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Abstract. We consider two formalisations of the notion of a compositional semantics for a language,
and find some equivalent statements in terms of substitutions. We prove a theorem stating necessary
and sufficient conditions for the existence of a “canonical” compositional semantics extending a
given partial semantics, after discussing what features one would want such an extension to have.
The theorem involves some assumptions about semantical categories in the spirit of Husserl and
Tarski.
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1. Introduction

Compositionality is a condition on semantics for languages. A common statement
of it is that the meaning of a complex expression is a function of the meanings
of its immediate constituents and the grammatical rule which is used to combine
them (see, for example, Partee et al., 1990: 318). The first systematic treatment
of compositional semantics seems to be the paper of Alfred Tarski (1983) on the
concept of truth, though the name “compositional” is more recent.

In the current literature, most “problems” for compositionality are invitations
to find a compositional semantics which extends a given partial semantics, for
example one defined only on sentences. Why does one ask for the semantics to be
compositional? This I confess I never understood. In this paper I try to go back to
first principles and ask “What should we expect to get out of a semantics extending
the given partial one?” In Section 6 I discuss one rational answer that seems to
go back to Frege in some form. This answer yields a precise condition on the
extension, and I refer to extension semantics that meet this condition asFregean.
The condition involves a notion (“Husserlian”) which seems not to have been
discussed at all widely since Tarski, who devoted several pages to related ideas
in his Concept of Truth paper (Tarski, 1983). In fact Tarski worked with a much
stronger notion that makes good sense for formal languages of logic but seems
wholly inappropriate for natural languages; in Section 4 I suggest a weakening of
Tarski’s notion.
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So there is a precise question: which partial semantics have Fregean extensions?
Theorem 14 answers this question. When a partial semantics has a Fregean ex-
tension to the whole language, the Fregean extension is in fact compositional; so
compositionality falls out as a corollary, not as one of the original requirements on
the extension.

Of course even when we know that a Fregean extension exists, there may be a
major problem of linguistics to describe such an extension explicitly.

A companion paper (Hodges, 1998) considers some of the logical and historical
issues that hover in the background.

2. Grammars

We want to define compositionality. The first step is to define grammars. Formal
treatments of compositionality often assume that the grammar is a term algebra,
or at least a subset of one. For natural languages this is a counterintuitive assump-
tion. But in fact we can assume much less about the language and still reduce the
question to one about term algebras. This section shows how.

A grammaris a triple(E,A,6) where

− E is the set ofexpressions;
− A, the set ofatomic expressions, is a subset ofE;
− 6 is the set ofsyntactic rules; each syntactic ruleα is a partial mapα : En→

E for some non-negative integern called thearity of α.

The term algebraof (E,A,6) is the setT = T (E,A,6) of terms, defined
inductively by:

− Every variableξ, η, ζ, ξ0, . . . is in T , and is anatomic term.
− Every expression is inT , and is anatomic term.
− If α is a syntactic rule of arityn and t0, . . . , tn−1 are all inT , then the term

“α(t0, . . . , tn−1)” is in T ; it is a complex termand itsimmediate constituents
are the occurrences of the termst0, . . . , tn−1 in it.

The variablesξ, η, ζ, ξ0 . . . are metavariables of the grammar, not symbols of the
language ofE. The definition ofsubterm(of a term) is as usual; every term is a
subterm of itself. An occurrence of a subterm int is called aconstituentof t . We
shall take for granted the well-known fact that each term in a term algebra has a
unique parsing.

Thegrammatical term algebraof (E,A,6) is the setGT = GT (E,A,6) of
grammatical terms, defined inductively by:

− Every atomic expression is inGT ; its valueis itself.



FORMAL FEATURES OF COMPOSITIONALITY 9

− If α is a syntactic rule of arityn, the termst0, . . . , tn−1 are all inGT and
have valuese0, . . . , en−1 respectively, and the expressionα(e0, . . . , en−1) is
defined, then the term “α(t0, . . . , tn−1)” is in GT and itsvalue is the expres-
sionα(e0, . . . , en−1).

Since every grammatical term is a term, the definitions of subterm etc. forT carry
over toGT . There is a map val: GT → E taking each term inGT to its value.
We require that val is surjective.If t is a term inGT with valuee, we say that
t is a structural analysisof e. By assumption every expression has a structural
analysis; some expressions might have more than one. The atomic expressions are
those that have trivial structural analyses; they might also have other non-trivial
structural analyses, for example if they are idioms. (For an application to idioms,
see Westerståhl, to appear.)

3. Meanings and Synonymies

In general one expects a semantics to give different meanings to an expression un-
der different structural analyses of the expression. So I shall assume that meanings
attach to elements of the grammatical term algebraGT rather than to elements
of E. In fact the setE plays only a parasitic role from this point onwards. But
as a shorthand I will write for exampleGT (E) andgrammar of E, rather than
GT (E,A,6) and grammar of (E,A,6). The reader can assume without loss
that T is an arbitrary term algebra whose atoms include variables, andGT (E) –
the set of grammatical terms – is an arbitrary subset ofT that contains no variables
and is closed under subterms.

Thus asemanticsfor E is a mapµ whose domain is a subset ofGT (E). We
call µ(t) themeaningof t , or more loosely of val(t). We say thatµ is total if its
domain is the whole ofGT (E). If µ(t) is defined, we say thatt is µ-meaningful.

Likewise asynonymyfor E is an equivalence relation≡ whose field (i.e. the set
of x such thatx ≡ x) is a subset ofGT (E). If µ is a semantics forE, then we
define a synonymy≡µ for E by

s ≡µ t ⇔ µ(s) = µ(t).

(In particulars ≡µ s if and only if µ is defined ats.) We writes 6≡µ t to mean that
s ≡µ s, t ≡µ t but nots ≡µ t . We say that two semanticsµ, ν for a grammarE
areequivalentif ≡µ equals≡ν .

Going in the other direction, if≡ is a synonymy forE then we can define a
semanticsµ≡ for E by takingµ≡(s) to be the≡-equivalence class ofs if s is in
the field of≡, and undefined otherwise.

LEMMA 1. With the definitions above, if∼= is a synonymy forE then

≡µ∼= = ∼=,
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and ifν is any semantics forE then

µ≡ν , ν are equivalent.

Proof. Immediate. 2

Given two synonymies≡ and≡′ for E, we say that≡ is compatible with≡′ if for
all grammatical termsp, q in the field of both synonymies,

p ≡ q ⇔ p ≡′ q.

We say that two semanticsµ, ν for E arecompatibleif their associated synonymies
≡µ,≡ν are compatible. Thenµ is equivalent toν, in the sense defined earlier, if
and only ifµ andν are compatible and have the same domain.

If ≡,≡′ are synonymies forE, we say that≡′ is an extensionof ≡ (or that
it extends≡) if the field of ≡′ includes that of≡ and the two synonymies are
compatible. Ifµ, ν are semantics forE, we say thatν is an extensionof µ (or
that it extendsµ) if ν(p) equalsµ(p) wheneverµ(p) is defined. The next lemma
relates these notions.

LEMMA 2. Supposeµ andν are semantics forE. Then≡ν is an extension of≡µ

if and only ifν is equivalent to some extension ofµ.
Proof. Immediate. 2

Finally if µ andν are semantics forE, we writeν ≥ µ to mean that≡ν⊇≡µ. This
implies that the domain ofν includes that ofµ, but within that domainµ may make
more distinctions thanν does. The semanticsµ andν are equivalent if and only if
bothµ ≥ ν andν ≥ µ.

For the rest of this paper I drop the phrase “forE.” Terms will always be
assumed to come from the term algebra ofE, and grammatical terms fromGT (E).

4. Substitution

If s is a term,ξ0, . . . , ξk−1 are distinct variables andt0, . . . , tk−1 are terms (not
necessarily distinct), we write

s(t0, . . . , tk−1 | ξ0, . . . , ξk−1)

for the term formed by simultaneously replacing each occurrence of variableξi

by ti (0 ≤ i < k). This term is not necessarily inGT (E); when it is, we say
that it is grammatical. A µ-meaningful term (for any semanticsµ) is necessarily
grammatical.

In his discussion of the conditions under which a compositional semantics is
possible, Tarski (1983: 215ff) calls attention to a notion that we shall find important
too. Namely, ifE is a grammar,µ a semantics andp, q are grammatical terms, then
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we say thatp, q have the sameµ-category, in symbolsp ∼µ q, if for every terms

with the single variableξ ,

s(p | ξ) is µ-meaningful if and only ifs(q | ξ) is µ-meaningful.

Tarski notes that this is an equivalence relation on the set of grammatical terms,
and he refers to its equivalence classes assemantical categories. (The name comes
from theBedeutungskategorienin Husserl’s “Logische Untersuchungen” of 1900,
Husserl, 1993: 318.) Then Tarski proposes a principle which, he says, is very
natural “from the standpoint of the ordinary usage of language.” Namely:

First Principle of the Theory of Semantical Categories. If there is a terms with
the single variableξ , such thats(p | ξ) ands(q | ξ) are bothµ-meaningful,
thenp andq have the sameµ-category.

(The name is Tarski’s, but I have translated the principle into the terminology of
this paper. Tarski has in mind the case where the field ofµ is the class of formulas
of a formal language.) This principle holds for Montague-type languages. It very
definitely does not hold for English. I take the following two examples from a
longer list in Gazdar et al. (1985: 32):

a. The beast ate the meat.
b. The beast devoured the meat.
c. The beast ate.
d. *The beast devoured.

a. It is likely that Alex will leave.
b. It is probable that Alex will leave.
c. Alex is likely to leave.
d. *Alex is probable to leave.

So Tarski’s First Principle had better go out of the window at once. Fortunately
we can get many of the same advantages if we adopt instead a weaker condition.
Namely, letµ andν be semantics. We say thatν and its associated synonymy≡ν

areµ-Husserlianif

for all termsp, q, if p ≡ν q thenp ∼µ q.

We say thatµ is Husserlian if it is µ-Husserlian. (The reason for the two-step
definition will emerge in Section 6.) Thus in a Husserlian semantics for English,
“likely” and “probable” have different meanings, and likewise so do “eat” and
“devour.”

It is immediate that a semanticsµ satisfying Tarski’s First Principle of Semantic
Categories is Husserlian, so that our notion is a weakening of his.

LEMMA 3. If p ∼µ q ands(p | ξ) is µ-meaningful, thens(p | ξ) ∼µ s(q | ξ).
Proof. Sincep ∼µ q ands(p | ξ) is µ-meaningful, we know thats(q | ξ) is

µ-meaningful. Lett be a term with the one variableη, and supposet (s(p | ξ) | η)
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is µ-meaningful. We have to show thatt (s(q | ξ) | η) is µ-meaningful. It suffices
to observe thatt (s | η) is a termt ′ with the one variableξ , and that for any termr,

t ′(r | ξ) = t (s(r | ξ) | η).

Thust (s(p | ξ)) is t ′(p | ξ) andt (s(q | ξ)) is t ′(q | ξ). 2

5. Compositionality

One speaks of semantics beingcompositionalor not. There are several definitions
of “compositional” in circulation, not all of them equivalent. The two theorems of
this section pick out the main contenders.

THEOREM 4. Let µ be a semantics for the grammarE, and suppose that every
subterm of aµ-meaningful term isµ-meaningful. Then the following are equiva-
lent:

(a) There is a functionr such that for every complexµ-meaningful terms =
α(t0, . . . , tm−1),

µ(s) = r(α, µ(t0), . . . , µ(tm−1)).

(b) There are a functionb and for each syntactic ruleα a functionrα such that
for everyµ-meaningful terms,

µ(s) =
{

b(s), if s is atomic,
rα(µ(t0), . . . , µ(tm−1)), if s = α(t0, . . . , tm−1).

(c) If s is a term andp0, . . . , pn−1, q0, . . . , qn−1 are grammatical terms such that
s(p0, . . . , pn−1 | ξ0, . . . , ξn−1) and s(q0, . . . , qn−1 | ξ0, . . . , ξn−1) are both
µ-meaningful and for allm < n,

pm ≡µ qm,

then

s(p0, . . . , pn−1 | ξ0, . . . , ξn−1) ≡µ s(q0, . . . , qn−1 | ξ0, . . . , ξn−1)

whenever both these terms areµ-meaningful.

If moreoverµ is Husserlian, then(a)–(c)are equivalent to

(d) If s is a term with one variableξ , andp, q are grammatical terms such that
s(p | ξ), s(q | ξ) areµ-meaningful, then

p ≡µ q ⇒ s(p | ξ) ≡µ s(q | ξ).
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Proof.The equivalence of (a) and (b) is immediate.
(a)⇒ (c): Assuming (a), we prove (c) by induction on the complexity ofs.

The first case is thats is a µ-meaningful atomic terme. In this casen = 0 and
the conclusions ≡µ s is trivial. The second case is wheres is a variableξ0. Then
s(p0 | ξ0) = p0 ands(q0 | ξ0) = q0, so again the result is trivial. Finally there is
the case wheres is a termα(t0, . . . , tm−1). In this case

s(p0, . . . | ξ0, . . .) = α(t0(p0, . . . , | ξ0, . . .), . . .)

and similarly withs(q0, . . . | ξ0, . . .). Sinces(p0, . . . | ξ0, . . .) is assumed to be
µ-meaningful, its subtermsti (p0, . . . | ξ0, . . .) are alsoµ-meaningful, and so by
induction hypothesis

ti (p0, . . . | ξ0, . . .) ≡µ ti(q0, . . . | ξ0, . . .).

The result now follows at once by (a).
(c)⇒ (a): (a) follows at once from the special case of (c) wheres has the form

α(ξ0, . . . , ξm−1).
Finally supposeµ is Husserlian. Clause (d) is a special case of (c) even without

this assumption. Assuming (d), we prove (c) as follows. For eachi ≤ m, let si be
the term

s(q0, . . . , qi−1, pi, . . . , pm−1 | ξ0, . . . , ξm−1).

It suffices to show for eachi < m that if pi ≡µ qi thensi andsi+1 are bothµ-
meaningful andsi ≡µ si+1, by induction oni. By assumptions0 is µ-meaningful.
Suppose it has been shown thatsi is µ-meaningful. Sincepi ≡µ qi and µ is
Husserlian,si+1 is alsoµ-meaningful, and it follows thatsi ≡µ si+1 by (d). 2

I shall read the condition (d) as: “µ is 1-compositional” (even when the domain of
µ is not closed under subterms).

It is difficult to give a convincing natural language example to show why we
need the Husserlian property in case (d), since it would involve producing a non-
compositional semantics that obeys (d), and knock-down examples of non-compo-
sitional semantics for natural languages are notoriously difficult to find. But sup-
pose that the English word “fast” (as in “fast asleep”) means the same as “deeply,”
and “asleep” means the same as “sleeping”; allow me also that both “fast asleep”
and “deeply sleeping” are grammatical English, but neither “fast sleeping” nor
“deeply asleep” is. So we have a failure of the Husserlian property. Compositional-
ity as in (a)–(c) would allow us nevertheless to deduce that “fast asleep” means the
same as “deeply sleeping,” by making both replacements simultaneously. But with
only (d) holding, it would be quite possible for “fast asleep” and “deeply sleeping”
to have different meanings.

COROLLARY 5. If a semanticsµ for a grammarE is compositional, then so is
any semantics equivalent toµ.
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Proof.Clause (c) of the theorem depends only on≡µ. 2

Thanks to the corollary, we can say that a semanticsµ and its associated synonymy
≡µ arecompositionalwhen every subterm of aµ-meaningful term isµ-meaningful
and any of the three conditions (a), (b), (c) of the theorem hold.

Clause (b) of the theorem explains why compositional semantics are sometimes
known asrecursively definedsemantics – though the name is hardly justified, since
(b) would still form a definition ofµ by recursion on the syntax even ift0, . . . , tm−1

were also arguments ofrα. The same clause also shows that in a compositional
semantics one can give separate meanings not only for the expressions but also for
the syntactic rules, by takingrα as the meaning of the ruleα.

Our notion of equivalence is already very weak. Zadrozny (1994) claims (after
his proposition 3) that he has shown that “any semantics is equivalent to a com-
positional semantics.” What he shows is that for every semanticsµ there is a
compositional semanticsν such thatν(t)(t) = µ(t) for each termt . (This part
of Zadrozny’s (1994) result in is trivial – putν(t) = µ for each termt .) Clearly Za-
drozny’s notion of equivalence is even weaker than ours. (See also after Lemma 13
below.)

We turn to the second common notion of compositionality. Clause (c), which
limps a little, is meant to cover formulations such as “The meaning of an expres-
sione is determined by the meanings of its proper constituents and the way these
constituents are combined syntactically ine.”

THEOREM 6. Let µ be a semantics for the grammarE, and suppose that every
atomic subterm of aµ-meaningful term isµ-meaningful. Then the following are
equivalent:

(a) There is a functionr such that for every terms containing no atomic
terms except the variablesξ0, . . . , ξm−1, and all atomic termst0, . . ., tm−1,
if s(t0, . . . , tm−1 | ξ0, . . . , ξm−1) is µ-meaningful then

µ(s(t0, . . . , tm−1 | ξ0, . . . , ξm−1)) = r(s, µ(t0), . . . , µ(tm−1)).

(b) If s is a term andp0, . . . , pn−1, q0, . . . , qn−1 are atomic grammatical terms
such thats(p0, . . . , pn−1 | ξ0, . . . , ξn−1) and s(q0, . . . , qn−1 | ξ0, . . . , ξn−1)

are bothµ-meaningful and for allm < n,

pm ≡µ qm,

then

s(p0, . . . , pn−1 | ξ0, . . . , ξn−1) ≡µ s(q0, . . . , qn−1 | ξ0, . . . , ξn−1)

whenever both these terms areµ-meaningful.
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If every subterm of aµ-meaningful term isµ-meaningful, then(a)and(b) are each
equivalent to

(c) There is a functionr with the following property. For eachµ-meaningful
complex termu = s(t0, . . . , tm−1 | ξ0, . . . , ξm−1), wheres contains no atomic
terms except the variablesξ0, . . . , ξm−1, and t0, . . . , tm−1 are atomic, write
s<(t0, . . . , tm−1) for the function which maps each proper subterms′ of s to
µ(s′(t0, . . . , tm−1 | ξ0, . . . , ξm−1)). Then

µ(u) = r(s, s<(t0, . . . , tm−1)).

If µ is Husserlian, then(a) and(b) are each equivalent to

(d) If s is a term with one variableξ , andp, q are atomic grammatical terms and
s(p | ξ) is µ-meaningful, then

p ≡µ q ⇒ s(p | ξ) ≡µ s(q | ξ).

Proof. To deduce (b) from (a), extend both the listsp0, . . . , pn−1 andq0, . . . ,

qn−1 so as to include all the atomic subterms of the terms in (b). Conversely (a)
follows from the special case of (b) where all the atomic subterms of the terms are
variables.

We prove the equivalence (a)⇔ (c) by showing that a functionr = ra as
in (a) gives us all the information needed to compute the functionr = rc as
in (c), and vice versa. Givenra and s, s<(t0, . . . , tm−1) as in (c), we can read
off µ(t0), . . . , µ(tm−1) from s<(t0, . . . , tm−1) and then applyra. In the other dir-
ection, givenrc and s, µ(t0), . . . , µ(tm−1) as in (a), we apply (c) inductively to
find µ(s′(t0, . . . , tm−1 | ξ0, . . . , ξm−1)) for each subterms′ of s, and thus we find
s<(t0, . . . , tm−1) so that we can applyrc.

The equivalence of (a) and (d) goes like the equivalence of (a) and (d) in the
previous theorem. 2

We say that a semanticsµ and its associated synonymy≡µ for a grammarE are
weakly compositionalwhen every atomic subterm of aµ-meaningful term isµ-
meaningful and (a), (b) of the theorem hold. Clearly every compositional semantics
is weakly compositional. Weak compositionality is a very weak property, and I
shall say no more about it.

6. The Extension Problem

Theextension problemruns as follows: given a semanticsµ and a setY of gram-
matical terms which contains the domain ofµ, find a semanticsν which is com-
patible withµ and defined onY , and perhaps has some other specified properties.
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This problem tends to turn up in one or other of two quite different forms.
The first form is where we have a semantics forsentencesof a language, but not
for general expressions; the problem is to extend from sentences to the whole
language. Two examples that I discussed in Hodges (1998) were Bittner’s (1995)
problem of extending a semantics for sentences of Greenland Eskimo so as to
describe the semantic role of the various suffixes on verbs in that language; and
the challenge of Hintikka and Sandu (1997) to find a compositional semantics for
their Independence-Friendly logic. Thesecond formis where we already have a
semantics for a language, and the problem is to extend it to a larger language with
expressions of a new kind. A famous example of this is Frege’s (1992) discussion
of how to extend the notion of Bedeutung to a language containing words for
“believe” and “after.”

In formal terms this distinction corresponds to a distinction that model theorists
make between two kinds of extension of partially ordered structures. We can bor-
row the model theorists’ terminology. SupposeE is a grammar, and letX andY be
subsets ofGT (E) with X ⊆ Y . Then we say thatX is cofinal inY , or thatY is a
cofinal extensionof X, if every term inY is a subterm of some term inX. We say
thatY is anend-extensionof X if every term inY that is a subterm of a term inX
is already inX.

Supposeµ and ν are semantics with domainsX and Y respectively, andν
extendsµ. Then we say thatν is acofinal extensionof µ if X is cofinal inY . We
say thatν is anend-extensionof µ if Y is an end-extension ofX. The analogous
definitions for≡µ and≡ν are obvious.

The Bittner and Hintikka–Sandu extension problems are both about finding
cofinal extensions, because all the relevant terms can be found inside sentences
of the language. The Frege problem is about finding an end-extension. Theorem 16
will give a little information about end-extensions. But the rest of this section, and
indeed most of the remainder of this paper, is about cofinal extensions.

Suppose again thatX is the domain of the semanticsµ, andX is a cofinal subset
of Y . We want to find a semanticsν onY extendingµ. The problem is completely
trivial unless we add thatν must satisfy certain conditions. Here one has to ask
oneself “What is a semantics supposed to be for?” The simplest assumption, and a
reasonable starting point, is the following principle:

Principle F. The meaning of a term inY is the contribution that the term makes
to the meanings of terms inX containing it.

Here “F” comes from Frege, because Frege is often credited with this principle in
the case whenX is the set of sentences andY is the set of all expressions.

To cash Principle F in formal terms, we can begin by translating it into syn-
onymies. The following statement says thatp ≡ν q if and only if p can always be
substituted forq (and vice versa) in expressions inX without affecting the≡µ-class
of these expressions:
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Termsp andq in Y have the sameν-meaning if and only if for all termst such
that eithert (p | ξ) or t (q | ξ) is in X, botht (p | ξ) andt (q | ξ) have the same
µ-meaning.

This says something precise. It is the conjunction of the following three conditions
onµ andν:

F(a): If p ≡ν q andt (p | ξ) is in the field of≡µ then t (q | ξ) is in the field of
≡µ.

F(b): If p ≡ν q andt (p | ξ), t (q | ξ) are both in the field of≡µ, thent (p | ξ) ≡µ

t (q | ξ).
F(c): If p 6≡ν q then there is a termt such that either exactly one oft (p | ξ) and

t (q | ξ) is in the field of≡µ, or both are andt (p | ξ) 6≡µ t (q | ξ).

When these three conditions F(a)–F(c) hold, I shall say thatν is aFregean cover
of µ; if moreoverν is an extension ofµ, I shall say thatν is aFregean extension
of µ.

Condition F(a) we already know; it says thatν is µ-Husserlian. Condition
F(b) is a kind of partial 1-compositionality; we can read it as “ν is partially 1-
compositionaloverµ.”

I shall say thatν is fully abstractoverµ if F(c) holds. The name “fully abstract”
is stolen from work of Milner (1977) and Plotkin (1977) in the 1970s, on the
semantics of computer programs. In that setting a fully abstract semantics is one
that distinguishes two programs if and only if they have the different outputs in
some context.

All these names and labels carry over to synonymies in the obvious way.
Roughly speaking, F(a) and F(b) together say thatν does not make too few

distinctions, and F(c) says that it does not make too many. In other words:

LEMMA 7. Let E be a grammar. SupposeX and Y are subsets ofGT (E) with
X ⊆ Y , andµ, ν, σ are semantics with domainsX, Y , Y respectively. Ifν is fully
abstract overµ andσ is µ-Husserlian and partially 1-compositional overµ, then
σ ≤ ν. In particular there is, up to equivalence, at most one Fregean extension of
µ with domainY .

Proof. Immediate. 2

When does a semanticsµ have a Fregean extension? We can give necessary con-
ditions at once:

LEMMA 8. SupposeX, Y and Z are subsets ofGT (E) with X ⊆ Y ⊆ Z, and
µ, σ andν are semantics with domainsX, Y andZ respectively. Supposeν is an
extension ofσ . Then:

(a) If ν is a Fregean cover ofµ then so isσ .
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(b) If µ is a Fregean cover of itself thenµ is Husserlian and 1-compositional.

Proof. Immediate from the definitions. 2

Applying the lemma withσ = µ, µ cannot have any Fregean extension unlessµ

is Husserlian and 1-compositional. Theorem 14 below will show the converse: ifµ

is Husserlian and 1-compositional thenµ has a unique Fregean extension to each
set in which the domain ofµ is cofinal. But before we come to that, let me prove a
few lemmas that put some structure into the landscape.

Our next lemma allows us to restrict attention to cofinal extensions when we
are discussing Fregean extensions. Here and below, we say that a semanticsν with
domainY is theone-point extensionof the semanticsµ with domainX if ν is an
end-extension ofµ, and all the terms inY \ X areν-equivalent to each other but
not to any term inX. If µ, X andY are given andY is an end-extension ofX, then
up to equivalence there is a unique one-point extension ofµ to Y .

Note that any extensionν to Y of a semanticsµ can be factored in a unique
way as a cofinal extensionσ of µ, followed by an end-extensionν of σ ; σ is the
restriction ofν to the set of subterms of terms in the domain ofµ.

LEMMA 9. LetX,Y be subsets ofGT (E) with X ⊆ Y and letµ, ν be semantics
with domainsX,Y respectively, withν an extension ofµ. Write Z for the set of
terms inY that are subterms of terms inX. Then the following are equivalent:

(a) ν is a Fregean extension ofµ.
(b) Writing σ for the restriction ofν to Z, σ is a Fregean extension ofµ andν is

the one-point extension ofσ .

Proof.Straightforward from the definitions. 2

LEMMA 10. Let X,Y be subsets ofGT (E) with X a cofinal subset ofY , and
supposeY is closed under subterms. Letµ, ν be semantics with domainsX,Y

respectively. Then:

(a) If ν is µ-Husserlian thenν is Husserlian.
(b) If ν is a Fregean cover ofµ thenν is compositional.

Proof. (a) Letp, q be terms ofY such thatp ≡ν q, and suppose a terms(p | ξ)

is in Y . We have to show thats(q | ξ) is also inY . By assumptionX is cofinal inY ,
and so there is a termt with the variableη, such thatt (s(p | ξ) | η) is in X. There
is a termt ′ such that for any termr, t ′(r | ξ) = t (s(r | ξ) | η). Thent ′(p | ξ) is
in X (since it ist (s(p | ξ) | η)), and hencet ′(q | ξ) is in X (sincep ≡ν q and
ν is µ-Husserlian), and thust (s(q | ξ) | η) is in X (since it ist ′(q | ξ)). Hence
t (s(q | ξ) | η) is in Y , so that its subterms(q | ξ) is in Y as required.
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(b) Assume thatν is a Fregean cover ofµ. Thenν is Husserlian by (a), and so by
Theorem 4 we need only prove thatν is 1-compositional. Suppose for contradiction
thatp ≡ν q ands(p | ξ), s(q | ξ) are both inY but s(p | ξ) 6≡ν s(q | ξ). By full
abstraction there is a termt such that either just one oft (s(p | ξ) | η), t (s(q | ξ) |
η) is in X, or both are inX but t (s(p | ξ) | η) 6≡µ t (s(q | ξ) | η). Again we can
form a termt ′ such that for every grammatical termr, t (s(r | ξ) | η) = t ′(r | ξ).
Sincep ≡ν q andν is a Fregean cover ofµ, if at least one oft ′(p | ξ), t ′(q | ξ)

is in X then t ′(p | ξ) ≡µ t ′(q | ξ). This contradicts the choice oft . So≡ν is
compositional. 2

Note one possible reading of Lemma 10(b):Frege’s context principle implies com-
positionality.

7. Horn Properties

This section consists largely of bookkeeping and could have been an appendix. It
shows that a number of the concepts appearing in earlier sections are well-behaved.
A convenient net to catch them is Horn logic (e.g., Hodges, 1993), or if you prefer,
pure PROLOG without cut.

Let≡ be a binary relation on the setGT (E) of grammatical terms of a grammar
E. We shall say that a property of≡ is a hyperstrict Horn propertyif it can be
expressed by a set of conditions, each of which has the form

(p0 ≡ q0) ∧ . . . ∧ (pk−1 ≡ qk−1) ⇒ (pk ≡ qk),

wherek ≥ 1 and thepi and theqi are grammatical terms. We shall say that a
property of≡ is astrict Horn propertyif it can be expressed by a set of conditions,
each of which has either the form above or the form

p ≡ q,

wherep, q are grammatical terms. Finally we shall say that a property of≡ is a
Horn propertyif it can be expressed by a set of conditions, each of which has one
of the forms above or the form

Not [(p0 ≡ q0) ∧ . . . ∧ (pk−1 ≡ qk−1)],
where thepi and theqi are grammatical terms. Note that every hyperstrict Horn
property is strict, and every strict Horn property is Horn.

Fact 11. Let π be a property.

(a) Supposeπ is hyperstrict Horn. Then the empty relation onGT (E) hasπ .
(b) Supposeπ is strict Horn. Then for every binary relationR onGT (E) there is

a least binary relation≡ ⊇ R onGT (E) which hasπ .
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(c) Supposeπ is Horn. Then for every binary relationR on GT (E), if there is a
binary relation≡ ⊇ R onGT (E) which hasπ , then there is a least one.2

Thus you can always find a smallest relation≡ with a given strict Horn property.
But to find a least relation with a Horn property that is not strict, you must first
prove that there exists at least one relation with that property.

PROPOSITION 12.The following properties are hyperstrict Horn:

− Being a synonymy.
− Being a synonymy where [atomic] subterms of meaningful terms are mean-

ingful.
− Being a compositional synonymy.
− Being a Husserlian synonymy.

The following properties are strict Horn:

− Being a total synonymy.
− Being⊇ a given synonymy.

The following properties are Horn:

− Being compatible with a given synonymy.
− Being a fully abstract extension of a given synonymy.
− Being aµ-Husserlian synonymy (for a fixedµ).

Proof.For a synonymy:

(p ≡ q)⇒ (q ≡ p).

(p ≡ q) ∧ (q ≡ r)⇒ (p ≡ r).

For the condition on subterms we add

(s ≡ s)⇒ (p ≡ p) (p [atomic] subterm ofs).

For “compositional” we add

(p0 ≡ q0) ∧ . . . ∧ (pn−1 ≡ qn−1)∧
(s(p0, . . . , pn−1 | ξ0, . . . , ξn−1) ≡ s(p0, . . . , pn−1 | ξ0, . . . , ξn−1)) ∧
(s(q0, . . . , qn−1 | ξ0, . . . , ξn−1) ≡ s(q0, . . . , qn−1 | ξ0, . . . , ξn−1))⇒
(s(p0, . . . , pn−1 | ξ0, . . . , ξn−1) ≡ s(q0, . . . , qn−1 | ξ0, . . . , ξn−1)).

For “Husserlian,”

(p ≡ q) ∧ (s(p | ξ) ≡ s(p | ξ))⇒ (s(q | ξ) ≡ s(q | ξ)).
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For “total,”

(p ≡ p) (for all grammatical termsp).

For “⊇ R,”

(p ≡ q) (whenever(p, q) ∈ R).

For “compatible withµ,”

(p ≡ p) ∧ (q ≡ q)⇒ (p ≡ q) (whenp ≡µ q)

Not: (p ≡ q) (whenp 6≡µ q).

For “fully abstract extension ofµ,” use the clauses for⊇ and “compatible,” together
with

(p ≡ p) ∧ (q ≡ q)→ (p ≡ q)

wheneverp, q are such that for all termss, s(p | ξ) ≡µ s(q | ξ) whenever at least
one of these terms isµ-meaningful.

For “µ-Husserlian,”

Not: (p ≡ q) (wheneverp 6∼µ q).

2

Thus if µ is any semantics, then there are, up to equivalence, a unique≤-least
semantics≥ µ which is compositional, and a unique≤-least total semantics≥ µ

which is compositional.

8. Existence and Extension Theorems

LEMMA 13 (Existence Lemma).LetE be a grammar and letX be a set of terms
of GT (E) which is cofinal inGT (E). Let µ be a semantics whose domain isX.
Thenµ has a Fregean coverν which is total (i.e., has domainGT (E)); ν is unique
up to equivalence, and it is compositional. Ifp, q are terms inX with p ≡ν q, then
p ≡µ q.

Proof.Define a relation≡ν on the set of grammatical terms as follows:

p ≡ν q if and only if p ∼µ q and for every terms(p | ξ) in X, s(p | ξ) ≡µ

s(q | ξ).

We show first that≡ν is a total synonymy. Reflexiveness is clear; the field is
GT (E). For symmetry we note that ifp ∼µ q ands(p | ξ) is in X thens(q | ξ) is
in X too. For transitivity, supposep ≡ν q andq ≡ν r. Then certainlyp ∼µ r since
p ∼µ q ∼µ r. Supposes(p | ξ) is in X; then by assumptions(p | ξ) ≡µ s(q | ξ).
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But then s(q | ξ) ∈ X, so by assumptions(q | ξ) ≡µ s(r | ξ) too, giving
s(p | ξ) ≡µ s(r | ξ) as required. Thus≡ν is a total synonymy. We takeν to be a
semantics with synonymy≡ν ; then it is immediate from the definition of≡ν thatν
is a Fregean cover ofµ.

Uniqueness is immediate from the definition of Fregean cover, andν is com-
positional by Lemma 10. For the final clause, letp andq be terms inX such that
p ≡ν q. Let s be the termξ . Thenp = s(p | ξ) ∈ X, and sop ≡µ s(q | ξ) = q

by the definition of≡ν . 2

WhenX = GT (E), the existence lemma gives the Synonymy Theorem of Lappin
and Zadrozny (preprint), except for their use of function application (which needs
non-well-founded sets).

Our main extension result follows at once:

THEOREM 14 (Extension Theorem).Let E be a grammar and letX be a set of
terms ofGT (E) which is cofinal inGT (E). Letµ be a semantics whose domain is
X. Then the following are equivalent:

(a) µ is Husserlian and 1-compositional.
(b) µ has a total Fregean extension.

Proof.We already have (b)⇒ (a) by Lemma 8. To prove the converse, assume
(a) and letν be the total Fregean cover ofµ given by Lemma 13. We have to show
thatν is (up to equivalence) an extension ofµ; i.e., that ifp, q are terms inX then
p ≡µ q if and only ifp ≡ν q. Right to left we already know from the lemma. In the
other direction, supposep ≡µ q. Thenp ∼µ q sinceµ is Husserlian. Ifs(p | ξ)

is in X thens(p | ξ) ≡µ s(q | ξ) sinceµ is 1-compositional. Hencep ≡ν q as
required. 2

COROLLARY 15. Let E be a grammar and letX be a set of terms ofGT (E)

which is cofinal inGT (E). Let µ be a Husserlian semantics whose domain isX.
Then the following are equivalent:

(a) µ is 1-compositional.
(b) There is a 1-compositional semantics extendingµ.
(c) There is, up to equivalence, exactly one total Husserlian and compositional

Fregean extension ofµ.
(d) There is, up to equivalence, a unique≤-greatest total compositionalµ-

Husserlian semantics which extendsµ.
(e) There is, up to equivalence, a unique≤-least total compositional fully abstract

semantics which extendsµ.
(f) There is, up to equivalence, a unique≤-least total compositional

semantics which extendsµ.
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Proof.The implication from (b) to (a) is trivial. Clauses (c)–(f) all imply (b). The
implication (a)⇒ (c) comes from the theorem and Lemma 10. The implications
from (c) to (d) and (e) are by Lemma 7. Finally the implication from (c) to (f) is
one of several similar consequences of Fact 11 and Proposition 12. 2

The equivalence between (a) and (c) is the central fact here. Clauses (d) and (e)
express the semantics in (c) as a maximum and as a minimum.

I included clause (f) with some polemical intent; we can read off any number of
similar results by choosing other Horn properties of the semantics in (c) and using
general nonsense. The point to note is that we have no guarantee whatever that
the semantics in (f) is the same as that in (c)–(e) (see Examples One and Two in
Section 10). If you believe that the real problem is to find acompositionalextension
of µ, then these other semantics will serve you just as well as the Fregean one. This
is what comes of ignoring the Husserlian and full abstraction properties.

In the case of the Fregean extension, what is the form of the functionr in clause
(a) of Theorem 4, assuming we use the equivalence-class semanticsν = µ≡ν ? One
can check that

r(α, ν(t)) = {α(t ′) : ν(t) = ν(t ′)}
= {α(t ′) : (∀s)(s(t | ξ) ∈ X ∨ s(t ′ | ξ) ∈ X→ s(t | ξ) ≡µ s(t ′ | ξ))}.

9. Extending the Language

We turn to end-extensions of a semanticsµ. Here the extension problem is nor-
mally trivial: the one-point extension ofµ always exists, and it is always Fregean if
µ was Husserlian and 1-compositional (see before Lemma 9). When Frege (1892)
discussed the semantic implications of the words “believe” and “after,” he was
not just trying to find a semantics that incorporated them; he was trying to find
one that gave the right truth-values to sentences containing these words, without
abandoning the semantics that worked for expressions without these words.

SupposeW is the set of grammatical terms of a language,Y the set of gram-
matical terms of a sublanguage, andW “comes fromY by adding new concepts.”
In formal terms this says among other things that (i)Y ⊆ W , (ii) Y andW are both
closed under subterms, and (iii) every term inW \ Y has an atomic subterm that is
not in Y . When (i)–(iii) hold I shall say thatW is aconceptual extensionof Y . A
conceptual extension is necessarily an end-extension.

The following configuration describes Frege’s problem. All the arrows are in-
clusion maps.
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W

(?) Y

concept
99ttttttttttt

Z

cofinal

eeJJJJJJJJJJJ

X = Y ∩ Z

cofinal

eeJJJJJJJJJJJ

99ttttttttttt

We have a semanticsµ with domainX, a Fregean extensionν of µ with domain
Y and an end-extensionσ of µ with domainZ. The question is whether there is a
Fregean extensionτ of σ with domainW , with the property that the restriction of
τ to Y is equivalent toν. Now if there is a Fregean extensionτ of σ at all, then it is
unique up to equivalence, and so the question reduces to determining whether the
restriction ofτ to Y is Fregean.

THEOREM 16. In the configuration(?) above, supposeτ is a semantics with
domainW ; write µ, ν, σ for the restrictions ofτ to X, Y , Z respectively. Suppose
τ is a Fregean extension ofσ , and letν ′ be a Fregean extension ofµ to Y . Then
ν ≤ ν′. Moreoverν andν′ are equivalent if the following two conditions are met
for all p, q in Y :

(a) p ∼µ q ⇒ p ∼σ q.
(b) If p ∼σ q and there is a termt such thatt (p | ξ) is in Z but t (p | ξ) 6≡σ t (q |

ξ), then there is such a termt with t (p | ξ) already inX.

Proof.Assume thatp, q are inY andp ≡ν q. Thenp ≡τ q. Sinceτ is a Fregean
extension ofσ , it follows that if s(p | ξ) is a term inZ thens(q | ξ) is in Z and
s(p | ξ) ≡σ s(q | ξ). But if s(p | ξ) is also inX, thenq ands(p | ξ) are inY and
s(q | ξ) is in W , so thats(q | ξ) is already inY by (ii) and (iii) of “conceptual.” In
short, if s(p | ξ) is in X thens(q | ξ) is also inX ands(p | ξ) ≡µ s(q | ξ). This
proves thatp ≡ν ′′ q.

Conversely suppose that (a) and (b) hold, and thatp ≡ν ′ q. Thenp ∼µ q, and
for every terms(p | ξ) in X, s(p | ξ) ≡µ s(q | ξ). So we havep ∼σ q by
assumption (a). Ift (p | ξ) is a term inZ, then by (b) we deduce thatt (p | ξ) ≡σ

t (q | ξ). Sop ≡ν q. 2

We violate (a) by introducing a new meaningful term which containsp but becomes
meaningless whenq is put for p, though there was no such term inX. If (a) is
not violated, we violate (b) by introducing a meaningful term whose meaning is
changed by replacingp by q, though there was no such term inX. The second
situation is exactly what Frege describes with “believe” and “after,” if the meaning
of a sentence is taken to be its truth-value.

Frege believed that every genuine function is defined everywhere, so that he is
not likely to have been too much aware of violations of (a). But we get a rough
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example by taking the phrases “adult” and “aged at least eighteen” in English
without comparison of adjectives, and then adding the word “very” to the language.

10. Examples

FIRST EXAMPLE: ≤-LEAST COMPOSITIONAL 6= FREGEAN EXTENSION

The setE of expressions consists of all the nonempty strings of either of the forms

β0aβ1aβ2 . . . , aβ0aβ1a . . . ,

where eachβi is eitherb or c. Single letters are atoms. There is one syntactic rule;
it adds an allowed letter at the lefthand end of a string. We takeX to be the set
of all strings inE which begin witha. The length`(P ) of an expressionP is the
number of occurrences of letters in it. We defineµ onX by

µ(P ) = `(P ).

Thenµ is Husserlian and 1-compositional.

THEOREM 17.

(a) Defineν onE by

ν(P ) =
{

`(P ), if P begins witha,

(`(P ), 0), otherwise.

Thenν is the Fregean extension ofµ to E.
(b) Defineρ onE by

ρ(P ) =
 `(P ), if P begins witha,

(`(P ), b), if P begins withb,

(`(P ), c), if P begins withc.

Thenρ is the≤-least compositional extension ofµ to E. 2

SECOND EXAMPLE: FIRST-ORDER LOGIC

SupposeL is first-order logic of signatureσ . We choose a grammar forL in which
the grammatical terms are the formulas ofL. A natural choice of semantics for
the sentences ofL is the map which assigns, to each sentenceφ of L, the map
µ(φ) taking eachσ -structureA to the truth-value ofφ in A. This mapµ(φ) is a
proper class, which is inconvenient. But the total number of≡µ-classes is at most
the number of sentences ofL, so the problem vanishes when we translate fromµ

to≡µ.
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In fact it is immediate thatφ ≡µ ψ if and only if φ andψ are logically equiv-
alent sentences. Given this semanticsµ for sentences, how might we extend it to a
semanticsν for all formulas?

If a formulaφ occurs as a subformula of a sentenceθ , andθ ′ is the formula that
comes fromθ by replacing this occurrence by a formulaψ , thenθ ′ is a sentence
again provided that all free variables ofψ become bound inθ ′. This tells us that
φ ∼µ ψ if and only if φ andψ have the same free variables. It follows at once that
µ is Husserlian, since all sentences have the same number of free variables, viz.
none.

It also follows that aµ-Husserlian extension ofµ gives different interpretations
to any two formulas with different free variables. The semantics of Tarski and
Vaught (1957) fails this condition, because it gives the same interpretation to any
sentenceφ as it does to the formulaφ ∧ (x0 = x0). This is an accidental byproduct
of the fact that Tarski and Vaught interpret a formula in a structure by a set of
assignments toall variables. We can get around it by somehow attaching the set
of free variables of a formula to its “meaning.” (The more appealing trick of using
only satisfying assignments to the free variables of the formula does not quite work,
because it fails to distinguish between⊥ and⊥ ∧(x0 = x0).)

Supposeφ,ψ, θ are three sentences, andθ ′ comes fromθ by replacing one
or more subformulas of the formφ by subformulas of the formψ . A standard
metatheorem says that ifφ andψ are logically equivalent then so areθ and θ ′.
This tells us thatµ is 1-compositional. Also the sentences are cofinal in the set
of formulas, and we have seen thatµ is Husserlian. So by Theorem 14,µ has a
Fregean extension to all formulas.

Letν be the total semantics that assigns to each formulaφ its logical equivalence
class and its set of free variables; soν is essentially the usual semantics. I leave it
to the reader to check thatν is a compositional,µ-Husserlian and fully abstract
extension ofµ. Soν is the Fregean extension ofµ.

In this example Tarski’s First Principle of Semantic Categories does hold for
ν, for the trivial reason that in formulas, any formula is substitutable for any other
formula. In a footnote, Tarski (1983: 217) apologises that it does not hold; but he
has a less sensible grammar in mind. (And in fact his First Principle fails forµ.)

Let≡0 be the smallest equivalence relation on the class of formulas ofL such
that if φ is any formula andθ, θ ′ are logically equivalent sentences, thenφ is≡0-
equivalent to any formula got by replacing an occurrence ofθ as a subformula in
φ by an occurrence ofθ ′. Then≡0 is Husserlian (for the same trivial reason asν),
µ-Husserlian and a compositional extension of≡µ, but it is not fully abstract over
µ.

THIRD EXAMPLE: HINTIKKA ’ S DOUBLE-SLASH LOGIC

Hintikka (1996: 53) describes a logicLh which (after a little inessential tweaking
and some guesses about his intentions) runs as follows. For a given signatureσ ,
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the formulas ofLh are those of the first-order language with signatureσ , with two
exceptions. First, the negation sign∼ occurs only immediately in front of a relation
symbol, or in a string of negation signs immediately in front of a relation symbol.
Second, besides the usual universal quantifiers(∀x) we allow “double-slashed”
quantifiers(∀x//y0, . . . , yk−1).

Each sentenceφ describes a game on a given structure. For simplicity I assume
φ is prenex. At an existential quantifier(∃x), player∃ chooses an element ofA

for x to name. At a universal quantifier(∀x//y0, . . . , yk−1), player∀ chooses an
element forx. Then when player∃ chooses the elements for any ofy0, . . . , yk−1

later in the play, she is not allowed to remember what element was chosen forx

(unless her choice is within a smaller scope of another universal quantifier onx).
When the elements have been chosen for the quantifiers, player∃ wins if and only
if the assignments to the variables satisfy the quantifier-free matrix ofφ in A. Then
φ counts as true inA if and only if player∃ has a winning strategy for this game;
otherwise it is false inA.

To form a grammar forLh in the sense of this paper, take the grammatical terms
to be the formulas. The game semantics defines a mapµ such that ifφ andψ are
any sentences, thenφ ≡µ ψ if and only if φ andψ are true in exactly the same
structures. The quantifier(∀x//y0, . . . , yk−1) binds only the variablex, and the
occurrences ofy0, . . . , yk−1 in the quantifier count neither as free nor as bound.
It follows as for first-order logic thatµ is Husserlian and two formulas are∼µ-
equivalent if and only if they have the same free variables. Sentences are cofinal
among formulas.

The following result answers an open question in Hodges (1997).

THEOREM 18. For Hintikka’s double-slash logic, letµ be Hintikka’s game se-
mantics on sentences and the classical semantics on atomic formulas. Thenµ has
a total fully abstract, Husserlian and compositional extension.

Proof.We noted thatµ is Husserlian. We claim thatµ is also 1-compositional.
For atomic formulas this is straightforward. Suppose then thatθ is a sentence, the
sentenceφ is a subformula ofθ , andφ′ is µ-equivalent toφ. Let θ ′ be θ with an
occurrence ofφ replaced byφ′; both φ′ and θ ′ are sentences. We have to show
that if ∃ has a winning strategy for the gameG of θ in a structureA, then she has
one for the gameG′ of θ ′ in A too. Let her play in the gameG′ exactly as she
would playG, until the play reachesφ′. She would reachφ at this point inG, and
so by assumption she has a winning strategy forφ, and hence also one forφ′. We
only have to check that her play onφ′ is not affected by any universal quantifiers
(∀x//y0, . . . , yk−1) in θ ′ that haveφ′ within their scope. There are two cases. First,
x never occurs inφ′. In this case the previous value ofx is irrelevant and player∃
loses nothing by ignoring it. Second,x occurs inθ ′. Then sinceφ′ is a sentence, the
value chosen forx in the game onφ′ is chosen either by player∃, or by player∀
within the game onφ′, and the previous choice forx is again irrelevant. This shows
thatµ is 1-compositional. The result follows by Theorem 14. 2
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