinate system.

Part b) of the theorem is proved similarly.

2.3.8. In ordinary analysis, an important part is played by the theorem on
mappings of constant rank, which is a generalization of Theorem 2.3.7 a) and
b). It asserts that if the rank of J, is constant in a neighbourhood of a point
u € U, then locally ¢ can be written in the form

o U S 90 2og,

where @, is a projection (submersion) and ¢, is an embedding (immersion).
We prove an analogue to this assertion in the supercase.

We first define a matrix of functions of constant rank. Let J be an even
(p, ) X (m, n) matrix of functions on a superdomain %. Then J is called a
matrix of constant rank (k, 1) if by means of a transformation

() T gigs  £€GLy o(CT (), g6GLn, ,(C™ (W)

it can be brought to the form

(A0 (i, O (40
J*(o D)’ where A‘(o 0)’ D‘(o 0)'
Clearly, if J is a matrix of constant rank (k, /), then rk J(u) = (k, {) for all
u € 7. However, the converse is false; for example, if %/ =.%2%1! and

J = (8 (E)), then rk J(0) = (0, 0) at the only point 0, but ./ is not a matrix of

constant rank (0, 0).

LEMMA. Let J be an even matrix of functions on 7!, and let u, be a point
of 1 with ik J(ug)=(k, ). Then:

a) in some neighbourhood of uy, by a transformation (*) J can be brought
to the formJ' = lp 1 © X, where X is a matrix of size (p —k,q =D X (m~k, n—=1)
such that X(uy)=0;

b) for J to be a matrix of constant rank (in a neighbourhood of uy) it is
necessary and sufficient that there is a matrix vy < GLp’q (C™(W)) such that only
k +1rows of the matrix vJ are different from zero. A similar result holds for
columns;

c) suppose that some rows of J can be deleted to give a matrix I of constant
rank (k, 1). Suppose further that J has constant rank in some neighbourhood
of a point u € U. Then in a neighbourhood of u each row J; of J can be written
in the form

Ji= 2 fuIn, where Iy isarow of Iand  f, € C* (U).

A similar result holds for columns.
PROOF. a) Multiplying by a matrix of constants, we can bring J(u,) to the
form J(uy) = 1 ; ® 0. Hence, J can be decomposed into block form
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P .
J= (R%) ,so that P(ug) = 1; 5, Q(ug) = R(ug) =S(ug)=0.By 1.6.2, Pis

invertible in a neighbourhood of u, therefore, multiplying by an invertible
matrix, we may assume that P = 1, ;. It is clear that the elementary
transformations of J are of type (*). By using them we can achieve that Q and
R are invertible at 0. This proves a).

b) If vy Jy, =1 ; ® 0, then at most k + [ rows of v,/ are different from zero.
Conversely, assume that J can be reduced by a transformation of type (*) to a
matrix with only k& + ! non-zero rows, and let I be the matrix formed from these
rows. By performing (*)-transformations on /, we can bring it to the form
I= lk,, ® X (see a)). But since I has only k + [ rows, it follows that X = 0,as
required in b).

¢) Replacing J by Jv, for some vy € GL,, ,(C™(l}), we may assume thatJ
has only £ + [ non-zero columns (see b)), and by discarding the others, we
can take m = k, n = [. It follows from b) that I is a matrix of constant rank.
Hence, it can be reduced by a (*)-transformation to the form 1 k1@ 0; these
transformations can be extended to J. Therefore, we may assume from the
outset that 7 has this form. But since I has altogether k + ! columns, ¢) is
obvious in this case.

2.3.9. THEOREM (on morphisms of constant rank). Let ¢: 9 — 7" bea
morphism of superdomains and uy, €U. Then ¢ splits in a neighbourhood of

Uq into a composite U e/ 7", where @, is a projection (submersion
atug)and @, is an embedding (immersion at wo = @y(u,)), if and only if J,
is a matrix of constant rank in a neighbourhood of u,.

PROOF. The necessity of the condition is obvious. For the sufficiency, let
x = (u, £) be coordinates on % and y = (v, ) on 7" such that
xi(ug) =y (p(u,)) = 0.

We use [, instead of the Jacobian matrix. Let rk I, (u) = (k, [). Then we can
choose from the coordinates y a subset = of k + [ coordinates such that the
corresponding submatrix I has rank (k, [) at u,. We may assume that = consists
of the first k even coordinates and the first / odd coordinates.

We consider the superspace %" = %" ! with coordinates
z=Wy, ... Wi, $1s - .5 $p), that is, the coordinates of #” all belong to Z.
Let ¢,: 7 — 9~ be the morphism defined by

PL(w)=0* (), @i)=0*(y), i JEE.

Here the matrix I, coincides with 7, so that ¢, is a submersion at u,.
Therefore, by Theorem 2.3.7, we can adjust the coordinate system on 7/ in
such a way that

eHw) = u; = o*(vy), ¢F(&) = &; = ¢*(n;), where i, j € 8.

Let ¢: %" — 9/ be the embedding morphism defined by y*(u;) = w;,
P¥(E) = §; fori, j€EEand Y*(u;) = p*(E;) = 0 fori, j & =. Putting
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P, = @ oY F — 7", we have 93(v;) = w; and ¢j(n;) = {; fori, jEE
Hence, ¢, is an immersion, and we can adjust the coordinates y not in &,
without affecting those in X, in such a way that ¢% (v;) = ¢¥(n;) = 0 for
I,j& =

We claim that ¢ coincides with the morphism @ = ¢, o ¢;.To see this,
we consider the matrix 7., ; it has the form

xy >
(1)
o |T)

where the blocks correspond to the partition of y into = and the rest. Since
Ixy , by hypothesis, is a matrix of constant rank, all its columns are linear
combinations of the first k +/ (see 2.2.8 ¢)), so that 7= 0. This means that for

any of the coordinates y,

o09* (v) _ 9¢*(w) __ R
PR =0 for i, jg&.

Clearly, the equation remains valid with ¢'*(y) in place of ¢*(y).Furthermore,
Wl = ¢ Wy

by construction. Theorem 2.3.9 is, therefore, a consequence of the following

lemma.
2.3.10. LEMMA. Let f, and f, be two functions on a superdomain with

coordinates (u, v, £, n) such that

O _ O g (v
an; vy =0 (=12

forany iandj, and
fll@[/‘ =le%“’

where T is the subsuperdomain defined by the equationsv=0,n =0 (see
2.2.7). Then f, = f, in some neighbourhood of #".
PROOF. We put f=f, —f, and write

f= 2 faﬂ'éa'r]ﬁ-
From the equations it follows that faﬁ = ( when § # 0. Next,

afa,o__ y
—'071——-—0 for all J. .

Siilce faolgy= 0, it follows that f,; = 0 in a neighbourhood of %", that s,
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§4. Integration in superdomains

2.4.1. By analogy with classical analysis, we wish to define a notion of
integration in superdomains that is independent of the coordinate system. This
problem splits into three steps:

a) We must define a suitable object for integration, namely, a volume form.
In classical analysis, this is the expression f(¥) dy, which is transformed into
f(y(x))det(Iyx)dx under a change of coordinates, where I, is the matrix of
derivatives of the y with respect to the x;

b) we must define the notion of the integral of such an object in a given
coordinate system;

¢) we must show that the integral of the form is invariant under a change of
coordinates. However, this is not true for all changes of coordinates, but only
for the oriented ones. Therefore, as a preliminary we need the concept of
orientation on a domain.

2.4.2. Let 9™ ™ be a superdomain and x and y two coordinate systems on
. The Jacobian of the change of coordinates from x to y is defined as Ber 7,
and is denoted by D(y)/D(x). Note that D(y)/D(x) = Ber J, where J is the
Jacobian matrix of the change of coordinates from x to y.

A volume form on a superdomain 9/ is an object p which in the coordinate
system x = (u, £) of U can be written as

(*) p:fAm where fECw (7/)’

and fA, and hAy in different coordinate systems x and y are related by the
formula
D
(+#) hd\, = (-D—g% h) Ay=1As.
Let Vol (7l) denote the space of volume forms on 2/. We endow Vol (%)
with the structure of a C*(9/)-module by setting

p(Ay) = m — n(mod 2) andf(gA,) = (fg)A., where f, g € C*(2L).

This structure is compatible with coordinate changes, since D(y)/D(x) is always
even.

2.4.3. Let % be a superdomain and f € C™(2). We consider the set Ur of
points # such that f= 0 in a neighbourhood of u. Clearly, Uf is open. Its
complement U \ Uy is called the support of f and written supp f. (A function’f
is sometimes called finite if supp fis compact.)

2.4.4. Let 4™, ™ be a superdomain with coordinate system x = (u, £) and let
p =fA, be avolume form on 9/ of compact support.

We define the integral of p with respect to x by

n(n-1)

() [ B/ TG L S
#. =) (% %) v
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where f, , is the coefficient of the monomial §; . . . §, of maximal degree in
the decomposition f= Zf £,

REMARK. The sign on the right-hand side ensures that the analogue of
Fubini’s theorem holds and that

nggzL

2.4.5. An orientation onasuperdomain 7/ is one on the underlying domain
U. A coordinate system x = (4, £) on 7/ deterhiines.an orientation on :
it is the orientation on U corresponding to the coordinate system
W@y, ..ty

THEOREM. Let x = (u, £) and y = (v, n) be two coordinate systems on’ 13
and p a volume form on 9 of compact support. Then

p== | o,
(%, x) (%, v)

where the +-sign is taken when x and y determine the same orientation, and the
—sign otherwise.

Note that the assumption that p has compact support is essential, as the
following example shows.

EXAMPLE. Let 9% 2% be asuperdomain in %' 2 with coordinates
x = (u, &, &) whose underlying domain U is the interval (0, 1). Let
y = (v, ny, N, ) be another coordinate system withv=u+§,§,,n, =§,,
n, =§,. Let p=vA, be a volume form on 7. Since D(»)/D(x) = 1, it follows
that p = v(x)A, . Therefore,

o= wtutrac=—f
(#%,%) (%, %) u
0

(%, v) (%, )
2.4.6. To prove the theorem we define an action of the Lie superalgebra
Der C*(2/) on the superspace Vol ().
LEMMA. Let x be a coordinate system on 1. Then
a) there is a unigue action of Der CT(1) on Vol (U)satisfying the follow-
ing conditions:

(i) D (fp)==D(f) p-+(—1)"""V D (p),
(i) (fD)p=(—1)"""® D (jp),

(iii) ail- A,=0 forany i:

b) this action is independent of the choice of coordinate system.
PROGOF. a) Given an action satisfying (i)—(iii), we have
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Pl D)

) (fa2) (ead=(—1)

g x) =
— [(_ 1)p(*cl)zo(f) ( of )

6g J
xXe

which proves the uniqueness. On the other hand, it is easy to see that (*)
defines a bilinear pairing Der C™(7/) % Vol(1)— Vol(?l) satisfying (i)—
(iii). It remains to check that (*) defines an action of the Lie superalgebra, that
is,

DyDyp— (—1)PPP"POD,Di0 = [D, Dyl o, Dy, Dy €Der € (U), p€ Vol (U).
By (i) and (ii) it is sufficient to check the trivial case

a 2
6xk ’ 2=

b) We shall show in 2.4.7 that if 4 €GL, (€~ (1/))and D € Der C* (),
then

(%x) D (Ber A).Ber A =str (D (4)-4™),

1— ‘——axl .

where D(4);; = (— 1)?PProwDpy,..
Let x and y be coordinate systems on 4/, and

ayj f)x,. m 6
Ai]'= oz; By = P Ci]':[‘a;‘n“(A)J“-

It is clear that AB =1 and
0x; _ZAI'J"EE—, ——> Th ~5 ax

We claim that the two actions of Der C*(7/) on Vol 7/ corresponding to x
and y are the same. By (i) and (ii), it is sufficient to verify that under the two
actions the forms 98/9dx;Ay coincide for each i. Calculating this form in the
coordinate system x, we have

a [ 7}
3z Au=5— (Ber 4.A,) = (55— Ber 4] Ber 4. A,.

while in the coordinate system y,

0A;;
— g\ __ AP pP(A; ) J —
axz Z Alj aJ U ( 1) 6!/j Ay
i
PYHPCA; D BA,] q l)(yj)P(A--)B Ci A
=LJ( 1) J ij ZB]k 61 = Z(— ) 12) ik ki yz
j ik

— Z (— 1)p(yj)(p(yi)+p(yj)) (Bci)jj Ay —str (Bcl) Ay-
j
It follows from (*=*) that these volume forms coincide.
2.4.7. To prove (x*), we write D = ZD; 8/dx; so that the proof reduces to
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the case D = 9/0x; . We argue as in 2.2.10.

Let %2 be a (1,0)- or (0, 1)dimensional superspace with coordinate ¢ of the
same parity as x;. We consider in 792 X % a neighbourhood 7" of 9 x {0}
and define a morphism ¢: 7" — 1 by ¢*(z;) = z; fori # k and
@*(xy) == z, -+ t. Using 2.2.4 we find that ¢*(4) = [4 + 1 0/dx; A]

(mod ?). Hence,
Ber ¢* (A)EBerA-Ber(1+tA“—0%xA)s Ber A(1+str A‘La%—A)(mod £2)

(since Ber(1 +tX)=1+¢str X, see 1.7.8).
Thus,

¢* (Ber A) = Ber ¢*4 ¢ Ber Astr A™! —6—2;— A (mod £2).

Since the coefficient of ¢ is 0/dx; Ber 4, the result follows.
2.4.8. LEMMA. Let p be a volume form of compact support on a
superdomain 9. and D a derivation. Then for any coordinate system x on 1/,

D (p)=0.
(%, x)
PROOF. We may assume that D =k 98/dx;. Then, by 2.4.6(1),

_ ]
hence we may restrict our attention to the case D = 3/dx;.

Let p = fA,, where f = Zf;£%. Then D(p) = 8f/dx;A, . If x; = £, is an odd
coordinate, then the coefficient (3f/3¢; ), , iszero, so that S D(p)=0.

If x; = u; is an even coordinate, then

af P
( Or; )1...1“ du; foooa.

Therefore,
d
() § Doy = 5% au,
(%,%) u
where g = f, | is of compact support on U.
Consequently, we may replace U by the whole space R". Applying Fubini’s

theorem and using the fact that on a line an integral of the form § ( (;iu g) du

of a function g of compact support vanishes, we find that the right-hand side
of (i) is zero. Hence, S D(p)=0.

2.4.9. Turning to the proof of Theorem 2.4.5, let p = fA, . We split finto
f=fo +fi,wherefy, =f, & ... £, is the monomial of maximal degree in
the decomposition f = Zfﬁsﬁ and f, is the sum of the remaining terms, and we
set po =foly, Py =f14,.
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It is clear that f, has the form f, = £9/0&;(f;’), where the f;" are of compact
support. Therefore,

0o = 2 ‘0%'(93) = 2 D;(0;) where D,¢€DerC™ (1),

and p; is a form of compact support on 7/. But by Lemma 2.4.8, the integral of
po 1s zero in any coordinate system y. Hence, we may assume in what follows that
p=py =fA,, where f=gu)§,... £, andg € Co (L),

We rewrite p in the coordinate system y = (v, ). Let Jy be the ideal that
distinguishes U (that is, the ideal generated by the £ or, equivalently, the n).
It is clear that p € JI Vol, (7/), so that it has the form p = (An,. .. ng) 4,
in the coordinate system y = (v, n). We must show that

Sgdul vo.dup= iShdvl .. dug.

By the classical theorem on change of variables on U, it is sufficient to verify
that g = h D(v)/D(u), where D(v)/D(u) is the Jacobian for the change of
coordinates from u to v on U.

We have
D
p=g8 ... EAx="hn, ... nqu=h3((y7))m e Mg
Let
a [
Iin= (5 ) Tdu=(5-)-
Then

D —
DEZ; =det ydet™! (J,)(mod Jy), m=D&

ggil (mod J),

so that
M ... Ng=det I, (&, ... E) (mod JF™).
Thus, cancelling &, . . . £;, we find that
g="hdetl,detI,det™* I, =4 det I, (mod Jy).

But by definition, der 7, (mod I;) is the ordinary Jacobian D(v)/D(u), and this
completes the proof.
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CHAPTER 1l

SUPERMANIFOLDS
§1. Definition of a supermanifold

3.1.1. A supermanifold of is aringed space (M, O_;), where O_; isa
sheaf of commutative superalgebras on M, such that

a) M is a Hausdorff space with a countable base,

b) every point m € M has a neighbourhood U such that the ringed space
(U, O,4(U)) isisomorphic to a superdomain /.

A morphism of supermanifolds is a morphism of the corresponding ringed
spaces. A morphism ¢ : " —c# is called a diffeomorphism if it has an inverse
morphism ) : off — _f" (thatis, @ op == id_ g5, po g = id_g).

3.1.2. There is an equivalent definition of a supermanifold that does not
appeal to the notion of a sheaf.

Let M be a Hausdorff space with a countable base. A chart on M is a pair
(2, c),where 7/ is a superdomain and ¢: U~ M a homeomorphism from the
underlying domain U to an open subset of M, usually identified with U.

Let (7,, ¢;) and (%, ¢,) be two charts with ¢, (U, ), ¢,(U,) CM and
W=c,(U)Ncy(Uy). Weput Uy =ci*(W)C U, U, =c3' (W) C U,, and let
vy v.: Uy = U; denote the composite ¢3! ¢;, which is clearly a homeo-
molrpzhism.

A compatibility between two charts (7/,, ¢;) and (%, ¢,) is an isomorphism
of superdomains Vuu,s Wi~ such that the underlying mapping
$y17/2 coincides with Yu,v,.

An atlas is a collection of charts {(7/,, ¢o)}, wWhere a ranges over some
indexing sets, and a set of compatibilities 7o, p= Vo, %g between (4, cg)
and (g, ¢p) for all index pairs «, B such that

(i) the set of ¢ (U, ) covers M,

(ii) for all ¢, B, v, the composite Yap® Y8a® Vva is the identity on the open
superdomain in ., on which it is defined;

(i) Ygqq: Wgq — 2, is the identity for all . In particular, vqs= V5.

A supermanifold is a space together with a preferred atlas on it. Let
oM = (M, {(U g ce)}) and J" = (N,{(7 s, cp)}) be two supermanifolds. A
morphism ¢: of — ¢ is a continuous mapping ¢: M — N and a collection
of morphisms of superdomains @qp: 7/ 4 — 7°s such that @uayye = VesPys
forany «, 8, v, 6.

Note the difference between the definition of a supermanifold and that of
a manifold. In the case of a manifold there is no need to define the
compatibilities ygo 4,since pyo 2 1s completely determined by vy, y. But
this is not so in the supercase, because a morphism of superdomains is not
determined by a mapping of points. Similarly, in the case of manifolds, (ii)
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and (iii) in the definition of an atlas are automatically fulfilled, since they hold
for the mappings v'.

3.1.3. The following lemma is useful in the construction of supermanifolds.

LEMMA. Let M be a Hausdorff space with a countable base and {U,} a
Jamily of open domains in M covering M. Let Uq=(U,, Cy ) beasuper-
domain and o, B some pair of indices such that U, C U and v, ot Uo—~Up
is an embedding compatible with that of U, in U,. Suppose that:

a) if vsg and g, are defined, then so is vs, and Y5, = V55° Vgo- The
embedding v, is always defined and is the identity;

b) if a point m € M belongs to U, N Uy, then there is a & such that m € Uy
and the embeddings

Yao: Us— Uy and  ypy: Us— Up

are defined.

Then there is a supermanifold o= (M, O_z) and a collection of
morphisms cq: Uy— i compatible with the embeddings of the U, in M
and such that cgo g, = c, when vy, is defined. This supermanifold -/ and
collection of morphisms c, is uniquely determined up to isomorphism.

3.1.4. Let ot = (M, ©_j) be asupermanifold. We consider on M the
sheaf ©@,, of commutative algebras, where T(U, O,,) = al'(U, O, (and
m: A > A/(47)). It follows from 3.1.1 that the ringed space (M, ) isan
ordinary smooth manifold. We call it the underlying manifold of # and
denote it by M.

If ¢: el — " 1is a morphism, then it follows from 2.1.7 that the under-
lying mapping ¢ : M~ N is smooth.

As in 2.1.3, we can construct a canonical embedding of the underlying
manifold m: M — o/, where M is regarded as a supermanifold. Here
?p o = 1t o ¢ for any morphism ¢: o# — _§".

A supermanifold o# is called connected if M is connected, and compact if
M is compact.

3.1.5. If o is a supermanifold, then to any open subset M’ C M there
corresponds a supermanifold o#" = (M’, ©_; |y); such a supermanifold is
said to be an open subsupermanifold of #. The union and intersection of
open subsupermanifolds are defined in the natural way, and so is the inverse
image of an open subsupermanifold under a morphism. A reighbourhood of a
subset X C M is an open subsupermanifold ¢#’ of o/ such thatM' D X.

A morphism of supermanifolds ¢ : _i°— 4 is called an open embedding
if it induces a diffeomorphism of 4" with an open subsupermanifold
oMl <o#f; we usually do not distinguish between ./~ and o/’

An open subsupermanifold 2% of «# is called a superdomain if it is
diffeomorphic with a superdomain.

It is clear that if o# is a connected supermanifold, then all its subsuper-
domains have the same dimension (p, g), which we call the dimension of o#.
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A local coordinate system x = (u, §) on o/ is a subsuperdomain 7/
together with a coordinate system x on U.

If of’ is an open subsupermanifold of o« and f € C™(.#), then the image of
f under the natural homomorphism C% (#)— C% (£') is called the
restriction of fto o' and is denoted by f| ;.

As in 2.4.3 for any function f €C® (#) we can define its support supp f C M.
The space of functions with compact support is denoted by C:(o#).

If o#’ is an open subsupermanifold of o#, it is clear that the superalgebra
C(eM'y is embedded in Cg(oA).

3.1.6. Let o/ and .#° be two supermanifolds. For subsuperdomains
U= ot and ¥ <. 4" we specify on UX V CM X N the structure of a super-
domain 9/ x 7°. If U'< and 7' < 7", let yq w90, g x 9o’ denote
the natural embedding %' X 7' — 4 x 7°. It follows from Lemma 3.1.3
that the set of superdomains % x 7" and of embeddings vy 97 g/ <92
uniquely determine the structure of a supermanifold.

The resulting supermanifold o# x _f° is called the product of o# and .j°.
Projection morphisms pr g : off X j*— ol and pr g ol X > -
are defined in the natural way.

It is easy to check that Lemma 2.1.12 remains valid with supermanifolds in
place of superdomains. If o: £— o# and f: £— .4 are morphisms, let
a X B: & -— o/ X .§° denote the morphism defined by pr_zo(a X B) = «,
pr_grolo x B) = P.

Suppose that we are given a family {?/,} of open subsupermanifolds of a
supermanifold o# (or, what is the same thing, a family of open subsets {U,}
in the underlying manifold M). Then {7/,} is called an (open) covering if the
union of the U, is M. If {%,} and {7} are two coverings, then we say that

{7} is a refinement of {74} if for any o there is a  such that %, 7.
A covering {7/,} is called locally finite if any compact subset K of M meets
only finitely many of the U .

3.1.7. LEMMA. Let {7} be a covering of a supermanifold -#. Then there
is a covering {,} and a family of functions {¢, € (Cz(:H));} such that

a) {} isarefinement of {7".};

b) {.} is locally finite;

c) supp @, is @ compact set contained in 1., and the ¢, € C*(M)
are non-negative,;

d) ZCPOL = 1.

(It follows from b) and c) that on any compact subset K C M this sum has
only finitely many non-zero terms, so that the sum makes sense.)

The family of functions {¢.} is called a partition of unity on a refinement
of {74}

PROOF. It follows from the usual theorem on the partition of unity that
there is a covering {U,} and a set of functions ¢, € C™(M) satisfying a)—
d). Taking a refinement of {U,}, if necessary, we may assume that each U,
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is the underlying domain of a superdomain %/ ... We can then take a function
9 € (C™(U4)); such that g =, and supp i = supp .; these functions
satisfy a), b), and ¢).

Weset ¢ = Sg,. Itisclearthat ¢ = 3¢, =y, — 1, so that ¢ is
locally invertible. Hence, ¢ is also globally invertible, and we can take
Pa = ¢7'¢q

3.1.8. COROLLARY (localization principle). Let X be a closed subset of
M, 9 an open subsupermanifold containing X, and f € C*(). Then there is
an open subsupermanifold 7" containing X and contained in ., and a
function h € C*(c#) such that §|yo = h |90 and supp h Csupp f. If X is
compact, then h € CZ (U) = C2(:A).

PROOF. Let {¢,} be a partition of unity on a refinement of the covering
{U, M\ X}. Let I denote the set of indices « for which supp @, intersects X
it is clear that supp @, < U fora €1y . Let h = 3 ¢,f, witha €7y . All the
terms in this sum belong to Co (%) < C¢ (o#), so that # € C7(cA) and
supp & Csupp f. If X is compact, then [y is a finite set, hence, h € C(¥).

3.1.9. We give a simple example to show how the localization principle is
applied.

LEMMA (localization of a derivation). Let o#f be a supermanifold,

D: C™(H)— C™(H) aderivation, and U an open subsupermanifold of
o/. Then there is one and only one derivation D’: C*(Al)— C7(U)
such that Dg |y = D’(g |} forany g € C™(A).

PROOF. First of all we show that if 7 is an open subsupermanifold of
off,then Dh |3» for any h € C™(#) is determined by & {y0; in other words,
if h?/a=0, then Dh [g0o=0. Forlet v € 7°. By 3.1.8, there is a function
¢ E Cg"(cyl{) such that supp o< ¥V and ¢ = 1 in some neighbourhood %"
of v. Therefore, ¢ » = 0, so that D(gh) = Do -h+¢-Dh = 0. Since
hly =0 and ¢ | =1, it follows that Dk |3~ = 0. Since this holds for
any point v, Dh |go = 0.

Now let f€ C*(2) and u €9/. By 3.1.8, we can select a function
h € C™(#) that agrees with fin some neighbourhood 7° of u. From what
has been shown above it follows that in this neighbourhood D4 does not
depend on A but only on f. Therefore, these functions, defined on neighbour-
hoods of different points of 9/, can be glued together to give a single function
on 7/, which we denote by D'f. In this way we have constructed an operator
D', which is easily seen to be a derivation. The uniqueness of D' is a simple
consequence of the method of proof.

§ 2. Subsupermanifolds
3.2.1. Let % be a supermanifold with coordinates (u, v, £, n) and 9/ the

subsupermanifold given by v =0, n = 0. In this case the embedding ¢: 9% — 7~
is called standard.
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3.2.2. Let ¢: i — o# be a morphism of supermanifolds. Then ¢ is called
a regular closed embedding if:

a) the set N/ = @(V)= M isclosed and ¢ : N— N’ is a homeomorphism,
where N’ has the induced topology;

b) for any n € _§° there is a neighbourhood 9/ ofnin ./° and a neigh-
bourhood 7" of ¢ (r) in o/ suchthat ¢: 3 — 7" isthe standard
embedding.

A morphism ¢: _§ ~> o is called a regular embedding if it is a regular
closed embedding into some open subsupermanifold el < off. In other words,
in a) we require the set ¢ (V) to be locally closed (the intersection of an open
and a closed set).

It follows from 2.3.8 that b) is equivalent to the following condition:

b") the morphism ¢ isan immersion at each point n € #°, that is, the rank
of the Jacobian matrix of ¢ at#n isequal to p + g, where (p, g) is the
dimension of ¥ in a neighbourhood of n. Here the Jacobian matrix is
calculated with respect to local coordinate systems in neighbourhoods of # and
o (n); itis clear that its rank at a point is independent of the choice of these
systems.

3.2.3. LEMMA. a) Let @: §'— o# be aregular embedding and
Vi, $o 0 L= " two morphisms. If ¢ oy = @ o, then P, = ,.

b)Let ¢': 4> £ and @": £— o be morphisms such that
@ = Q"o isaregular embedding. Then ' is also regular. The same is true
for regular closed embeddings.

PROOF. a) It is clear that v, = ,. Therefore, we need only check that
P,and ¢, coincide locally, that is, we may assume that £, o# and ./~ are
superdomains and @: f — o/ is a standard embedding of supermanifolds.
But in this case the assertion of the lemma follows from the coordinate
expression of mappings. b) It is easy to see that ¢’ satisfies conditions a) and
b) of 3.2.2.

3.2.4. Two regular embeddings ¢ : f"— o and ¢': f"" — off are called
equivalent if there are morphisms ¢’: o "— ¢’ and y: > — ¢’ such that
P = and ¢y’ = ¢'. It follows from 3.2.3 that  and " are
uniquely determined and that ¢’ and ¢’ are identity mappings.

An equivalence class of regular embeddings is called a subsupermanifold, and
an equivalence class of regular closed embeddings is called a closed subsuper-
manifold.

We say that a subsupermanifold ¢ : ./ —# is embedded in a subsuper-
manifold @: - o# (and write J#~ < .4°) if there is a morphism
P’ "> ) such that @ o)’ = . It follows from 3.2.3 that this
morphism is uniquely determined and is a regular embedding, that is, it defines
./#""as a subsupermanifold of../ ".More generally, if (./ ", ¢)is a subsupermanifold
of o# and {: %'~ o# a morphism of supermanifolds, then we write {(%") = 4"
to indicate that there is a morphism ¥’ : %" — . /" (unique by 3.2.3. a)) such
that @ o’ = 4.
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3.2.5. Let ¢: 4°— of be a regular closed embedding. Then the homo-
morphism ¢*: C% (#)— CT (#°) is an epimorphism. For if f € C*(.4"),
then it follows easily from the definition of a regular closed embedding that
any point m € o# has a neighbourhood 77, such that fmlfn go = f]./y-ﬂ Porm
for some f,, €C™ (7",). Let ¢, be a partition of unity correspondmg toa
refinement {9/,} of {75}, and let f, denote the restriction of S t0 U,
(where U< 7°,,). Then the function 2 = 3 ¢, -f, belongs to C*(c#), and
h g =t

It can be shown that the converse is also true: if ¢ : _§”— o# is a morphism
of supermanifolds such that ¢* : C*(o#/)— C*(#") is an epimorphism, then ¢
is a regular closed embedding.

3.2.6. We now show how to specify a subsupermanifold by equations. Let

®: J°— off be asubsupermanifold and f € C*(o#). We set
o= (FECT ) 9% () — o),

PROPOSITION. a) Let 4" be a closed subsupermanifold of 4. Then the
ideal J y satisfies the following conditions:

V) if m € M is a point such that J < 5, then in J ,.there are functions
fis - [, that are homogeneous relative to parity and such that they generate
J g in some neighbourhood of m, and their differentials are linearly
independent at m

2)if fi, .- ... liein ,7 and any compact subset K C M intersects
only fmtely many of the supp f, then = Zf; also liesin J 4

b) Conversely, if J isan ideal of C(M) satisfying 1) and 2), then there is a
unique closed subsupermanifold J° < o/ such that J = J .

Note that the condition J j»—=Jmin 1) simply means that all the f€ J .
vanish at m.

Without 2), b) is no longer valid. For example, if # = #14.° and
J = CZ(J), then J trivially satisfies 1), but, of course, it does not
correspond to any subsupermanifold. Essentially 2) is equivalent to the ideal
J being a global section of some sheaf of ideals of the structure sheaf.

PROOF OF THE PROPOSITION. a). This follows easily from the
definitions and the localization principle 3.1.8. Let us prove b). Let
N={m €M| f(m)=0forall fE€ J}; itis clear that N is a closed subset of
M. By 2.3.8, for any point n € N there is a local coordinate system x in some
neighbourhood 7, ofnin o# such thatf,,...,f, occur among the
coordinates

T = (u11 .« .y Up, Eh e ey gq);

moreover, we may assume that the f; generate J in this neighbourhood. Then
the remaining coordinates define on 7/, | .#° the structure of a super-
domain, standardly embedded in 9/,,. Asn runs over N, these superdomains
combine to form a supermanifold, and there is a regular closed embedding
@: S of. Clearly, J= J 4.

We claim that J < Jy letfe J g+ By construction, for each point of J -
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there is a neighbourhood 4/, such that f l»,, isgenerated by the restriction

of J. Let g be a partition of unity on a refinement of {7/,,}. Then it is clear
that all the ¢gf belongto J,and by 2), f=2Z¢,f € J.

The uniqueness of ./ is an easy consequence of the following lemma.

3.2.7. LEMMA Let ¢: '~ o be a closed subsupermanifold of -1,
and J_,~ the corresponding ideal of C™ (M). Let : £ — o/ bea
morphism such that $*(J ;) = 0. Then there is a unique morphism
Ve L— " such that ¢y’ = .

PROOF. The uniqueness is proved in 3.2.3. Let us prove the existence.

It is clear that (L) = ¢ (N), and since @: N — ¢ (N) is a homeo-
morphism, there is a continuous mapping ': LN for which oy’ = .

It is sufficient to construct the morphism 1’ locally, since by uniqueness
it is compatible with intersections. Therefore, we may assume that £, o#,
and 4" are superdomains and that ¢: .i°— o# is a standard embedding.
In this case the assertion of the lemma follows from the coordinate expression
of mappings.

3.2.8. In this sub-section and the next we describe two methods of
constructing subsupermanifolds based on Proposition 3.2.6.

Let ~# be asupermanifold and m € »#. We define the cotangent space
T*%(-#) as Jm /J% and the tangent space 7',,(-#) as the adjoint of T'%(c#).
It follows from the localization principle 3.1.8 that the tangent space is
invariant under passage to a neighbourhood of m.

Every morphism ¢: .#°— o# induces a morphism of tangent spaces
0p: To(A)— Ty (e#). If A" isa subsupermanifold, then d¢ isan
embedding, and we identify 7,(.J") with the subsuperspace d@(T,(.1"))cz Ty (eA).

Let ./° be a subsupermanifold of a supermanifold o# and {: £ — off
a morphism of supermanifolds. Then ¢ is said to be transversal to J° at
[€ £ ifeither () & /" or the image AT (ZL)) of T (L) in T(-#)
at m = (1), together with T,,(.#°), gives the whole space T (A,

LEMMA. Let ¢: £L— o/  be a morphism transversal to a subsuper-
manifold 4" at all points | € £, andlet J be the ideal of C* (£) gen-
erated by P*(J ;). Then J distinguishes a certain subsupermanifold Z'
of £.

PROOF. It is easy to check that J satisfies 3.2.6, 1) and 2) and hence
determines a subsupermanifold.

Let ¥~(./") denote the subsupermanifold of £ just constructed; it is
easily verified that its underlying manifold coincides with E‘I(N ).
3.2.9.PROPOSITION. Let Y: L~ off be a morphism of super-
manifolds and m € /. Suppose that ¢ forevery 1€ £ with y(l) = m
is a morphism of constant rank in a neighbourhood of 1. Let [J be the ideal
of C™ (X) generated by v*(J ). Then [J distinguishes a subsupermanifold
Z'of £.
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PROOF. Using the theorem on morphisms of constant rank and the
localization principle, we can easily verify that ¥ satisfies 3.2.6, 1) and 2)
and hence determines a subsupermanifold.

Let p~1(m) denote this subsupermanifold; its underlying manifold
coincides with ~(m).

§3. Families

3.3.1. In classical analysis, a very important role is played by families of
objects of a certain type that depend smoothly on one or several parameters.
For example, this could be the family of smooth mappings ¢;: N> M,
the family of vector fields X, on M, or the family of coordinate systems
{z;};, all depending smoothly on .

We consider the first example, that of smooth mappings ¢;: N > M.

To define such a family, we specify for each value of ¢ a mapping ¢;: N=>M
and require that the ¢, ‘“‘depend smoothly on #”. This means that if W is the
manifold of values of the parameter ¢, then the resulting mapping ¢: W X N> M
is smooth.

In the supercase, we should like to have families depending on odd para-
meters ¢ (so that, for example, the “‘manifold” %" of ‘“‘values’ of ¢ would
coincide with %9 9).

2 3.2. Let %" be a supermanifold, which we shall refer to as the super-
manifold of parameters. A smooth family of morphisms @yt N — o#f
parametrized by 9" (or simply a % -family) is an arbitrary morphism
¢ YW X 4 —o#. Ifwisapointof % and i: w— %" the morphism of
point inclusion, then the morphism go(iXid) is the value of ¢z~ at w. Since
we are in the supercase, a family of morphisms is by no means determined by
the set of its values at all points.

We now describe in this example what a substitution of parameters is. Let
a: 9L - 9° be a morphism of supermanifolds and ¢: #"X §°*—of a
9" -family of morphisms of .J” into o#. We wish to effect a substitution of
the parameter and define a 9/-family of morphisms of .4 into o#, which,
in classical terminology, is obtained from ¢ by “‘expressing the coordinates
of %" in terms of those of 9/ ”. This 9/-family, which we denote by ¢%,
is constructed as follows:

(ooprg, )X pr
o Ux N —— Py xS o,

We say that ¢%* is obtained from ¢ by a change of the parameter o.

3.3.3. We also make use of an equivalent definition of a #%"-family of
morphisms of #” into o#, when instead of a morphism ¢: % X " — off
we take a morphism ¢': #" X 4"— %" X off thatis compatible with
projection onto %", that is, pry (#° X ) =pry(W° X ) o @'. It is clear
that for every such ¢’ there is a unique ¢ = pryo ¢, and vice versa.
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Given % -families of morphisms @g-: f°— off and Ygyr: A — Z,the
composite (P o @)y~ is defined by setting

Yo p: W XN > W XM 2 W % L.

A % -family of morphisms ¢gr: 4" — of is called a family of diffeo-
morphisms if there is a #"-family of morphisms Ygp: o — "
such that @ o =1 o ¢ = id. This is equivalent to the requirement that
QW X N> W X oisa diffeomorphism.

If a: %— 9 is a morphism (change of parameters), then from a given
9/ -family of morphisms @: %" X ' — 9" X o# we can define a 9/-family
¢* as follows:

pr%x (_txopr%)XprJI/. prq,lpx ((pcerX )
¢ UK S UX T X N —> 4

pr

Xofl
= WU X (W X H) — U X M.

Clearly, (po$)* = ¢% o g%

In particular, a given morphism y: #°—» o/ can be regarded as a pt-family,
where “pt” = %9 0 js the manifold consisting of a single point. Then to every
supermanifold %~ there corresponds a family ?, where p: %" — pt
is the unique mapping onto a singleton; in other words,

Vg =P o Pr gt P X S — of. Such a family of morphisms is said to be
constant.

3.3.4. AW -family of points of a supermanifold o# isa morphism
Py: W — 4" Instead of ggy- we often use the corresponding morphism

1AX Py
@ W ——— W xH, for which prgpe o @ = id. If a: U— @~
is a morphism, then the family of points (p";‘,p obtained by a change of the
parameter « has the form

L/
P = Qg0 U—> P — of.

Given a morphism $: o/ — £ and a % -family of points of a super-
manifold o#, we can construct in the natural way a #"-family ¢ = f o ¢
of points on &£.

It is clear that a #"-family of morphisms of pt into o# is the same as a
W -family of points of o#.

3.3.5. A % -family of functions on a supermanifold o# is a function f
on % X of; the set of these families is denoted by C™ (o#; #°).

A W -family of even functions is an even function on %~ Xo#.

If a:9— 9 isachange of parameter and f&€ C% (#; #%°), then
* = B*(f) €C™ (oA; ), where B = (o o prgy) X proy: U X ofl—> Y X of.

Note that it follows from the theorem on the coordinate expression of
mappings that #*families of even functions on # are in one-to-one
correspondence with #/*-families of morphisms o/ — %1, 9.
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3.3.6. Given a #"-family of points of a supermanifold o#, that is, a morphism
O W — W X o, let us define the families of tangent vectors and cotangent
vectors at the points of ¢. We begin with the cotangent vectors.

Since prgy o @ is the same as id: " — %", we see that ¢ is a regular
closed embedding.

Let

Jp = Ker ¢* = {f €C™ (I x o) | 9*(f) = O},
It is clear that
C¥ (W X M)y =C" (W) B Ty,

where C* (%) is naturally embedded in C* (%" xo#) by means of the homo-
morphism prly (¥ X o).

A W ~family of cotangent vectors (at the points of @) is an element of
JelJ%.

These #-families form a C*(%")-module, which we denote by Tg(cA)
and call the module of cotangent vectors to the family ¢. The adjoint
C*(#") -module To(oA) = Hom goo(zy7)(T5(ek), C*(#")) is called the module of
tangent vectors to the family ¢. We can identify T (e#) with the module
of C™(#")-linear homomorphisms 4 : C*(H" X off) — C™(#"), which satisfy
Leibniz’ rule.

If fis a " -family of functions on o#, thatis, f € C*(%" X of),let §f denote
the 9"-family of cotangent vectors of the form

8f = (f — ¢*(/))(mod J3).

(see 2.4.2).
Let §: #°— o# be a morphism of supermanifolds. A -derivation is an
arbitrary R-linear mapping X: C*(c#) — C™(°) satisfying Leibniz’ rule.
Let Der, denote the space of all 1 -derivations.
Now suppose that we are given a %"-family of points of a supermanifold #,
that is, a morphism ¢: %" — 9" X o#, and a family of tangent vectors
0 € Ty(o). As we have seen, 9 determinesa ¢-derivation
9 : CW X M)y~ C™(W)(clearly, not every +-derivation is of this form,
but only those that vanish on C™(#")= C™(W" x #)). By restricting 9 to
the subalgebra C*(#) = C™(W" X o#), we obtain a linear mapping
Xo: C%(M) — C™("), which is easily seen to be a ¢g--derivation. Thus, we
have constructed a canonical homomorphism

1 Ty (o) ~ Dergyy. (0 Xo).

PROPOSITION. 7 is an isomorphism.
In other words, the proposition asserts that every ¢g--derivation
X: C™(H)— CT(W") extends uniquely to a @-derivation
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8. C™ (W X M)~ C™ () suchthat 9(C™ (7)) =0.

3.3.7. Before proving Proposition 3.3.6, we examine in more detail the
structure of Dery for a given morphism : 4" — o7.

1) The space Dery, isa C™(.J")-module under the action (fX)(h) = f(X(h)),
where f€ CO( "), h€ C¥(H), and X € Dery, .

2) If X € Dery, then X(1)=0.

3) Let o be a superdomain with coordinate system {z;}. To any set of
functions f = { f; € C™(.47)} there corresponds a mapping X ;: £ C7 () — CT(A47)
given by Xf(h) 2f; ¢* (0h/0x;) that is a +p-derivation. Any p-derivation X
is of this form, and the set of functions fis uniquely determined by X.

The unigueness follows from the fact that fis determined by the
P-derivation X 7> because fi = Xp(x;). Next, by subtracting X, from X, where
f; = X(x;), we may assume that X(x;) = 0. We claim that in this case X = 0.

Leth €C¥(M) and n € ,4°. It is sufficient to prove that X(h) € JE
for any k. Let m = y(n). Since ¢*(J,) = J, and X(x;) =0, it follows from
Leibniz’ rule that X(7"H )= JE and X(P(x;)) = 0 for any polynomial P.

But by 2.2.8, we can choose P(x;) in such a way that 2 — P(x;) € ,75‘,,“.
Therefore, X(h) = X(h — P(x;)) + X(P(x;)) = X(h — P(x;)) € Jr, as required.
4) Let ' be an open subsupermanifold of «# containing (. §7). In other

words, there is a factorization : . 4° i ol s ol , where ' is a morphism
and i an open embedding. Let iy: Dery — Der, be the mapping defined
by i« X(h) = X(i" (h)), where X € Dery, and h € C™(-#). Then i* is an
isomorphism, in other words, the space Der, depends only on a neighbourhood
of W(.A).
We s(how first of all that if 4,, h, € C™(-#) agree on a subsupermanifold ?/ < -#,

then X(h, ) and X(h,) agree on y~Y2). Forleth=h, —h, andletn € .4 be
a point for which y(rn) € 9. To show that X(/) vanishes on a neighbourhood
of n, we invoke the localization principle 3.1.8 to construct a function
@ € C5(cf) such that ¢ =1 on a neighbourhood of y(rn) and supp, C .
Then ¢h =0, so that X(gph) = X(¢)-p*(k) -+ v*(¢)- X(h) = 0. Since y*(h)= 0
and ¢*(p) =1 on a neighbourhood of #n, we see that X(#)=0on a
neighbourhood of #.

Next, we claim that if X € Dery and i,(X) =0, then X = 0. Let
h' € C*(M') and n € .#°. We must check that X(%') = 0 on a neighbourhood
of n. Using the localization principle we choose a function # € C™(#) that
agrees with #’ on a neighbourhood of (r). Then X(h') = XG ) =i, (X)h)=0
on a neighbourhood of n.

It remains for us to show that every +p-derivation ¥ € Der, has the form
i"(X), with X € Dery.. Leth € C™(=#"). We choose a covering {7} of 4"
and a set of functions 1, € C”(#) such that i, agrees with 2 on a
neighbourhood of (7",); this is possible by the localization principle. Now we
consider the function 7, = Y(ha)ly2,0on 77, We have already shown that f, does not
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depend on the choice of &,,. Therefore, £, and f; agree on 77, 7.
Hence, all the f, are restrictions of some f € C™(.§*). We put X(h")=f. Then
it is easy to check that X is a 1’-derivation and i"X)=Y.

5) Let .I”" be an open subsupermanifold in 4° and P\ i N — oM
the corresponding morphism. We define a mapping Dery — Dery| g
by X X| jor, where X| goi(h) = X(W)| yor. Then Dery, o formsa
sheafon 4.

The proof is the same as that in 3.3.5.

3.3.8. PROOF OF PROPOSITION 3.3.6. Let 7" be an open subsuper-
manifold in %7, and let ¢go = id X @y |90: 7" — 7 X oA,
Ygo=0 lzo: 77— " X off. Then Derg,, = Dery,, by 3.3.7, 4). Hence
from 3.3.7, 5) it follows that the correspondences 7° = Lo (A) and

VARSS Der(pW,;% are sheaves. Now it is sufficient to verify that every point

w € 7" has a neighbourhood 7" such that rye: Toyp — Dergy. s,

is an isomorphism. We may assume that 7” is a superdomain and that

§(7") = ', where o/’ isan open superdomain in o#. Since changing from
oM to ofi' leaves Togpo and Derq,bw.l,;@ unaffected (see 3.3.7, 4)), we see that
it is sufficient to prove Proposition 3.3.6 in the case when %" and off are
superdomains, and this follows easily from 3.3.7, 3).

3.3.9. We list the basic properties of families of tangent vectors and
cotangent vectors at the points of a family ¢: %" X # — of.

a) Let a: 2/ — %" be a change of parameters. If w= §f € Ti(ok), with
FECT(H, W), then we put w® =8f%, where f* is the 9{-family of functions
obtained from f by the change of parameters o. If 0 € T¢(#), then we define
0% € Tialef) by X0 (h)=a(X,(h)) forallh & C%(-#) (here X, € Derg

and X, € Der ). It is clear that
3 %!

g/

(0% ) = a*(9, 1)

b) Let [: ¥ X ol > %" X £ be a # -family of morphisms of # and Z,
¢ a % -family of points of «#,and y = B o ¢ the corresponding family of
points of . Then there are homomorphisms

Bu: Ty (o) =Ty (L),

B*: T (L) — T3 (1),
where

Ba(9):CT (W X L) C™ (W),
B (O) (M) =0 (B* (R)), D€Ly (A).

Clearly, B, and B* are adjoint to one another, that is,

(@, B* (0)) =By (9), @), 0€Ty(A), w€TH(L).

c)If B: off - £ is an embedding of an open subsupermanifold, then it
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follows from 3.2.6 and 3.3.7, 4) that B, and p* are isomorphisms.

d) Let of be a superdomain with coordinate system x. Then it follows
easily from 3.3.7, 3) that the elements 6x; form a basis for Tg(o#) asa
C™(#") -module. The dual basis of T, (/) consists of the elements 8; = 0x,,
given by

Xo () =0} (o), RECT(@H), X, EDerqy

3.3.10. We turn to the important case when %" = o# and ¢: ¥ — o
is the identity mapping. In this case a %" -family of tangent (or cotangent)
vectors is called a vector (or covector) field on o#. We denote the
C®(AH) -module of vector fields by D,(c#) and that of covector fields by
DYAH).

It follows from Proposition 3.2.6 that D,(c#)is canonically isomorphic to
Der C™(oA), and we often identify these modules.

If 9/ is an open subsupermanifold in o#, then using 3.3.7, 4), it is easy
to construct mappings Di(efl) — D(U) and DYe#) — D*9/)that are com-
patible with the restriction of functions and with the pairing
D (o#) X DVot) — C™(of).

By means of these mappings, D! and D, can be regarded as sheaves of
O, g-modules, and

a) if f &€ C*(cH),then §f € DY (oA);

b)if 0 € D(e#) and f € C7(H), then 3(f) € CT(H);

¢)if 8 € Dy(o/) and w € DY M), then (3, w ) E CT(M), with (3, 5 ) = 3(f);

d) for each morphism ¢: of - £ there is a homomorphism
o*: DYZL) — DY(-#), defined as follows. If w € DY) = T¥(¥L), we can
use ¢ as a change of parameters to obtain an o#-family «?® of tangent
vectors at the points of the o#/-family ¢. By applying the operator ¢* we
obtain an off-family ¢*(w%) € T 4(c#), which we denote by ¢*(w).

It is clear that for any function f € C®(A),

@*(8/) = &(¢*(9).

Note that, in general, it is not possible to define the homomorphism
¢yt D1(o#) —> D(X) nor ¢o*: D(Z) — D(H#). But when @: off — £
is an open embedding, then ¢*: D(Z£) — D, (o#) is defined: it is the
restriction of a vector field to a subsupermanifold. If ¢ is a diffeomorphism,
then ¢* is an isomorphism, and we define @,: D(o#) — D(Z£) by putting
Py = (%)L

3.3.11. Let us find out what a family of families is. If we consider
1l-families of objects of type X, then it is natural to define a %"-family of such
UAfamilies simply as a %" X 4l-family of objects of type X.

In terms of this, it is a simple matter to define the concept of a %#"-family of
vector fields on o#. For this purpose we consider the morphism
Q@ = pry: W X oM — of and define a W ~family of vector fields on o/ asa
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W X of-family of tangent vectors at the points of the #* X ~#-family ¢. If
a: U — W is a change of parameter, then from every % -family of vector
fields 6 on o#, we can construct in the natural way the 7/-family 3% of
vector fields on of. Families of covector fields are defined similarly. The
9 -families of vector and covector fieldson of are denoted by D (-#; #")
and DY(#; W), respectively.

The following properties are easy to verify by using Proposition 3.3.6.

a) Let d be a ¥ -family of vector fields on o#. Then to each % -family
fE C=(M; W) there corresponds a new ¥ -family d(f) € C¥(H; W").

The mapping f+>0f is a derivation of the algebra C™(#" X of)= C=(H; ).
Distinct families 0 correspond to distinct derivations.

b) Let f be a family of functions that are constant on #, that is,
FECOW) < C™(W X oH); then df =0.

c) Every derivation of C™(#" X off)satisfying b) corresponds to a unique
9" -family of vector fields on o#.

Thus, a #"-family of vector fields on o# is simply a vector field on #° X of
(speaking informally, this means that it is directed along the fibres of the
projection #” X o — W").

3.3.12. Let @: ¥ > W X o# be a P -family of points of a supermanifold
oA 1t is useful to have a geometrical interpretation of # -families of tangent
vectors at the points of @.

Let % be a one-dimensional superspace with coordinate ¢, and let
{0} € & be the point given by £ = 0. A ¥ -family of p(t)~curves (beginning at
the points of ¢) is a morphism C: 7° — %" X o#, where 7" is an open
subsupermanifold in #* X & containing #* = #* X {0} such that it is
compatible with projection onto %" (that is, pry (%" X off) o Cly=¢).

Two such morphisms C, and C, are called equivalent if Ci(f)= C3(f) (mod J%)
for any f € C(W" X of), where Jqp is the ideal generated by ¢.

To each %#"-family of curves C there corresponds a family of tangent vectors
8¢ € To(oh), given by 8, = 8C(3,). In other words, if f € C¥(W" X o),
then

26 (N=(5rC*N)

W’

It is clear that equivalent curves correspond to one and the same family of
tangent vectors, and inequivalent ones to distinct families. It can be shown that
any family 0 € T(o#) is of the form 9 = d, for some family of curves C. When
of is a superdomain, this follows at once from the coordinate expression for
mappings.

Let us consider the case when %" = o and ¢ = id_j, is the identity
morphism. Then a family of curves C can be thought of as a morphism
C: 7" — of, where 7" < £ X /. In other words, C can be interpreted as
a family of “local” diffeomorphisms of o# parametrized by ¢, where the
diffeomorphism at ¢ = 0 is the identity. This corresponds to the usual inter-
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pretation of a vector field 9. as the directrix to a one-parameter family of
diffeomorphisms.

3.3.13. Let o# be a supermanifold. Then a #"-family of (local) coordinate
systems on off is an open subsupermanifold 9/ — %" X of and an open
embedding ¢: 7 — %" x %P»¢ compatible with projections onto #". If x;
are coordinates on . #Z7¢ then we use the same letters to denote the
functions @*(z;) € C™(2l). It is clear that these functions uniquely deter-
mine the family of coordinate systems ¢. We denote ¢ by {x;; #°}).

Given a #"-family of coordinate systems on o#, the derivations
8/0x;: C™(U) — C=(2)  are uniquely determined by the conditions
_j=0,

0z;

9
ke (zn) = din,

for f€ C™(#") (see 3.3.7).

Given two % -families of coordinate systems {z;; %"} and {y,; #"} on one
and the same superdomain %/, we can define the matrix of a change of
coordinates /., = (/;;) and the Jacobian matrix J = (I, )t

Then

f < 9 of
79';;~§*5;;(yk)a—y;,

)

that is

) = P

(see Ch. II, §2).

NOTES

Commutative superalgebras first appeared in the work of Grassmann, which
contains the definition of an exterior (Grassmann) algebra. These algebras came
into common use by mathematicians when algebras of differential forms and
products in cohomology began to be widely studied. Lie superalgebras were
apparently discovered by Whitehead when he defined his product in homotopy
groups.

Subsequently, commutative superalgebras and Lie superalgebras made fre-
quent appearances in various branches of topology (cohomology algebras, Hopf
algebras, and Steenrod algebras). Milner and Moore {31], while engaged in the
study of Hopf algebras, discovered a connection between these and Lie super-
algebras. In his work on rational homotopy theory, Quillen [32] strengthened
this connection by defining for Lie superalgebras an analogue of the
exponential mapping (the Hurewicz homomorphism).

Berezin and Kats [5] constructed formal Lie superalgebras and extended the
Lie theory to them. Most significant in their work was the precise statement
that they were concerned with a generalization of classical analysis, where odd
variables appear on equal terms alongside the usual even variables. In this
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article they raised the problem of defining analogues of Lie groups in the large
(as opposed to formal Lie groups) having Lie superalgebras instead of Lie alge-
bras. They gave several examples to show what they had in mind.

Using Berezin’s idea that in the definition of these analogues Grothendieck’s
language of schemes could be useful, Leites first defined algebraic |12} and
then smooth supermanifolds and Lie supergroups {13}, [14]. A more detailed
study was published by Berezin in Leites in [4].

Even before supermanifolds had been defined, Berezin formulated the
notion of an integral in the supercase and wrote down (in a letter to Kats in
1971) a formula for the Jacobian of a change of variables. He proved this
formula in [3] in the purely odd case. It was proved in general by his student
Pakhomov [18]. The multiplicativity of the Berezinian was first proved by
Leites [15]. The supertrace was defined in 1973 by Leites and Feigin, and used
by Kats to classify the simple Lie superalgebras [10]. Both the supertrace and
the Berezinian were defined independently by Arnowitt, Coleman and Nath
(see [9]).

Differential forms on supermanifolds or, more precisely, on superspaces were
first defined by Kats and Koronkevich [11] (see also the article by Segal [33],
in which are defined spaces ringed by non-commutative superalgebras, the
“‘quantized supermanifolds™).

In the proofs of the theorems, all the simplifications (over the original ones)
are due to Bernshtein, and so is the account of the point functor in the
language of families, the correct formulation and proof of the inverse function
theorem and the implicit function theorem, Definition 1.9.4, and the sections
on Taylor series and subsupermanifolds.
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