
The groupoid interpretation of type theory

Martin Hofmann and Thomas Strei
her

August 27, 1996

1 Introdu
tion

Many will agree that identity sets are the most intriguing 
on
ept of intensional

Martin-L�of type theory. For instan
e, it may appear surprising that their ax-

iomatisation as an indu
tive family allows one to dedu
e the usual properties

of equality, notably the repla
ement rule (Leibniz' prin
iple) whi
h allows one

to 
on
lude P (a

0

) from P (a) and a proof that a equals a

0

. Here, unlike in other

logi
al systems, this holds for arbitrary families of sets P not ne
essarily 
orre-

sponding to a predi
ate. This is not in 
on
i
t with de
idability of type 
he
king

sin
e if a equals a

0

and p : P (a) then one does not in general have p : P (a

0

), but

only subst(s; p) : P (a

0

) where s is the proof that a equals a

0

and subst is de�ned

from the eliminator for identity sets.

It is now a natural question to ask whether these translation fun
tions

subst(s; ) a
tually depend upon the nature of the proof s or, more generally,

the question whether any two elements of an identity set are equal. We will 
all

UIP(A) (U niqueness of Identity Proofs) the following property. If a

1

; a

2

are

obje
ts of type A then for any two proofs p and q of the proposition \a

1

equals

a

2

" there is another proof establishing equality of p and q. More generally, UIP

will stand for UIP(A) for all types A. Noti
e that in traditional logi
al formal-

ism a prin
iple like UIP 
annot even be sensibly expressed as proofs 
annot be

referred to by terms of the obje
t language and thus are not within the s
ope

of propositional equality.

The question whether UIP is valid in intensional Martin-L�of type theory was

open for a while though it was 
ommonly believed that UIP is underivable as

any attempt for 
onstru
ting a proof has failed (Coquand 1992; Strei
her 1993;

Altenkir
h 1992). On the other hand, the intuition that a type is determined

by its 
anoni
al obje
ts might be seen as eviden
e for the validity of UIP as

the identity sets have at most one 
anoni
al element 
orresponding to a proof of

re
exivity. Indeed, UIP is derivable in an extension of type theory based on this

intuition, namely type theory augmented with pattern mat
hing as implemented

in the Alf system (Coquand 1992; Altenkir
h et al. 1994).

In this paper we answer the question of derivability of UIP in pure type

theory in the negative by exhibiting a 
ounter model. By the above, this model

does not validate pattern mat
hing thereby providing a proof that the latter is

not 
onservative over traditional type theory.
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The model we give stands in sharp 
ontrast to the abovementioned intuition

of types being determined by their 
anoni
al inhabitants. In the model a type A

will 
onsist of a set jAj of obje
ts together with (possibly empty) sets A(a

1

; a

2

)

of \proofs" that a

1

; a

2

2 jAj are propositionally equal. Although a 
losed term

of type A will be modelled as an obje
t of A an open term will not only map

obje
ts to obje
ts but also equality proofs to equality proofs. Thus, an open

term is not fully determined by its behaviour on 
losed terms. The prin
iple

UIP 
an then be refuted by in
luding a type in whi
h the set A(a

1

; a

2

) has more

than one element for some a

1

; a

2

2 jAj.

The hard work 
onsists of demonstrating that these mathemati
al obje
ts


an indeed interpret all of Martin-L�of's type theory. It turns out that various

additional stru
ture has to be imposed for that purpose. In parti
ular, we need

for ea
h type a 
omposition, identities, and inverses; that is to say fun
tions

Æ : A(a

2

; a

3

)�A(a

1

; a

2

)! A(a

1

; a

3

)

id : A(a

1

; a

1

)

( )

�1

: A(a

1

; a

2

)! A(a

2

; a

1

)

for all obje
ts a

1

; a

2

; a

3

witnessing that propositional equality is an equivalen
e

relation. In order to interpret the various type and term formers it turns out that

these operations must satisfy 
ertain equations. Namely, 
omposition must be

an asso
iative operation with neutral element id with inverses given by ( )

�1

. In

other words every type will be a groupoid, i.e. a 
ategory with isomorphisms only.

Open terms and dependent types will then be interpreted as 
ertain fun
tors

taking a

ount of the fa
t that propositional equality is preserved by fun
tion

appli
ation.

A posteriori this justi�es a view of propositional equality in type theory

as a notion of isomorphism. We exploit this view by exhibiting non-standard

axioms for propositional equality on universes whi
h 
ontradi
t UIP and pattern

mat
hing. These axioms are put to use in a new formalisation of 
ategories in

type theory in whi
h isomorphi
 obje
ts are propositionally equal.

Independently, Fran�
ois Lamar
he (1991) has investigated the logi
al stru
-

ture of the 
ategory of groupoids with the motivation of �nding a logi
al system

in whi
h 
lasses of mathemati
al stru
tures appear as types. He observed that

a theory with type dependen
y arises as a natural 
andidate for an internal

language of the 
ategory of groupoids. He gives interpretations of dependent

fun
tion spa
es and sums whi
h agree essentially with ours.

Parts of the material presented in this arti
le have already been published by

the authors in (1993, 1994, 1995). The main purpose of the 
urrent version is to

make the material a

essible to a wider audien
e and to serve as future referen
e.

As opposed to the extended abstra
t (Hofmann and Strei
her 1994) the model


onstru
tion is des
ribed here in full detail and also in more elementary terms.

Furthermore, the synta
ti
 extensions to pure type theory whi
h have been

sket
hed in (Hofmann 1995) are worked out here in detail. The appli
ation

to formalisation of basi
 
ategory theory and the analysis of interpretations of

universes are altogether new.
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2 Syntax

We work in Martin-L�of's type theory formulated inside a Logi
al Framework as

de�ned in Ch. 19 & 20 of (Nordstr�om, Petersson, and Smith 1990). However,

we will use a slightly di�erent notation as will be explained below. This type

theory derives judgements of the following forms:

� A type to mean that A is a type,

� a : A to mean that a is an obje
t of type A

� A = B to mean that types A and B are de�nitionally equal,

� a = a

0

: A to meant that a and a

0

are de�nitionally equal obje
ts of type

A.

All judgements are relative to a list of variable de
larations of the form

x

1

:A

1

; : : : ; x

n

:A

n

where the variables x

1

; : : : ; x

n

are distin
t and A

i

type holds

under the assumption x

1

:A

1

; : : : ; x

i�1

:A

i�1

. Su
h lists of assumptions are 
alled


ontexts and are ranged over by 
apital Greek letters �;�; : : : . One writes J [�℄

(alternatively � ` J ) to indi
ate that judgement J holds in 
ontext �. In the

formal presentation (whi
h we in
lude as an appendix) the valid judgements

in 
ontext, i.e. under assumptions, are de�ned indu
tively; 
ontext validity is

in
luded as an auxiliary judgement. In the informal presentation below we only

indi
ate the relevant part of a 
ontext.

If A type and B type under [x:A℄ then the dependent fun
tion spa
e (x:A)B

is a type. If b : B [x:A℄ then [x:A℄b : (x:A)B. Conversely, if f : (x:A)B and

a:A then f(a) : B[x:=a℄. This typed abstra
tion 
onstitutes the main di�eren
e

to the presentation in lo
.
it.

We have �-equality

([x:A℄b) (a) = b[x:=a℄ : B[x:=a℄

and also �-equality

[x:A℄b(x) = b : (x:A)B

provided x is not free in b.

Iterated appli
ations of the form f(a

1

)(a

2

) � � � (a

n

) are written as f(a

1

; : : : ; a

n

)

where we take the freedom of omitting arguments whi
h 
an be inferred from

later ones.

There is a spe
ial type Set 
ontaining names for 
ertain types, the so-
alled

sets, as obje
ts. Whenever A : Set then we have El(A) type, in parti
ular, we
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an form the \generi
" family El(A) type [A: Set℄. It is 
ommon to omit the El

operator, thus writing a:A instead of a:El(A). Nordstr�om et al. write a 2 A for

a : El(A). We want to reserve the 2-symbol for membership in the metatheory.

This ma
hinery allows one to introdu
e set formers and term forming oper-

ations (be they 
onstru
tors or eliminators) simply as 
onstants together with

their de�nitional equalities. For example, the intensional identity sets are given

by the following 
onstants.

Id : (A:Set)(a

1

; a

2

:A)Set

re
 : (A:Set)(a:A)Id(A; a; a)

J : (A: Set)(C: (a

1

; a

2

:A)(s: Id(A; a

1

; a

2

))Set)(d : (a:A)C(a; a; re
(A; a)))

(a

1

; a

2

:A)(s: Id(A; a

1

; a

2

))C(a

1

; a

2

; s)

In addition, we impose the de�nitional equality

J(A;C; d; a; a; re
(A; a)) = d(a) : C(a; a; re
(A; a)) Id-C

for A;C; d; a of appropriate type. Note that J is 
alled idpeel in lo
.
it.. A

ord-

ing to our 
onvention on omitting redundant arguments we will usually write

Id(a

1

; a

2

) and re
(a) instead of Id(A; a

1

; a

2

) and re
(A; a), respe
tively.

In addition to identity sets we also use �-sets, �-sets, disjoint union, natural

numbers, and a universe. See the appendix for their formal de�nition. Follow-

ing 
ommon pra
ti
e, we write A ! B for �(A; [a:A℄B) and and A � B for

�(A; [a:A℄B) if A and B are types or sets (in the 
ase of �).

The notion of equality indu
ed by identity sets is 
alled propositional equal-

ity (as opposed to de�nitional equality). That is to say, two obje
ts a

1

; a

2

: A

are propositionally equal if Id(a

1

; a

2

) is inhabited. The main purpose of proposi-

tional equality is that it 
an be assumed in 
ontexts and thus allows for hypothet-

i
al equality reasoning. In parti
ular, propositional equality 
an be established

by indu
tion.

De�nitional equality, on the other hand, 
an only be established by pure

equational reasoning, i.e. 
orresponds to the equational theory generated by the

postulated equality judgements.

A

ordingly, de�nitional equality is (at least in traditional 
ases) de
idable,

whereas propositional equality is not, as soon as one in
ludes natural numbers

and �-sets.

By the 
ongruen
e rules for de�nitional equality the latter always entails the

propositional one, but not ne
essarily vi
e versa.

3 Synta
ti
 
onsiderations on identity sets

The elimination operator J is motivated by the view of Id(A; ; ) as an in-

du
tively de�ned family with 
onstru
tor re
. A

ordingly, J permits one to

de�ne an obje
t of type (a

1

; a

2

:A)(s: Id(A; a

1

; a

2

)C(a

1

; a

2

; s) by pres
ribing its

behaviour for arguments of 
anoni
al form, i.e. a

1

= a

2

= a and s = re
(A; a).
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In the presen
e of �-sets, this elimination operation J allows one to derive

the following repla
ement rule in the presen
e of �-sets.

subst : (A:Set)(P : (a:A)Set)(a

1

; a

2

:A)(s: Id(a

1

; a

2

))P (a

1

)! P (a

2

)

satisfying

subst(re
(a); p) = p

See lo
.
it. for the de�nition of subst.

From subst one easily derives symmetry and transitivity of propositional

equality as well as 
ongruen
e with respe
t to fun
tion appli
ation:

sym : (A:Set)(a

1

; a

2

:A)Id(a

1

; a

2

)! Id(a

2

; a

1

)

trans : (A: Set)(a

1

; a

2

; a

3

:A)

Id(a

2

; a

3

)! Id(a

1

; a

2

)! Id(a

1

; a

3

)

resp : (A: Set)(B:Set)(u: (a:A)B)

(a

1

; a

2

:A)Id(a

1

; a

2

)! Id(u(a

1

); u(a

2

))

Noti
e that we supply arguments to trans in the appli
ative order.

We also have the following dependent version of resp.

resp

0

: (A: Set)(B: (a:A)Set)(u: (a:A)B(a))

(a

1

; a

2

:A)(s: Id(a

1

; a

2

))Id(subst(s; u(a

1

)); u(a

2

))

To derive resp

0

the full power of J is needed; subst alone does not suÆ
e.

3.1 Uniqueness of identity proofs (UIP)

For most indu
tive sets it is possible show that arbitrary obje
ts are proposi-

tionally equal to 
anoni
al ones. For example, the following types are inhabited

(n:N)Id(n; 0) + Id(n; su

(pred(n)))

(f : �(A;B))Id(f; fun([x:A℄apply(f; x)))

There are several ways of stating an analogous property for identity sets. We

introdu
e the following abbreviations.

UIP

def

= (A:Set)(a

1

; a

2

:A)(s

1

; s

2

: Id(a

1

; a

2

))Id(s

1

; s

2

)

UIP re


def

= (A: Set)(a:A)(s: Id(a; a))Id(s; re
(a))

UIP tuple

def

= (A: Set)(a

1

; a

2

:A)(s: Id(a

1

; a

2

))

Id(�([a

1

:A℄�([a

2

:A℄Id(a

1

; a

2

))) ; ha

1

; a

2

; si ; ha

1

; a

1

; re
(a

1

)i)

Using J , one 
an show that UIP tuple is inhabited and that UIP re
(A) and

UIP(A) are equivalent for ea
h A:Set. See (Strei
her 1993) for the proofs. He
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also explains that in the presen
e of UIP the eliminator J 
an be de�ned in terms

of the derived operator subst thereby allowing for a very intuitive axiomatisation

of propositional equality in terms of a uniqueness property of identity proofs and

a type-theoreti
 pendant of Leibniz' prin
iple stating that repla
ement of equal

obje
ts preserves validity.

It is also known (Coquand 1992) that an obje
t of UIP 
an be 
onstru
ted

by pattern-mat
hing.

The main result of this paper 
onsists of an interpretation of type theory in

whi
h UIP (Uniqueness of Identity Proofs) is not inhabited. A fortiori, UIP is

not derivable and, therefore, pattern-mat
hing is not a 
onservative extension

of Martin-L�of type theory.

3.2 De�nability of instan
es of UIP

Although UIP is not derivable in general, instan
es UIP(A) for 
ertain sets A

are inhabited. Hedberg (1995) has shown that this is in parti
ular the 
ase if

A admits a de
idable equality, that is to say, if there is a fun
tion eq : A !

A ! N su
h that Id(eq(a

1

; a

2

); 0) and Id(a

1

; a

2

) are equivalent. One 
an also

show that UIP is preserved by the set formers � and disjoint union. It is also

preserved by the identity set former itself, provided one further assumes that

UIP applied to proofs by re
exivity gives ba
k a proof by re
exivity. Below we

will demonstrate that UIP(�(A;B)) follows from UIP(A) and (a:A)UIP(B(a))

under the assumption of an extensionality axiom. This gives UIP for all sets

de�nable without universes.

3.3 Alternatives to UIP

Strei
her (1993) gives another prin
iple equivalent to UIP whi
h in its formula-

tion does not mention propositional equality of identity proofs:


ong snd

def

= (A:Set)(B: (a:A)Set)(a:A)(b; b

0

:B(a))

(s: Id(�(A;B); ha; bi ; ha; b

0

i))Id(B; b; b

0

)

He also introdu
es an eliminator K for the family Id(A; a; a) [a:A℄:

K : (A:Set)(C: (a:A)(s: Id(A; a; a))Set)(d : (a:A)C(a; re
(A; a)))

(a:A)(s: Id(A; a; a))C(a; s)

satisfying K(d; re
(a)) = d(a). Using K an inhabitant of UIP may be 
on-

stru
ted.

Both alternatives 
an be dire
tly de�ned using pattern mat
hing. It is an

open problem whether the 
onverse is also true, i.e. whether pattern mat
hing

forms a 
onservative extension of type theory augmented by K (or a 
onstant

of type UIP together with an appropriate 
onversion rule).
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3.4 Propositional equality as isomorphism

It has been argued in (Hofmann 1995) that intensional type theory augmented

by UIP together with an extensionality axiom for �-sets 
an simulate exten-

sional type theory whilst retaining de
idability of type 
he
king.

On the other hand, we will demonstrate below that Martin-L�of's original

formulation of identity sets allows for the addition of axioms (in
onsistent with

UIP) expressing a view of propositional equality as a generalised notion of iso-

morphism. Intuitively, these axioms state that for a universe U and A;B : U

the identity set Id(U ; A;B) 
orresponds to the set of isomorphisms between A

and B. Su
h version of identity sets may be useful for a formulation of 
ate-

gory theory inside type theory providing a formal underpinning for the 
ommon

pra
ti
e of 
onsidering isomorphi
 obje
ts as equal.

4 The groupoid interpretation

Although the prin
iple UIP turns out as being non-derivable, 
ertain proposi-

tional equalities between obje
ts of identity sets 
an be established using J . If

A : Set and a

1

; a

2

: A and s

1

; s

2

: Id(a

1

; a

2

) then we write s

1

=

prop

s

2

to mean

that Id(Id(a

1

; a

2

); s

1

; s

2

) is inhabited.

Proposition 4.1 1. If a

1

; a

2

: A and s : Id(a

1

; a

2

) then

trans(s; re
(a

1

)) =

prop

s

trans(re
(a

2

); s) =

prop

s

trans(sym(s); s) =

prop

re
(a

1

)

trans(s; sym(s)) =

prop

re
(a

2

)

2. If a

1

; a

2

; a

3

; a

4

: A and s

1

: Id(a

1

; a

2

) and s

2

: Id(a

2

; a

3

) and s

3

: Id(a

3

; a

4

)

then

trans(s

3

; trans(s

2

; s

1

)) =

prop

trans(trans(s

3

; s

2

); s

1

)

3. If A;B : Set and a

1

; a

2

; a

3

: A and f : (a:A)B and s

1

: Id(a

1

; a

2

) and

s

2

: Id(a

2

; a

3

) then

resp(f; re
(a

1

)) =

prop

re
(f(a

1

))

resp(f; trans(s

2

; s

1

)) =

prop

trans(resp(f; s

2

); resp(f; s

1

))

Proof. All of these follow straightforwardly using J . As an example we derive

trans(sym(s); s) =

prop

re
(a

1

) where s : Id(A; a

1

; a

2

). We put

C

def

= [a

1

; a

2

:A℄[s: Id(a

1

; a

2

)℄Id(trans(sym(s); s) ; re
(a

1

))

We have

J(A;C; d; a

1

; a

2

; s) : Id(trans(sym(s); s) ; re
(a

1

))

where

d

def

= [a:A℄re
(Id(A; a; a); re
(A; a))
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The obje
t d(a) has the required type C(a; a; re
(A; a)) be
ause both sym(re
(a))

and trans(re
(a); re
(a)) are de�nitionally equal to re
(a). This in turn follows

from the de�nition of sym and trans in terms of subst. �

These propositional equalities suggest that one 
an view a set as a 
ategory

having as obje
ts the obje
ts of A and in whi
h a morphism from a

1

to a

2

is an obje
t of Id(A; a

1

; a

2

), or rather an equivalen
e 
lass of su
h obje
ts by

propositional equality. Composition is then given by transitivity and re
exivity

gives the identities. Symmetry, on the other hand, establishes that every su
h

morphism is a
tually an isomorphism.

A 
ategory in whi
h every morphism is an isomorphism is 
alled a groupoid.

So the identity sets endow every set with a groupoid stru
ture in a natural way.

Furthermore, the equations under 4.1 (3) establish that a fun
tion f from A to

B extends to a fun
tor from A to B with morphism part given by resp(f; ).

Under this view the prin
iple UIP translates into the statement that every

su
h groupoid is in fa
t a trivial one with at most one morphism between any two

obje
ts. This suggests that a refutation of the prin
iple UIP 
an be obtained

by way of an interpretation of type theory in whi
h types are interpreted as

arbitrary groupoids, provided one su

eeds in as
ribing appropriate meaning to

the type and set formers. We will do exa
tly this in the rest of this se
tion.

Our metalanguage for the 
onstru
tion of the interpretation is informal set

theory augmented with Grothendie
k universes or ina

essible 
ardinals. We

use set theory merely for 
onvenien
e; all our de�nitions 
an also be 
arried

out in extensional Martin-L�of type theory with universes whi
h shows that our


onstru
tions do not depend upon the 
onsisten
y of large 
ardinals. We assume

some basi
 knowledge of 
ategory theory, notably the 
on
epts of 
ategory,

fun
tor, and natural transformation, see (Ma
 Lane 1971).

4.1 Groupoids

A groupoid

1

is a 
ategory � where all morphisms are isomorphisms.The groupoids

together with fun
tors between them form a (large) 
ategory GPD.

4.1.1 Examples

The produ
ts and exponentials of groupoids qua 
ategories are groupoids again

so that GPD is 
artesian 
losed. Re
all that the obje
ts of ��� are pairs (
; Æ)

where 
 2 � and Æ 2 � and that the obje
ts of � ) � are fun
tors from � to

�.

For every setX the dis
rete 
ategory4(X) with only identities as morphisms

is a groupoid|the dis
rete groupoid over X . If x 2 X we write ? rather than

id

x

for the 4(X)-morphism from x to x. Noti
e that we have ? : x ! y i�

x = y. We remark that 4fhig is a terminal obje
t in GPD denoted [℄. More

1

In universal algebra the term groupoid is sometimes used for a set with a binary operation.

Our use of the term groupoid is in a

ordan
e with homotopy theory and 
ategory theory,


f. (Brown 1988).

8



generally, a groupoid will be 
alled dis
rete if all its morphisms are identities.

Note that up to isomorphism dis
rete groupoids are of the form 4(X).

Every group G 
an be viewed as a one-obje
t groupoid in the obvious way.

Types (at least non-dependent ones) will be interpreted as groupoids, their


losed terms as obje
ts of groupoids. The rôle of the morphisms in a groupoid

is to give meaning to propositional equality. Composition of these morphisms

a

ounts for transitivity, identity 
orresponds to re
exivity, and the inverses to

symmetry.

Open terms are interpreted as fun
tors between groupoids where the mor-

phism part witnesses the preservation of propositional equality.

Notation. We notationally identify a groupoid with its underlying set of ob-

je
ts thereby writing 
 2 � to mean that 
 is an obje
t of �. We write p

�1

for

the inverse of morphism p.

4.2 Families of groupoids

To obtain a full-
edged interpretation of type theory we need to a

ount for

type dependen
y, that is we have to de�ne a notion of a family of groupoids

indexed over a groupoid. This notion should be su
h that the usual type formers


an re
eive appropriate meaning and in parti
ular su
h that the homset �(�;�)

arises as a family of groupoids indexed over � � � thus providing meaning for

the identity types.

Fortunately, 
ategory theory provides us with su
h a notion of dependen
y.

A family of groupoids indexed over groupoid � is a fun
tor A : � ! GPD.

Noti
e that su
h a fun
tor yields a groupoid A(
) for ea
h 
 2 � and moreover

a fun
tor A(p) : A(
) ! A(


0

) whenever p : 
 ! 


0

. This will serve as inter-

pretation of repla
ement and more generally of identity elimination. The fa
t

that A itself is a fun
tor ensures that the fun
tors A(p) are 
ompatible with

the groupoid stru
ture of �, in parti
ular, we have A(p) ÆA(p

�1

) = id

A(


0

)

and

A(p

�1

) ÆA(p) = id

A(
)

, thus all the fun
tors A(p) are a
tually isomorphisms of

groupoids.

4.2.1 Notation

If p : 
 ! 


0

and a 2 A(
) then we write p � : A(
) ! A(


0

) for the fun
tor

A(p).

We write Ty(�) for the 
olle
tion of families of groupoids indexed over �.

When f : � ! � is a morphism in GPD and A 2 Ty(�) then the 
omposition

A Æ f is an element of Ty(�). We use the notation Affg for this family. In this

way Ty extends to a 
ontravariant \
olle
tion-valued" fun
tor on GPD.

4.2.2 Example

If � is a groupoid then a family of groupoids I

�

indexed over � � � is de�ned

by I

�

(


1

; 


2

) = 4(�(
; 


0

)) and I

�

((p

1

; p

2

))(q) = p

2

Æ q Æ p

�1

1

where p

i

: 


i

! 


0

i
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and q 2 I

�

(


1

; 


2

). Noti
e that

I

�

= hom

�

(( )

�1

; )

where ( )

�1

: �

op

! � is the obvious isomorphism between �

op

and �. Noti
e

that the restri
tion to groupoids is the minimal requirement for making hom


ovariant in both arguments.

This family I

�

will be the interpretation of the family of identity set when

� is the interpretation of a 
losed type. Below, we will generalise I

�

to families

of groupoids.

4.3 Obje
ts of families

Let A 2 Ty(�) be a family of groupoids over �. A (dependent) obje
t M of A


onsists of the following data

� an A(
)-obje
t M(
) for ea
h 
 2 �,

� for ea
h morphism p : 
 ! 


0

an A(


0

)-morphism M(p) : p �(M(
)) !

M(


0

)

su
h that

M(id




) = id

M(
)

and

M(p

0

Æ p) =M(p

0

) Æ (p

0

�M(p))

Apart from the \adjustment" p

0

� in the se
ond equation required to make the

right-hand side type
he
k these laws express fun
toriality of M . After having

de�ned the semanti
 
ounterpart of 
ontext formation we will be able to identify

dependent obje
ts as 
orresponding to 
ertain fun
tors.

We write Tm(A) for the 
olle
tion of dependent obje
ts of A. For fun
tor

f : � ! � the operation ffg : Ty(�) ! Ty(�) extends to dependent obje
ts.

If A 2 Ty(�) and a 2 Tm(A) then affg 2 Ty(Affg) is given by 
omposing the


omponents of a with f in the obvious way.

4.4 Category-theoreti
 semanti
s

Our plan is to organise groupoids and families of groupoids into a model of

dependent type theory, namely a 
ategory with families (CwF). This notion of

model was invented by Dybjer, see (Dybjer 1996), and subsequently used by

Martin-L�of (Per Martin-L�of 1995). Our referen
e for CwFs is the survey arti
le

(Hofmann 199). Let us review here that a CwF 
onsists of the following data.

� A 
ategory C of 
ontexts and substitutions with terminal obje
t [℄ 
orre-

sponding to the empty 
ontext.

� A 
olle
tion-valued fun
tor Ty : C

op

! Set asso
iating with ea
h 
ontext

� the 
olle
tion of types depending on it. If f : �! � and A 2 Ty(�) one

writes Affg for Ty(f)(A). The type Affg 
orresponds to the substitution

of f into A.

10



� For ea
h � 2 C and A 2 Ty(�) a 
olle
tion of terms Tm(�; A) together

with a substitution fun
tion Tm(f;A) : Tm(�; A) ! Tm(�; Affg) fun
-

torial in f : �! � in the obvious sense.

� For ea
h A 2 Ty(�) a so-
alled 
ontext extension �:A whi
h has the

property that the homset C(�;�:A) and f(f;M) j f : � ! � and M 2

Tm(�; Affg)g are isomorphi
 naturally in �.

� Operations 
orresponding to the desired type, set, and term formers.

We have already de�ned the 
ategory of 
ontexts, namely GPD, and the 
olle
-

tions Ty and Tm together with the required substitution operations.

4.5 Context extension

If A 2 Ty(�) is a family of groupoids the 
ontext extension �:A is the total


ategory of the 
o-�bration obtained by applying the Grothendie
k 
onstru
tion

to A. In more expli
it terms the groupoid �:A takes the following form.

The obje
ts of �:A are pairs (
; a) where 
 2 � and a 2 A(
). A mor-

phism in �:A from (
; a) to (


0

; a

0

) is a pair (p; q) where p 2 �(
; 


0

) and

q 2 A(


0

)(p � a; a

0

). The 
omposition of (p; q) : (
; a) ! (


0

; a

0

) and (p

0

; q

0

) :

(


0

; a

0

) ! (


00

; a

00

) is de�ned as (p

0

Æ p; q

0

Æ (p � q)). The identity at (
; a) is

(id




; id

a

). The inverse of (p; q) : (
; a) ! (


0

; a

0

) is (p

�1

; p

�1

� q

�1

) : (


0

; a

0

) !

(
; a). The veri�
ations are left to the reader.

The proje
tion sending (
; a) to 
 and (p; q) to p is a morphism of groupoids

from �:A to �. It is 
alled the 
anoni
al proje
tion asso
iated to A and is

denoted p

A

: �:A! �.

In order that �:A indeed 
aptures 
ontext extension we need a bije
tive


orresponden
e between the set

f(f;M) j f : �! � andM 2 Tm(Affg)g

and the homset GPD(�;�:A). Given f : �! � and M 2 Tm(Affg) we de�ne

hf;Mi

A

: �! �:A by

hf;Mi

A

(Æ) = (f(Æ);M(Æ))

hf;Mi

A

(p) = (f(p);M(p))

To obtain an inverse we �rst de�ne a semanti
 analogue to the sequent �; x:A `

x : A as follows. A dependent obje
t v

A

2 Tm(Afp

A

g) is given by

v

A

(
; a) = a

v

A

(p; q) = q

Noti
e that Afp

A

g 2 Ty(�:A).

Now, if h : �! �:A then we have p

A

Æh : �! � and v

A

fhg 2 Tm(Afp

A

Æhg)

It is routine that these data establish the required bije
tive 
orresponden
e

natural in �.

11



We have established that groupoids and families of groupoids form an in-

stan
e of a CwF.

It remains to identify dependent fun
tion spa
es and an appropriate universe

Set, as well as, interpretations of the set formers, in parti
ular the identity sets.

We treat these issues in order.

4.6 Dependent fun
tion spa
e

To ea
h dependent obje
t M 2 Tm(A) we 
an asso
iate a fun
tor M : � !

�:A by M(
) = (
;M(
)) and M(p) = (p;M(p)). We have p

A

Æ S = id

�

.

Conversely, given a se
tion f : � ! �:A of p

A

, i.e. p

A

Æ f = id

�

then we have

f(
) = (
;M(
)) and f(p) = (p;M(p)) for a uniquely determined M 2 Tm(A).

This 
orresponden
e enables us to view Tm(A) (for A 2 Ty(�)) not merely as

a set, but as a groupoid. A morphism � from termM to termN is an assignment

of an A(
)-morphism �




:M(
)! N(
) su
h that the family �




:= (id




; �




) is

a natural transformation from M to N , i.e. for every p : 
 ! 


0

the following

diagram 
ommutes

M(
)

M(p)

-

M(


0

)

N(
)

�




?

N(p)

-

N(


0

)

?

�

0




Now suppose that A 2 Ty(�) and B 2 Ty(�:A). We wish to de�ne a family

�

LF

(A;B) 2 Ty(�) together with additional stru
ture to interpret appli
ation

and abstra
tion. In order to avoid lengthy and rather unreadable 
al
ulations

we will only give the de�nitions and leave the straightforward veri�
ations to

the reader.

If 
 2 � let B




2 Ty(A(
)) be the family of groupoids over the groupoid

A(
) given by

B




(a) = B(
; a)

B




(p)( ) = (id




; p) �

Noti
e that B




= Bf
̂g where 
̂ : A(
)! �:A is the fun
tor sending a to (
; a)

and p : a! a

0

to (id




; p).

Now we put

�

LF

(A;B)(
) = Tm(B




) 
onsidered as a groupoid

If p : 
 ! 


0

and M 2 Tm(B




) then (p �M) 2 Tm(B

0




) is given by

(p �M)(a 2 A(


0

)) = (p; id ) �M(p

�1

� a)

(p �M)(q : a! a

0

) = (p; id ) �M(p

�1

� q)

If M;M

0

2 Tm(B




) and � : M ! M

0

is a natural transformation then p � � :

p �M ! p �M

0

is de�ned by

(p � �)

a

= (p; id ) � �

p

�1

� a
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for a 2 A(


0

).

4.6.1 Abstra
tion and appli
ation

Suppose thatM 2 Tm(B). We de�ne its abstra
tion �

A;B

(M) 2 Tm(�

LF

(A;B))

on obje
ts by

�

A;B

(M)(
)(a) =M(
; a)

�

A;B

(M)(
)(q) =M(id




; q)

If p : 
 ! 


0

then we need a natural transformation

�

A;B

(M)(p) : p ��

A;B

(M)(
)! �

A;B

(M)(


0

)

At obje
t a 2 A(


0

) it is given by M(p; id

a

).

Conversely, if M 2 Tm(�(A;B)) we de�ne a dependent obje
t �

�1

A;B

2

Tm(B). Its obje
t part is given by

�

�1

A;B

(M)(
; a) =M(
)(a)

For the morphism part assume p : 
 ! 


0

and q : p �a! a

0

. We de�ne

�

�1

A;B

(M)(p; q) =M(


0

)(q) Æ (id




0

; q) �M(p)

p � a

We 
laim that

�

�1

A;B

(M)(p; q) : (p; q) ��

�1

A;B

(M)(
; a)! �

�1

A;B

(M)(


0

; a

0

)

as required. To see this, �rst note that

M(


0

)(q) : (id




0

; q) �M

0

(


0

)(p � a)!M

0

(


0

)(a

0

)

be
ause q : p � a! a

0

. On the other hand M(p) : p �M(
)!M(


0

), thus

M(p)

p � a

: (p; id

a

0

) �M(
)(a)!M

0

(


0

)(p � a)

as p

�1

� p � a = a. The 
laim follows by (id




0

; q) Æ (p; id

a

0

) = (p; q).

Note that we 
an de�ne appli
ation of M 2 Tm(�(A;B)) to N 2 Tm(A) as

�

�1

A;B

(M)fNg.

Rather than de�ning an obje
t of a family �

LF

(A;B) we will often de�ne

an obje
t of B instead. This will be referred to as \
urrying".

4.7 The universe of sets

Let V be a universe in the metalanguage whi
h is 
losed under dependent fun
-

tion spa
e, dependent sum, and indu
tive de�nitions. If our metalanguage is


hosen to be axiomati
 set theory su
h universe may be 
hosen either as a

Grothendie
k universe (Ma
 Lane 1971) or V

�

for � an ina

essible 
ardinal

(Luo 1994). If we use extensional Martin-L�of type theory as a metalanguage

then V will be a type-theroeti
 universe with the required 
losure properties.
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Call a groupoid � V-small, or small for short, if both its 
olle
tion of obje
ts

and its homsets lie in V . Let us write Gpd for the groupoid whi
h has as obje
ts

the small groupoids and only isomorphisms of groupoids as morphisms. The

(non-full) in
lusion from Gpd to GPD de�nes a family El 2 Ty(Gpd ).

The groupoid Gpd together with its asso
iated family El serves as the inter-

pretation of the type Set and its asso
iated \invisible" El operator. Noti
e that,

if A : �! Gpd then ElfAg is a
tually equal to A. Therefore, it is appropriate

to introdu
e the notation Se(�) for the homset �! Gpd where Se(�) � Ty(�).

4.8 Interpretation of the syntax

The stru
ture exhibited so far is suÆ
ient to interpret the Logi
al Framework,

i.e. the dependent fun
tion spa
es and the universe Set. This means that we

have a unique 
ompositional assignment [[�℄℄ whi
h maps

� a well-formed 
ontexts � to a groupoid [[�℄℄,

� a type A [�℄ to a family of groupoids [[A [�℄℄℄ 2 Ty([[�℄℄),

� an obje
t a : A [�℄ to a dependent obje
t [[a : A [�℄℄℄ 2 Tm(A [�℄),

in su
h a way that derivable equality judgements are validated. More expli
itly,

this means that

� [[A [�℄℄℄ = [[A

0

[�℄℄℄, whenever A = A

0

[�℄ is derivable,

� [[a : A [�℄℄℄ = [[a

0

: A [�℄℄℄, whenever a = a

0

: A [�℄.

Noti
e that if A : Set [�℄ then we have [[A : Set [�℄℄℄ 2 Se([[�℄℄) by 
omposition-

ality. The same goes for dependent fun
tion spa
es whi
h are interpreted by

�

LF

( ; ;).

In order to extend this interpretation to a hierar
hi
ally

2

stru
tured equa-

tional theory su
h as in parti
ular Martin-L�of set theory we have to assign to

ea
h 
onstant of type A an element of [[A℄℄ in su
h a way that the required

de�nitional equalities are validated.

In de�ning these semanti
 
onstants we will use type-theoreti
 syntax to

denote semanti
 entities, thereby omitting semanti
 bra
kets.

4.9 Dependent fun
tion spa
es and sums

Sin
e the dependent fun
tion spa
e of a small family of groupoids over a small

groupoid is again small, we immediately obtain an interpretation of �-sets.

To interpret �-sets we need an element

� : (A: Set)(B: (a:A)Set)Set

By 
urrying, this amounts to de�ning a small family over the groupoid � :=

[A:Set; B: (a:A)Set℄. We will use � as a bla
k box and only use the fa
t that

2

The type of a 
onstant may depend on previously de
lared 
onstants.
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its two 
omponents arise as small families A 2 Se(�) and B 2 Se(�:A) by

proje
tion.

We have to de�ne a small family �(A;B) 2 Se(�). If 
 2 � let B




2 Se(A(
))

be de�ned as in Se
tion 4.6.

The family �(A;B) 2 Ty(�) is now de�ned as follows.

�(A;B)(
) = A(
):B




p �(a; b) = (p � a ; (p; id

p � a

) � b)

In order to give meaning to pairing and elimination it is suÆ
ient, albeit not

ne
essary, to exhibit an isomorphism between �:�(A;B) and �:A:B. But these

two groupoids are identi
al up to restru
turing of parentheses. That is to say

the isomorphism sends (
; a; b) to (
; (a; b)) and vi
e versa and similarly for

morphisms.

4.10 Identity sets

Before embarking on the pre
ise de�nition of identity sets we motivate the main

idea by assuming that the ambient 
ontext is empty. So let A be a groupoid. The

interpretation of Id(A) arises as the family I

A

2 Ty(A�A) as de�ned in 4.2.2.

Re
all that I

A

(a

1

; a

2

) = A(a

1

; a

2

) and I

A

(q

1

; q

2

)(s) = q

2

Æ s Æ q

�1

1

. Re
exivity

is interpreted as the dependent obje
t whi
h sends a 2 A to re
(a) := id

a

2

A(a; a). If q : a! a

0

, then

I

A

(q; q)(re
(a)) = q Æ id

a

Æ q

�1

= id

a

0

= re
(a

0

)

Therefore, re
 is indeed a dependent obje
t of the family I

A

(a; a) [a:A℄.

For identity elimination let C be a family over the groupoid

� := [a

1

; a

2

:A; s: I

A

(a

1

; a

2

)℄

The groupoid � has as obje
ts triples (a

1

; a

2

; s) where s 2 A(a

1

; a

2

). A �-

morphism from (a

1

; a

2

; s) to (a

0

1

; a

0

2

; s

0

) amounts to a pair (q

1

; q

2

) where q

i

:

a

i

! a

0

i

with I

A

(q

1

; q

2

)(s) = s

0

, i.e. q

2

Æ s = s

0

Æ q

1

. Noti
e that, therefore, � is

(isomorphi
 to) the arrow 
ategory A

!

.

In order to interpret J(A;C) one has to provide a uniform way of extending

an obje
t d of (a:A)C(a; a; re
(a)) to a dependent obje
t J(A;C; d) of C su
h

that J(A;C; d)(a; a; re
(a)) = d(a). The key to the interpretation of J(A;C) is

the observation that for any obje
t (a

1

; a

2

; s) we have

(id

a

1

; s) : (a

1

; a

1

; id

a

1

)! (a

1

; a

2

; s)

be
ause

a

1

id

a

1

-

a

1

a

1

id

a

1

?

s

-

a

2

?

s
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ommutes. Therefore, we 
an put

J(A;C; d)(a

1

; a

2

; s) = (id

a

1

; s) � d(a

1

)

The morphism part of J is de�ned analogously.

For those familiar with �brations we remark that the extension J(A;C; d)

depends 
ru
ially on the morphism part of C, i.e. on the 
hoi
e of a splitting of

C when viewed as a �bration of groupoids. Therefore, it seems unlikely that it


an be 
hara
terised by a universal property.

4.10.1 The identity set former

To interpret identity sets in full generality we need an element

Id 2 Tm((A:Set)(a; a

0

:A)Set)

By 
urrying this amounts to de�ning a small family over the groupoid [A:Set;

a

1

:A; a

2

:A℄. This groupoid has as obje
ts triples (A; a

1

; a

2

) where A is a small

groupoid and a

1

; a

2

are obje
ts of A. A morphism from (A; a

1

; a

2

) to (A

0

; a

0

1

; a

0

2

)

is a triple (p; q

1

; q

2

) where p : A ! A

0

is an isomorphism of groupoids, i.e.

p 2 Gpd (A;A

0

), and q

i

: p(a

i

) ! a

0

i

in A

0

. Note that El(p)(a

i

) = p(a

i

) thus

permitting us to write also p(x) instead of p �x.

The family Id over [A:Set; a

1

:A; a

2

:A℄ is now given by

Id(A; a

1

; a

2

) = 4(A(a

1

; a

2

))

Id(p; q

1

; q

2

)(s) = q

2

Æ p(s) Æ q

�1

1

2 Id(A

0

; a

0

1

; a

0

2

)

where p : A! A

0

and q

i

2 A

0

(p(a

i

); a

0

i

) and s 2 Id(A; a

1

; a

2

) = A(a

1

; a

2

).

4.10.2 Re
exivity

We de�ne a dependent obje
t

re
 : (A:Set)(a:A)Id(A; a; a))

Again, by 
urrying this amounts to giving a dependent obje
t of the family

Id

diag

:= Id(A; a) [A:Set; a:A℄ (over the groupoid [A:Set; a:A℄). Let us make

the involved groupoids expli
it. The groupoid [A:Set; a:A℄ has as obje
ts pairs

(A; a) where A is a small groupoid and a 2 A. A morphism from (A; a) to

(A

0

; a

0

) is a pair (p; q) where p : A ! A

0

and q 2 A

0

(p(a); a

0

). Furthermore, we

have Id

diag

(A; a) =4(A(a; a)) and if s 2 A(a; a) then (p; q) � s = q Æ p(s) Æ q

�1

.

The obje
t part of re
 is now given by

re
(A; a) = id

a

2 A(a; a)

Now sin
e Id

diag

is dis
rete the de�nition of the morphism part of re
 redu
es

to 
he
king that

q Æ p(re
(A; a)) Æ q

�1

= re
(A

0

; a

0

)

This in turn is immediate by by fun
toriality of p and the fa
t that q

�1

is an

inverse of q.
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4.10.3 Identity elimination

We seek a global element of the following groupoid.

(A:Set)(C: (a

1

; a

2

:A; s: Id(A; a

1

; a

2

))Set)(d : (a:A)C(a; a; re
(A; a)))

(a

1

; a

2

:A)(s: Id(A; a

1

; a

2

))C(a

1

; a

2

; s)

By 
urrying this amounts to de�ning a dependent obje
t

J 2 Tm(C(a

1

; a

2

; s) [�; a

1

:A; a

2

:A; s: Id(A; a

1

; a

2

)℄)

where

� = [A : Set; C : (a

1

; a

2

:A; s: Id(A; a

1

; a

2

))Set; d : (a:A)C(a; a; re
(A; a))℄

and A;C; d refer to the respe
tive 
omponents of �. Note that we have A 2

Se(�), a family C 2 Se([�; a

1

; a

2

:A; s: Id(A; a

1

; a

2

)℄), and a dependent obje
t d

of C(a; a; re
(A; a)) [�; a:A℄ via proje
tion (and un
urrying in the 
ase of d).

The obje
t part of J is given as follows. Let u = (
; a

1

; a

2

; s) be an obje
t

of [�; a

1

; a

2

:A; s: Id(A; a

1

; a

2

)℄. Put

f(u) := (id




; id

a

1

; s; ?)

Noti
e that

f(u) : (
; a

1

; a

1

; re
(A; a

1

))! (
; a

1

; a

2

; s)

as (s; id

a

1

) � re
(A; a

1

) = s Æ re
(A; a

1

) Æ id

�1

a

1

= s. Now re
all that d(
; a

1

) 2

C(
; a

1

; a

1

; re
(A; a

1

)); so we are led to de�ne

J(u) := f(u) � d(
; a

1

) 2 C(
; a

1

; a

2

; s)

We 
ome to the morphism part. Let u = (
; a

1

; a

2

; s) and u

0

= (


0

; a

0

1

; a

0

2

; s

0

)

be obje
ts of [�; a

1

; a

2

:A; s: Id(A; a

1

; a

2

)℄ and let h = (p; q

1

; q

2

; ?) : u ! u

0

. In

other words p : 
 ! 


0

and q

i

: p �(a

i

)! a

0

i

and

q

2

Æ (p � s) = s

0

Æ q

1

(1)

We have to de�ne a morphism J(h) : h � J(u)! J(u

0

) in C(u

0

). We 
laim that

J(h) := f(u

0

) � d(p; q

1

)

has the required property. To see this, �rst observe that (p; q

1

) : (
; a

1

) !

(


0

; a

0

1

) and therefore

d(p; q

1

) : (p; q

1

; q

1

; ?) � d(
; a

1

)! d(


0

; a

0

1

) (2)

as d 2 Tm(C(a; a; re
(A; a)) [�; a:A℄). Noti
e that

(p; q

1

; q

1

; ?) : (
; a

1

; a

1

; re
(a

1

))! (


0

; a

0

1

; a

0

1

; re
(a

1

)

0

)
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Applying the operation f(u

0

) � to (2) and using fun
toriality yields

f(u

0

) � d(p; q

1

) : (f(u

0

) Æ (p; q

1

; q

1

; ?)) � d(
; a

1

)! f(u

0

) � d(


0

; a

0

1

)

Now we 
al
ulate as follows.

f(u

0

) Æ (p; q

1

; q

1

; ?)

= (id




0

; id

a

0

1

; s

0

; ?) Æ (p; q

1

; q

1

; ?)

= (p; q

1

; s

0

Æ q

1

; ?)

= (p; q

1

; q

2

Æ (p � s); ?) by Eqn. 1

= (p; q

1

; q

2

; ?) Æ (id




; id

a

1

; s; ?) sin
e p � id

a

1

= id

a

0

1

= h Æ f(u)

So J(h) : (h Æ f(u)) � d(
; a

1

) ! f(u

0

) � d(


0

; a

0

1

) and therefore J(h) : h � J(u)!

J(u

0

) as required. The veri�
ation of the fun
tor laws for J is tedious but

straightforward.

Noti
e that for all 
 2 � and a 2 A(
) we have

f(
; a; a; re
(A; a)) = (id




; id

a

; id

a

; ?)

Therefore

J(
; a; a; re
(A; a)) = f(
; a; a; re
(A; a)) � d(
; a) = d(
; a)

and

J(p; q; q; ?) = f(


0

; a

0

; a

0

; re
(A; a

0

)) � d(p; q) = d(p; q)

whenever (p; q) : (
; a)! (


0

; a

0

). This establishes the validity of the de�nitional

equality required for J .

4.11 Other set formers

The natural numbers N 2 Se([℄) are given as the dis
rete groupoid 4(N) over

the set of natural numbers. We omit the de�nition of the asso
iated operations.

The disjoint union set A + B is interpreted as the 
o-produ
t of groupoids,

whi
h is 
onstru
ted as the disjoint union of the underlying sets of obje
ts and

morphisms.

In a similar way, we 
an interpret lists, trees, unit set, empty set, and other

datatypes.

4.12 Universes

Let V be a meta-theoreti
 universe 
ontained in V . We write Gpd(V ) for the

groupoid of V -small groupoids with isomorphisms as morphisms.

Provided V has appropriate meta-theoreti
 
losure properties the groupoid

Gpd(V ) 
an serve as interpretation of a universe 
losed under the usual set

forming operations.

We 
all a meta-theoreti
 universe V impredi
ative, if it is 
losed under im-

predi
ative universal quanti�
ation, i.e. for A 2 V and B : A! V the dependent
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fun
tion spa
e �

a2A

B(a) is in V . Of 
ourse, non-trivial instan
es of su
h V are

possible only in an intuitionisti
 metatheory su
h as an extensional variant of

Luo's ECC (Luo 1994) whose 
onsisten
y is established by various realizability

models.

If V is impredi
ative (and has the usual 
losure properties) then Gpd(V )

is 
losed under impredi
ative quanti�
ation as well. That is to say, if A 2 V

and B : A ! Gpd(V ) then �

LF

(A;B) 2 Gpd(V ). This is immediate from the

de�nition of dependent fun
tion spa
es in the groupoid model.

For subsequent appli
ations it is useful to have universes of small dis
rete

groupoids available. We write Gpd

4

(V ) for the groupoid 
onsisting of V -small

dis
rete groupoids with isomorphisms (or rather bije
tions) as morphisms. Due

to the fa
t that dis
rete groupoids are 
losed under all set forming operations

so will be a universe of the form Gpd

4

(V ). Moreover, sin
e identity sets (even

of non-dis
rete groupoids) are dis
rete, the family of groupoids Id(A) lives in

Gpd

4

(A) provided the groupoid A has V -small homsets.

Of parti
ular interest is the situation where V is impredi
ative and Set is


on�ned to groupoids with V -small homsets. Due to impredi
ativity of V this

interpretation of Set is still 
losed under dependent fun
tion spa
e as well as the

remaining set forming operations. Now, Gpd(V ) and Gpd

4

(V ) are impredi
a-

tive universes (still 
ontained in Set) whi
h moreover 
ontain all identity sets.

We thus obtain an interpretation of impredi
ative higher-order logi
 in whi
h

propositional equality is proof-relevant.

Noti
e, that sin
e universes of the above form are not dis
rete they 
annot

be 
ontained in a universe of the form Gpd

4

(V ). Nevertheless, if V

0

is a meta-

theoreti
 universe 
ontained in V then Gpd

4

(V ) 
ontains the dis
rete groupoid


onsisting of V

0

-small groupoids. Universes obtained in this way are still 
losed

under all set formers, but do not 
ontain identity sets of non-dis
rete groupoids.

We have not 
he
ked whether these universes 
an be suÆently narrowed

down so as to validate universe elimination, 
f. Ch. 14 of (Nordstr�om, Petersson,

and Smith 1990), but we do not see any prin
iple obsta
le.

5 Appli
ations and extension

In this se
tion we will exploit the bene�ts of the model 
onstru
tion 
arried out.

We derive the promised independen
e results and investigate some extensions

validated by the groupoid model, in parti
ular a set of axioms expressing that

equality on 
ertain universes is isomorphism. These extension are put to use in

a new type-theoreti
 formalisation of basi
 
ategory theory in whi
h isomorphi


obje
ts are propositionally equal.

5.1 Independen
e of UIP

Sin
e for a groupoidA the identity set Id(A; a

1

; a

2

) is interpreted as4(A(a

1

; a

2

))

it will 
ontain more than one obje
t if there is more than one A-morphism

from a

1

to a

2

. Due to dis
reteness of identity sets these obje
ts are then not
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even propositionally equal as propositional and de�nitional equality 
oin
ide for

dis
rete groupoids. More formally, we have the following theorem.

Theorem 5.1 The type UIP is empty.

Proof. Suppose that u 2 Tm(UIP). Let A be the group Z

2

viewed as a one-

obje
t groupoid. That is to say, we have a single obje
t ? 2 A and two distin
t

morphisms id

?

; p 2 A(?; ?) where p Æ p = id

?

. Then u(A; ?; ?; p; id

?

) would be

an element of Id(Id(A; ?; ?); p; id

?

). However, the latter set is empty as p 6= id

?

and identity sets are dis
rete. �

By soundness of the interpretation the following is now immediate.

Corollary 5.2 There is no synta
ti
ally de�nable 
losed term of type UIP.

5.1.1 Non-de�nability of K

As UIP 
an be proved using the eliminator K for the family Id(A; a; a) [a:A℄,

as given in Se
tion 3.3 it follows that the latter 
annot be interpreted in the

groupoid model. It is, however, instru
tive to see dire
tly, why an attempt

of interpreting K in the same way as J fails. Let A be a groupoid and C 2

Se([a:A; s: Id(A; a; a)℄) and d : (a:A)C(a; re
(a)). In order to 
onstru
t a de-

pendent obje
t of C extending d in the same way as we did in the 
ase of J we

would have to 
ome up with a morphism in [a:A; s: Id(A; a; a)℄ from (a; re
(a))

to (a; s) for arbitrary s : a ! a. Now su
h a morphism would amount to a

morphism q : a! a satisfying sÆq = q Ære
(a) = q. But this implies s = re
(a).

So no su
h morphism exists if s 6= re
(a).

That an interpretation of K 
annot be a
hieved in any other way either


an be seen as follows. Let A be a groupoid with an obje
t a

0

2 A su
h that

A(a

0

; a

0

) 
ontains a non-identity morphism p

0

. Let C 2 Se([a:A; Id(a; a)℄) be

the family of dis
rete groupoids given by

C(a; p) = 4f? j p = id

a

g

So C(a; p) is empty for p 6= id

a

. To see that this is a family of groupoids assume

that we have a morphism (q; ?) : (a; p)! (a

0

; p

0

), i.e. q : a! a

0

and p

0

Æq = q Æp.

So p

0

= id

a

0

i� p = id

a

. Now d(a) := ? is an obje
t of (a:A)C(a; re
(a)).

However, Tm(C) is empty as C(a

0

; p

0

) is empty.

5.1.2 Non-de�nability of 
ong snd

Finally, let us look at the 
ongruen
e property 
ong snd. If A is a groupoid and

B 2 Se(A) and a : A and b; b

0

: B(a) then

Id(�(A;B); ha; bi ; ha; b

0

i) = 4f(p; q) j p : a! a; q : p � b! b

0

g

whereas

Id(B(a); b; b

0

) =4fq j q : b! b

0

g
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So the two groupoids are di�erent and one 
an easily 
onstru
t a situation in

whi
h the �rst one is inhabited and the se
ond one is empty.

5.2 Canoni
ity of identity types

Unlike �-sets with �-equality or extensional identity sets, the intensional iden-

tity sets are not de�ned by a universal property. Therefore, it is natural to ask

how interpretations of identity sets in the groupoid model look like in general.

To answer this question, assume for the moment that we enri
h our type

theory by another set former Id

0

: (A: Set)A ! A ! Set together with appro-

priately typed 
onstants re


0

and J

0

satisfying the 
orresponding de�nitional

equalities. Then using J and J

0

one 
an exhibit terms

i : (A: Set)(a

1

; a

2

:A)Id(A; a

1

; a

2

)! Id

0

(A; a

1

; a

2

)

j : (A:Set)(a

1

; a

2

:A)Id

0

(A; a

1

; a

2

)! Id(A; a

1

; a

2

)

in su
h a way that, moroever, the following two types are inhabited

(A:Set)(a

1

; a

2

:A)(s: Id(A; a

1

; a

2

))Id(j(i(s)) ; s)

(A:Set)(a

1

; a

2

:A)(s

0

: Id

0

(A; a

1

; a

2

))Id(i(j(s

0

)) ; s

0

)

It follows that UIP holds with respe
t to Id

0

if and only if it holds w.r.t. Id

be
ause the property of having at most one element is stable under propositional

isomorphism. It follows that no interpretation of identity sets satisfying UIP

is possible in the groupoid model, thus in parti
ular extensional identity sets


annot be interpreted.

A more re�ned analysis shows that i and j establish an equivalen
e in the


ategory-theoreti
 sense and therefore any possible interpretation of the identity

set Id(A; a

1

; a

2

) must be a posetal groupoid whose 
onne
ted 
omponents are

in a 1-1 
orresponden
e with A(a

1

; a

2

).

5.3 Fun
tional extensionality

Despite the intensional 
hara
ter of the groupoid model propositional equality

on fun
tion spa
es is pointwise in the sense that the following type is inhabited

in the model.

Fun Ext

def

= (A:Set)(B: (a:A)Set)(f; g: �(A;B))

((a:A)Id(B(a); f(a); g(a))) ! Id(f; g)

To see this, let � denote the groupoid [A: Set; B: (a:A)Set ; f; g: �(A;B)℄ and

let PE 2 Se(�) denote the family (a:A)Id(B(a); f(a); g(a)).

Let 
 2 �. The groupoid Id(f; g)(
) is the dis
rete groupoid with obje
ts the

natural transformations in the sense of Se
tion 4.6. More pre
isely, an obje
t of

Id(f; g)(
) is an assignment � mapping obje
ts a 2 A(
) to B(
; a)-morphisms

�

a

: f(
)(a)! g(
)(a) su
h that whenever q : a! a

0

then the following diagram
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ommutes.

f(
)(a)

�

a

-

g(
)(a)

(id ; q) � f(
)(a)

(id ; q) � �

a

-

(id ; q) � g(
)(a)

f(
)(a

0

)

?

f(
)(q)

�

a

0

-

g(
)(a

0

)

g(
)(q)

?

Now let M be an obje
t of PE(
). By de�nition of dependent fun
tion spa
e

M(a) is a morphism from f(
)(a) to g(
)(a) for every a 2 A(
). Furthermore,

if q : a! a

0

then

M(q) : (id ; q) �M(a)!M(a

0

) (3)

where � refers to the identity set Id(f(a); g(a)). By dis
reteness of identity sets

(3) translates into the following diagram.

f(
)(a)

M(a)

-

g(
)(a)

(id ; q) � f(
)(a)

(id ; q) �M(a)

-

(id ; q) � g(
)(a)

f(
)(a

0

)

?

f(
)(q)

M(a

0

)

-

g(
)(a

0

)

g(
)(q)

?

This means that the obje
ts of Id(f; g)(
) and PE(
) are the same! Being a

dependent fun
tion spa
e of a dis
rete family, PE is dis
rete itself. So Id(f; g)(
)

and PE(
) are isomorphi
. One 
an also show that this isomorphism is natural

in 
 thus establishing an isomorphism between the families PE and Id(f; g). A

more re�ned analysis shows that one dire
tion of this isomorphism arises as the

interpretation of the following proof that equal fun
tions are pointwise equal.

app resp

def

= [A:Set℄[B: (a:A)Set℄[f; g: �(A;B)℄[s: Id(f; g)℄

[a:A℄resp([h: �(A;B)℄h(a); s)

: (A:Set)(B: (a:A)Set)(f; g: �(A;B))Id(f; g)! (a:A)Id(f(a); g(a))

This allows us to interpret the following extension of Martin-L�of's type theory.

fun ext : Fun Ext

fun ext ax1 : (A: Set)(B: (a:A)Set)(f; g: �(A;B))

(s: Id(f; g))Id(s; fun ext(app resp(s)))

fun ext ax2 : (A: Set)(B: (a:A)Set)(f; g: �(A;B))

(s: (a:A)Id(f(a); g(a)))Id(s; app resp(fun ext(s)))
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The spe
ial 
ase of fun ext ax1 where s is an instan
e of re
exivity was proposed

by Turner (Turner 1989) as a possible axiomatisation of fun
tional extensional-

ity. It is easy to see that this spe
ial 
ase is equivalent to the general fun ext ax1

using J . Apparently, fun ext ax2 is independent of fun ext ax1 (and Turner's

axiom). Note that our two axioms determine the postulated obje
t fun ext

uniquely up to propositional equality. Obviously, the axioms fun ext ax1/2 are

derivable from UIP.

A potential appli
ation of fun
tional extensionality is that it allows one to

derive UIP(�(A;B)) from (a:A)UIP(B(a)). Assuming fun ext alone, does not

seem to suÆ
e for that purpose.

Noti
e that fun
tional extensionality allows us to express an identity set

of the form Id(�(A;B)) in terms of identity sets of the form Id(B(a)). A

similar de
omposition is possible for �-sets without any extension to the syntax.

Indeed, using �-elimination we 
an establish a 
anoni
al isomorphism between

Id(�(A;B); hu

1

; u

2

i; hv

1

; v

2

i) and

�([p: Id(A; u

1

; v

1

)℄Id(B(v

2

); subst(p; u

2

); v

2

)

Analogously, we 
an de
ompose identity sets at disjoint unions and natural

numbers.

5.4 Universe extensionality

In this se
tion we want to make an extension of type theory taking a

ount of

the fa
t that propositional equality on a universe is isomorphism. To make this

more pre
ise we need some notation. We write Iso(A;B) for the set

�([f :A! B℄�([g:B ! A℄Id(g Æ f; id )� Id(f Æ g; id ))

where 
omposition (Æ) and identities (id ) are de�ned as usual in terms of ab-

stra
tion and appli
ation. If h : Iso(A;B) we abbreviate its �rst 
omponent by

h and its se
ond 
omponent by h

�1

. Conversely, if f : A ! B and it is 
lear

from the 
ontext that f has an inverse in the sense propositional equality then

we may write f : Iso(A;B).

Now let U be a universe of dis
rete groupoids, i.e. of the form Gpd

4

(V ).

It is then 
lear that if A;B : U then the interpretations of Iso(A;B) and

Id(U ; A;B) are isomorphi
. One dire
tion of the isomorphism is synta
ti
ally

de�nable as

id iso

def

= [A;B:U ℄[s: Id(A;B)℄subst([X :U ℄Iso(A;X) ; s; id

A

)

: (A;B:U )Id(A;B)! Iso(A;B)

Noti
e that Iso(A;B) and Id(A;B) are not isomorphi
 if U = Gpd(V ) be
ause

then Iso(A;B) is in one-to-one 
orresponden
e with equivalen
es between A and

B. Thus Iso(A;B) may be inhabited even if A and B are not isomorphi
.
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Like in the 
ase of fun
tional extensionality we 
an now synta
ti
ally postu-

late an inverse to the fun
tion id iso:

iso id : (A;B:U )Iso(A;B)! Id(A;B)

iso id ax1 : (A;B:U )(s: Id(A;B))Id(s; iso id(id iso(s)))

iso id ax2 : (A;B:U )(s: Iso(A;B))Id(s; id iso(iso id(s)))

By analogy to fun
tional extensionality we refer to this extension by universe

extensionality.

We remark that universe extensionality is in
onsistent with UIP(U ) if U


ontains the natural numbers. This is so be
ause the set Iso(N;N) 
ontains

two di�erent de�nable elements f and g. UIP together with the above 
onstants

would identify f and g and therefore two di�erent natural numbers.

5.5 A new formalisation of 
ategory theory

An appli
ation of the above extension is a new formalisation of 
ategory theory

where isomorphi
 obje
ts are propositionally equal. Let U be a universe of

dis
rete groupoids. We re
e
t this synta
ti
ally by assuming (A:U )UIP(A).

A 
ategory with isomorphism as equality then 
onsists of the following data.

� a set Ob : Set of obje
ts,

� a family of sets Mor : Ob! Ob! U of morphisms,

� obje
ts id and 
omp of the obvious types 
orresponding to identity and


omposition,

� proofs of the traditional axioms stated in terms of propositional equality,

� a proof that for ea
h A;B:Ob the sets Id(Ob; A;B) and Iso(A;B) are


anoni
ally isomorphi
.

This de�nition deserves some explanation. The set Iso(A;B) for A;B:Ob is

de�ned analogously to Iso for members of a universe. More pre
isely, Iso(A;B)

is

�[f :Mor(A;B)℄�[g:Mor(B;A)℄

Id(
omp(g; f); id(A))� Id(
omp(f; g); id(B))

This set being \
anoni
ally isomorphi
" to Id(A;B) means that the 
anoni
al

fun
tion Id(A;B)! Iso(A;B) obtained by applying subst to id(A) is bije
tive.

The fa
t that the homsets Mor(A;B) are dis
rete enables us to do without

further axioms qualifying the behaviour of the assumed proofs of the 
ategory

equations. In other words, there is only one reason for morphisms to be equal.

If we want to 
onsider the 
olle
tions of 
ategories as obje
ts of Set then we

have to restri
t Ob to a member of a 
ertain not ne
essarily dis
rete universe.
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Of 
ourse, this formalisation of 
ategories does not per se require universe

extensionality. The point is that universe extensionality is ne
essary for organ-

ising U itself into a 
ategory with isomorphism as equality.

More pre
isely, we 
an de�ne a 
ategory where Ob

def

= U and Mor(A;B)

def

=

A! B.

Furthermore, using fun
tional extensionality in an essential way, we 
an

show that 
ategories with isomorphism as equality are 
losed under formation

of fun
tor 
ategories. The 
ru
ial point here is to establish a one-to-one 
orre-

sponden
e between between natural isomorphism between two fun
tors F and

G (between 
ategories C and D) and proofs that F and G are equal. This is

a
hieved by de
omposing the set Id(FUNC(C;D); F;G) a

ording to the rules

set out at the end of Se
tion 5.3. Here the set of fun
tors FUNC(C;D) is de�ned

as usual by grouping together obje
t and morphism part as an obje
t of a �-set.

The 
omponents of a natural isomorphism now 
orrespond to a proof that

the obje
t parts of F and G are pointwise equal, thus equal by fun
tional exten-

sionality. The naturality 
ondition, on the other hand, is required for the proof

that the two morphism parts are propositionally equal. The details are messy,

but have been ma
hine-
he
ked using a proof assistant (Lego).

We emphasise that the abovementioned de
omposition of Id(F;G) suggests

the usual de�nition of isomorphism between fun
tors. It would be interesting

to see whether this analogy 
an be exploited for �nding appropriate notions of

isomorphism for other mathemati
al stru
tures (e.g. models of typed lambda


al
ulus).

Noti
e that, obviously, UIP(FUNC(C;D)) is not valid as there is in general

more than one natural isomorphism between any two fun
tors. This implies

that 
ategories and fun
tors do not form a 
ategory with equality as isomor-

phism sin
e its homsets are not dis
rete. Of 
ourse, 
ategories and fun
tors still


an be organised into a 
ategory in the traditional sense. However, it might be

interesting to view equivalent 
ategories as propositionally equal. This, how-

ever, would require \2-level groupoids" in whi
h we have morphisms between

morphisms and a

ordingly the identity sets are not ne
essarily dis
rete. We do

not know whether su
h stru
tures (or even in�nite-level generalisations thereof)


an be sensibly organised into a model of type theory.

A Syntax of type theory

A.1 General rules

[℄ 
txt

Emp

A type [�℄

�; x:A 
txt

Compr

�; x:A;� 
txt

x : A [�; x:A;�℄

Var

25



In rule Compr x is a fresh variable.

Rules expressing that de�nitional equality is a 
ongruen
e relation with re-

spe
t to all subsequent type and term forming operations.

A.2 Rules for the Logi
al Framework

A type [�℄ B type [�; x:A℄

(x:A)B type [�℄

Fun

A type [�℄ B type [�; x:A℄ t : B [�; x:A℄

[x:A℄t : (x:A)B [�℄

lam

A type [�℄ B type [�; x:A℄ t : (x:A)B [�℄ s : A [�℄

t(s) : B[x:=s℄ [�℄

app

A type [�℄ B type [�; x:A℄ t : B [�; x:A℄ s : A [�℄

([x:A℄t)(s) = t[x:=s℄ : B[x:=s℄ [�℄

�

A type [�℄ B type [�; x:A℄ t : (x:A)B [�℄

[x:A℄ t(x) = t : (x:A)B [�℄

�

� 
txt

Set type [�℄

Set

A : Set [�℄

El(A) type [�℄

El

We hen
eforth omit the El -operator and use the 
onventions on abstra
tion,

appli
ation, and omission of redundant arguments set out in Se
tion 2. We

abbreviate (x:A)B by A! B if x does not o

ur in B.

A.3 Martin-L�of's set theory

Martin-L�of's set theory is de�ned as the extension of the Logi
al Framework by

the following 
onstants and de�nitional equations understood in every valid 
on-

text. The de�nitional equalities hold under the proviso that their 
omponents

are well-typed.

A.4 �-sets

� : (A: Set)(A! Set)! Set

fun : (A:Set)(B:A! Set)((a:A)B(a))! �(A;B)

app : (A: Set)(B:A! Set)(�(A;B)) ! (a:A)B(a)

app(fun(b); a) = b(a) : B(a)

fun([x:A℄app(t; x)) = t : �(A;B)
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Alternatively, we 
an repla
e app by the so-
alled funsplit operator (Nordstr�om,

Petersson, and Smith 1990). Then the se
ond �-like equality only holds propo-

sitionally.

We take the freedom of writing f(a) for app(f; a).

A.5 �-sets

� : (A:Set)(A! Set)! Set

pair : (A: Set)(B:A! Set)(a:A)B(a)! �(A;B)

E : (A: Set)(B:A! Set)(C : �(A;B)! Set)

((a:A)(b:B(a))C(pair(a; b)))! (
: �(A;B))C(
)

E(d; pair(a; b)) = d(a; b) : C(pair(a; b))

When A;B : Set then we abbreviate �([x:A℄B) by A�B. We also write ha; bi

for pair(a; b).

A.6 Identity sets

Id : (A:Set)A! A! Set

re
 : (A:Set)(a:A)Id(A; a; a)

J : (A: Set)(C: (a

1

; a

2

:A)Id(A; a

1

; a

2

)! Set)

((a:A)C(a; a; re
(A; a)))! (a

1

; a

2

:A)(s: Id(A; a

1

; a

2

))C(a

1

; a

2

; s)

J(d; re
(a)) = d(a) : C(re
(a))
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A.7 Natural numbers and disjoint unions

N : Set

0 : N

su

 : N! N

R : (C : N! Set)C(0)! ((n:N)C(n)! C(su

(n)))! (n:N)C(n)

R(d; e; 0) = d : C(0)

R(d; e; su

(n)) = e(n;R(d; e; n)) : C(su

(n))

+ : Set! Set! Set

i : (A;B: Set)A! A+B

j : (A;B: Set)B ! A+B

D : (A;B:Set)(C: (A+B)! Set)

((a:A)C(i(a)))! ((b:B)C(j(b)))! (
:A+B)C(
)

D(d; e; i(a)) = d(a) : C(i(a))

D(d; e; j(b)) = e(b) : C(j(b))

A.8 Universes

A universe U in Set is de�ned by two 
onstants U : Set and T : U ! Set

Closure properties of the universe under 
ertain type and term formers are

expressed by reintrodu
ing them with Set repla
ed by U . If the desired type for-

mer is available for Set as well then it suÆ
es to reintrodu
e the type former for

U and relate it to the 
orresponding type former on the level of Set by an appro-

priate equality axiom for T . The asso
iated term formers 
an then be inherited

from Set. For example, 
losure under impredi
ative universal quanti�
ation is

de�ned by

^

� : (A:Set)(A! U )! U




fun : (A:Set)(B:A! U )((a:A)T (B(a)))! T (

^

�(B))

dapp : (A:Set)(B:A! U )(t:T (

^

�(B))) ! (a:A)T (B(a))

� and � equations

If we have �-sets then




fun anddapp together with their equations 
an be repla
ed

by the single set equation

T (

^

�(A;B)) = �(A; [a:A℄T (B(a)))
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