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PREFACE

From a b o u t  1980 to  1915 t h e r e  emerged a b ran ch  

o f  m athem at ics  commonly c a l l e d  " p o i n t  s e t  t o p o l o g y . "

Having i t s  r o o t s  i n  n i n e t e e n t h  c e n t u r y  m a th e m a t ic a l  a n a l y s i s  

geom etry ,  f o u n d a t i o n s ,  and s e t  t h e o r y ,  p o i n t  s e t  to po lo g y  

summarized and u n i f i e d  many p r e v io u s  m a th e m a t i c a l  r e s u l t s  

and ex ten ded  and g e n e r a l i z e d  them. P o i n t  s e t  to p o lo g y  

a l s o  c o n t r i b u t e d ,  i n  i t s  own r i g h t ,  s e v e r a l  new, u s e f u l  

c o n c e p ts  t o  m a th e m a t ic s .

T h is  d i s s e r t a t i o n ,  i n  i t s  f i r s t  c h a p t e r ,  b r i e f l y  

s k e t c h e s  th e  r e l e v a n t  h i s t o r i c a l  m a th e m a t i c a l  developments  

t h a t  i n f l u e n c e d  t h e  emergence o f  p o i n t  s e t  to p o lo g y .  I n  

th e  second c h a p t e r  o t h e r  h i s t o r i c a l  a c c o u n t s  o f  th e  

emergence o f  p o i n t  s e t  to p o lo g y  a r e  d i s c u s s e d  and compared. 

Out o f  t h i s  d i s c u s s i o n  a s p e c t s  o f  the  h i s t o r i o g r a p h y  o f  

m athem at ics  a r e  r e v e a l e d  a s  w e l l  a s  th e  g e n e r a l  problems 

in v o lv e d  in  th e  h i s t o r i o g r a p h y  o f  m a th em a t ic s .  A s e t  o f  

g u i d e l i n e s  f o r  an  h i s t o r i o g r a p h y  o f  m athem atics  i s  su g g e s te d

The t h i r d  and l a s t  c h a p t e r  o f  th e  d i s s e r t a t i o n  

d i s c u s s e s  the  p h i lo s o p h y  o f  m a th e m a t ic s .  The i n t e n t i o n  

o f  t h i s  c h a p t e r  i s  t o  a p p r e c i a t e  t h e  p o t e n t i a l  use  t h a t  

p h i lo s o p h y  o f  m athem at ics  may have t o  bo th  i n t e r p r e t i n g



h i s t o r y  o f  m athem at ics  and c o n s t r u c t i n g  a n  h i s t i o g r a p h y  

o f  m a th em a t ic s .

T h is  d i s s e r t a t i o n  i s  t h u s  co nce rned  w i t h  th e  

i n t e r p l a y  o f  m a th e m a t ic s ,  i t s  h i s t o r y ,  and i t s  p h i lo s o p h y .

T ha t  t h i s  d i s s e r t a t i o n  was e v e r  comple ted  was 

due i n  p a r t  t o  t h e  p a t i e n c e  and s u p p o r t  g iv e n  t o  me by 

members o f  th e  Committee on th e  A n a l y s i s  o f  I d e a s  and 

Study o f  Methods a t  t h e  U n i v e r s i t y  o f  Chicago .  I n  p a r ­

t i c u l a r ,  I  owe th an k s  t o  P r o f e s s o r  C h a r l e s  Wegener and 

t o  P r o f e s s o r  David S m i g e l s k i s ,  and to  P r o f e s s o r  W il l iam  

T a i t  o f  t h e  Depar tm ent  o f  P h i lo s o p h y ,  f o r  t h e i r  e n c o u r a g e ­

m ent ,  c o n v e r s a t i o n s ,  and s u p p o r t .

Most o f  a l l ,  I  owe a d e b t  o f  g r a t i t u d e  to  P r o f e s o r  

Saunders  Mac Lane o f  th e  Depar tm ent  o f  M a th em a t ic s .

H is  h e lp  and c o n c e rn ,  v a lu a b le  i n s i g h t s  and c r i t i c i s m ,  

and above a l l ,  h i s  u n f a i l i n g  b e l i e f  i n  t h i s  p r o j e c t  and 

my a b i l i t y  t o  com ple te  i t ,  I  w i l l  a lways remember. I  

hope I  w i l l  a c t  i n  th e  same manner t o  my s t u d e n t s .
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CHAPTER I

A BRIEF HISTORY OF THE DEVELOPMENTS IN MATHEMATICS 
THAT INFLUENCED THE EMERGENCE OF POINT 

SET TOPOLOGY

P r i o r  t o  th e  n i n e t e e n t h  c e n t u r y  th e  i n t u i t i o n s ,  

a rg u m e n ts ,  and p ro o f s  i n  th e  c a l c u l u s  and a n a l y s i s  were 

p r i m a r i l y  g e o m e t r i c a l  and p h y s i c a l  i n  n a t u r e .  P r o o f s  tended  

to  depend on p i c t u r e s ,  geom etry ,  and th e  p h y s i c a l  c o n c e p ts  

o f  t ime and m o t ion .  I t  was d u r in g  th e  n i n e t e e n t h  c e n t u r y  

t h a t  t h e s e  g e o m e t r i c a l  and p h y s i c a l  a rgum ents  were r e p l a c e d  

by a r i t h m e t i c a l  o r ,  what a r e  now c a l l e d ,  a n a l y t i c a l  a rg u m e n ts .  

Not o n ly  were the  methods o f  p r o o f  and argument  c h a n g in g ,  

but  a r i t h m e t i z a t i o n  i t s e l f  led  to  a dvances  i n  a n a l y s i s .

The A r i t h m e t i z a t i o n  o f  A n a l y s i s  

An e a r l y  example o f  t h i s  chan g in g  form o f  p r o o f  i s  

Bernhard B o lz a n o 's  p r o o f  o f  h i s  v e r s i o n  o f  th e  fundam en ta l  

theorem o f  a l g e b r a — t h a t  e v e ry  a l g e b r a i c  e x p r e s s i o n  which 

i s  p o s i t i v e  f o r  some v a lu e  and n e g a t i v e  f o r  some o t h e r  v a lu e  

has a r e a l  r o o t .  B o l z a n o ' s  p r o o f ,  p u b l i s h e d  i n  1817, 

e n t i t l e d  R e in  A n a l y t i s c h e r  Beweis d e r  L e h r s a t z e s ,  d a ss  

zw ischen  zwei w e r th e n ,  d i e  e i n  e n t g e g e n g e s e t z t e s  R e s u l t a t

gewahren,  w e n ig s t e n  e i n e  r e e l e  Wurzel  d e r  Glechung l i e g e ^

■'"(Prague, 1817) .  An E n g l i s h  t r a n s l a t i o n  has



[ P u r e l y  a n a l y t i c  p r o o f  o f  th e  theorem t h a t  between any two 

v a l u e s  which  g ive  r e s u l t s  o f  o p p o s i t e  s i g n  t h e r e  l i e s  one 

r e a l  r o o t  o f  th e  e q u a t io n ]  comes e i g h t e e n  y e a r s  a f t e r  G au ss '  

p r o o f  o f  th e  same theorem. G au ss '  p ro o f  was a g e o m e t r i c a l  

a rg u m en t ,  B o lz a n o 's  p ro o f  was a n a l y t i c .  P a r t  o f  B o lz a n o ' s  

p ro o f  depended on a sequence  o f  n e s t e d  i n t e r v a l s  on th e  r e a l  

l i n e ,  whose r i g h t  e n d - p o i n t s  formed a sequence  c o n v e rg in g  

w i t h i n  i t s e l f .  Bolzano th e n  a rgued  t h a t  t h e  sequence  o f  e n d ­

p o i n t s  had a l i m i t .  However, t h i s  a rgument  r e s t s  on an  

a r i t h m e t i c a l  c o n s t r u c t i o n  o f  th e  r e a l  numbers ,  a r i t h m e t i z a ­

t i o n  l a c k in g  i n  1817, c a u s in g  B o lz a n o ' s  p r o o f  to  be incom­

p l e t e .  While  B o lz a n o ' s  p ro o f  i s  a n  e a r l y  example o f  the  

development  o f  a n a l y s i s  i n  th e  n i n e t e e n t h  c e n t u r y ,  i t  i s  

d i f f i c u l t  t o  d i s c e r n  any  impact  on th e  development  o f  th e  

f o u n d a t i o n  o f  a n a l y s i s ,  s i n c e  B o lz a n o 's  work a p p e a r s  o n ly  

to  have been  a p p r e c i a t e d  n e a r l y  f i f t y  y e a r s  l a t e r .

A f a r  more i n f l u e n t i a l  m a th e m a t i c i a n  was A u g u s t in -  

L o u is  Cauchy, who made m ajo r  c o n t r i b u t i o n s  to  th e  a r i t h m e t i z a ­

t i o n  o f  t h e  c o n c e p ts  o f  th e  c a l c u l u s .  Cauchy d e f in e d  the  

l i m i t  c o n c e p t  i n  te rm s o f  a r i t h m e t i c a l  c o n s i d e r a t i o n s  

i n  h i s  Cour d ' a n a l y s e  a l g e b r i q u e  o f  1821.

When th e  s u c c e s s i v e  v a lu e s  a t t r i b u t e d  to  a  v a r i a b l e
a p p ro a c h e s  i n d e f i n i t e l y  a f i x e d  v a lu e  so a s  t o  end by

a p p e a re d  i n  H i s t o r i a  M athematica  by S . B. R uss ,  "A T r a n s l a ­
t i o n  o f  B o lz a n o ' s  P ap e r  on th e  I n t e r m e d i a t e  Value Theorem,"  
H i s t o r i c a  M athem atica  7 (1980) :  156-185.
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d i f f e r i n g  from i t  by a s  l i t t l e  a s  one w i s h e s ,  t h i s  l a s t  
i s  c a l l e d  th e  l i m i t  o f  a l l  o t h e r s .  Thus,  f o r  example ,  
a n  i r r a t i o n a l  number i s  th e  l i m i t  o f  d i v e r s e  f r a c t i o n s  
which f u r n i s h  c l o s e r  a p p ro x im a t io n s  o f  i t .

His  l a s t  p h ra s e  r e g a r d s  i r r a t i o n a l  numbers a s  th e  

l i m i t s  o f  seq uences  o f  r a t i o n a l  numbers. C auch y 's  l i m i t  i s  

d e f in e d  a s  th e  number t o  which the  te rm s o f  th e  sequence  

a p p ro a c h  i n  such a way so t h a t  th e  d i f f e r e n c e  between th e  

l i m i t  and t h e  te rm s o f  th e  sequence  can be made l e s s  th a n  

any g iv e n  number. T h is  means th e  e x i s t e n c e  o f  t h e  i r r a t i o n a l  

number depends ,  i n  t h e  v e ry  d e f i n i t i o n  o f  l i m i t ,  upon th e  

l i m i t  a l r e a d y  e x i s t i n g .

T h is  c i r c u l a r  r e a s o n i n g  i s  a r e s u l t  o f  Cauchy, and 

o t h e r s ,  assuming t h a t  i f  a  sequence  c o n v erges  w i t h i n  i t s e l f — 

i n  what i s  now c a l l e d  Cauchy c o n v e rg e n c e ,  o r  t h e  Cauchy 

c r i t e r i o n - - t h e n  i t  must  have a  l i m i t .  Cauchy may have been 

aware o f  t h i s  c i r c u l a r  r e a s o n i n g  s i n c e  t h i s  d e f i n i t i o n  o f  

l i m i t  i s  m is s in g  from h i s  1823 Resume' des L^cons and h i s  

1829 Lemons s u r  l e  c a l c u l  d i f f e r e n t i e l .

I n  th e  p r e f a c e  o f  th e  1821 e d i t i o n ,  Cauchy comments 

t h a t  t o  speak  o f  c o n t i n u i t y  o f  f u n c t i o n s  one must  u n d e rs t a n d  

th e  p r o p e r t i e s  o f  " i n f i n i t e s i m a l s . "  "One s a y s  t h a t  a  v a r i a b l e  

q u a n t i t y  becomes i n f i n i t e l y  s m a l l  when i t s  n u m e r i c a l  v a lu e

1 ^August  i n - L o u i s  Cauchy, Cours d ' a n a l y s e  a l g e b r i q u e
( P a r i s :  de Burge,  1821) .  Page r e f e r e n c e s  a r e  from Oeuvres
c o m p le t e s ,  4 v o l s .  ( P a r i s :  G a u t h i e r - V i l l a r s , 1887-1897) ,
J T l T .
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d e c r e a s e s  i n d e f i n i t e l y  i n  such  a way a s  t o  converge  t o  the  

l i m i t  0 . " ^  Cauchy th e n  d e f i n e s  c o n t i n u i t y  o f  a  f u n c t i o n .

L e t  f ( x )  be a f u n c t i o n  o f  th e  v a r i a b l e  x ,  and 
suppose t h a t ,  f o r  e ac h  v a lu e  o f  x i n t e r m e d i a t e  be tween 
two g iv e n  l i m i t s ,  t h i s  f u n c t i o n  c o n s t a n t l y  assumes a 
f i n i t e  and un ique  v a l u e .  I f ,  b e g in n in g  w i t h  a v a lu e  
o f  x c o n ta in e d  between t h e s e  l i m i t s ,  one a s s i g n s  t o  
t h e  v a r i a b l e  a n  i n f i n i t e l y  sm a l l  i n c re m e n t ,  i ,  t h e  
f u n c t i o n  i t s e l f  w i l l  t a k e  on a s  a n  in c rem en t  th e  d i f ­
f e r e n c e  f ( x + i ) - f ( x )  which w i l l  depend a t  t h e  same t ime 
on th e  new v a r i a b l e  i  and on th e  v a lu e  o f  x .  This  
g r a n t e d ,  th e  f u n c t i o n  f ( x )  w i l l  b e ,  be tween t h e  two 
l i m i t s  a s s i g n e d  to  th e  v a r i a b l e  x ,  a c o n t in u o u s  f u n c t i o n  
o f  th e  v a r i a b l e ,  i f  f o r  e a c h  v a lu e  o f  x ,  i n t e r m e d i a t e  
between t h e s e  two l i m i t s ,  th e  n u m e r i c a l  v a lu e  o f  th e  
d i f f e r e n c e  f ( x + i ) - f ( x )  d e c r e a s e s  i n d e f i n i t e l y  w i t h  
t h a t  o f  i .  I n  o t h e r  words ,  t h e  f u n c t i o n  f ( x )  w i l l  
rem a in  c o n t in u o u s  w i t h  r e s p e c t  t o  x between th e  g iv e n  
l i m i t s , i f ,  between tTTese l i m i t s , a n  i n f i n i t e l y  sm a l l  
i n c re m e n t  o f  th e  v a r i a b l e  a lways p roduces  a n  i n f i n i t e l y  
sm a l l  in c rem en t  o f  th e  T u n c t i o n  i t s e l f .2

Having e s t a b l i s h e d  th e  n o t i o n  o f  l i m i t ,  i n f i n i t e s i m a l  

and i n f i n i t y ,  Cauchy was a b l e  t o  d e f i n e  t h e  c e n t r a l  c o ncep t  

o f  th e  c a l c u l u s ,  th e  d e r i v a t i v e .  His  d e f i n i t i o n  was l i k e  

t h a t  o f  B o l z a n o ' s .  ( B o lz a n o 's  work had a g a i n  gone u n n o t i c e d . )

L e t  th e  f u n c t i o n  y = f ( x ) ;  t h e  v a r i a b l e  x g iv e n  a n  

in c rem en t  Ax = i ;  and form th e  r a t i o

The l i m i t  o f  t h i s  r a t i o ,  i f  i t  e x i s t s ,  a s  i  a p p ro a c h e s  

z e r o ,  Cauchy d eno ted  by f ' ( x ) .  From t h i s  d e f i n i t i o n  o f

1I b i d .
2

I b i d . ,  p . 43. C au ch y 's  em phas is .
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d e r i v a t i v e ,  Cauchy co u ld  d e f i n e  th e  d i f f e r e n t i a l  dy a s  

f 1 ( x ) d x . 1

With Cauchy th e  fundam en ta l  c o n c e p t s  o f  t h e  c a l c u l u s  

r e c e i v e d  a r i g o r o u s  f o r m u l a t i o n .  Cauchy i s  u s u a l l y  c o n ­

s i d e r e d  th e  c r e a t o r  o f  th e  modern v e r s i o n  o f  th e  c a l c u l u s .  

U s ing  h i s  n o t i o n  o f  l i m i t  he deve loped  t h e  t h e o r y  o f  con­

t i n u i t y ,  t h e  d e r i v a t i v e ,  t h e  d i f f e r e n t i a l ,  t h e  d e f i n i t e  

i n t e g r a l ,  and i n f i n i t e  s e r i e s .

Yet C auchy 's  p r e s e n t a t i o n  had s u b t l e  o m is s i o n s .  One 

o f  t h e s e  was th e  o m is s io n  o f  a p r e c i s e  d e f i n i t i o n  o f  th e  

c o n c e p t  o f  number; a  co n ce p t  i n d i s p e n s i b l e  to  t h e  c o n ce p t  

o f  l i m i t  and th u s  t o  th e  c a l c u l u s .

To th o r o u g h ly  and p r e c i s e l y  f o r m u la te  a m a th e m a t ic a l  

c o n c e p t ,  i t  i s  o f t e n  r e q u i r e d  t h a t  th e  l o g i c a l l y  p r e c e e d i n g  

m a th e m a t i c a l  c o n c e p t s  be a l s o  t h o r o u g h ly  and p r e c i s e l y  f o r ­

m u la te d .  T h is  " l o g i c a l  r e g r e s s i o n "  o f  m a th e m a t i c a l  c o n c e p ts  

o f t e n  o c c u r s  i n  h i s t o r i c a l  deve lopm ents  i n  m a th e m a t ic s .  I n  

th e  c a s e  w i t h  th e  c a l c u l u s ,  th e  p r e c i s e l y  f o r m u la te d  d e r i v a ­

t i v e  r e q u i r e s  a p r e c i s e  f o r m u l a t i o n  o f  number. (And much 

l a t e r ,  t h e  p r e c i s e  f o r m u l a t i o n  o f  number r e q u i r e d  a  p r e c i s e  

f o r m u l a t i o n  o f  s e t  t h e o r y  and l o g i c . )  C h r o n o l o g ic a l  d eve lop  

ments i n  m athem at ics  a r e  o f t e n  th e  r e v e r s e  o f  t h e i r  f i n a l ,  

p r e c i s e ,  m a th e m a t i c a l  f o r m u l a t i o n s .

1I b i d . ,  4 :2 2 - 2 3 .
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The A r i t h m e t i z a t i o n  o f  th e  Real  Numbers

While Cauchy may be c r e d i t e d  w i t h  p r o v i d in g  th e  

c a l c u l u s  w i t h  i t s  modern f o r m u l a t i o n ,  K a r l  W e i e r s t r a u s s  p r o ­

v ided  an  a r i t h m e t i c a l  b a s i s  f o r  th e  r e a l  numbers, and thus  

a n  a r i t h m e t i c a l  b a s i s  f o r  a n a l y s i s .  One r e a s o n  f o r  W eie r -  

s t r a s s 1 d e s i r e  f o r  a n  a r i t h m e t i c a l  b a s i s  o f  a n a l y s i s  was 

h i s  c o n s t r u c t i o n  i n  1872 o f  a nowhere d i f f e r e n t i a b l e  c o n ­

t in u o u s  f u n c t i o n .  (Such a f u n c t i o n  was known to  Bolzano a t  

l e a s t  f o r t y  y e a r s  e a r l i e r ,  b u t  a g a i n ,  d id  n o t  r e c e i v e  much 

a t t e n t i o n . )  Up to  th e  1 8 7 0 's  i t  was assumed t h a t  a c o n ­

t in u o u s  f u n c t i o n  would have d e r i v a t i v e s  everywhere  w i t h  th e  

e x c e p t i o n  o f  a few p o i n t s .  T h is  a s s u m p t io n  was a  r e s u l t  o f  

a s t i l l  too  heavy dependence on g e o m e t r i c a l  o r  m otion  

i n t u i t i o n  o f  c o n t in u o u s  f u n c t i o n s  and t h e i r  d e r i v a t i v e s .

To a v o id  th e  p o s s i b l e  m i s l e a d i n g  i m p r e s s io n s  en g en ­

de red  by g e o m e t r i c a l  i n t u i t i o n s ,  W e i e r s t r a s s  e s t a b l i s h e d  the  

c a l c u l u s  on th e  c o n ce p t  o f  number o n ly .  Bas ing  th e  fo u n da ­

t i o n  o f  c a l c u l u s  on th e  r e a l  numbers r e q u i r e d  a n  a r i t h m e t i c a l  

c o n s t r u c t i o n  o f  th e  r a t i o n a l s ,  and t h e n  more i m p o r t a n t l y ,  

and more d i f f i c u l t l y ,  a n  a r i t h m e t i c a l  c o n s t r u c t i o n  o f  the  

i r r a t i o n a l  numbers ( a n o t h e r  c a s e  o f  l o g i c a l  r e g r e s s i o n )  

in d ep e n d en t  o f  l i m i t  i n  th e  sen se  used by Cauchy. W e ie r ­

s t r a s s  was th u s  l e a d  t o  an  a r i t h m e t i c a l  c o n s t r u c t i o n  o f  

th e  i r r a t i o n a l s . ^  I n  h i s  c o n s t r u c t i o n  o f  th e  i r r a t i o n a l s

^Because W e i e r s t r a s s  d id  n o t  p u b l i s h  h i s  l e c t u r e s
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W e i e r s t r a s s  d id  n o t  i n v e s t i g a t e  th e  n a t u r e  o f  th e  i n t e g e r s  

b u t  began w i t h  th e  i n t e g e r s .

Fo r  W e i e r s t r a s s ,  a  whole number i s  th e  sum o f  some 

c o l l e c t i o n  o f  u n i t s .  A r a t i o n a l  number, termed a "complex 

number" by W e i e r s t r a s s ,  i s  a c o l l e c t i o n  o f  u n i t s  and a n  

" a l i q u o t  p a r t "  o f  a  u n i t ,  en , i s  d e f in e d  a s  t h a t  number such  

t h a t  n  s u c c e s s i v e  a d d i t i o n s  o f  en e q u a l s  a u n i t .  For  

example ,  i s  a n  a l i q u o t  p a r t  o f  th e  u n i t  1 , s i n c e  f i v e  s u c ­

c e s s i v e  a d d i t i o n s  o f  j  e q u a l  a  u n i t .  Thus ,  th e  "complex 

number" 7 .35  c o n s i s t s  o f  th e  sum o f  7 u n i t s ,  3 o n e - t e n t h s ,  

and 5 o n e - h u n d r e d t h s .

U n l ik e  C auchy 's  sys tem  f o r  i r r a t i o n a l  numbers , 

W e i e r s t r a s s  d id  n o t  d e f i n e  i r r a t i o n a l  numbers a s  t h e  l i m i t  

o f  some sequence  o f  r a t i o n a l  numbers .  R a t h e r ,  a n  i r r a t i o n a l  

number l i k e  V"2 i s  c o n s i d e r e d  th e  i n f i n i t e  sum o f  a l i q u o t  

p a r t s .  T ha t  i s ,  1 .41421 . . .  i s  c o n s i d e r e d  th e  sum o f  1 

u n i t ,  4 t e n t h s ,  1 h u n d r e d t h s ,  4 t h o u s a n d th s ,  . . .  i n  any  

o r d e r  ch osen ,  w i t h  th e  c r u c i a l  c o n d i t i o n  t h a t  th e  sum o f

on th e  a r i t h m e t i z a t i o n  o f  th e  r e a l  numbers we must  r e l y  on 
the  p u b l i c a t i o n s  o f  h i s  s t u d e n t s ,  w hich ,  i n  t u r n ,  a r e  n o t  
v e ry  a c c e s s i b l e .  See A. P r in g s h e im ,  Encyk.  Math. W is s . 
(1898-1904) ,  I  A 3 :5 3 - 5 5 ;  L. P i n c h e r l e ,  "Saggio  d i  una 
i n t r o d u z i o n e  a l l  t h e o r i a  d e l l e  p r o f .  C. W e i e r s t r a s s , "  
G io r n a l e  d i  m a th . 18 (1 8 8 0 ) :1 7 8 -2 5 4 ;  o r  O t to  S t o l z ,  
V o r le su n g en  u be r  a l l g e m e in e  A r i t h m e t i c  ( L e i p z i g :  n . p . ,  1885) .

P .  E.  B. J o u r d a i n  has  p ro v ided  a n  h i s t o r i c a l  and e x p l a ­
n a t o r y  a c c o u n t  o f  W e i e r s t r a s s '  t h e o r y  i n  h i s  a r t i c l e ,  "The 
Development o f  th e  Theory  o f  T r a n s f i n i t e  Numbers ,"  A rc h iv e  
d e r  Mathematik  und P h y s ik  14 ( 1 9 0 8 -9 ) :3 0 3 -3 0 7 .  See a l s o  
B e r t r a n d  R u s s e l l ' s  a c c o u n t  i n  h i s  P r i n c i p l e s  o f  M a th e m a t i c s , 
(Cambridge: Cambridge U n i v e r s i t y  P r e s s ,  1903) ,  p .  282.
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a n y f i n i t e  number o f  p a r t s  i s  a lw ays  l e s s  th a n  some r a t i o n a l  

number. Hence, the  s e r i e s  1 .41421 . . .  i s  a lw ays  l e s s  t h a n  

1 .4 1 5 ,  no m a t t e r  to  how many terms 1.41421 . . .  i s  t a k e n .  

The s e r i e s  i t s e l f  t h e n  i s  t a k e n  t o  be t h e  i r r a t i o n a l  number, 

and n o t  t h e  l i m i t  o f  th e  sequence  1 ,  1 . 4 ,  1 .4 1 ,  1 .4 1 4 ,  

1 .4 1 4 2 ,  . . .  a s  th e  i r r a t i o n a l  number.

At a b o u t  th e  same t ime t h a t  W e i e r s t r a s s '  program 

became known th ro u g h  h i s  s t u d e n t s ,  Eduard Heine  p u b l i s h e d  

"Die E lemente  d e r  F u n c t i o n l e h r e "  i n  C r e l l e ' s  J o u r n a l .^  

H e i n e ' s  p a p e r  c o n t a i n s  a n  a r i t h m e t i c a l  c o n s t r u c t i o n  o f  th e  

r e a l s ,  "Ueber Z a h l e n , "  and a s e c t i o n  on t h e  p r o p e r t i e s  o f  

c o n t in u o u s  f u n c t i o n s ,  "Ueber F u n c t i o n e n . "

I n  h i s  c o n s t r u c t i o n  o f  t h e  r e a l s ,  Heine u se s  th e  

te rm  number s e r i e s  (Die Z a h l e n r e ih e n )  which he d e f i n e s  a s

. . .  a  s e r i e s  o f  numbers a ^ ,  a.2 , . . • , a n , . . •
such t h a t  f o r  any sm a l l  q ,  t h e r e  e x i s t s  a n  n such  
t h a t  a n - a n_j_v < r\ f o r  a l l  p o s i t i v e  i n t e g e r s  v .

The German word "Reihe"  i s  used th ro u g h o u t  th e  

p a p e r ,  and though  i t s  u s u a l  c o n n o t a t i o n  i s  s e r i e s ,  Heine 

u n d o u b tab ly  means sequ en ce .

^Eduard H e in e ,  "Die E lem ente  d e r  F u n c t i o n l e h r e , "  
j o u r n a l  f u r  d i e  r e i n e  und angewandte  Mathematik  74 (1872) :  
172-188.  The j o u r n a l  was e d i t e d  by A. L. C r e l l e  f o r  many 
y e a r s  and so a c q u i r e d  t h e  a b b r e v i a t e d  t i t l e ,  " C r e l l e ' s  
J o u r n a l . "

2I b i d . ,  p .  174.
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Heine d e f i n e s  e l e m e n ta r y  s e r i e s  a s  th o s e  number

s e r i e s  w i t h  th e  p r o p e r t y  t h a t  a R -» 0 a s  n  -» 00 ( " u n t e r  j e d e

a n g e b a re  Gross herabsinken" '* ')  .

Two number s e r i e s  a ^ ,  a . . . and b p  b 2 , . . •
2

a r e  e q u a l  i f  a ^ - b p  a 2 “^2  . . . i s  a n  e l e m e n ta r y  s e r i e s .

F o r  e v e r y  number s e r i e s  {a^} we i d e n t i f y  w i t h  i t  a

number symbol A. I f  a ^  = a ,  f o r  a l l  i ,  t h e n  th e  symbol a 

i s  i d e n t i f i e d  w i t h  t h e  s e r i e s  ( a ^ } . Heine i n t e n d s  to  b l u r

th e  d i s t i n c t i o n  between a and {a^}.  F o r  example ,  i f  a  =
1 1 1  1 and £a^} = , g ,  g ,  . . . } th e  r a t i o n a l  number a  -  g  i s

e q u i v a l e n t  t o  th e  number s e r i e s  { g , g ,  g ,  . . . }. Thus

th e  r a t i o n a l s  c an  be r e c o v e r e d  from th e  s e t  o f  number s e r i e s

and th e  number s e r i e s  a r e  e q u i v a l e n t  t o  t h e  r a t i o n a l s  under

th e  o p e r a t i o n s  o f  a r i t h m e t i c .

C o n t in u in g  w i t h  th e  above example ,  t h e  s e r i e s  {b^} =

{ 0 .1 ,  0 . 1 1 ,  0 .111  . . . } i s  e q u i v a l e n t  to  th e  s e r i e s  a ^  =
1 1 1  1$■> • • • 3 s i n c e  th e  s e r i e s  {a^ - b^} = {■g- - . 1 ,

1 1g  -  .1 1 ,  g  -  .11 1 ,  . . . } i s  a n  e l e m e n ta r y  s e r i e s .  Thus,

g  i s  d e f i n e d  a s  t h e  l i m i t  o f  {b^}. Heine th e n  shows t h a t

i f  t h e  te rm s o f  th e  number s e r i e s  have th e  r a t i o n a l  l i m i t

a ,  t h e n  th e  symbol A i s  a l s o  th e  symbol i d e n t i f i e d  w i t h  the  
3s e r i e s .

^ I b i d . , p . 175.

2I b i d . ,  p . 179. 3I b i d .
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A > B i s  d e f i n e d  f o r  A, i d e n t i f i e d  w i t h  £a^},  and 

B, i d e n t i f i e d  w i t h  £b^}, i f  t h e r e  e x i s t s  a n  N such  t h a t  f o r  

a l l  n  > N, £an -  bn ] i s  bounded above z e r o .  S i m i l a r l y ,  f o r  

A < B. Thus ,  a  sequence  o f  number symbols £c^} i s  s a i d  to  

a p p ro a c h  z e r o  i f ,  f o r  e v e r y  p o s i t i v e  D t h e r e  e x i s t s  a n  n 

such  t h a t  l c n + v l < D f o r  a l l  p o s i t i v e  i n t e g e r s  v .  I f  t h i s  

s i t u a t i o n  h o ld s  f o r  a l l  number symbols D, i t  h o ld s  f o r  a l l  

r a t i o n a l  number sym bols ,  d .  And c o n v e r s e l y  (and t h i s  i s  th e  

i m p o r t a n t  p a r t  o f  H e i n e ' s  c o n s t r u c t i o n )  Heine shows i n  a 

p r o o f  by c o n t r a d i c t i o n  t h a t  i f  t h i s  p r o p e r t y  h o ld s  f o r  a l l  

r a t i o n a l  number symbols d ,  t h e n  i t  h o ld s  f o r  a l l  number 

sym bols ,  D, r a t i o n a l  o r  not.^"

Heine e x te n d s  th e  c o n c e p t  o f  l i m i t  to  a l l  number 

symbols ,  n o t  j u s t  r a t i o n a l s ,  by d e f i n i n g  A to  be t h e  l i m i t  

o f  B i f  |A - Bn l -» 0 ,  a s  n  -» ».

With  a l l  t h e s e  c o n d i t i o n s  on A and £a^} now e s t a b ­

l i s h e d ,  Heine can  now prove the  theorem: "The symbol A i s

th e  l i m i t  o f  th e  term s a^  o f  t h e  s e r i e s  t o  which  i t  b e l o n g s . "  

The p ro o f  r e q u i r e s  t h a t  i t  can  be shown t h a t ,  f o r  l a r g e

enough n ,  |A - a n | < d ,  f o r  any r a t i o n a l  d.
2

I n  h i s  own words :

2 .  L e h r s a t z  Das Z a h l z e i c h e n  A i s  d i e  Grenze a 
d e r  R e ih e ,  zu w e lc h e r  e s  g e h o r t .

XI b i d .

2I b i d .
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Be we i s  Man h a t  z e i g e n ,  d a s s  A - a n u n t e r  j e d e s  
a n g e b a r r e  Z a h l z e i c h e n ,  a l s o  n u r ,  d a s s  es  u n t e r  j e d e  
r a t i o n a l e  Z ah l  d s i n k t .  Nun i s t  A -  a R g l e i c hn

Nimmt man n h i n r e i c h e n d  g r o s s ,  so b l e i b e n  i n  dem 
v o r s t e h e n d e n  Ausdrucke d i e  e i n z e l n  G l i e d e r  d e r  Reihe  
under  d ,  a l s o  l i e g t  das  Z a h l z e i c h e n  under  [ d ,  d ,  d ,  
e t c . ] , h. d . u n t e r  d .

Heine has  dem o n s t ra te d  th e  e x i s t e n c e  o f  th e  l i m i t  o f

r a t i o n a l s .  Heine th e n  remarks t h a t  th e  i r r a t i o n a l s  a r e

formed from number s e r i e s  which  a r e  no t  r a t i o n a l ,  and shows

t h a t  no t  a l l  number s e r i e s  a r e  r a t i o n a l .

meinen M a n n i g f a l t i g k e i t s l e h r e  i s  v e ry  s i m i l a r  t o  H e i n e ' s

i s  a much more d e t a i l e d  t r e a t m e n t  o f  t h e  r e a l s  and grew o u t  

o f  an  e a r l i e r  pap e r  o f  1872, "Ueber d i e  Ausdehnung e i n e s  

S a t z e s  a u s  d e r  T h e o r i e s  des  T r ig o n o m e t r i s c h e n  R e ih e n . "

i s  e s s e n t i a l l y  th e  same a s  H e i n e ' s .  C a n to r  used t h e  word 

" F u n d a m e n t a l r e ih e " - - a g a in  t h e  word " s e r i e s "  i s  used when

M a n n i g f a l t i g k e i t s l e h r e  __  t , 8 3 ) .
The Grund lagen  i s  t h e ^ f i f t h  o f  s i x  p a p e r s ,  o f  a s e r i e s  
e n t i t l e d  "Ueber u n e n d l i c h e n  l i n e a r e  P u n k t m a n n i g f a l t i g k e i t -  
s l e h r e . "  T h i s ^ f i f t h  paper  was so im p o r t a n t  to  C a n to r  t h a t  
he had i t  p u b l i s h e d  a s  a s e p a r a t e  monograph. See a l s o  
Georg C a n to r ,  Gesammelte A bhand lungen , E r n s t  Zerm elo ,  e d . 
( B e r l i n :  S p r i n g e r ,  1932) , pp. Ib5-2U8.

Georg C a n t o r ' s  1883 paper  Grundlagen  e i n e r  a l l g e -

a r i t h m e t i c a l  c o n s t r u c t i o n  o f  th e  r e a l s . ^  The G rundlagen

C a n t o r ' s  c o n s t r u c t i o n  o f  th e  i n t e g e r s  and r a t i o n a l s

1,Georg C a n to r , G rund lagen  e i n e r  a l l g e m e in e n
- __________  . . .  i



12

th e  i n t e n t i o n  i s  s e q u e n c e s - - f o r  any  sequence  o f  r a t i o n a l s  

(av ) i n  which

. . . a f t e r  th e  c h o ic e  o f  any  a r b i t r a r y  sm a l l  r a t i o n a l  
number e a  f i n i t e  number o f  members o f  th e  a g g r e g a t e
can  be s e p a r a t e d  o f f ,  so t h a t  t h o s e  r em a in in g  have
p a i r w i s e  a d i f f e r e n c e  which i n  a b s o l u t e  te rm s i s  
s m a l l e r  t h a n  e .  Every  such  a g g r e g a t e  ( a v) can  a l s o  
be c h a r a c t e r i z e d  by th e  p o s t u l a t e ,

Lim (a , -  a )  = 0 ,  f o r  any  n
V  =  <»

i s  a  fundam en ta l  s e r i e s .

C a n to r  t h e n  shows t h a t  i f  ( a v ) and (a^)  a r e  two fundam en ta l

s e q u e n c e s ,  deno ted  by a  and a 1, t h e n  ( a v + a^ )  and (a v • a^ )

a r e  a l s o  fundam en ta l  sequences  so t h a t  a + a '  and a • a  a r e
a 1

d e f i n e d .  F o r  a  ^ 0 ,  ~  i s  a fund am en ta l  sequence  a l l o w i n g
a v

f o r  —  to  be d e f i n e d ,  a
L ike  H e in e ,  th e  r a t i o n a l  numbers a r e  in c lu d e d  i n  

th e  c o l l e c t i o n  o f  a l l  fundam en ta l  seq u ences  i f  ( a v ) i s  e q u a l  

to  some r a t i o n a l  number a ,  f o r  a l l  v ,  ( a v ) i s  the  r a t i o n a l  

numbe r  a . 2

C an to r  t h e n  p rov es  t h a t  i f  (bv ) i s  any  s e r i e s  o f  

r e a l  numbers ,  r a t i o n a l  o r  i r r a t i o n a l ,  and Lim (bv+LL -  b ) = 0,
z s  CO H * — ’

f o r  a r b i t r a r y  j i ,  t h e n  t h e r e  i s  a  un ique  r e a l  number b ,  

d e te rm in e d  by some fund am en ta l  s e r i e s  ( a v ) o f  r a t i o n a l s

1
C a n to r ,  Gesammelte A bhand lungen , p. 186. 

2I b i d . ,  p. 187.
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such t h a t

Lim b = b
v = 0°

I n  C a n t o r ' s  words :

. . .  1 s t  (bv) i rg e n d  e in e  Menge r a t i o n a l  ode r  
i r r a t i o n a l e r  Z ah len  m i t  d e r  S e c h a f f e n h e i t , das 
Lim (bv+)i - b^) = 0 ,  (was auch  [X s e i ) , so  g i b t
e s  e i n e  d u rch  e i n e  F u n d a m en ta l re ih e  (a v) 
bes t immte  Z ah l  b so dass

Lim b = b 
v = »

Es z e i g h t  s i c h  a l s o ,  d a s s  d i e s e l b e n  Z ah len  b,  
welche  a u f  Grund von F u n d a m e n ta l r e ih e n  (a v ) ( i c h  nenne 
d i e s e  F u n d a m e n ta l r e ih e n  von d e r  e r s t e n  Ordnung) 
d e r a r t  d e f i n i e r t  s i n d ,  d a s s  s i e  s i c h  a l s  Grenzen d e r  
a n  a u s w e is e n ,  a u f  m annigfache  Weisen au ch  a l s  Grenzen 
von Re ihen  (bv) d a r s t e l l b a r  s i n d ,  wo j e d e s  bv du rch
e i n e  Fundamental  r e i h e  e r s t e  Ordnung (a u ^V^) (m it  
f e s t e r n  v) d e f i n i e r t  i s t .  ^

I c h  nenne d a h e r  e in e  s o l c h e r  Menge (bv) wenn s i e  
d i e  B e s c h a f f e n h e i t  h a t ,  da ss  Lim (bv^  - b^) = 0 ( b e i  
b e l i e b i g e n  (a) , e in e  F u n d a m e n ta l re ih e  z w e i t e r  Ordnung.

A p l e a s a n t l y  s im p le  and c l e a r  e x p l a n a t i o n  o f  t h i s

sys tem by C an to r  i s  found i n  T o b ia s  D a n t z i g ' s  Number, the
9

Language o f  S c i e n c e .

C o n s id e r ,  f o r  example ,  th e  f o l lo w in g  sequence o f

r a t i o n a l  numbers which converge  to  t h e  r a t i o n a l  number 1.

1 3 7 15 2n - 1
T  * 7  5 F  5 I f  5 ‘ ’ * 5 2n » • • •

LI b i d . ,  pp. 187-188.
2
T obia s  D a n t z i g ,  Number, the  Language o f  S c ien c e  

(New York: The M acm il lan  Company, 1930)7  p. 148.
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A s e t  o f  sequences  c an  be g e n e r a t e d  by th e  s u c c e s s i v e  d e l e ­

t i o n  o f  th e  l e a d i n g  te rm .  The members o f  t h i s  new s e t  a r e :

3 7 15 31 63
F ’ F ’ TF ’ F7 ’ 5F ’ ’ * •

7 15 31 63
F 5 IF ’ 37 ’ 5F ’ * * *

15 31 63
IF ’ TZ  ’ 5F ’ • • •

Each sequence  i s  " a s y m p to t i c  t o  each  o t h e r ” i n  t h a t  t e r m - f o r -  

term d i f f e r e n c e  se q u e n c e s ,  formed by any  two o f  t h e  se q u e n c e s ,  

co n verg es  to  z e r o —a s  i n  Lim (b - b ) = 0 above .  The
v  =  to V t H- V

o r i g i n a l  sequence  i s  t h e n  c a l l e d  " s e l f - a s y m p t o t i c . "

The e x t e n s i o n  to  i r r a t i o n a l  numbers l i e s  i n  t h e  f a c t  

t h a t  th e  s e l f - a s y m p t o t i c  p r o p e r t y  i s  n o t  c o n f in e d  to  

sequences  hav in g  r a t i o n a l  l i m i t s .

For  example ,  t h e  sequence  3 ,  3 . 1 ,  3 . 1 4 ,  3 .1 4 1 ,

3 .1 4 1 5 ,  3 .14159 ,  . . . where th e  dec im a l  e x p a n s io n  i s  non­

p e r i o d i c ,  i s  d i f f e r e n t  from th e  r a t i o n a l s .

Hence, th e  s e t  o f  sequences

3, 3 . 1 ,  3 .1 4 ,  3 .1 4 1 ,  3 .1 4 1 5 ,  3 .14 1 59 ,  . . .

3 . 1 ,  3 .1 4 ,  3 .1 4 1 ,  3 .1 4 1 5 ,  3 .1 4 15 9 ,  . . .

3 . 1 4 ,  3 .1 4 1 ,  3 .1 4 15 ,  3 .14159 ,  . . .

i s  a n  a s y m p to t i c  s e t  o f  s e q u ences .  Thus ,  t h e  o r i g i n a l

sequence  converges  to  some n o n - r a t i o n a l  n u m ber- -because  th e  

o r i g i n a l  sequence  was n o n - p e r i o d i c  and so f a i l s  to  converge  

t o  a r a t i o n a l  number.
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T h is  s e c t i o n  w i l l  c o n c lu d e  w i t h  a  b r i e f  d e s c r i p t i o n  

o f  R icha rd  D e d e k in d ' s  c o n s t r u c t i o n  o f  th e  r e a l  numbers . I n  

1858, w h i l e  l e c t u r i n g  on c a l c u l u s ,  Dedekind became d i s s a t i s f i e d  

w i t h  t h e  g e o m e tr ic  e v id e n c e  used i n  p r o o f s  f o r  th e  r e a l  

numbers .  As he comments i n  h i s  e s s a y ,  " C o n t i n u i t y  and I r r a ­

t i o n a l  Numbers:"

. . . even  th e  most  r i g o r o u s  e x p o s i t i o n s  o f  t h e  d i f ­
f e r e n t i a l  c a l c u l u s  do n o t  base  t h e i r  p r o o f s  upon c on ­
t i n u i t y  b u t ,  w i t h  more o r  l e s s  c o n s c io u s  o f  t h e  f a c t ,  
t h e y  a p p e a l  e i t h e r  to  g e o m e tr ic  n o t i o n s  o r  th o s e  su g ­
g e s t e d  by geom etry ,  o r  depend upon theorems which a r e  
n e v e r  e s t a b l i s h e d  i n  p u r e l y  a r i t h m e t i c  m anner .^

E s p e c i a l l y  th e  theorem " t h a t  e v e r y  m agni tude  which 

grows c o n t i n u a l l y  but  n o t  beyond a l l  l i m i t s ,  must  c e r t a i n l y  

a p p ro a c h  a l i m i t i n g  v a l u e , "  he f e l t  c o u ld  be g i v e n  a sound 

a r i t h m e t i c a l  p r o o f ,  and a t  t h e  same t im e ,  m o t iv a te d  Dedekind 

to  e x p l i c a t e  th e  c o n c e p t  o f  c o n t i n u i t y .

Dedekind had r e c e i v e d  c o p ie s  o f  b o th  H e i n e ' s  1872 

p a p e r  and C a n t o r ' s  1872 p a p e r ,  and th e n  su b m i t t e d  h i s  e s s a y  

f o r  p u b l i c a t i o n  o n ly  when he f e l t  h i s  work a g re e d  w i t h  th e  

o t h e r  two.

The now wel l-known "Dedekind c u t s "  a r e  p r e s e n t  i n  

t h i s  1872 p a p e r .  Dedekind saw th e  a n a lo g y  between t h e  t h r e e  

p r o p e r t i e s  o f  r a t i o n a l  n u m b e r s - - t r a n s i t i v i t y , d e n s e n e s s ,  

and d i v i s i o n  i n t o  two s e p a r a t e ,  o r d e r e d ,  c l a s s e s  by any one 

r a t i o n a l - - a n d  th e  r e a l  l i n e .  Then when a n  o r i g i n  and a u n i t

■^Richard D edekind ,  E ssa y s  on th e  Theory  o f  Numbers 
t r a n s .  by Wooster  Beman (New York: Dover P u b l i c a t i o n s ) ,
p . 2.
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l e n g t h  a r e  c h o se n ,  th e  a n a lo g y  becomes a c o r r e s p o n d e n c e .

Yet t h e  r a t i o n a l s  have gaps between them, and th e  

r e a l  l i n e  has no gaps .

I n  what t h e n  does t h i s  c o n t i n u i t y  r e s t ?  E v e r y t h in g  
must  depend on th e  answer  t o  t h i s  q u e s t i o n ,  and o n ly  
t h ro u g h  i t  s h a l l  we o b t a i n  a  s c i e n t i f i c  b a s i s  f o r  th e  
i n v e s t i g a t i o n  o f  a l l  c o n t in u o u s  domains . . . th e  
problem i s  to  i n d i c a t e  a p r e c i s e  c h a r a c t e r i z a t i o n  o f  
c o n t i n u i t y . t h a t  c a n  s e rv e  a s  th e  b a s i s  f o r  v a l i d  
d e d u c t io n .

T h u s ,

I  f i n d  th e  e s s e n c e  o f  c o n t i n u i t y  i n  t h e  f o l l o w in g  
p r i n c i p l e .
" I f  a l l  th e  p o i n t s  o f  t h e  s t r a i g h t  l i n e  f a l l  i n t o  two 
c l a s s e s  such t h a t  e v e r y  p o i n t  o f  th e  f i r s t  c l a s s  l i e s  
t o  th e  l e f t  o f  e v e r y  p o i n t  o f  t h e  second c l a s s ,  t h e n  
t h e r e  e x i s t s  one and o n ly  one p o i n t  which p roduces  
t h i s  d i v i s i o n  o f  a l l  p o i n t s  i n t o  two c l a s s e s ,  t h i s  
severing o f  th e  s t r a i g h t  l i n e  i n t o  two p o r t i o n s .  "2

T h is  p r i n c i p l e  o f  c o n t i n u i t y  i s  n o t  s u r p r i s i n g .  D e d e k in d ' s

r e a l  c o n t r i b u t i o n ,  tho ug h ,  i s  h i s  r e a l i z a t i o n  t h a t  t h i s  had

to  be a n  axiom r a t h e r  t h a n  a theorem.

The c o n s t r u c t i o n  o f  th e  i r r a t i o n a l s  f o l lo w s  immedi­

a t e l y  from th e  d e f i n i t i o n  o f  r a t i o n a l  c u t s .  The i r r a t i o n a l s  

a r e  c o n s t r u c t e d  by c u t s  such  t h a t  the  lower o r d e r e d  s e t  has 

no maximum e le m e n t ,  and t h e  upper  o r d e r e d  s e t  has no 

minimum e le m e n t .  He a l s o  shows t h a t  such  c u t s  e x i s t .

From t h e n  on when a c u t  i s  produced by no r a t i o n a l  number, 

a  n u m b e r - - i r r a t i o n a l - - i s  c o n s t r u c t e d ,  d e f i n e d  by t h i s  c u t .

^ I b i d . ,  p . 10. 

2I b i d . ,  p. 11.
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Thus,  by t h e  end o f  h i s  e s s a y ,  he c an  prove th e  

m o t i v a t i n g  theorem when he e x p l a i n s  t h a t  i t  i s  e q u i v a l e n t  

to  h i s  p r i n c i p l e  o f  c o n t i n u i t y .

T r ig o n o m e t r i c  S e r i e s  and Uniform Convergence

C r i t i c i s m  o f  vague c o n c e p t s ,  improvement o f  p r o o f s ,  

and changes  i n  method were f o r c e s  a f f e c t i n g  th e  f o u n d a t io n s  

o f  a n a l y s i s  and i t s  a r i t h m e t i z a t i o n .  A n o the r  a r e a  o f  a n a l y s i s  

t h a t  u l t i m a t e l y  i n f l u e n c e d  t h e  development o f  p o i n t  s e t  

t o p o lo g y  were th e  developments  i n  t r i g o n o m e t r i c  s e r i e s  and 

un ifo rm  convergence  o f  such  s e r i e s .

I n  1870 Eduard Heine p u b l i s h e d  "Ueber T r ig o n o m e t r i s c h e  

R e ih e "  i n  which  he e x p l a i n s  th e  im por tance  o f  un i fo rm  con­

ve rg en ce  w i t h  r e s p e c t  t o  F o u r i e r  s e r i e s .  Heine p o i n t s  o u t  

t h a t  t h e  p ro o f  t h a t

a g iv e n  f u n c t i o n  f ( x )  c an  be r e p r e s e n t e d  u n iq u e ly  
between x = - n and x = n by a  t r i g o n o m e t r i c  s e r i e s  
o f  t h e  form

(a)  f  (x) = Ip a Q + (a^cos  x +  b ^ s i n  x) +

( a 2 Cos 2x + b 2 s i n  2x) + . . .

i s  based  on th e  h id d e n  a s s u m p t io n  t h a t  f  i s  u n i fo rm ly  
c o n v e r g e n t .

The method o f  p r o o f  used up to  t h e n  was to  s e t  th e  

f u n c t i o n  e q u a l  t o  z e r o ,

TEduard H e in e ,  "Ueber T r ig o n o m e t r i s c h e  R e ih e n , "  
C r e l l e ' s  J o u r n a l  71 ( 1 8 7 0 ) :353.
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„ -  * . 0 *  X I  (a^cos  nx +  bns:*-n nx) j
n = 1

and t h e n  m u l t i p l y  b o th  s i d e s  o f  th e  e q u a t i o n  by cos  nx and 

i n t e g r a t e  term wise  from - n to  n .  I t  i s  t h e n  shown t h a t  

a n = 0 f o r  a l l  n .  S i m i l a r l y ,  m u l t i p l y  th e  o r i g i n a l  e q u a t i o n  

by s i n  nx ,  i n t e g r a t e  te rm w ise  from - rr t o  n ,  and  th e n  bn = 0 

f o r  a l l  n .  S ince  a l l  t h e  c o e f f i c i e n t s  a r e  0 ,  f  can  be 

r e p r e s e n t e d  u n iq u e ly  a t  0.

The h id d e n  a s s u m p t io n  i s  t h a t  t h e  s e r i e s  i s  u n i fo rm ly  

c o n v e rg e n t  and th u s  th e  s e r i e s  may be i n t e g r a t e d  te rm -b y -  

te rm .  W e i e r s t r a s s  had e a r l i e r  proved t h a t  such  i n t e g r a t i o n  

was a l l o w a b l e  on u n i fo rm ly  c o n v e r g e n t  s e r i e s .

T h is  i n v a l i d  p r o o f  s u g g e s t s  t h a t  t h e r e  may e x i s t  non- 

u n i fo rm ly  c o n v e r g e n t  t r i g o n o m e t r i c  s e r i e s  r e p r e s e n t i n g  a 

f u n c t i o n ,  and t h i s  i n f i n i t e  s e r i e s  o f  f u n c t i o n s  may have 

c o e f f i c i e n t s  which a r e  n o t  e x p re s s e d  a s  d e f i n i t e  i n t e g r a l s .

The c o n v e r se  theorem i s  a l s o  n o t  n e c e s s a r i l y  t r u e .
Q0

T h a t  i s ,  i f  f ( x )  = f  (x) i s  c o n t i n u o u s  on some i n t e r v a l ,
i n

and i s  r e p r e s e n t a b l e  by a F o u r i e r  s e r i e s ,  i t  c an no t  be 

assumed t h a t  th e  s e r i e s  i s  u n i fo rm ly  c o n v e r g e n t .

Heine d e f in e d  i n  h i s  1870 p a p e r  t h a t  a s e r i e s  i s  

u n i f o r m ly  c o n v e rg e n t  i n  g e n e r a l  i f  i t  i s  u n i fo rm ly  c o n v e rg e n t  

i n  the  rem ain ing  p o r t i o n s  o f  a n  i n t e r v a l  a f t e r  some a r b i ­

t r a r i l y  sm a l l  n e ighborhoods  o f  th e  p o i n t s  o f  d i s c o n t i n u i t y  

a r e  removed. He th e n  d e v e lo p s  t h e  f o l lo w in g  th eo rem s :
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I  Theorem
The F o u r i e r  s e r i e s

i
(a )  f ( x )  = a Q + (a^ cos  x +  b ^ s i n  x)  + . . .

+ ( a 2 COS 2x + s i n  2x) + . . .

f o r  a  f i n i t e  f u n c t i o n  f ( x ) ,  which  has a f i n i t e  
number o f  maximums and minimums . . . co nv e rg es  
u n i f o r m ly  i f  f ( x )  i s  c o n t in u o u s  from - tt t o  rr 
( i n c l u s i v e )  and  f ( -  t t )  = f  ( t t )  . i n  a l l  o t h e r  
c a s e s ,  i t  i s  on ly  u n i fo rm ly  c o n v e rg e n t  i n  g e n e r a l .

I I  Theorem
A f u n c t i o n , n o t  n e c e s s a r i l y  f i n i t e ,  which  i s ,  i n  
g e n e r a l ,  c o n t i n u o u s ,  c a n  be deve loped  i n  a t  most 
one t r i g o n o m e t r i c  s e r i e s  o f  th e  form (a)  i f  t h e  
s e r i e s  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  i t  be 
u n i fo rm ly  c o n v e rg e n t  i n  g e n e r a l ,  from - tt t o  t t .

Or,  e q u i v a l e n t l y :

I I I  Theorem
I f  a t r i g o n o m e t r i c  s e r i e s  o f  th e  form (a)  i s ,  
from -  tt t o  t t ,  u n i f o r m ly  c o n v e r g e n t  i n  g e n e r a l ,  
and i n  g e n e r a l  r e p r e s e n t s  z e ro  . . . t h e n  a l l  
th e  c o e f f i c i e n t s  a r e  z e ro  and th e  s e r i e s  r e p r e s e n t s  
z e r o  t h r o u g h o u t .

Heine d id  n o t  answer  t h e  q u e s t i o n  w h e th e r  o r  n o t

t h e r e  e x i s t s  no n u n i fo rm ly  c o n v e rg e n t  s e r i e s  r e p r e s e n t i n g

f u n c t i o n s ,  b u t  he d id  d e m o n s t r a te  t h e  im por tance  o f

u n i f o r m i t y  c o n s i d e r a t i o n s .

I  have m ent ioned  H e i n e ' s  1870 p a p e r  because  i t

a t t r a c t e d  t h e  i n t e r e s t  o f  C a n to r  who, a l s o  i n  1870, p u b l i s h e d

"Ueber e i n e n  d i e  T r ig o n o m e t r i s c h e n  Re ihen  b e t r e f f e n d e n

L e h r s a t z ” i n  C r e l l e ' s  J o u r n a l . This  was t h e  f i r s t  o f

C a n t o r ' s  p a p e r s  d e a l i n g  w i t h  th e  u n iq u en e ss  o f  t r i g o n o m e t r i c

1I b i d . ,  pp. 354-355.
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r e p r e s e n t a t i o n  o f  a r b i t r a r y  f u n c t i o n s .  Sometimes c a l l e d  

t h e  C an to r -L ebesgue  Theorem, C an to r  p ro ves  i n  t h i s  p ap e r  

t h a t :

I f  two i n f i n i t e  s e r i e s  a i>  a 2 > • • • a n > • • • 
b^ ,  b 2 , . . . have t h e  p r o p e r t y  t h a t  t h e  l i m i t  o f

a s i n  nx + b cos  nx n n
i s  z e r o  w i t h  i n c r e a s i n g  n ,  f o r  e v e r y  v a lu e  o f  x 
which l i e s  i n  a g i v e n  i n t e r v a l  (a < x < b) , t h e n  a n 
and bn a p p ro a ch  z e r o  w i t h  i n c r e a s i n g  n.

When t h i s  theorem  i s  a p p l i e d  t o  th e  t r i g o n o m e t r i c  
s e r i e s ,  i t  has th e  meaning t h a t  t h e  s e r i e s  o f  t h e  kind

Y  bg + a ^ s i n  x + b-^cos x +  . . . + a n s i n  nx

+  bncos nx + . . .

c an  o n ly  converge  f o r  a l l  v a lu e s  o f  x i n  a g iv e n
i n t e r v a l  (a < x < b) i f  t h e  c o e f f i c i e n t s  a  , b '  ' n n
become i n f i n i t e l y  sm a l l  w i t h  i n c r e a s i n g  n.-*-

Two weeks a f t e r  s u b m i t t i n g  t h i s  p a p e r ,  C an to r  su b ­

m i t t e d  a  p a p e r  i n  which he s t a t e d  a u n iq u en e ss  theorem, 

"Beweis ,  d a s s  e i n e  f u r  j e d e n  r e e l e n  Wert von x d u rch  e i n e  

t r i g o n o m e t r i s c h e n  Re ihe  gegeben F u n c t io n  f ( x )  s i c h  n u r  a u f  

e i n z i g e  Weise i n  d i e s e r  Form D a r s t e l l e n  l a s t . ” These two 

p a p e r s  were p u b l i s h e d  c o n s e c u t i v e l y  i n  C r e l l e ' s  J o u r n a l , 

pages  130-138 ,  and 139-142 o f  th e  1870 volume.

I n  t h i s  second pap er  he p roves  t h a t :

When a f u n c t i o n  f ( x )  o f  a r e a l  v a r i a b l e  x i s
r e p r e s e n t e d  by a c o n v e rg e n t  t r i g o n o m e t r i c  s e r i e s ,

I
f ( x )  = y  bo + (a-^sin x + b^cos x)  +  . . .

. . . +  (a s i n  nx + b cos nx) + . . . ,'  n n '  ’

I
C a n to r ,  Gesammelte A bhand lungen , p.  70.
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f o r  e v e ry  v a lu e  o f  x ,  t h e n  t h e r e  does n o t  e x i s t  
( d i f f e r e n t )  s e r i e s  o f  th e  same form which l i k e w i s e  
c o n v erges  f o r  e v e ry  x and r e p r e s e n t s  th e  same 
f u n c t i o n  f(x).-*-

C a n t o r ' s  method was to  assume t h a t  t h e r e  were two 

t r i g o n o m e t r i c  s e r i e s  r e p r e s e n t i n g  t h e  same f u n c t i o n  f ( x )  

and c o n v e r g e n t  t o  t h e  same v a lu e  f o r  e ac h  x i n  th e  c h o sen  

i n t e r v a l .  He th e n  s u b t r a c t e d  t h e  two s e r i e s  and produced a 

r e p r e s e n t a t i o n  o f  z e r o ,  a g a i n  c o n v e rg e n t  f o r  a l l  v a lu e s  o f  x 

i n  th e  i n t e r v a l .  That  i s ,

i f  f ( x )  = y  a Q + a^cosx  +  b-^sinx +  a 2 COs2 x + b2 s i n 2 x +  . . .

and f ( x )  = a Q + a {cosx +  b | s i n x  +  a 2 Cos 2 x +  b ^ s i ^ x  +  . . .

w i t h  a ^  n o t  a l l  e q u a l  t o  a a n d  b^ n o t  a l l  e q u a l  t o  b£ 

t h e n  0 = (ag -  a ^ )  + (a^  - a p c o s x  + (b^ - b | ) s i n x  +  . . .

Or ,  i n  o t h e r  symbols ,  0 = Cq + C-̂  + C2  + • • . + Cn +  . . .

where CQ = j  ( a Q - a^ )  and ̂  = (a.^ - a | )

f o r  i  = 1 ,  2 ,  3 , . . .

He th e n  a p p l i e d  th e  C an to r -L eb esgu e  Theorem to  th e  s e r i e s
00

0 = Z  C. w i t h  th e  consequence  t h a t  C. = 0 ,  f o r  a l l  i .  
i  = 0 1 1

Thus he p roves  t h a t  th e  two e x p r e s s i o n s  f o r  f ( x )  must  have 

th e  same c o e f f i c i e n t s ,  th u s  f  i s  u n iq u e ly  r e p r e s e n t e d .

■*Ibid., p . 80.
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Georg C a n to r  and th e  B eg inn ings  o f  S e t  Theory

E a r l y  i n  1871 C an to r  a g a i n  p u b l i s h e d  i n  C r e l l e ' s

J o u r n a l , "N ot iz  zu dem A u f s a t z e , "  a r e f in e m e n t  o f  h i s  p r e v io u s

p a p e r .  H is  work was b e in g  a id e d  by Kronecker  a t  th e  t im e ,

a s  C a n to r  added i n  a f o o t n o t e ;

I c h  verdanke  s i e  e i n e r  g e f a l l i g e n ,  m undlichen  
M i t t e i l u n g  des  H er rn  P r o f e s s o r  K ronecker .

At t h i s  t ime C a n to r  was P r i v a t d o z e n t  a t  H a l l e ,  and Heine 

was a s e n i o r  f a c u l t y  member who i n f lu e n c e d  C an to r  t o  t a k e  up 

r e s e a r c h  i n  t r i g o n o m e t r i c  s e r i e s .  K ronecker  was i n  B e r l i n ,  

and a p p a r e n t l y ,  C an to r  and K ronecker  were on good terms 

th e n .  When C an to r  began to  e x te n d  th e  u n iq u e n e ss  theorem 

to  i n t e r v a l s  i n  which th e  theorem h e l d ,  w i th  th e  e x c e p t i o n  

o f  a n  i n f i n i t e  number o f  p o i n t s ,  t h e  r e l a t i o n  between 

Can to r  and Kronecker  d e t e r i o r a t e d .  Soon Kronecker  became 

one o f  C a n t o r ' s  c r i t i c s .

The 1871 " N o t iz "  was th e  f i r s t  pap e r  t o  c o n s i d e r  

t h e  co nvergence  o v e r  i n t e r v a l s  w i t h  " e x c e p t i o n a l  s e t s . "

C an to r  proved i n  t h i s  pa p e r  t h a t  th e  c o e f f i c i e n t s  a r e  s t i l l  

a l l  z e r o  even  i f  th e  c o n v e r g e n t  s e r i e s  i s  no t  d e f i n e d  o r  

d i s c o n t i n u o u s  f o r  o n ly  a f i n i t e  s e t  o f  p o i n t s .

C a n t o r ' s  n e x t  p a p e r s ,  "Uber t r i g o n o m e t r i s c h e  

R e i h e n , "  and "Uber d i e  Ausdehung e i n e s  S a t z e s  a u s  d e r  

T h e o r ie  d e r  t r i g o n o m e t r i s c h e  R e ih e n , "  p u b l i s h e d  i n

XI b i d . ,  p . 84.
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M athem at ische  Anna len  i n  1871 and 1872, e x te n d e d ,  a s  th e  

l a t t e r  t i t l e  a n n o un ces ,  th e  r e s u l t s  o f  th e  un iq u en e ss  

theorem to  c e r t a i n  t y p e s  o f  i n f i n i t e  s e t s  o f  d i s c o n t i n u i t i e s .  

T h is  p a p e r  was m ent ioned  above (p .  11) r e g a r d i n g  C a n t o r ' s  

c o n s t r u c t i o n  o f  th e  i r r a t i o n a l s ,  bu t  th e  im por tance  o f  t h i s  

pape r  t o  s e t  t h e o r y  was t h a t  i n  i t  C a n to r  f i r s t  d i s t i n g u i s h e d  

d i f f e r e n t  ty p e s  o f  i n f i n i t e  s e t s .

I t  was p u b l i s h e d  i n  M athem at ische  A nna len  r a t h e r  

th an  C r e l l e ' s  J o u r n a l . T h is  r e p r e s e n t e d  a s t e p  down i n  

p r e s t i g e - - t h e  A nna len  was r e l a t i v e l y  new (1872 was i t s  f i f t h  

volume) and d id  n o t  c a r r y  th e  p r e s t i g e  o f  th e  much o l d e r  

C r e l l e ' s  J o u r n a l . I t  has  been su g g e s t e d  t h a t  C a n to r  was 

n o t  t o  have h i s  1872 p a p e r  p u b l i s h e d  i n  C r e l l e ' s  J o u r n a l  

b ecause  K ronecker  found th e  d i s c u s s i o n  o f  i n f i n i t e  s e t s  

m a t h e m a t i c a l l y  o f f e n s i v e .

I n  t h i s  1872 p a p e r ,  a f t e r  a r i t h m e t i c a l l y  c o n s t r u c t i n g

th e  r e a l s ,  C a n to r  e s t a b l i s h e s  t h e  c o r r e sp o n d e n c e  between

numbers and p o i n t s  on th e  l i n e .  More i m p o r t a n t l y ,  C a n to r

a r g u e s  t h a t  t h i s  c o r r e sp o n d e n c e  sh o u ld  o n ly  be c o n s i d e r e d

a n  axiom. He no ted  t h a t  a g iv e n  f i n i t e  o r  i n f i n i t e

c o l l e c t i o n  o f  numbers i s  termed a Wertmenge, whereas  a

f i n i t e  o r  i n f i n i t e  c o l l e c t i o n  o f  p o i n t s  i s  termed a

Punktmenge. He t h e n  g iv e s  the  f o l lo w in g  d e f i n i t i o n .

. . . By a " l i m i t  p o i n t  o f  a p o i n t  s e t  P"  I  mean a 
p o i n t  o f  th e  l i n e  f o r  which  i n  any  ne ighborhood  o f  
same, i n f i n i t e l y  many p o i n t s  o f  P a r e  found ,  whereby

I
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i t  c an  happen t h a t  t h e  ( l i m i t )  p o i n t  i t s e l f  a l s o  
b e longs  to  th e  s e t .  By a ’’ne ighborhood  o f  a p o i n t ” 
i s  un d e rs to o d  a n  i n t e r v a l  which  c o n t a i n s  th e  p o i n t  
i n  i t s  i n t e r i o r . A c c o r d in g ly ,  i t  i s  e a s y  to  prove 
t F a t  a p o i n t  s e t  c o n s i s t i n g  o f  a n  i n f i n i t e  number o f  
p o i n t s  a lways has  a t  l e a s t  one l i m i t  po in t .* -

The l a s t  s t a t e m e n t  i s  t h e  B o lz a n o - W e ie r s t r a s s  

theorem: any i n f i n i t e  bounded p o i n t  s e t  must have a t  l e a s t

one l i m i t  p o i n t .  Thus,  g iv e n  a  p o i n t  s e t  P and any  p o i n t  

o f  th e  r e a l  l i n e ,  th e  g iv e n  p o i n t  i s  o r  i s  n o t  a l i m i t  

p o i n t  o f  th e  s e t  P.  The s e t  o f  a l l  l i m i t  p o i n t s  o f  a  s e t  

P i s  deno ted  P '  and  c a l l e d  th e  f i r s t  d e r i v e d  p o i n t  s e t  o f  P .

I f ,  f o r  example ,  t h e  p o i n t  s e t  P i s  th e  s e t  o f  r a t i o n a l  

p o i n t s  on th e  r e a l  l i n e ,  c o r r e s p o n d i n g  t o  th e  r a t i o n a l  

numbers ,  t h e n  P '  i s  th e  r e a l  l i n e ,  o r  l i n e a r  continuum, 

c o r r e s p o n d in g  to  th e  s e t  o f  r e a l  numbers.

I f  P ’ , th e  d e r i v e d  p o i n t  s e t  o f  P ,  i s  a n  i n f i n i t e  

s e t ,  t h e n  p ’ a l s o  has  a d e r i v e d  s e t  ( i n v o k in g  th e  Bo lzano-  

W e i e r s t r a s s  th eo re m ) ,  P 11. I f  P n  i s  i n f i n i t e ,  t h e n  i t  

has  a  d e r i v e d  s e t ,  P ’ ’ ’ , and so on. While P may be a s u b s e t

o f  P* (as  i n  t h e  c a s e  o f  th e  r a t i o n a l s  = P, and th e  r e a l s  =

p ' ) ,  t h e  sub seq u e n t  d e r i v a t i o n s  a r e  th e  r e v e r s e  s e t  i n c l u s i o n s .

P 1 2  P "  2  P " '  2  P " "  2  . • . 2  P ^  . . .

As C a n to r  comments, ” . . . one f i n d s  t h ro u g h  v such  t r a n s i ­

t i o n s  th e  c o ncep t  o f  th e  v t h  d e r i v e d  p o i n t  s e t  P^v) o f  P . ” 2

^ I b i d . ,  p. 98. C a n to r  i s  d i s c u s s i n g  o n ly  c lo s e d  
and bounded s e t s .

2I b i d .
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The c a s e  which became i m p o r t a n t  f o r  C a n t o r ' s  u n i q u e ­

n e ss  theorem was th e  one i n  w hich ,  a f t e r  v r e p e t i t i o n s ,  t h e  

d e r i v e d  s e t  p ( v ) c o n s i s t e d  o f  o n ly  a f i n i t e  number o f  p o i n t s ,  

th u s  making th e  n e x t  d e r i v a t i o n  th e  empty s e t .  I n  o t h e r  

words ,  P^v ^  = 0. C a n to r  t h e n  c a l l e d  th e  o r i g i n a l  s e t  P 

a s e t  o f  t h e  v t h  k i n d . A p o i n t  s e t  o f  th e  v t h  k in d ,  f o r  

f i n i t e  v ,  a r e  th e  d e r i v e d  s e t s  o f  t h e  f i r s t  s p e c i e s . ^

Thus,  th e  e x t e n s i o n  o f  th e  u n iq u e n e s s  theorem f o r

i n f i n i t e  s e t s  r e a d :

I f  a n  e q u a t i o n  i s  o f  th e  form

0 = Cq +  C-̂  +  C2 +  • • • +  Cn +  . . .

where C« = d~, C = c s i n  nx + d cos  nx f o r  a l l  v a lu e s  
0  U n n n

o f  x w i t h  t h e  e x c e p t i o n  o f  th o s e  which c o r r e sp o n d  to
th e  p o i n t s  o f  a  g iv e n  p o i n t  s e t  P on th e  v t h  k ind  i n
th e  i n t e r v a l  ( 0  . . . 2 tt) , where d e n o te s  any  i n t e g e r ,
t h e n  dg = 0,  and c n = dn = 0.

While  t h i s  e x t e n s i o n  i s  f o r  d e r iv e d  s e t s  o f  th e  f i r s t  s p e c i e s ,

i . e . ,  where v i s  f i n i t e ,  C a n to r  was aware  o f  t h e  p o s s i b i l i t i e s

o f  i n f i n i t e  d e r i v a t i o n s ,  P^°°^. And i f  p ( “ ) i s  n o t  f i n i t e ,
( co -I- 1 \

t h e n  t h e r e  i s  P v ' ,  and so on. These a r e  th e  d e r i v e d
3

s e t s  o f  th e  second s p e c i e s .

C a n t o r ' s  1872 p a p e r  was a n  im p o r t a n t  f i r s t  s t e p  f o r  

t r a n s f i n i t e  s e t  t h e o r y ,  however,  th e  r e s t  o f  C a n t o r i a n  s e t

1 I b i d .

2I b i d . ,  p. 99.
3

I n  th e  G rund lagen  C a n to r  changes  h i s  n o t a t i o n
from 05 to  uu.
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t h e o r y  ( f i n i t e  and i n f i n i t e )  d id  n o t  d i r e c t l y  fo l lo w .  

Between 1872 and th e  f i r s t  p u b l i c a t i o n  o f  h i s  t h e o r y  o f  

l i n e a r  p o i n t  s e t s  i n  1879, C a n t o r ' s  r e s e a r c h  inv o lv e d  th e  

d i f f e r e n t  m agn i tudes  o f  i n f i n i t y ,  th e  e x i s t e n c e  o f  c o r ­

re spo n d ence  between sp a ce s  o f  d i f f e r e n t  d im e n s io n s ,  and t h e  

g e n e r a l  c o n c e p ts  o f  c o n t i n u i t y  and d im ens ion .

C a n t o r ' s  work on th e  d i f f e r e n t  m agni tudes  o f  

i n f i n i t y  came a s  a r e s u l t  o f  h i s  a t t e m p t  t o  u n d e rs t a n d  th e  

f e a t u r e s  t h a t  d i s t i n g u i s h  th e  i n f i n i t e  s e t  o f  r a t i o n a l s  

from th e  i n f i n i t e  s e t  o f  r e a l s .  He d id  prove e a r l y  i n  

1874 t h a t  th e  r e a l s  were nondenumerable  i n  a paper  e n t i t l e d  

"Uber e i n e  E i g e n s c h a f t  des  I n b e g r i f f e s  a l l e r  r e e l e n  

a l g e b r a i s c h e n  Z ah len "  i n  C r e l l e ' s  J o u r n a l . ^ The p r o o f  was 

a n  a p p l i c a t i o n  o f  th e  c o n c l u s i o n  t h a t  th e  s e t  o f  a l l  

a l g e b r a i c  numbers was c o u n t a b l e .  Using  L i o u v i l l e ' s  theorem 

which  s t a t e s  t h a t  g iv e n  i n  any  i n t e r v a l  on t h e  r e a l  l i n e  

t h e r e  were i n f i n i t e l y  many t r a n s c e n d e n t a l  numbers , and 

s i n c e  th e  a l g e b r a i c  numbers were c o u n t a b l e ,  r e a l s  must  be 

u n c o u n ta b le .  He d id  n o t  use  th e  now famous d i a g o n a l i z a t i o n  

a r g u m e n t - - t h a t  method o f  p r o o f  d id  n o t  a p p e a r  u n t i l  1891.

I n  1874, a f t e r  hav in g  e s t a b l i s h e d  th e  nondenumera-  

b i l i t y  o f  the  r e a l  numbers ,  C an to r  mentioned t o  Dedekind 

i n  a  l e t t e r  th e  p o s s i b i l i t y  o f  mapping th e  u n i t  sq u a re  on to

i
C a n to r ,  Gesammelt A bhand lungen , pp. 115-118.
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a l i n e  and c o n v e r s e l y .  At f i r s t  n e i t h e r  C a n to r  n o r  Dedekind 

s e r i o u s l y  c o n s id e r e d  c o n s i d e r e d  th e  mapping, and i t  was n o t  

d i s c u s s e d  a g a i n  i n  t h e i r  c o r r e sp o n d e n c e  u n t i l  1877.

I n  1877 C a n to r  deve loped  h i s  s u r p r i s i n g  c o r r e sp o n d e n c e  

between th e  u n i t  i n t e r v a l  and th e  u n i t  s q u a r e .  I n  a s e r i e s  

o f  l e t t e r s  w i t h  Dedekind a b o u t  th e  c o r re sp o n d e n c e  and i t s  

p r o o f ,  i n  which Dedekind found some e r r o r s  t h a t  C a n to r  was 

a b l e  to  r e p a i r ,  t h e y  b o th  a g re e d  t h a t  t h e  i m p o r t a n t  f e a t u r e  

o f  h i s  c o r r e sp o n d e n c e  was t h a t  th e  mapping was d i sc on t in uo u s . '* '

I t  d i d ,  however,  r a i s e  th e  i s s u e  o f  the  co n ce p t  o f  d im en s io n .

( I f  p l a n e s  and l i n e s  c o r r e s p o n d ,  and c o r r e sp o n d  u n i q u e l y ,  

th ro u g h  t h e i r  r e s p e c t i v e  c o - o r d i n a t e s  t h e n  t h e  p r e v io u s  

c o n cep t  o f  d im ens ion  based on c o - o r d i n a t e s  must  be i n a d e q u a t e . )

A r e l a t e d  q u e s t i o n  i s  th e  i n v a r i a n c e  o f  d im ens ion  under  

c o n t in u o u s  c o r r e s p o n d e n c e s .  T h a t  i s ,  i f  s e t s  o f  d i f f e r e n t  dimen­

s i o n s  can  no t  be c o n t i n u o u s l y  mapped, one on to  t h e  o t h e r ,  

i s  i t  t h e n  p o s s i b l e  t h a t  a c o n t in u o u s  mapping w i l l  g u a r a n t e e  

p r e s e r v a t i o n  o f  d imension?

During  th e  n e x t  t e n  y e a r s  a number o f  p r o o f s  were

o f f e r e d  to  d e m o n s t r a te  th e  i n v a r i a n c e  o f  d im ens ion  th ro ug h
2

c o n s i d e r a t i o n  o f  c o n t i n u i t y .  Jakob  L u r o th ,  Johannes

C a n to r /D e d ek in d ,  B r i e f w e c h s e l  C a n to r -D e d e k in d , e d s .
E .  N o e the r  and J .  C a v a i l e s  ( P a r i s :  Herman, 1937) ,  p .  34.
I n  t h i s  l e t t e r  C a n to r  e x c l a i m s ,  " I  see  i t ,  b u t  I  d o n ' t  
b e l i e v e  i t ! "

2
See Dale  M. Jo h n so n ,  "The Problem o f  th e  I n v a r i a n c e
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Thomae, Eugene N e t t o ,  and C a n to r  a l l  a t t e m p te d  t o  prove  

th e  i n v a r i a n c e  o f  d im ens io n .  Dale M. Jo hn so n  p o i n t s  o u t  

t h a t  t h e s e  p ro o f s  were o n ly  p a r t i a l l y  s u c c e s s f u l .  Johnson  

f e e l s  t h a t  th e  " p r i m i t i v e  s t a t e  o f  t o p o lo g y "  made th e  p r o o f s
i

e s p e c i a l l y  d i f f i c u l t .  The p ro o f s  used th e  methods o f  r e a l  

a n a l y s i s  and geometry  which  were i n a d e q u a te  t o  so lv e  such  

a s u b t l e  q u e s t i o n .

Yet  most  m a th e m a t i c i a n s  by 1890 f e l t  t h a t  e i t h e r  

C a n t o r ' s  o r  N e t t o ' s  p r o o f  was a d e q u a te ,  and th e  problem had 

been  s o l v e d .  In d e e d ,  A r t h u r  S c h o e n f l i e s  i n  h i s  a r t i c l e  

"M engenlehre"  i n  th e  Encyklopadie c la im ed  th e  problem had 

been  s o l v e d .

T ha t  t h i s  problem was a d d r e s s e d  a t  a l l  was a r e s u l t  

o f  C a n t o r ' s  b e g in n in g  work i n  s e t  t h e o r y .  I t  i s  h i s  sem in a l  

work i n  s e t  t h e o r y  t h a t  one c an  p o i n t  t o  a r a r e  i n s t a n c e  

i n  th e  h i s t o r y  o f  m a th em a t ic s  were a  b ran ch  o f  m athem atics  

i s  t h e  p ro d u c t  o f  o n ly  one man. C a n to r  p u b l i s h e d  h i s  most 

im p o r t a n t  r e s e a r c h  i n  s e t  t h e o r y  i n  t h e  s e r i e s  o f  s i x  p a p e rs  

e n t i t l e d  "Uber u n e n d l i c h e n  l i n e a r  P u n k t m a n n i g f a l t i g k e i t s l e h r e "  

(ment ioned above i n  n o te  1, p. 11) from 1879 t o  1884. Much 

o f  th e  m a t e r i a l  i s  t h e  b e g in n in g s  o f  th e  t h e o r y  o f

o f  Dimension i n  th e  Growth o f  Modern T o p o lo g y ,"  A rc h iv e  f o r  
th e  H i s t o r y  o f  E x ac t  S c ien c e  20 ( 1 9 7 9 ) :9 7 - 1 8 8 .

1 I b i d . ,  p. 146.
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t r a n s f i n i t e  c a r d i n a l s  and o r d i n a l s .  C a n t o r ' s  pu rp o se ,  

tho u gh ,  was to  s tu d y  l i n e a r  p o i n t  s e t s  and p o i n t s  i n  t h e  n -  

d im e n s io n a l  a r i t h m e t i c  con tinuum  (Rn) and t h e i r  p r o p e r t i e s .  

As I  have ment ioned above (p .  2 3 ) ,  th e  fundam en ta l  c o n c e p t  

i s  t h a t  o f  l i m i t  p o i n t ,  "G re n zp u n k t , "  o r  i n  l a t t e r  t e r ­

m ino logy ,  "H aufu ng spu n k t , "  a c c u m u la t io n  p o i n t .  A p o i n t  p 

o f  a  s e t  i s  a l i m i t  p o i n t  i f  e v e r y  n e ig h b o rho o d ,  "Umgebung," 

o f  th e  p o i n t  c o n t a i n s  members of  th e  s e t .  Using  th e  

B o l z a n o - W e ie r s t r a s s  theorem  t h a t  any i n f i n i t e  bounded p o i n t  

s e t  p o s s e s s e s  a t  l e a s t  one l i m i t  p o i n t ,  C a n to r  deve loped  

th e  n o t i o n  o f  d e r i v e d  s e t .  I n  a d d i t i o n  t o  d e r i v e d  s e t ,  

C a n to r  deve loped  o t h e r  c o n c e p t s ,  such a s  a n  everywhere  

dense  s e t  i n  a g iv e n  i n t e r v a l - - a  s e t  i n  which  i t s  f i r s t  

d e r i v e d  s e t  c o n t a i n s  t h e  i n t e r v a l  i t s e l f ;  a n  i s o l a t e d  p o i n t  

s e t - - a  s e t  t h a t  c o n t a i n s  none o f  i t s  l i m i t  p o i n t s ;  a n o ­

where dense  s e t - - a  s e t  t h a t  has no dense  s u b s e t ,  e t c .

C a n to r  was th e  f i r s t  m a th e m a t i c i a n  t o  p ro v id e  a 

p o i n t  s e t  d e f i n i t i o n  of  th e  continuum i n  b o th  l i n e s  and 

p l a n e s .  I n  o r d e r  t o  d e f i n e  a con t inuum , C an to r  i n t r o d u c e s  

a  p e r f e c t  s e t - - a  s e t  i s  p e r f e c t  i f  i t  i s  i d e n t i c a l  w i t h
I

i t s  s e t  o f  l i m i t  p o i n t s .  He p o i n t s  o u t  t h a t  a  p e r f e c t  

s e t  need n o t  be dense  i n  any  i n t e r v a l ,  and i n  a f o o t n o t e  

o f  h i s  G r u n d la g e n , he p r o v id e s  th e  famous example o f  a 

nowhere dense  p e r f e c t  s e t ,  t h e  C a n to r  t e r n a r y  s e t ,  t h e  s e t

^"Cantor, Gesammelte A bhand lungen , p. 193.
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o f  a l l  r e a l s  o f  th e  form

where the  c an  on ly  t a k e  t h e  v a lu e s  0  and

C an to r  t h e n  i n t r o d u c e s  th e  c o n c e p t  o f  c o n n e c te d n e s s  

i n  th e  f o l lo w in g  way: a  s e t  P i s  c o n n ec te d  i f  f o r  e v e ry

p a i r  o f  p o i n t s  p and p '  o f  P and e v e r y  e > 0 ,  we can  choose  

a  f i n i t e  number o f  p o i n t s ,  t p  t ^ ,  • . . t n , i n  P such  

t h a t  t h e  d i s t a n c e s  p t p  t 2t 3 ’ • • • > t nP '  a r e  a ^

l e s s  t h a n  e .  T h is  i s  sometimes c a l l e d  w e l l - c h a i n e d .  He
9

t h e n  c an  d e f i n e  a  con tinuum  a s  a  c o n n ec ted  and p e r f e c t  s e t .

I n  th e  c o u r s e  o f  h i s  work on th e  con t inuum ,  C an to r  

c la im ed  t h a t  any d e r i v e d  s e t  co u ld  be w r i t t e n . a s  th e  u n io n  

o f  p e r f e c t  s e t  and a s e t  o f  t h e  f i r s t  s p e c i e s  (one t h a t  i s  

" r e d u c i b l e , "  i n  C a n t o r ' s  w o r d s ) .  T h is  was a t e c h n i c a l  

e r r o r  d i s c o v e r e d  by th e  Swedish m a th e m a t i c i a n  I v a r  Bendixson 

who showed C an to r  how t o  r e f o r m u l a t e  th e  d e c o m p o s i t io n  o f  

a  d e r i v e d  s e t  r i g o r o u s l y .  I t  was t h i s  r e f o r m u l a t i o n  t h a t  

l e a d  C a n to r  to  d e f i n e  th e  n o t i o n  o f  a c lo s e d  s e t - - a  s e t

1 I b i d . , p. 207.
2

I b i d . ,  p . 194.
3

See J o s e p h  D au ben 's  b io g ra p h y  o f  C a n t o r , Georg 
C a n to r :  H is  M athem at ics  and P h i lo s o p h y  o f  th e  I n f i n i t e
(Cambridge: Harvard  U n i v e r s i t y  P r e s s ,  1979) ,  pp.  113-114,
f o r  D au ben 's  d i s c u s s i o n  o f  th e  C a n to r /B e n d ix s o n  c o r r e s ­
pondence .
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which c o n t a i n s  a l l  o f  i t s  l i m i t  p o i n t s .  A c lo s e d  s e t  i s  

compared to  a s e t  which i s  d e n s e - i n - i t s e l f - - a  s e t  which i s  

c o n ta in e d  i n  i t s  s e t  o f  l i m i t  p o i n t s  o r  i t s  f i r s t  d e r iv e d  

s e t .  A p e r f e c t  s e t - - d u e  to  t h e  h e lp  o f  B e n d ix s o n - - i s  th e n  

bo th  c lo s e d  and d e n s e - i n - i t s e l f .

Most h i s t o r i a n s  o f  m a th em a t ic s  b e l i e v e  t h a t  th e  

t h e o r y  o f  p o i n t  s e t s  had s i g n i f i c a n t  i n f l u e n c e  on the  growth 

o f  r e a l  f u n c t i o n  t h e o r y .  While  t h e r e  was c o n t r o v e r s y  

r e g a r d i n g  th e  n o t i o n s  o f  i n f i n i t e  s e t s  and th e  k in d s  o f  

i n f i n i t i e s ,  and o c c a s i o n a l  c r i t i c i s m  o f  s e t  t h e o r y  because  

o f  t h e  p a radoxes  and " p a t h o l o g i c a l "  cou n te rex a m p le s  t h a t  

were to  l a t e r  a p p e a r ,  t h e  growth o f  m athem atics  was 

u nd o u b ted ly  s t i m u l a t e d  by C a n to r i a n  s e t  t h e o r y .

The Uses o f  th e  New M athem at ics  
o f  S e t  Theory

C a m i l le  J o r d a n  was among th e  f i r s t  t o  use C a n t o r ' s  

s e t  t h e o r y  i d e a s  i n  geom etry .  A su rv e y  o f  h i s  c l a s s i c  

t r e a t i s e s  on a n a l y s i s  r e v e a l  th e  e f f e c t  o f  s e t  t h e o r y  and 

W e i e r s t r a s s i a n  r i g o r  a f f e c t i n g  a n a l y s i s  a t  t h a t  t im e .  I t  

i s  i n  h i s  Cours d 'A n a ly s e  de l ' E c o l e  P o ly t e c h n iq u e  t h a t  th e  

d e f i n i t i o n  o f  th e  J o r d a n  Curve and th e  J o r d a n  Curve Theorem 

a r e  found .  A l tho u gh ,  a c c o r d i n g  t o  Raymond W i ld e r ,  th e  

J o r d a n  Curve ,  w h i l e  known to  many m a t h e m a t i c i a n s ,  was n o t  

c a l l e d  th e  J o r d a n  c u r v e ,  t h e n ,  a s  such .  As W ild e r  e x p l a i n s ;

I t  i s  n o t  d i f f i c u l t  t o  su rm ise  where J o r d a n  g o t  
t h i s  n o t i o n  [ o f  d e f i n i n g  a c u rv e  th ro u g h  two c o n t in u o u s
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f u n c t i o n s  on th e  u n i t  i n t e r v a l ] ; i t  was common 
p r a c t i c e  to  d e f i n e  c u rv e s  p a r a m e t r i c a l l y  i n  t h e  books 
on c a l c u l u s .  For  i n s t a n c e ,  t h e  p a r a m e t r i c  r e p r e ­
s e n t a t i o n  o f  t h e  c y c l o i d  i s  g iv e n  i n  C a u ch y 's  famous 
c a l c u l u s ,  p u b l i s h e d  i n  1823. E v i d e n t l y ,  what J o r d a n  
d id  was t o  f o r m u la te  a g e n e r a l  c o n ce p t  which was 
a l r e a d y  c u r r e n t .  I  don t  know who f i r s t  a t t a c h e d  
J o r d a n ' s  name to  t h e  n o t i o n ,  a s  a m a t t e r  o f  f a c t .
The P o l i s h  t o p o l o g i s t s  were a l r e a d y  do in g  so d u r in g  
th e  ' tw een s  o f  th e  p r e s e n t  c e n t u r y ,  and most w r i t e r s  
o f  th e  t w e n t i e s  assumed he was th e  f i r s t  t o  f o r m u la te  
i t  e x p l i c i t l y .  However, I  have found no e v id e n c e  
t h a t  e i t h e r  J o r d a n ' s  c o n te m p o r a r i e s  o r  h i s  immediate  
s u c c e s s o r s  a s s o c i a t e d  h i s  name w i t h  th e  c o n c e p t ,  
which seems t o  be f u r t h e r  e v id e n c e  t h a t  t h e  n o t i o n  
was g e n e r a l l y  c u r r e n t  among a n a l y s t s . 1

I t  i s  i n  h i s  Cours d 'A n a ly s e  de l ' E c o l e  P o ly t e c h n iq u e  

t h a t  th e  d e f i n i t i o n  o f  a J o r d a n  c u rv e  and th e  J o r d a n  Curve 

Theorem a r e  found.  The Cours i s  a l s o ,  i n  th e  changes  from 

th e  f i r s t  e d i t i o n  t o  t h e  second e d i t i o n ,  a c l e a r  example o f  

th e  changes  i n  th e  s t a n d a r d s  o f  r i g o r  from 1880 to  1900.

And i t  i s  i n  J o r d a n ' s  a t t e m p t  t o  prove th e  cu rv e  theorem 

t h a t  t h e s e  changes  i n  r i g o r  a r e  so a c u t e .  The f i r s t  e d i t i o n ,  

p u b l i s h e d  i n  t h r e e  volumes between 1882 and 1887, i s  a 

t ex tb o o d  f o r  a "Cours d 'A n a ly s e  de l ' E c o l e  P o l y t e c h n i q u e . "

I t  i s  n o t  a  r e s e a r c h  t r e a t i s e ,  r a t h e r  a book o f  methods 

i n  a n a l y s i s .  T h is  i n t e n t i o n  o f  th e  volumes i s  t o  be 

r i g o r o u s ,  bu t  c o n t a i n s  a lm o s t  no W e i e r s t r a s s i a n  methods o f  

p r o o f .  R a t h e r ,  a rgum ents  a r e  m o s t ly  g e o m e t r i c a l l y  and

^■Raymond W i ld e r ,  "The O r i g i n  and Growth o f  M athe­
m a t i c a l  C o n c e p t s , "  B u l l e t i n  o f  th e  American M a th e m a t i c a l  
S o c i e t y  59 (1953) : U lT .
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p h y s i c a l l y  m o t i v a t e d .  However, i n  t h e  l a s t  volume o f  th e

f i r s t  e d i t i o n  J o r d a n  i n c l u d e s  a "Note s u r  q u e lq u e s  p o i n t s

de l a  t h e o r i e  des f o n c t i o n s . "^ I n  t h i s  ’’Note"  he o f f e r s

r e v i s e d  p r o o f s  o f  th e  main theorem a lo n g  th e  l i n e s  o f

W e i e r s t r a s s i a n  r i g o r .  I t  i s  i n  t h i s  "Note"  t h a t  the  c lo s e d
2

cu rv e  theorem f i r s t  a p p e a r e d .

He f i r s t  d e f i n e s  a c u rv e  a s  a  s e t  o f  p o i n t s  r e p r e ­

s e n t e d  by th e  e q u a t i o n s

x = f ( t ) ,  y = 0  ( t )

where f  and 0  a r e  f u n c t i o n s  o f  th e  p a ra m e te r  t .

I f  th e  f u n c t i o n s  a r e  c o n t i n u o u s ,  t h e  cu rv e  i s  s a i d

to  be c o n t i n u o u s .  ( S i  c e s  f o n c t i o n s  so n t  c o n t i n u e s ,  l a
3

courbe  s e r a  d i t e  c o n t i n u e . )

I f  f ( t ^ )  = f ( t 2 ) ,  and 0 ^ )  = 0 ( t 2) f o r  ^ t 2  

i n  the  i n t e r v a l ,  t h e n  th e  cu rv e  i s  s a i d  t o  be c l o s e d .  I f ,  

f o r  c e r t a i n  d i s t i n c t  v a lu e s  o f  t  w i t h i n  th e  p e r i o d ,  th e  

v a lu e s  o f  x a r e  th e  same and th e  v a lu e s  o f  y a r e  the  same, 

t h e n  th e  cu rv e  has m u l t i p l e  p o i n t s .  J o r d a n  o n ly  c o n s i d e r s  

c o n t in u o u s  c l o s e d  c u rv e s  w i t h o u t  m u l t i p l e  p o i n t s ,  i . e . ,  

s im ple  c lo s e d  c u r v e s ,  and s t a t e s  t h e  theorem as

^Camil le  J o r d a n ,  Cours d 'A n a ly s e  de l ' E c o l e  
P o l v t e c h n i q u e ,  3 v o l s .  ( P a r i s : G a u t h i e r - V i l l a r s , 1882- 
l'S'B/) 3 :54 9 -6 13 .

^ I b i d . ,  p.  593.

3I b i d . ,  p. 587.
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E very  c o n t in u o u s  cu rv e  C d i v i d e s  th e  p lan e  i n t o  
two r e g i o n s ,  th e  one e x t e r i o r ,  t h e  o t h e r  i n t e r i o r ;  
th e  l a t t e r  c anno t  be reduced  to  z e ro  because  i t  c o n ­
t a i n s  a c i r c l e  o f  f i n i t e  r a d i u s . 1

J o r d a n ' s  p ro o f  i s  based on polygons a p p ro x im a t in g  

th e  c u rv e  C from th e  i n s i d e  and from th e  o u t s i d e .  He 

assumes th e  theorem f o r  s im p le  po lyg o ns ;  i . e . ,  he assumes 

t h a t  a polygon w i t h o u t  m u l t i p l e  p o i n t s  d i v i d e s  th e  p lan e  

i n t o  a n  i n t e r i o r  and a n  e x t e r i o r  r e g i o n .

F i r s t ,  J o r d a n  c o n s t r u c t s  a  s im p le  po lygon P '  which 

a p p ro x im a te s  th e  c u rv e  C to  any d e g re e  o f  a c c u r a c y .  Then 

he o f f e r s  a way to  c o n s t r u c t  s im p le  polygons S and S '  from 

P '  which a r e  i n s i d e  and o u t s i d e  o f  C, r e s p e c t i v e l y .  These 

a p p ro x im a te  C and c o n t a i n  i t  w i t h i n  a n  a n n u l a r  r e g i o n .

From t h i s  a n  e n t i r e  sequence  o f  i n t e r i o r  and e x t e r i o r  

polygons can  be c o n s t r u c t e d .  These  ap p ro x im a te  C w i t h  

i n c r e a s i n g  a c c u r a c y  and c o r r e s p o n d i n g  p a i r s  form s m a l l e r  

and s m a l l e r  a n n u l a r  r e g i o n s  which squeeze  down t o  C.

Hence, th e  theorem f o l lo w s  a c c o r d i n g  t o  J o r d a n .

The second e d i t i o n  o f  th e  Cours i s  r a d i c a l l y  changed 

from th e  f i r s t .  P u b l i s h e d  between 1893 and 1896, i t  i s  

much more a r e s e a r c h  t r e a t i s e ,  t h e  s t a n d a r d s  and s t y l e  o f  

th e  "Note"  a r e  i n c o r p o r a t e d  i n t o  th e  main t e x t  o f  th e  f i r s t  

volume o f  th e  second e d i t i o n .  From 1883 on,  J o r d a n  had 

been  a t  t h e  C o l le g e  de F r a n c e ,  where he succeeded  L i o u v i l l e ,

1I b i d . ,  p. 593.
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i n  a c h a i r  i n  m a th em a t ic s .  At  t h e  C o l le g e  he was a b l e  t o  

do more r e s e a r c h  and th e  second e d i t i o n  r e f l e c t s  t h i s  

e m p h a s i s .

J o r d a n ' s  need f o r  t h e  c lo s e d  cu rv e  theorem was a 

r e s u l t  o f  h i s  p ro o f  o f  th e  Cauchy I n t e g r a l  Theorem o f  

i n t e g r a t i n g  a complex f u n c t i o n  a lo n g  a c l o s e d ,  r e c t i f i a b l e  

c u r v e .

L e t  C be a c lo s e d  c o n t in u o u s  l i n e  w i t h o u t  m u l t i p l e  
p o i n t s ,  n o t  c o n t a i n i n g  any c r i t i c a l  p o i n t s  o f  th e  
f u n c t i o n  f ( z )  on i t s  i n t e r i o r .  The i n t e g r a l  o f  f ( z )  
t a k e n  a lo n g  any c lo s e d  and r e c t i f i a b l e  l i n e  K, w i t h i n  
C, i s  z e r o . l

Thus,  w h i l e  p r e v io u s  m a th e m a t ic i a n s  d id  n o t  s ee  th e  

need t o  prove th e  o b v i o u s l y  t r u e  s t a t e m e n t  t h a t  a s im ple  

c lo s e d  cu rv e  d i v i d e s  th e  p lan e  i n t o  a c o n n ec ted  i n t e r i o r  

and co n n ec te d  e x t e r i o r  r e g i o n ,  J o r d a n  r e q u i r e d  a  p ro o f  as  

a r e s u l t  o f  h i s  a n a l y s i s  o f  th e  Cauchy I n t e g r a l  Theorem.

H. Guggenheimer, i n  h i s  a r t i c l e ,  "The J o r d a n  Curve 

Theorem and a n  U npub l ished  M a n u sc r ip t  by Max Dehn,"  d i s ­

c u s s e s  th e  h i s t o r y  and th e  c r i t i c i s m  o f  th e  theorem  and i t s  
2

p r o o f s .  The J o r d a n  Curve Theorem i s  a n  example o f  a n  

i n t u i t i v e l y  obvious  theorem  which was e x c e e d i n g ly  d i f f i c u l t  

t o  prove r i g o r o u s l y .  I n  1905 Oswald Veblen  commented t h a t :

1 I b i d . ,  p. 605.
2
H. Guggenheimer,  "The J o r d a n  Curve Theorem and a n  

U npub l ished  M a n u sc r ip t  by Max D ehn,"  A rc h iv e  f o r  th e  H i s t o r y  
o f  E x a c t  S c ie n c e s  17 (1 9 7 7 ) :1 9 3 -2 0 0 .



36

J o r d a n ' s  e x p l i c i t  f o r m u l a t i o n  o f  t h e  fundam en ta l  
theorem t h a t  a s im p le  c lo s e d  cu rv e  l y i n g  w ho l ly  i n  a 
p la n e  decomposes t h e  p la n e  i n t o  a n  i n s i d e  and a n  
o u t s i d e  r e g i o n  i s  j u s t l y  r e g a r d e d  a s  a  most  im p o r t a n t  
s t e p  i n  th e  d i r e c t i o n  o f  a p e r f e c t l y  r i g o r o u s  m a th e ­
m a t i c s  . T h is  may be c o n f i d e n t l y  a s s e r t e d  w h e th e r  we 
b e l i e v e  t h a t  p e r f e c t  r i g o r  i s  a t t a i n a b l e  o r  n o t .  His  
p r o o f ,  however,  i s  u n s a t i s f a c t o r y  t o  many m a th e m a t i c i a n s .  
I t  assumes t h e  theorem  w i t h o u t  p r o o f  i n  th e  i m p o r t a n t  
s p e c i a l  c a se  o f  a  s im p le  po lygon  and o f  th e  a rgument  
from t h a t  p o i n t  on ,  one must  ad m i t  a t  l e a s t  t h a t  a l l  
t h e  d e t a i l s  a r e  n o t  g iv e n .

The work o f  S c h o e n f l i e s ,  e s p e c i a l l y  i n  f o r m u la t i n g  
a  c o n v e r se  theorem ,  has thrown much l i g h t  on i t s  r e l a ­
t i o n  t o  t h e  t h e o r y  o f  p o i n t  s e t s  and  A n a l y s i s  S i t u s  i n  
g e n e r a l ,  and e l e g a n t  p ro o f s  under  r e s t r i c t i v e  h y p o th e s e s  
have been g iv e n  by B l i s s  and Ames. A l l  t h e s e  d i s c u s ­
s i o n s  make more o r  l e s s  use  o f  th e  i d e a s  o f  a n a l y s i s ,  
t h u s  im p ly in g  e i t h e r  a n  axiom to  t h e  e f f e c t  t h a t  a 
p la n e  i s  a doub ly  e x te n d ed  num ber-m anifo ld  o r  a  s e t  o f  
congruence  ax iom s.  E i t h e r  o f  t h e s e  h y p o th e s e s  imposes 
a r e s t r i c t i o n  upon th e  fo rm a l  g e n e r a l i t y  o f  A n a l y s i s  
S i t u s  a s  a  s c i e n c e  in d e p e n d en t  o f  t h e  magnTtucTe o f  th e  
f i g u r e s  t r e a t e d . 1

As a  f i r s t  a t t e m p t ,  J o r d a n ' s  p r o o f  i s  good, b u t  what 

soon fo l lo w ed  were many c r i t i c i s m s  and new, improved p r o o f s .  

As m en t ioned  by V eb len ,  and d i s c u s s e d  by Guggenheimer,  A r t h u r  

S c h o e n f l i e s  was one o f  th e  f i r s t  c r i t i c s  who o f f e r e d  a l e s s  

c o m p l ic a te d  p r o o f - - o n e  t h a t  a l s o  was n o t  c o m p le t e ly  a d e q u a t e .  

Yet S c h o e n f l i e s  saw w id e r  i m p l i c a t i o n s  o f  th e  J o r d a n  Curve 

Theorem to  p o i n t  s e t  to p o lo g y .  He b e l i e v e d  t h a t  J o r d a n  

Curve Theorem co u ld  be ex ten ded  t o  a n  n - d i m e n s i o n a l  

g e n e r a l i z a t i o n — th e  theorem  t h a t  s t a t e s  t h a t  a n  ( n - 1 ) -  

d im e n s io n a l  c o n t in u o u s  image o f  th e  sp h e re  d i v i d e s  n - s p a c e

Oswald V eb len ,  "Theory  o f  P la n e  Curves i n  Non- 
m e t r i c a l  A n a l y s i s  S i t u s , "  T r a n s a c t i o n s  o f  t h e  American 
M a th e m a t i c a l  S o c i e t y  6  ( 1 9 0 5 ) : 8 3 . My em p h as is .
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i n t o  two con nec ted  d i s j o i n t  r e g i o n s .  I t  was Brouwer who 

would l a t e r  prove t h e  n - d im e n s io n a l  J o r d a n  s e p a r a t i o n  theorem.

I n  1890, o n ly  t h r e e  y e a r s  a f t e r  J o r d a n ' s  f i r s t  

d e f i n i t i o n  o f  c o n t in u o u s  c u rv e  Giuseppe Peano p u b l i s h e d  h i s  

example o f  a  s p a c e - f i l l i n g  c u r v e ,  a cu rv e  which c o v e r s  a l l  

p o i n t s  o f  a s q u a r e .  I t  c o m p le t e ly  u p s e t  th e  common i n t u i ­

t i o n s  o f  m a th e m a t ic i a n s  o f  th e  day.  A l i n e  su p p o sed ly  had 

no " b r e a d t h "  and y e t  P e a n o ' s  c o n s t r u c t i o n  c l e a r l y  f i l l e d  th e  

s q u a r e .  H i l b e r t  and E. H. Moore a l s o  c o n s t r u c t e d  such  c u r v e s .

I n  t h e  s h o r t  p a p e r  t i t l e d  "Sur  une c o u rb e ,  q u i  

r e m p l i t  t o u t e  une a i r e  p l a n e , "  Peano d e f i n e s  h i s  cu rv e  i n  a n  

a n a l y t i c a l  way w i th o u t  any r e f e r e n c e  to  geometry. '*'  T h is  

d e m o n s t r a te s  t h a t  by 1890 th e  a r i t h m e t i z a t i o n  o f  a n a l y s i s  

was s t a n d a r d  p r a c t i c e .  F o r  th e  c o n s t r u c t i o n  he c o n s id e r e d  

x and y a s  c o n t in u o u s  f u n c t i o n s  o f  a p a ra m e te r  t  i n  th e  

i n t e r v a l  [ 0 , 1 ] ;  a s  numbers be tween 0  and 1 , x ,  y ,  and t  

a r e  g iv e n  t e r n a r y  r e p r e s e n t a t i o n s .  So,

t  = O . a ^ ^ a g  . . .  i n  t e r n a r y  n o t a t i o n  f o r  p o i n t s  i n  

[ 0 , 1 ] which  c o r r e sp o n d  w i t h  th e  t e r n a r y  numbers

x = O . b j ^ b - j  • • •

y = O . C j ^ c ^  . • .

where (x ,  y) w i l l  r e p r e s e n t  p o i n t s  o f  t h e  u n i t  s q u a r e .

*"Guiseppe Peano ,  "Sur  une c o u rb e ,  q u i  r e m p l i t  
t o u t e  une a i r e  p l a n e , "  M athem at ische  A nna len  36 (1890) :  
157-160.
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Then Peano a t t a i n s  t h e  c o r r e sp o n d e n c e  by l e t t i n g  

ka d e n o te  t h e  2 -a  d i g i t ,  where a i s  one o f  t h e  d i g i t s  0 , 1 ,

2. T h u s ,

kO -  2 ,  k l  = 2 ,  k2 = 0.

kna i s  th e  r e s u l t  o f  a p p l y i n g  th e  o p e r a t i o n  k n t im es  t o  a ,  

and  i t  has th e  v a lu e  a ,  i f  n  i s  e v en ,  and i t  has  th e  v a lu e  

ka i f  n i s  o d d .

t  i s  mapped to  (x ,  y) by

a lb l  -  a l  c 1  = k a 2

, , a 2 _ ^ 1 ^ 3b 2  = k a^  c 2  = k a^

a 0 + a , +  . . . "̂ a 2 n - 22 4
,  =1 nb =k a 2 n - l

. a 1+a 3+  < # # +a 2 n - l  
Cn=k a 2 n

The mapping c o v e r s  e v e r y  p o i n t  o f  t h e  sq u a re  and th e  c o r ­

re spondence  i s  c o n t in u o u s  by th e  way t h e  t e r n a r y  r e p r e s e n ­

t a t i o n  i s  c o n s t r u c t e d .
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I n  1900, E.  H. Moore e x p la in e d  g e o m e t r i c a l l y  th e  

peano cu rv e  i n  th e  u n i t  s q u a r e . ^ (F ig u re  1)

F i g u r e  1

F i r s t  we d i v i d e  th e  u n i t  sq u a re  i n t o  9 s u b s q u a re s  and draw 

a p o lyg o na l  l i n e  ( c o r r e s p o n d i n g  to  th e  u n i t  segment)  th ro u g h  

th e  s q u a r e ,  a s  shown i n  F i g u r e  1. Next we d i v i d e  each  

s m a l l e r  sq u a re  and draw s i m i l a r  p o ly g o n a l  l i n e s  i n  e ac h .

I f  we c o n t i n u e  i n  t h i s  manner,  th e  l i m i t  cu rv e  i s  P e a n o ' s  

example ,  and t h e  e n t i r e  sq u a re  i s  c o v e re d .

P e a n o ' s  c u rv e  was a n o t h e r  blow to  th e  n a iv e  c o n ce p t  

o f  d im en s ion  a f t e r  C a n t o r ' s  o n e - t o - o n e  c o r r e sp o n d e n c e  between 

th e  u n i t  i n t e r v a l  and t h e  u n i t  s q u a r e .  P e a n o ' s  cu rv e  was 

e s p e c i a l l y  d i s c o n c e r t i n g  s i n c e  i t  was a c o n t in u o u s

^E l iak im  H a s t in g s  Moore, "On C e r t a i n  C r i n k ly  C u r v e s , "  
T r a n s a c t i o n s  o f  t h e  American  M a th e m a t i c a l  S o c i e t y  1 (1900) :
72-90.
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c o r r e s p o n d e n c e .  However, because  o f  th e  t e r n a r y  r e p r e s e n t a ­

t i o n  (and a s  c an  be s e e n  by th e  cu rve  above)  c e r t a i n  p o i n t s  

o f  t h e  sq u a re  a r e  c o v ered  two and f o u r  t im e s .  Thus ,  P e a n o ' s  

cu rv e  i s  no t  a o n e - t o - o n e  c o r r e s p o n d e n c e .

Peano seemed to  have opened a  P a n d o r a ' s  box o f  

s t r a n g e  examples and c o u n t e r  examples o f  c u rv e s  and p o i n t  

s e t s  which  r a n  c o u n t e r  to  o n e ' s  u s u a l  g e o m e t r i c a l  i n t u i t i o n s .  

S e t  t h e o r y  seemed to  p r o v id e  a l l  s o r t s  o f  o p p o r t u n i t i e s  f o r  

such  exam ples .  I n  1903 W il l i a m  Osgood p u b l i s h e d  a n  example 

o f  a  J o r d a n  Curve t h a t  i t s e l f  had m easu rab le  area.*" I n  1910, 

L. E .  J .  Brouwer p u b l i s h e d  a n  example o f  a n  indecomposable

c o n t i n u a  t h a t  d i v i d e d  t h e  p la c e  i n t o  t h r e e  r e g i o n s  and i s  a
2

common bounder  o f  a l l  t h r e e .  W il l ia m  H. and Grace Chisholm 

Young p u b l i s h e d  i n  1906 th e  Theory  o f  S e t s  o f  P o i n t s  i n
3

which  many o f  t h e s e  " p a t h o l o g i c a l "  r e s u l t s  a r e  found .  I n

s p i t e  o f  b e in g  p a t h o l o g i c a l ,  t h e s e  r e s u l t s  he lped  th e  

development  o f  p o i n t  s e t  t o p o lo g y .

A r t h u r  S c h o e n f l i e s  was a n  e a r l y  p roponen t  o f  s e t  

t h e o r y  and the  p o t e n t i a l  v a lu e  o f  i t s  r e s u l t s .  As m ent ioned

1
W il l ia m  Osgood, "A J o r d a n  Curve o f  P o s i t i v e  A r e a , "  

T r a n s a c t i o n s  o f  th e  American  M a th e m a t i c a l  S o c i e t y  4 (1903) :  
107-112.

2
L. E. J .  Brouwer, "Zur A n a l y s i s  S i t u s , "  M athe­

m a t i s c h e  A nna len  6 8  (1910) :  422-434.

W il l ia m  H. and Grace Chisholm Young, Theory o f  
S e t s  o f  P o i n t s  (New York: Che lsea  P u b l i s h i n g  Company,
r e p r i n t  1 9 7 2 , o r i g i n a l l y  p u b l i s h e d  1906) .
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e a r l i e r ,  he w ro te  a n  a r t i c l e  e n t i t l e d  "Mengenlehr"  f o r  the

E ncy k lo p ed ia  d e r  m a th em a t isch en  W is s e n s c h a f t e n  i n  1898.

He a l s o  p u b l i s h e d  a " B e r i c h t "  f o r  th e  D eu tschen  M a th e m a t ik e r -

V e re in ig u n g  i n  1900, Die E n tw ic k e lu n g  de r  Lehre  von den

P u n k t m a n n i g f a l t i g k e i t e n ;  B e r i c h t  E r s t a t t e t  d e r  D eu tsch en

M ath em a t ik e r  V e r e i n i g u n g .^  The B e r i c h t  was a s e m i- s y s te m a t i c , ,

s e m i - h i s t o r i c a l  document b r i n g i n g  th e  m a th e m a t ic a l  community

up to  d a t e  on s e t  t h e o r y  r e s u l t s .  I n  1904 he p u b l i s h e d  th e

f i r s t  o f  a  t h r e e  p a r t  a r t i c l e ,  " B e i t r a g e  z u r  T h e o r ie  d e r
2

Punktmengen" i n  th e  M athem at ische  A n n a le n .

Dale  M. Jo h n so n  comments t h a t  the  f i r s t  B e i t r a g e  

o f  1904 opens w i t h  a good c h a r a c t e r i z a t i o n  o f  t h e  s t a t u s  o f  

p o i n t  s e t  to p o lo g y  a s  o f  t h e  t u r n  o f  t h e  c e n t u r y .  Schoen­

f l i e s  s t a t e s  t h a t :

As one o f  th e  most  g e n e r a l  problems o f  th e  t h e o r y  o f  
p o i n t  s e t s  we can  p o i n t  t o  t h e  t a s k  o f  f o r m u la t i n g  
and e s t a b l i s h i n g  th e  fundam en ta l  t h e o r y  o f  a n a l y s i s  
s i t u s  s e t - t h e o r e t i c a l l y  and s e t t i n g  f o r t h  th e  r e l a ­
t i o n s h i p  which e x i s t  between th e  s e t - t h e o r e t i c o -  
g eo m e tr ic  and th e  a n a l y t i c  modes o f  e x p r e s s i n g  t h e s e  
c o n c e p ts  and theo rem s .  The p a r a d o x i c a l  r e s u l t s ,  a s  
th e y  o c c u r ,  e . g . ,  i n  th e  o n e - t o - o n e  mapping o f  c o n t i n u a  
and t h e  Peano c u r v e ,  have c o m p le t e ly  d e s t r o y e d  th e  
n a iv e  i d e a s  o f  a n a l y s i s  s i t u s .  A l l  t h e  more we must 
demand t h a t  s e t  t h e o r y  p ro v id e  a s u b s t i t u t e  and d e f i n e

A r t h u r  S c h o e n f l i e s ,  Die E n tw ic k e lu n g  d e r  L ehre  von 
den P u n k t m a n n i g f a l t i g k e i t e n  ( L e i p z i g :  B. G. T eubner ,  1900)
j a h r e s b e r i c h t  d e r  D e u t s c h e r  M a th e m a t ik e r - V e r e in ig u n g .

2
A r t h u r  S c h o e n f l i e s ,  " B e i t r a g e  z u r  T h e o r i e  d e r  

Punktm engen ,"  M athem at ische  A nna len  I ,  58 (19 0 4 ) :  195-234;  
I I ,  59 (1905) : "129-160 ;  ' i l l ,  62“7T906)  : 256-328.
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t h e  b a s i c  g e o m e t r i c a l  c h a r a c t e r i s t i c  o f  a n a l y s i s  
s i t u s .  Even i f  t h e  much m al igned  i n t u i t i o n  i s  no 
so u rc e  o f  p r o o f ,  i t  s t i l l  seems to  me t h a t  i t  i s  a 
g o a l  o f  r e s e a r c h  to  r e c o n c i l e  th e  c o n t e n t  o f  geo­
m e t r i c a l  d e f i n i t i o n s  w i t h  th e  c o n te n t  o f  i n t u i t i o n — 
a t  l e a s t  i n  the  domain o f  a n a l y s i s  s i t u s .

I m p o r ta n t  t o  S c h o e n f l i e s '  work w i t h  th e  J o r d a n  

Curve Theorem and i t s  c o n v e r s e  i s  h i s  n o t i o n  o f  a c c e s s i b i l i t y . 

The boundary  o f  a n  open s e t  i s  s a i d  t o  be a c c e s s i b l e  from 

th e  open s e t  a t  a p o i n t  P i f ,  f o r  e v e r y  p o i n t  A i n  t h e  open 

s e t ,  t h e r e  e x i s t s  a s im p le  c o n t in u o u s  a r c  AP w h o l ly  i n  t h e  

open s e t .  The example m o t i v a t i n g  t h i s  d e f i n i t i o n  i s  the  

c u rv e  y = s i n — between -1  and 1 on th e  x - a x i s  ( F ig u re  2 ) .

The p o i n t s  on th e  y - a x i s  be tween -1  and 1 a r e  n o t  a c c e s s i b l e  

from any open domain s u r r o u n d in g  th e  c u rv e .

F ig u r e  2

i
Jo h n s o n ,  " I n v a r i a n c e  o f  D im en s io n ,"  p .  175. 

T r a n s l a t i o n  by Jo h n so n .
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However, S c h o e n f l i e s  r e c o g n iz e d  t h a t  a l l  th e  p o i n t s  

o f  a J o r d a n  c u r v e ,  i . e . ,  th e  homeomorphic image o f  a  c i r c l e ,  

a r e  a c c e s s i b l e  from b o th  th e  i n t e r i o r  domain and th e  

e x t e r i o r  domain. "Domain" f o r  S c h o e n f l i e s  and o t h e r  m athe ­

m a t i c i a n s  a t  t h i s  t im e  u s u a l l y  meant open,  c o n n ec ted  s e t .

T h is  f a c t  i s  t h e  key to  S c h o e n f l i e s 1 c o n v e r se  t o  th e  J o r d a n  

Theorem. I n  S c h o e n f l i e s '  t e r m in o lo g y ,  a c lo s e d  cu rv e  i s  a 

bounded, nowhere d e n s e ,  p e r f e c t ,  conn ec ted  p o i n t  s e t  which 

d i v i d e s  th e  p la n e  i n t o  two co nnec ted  domains hav ing  th e  

p o i n t  s e t  a s  t h e i r  common boundary .  A s im p le  c lo s e d  cu rv e  

i s  a c lo s e d  cu rve  w i t h  a l l  o f  i t s  p o i n t s  a c c e s s i b l e  from 

each  o f  th e  domains.  Then th e  c o n v e r se  o f  th e  J o r d a n  Curve 

Theorem s t a t e s  t h a t  e v e r y  s im p le  c lo s e d  cu rv e  can  be mapped 

i n  a o n e - to - o n e  c o n t in u o u s  manner on to  th e  p o i n t s  o f  a  c i r c l e .

I t  i s  c l e a r  t h a t  a t  t h i s  t ime S c h o e n f l i e s ,  among 

o t h e r s ,  was s t r u g g l i n g  to  e s t a b l i s h  a s h a r p ,  c l e a r  d i s t i n c ­

t i o n  between a continuum and a c u r v e .  I n  1923, R. L. Moore, 

i n  th e  B u l l e t i n  o f  the  American M a th e m a t ic a l  S o c i e t y  

p u b l i s h e d  a "Report  on Cont inuous Curves from th e  Viewpoint  

o f  A n a l y s i s  S i t u s . "  A f t e r  d e f i n i n g  s im p le  c lo s e d  cu rv e  

i n  th e  u s u a l  p a r a m e t r i c  f a s h i o n  he comments t h a t :

I t  i s  c l e a r  from th e  above d e f i n i t i o n  t h a t  e v e ry  
c o n t in u o u s  cu rv e  i s  a bounded continuum. T ha t  i t  i s  
n o t ,  however, i s  v e r y  e a sy  t o  d e te rm in e  d i r e c t l y  from 
t h i s  d e f i n i t i o n  w h e th e r  o r  n o t  even  some o f  th e  
s i m p l e s t  c o n t in u a  a r e  c o n t in u o u s  c u rv e s  w i l l ,  I  t h i n k ,  
be a d m i t t e d  i f  one r e c a l l s  th e  i n t e r e s t  a ro u s e d  by 
P e a n o ' s  d i s c o v e r y  o f  t h e  f a c t  t h a t  a sq u a re  p l u s  i t s  
i n t e r i o r  i s  such  a  cu rv e  and the  p r o o f s  o f  t h i s  f a c t
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t h a t  were g iv e n  by Peano ,  H i l b e r t ,  and E. H. Moore.
I n  1908, S c h o e n f l i e s  e s t a b l i s h e d  a theorem  which 

embodies a p o i n t  s e t  t h e o r e t i c  c h a r a c t e r i z a t i o n  
( d e f i n i t i o n )  o f  a c o n t in u o u s  c u r v e .  T h a t  i s ,  a p a r t  
from minor  m a t t e r s  o f  p h r a s e o lo g y ,  e t c . ,  a s  f o l l o w s :
I n  o r d e r  t h a t  a  bounded continuum  M sh ou ld  be a 
c o n t in u o u s  c u r v e ,  i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  
(a)  f o r  e v e ry  g iv e n  p o s i t i v e  number e t h e r e  a r e  n o t  
more t h a n  a  f i n i t e  number o f  complementary  domains o f  
M o f  d i a m e t e r  g r e a t e r  t h a n  e , (b)  t h e  boundary  o f  e v e ry  
complementary  domain o f  M i s  a c c e s s i b l e  a t  e ac h  o f  i t s  
p o i n t s ,  from a l l  s i d e s ,  w i t h  r e s p e c t  t o  t h a t  d o m a in .1

I n  1908 S c h o e n f l i e s  c o l l e c t e d  h i s  r e s u l t s  from th e  

B e i t r a g e  and th e  p r e v io u s  B e r i c h t  i n t o  t h e  second p a r t  o f  

h i s  B e r i c h t  f o r  t h e  D eu tsch e -M a th e m a t ik e r  V e r e in ig u n g .  I n  

t h i s  second p a r t  o f  h i s  B e r i c h t  he c o n s i d e r e d  th e  c o n v e r s e  

o f  t h e  J o r d a n  Curve Theorem: i f  two s im p le  co nn ec ted

bounded domains have th e  same boundary ,  t h e n  th e  boundary  

must  be a  s im p le  c lo s e d  c u rv e .  He g e n e r a l i z e d  t h i s  r e s u l t  

s a y in g  t h a t  t h e r e f o r e  i t  was n o t  p o s s i b l e  f o r  more t h a n  two 

domains to  have a  common boundary .  A r e a s o n a b l e  a s s u m p t io n  

o n ly  i t  happens n o t  t o  be t r u e .  ( S c h o e n f l i e s  had co n fu sed  

boundary  w i t h  s im p le  c lo s e d  c u r v e . )  Not long  a f t e r  th e  

p u b l i c a t i o n  o f  t h e  second p a r t  o f  th e  1908 B e r i c h t ,  L .  E. J .  

Brouwer p u b l i s h e d  "Zur A n a l y s i s  S i t u s "  i n  t h e  M athem at ische  

A nna len  (mentioned a b o v e ) .  I n  t h i s  a r t i c l e  Brouwer p r o ­

duced h i s  now famous cou n te rex a m p le  (and s e v e r a l  o t h e r s )  

o f  t h r e e  domains hav ing  th e  same bo u n d a ry - -b o u n d a ry  b e in g

R. L. Moore, " R epo r t  on C on t inuous  Curves from 
th e  Viewpoin t  o f  A n a l y s i s  S i t u s , "  B u l l e t i n  o f  th e  Am erican  
M a th e m a t ic a l  S o c i e t y  29 (1923) : 289-302.
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c a l l e d  a n  indecomposab le  continuum . I n  o t h e r  words ,  

S c h o e n f l i e s  had n o t  u n d e rs to o d  th e  sometimes s u b t l e  d i s ­

t i n c t i o n  between continuum  and s im p le  c lo s e d  c u r v e .

A p o p u l a r i z a t i o n  o f  t h i s  c o n s t r u c t i o n  by Wada i s  

r e p o r t e d  by K. Yoneyama i n  th e  Tohoku M a th e m a t ic a l  J o u r n a l  

o f  1917.

Suppose t h a t  t h e r e  i s  a  land  su r ro u nd ed  by a s e a ,  
and t h a t  i n  t h i s  land  t h e r e  i s  a f r e s h  l a k e .  A lso  
suppose t h a t ,  from t h e s e  l a k e  and s e a ,  c a n a l s  a r e  
b u i l t  t o  i n t r o d u c e  t h e  w a t e r s  o f  them i n t o  lan d  
a c c o r d i n g  to  t h e  f o l l o w in g  scheme.

L e t  E-^, E2 , • • • > E^ . . .
be a  sequence  o f  p o s i t i v e  numbers ,  monotonously  
c o n v e rg in g  t o  z e r o ,  namely l e t

E 1  > e 2  > ' ’ * > En > En + 1  > * * •
and

Lim E = 0
n  -» eo

On th e  f i r s t  d ay ,  a c a n a l  i s  b u i l t  from th e  l a k e ,  
such  t h a t  i t  does n o t  meet  th e  s e a - w a t e r ,  and th e  
s h o r t e s t  d i s t a n c e  from any p o i n t  on t h e  sh o re  o f  
th e  sea  t o  t h a t  o f  th e  l a k e  and c a n a l  does no t  
exceed  E-. . The end p o i n t  o f  t h i s  c a n a l  i s  deno ted  
by ( F ig u re  3 ) .

F ig u r e  3
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On th e  second d ay ,  a c a n a l  i s  b u i l t  from th e  s e a ,  
n e v e r  m ee t in g  th e  f r e s h  w a t e r  o f  t h e  l a k e  and c a n a l  
c o n s t r u c t e d  th e  day b e f o r e ,  and th e  work i s  c o n t in u e d  
u n t i l  th e  s h o r t e s t  d i s t a n c e  from any  p o i n t  on th e  sh o re  
o f  th e  l ak e  and c a n a l  f i l l e d  w i t h  f r e s h  w a te r  to  t h a t  
o f  th e  sea  and c a n a l  f i l l e d  w i t h  s a l t  w a te r  does n o t  
exceed E2 . The end p o i n t  o f  t h i s  c a n a l  i s  d eno ted  by 
S2  (F ig u re  4) .

On th e  t h i r d  day ,  t h e  work i s  begun from L i ,  n e v e r  
c u t t i n g  th e  c a n a l s  a l r e a d y  b u i l t ,  and th e  work i s  c o n ­
t i n u e d  u n t i l  th e  s h o r t e s t  d i s t a n c e  from any p o i n t  on 
t h e  sh o re  o f  t h e  sea  and c a n a l  f i l l e d  w i t h  s a l t  w a t e r  
t o  t h a t  o f  th e  l a k e  and c a n a l  f i l l e d  w i t h  f r e s h  w a te r  
does n o t  exceed  E 3 . The end p o i n t  o f  t h i s  c a n a l  i s  
deno ted  by L2 *

Now i t  i s  c l e a r  t h a t  we can  c o n t i n u e  th e  work day 
by day i n  t h e  above way, by a d e q u a t e l y  n a r ro w in g  th e  
b r e a d t h  o f  t h e  c a n a l s ,  s i n c e  th e  land  i s  a lw ays  sem i-  
c o n t in u o u s  a t  t h e  end o f  th e  work o f  e v e ry  day .  I f  we 
p receed  i n  t h i s  way i n d e f i n i t e l y ,  we g e t  a t  l a s t  a n  
everywhere  dense  s e t  o f  w a t e r s ,  f r e s h  and s a l t ,  which 
n e v e r  m ingle  t o g e t h e r  a t  any  p l a c e .  Now d e n o te  by Ml  
t h e  sh o re  o f  the  l a k e  and c a n a l  f i l l e d  w i t h  f r e s h ­
w a t e r ,  and by Ms t h a t  o f  t h e  sea  and c a n a l  f i l l e d  w i th  
s a l t  w a t e r ,  and by Mp th e  s e t  o f  l i m i t i n g  p o i n t s  o f  Ml 
and Mg, n o t  c o n ta in e d  i n  them. Then th e  sum o f  Ml >
Mg, and Mp forms a c o n t in u o u s  s e t ,  and any t h r e e  p o i n t s ,  
e ach  t a k e n  from th e  above d i f f e r e n t  s e t s ,  form a sys tem  
o f  t h r e e  p o i n t s ,  e v e r y  two o f  which form a p a i r  o f  
p r i n c i p a l  p o i n t s  o f  th e  s e t .  Thus th e  s e t  i s  the  
r e q u i r e d  c o n t in u o u s  one.

I f  we suppose t h a t  t h e r e  a r e  many l a k e s  i n  th e  
i s l a n d ,  we may o b t a i n  by a s i m i l a r  method a
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c o n t in u o u s  s e t  c o n s i s t i n g  o f  many a g g r e g a t e s  hav in g  
t h e  p r o p e r t i e s  s t a t e d  [ a b o v e ] .

Thus hav ing  p r o v e d . t h e  e x i s t e n c e  o f  a c o n t in u o u s  
s e t ,  which has a  sys tem  o f  t h r e e  p o i n t s ,  e v e r y  two o f  
which form a p a i r  o f  p r i n c i p a l  p o i n t s ,  we g iv e  h e re  
t h e  fo l lo w in g  d e f i n i t i o n  . . .  1

N e a r ly  a l l  o f  S c h o e n f l i e s ' s t h e o r y  o f  c lo s e d  c u rv e s

were shown to  be i n c o r r e c t  t h ro u g h  t h i s  s e r i e s  o f  in g e n io u s

c o u n te rex a m p le s  i n  B ro uw e r 's  "Zur A n a l y s i s  S i t u s . 1'

S c h o e n f l i e s  responded  to  th e  c r i t i c i s m  w i t h  c o r r e c t i o n s  i n

th e  f o l lo w in g  a r t i c l e  i n  M athem at ische  A n n a le n , "Bemerkung
2

zu dem v o r s t e h e n d e n  A u f s a t z  des  H e r rn  L. E.  J .  B rouw er ."  

B ro u w e r 's  a r t i c l e  i s  found on pages 422-434 ,  S c h o e n f l i e s '  

r e p l y ,  pages 435-444.

m en ta ry  r e g a r d i n g  th e  c o r r e s p o n d e n c e .

The two a u t h o r s  o r d e r e d  and m a i led  combined r e p r i n t s .  
Correspondence  o f  Brouwer w i t h  H i l b e r t  (14 May 1904,
24 Ju n e  1909, 26 J u l y  1909) shows t h a t  some r e s i s t a n c e  
by S h o e n f l i e s  t o  B rouw er 's  c r i t i c i s m  had f i r s t  t o  be 
o v e r  come. S c h o e n f l i e s  was a  b r i l l i a n t  l e c t u r e r  
( .  . . B lumenthal  c a l l e d  him th e  " l i o n "  o f  a c o n f e r e n c e )  
b u t  had d i f f i c u l t i e s  i n  u n d e r s t a n d i n g  B rouw er 's  
s u b t l e t y  and i n  compering wiLh h i s  awe i n s p i r i n g  r i g o r .

At  t h a t  t im e  S c h o e n f l i e s  p re p a re d  th e  second e d i t i o n  
o f  h i s  1900 B e r i c h t  [ P u b l i s h e d  i n  1913] .  Thanks to  
F r i c k e ' s  m e d i a t i o n ,  S c h o e n f l i e s  had a c c e p t e d  B ro u w e r 's  
u n o f f i c i a l  s u p e r v i s o r s h i p . T h is  t u rn e d  o u t  t o  be a

Tohoku Mi______________:43-158 .  R e p r in t e d  i n
L. E. J .  Brouwer,  C o l l e c t e d  Works. H. F r e u d e n t h a l ,  ed .  
(B oston :  D. R e i d e l . P u b l i s h i n g  Company, 1976) ,  2 :3 6 7 -3 69 .

2
A. S c h o e n f l i e s ,  "Bemerkung zu dem v o r s t e h e n d e n  

A u f s a t z  des H e r rn  L. E. J .  B rouw er ,"  M athem at ische  A nna len  
6 8  ( 1 9 1 9 ) :435-444 .

Hans F r e u d e n t h a l  p r o v id e s  some i n t e r e s t i n g  com-

K. Yoneyama, "The Theory o f Con t inuous  P o i n t  S e t s , "
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hard  j o b  f o r  b o th  o f  them. I n  h i s  c o r re sp o n d e n c e  w i t h  
H i l b e r t  ( A p r i l  t h ro u g h  Septem ber ,  1913) Brouwer com­
p l a i n e d  a b o u t  S c h o e n f l i e s ,  and ask ed  H i l b e r t  t o  i n t e r ­
vene ;  a p i c t u r e  c a r d  o f  11 September 1913 b e a r s  th e  
funny p o s t s c r i p t  o f  Mrs.  Brouwer:  "Wenn mein Mann vor
S c h o e n f l i e s  v e r r u c k t  w i r d ,  v e rd a n k t  e r  e s  I h n e n . "
. . . O f t e n  S c h o e n f l i e s  m i s i n t e r p r e t e d  B rouw er 's  
r e m a rk s ,  which  i n  f a c t  were not e a s y  to  u n d e r s t a n d ;  
sometimes he i n s e r t e d  them i n  th e  wrong p l a c e ,  o r  i n  a 
c o r r u p t e d  form, o r  a s  a  second p ro o f  a lo n g  w i t h  h i s  
own wrong p r o o f  . . .

An i s o l a t e d  j o t t i n g ,  i n  B rou w er 's  hand,  say s  i n  
Dutch  a b o u t  A. S c h o e n f l i e s  1913, "As a m a t t e r  o f  f a c t  
a l l  o r i g i n a l  n o n - t r i v i a l  i d e a s  i n  t h e  B e r i c h t  have 
come from m e ,"  which  i s  p ro b a b ly  t r u e .  I n  th e  p r e f a c e  
p f  A. S c h o e n f l i e s  1913 B rouw er 's  " u n s e l f i s h  and 
e f f i c i e n t "  c o o p e r a t i o n  i s  acknowledged .  I t  a p p e a r s  
from f rag m en ts  t h a t  Brouwer would have l i k e d  Schoen­
f l i e s  t o  m en t io n  i n  th e  p r e f a c e  t h a t  h i s  s u p p o r t  was 
g iv e n  a l t h o u g h  "H e r rn  B .s  p e r s o n l i c h e  Anshaungen u b e r  
d i e  G rund lagen  d e r  Mengenlehr  zu den l e i t e n  P r i n z i p i e n  
des  B e r i c h t  v l e l f a c h  i n  s c h r o f f e n  G egensa tz  s t e h e n . ” 1

I n s p i t e  o f  B rou w e r 's  ( o f t e n  d e v a s t a t i n g )  c r i t i c i s m  

we must  g r a n t  S c h o e n f l i e s  some c r e d i t  f o r  h i s  a t t e m p t s  i n  

t h i s  new f i e l d  o f  m a th e m a t ic s .  He a t t e m p t e d  t o  use  th e  new 

s e t - t h e o r e t i c  methods o f  a n a l y s i s ,  s t r i v i n g  f o r  th e  h i g h e s t  

s t a n d a r d  o f  r i g o r  f o r  t h a t  p e r i o d .

The Development o f  A b s t r a c t  Spaces 
ana Axiom Systems

I t  was t h e  development  o f  th e  n o t i o n  o f  a b s t r a c t  

sp a ce s  a lo n g  w i t h  th e  e s t a b l i s h m e n t  o f  axiom sys tems t h a t  

u l t i m a t e l y  c l a r i f i e d  th e  c o n f u s i o n  s u r r o u n d in g  th e  emergence 

o f  v a r i o u s  c u rv e s  and c o n t i n u u a .  And we f i n d  d u r i n g  t h i s  

p e r i o d ,  s a y ,  from 1890 to  1910, c o n s i d e r a b l e  a c t i v i t y

^Brouwer,  C o l l e c t e d  P a p e r s , 2 :36 9 .
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r e g a r d i n g  axioms f o r  geom etry ,  m e t r i c  s p a c e s ,  and a b s t r a c t  

s p a ce s  i n  g e n e r a l ,  which  e v e n t u a l l y  l e a d  to  t h e  axioms o f  a 

g e n e r a l  t o p o l o g i c a l  sp a c e .

An e a r l y  and im p o r t a n t  pape r  r e g a r d i n g  a b s t r a c t

s p a c e s ,  m e t r i c  sp a ce s  i n  p a r t i c u l a r ,  was M aur ice  F r e c h e t ' s

d o c t o r a l  t h e s i s  a t  th e  U n i v e r s i t y  o f  P a r i s  i n  1906. E n t i t l e d

"Sur  Quelques  P o i n t s  du C a lc u l  F o n c t i o n n e l , M F r e c h e t ' s

m o t i v a t i n g  c o n c e rn  i n  t h i s  pap e r  was t o  c l a r i f y  th e  meaning

and use  o f  the  c o n c e p t  o f  func t ion .^"  F r e c h e t  e x p l a i n s :

. . .  we s h a l l  say  t h a t  a f u n c t i o n a l  o p e r a t i o n  U i s  
d e f i n e d  on a s e t  o f  e le m e n ts  E o f  a r b i t r a r y  n a t u r e  •
( de n a t u r e  q u e lco n qu e)  (numbers, c u r v e s ,  p o i n t s ,  e t c . )  
when t o  e v e ry  e lem en t  A o f  E c o r r e s p o n d s  a n u m e r i c a l l y  
d e te rm in e d  v a lu e  o f  U: U(A). The e x a m in a t io n  o f  th e
p r o p e r t i e s  o f  t h e s e  o p e r a t i o n s  c o n s t i t u t e s  th e  o b j e c t  
o f  F u n c t i o n a l  C a l c u l u s . 2

F r e c h e t  n o t e s  t h a t  t h e  f u n c t i o n a l  c a l c u l u s  n e c e s ­

s a r i l y  r e s t s  on a  p r e l i m i n a r y  th e o r y  o f  se t  and t h a t  th e  

g e n e r a l i t y  o f  th e  r e s u l t s  w i l l  depend upon t h e  g e n e r a l i t y  

o f  t h i s  s e t  t h e o r y .  C o n s e q u e n t ly ,  h i s  s e a r c h  i s  f o r  th o se  

s e t  t h e o r y  r e s u l t s  which  a r e  in d ep e n d en t  o f  t h e  n a t u r e  o f  

t h e  s e t  e l e m e n t s .  And h i s  d e f i n i t i o n  o f  l i m i t  f o l lo w s  t h i s  

in d e p e n d en t  n o t i o n .  He c o n s i d e r s  a sequence  o f  a r b i t r a r y  

e le m e n ts  (L) which s a t i s f y  th e  two c o n d i t i o n s :  i t  i s

H la u r i c e  F r e c h e t ,  "Sur  Quelques P o i n t s  due C a lc u l  
F o n c t i o n n e l , "  R e n d i c o n t i  d e l  C i r c o l o  M athem at ica  d i  
Palermo 22 ( 1 9 0 6 ) : l - 7 4 .  ’

^ I b i d . , p. 1.
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p o s s i b l e  t o  d e te rm in e  i f  two e le m e n ts  o f  L a r e  d i s t i n c t ,  

and i t  i s  p o s s i b l e  t o  d e f i n e  th e  n o t i o n ,  l i m i t  o f  a  s e t  

o f  e le m e n ts  o f  L, so t h a t  f o r  a n  i n f i n i t e  s e t  o f  e le m e n ts  

A-p A2 , . . . , An , . . . o f  L, one can  d e te rm in e  i f  t h e r e  

i s  o r  i s  n o t  a l i m i t  e lem en t  A.

D o re n av a n t ,  nous l i m i t e r o n s  d o n e 'a  1 ' e t u d e  des 
ensem bles  t i r e s  d 'u n e  c l a s s e  (L) d ' e l e m e n t s  de 
n a t u r e  que lconque  mais s a t i s f a i s a n t  aux c o n d i t i o n s  
s u i v a n t e s :  on s a i t  d i s t i n g u e s  s i  deux ^ l^ m en ts  de
l a  c l a s s e  (L) s o n t  d i s t i n c t s  ou non. De p l u s ,  on 
a pu donner  une d e f i n i t i o n  de l a  l i m i t e  d une s u i t  
d ' e l e m e n t s  de l a s  c l a s s e  ( L ) . Nous supposons done 
q u ' e t a n t  c h o i s i  a u  h a s a rd  une s u i t  i n f i n e  d ' e l e m e n t s  
( d i s t i n c t s  ou non) de l a  c l a s s e  (L) on p u i s s e  d i r e  
d 'u n e  fa<jon c e r t a i n e  s i  c e t t e  s u i t e  A-, , A2 » . . . ,
An , . . . a  ou non une l i m i t e  A ( d ' a i l l e u r s  u n i q u e ) .

( I )  I f  e le m e n ts  o f  t h e  whole i n f i n i t y ,  A-^, A£,

. . . , An , . . . a r e  a l l  i d e n t i c a l  t o  th e  

same e le m e n t  A, t h e n  th e  c o l l e c t i o n  has 

t h e  one l i m i t  A.

( I I )  I f  a n  i n f i n i t e  c o l l e c t i o n  A-^, A£, . . . ,

A , . . . has  a l i m i t  A, t h e n  e v e r y  c o l l e c ­

t i o n  o f  e le m e n ts  from th e  f i r s t  c o l l e c t i o n ,  

t a k e n  i n  th e  same o r d e r :  A_ , A„
^  ^ 2 )  * * * j

An , . . . has  a  l i m i t  A. I .  e . ,  an  
P

i n f i n i t e  subsequence  has one l i m i t  which i s  

a l s o  A . 2

* T b id . ,  pp. 5 -6 .

2I b i d .
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An e lem en t  o f  A o f  a  c l a s s  (L) i s  t h e n  d e f i n e d  a s  a

l i m i t  e lem en t  o f  E, where E i s  a n  a r b i t r a r y  s e t  o f  e lem en ts

o f  c l a s s  ( L ) , when t h e r e  e x i s t s  a n  i n f i n i t e  c o l l e c t i o n  o f

e le m e n ts  o f  E : k-^, k ^ ,  • • • , An , . . . which a r e  d i s t i n c t

and tend  tow ards  A. Then th e  n o t i o n s  o f  d e r i v e d  s e t

(ensemble  d e r i v e ) ,  c l o s e d  s e t  (ensemble  f e r m e ) , p e r f e c t  s e t

( p a r f a i t )  a r e  d e f i n e d  by a n a lo g y  w i t h  p o i n t  s e t s .  An e lem en t

o f  c o n d e n s a t io n  (e lem en te  de c o n d e s a t i o n )  o f  a s e t  E i s  a

l i m i t  e lem en t  o f  E which  i s  a l s o  a  l i m i t  e lem en t  o f  each

s e t  o b t a i n e d  by removing denumerable  s e t  o f  e le m e n ts  from E .^

I n  s e c t i o n  9 ,  MLes ensem bles  compact 11 F r e c h e t

d e f i n e s  a  s e t  a s  compact  i f  i t  c o n t a i n s  o n ly  a  f i n i t e  number

o f  e l e m e n t s ,  o r  i f  a l l  i n f i n i t e  s e t s  o f  e le m e n t s  from t h e

g iv e n  s e t  have a t  l e a s t  one l i m i t  e le m e n t .

. . . Nous d i r o n s  q u 'u n  ensemble  e s t  compact l o r s q u ' i l  
ne comprend q u 'u n  nombre f i n i  d ' e l e m e n t s  o u l o r s q u e  
t o u t e  i n f i n i t e '  de s e s  e le m e n ts  donne l i e u  a au  moins 
un Element l i m i t e . 2

A compact  and c lo s e d  s e t  i s  t h e n  c a l l e d  " e x t r e m a l . "

I t  has been  m ent ioned  above (p .  24) i n  c o n n e c t i o n  

w i t h  C a n t o r ' s  c o n s t r u c t i o n  o f  d e r i v e d  s e t s  t h a t  t h e  v t h  

d e r i v e d  s e t ,  c o n t a i n s  th e  v +  1  d e r iv e d  s e t ,  p ( v ) c

p ( V ^  , so  t h a t  each  d e r iv e d  s e t  i s  c l o s e d .  However, w i t h  

F r e c h e t ' s  d e f i n i t i o n  o f  l i m i t  e l e m e n t ,  t h i s  p r o p e r t y  does

1I b i d .

^ I b i d . ,  p. 6.
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n o t  fo l lo w  f o r  a b s t r a c t  s e t s ,  and th u s  many o f  th e  theorems

of  p o in t  s e t s  do not  e x te n d  to  F r e c h e t ’s g e n e r a l  t h e o r y  o f

a b s t r a c t  s e t s .

As a r e s u l t ,  F r e c h e t  c o n s i d e r s  a new c l a s s  (V) o f

e le m e n ts  such  t h a t  two e lem e n ts  can  be d i s t i n g u i s h e d  as

i d e n t i c a l  o r  n o t ,  and such t h a t ,  t o  each  p a i r  o f  e le m e n ts

A and B o f  t h i s  c l a s s  t h e r e  e x i s t s  a  number, deno ted  (A, B) ,

c a l l e d  th e  v o i s i n a g e , i . e . ,  th e  ne ighborhood  o f  A and B

such t h a t  (A, B) = (B, A) ^ 0 .  (A, B) has two p r o p e r t i e s :

1° (A. B) = 0 i f  and o n ly  i f  A = B.

2° There  e x i s t s  a  f u n c t i o n  f ( e )  which te n d s  t o  z e r o  
w i t h  e [ i . e . ,  f ( e )  ■* 0 , a s  e ■* 0 . ]  such  t h a t  i f
(A, B) ^ e and (B, C) * e ,  t h e n  (A, C) ^ f ( e )
f o r  a l l  A, B, C i n  (V).

Cons ide rons  une c l a s s e  (V) d 'e l e m e n t s  de n a t u r e  
q u e lc o n q u e ,  mais t e l s  q u ’on sache  d i s c e r n e r  s i  deux 
d ’e n t r e  so n t  ou non i n d e n t i q u e s  e t  t e l s ,  de p l u s ,  
q u ’a deux que lcon q ues  d ’e n t r e  eux A, B, on p u i s s e  
f a i r e  c o r r e s p o n d r e  un nombre (A, B) = (B, A) ^ 0
q u i  j o u i t  des  deux p r o p r i e t e s  s u i c a n t e s :  1° La c o n ­
d i t i o n  n e c e s s a i r e  e t  s u f f i s a n t e  pour que (A, B) s o i t  
n u l  e s t  que A e t  B s o i e n t  i d e n t i f q u e s .  2° I I  e x i s t e  
une f o n c t i o n  p o s i t i v e  b i e n  d e te rm in e e  f ( e )  t e n d a n t  
v e r s  z e r o  avec  e ,  t e l l e  que l e s  i n e q u a l i t i e s  (A, B) ^ 
e ,  (B, C) e e n t r a i n e n t  (A, C) ^ £ ( e )> q u e l s  que 
s o i e n t  l e s  e le m e n ts  A, B, C. A utrem ent  d i t ,  i l  
s u f f i t  que (A, B) e t  (B, C) s o i e n t  p e t i t s  pour q u ’ i l
en  s o i t  de m&me de (A, C ) . Nous a p p e r l e r o n s
v o i s  inag e  de A and de B l e  nombre (A, B) .

(V) i s  so d e f in e d  t h a t  i f  E i s  i n  t h i s  s u b c l a s s  (V ) ,

and D i s  some s u b s e t  o f  E,  t h e n  D 1 ( t h e  d e r i v e d  s e t  o f  D)

w i l l  a lw ays  be c l o s e d .  Thus,  e v e ry  sequence  i n  th e  c l a s s

^ I b i d . , p. 18.
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( V ) , s a t i s f i e s  th e  p r o p e r t i e s  o f  c l a s s  ( L ) . His  " v o i s i n a g e "  

i s  d e f in e d  to  be a  ne ighborhood  o f  E f o r  any p a i r  o f  p o i n t s  

A, B. I . e . ,  A s e t  E w i l l  be o f  c l a s s  (V) i f  E has  a 

ne ighborhood  d e f in e d  on i t .  From t h i s  F r e c h e t  d e f i n e s  

conv ergen ce  i n  a s e t  E o f  c l a s s  (V) i n  term s o f  n e i g h b o r ­

h o o d s - - ^  c o n v e rg es  to  A i f  th e  ne ig hb o rh oo d s  (An , A) c o n ­

ve rg e  t o  z e r o .  T h is  p r o v id e s  F r e c h e t  w i t h  enough m ach inery  

to  prove t h a t  t h e  d e r iv e d  s e t  o f  a n  a r b i t r a r y  s e t  o f  c l a s s  

(V) i s  c l o s e d .  From t h i s  p o i n t  on F r e c h e t  o n ly  d e a l s  w i t h

se t s  b e lo n g in g  t o  th e  c l a s s  (V).

By page 21 o f  th e  t h e s i s  F r e c h e t  has d e f i n e d  s p h e r o i d s

o f  c e n t e r  A and r a d i u s  P ( s p h e r o id e  de c e n t r e  A e t  ray o n  p )

a s  th e  s e t  o f  a l l  B such  t h a t  (A, B) ^ P. Then he p ro ves

The'oreme. S i  un ensemble  ferae'* F a p p a r t i e n t  a  un 
ensemble compact E forme" d 'e le 'm en ts  d 'u n e  c l a s s e  (V), 
on q b t i e n d r a  F en  su pp r im an t  de E l e s  e le m e n ts  
INTERIEURS a chacun  des s p h e r o i d e s  d ' u n  c e r t a i n  
ensem bles  denombrable  de s p h e r o i d e s .

I f  F i s  a  c l o s e d  s u b s e t  o f  a compact s e t  E, t h e n

E-F c an  be covered  by a t  most a denumerable  number o f

s p h e r o i d s .  Boundedness f o r  a s e t  o f  c l a s s  (V) i s  a l s o

d e f i n e d  (ensemble  l i m i t e ) :

. . . un ensemble t i r e  d 'u n e  c l a s s e  (V) t e l  que l e  
v o i s i n a g e  de deux e le m e n t s  q u e lcon q ues  de c e t  
ensemble r e s t e  i n f e r i e u r  a un nombre f i x e . 2 .

^"Ibid. , p. 2 1 . 

2 I b i d . ,  p. 2 2 .
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E v ery  compact s e t  i s  proved t o  be bounded.

The'oreme. Tout ensemble  compact forme7' d 'e le m e n t s  
d 'u n e  c l a s s  (V) e s t  l i m i t e . 1

And th e n  F r e c h e t  p ro v es  t h e  H e in e -B o re l  p r o p e r t y  f o r  e x t r e m a l

s e t s — s e t s  t h a t  a r e  c lo s e d  and compact ,  v i z . ,  c lo s e d  and

bounded .

Theoreme. S o i t  E un ensemble  e x t r e m a l  forme7  d ' e l e m e n t s  
d 'u n e  c l a s s  (V). S ' i l  e x i s t e  une s u i t e  i n d e f i n i e  G 
d 'e n s e m b le s  I p  • • • t e l l e  que t o u t  e lem en t  de E
s o i t  i n t e r i e u r  a u  sens  e n t r o i t  a l ' u n  a u  moins de ces  
ensem bles  I n , on p e u t  e x t r a i r e  de G un nombre f i n i  
de c e s  ensem bles  fo rm ant  une f a m i l l e  H j o u i s s a n t  de 
l a  mime p r o p r i e t e  que G.

I f  G = C l p  • • • 1 i s  a s e t  o f  s u b s e t s  o f  a n

e x t r e m a l  s e t  E such  t h a t  f o r  e v e r y  e lem en t  o f  A o f  E t h e r e

i s  a n  n such  t h a t  A i s  i n  i n t e r i o r  o f  I  , t h e n  t h e r e  i s  an ’
f i n i t e  s u b s e t  H o f  G which  has th e  same p r o p e r t y  ( i . e . ,  i t  

c o v e r s )  a s  G. N o t i c e  t h a t  t h i s  theorem  i s  ph rased  o n ly  i n  

te rm s o f  denumerable  s e t s  c o v e r i n g  E. The g e n e r a l i z a t i o n  

t o  non-denum erab le  c o v e r i n g  i s  u s u a l l y  c r e d i t e d  t o  Lebesgue 

who f i r s t  p u b l i s h e d  h i s  p r o o f  i n  1904 i n  h i s  Lemons s u r  

1 ' i n t e g r a t i o n .

F r e c h e t  now g e n e r a l i z e s  more c o n c e p t s  from a n a l y s i s .

A sequence  (An } " s a t i s f i e s ” th e  c o n d i t i o n s  o f  a Cauchy 

sequence  i f  f o r  e v e ry  e > 0 , t h e r e  i s  a n  n so t h a t  f o r  a l l

P > (An> An+p) < e • A s e t  o f  c l a s s  (V) w i l l  be c a l l e d

XI b i d .

2 I b i d .
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normal  i f  i t  i s  p e r f e c t ,  s e p a r a b l e ,  and i f  e v e r y  Cauchy 

sequence  has a l i m i t .

/  Nous d i r o n s  a l o r s  q u 'u n e  c l a s s e  (V) admet une 
g e n e r a l i s a t i o n  du theoreme de Cauchy s i  t o u t e  s u i t e  
d ' e l e m e n t s  de c e t t e  c l a s s e ,  q u i  s a t i s f a i t  aux c o n ­
d i t i o n s  de Cauchy, a un e lem en t  l i m i t ^  ( n e c e s s a i r e -  
ment u n i q u e ) .

Nous a p p e l l e r o n s  e n s u i t e  c l a s s e  s e p a r a b l e  une 
c l a s s e  q u i  p u i s s e  “e t r e  considdrefe  d ' a u  moins une 
fa^on  comme l ' e n s e m b l e  d ^ r i v ^  d 'u n  ensemble 
d^nombrable  de se s  p r o p r e s  e l e m e n t s .

F o r  th e  r e s t  o f  the  c h a p t e r  F r e c h e t  l i m i t s  h i m s e l f

to  " (V )-n o rm al  and s e p a r a b l e 11 s e t s .

. . . des c la s s e s  (V) NORMALES, c ' e s t - a - d i r e  p a r f a i t e s ,  
sep arab les  e t  adm ettant une g e n e r a l i s a t io n  du theoreme 
de Cauchy.^

C o n t i n u i t y  o f  f u n c t i o n s  d e f i n e d  on (V)-norm al  s e t s  

i s  t h e  n e x t  c o n s i d e r a t i o n .  F r e c h e t  i n t r o d u c e s  th e  u s u a l  

e -S  d e f i n i t i o n  o f  c o n t i n u i t y  f o r  t h e s e  f u n c t i o n a l s ,  and t h e n  

shows t h a t  i t  i s  e n t i r e l y  e q u i v a l e n t  to  th e  p r e v io u s  

s e q u e n t i a l  d e f i n i t i o n .  He t h e n  d e f i n e s  un i fo rm  c o n t i n u i t y  

o f  a  f u n c t i o n a l  U on a  s e t  E. U i s  u n i fo rm ly  c o n t in u o u s  

on E i f  |U(A) - U(B) | < e f o r  a l l  p a i r s  o f  A and B from E, 

whenever  (A, B) < 6 , and 6  i s  a f u n c t i o n  o f  e .  Thus he g a i n s :
/  /  j

Theoreme. Toute  o p e r a t i o n  c o n t i n u e  dans un ensemble 
EXTREMAL; E forme' d e le m e n ts  d 'u n e  c l a s s e  (V) e s t  
uniformement  c o n t i n u e  dans E.

^ I b i d . ,  p . 23.

2I b i d . ,  p. 24.

3I b i d . ,  p.  29.
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Page 30 o f  t h i s  t h e s i s  i s  where we f i n d  th e  d e f i n i -  

n i t i o n  o f  m e t r i c  space  a s  we now use  i t ,  and f o r  which h i s  

t h e s i s  i s  so o f t e n  c i t e d .  S e c t i o n  49 ,  e n t i t l e d ,  ’’I n t r o d u c ­

t i o n  de l ' e c a r t "  opens w i t h  t h e  fo l lo w in g  remark:

Lorsque  nous a p p e r l e r o n s  l e s  r e s u l t a t s  generaux 
de l a  PREMIERE PARTIE a des  examples c o n c r e t s ,  nous 
r e c o n n a i t r o n s  d ' a b o r d  q u e ,  dans chacjue c a s , on peu t  
f a i r e  c o r r e sp o n d  r e ' a  t o u t  c o u p le  d ' e l e m e n t s  A, B un 
nombre (A, B) s  0 ,  que nous a p p e r l e r o n s  l ' e c a r t  des 
deux k le tnen ts  e t  q u i  j o u i t  d e s  deux p r o p r i e t e s  
s u i v a n t e s : (a)  L e c a r t  (A, B) n ' e s t  n u l  que s i  A e t  
B s o n t  i d e n t i q u e s .  (b) S i ,  A, B, C s o n t  t r o i s  
&l£ments q u e lc o n q u e s ,  on a t o u j o u r s  (A, B) ^ (A, C) +
(C, B) . 1

He p o i n t s  o u t  t h a t  w i t h  th e  p r e v io u s  d e f i n i t i o n  o f  n e i g h b o r ­

hood, by l e t t i n g  f ( e )  = 2 c we g e t  th e  " t r i a n g l e  i n e q u a l i t y . "  

Any s e t  which s a t i s f i e s  t h i s  new c o n d i t i o n ,  a s  w e l l  a s  th e  

f i r s t  two c o n d i t i o n s  o f  ne ighborhoods  w i l l  be o f  c l a s s  (E) 

and th u s  have a n  e c a r t  d e f in e d  on i t .  He needs  t h i s  new 

m ach ine ry  t o  g e t  th e  " n e c e s s i t y "  p a r t  o f  the  f o l l o w in g  

theorem. He had a l r e a d y  proved t h e  " s u f f i c i e n t ” p a r t  o f  t h i s  

theorem.

The'oreme. La c o n d i t i o n  n e c e s s a i r e  e t  s u f f i s a n t e  pour 
que t o u t e  o p e r a t i o n  c o n t i n u e  dans un ensemble  E 
d ' e l e m e n t s  d 'u n e  c l a s s e  ( E ) , 1° s o i t  bo rnee  dans c e t
ensem b le ,  2 °  y a t t e i g n e  sa l^imite s u p e r i e u r e ,  e s t  
que c e t  ensemble  E s o i t  e x t r e m a l . ^

A n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t h a t  a s e t  o f  E o f

c l a s s  (E) be e x t r e m a l  i s  t h a t  e v e r y  f u n c t i o n a l  c o n t in u o u s  on

E be bounded t h e r e  and assumes i t s  l e a s t  upper  bound t h e r e .

1I b i d . ,  p. 30.  2I b i d . ,  p. 31.
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The second h a l f  o f  F r e c h e t ' s  d i s s e r t a t i o n  d e a l s  w i t h

th e  a p p l i c a t i o n s  o f  h i s  g e n e r a l  t h e o r y  o f  s p e c i f i c  exam ples .

An im p o r t a n t  example i s  the  s e t  o f  r e a l  f u n c t i o n s  o f  a

r e a l  v a r i a b l e  a l l  c o n t in u o u s  on th e  same i n t e r v a l  I .

F r e c h e t  t a k e s  l i m i t  t o  mean un i fo rm  l i m i t  and h i s  e c a r t  o f

f  and  g ,  ( f ,  g) i s  d e f i n e d  by ( f ,  g) = max | f ( x )  -  g ( x ) | .
x € I

Convergence i n  t h i s  norm im p l i e s  un i fo rm  c o nv ergence .

F r e c h e t  seems to  be th e  f i r s t  m a th e m a t ic i a n  t o  use  

th e  term " s p a c e ” i n  a n  a b s t r a c t  s e n s e .  He uses  th e  p h ra se  

"un p o i n t  d ' u n  e sp ac e  (E^) a une i n f i n i t e  denombrable  de 

d i m e n s i o n s . "  A p o i n t  i n  a  space  o f  c o u n ta b ly  many dimen­

sions.^"  T h is  space  i s  th e  s e t  o f  a l l  sequences  o f  r e a l  

num bers .

F r e c h e t ' s  p a p e r ,  because  o f  i t s  g e n e r a l i t y ,  i s  

r em ark ab ly  "modern" i n  i t s  a p p ro a c h .  For t h a t  r e a s o n ,  t o o ,  

many o f  h i s  d e f i n i t i o n s  rem ain  to d ay  i n  u s e .

I n  F e l i x  H a u s d o r f f ' s  Grundzuge we f i n d  r e f e r e n c e s  

to  F r e c h e t ' s  work i n  th e  v e ry  c h a p t e r  where H ausdorf  l i s t s  

th e  axioms f o r  a ne ighborhood  s p a c e ,  so t h a t  F r e c h e t  c e r ­

t a i n l y  i n f l u e n c e d  th e  development o f  to p o lo g y .

At  a b o u t  t h e  same t ime F r i e d r i c h  R ie s z  p r e s e n t e d  a 

p a p e r  a t  th e  1908 I n t e r n a t i o n a l  Congress  o f  M a th e m a t ic ia n s  

on p o i n t - s e t  t o p o lo g y .  E n t i t l e d  " C o n t i n u i t y  and A b s t r a c t

^ I b i d . ,  p . 39.
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S e t  T heory"  ( " S t e i i g k e i t  und A b s t r a k t e  M engen lehre" )  R iesz

s t a r t e d  from th e  n o t i o n  o f  c o n d e n s a t i o n  p o i n t  o f  a  s u b s e t . ^

R i e s z ' s  d e f i n i t i o n  r e q u i r e d  t h a t

. . . e ac h  e le m e n t ,  which i s  t h e  c o n d e n s a t io n  p o i n t  
o f  a s u b s e t  M, i s  a l s o  t h e  c o n d e n s a t io n  p o i n t  o f  
e ac h  s u b s e t  which c o n t a i n s  t h e  s e t  M. The second 
p o s t u l a t e  i s  t h a t ,  i f  a  s u b s e t  i s  d iv id e d  i n t o  two 
f u r t h e r  s u b s e t s ,  e a c h  o f  i t s  c o n d e n s a t io n  p o i n t s  i s  
a l s o  th e  c o n d e n s a t io n  p o i n t  o f  a t  l e a s t  one o f  th e  
a d d i t i o n a l  s u b s e t s .  F i n a l l y ,  we propose  a s  a t h i r d  
p o s t u l a t e  t h a t  a s u b s e t  which  c o n s i s t s  o f  a s i n g l e  
e l e m e n t ,  p o s s e s s e s  no c o n d e n s a t io n  p o i n t .  By drawing 
on th e  second p o s t u l a t e ,  we h e r e w i t h  g u a r a n te e  t h a t  
o n ly  s u b s e t s  p o s s e s s  c o n d e n s a t io n  p o i n t s . 2

R iesz  comments t h a t  t h e s e  c o n d i t i o n s  a r e  so g e n e r a l

t h a t  one c an n o t  d eve lop  much from them. Based upon an

e x a m in a t io n  o f  m a th e m a t i c a l  c o n t in u a  he i n t r o d u c e s  a  f o u r t h

c o n d i t i o n  which  can  be i n t e r p r e t e d  a s  a  s e p a r a t i o n  axiom.

. . . e ac h  c o n d e n s a t io n  p o i n t  o f  a s e t  i s  u n e q u iv o c ab ly  
d e te rm in e d  by th e  t o t a l i t y  o f  th o s e  s u b s e t s  f o r  which 
i t  i s  th e  c o n d e n s a t io n  p o i n t . 3

He t h e n  shows t h a t  th e  f o u r t h  axiom i s  a n  in d e p e n d e n t  

axiom th ro u g h  th e  f o l lo w in g  example .  L e t  M be a n  i n f i n i t e  

s e t ,  and  s p e c i f y  t h a t  each  p o i n t  o f  M be a c o n d e n s a t i o n

F r i e d r i c h  R i e s z ,  " S t e t i g k e i t  und A b s t r a k t e  
M e n g e n le h re , "  A t t i  d e l  IV I n t e r n a z i o n a l e  d e i  M a t e m a t i c i , 2 
v o l s .  (Rome: S a l v i u c c i ,  1009) ,  2 :1 8 - 2 4 .  During  t h i s  p e r io d
t h e r e  was a  d i s t i n c t i o n  between l i m i t  p o i n t s .  U s u a l l y  a 
" l i m i t  p o i n t "  o r  " a c c u m u la t io n  p o i n t "  was a p o i n t  which 
was a  l i m i t  o f  a c o u n t a b l e  s e t  o f  p o i n t s ,  whereas  a  " c o n ­
d e n s a t i o n  p o i n t "  was t h e  l i m i t  o f  a n  u n c o u n ta b le  s e t  o f  
p o i n t s .

^ I b i d . ,  p. 19.

^I b i d . ,  p. 20.
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p o i n t  o f  e v e r y  i n f i n i t e  s u b s e t  o f  M. M s a t i s f i e s  th e  f i r s t  

t h r e e  axioms b u t  no t  t h e  f o u r t h .  R e isz  t h e n  compares t h i s  

to  F r e c h e t ' s  t r e a t m e n t  s i n c e  F r e c h e t  has  l i m i t e d  h i s  c o n ­

s i d e r a t i o n  t o  s e t s  w i t h  th e  p r o p e r t y  t h a t  e v e ry  c o n d e n s a t io n  

p o i n t  o f  a s u b s e t  be a l i m i t  e lem en t  o f  a c o u n ta b l e  sequence  

c o n ta in e d  i n  t h a t  s u b s e t .

R i e s z ,  a s  a r e s u l t  o f  t h i s  p a p e r ,  i s  u s u a l l y  c r e d i t e d

a s  be in g  th e  f i r s t  t o  e n u n c i a t e  t h e  c o n ce p t  o f  c o n n e c te d .

. . .  I  now m a i n t a i n  t h a t  a  new c o n c e p t ,  namely t h a t  
o f  c o n n e c te d n e s s  ( V e r k e t t u n g ) , can  be i n t r o d u c e d ;  
w i t h  i t ,  a l l  h i t h e r t o  t r e a t e d  m a n i fo ld s  i n  which 
c o n t i n u i t y  p r o p e r t i e s  m a t t e r ,  c an  now be d e s c r i b e d  
i n  r e l a t i o n  to  t h e s e .  By t h a t  I  mean th e  f o l l o w i n g .
By means o f  a n  a r b i t r a r y  p r i n c i p l e  l e t  us d e te rm in e  
f o r  e a c h  p a i r  o f  s u b s e t s  o f  t h e  m an i fo ld  w h e th e r  
th e y  a r e  l in k e d  t o g e t h e r  o r  n o t .  A g a in ,  we w i l l  
b e g in  by e s t a b l i s h i n g  o n ly  t h r e e  fund am en ta l  p o s t u ­
l a t e s .  F i r s t ,  we demand t h a t  whenever two s e t s  a r e  
co n nec ted  e v e ry  p a i r  o f  s u p r a s e t s  c o n t a i n i n g  one o f  
t h e s e  s e t s  i s  a l s o  c o n n e c te d .  Second,  when s e t s  
M], and M2  a r e  c o n n e c te d ,  and when s e t  M^ i s  s p l i t  
i n t o  two p a r t s ,  a t  l e a s t  one o f  t h e s e  s u b s e t s  s h a l l  
be con n ec ted  w i t h  M£. T h i r d ,  two s e t s  which e ac h  
c o n s i s t  o f  one e lem en t  s h a l l  n e v e r  be c o n n e c t e d . 1

H i s t o r i c a l l y ,  th e  s i g n i f i c a n c e  o f  R i e s z ' s  paper  i s  t h a t  i t

i s  symptomatic  o f  the  s e a r c h  f o r  t h e  b a s i c  p r i n c i p l e s  o r

c o n c e p ts  o f  p o i n t  s e t  to p o lo g y  by m a th e m a t i c i a n s  a t  t h e

t u r n  o f  th e  c e n t u r y .

F o u n d a t io n s  f o r  G eom etr ies  

The work o f  R e i s z ,  F r e c h e t ,  Brouwer,  C a n to r  and 

o t h e r s  d u r in g  t h i s  p e r i o d  o f t e n  d e a l t  w i t h  fund am en ta l

■*"Ibid., p. 22.
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c o n c e p t s ,  th eo rem s ,  o r  axioms c l o s e l y  r e l a t e d  t o  th e  r i s e  o f  

p o i n t  s e t  t o p o lo g y .  T h is  k in d  o f  m a th e m a t ic a l  a c t i v i t y  was 

c o n c o m ita n t  w i t h  t h e  a c t i v i t y  o f  o t h e r  m a th e m a t i c i a n s  th e n  

i n v e s t i g a t i n g  t h e  f o u n d a t i o n s  o f  v a r i o u s  g e o m e t r i e s .

The h i s t o r y  o f  th e  development  o f  f o u n d a t i o n s  f o r  

g e o m e t r i e s  i s  i n t i m a t e l y  co n n ec te d  w i t h  t h e  h i s t o r y  o f  

th e  development  o f  n o n - E u c l id e a n  g e o m e t r i e s  d u r i n g  th e  

l a t t e r  p a r t  o f  t h e  n i n t e e n t h  c e n t u r y .  These two h i s t o r i e s  

have been e x t e n s i v e l y  d e s c r i b e d ,  so I  w i l l  p r e s e n t  o n ly  a 

b r i e f  summary i n  o r d e r  t o  p l a c e  them i n  th e  c o n t e x t  o f  

t h e  emergence o f  p o i n t  s e t  t o p o lo g y .

As a r e s u l t  o f  th e  s tu d y  and c r i t i c i s m  o f  E u c l i d ’s 

E lem en ts  i t  was u n d e rs to o d  by m a th e m a t i c i a n s  t h a t ,  among 

o t h e r  t h i n g s ,  t h e  F i f t h  P o s t u l a t e  o f  E u c l i d ' s  E l e m e n t s - -  

t h e  P a r a l l e l  P o s t u l a t e - - w a s  in d e p e n d e n t  o f  th e  o t h e r  

p o s t u l a t e s ,  and c o u ld  be a l t e r e d  to  produce  " n o n - E u c l id e a n ” 

g e o m e t r i e s .  These new n o n - E u c l id e a n  g e o m e t r i e s  were l o g i c a l l y  

c o n s i s t e n t ,  a l b e i t  sometimes c o u n t e r - i n t u i t i v e ,  i n  t h e i r  

r e s u l t s .  The r i s e  o f  n o n -E u c l id e a n  g e o m e t r i e s  caused  

m a th e m a t i c i a n s  t o  r e -ex am ine  t h e  f o u n d a t i o n s  o f  E u c l i d e a n  

geom etry ,  t o  be e s p e c i a l l y  c a r e f u l  o f  th e  f o u n d a t i o n s  o f  

th e  n o n - E u c l id e a n  g e o m e t r i e s ,  and to  r e - c o n s i d e r  th e  more 

g e n e r a l  i s s u e  o f  th e  meaning o f  a n  axiom sys tem .

M o r i t z  P a sc h  was among t h e  f i r s t  m a th e m a t i c i a n s  to  

c o n t r i b u t e  t o  t h i s  g e o m e tr i c  r e s e a r c h  w i t h  h i s  f i r s t  e d i t i o n
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o f  V o r le su n g en  ube r  n e u r e r e  Geom etr ie  i n  1882.^  Pasch  

no ted  t h a t  E u c l i d ' s  common n o t i o n s ,  such  a s  p o i n t  and l i n e ,  

were  r e a l l y  n o t ,  no r  co u ld  n o t  be ,  d e f i n e d .  Such d e f i n i ­

t i o n s  were c i r c u l a r .  While  everyone  a g re ed  to  th e  e s s e n t i a l  

id e a  conveyed by th e  te rm s " p o i n t , "  " l i n e , "  " p l a n e , "  e t c . ,  

t h e  te rm s would rem ain  u n d e f i n e d . Once some s e t  o f  u n d e f in e d  

te rm s a r e  a g re e d  upon, t h e n  axioms a r e  e s t a b l i s h e d  which 

s t a t e  th e  p r o p e r t i e s  o f  t h e  u n d e f in e d  terms and r e l a t i o n s  

among them. With  c o n s i d e r a b l e  d e p th  o f  u n d e r s t a n d i n g  and 

f o r e s i g h t ,  P a sc h  p o i n t s  o u t  t h a t  w h i l e  th e  m o t i v a t i o n  f o r  

th e  axioms may come f r o m , p h y s i c a l  s i t u a t i o n s ,  th e  im p or tan ce  

o f  a n  axiom sys tem l i e s  i n  i t s  independence  from t h e  r e a l ,  

p h y s i c a l  w o r ld .

. . . i f  geometry  i s  t o  become a genu ine  d e d u c t iv e  
s c i e n c e ,  i t  i s  e s s e n t i a l  t h a t  t h e  way i n  which  
i n f e r e n c e s  a r e  made sh o u ld  be a l t o g e t h e r  in d ep e n d en t  
o f  th e  meaning o f  th e  g e o m e t r i c a l  c o n c e p t s ,  and a l s o  
o f  th e  d i a g r a m s ; a l l  t h a t  need be c o n s i d e r e d  a r e  th e  
r e l a t i o n s h i p s  be tween th e  g e o m e t r i c a l  c o n c e p t s  a s s e r t e d  
by t h e  p r o p o s i t i o n s  and d e f i n i t i o n s .  I n  th e  c o u r s e  o f  
d e d u c t io n  i t  i s  b o th  a d v i s a b l e  and u s e f u l  to  b e a r  i n  
mind th e  meaning o f  th e  g e o m e t r i c a l  c o n c e p t s  u se d ,  
bu t  t h i s  i s  i n  no way e s s e n t i a l ; i n  f a c t  i t  i s  p r e ­
c i s e l y  when t h i s  becomes n e c e s s a r y  t h a t  a gap o c c u r s  
i n  th e  d e d u c t io n  and (when i t  i s  n o t  p o s s i b l e  to  
sup p ly  t h e  d e f i c i e n c y  by m o d ify ing  th e  r e a s o n i n g )  we 
a r e  fo rc e d  to  adm i t  t h e  inadequacy  o f  th e  p r o p o s i t i o n s  
invoked a s  th e  means o f  p r o o f . 2

^Mori tz  P a s c h , V o r le su n g en  u b e r  n e u r e r e  G e o m e t r i e , 
2nd e d . ,  r e v i s e d  by Max Dehn ( B e r l i n :  S p r i n g e r ,  1926) .

2
P a sc h ,  2nd e d . ,  p.  90. T r a n s l a t e d  and q u o ted  by 

M o r r i s  K l in e  i n  h i s  M a th e m a t ic a l  Thought from A n c i e n t  to  
Modern Times (New York: Oxford U n i v e r s i t y  P r e s s ,  I3TZT7dd
10O8-1OO9.
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K le in e  goes on to  p o i n t  o u t  t h e  amount o f  a c t i v i t y  

i n  t h e  f o u n d a t i o n s  o f  gem oe try ,  e s p e c i a l l y  i n  p r o j e c t i v e  

g eo m e try ,  a t  t h i s  t im e .  I n  1889, Peano p u b l i s h e d  The 

P r i n c i p l e s  o f  Geometry ( I  P r i n c i p i i  d i  g e o m e t r i a ) , F e d e r ig o  

E n r iq u e s  p u b l i s h e d  L e c t u r e s  on P r o j e c t i v e  Geometry i n  1898 

(L e z i o n i  d i  g e o m e tr ia  p r o i e t t i v a ) , N. Whitehead p u b l i s h e d  

The Axioms o f  P r o j e c t i v e  Geometry i n  1906, and i n  1910 

Oswald V eb len  and Jo h n  W. Young p u b l i s h e d  t h e  two volume 

P r o j e c t i v e  Geometry which has become a c l a s s i c  from t h i s  

p e r i o d .

P ro b a b ly  t h e  most  famous geometry  book to  come o u t

o f  t h i s  p e r i o d  i s  David H i l b e r t ' s  G rund lagen  d e r  G e o m e t r i e ,

f i r s t  p u b l i s h e d  i n  1899, b u t  r e v i s e d  and p u b l i s h e d  i n  many

e d i t i o n s . ^ "  S i m i l a r  to  P a s c h ' s  v iew, H i l b e r t  l i s t s  un d e f in e d

term s o f  " p o i n t , "  " l i n e , "  " p l a n e , "  " b e t w e e n ,” " c o n g r u e n t , "

and " l i n e " e x p l a i n i n g  t h a t  "The p r e c i s e  and m a t h e m a t i c a l l y

com ple te  d e s c r i p t i o n  o f  t h e s e  r e l a t i o n s  [among th e  un d e f in e d
2te rm s]  fo l lo w s  from th e  axioms o f  g e o m e try . "

These u n d e f in e d  terms need n o t  have any o b j e c t i v e ,  

p h y s i c a l  r e a l i t y .  As H i l b e r t  once s a i d  i n  a  famous 

a n e c d o t e ,  t h e  te rms " p o i n t , "  " l i n e , "  " p l a n e , "  co u ld  be 

r e p l a c e d  by th e  term s " t a b l e , "  " c h a i r , "  " b e e r  mug" and 

th e  geometry  would s t i l l  be m a t h e m a t i c a l l y  v a l i d .

^David H i l b e r t ,  F o u n d a t io n s  o f  G eom etry , 2nd ed .  
T r a n s ,  from th e  1 0 th  German ed .  ( L a S a l l e ,  I l l i n o i s :  Open
C o u r t ,  1971).

2I b i d . ,  p. 3.
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H i l b e r t  t h e n  l i s t s  f i v e  groups  o f  Axioms

I  Axioms o f  I n c i d e n c e  ( e i g h t  axioms)
I I  Axioms o f  O rder  ( f o u r  axioms)

I I I  Axioms o f  Congruence ( f i v e  axioms)
IV Axiom o f  P a r a l l e l s  

V Axioms o f  C o n t i n u i t y  (two axioms)

W ith  t h e s e  axioms H i l b e r t  proved some o f  th e  b a s i c  

theorems o f  E u c l i d e a n  geom etry .  The r e s t  o f  E u c l i d e a n  

geometry  from t h e s e  axioms was completed  by o t h e r  m athe ­

m a t i c i a n s .

Of g r e a t e r  i n t e r e s t  t o  H i l b e r t  was the  n o t i o n  o f  

t h e  c o n s i s t e n c y  o f  th e  axioms o f  geometry  (and t h e r e f o r e  

o f  E u c l i d e a n  gemoetry  i n  i t s  e n t i r e t y ) .  S ince  th e  u n d e f in e d  

terms co u ld  be a r b i t r a r y ,  and p o s s i b l y  u n r e l a t e d  t o  any 

r e a l ,  p h y s i c a l  world  i n t e r p r e t a t i o n ,  th e  q u e s t i o n  o f  th e  

c o n s i s t e n c y  o f  t h e  r e s u l t i n g  geometry  i s  c r u c i a l .  E s p e c i a l l y  

i n  t h e  c a se  o f  n o n - E u c l id e a n  g e o m e t r i e s  where r e s u l t s  a r e  

o f t e n  n o t  e a s i l y  r e p r e s e n t e d  p i c t o r i a l l y ,  c o n s i s t e n c y  i s  im por­

t a n t .  I t  was a l s o  shown a t  t h i s  t im e  t h a t  th e  c o n s i s t e n c y  

o f  n o n - E u c l id e a n  geom etry  r e s t e d  on th e  c o n s i s t e n c y  o f  

E u c l i d e a n  geom etry .

P o i n c a r e ,  i n  1898 i n  th e  M o n i s t , commented on th e  

c o n s i s t e n c y  problem sa y in g  t h a t  we co u ld  b e l i e v e  i n  th e  

c o n s i s t e n c y  o f  a n  a x i o m a t i c a l l y  founded s t r u c t u r e  i f  we 

c o u ld  g iv e  i t  a n  a r i t h m e t i c  i n t e r p r e t a t i o n .

i n  f o l lo w in g  up a l l  th e  co n sequences  o f  th e  
d i f f e r e n t  g e o m e t r i c a l  ax iom s,  a r e  we n e v e r  l e d  to
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c o n t r a d i c t i o n s ?  The axioms a r e  n o t  a n a l y t i c a l  judgm ents  
a  p r i o r i ; t h e y  a r e  c o n v e n t io n s .  I s  i t  c e r t a i n  t h a t  a l l  
c o n v e n t io n s  a r e  c o m p a t ib le ?

These c o n v e n t i o n s ,  i t  i s  t r u e ,  have a l l  been  su g ­
g e s t e d  t o  us by e x p e r i e n c e s ,  bu t  by c ru d e  e x p e r i e n c e s .
We d i s c o v e r  t h a t  c e r t a i n  laws a r e  a p p r o x i m a t e ly  v e r i f i e d ,  
and we decompose th e  o b se rved  phenomenon c o n v e n t i o n a l l y  
i n t o  two o t h e r s :  a  pure  g e o m e t r i c a l  phenomenon, which  
obeys t h e s e  law s;  and a v e ry  m inu te  d i s t u r b i n g  
phenomenon.

I s  i t  c e r t a i n  t h a t  t h i s  d e c o m p o s i t io n  i s  a lw ays  
p e r m i s s i b l e ?  I t  i s  c e r t a i n  t h a t  t h e s e  laws a r e  a p p r o x i ­
m a te ly  c o m p a t i b l e ,  f o r  e x p e r i e n c e  shows t h a t  th e y  a r e  
a l l  a p p r o x i m a t e ly  r e a l i z e d  a t  one and t h e  same t ime i n  
n a t u r e .  But i s  i t  c e r t a i n  t h a t  t h e y  would be c o m p a t ib le  
i f  t h e y  were a b s o l u t e l y  r i g o r o u s ?

For  us th e  q u e s t i o n  i s  no l o n g e r  d o u b t f u l .  A n a l y t i c a l  
geometry  has been  s e c u r e l y  e s t a b l i s h e d ,  and a l l  t h e  
axioms have been i n t r o d u c e d  i n t o  t h e  e q u a t i o n s  which 
se r v e  a s  i t s  p o i n t  o f  d e p a r t u r e ;  we cou ld  n o t  have 
w r i t t e n  t h e s e  e q u a t i o n s  i f  th e  axioms had been c o n t r a ­
d i c t o r y .  Now t h a t  th e  e q u a t i o n s  a r e  w r i t t e n ,  t h e y  can  
be combined i n  a l l  p o s s i b l e  m anners ;  a n a l y s i s  i s  t h e  , 
g u a r a n t e e  t h a t  c o n t r a d i c t i o n s  s h a l l  n o t  be i n t r o d u c e d .

I n  h i s  G r u n d la g e n , H i l b e r t  p r o v i d e s  a n  a r i t h m e t i c a l  

framework f o r  th e  axioms o f  geometry  i n  C h a p te r  I I ,  "The 

C o n s i s t e n c e  and t h e  M utua l  Independence  o f  th e  A x iom s."

C o n s id e r  th e  f i e l d  0 o f  a l l  a l g e b r a i c  numbers t h a t  
a r i s e  from t h e  number 1  and t h e  a p p l i c a t i o n s  o f  a 
f i n i t e  number o f  t im e s  o f  th e  f o u r  a r i t h m e t i c  o p e r a ­
t i o n s  o f  a d d i t i o n ,  s u b t r a c t i o n s ,  m u l t i p l i c a t i o n s ,
d i v i s i o n  and th e  f i f t h  o p e r a t i o n ,  |Y 1  + u/ 1 , where U) 
d e n o te s  a number t h a t  r e s u l t s  from t h e s e  f i v e  o p e r a t i o n s .

C o n s id e r  a  p a i r  o f  numbers (x ,  y) from t h e  f i e l d  
Q a s  a  p o i n t  and th e  r a t i o s  (u : v : w) o f  any  t h r e e  
numbers from Q a s  a l i n e  p ro v id ed  u ,  v a r e  n o t  b o th  
z e r o .  F u r th e r m o r e ,  l e t  t h e  e x i s t e n c e  o f  t h e  e q u a t i o n

ux + vy + w = 0

^H. P o i n c a r e ,  "On th e  F o u n d a t io n s  o f  G eom etry ,"  The 
M onis t  9 (October, 1 8 9 8 ) :3 8 -3 9 .
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mean t h a t  t h e  p o i n t  ( x , y) l i e s  on th e  l i n e  (u  : v : w ) . 
T h e reb y ,  a s  i s  e a s y  to  see  Axioms I ,  1-3 and IV a r e  
im m e d ia te ly  s a t i s f i e d .  The numbers o f  th e  f i e l s  fl a r e  
r e a l .  B e a r in g  i n  mind t h a t  t h e s e  can  be o r d e r e d  by 
t h e i r  m agn i tudes  i t  i s  e a s y  to  f i n d  i n t e r p r e t a t i o n s  
f o r  t h e s e  p o i n t s  under  which  a l l  axioms o f  o r d e r  a r e  
a l s o  v a l i d . 1

By means o f  a l g e b r a i c  e x p r e s s i o n s  f o r  t r a n s l a t i o n  

and  r o t a t i o n  i n  a n a l y t i c  geom etry ,  congruence  i s  i n t e r p r e t e d  

a l g e b r a i c a l l y  ( i . e . ,  two f i g u r e s  a r e  c o n g ru e n t  i f  one can  

be t r a n s fo r m e d  o n to  th e  o t h e r  by t r a n s l a t i o n ,  r e f l e c t i o n  

a b o u t  t h e  x - a x i s ,  and r o t a t i o n ) .

A f t e r  e v e r y  c o n c e p t  has been  i n t e r p r e t e d  a r i t h m e t i c a l l y ,  

and i t  i s  shown t h a t  t h e  axioms a r e  s a t i s f i e d  by t h e  i n t e r ­

p r e t a t i o n ,  H i l b e r t ' s  a rgum ent  i s  t h a t  t h e  theorems must a l s o  

a p p l y  t o  th e  i n t e r p r e t a t i o n  because  t h e y  a r e  l o g i c a l  c on ­

seq uences  o f  th e  ax iom s.  I f  t h e r e  were a c o n t r a d i c t i o n  i n  

E u c l i d e a n  g eom etry ,  t h e n  th e  same would hold  o f  t h e  a l g e b r a i c  

i n t e r p r e t a t i o n  o f  geom etry ,  s i n c e  th e  former i s  based  upon 

t h e  l a t t e r .  The a l g e b r a i c  i n t e r p r e t a t i o n  o f  geometry  i s ,  

i n  t u r n ,  dep en den t  on a r i t h m e t i c .  Thus,  i f  a r i t h m e t i c  i s  

c o n s i s t e n t ,  so i s  t h e  a l g e b r a i c  i n t e r p r e t a t i o n  o f  g eom etry ,  

and t h e r e f o r e ,  so i s  p l a n e  s y n t h e t i c  geometry .

We have e n c o u n te r e d  a n o t h e r  c a se  o f  " l o g i c a l  r e g r e s ­

s i o n s "  (ment ioned above on page 5 ) .  I n  H i l b e r t ' s  work 

th e  c o n s i s t e n c y  o f  geometry  u l t i m a t e l y  depends on th e  

c o n s i s t e n c y  o f  th e  a r i t h m e t i c  o f  th e  i n t e g e r s .  And a s

G i l b e r t ,  p. 29.
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we s h a l l  s e e ,  t h e  c o n s i s t e n c y  o f  a r i t h m e t i c  begs q u e s t i o n s  

r e g a r d i n g  th e  n a t u r e  o f  numbers ,  th e  number l i n e ,  and th e  

con t inuum . R e c a l l  t h a t  s i m i l a r  i s s u e s - - t h e  a r i t h m e t i z a t i o n  

o f  th e  r e a l  numbers and u n i fo rm  c o n t i n u i t y  o f  a f u n c t i o n  

on a  c lo s e d  bounded i n t e r v a l —a l s o  gave ways t o  i n v e s t i g a ­

t i o n s  i n t o  th e  n a t u r e  o f  numbers and th e  r e a l  number l i n e .

During  t h i s  p e r i o d  o f  i n v e s t i g a t i o n s  on t h e  founda ­

t i o n s  o f  g e o m e t r i e s  m a th e m a t i c i a n s  were a l s o  c o n s i d e r i n g  

d i f f e r e n t  axioms f o r  th e  r e a l  l i n e .  P a p e rs  l i k e  " D e f i n i ­

t i o n  i n  Terms o f  O rder  Alone i n  th e  L i n e a r  Continuum and 

i n  W el l -O rde red  S e t s "  by Oswald V eb len  i n  t h e  T r a n s a c t i o n s  

o f  t h e  A.M.S.  i n  1905, R u s s e l l ' s  P r i n c i p l e s  o f  M athem at ics  

o f  1903 which  c o n t a i n s  c h a p t e r s  on r e a l  numbers ,  c o n t i n u i t y ,  

th e  p h i lo s o p h y  o f  t h e  con t inuum ,  and g e o m e t r i e s ,  Young and 

Young 's  The Theory  o f  th e  S e t s  o f  P o i n t s  o f  1906, and "On 

a S e t  o f  P o s t u l a t e s  which S u f f i c e s  to  D e f in e  a  Num ber-P lane” 

by R. L. Moore i n  th e  T r a n s a c t i o n s  o f  1915 a l l  a t t e s t  to  

t h e  c o n s i d e r a b l e  i n t e r e s t  t o  t h e  i s s u e s  o f  t h e  r e a l  l i n e  

and i t s  a x io m i z a t i o n .

A p a r t  o f  t h i s  r e s e a r c h  o f t e n  in c lu d e d  c o n s i d e r a t i o n  

o f  t h e  H e in e - B o r e l  Theorem. Sometimes r e f e r r e d  to  a s  th e  

H e in e - B o r e l  p r i n c i p l e ,  t h e  theorem e s s e n t i a l l y  s t a t e s  t h a t

I f  a c o l l e c t i o n  o f  open i n t e r v a l s  on th e  r e a l  
l i n e  c o v e r s  a c l o s e d  i n t e r v a l  on th e  r e a l  l i n e ,  t h e n  
a f i n i t e  s u b c o l l e c t i o n  a l s o  c o v e rs  th e  i n t e r v a l .
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"To c o v e r  a c lo s e d  i n t e r v a l  by a c o l l e c t i o n  o f  

i n t e r v a l s 11 means f o r  e v e r y  x i n  t h e  c lo s e d  i n t e r v a l ,  x 

i s  i n  th e  i n t e r i o r  o f  some i n t e r v a l  o f  th e  c o l l e c t i o n .

(The i n t e r i o r  o f  a n  i n t e r v a l  i s  t h e  i n t e r v a l  minus th e  

b o u n d a ry . )

The above i s  " e s s e n t i a l l y "  th e  H e in e - B o r e l  Theorem 

s i n c e  d u r i n g  t h i s  t ime th e  H e in e - B o r e l  was s t a t e d  and 

proved many t im es  i n  d i f f e r e n t  forms.  I t  a p p e a r s  i n  d i f ­

f e r e n t  forms because  o f  i t s  u s e f u l n e s s  i n  r e a l  f u n c t i o n  

t h e o r y  and i n  th e  geometry  o f  th e  r e a l  l i n e  and p l a n e .  For  

example ,  i n  1904 V eblen  p u b l i s h e d  a s h o r t  p a p e r ,  "The 

H e in e - B o r e l  Theorem" i n  which  he shows t h a t :

. . . t h e  H e in e - B o r e l  theorem i s  e q u i v a l e n t ,  a s  a 
c o n t i n u i t y  axiom, to  th e  Dedekind c u t  p r o p o s i t i o n  
. . . th e  e q u iv a l e n c e  o f  the  c l o s u r e  o f  a s e t  w i t h  

what may be c a l l e d  th e  H-B p r o p e r t y  i s  shown to  
a p p ly  n o t  o n ly  t o  th e  continuum b u t  t o  a ny  s e t  
o f  numbers. T h is  r e s u l t  a p p l i e s  i n  m a n i fo ld  o f  
any  number o f  d im ens ions  a s  w e l l  a s  t o  l i n e a r  s e t s .

V e b l e n ' s  s t a t e m e n t  o f  th e  theorem i s

I f  e v e r y  number o f  a n  i n t e r v a l  AB b e lon g s  to  a t  
l e a s t  one segment o f  a  s e t  o f  segments  [ a ] , t h e n  
t h e r e  e x i s t s  a  f i n i t e  s u b s e t  o f  cr^, • • >
a n such  t h a t  e v e r y  number o f  AB b e lo n g s  to  a t  
l e a s t  one o f  t h e  segments  cr^, i ^ ,  • • • CTn *

"Segment" f o r  V eb len  i s  a n  open i n t e r v a l , a n d  " i n t e r v a l "

f o r  Veblen  i s  a  c lo s e d  i n t e r v a l .  A f t e r  p ro v in g  th e  theorem ,

^"Oswald V eb len ,  "The H e in e - B o r e l  Theorem ,"  B u l l e t i n  
o f  t h e  American  M a th e m a t ic a l  A s s o c i a t i o n  10 ( 1 9 0 4 ) :4 3 6 .

2I b i d .
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V eblen  shows t h a t  i t  i s  e q u i v a l e n t  t o  th e  Dedekind c u t  

p r o p o s i t i o n

B e s id e s  b e in g  o f  g r e a t  con v en ience  i n  th e  
r o u t i n e  o f  l i m i t i n g  p r o c e s s e s ,  th e  g e n e r a l i z e d  form 
o f  th e  H e in e - B o r e l  theorem i s  e q u a l l y  fundam en ta l  
w i t h  t h e  Dedekind c u t  p r o p o s i t i o n  a s  an  axiom o f  
c o n t i n u i t y  f o r  th e  r e a l  number sys tem .  The Dedekind 
s t a t e  i s  a s  f o l lo w s :

I f  a l l  th e  numbers o f  a n  i n t e r v a l  AB f a l l  i n t o  
two c l a s s e s  [M] and [ N ] , such  t h a t  e v e r y  M i s  
g r e a t e r  t h a n  e v e ry  N, t h e n  t h e r e  e x i s t s  a number 0 
such  t h a t  M ^ 0 ^ n f o r  e v e r y  M and e v e r y  N.

V e b l e n ' s  p a p e r  i s  o n ly  one o f  many pa p ers  a t  t h i s  t ime

( l i k e  f o r  i n s t a n c e  N. J .  L e n n e s 1 "Note on th e  H e in e -B o re l

Theorem'1) u s in g  o r  g e n e r a l i z i n g  th e  H e in e -B o re l  Theorem.

The t i t l e  and p ro o f  o f  t h i s  theorem have a c u r i o u s  

h i s t o r y .  E very  h i s t o r i c a l  r e f e r e n c e  I  have s e e n  r e g a r d i n g  

t h i s  theorem r e f e r s  t h e  r e a d e r  t o  Eduard H e i n e ' s  1872 pap er  

"Die E lem ente  d e r  F u n c t i o n l e h r e "  i n  C r e l l e ' s  J o u r n a l .

F o r  example ,  Veblen  commented t h a t  th e  theorem i s  " e s s e n t i a l l y  

in v o lv e d  i n  H e i n e ' s  p ro o f  o f  th e  theorem o f  un i fo rm  con­

t i n u i t y ,  bu t  has f i r s t  been s t a t e d  i n  e x p l i c i t  form by
"2B o r e l .

Young and Young on page 41 o f  t h e i r  Theory  o f  S e t s
3o f  P o i n t s  r e f e r  to  H e i n e ' s  1872 p a p e r .  And even  more

1 I b i d . , p .  437.

2I b i d .
3
W. H. Young and Grace Chisholm Young, The Theory 

o f  S e t s  o f  P o i n t s , 2nd ed .  O r i g i n a l l y  p u b l i s h e d  i n  1906. 
(B ronx : C he lsea  P u b l i s h i n g  Company, 1972) ,  p.  41.
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1 2 modern h i s t o r i e s ,  l i k e  M o r r i s  K l e i n ' s  and C a r l  B o y e r ' s

r e f e r  t o  H e i n e ' s  1872 p a p e r .

Looking a t  H e i n e ' s  1872 p a p e r  we f i n d  t h a t  th e  

f i r s t  p a r t  d e a l s  w i t h  h i s  v e r s i o n  o f  the  a r i t h m e t i c a l  

c o n s t r u c t i o n  o f  t h e  r e a l s ,  ( s e e  pp. 8 - 1 1  a b o v e ) ,  th e  

second p a r t  i s  a b o u t  f u n c t i o n s  and c o n t i n u i t y  o f  f u n c t i o n s .

The v e ry  l a s t  page ,  Theorem 6  i s  t h e  theorem

I f  f ( x )  i s  c o n t in u o u s  on th e  c lo s e d  i n t e r v a l  
( a ,  b ) , t h e n  i t  i s  a l s o  u n i f o r m i l y  c o n t i n u o u s . 3

H e i n e ' s  p ro o f  i s  e s s e n t i a l l y  o f  e - 6  form. However, nowhere 

i n  th e  p r o o f  i s  t h e r e  any  k ind  o f  "H e in e -B o re l  c o v e r i n g  

i n t e r v a l s "  method. The H e in e -B o re l  Theorem i s  nowhere co n ­

t a i n e d  i n  H e i n e ' s  p r o o f  o f  un i fo rm  c o n t i n u i t y  a s  c la im ed  by so 

many a u t h o r s .  ( I  have s u p p l i e d  a  photo  copy o f  th e  theorem  

and p r o o f  a s  e v id e n c e ,  see  F i g u r e  5 . )  I t  i s  t r u e  t h a t  th e  

theorem o f  un i fo rm  c o n t i n u i t y  o f  a bounded f u n c t i o n  on a 

c lo s e d  i n t e r v a l  c an  be used t o  prove th e  H e in e - B o r e l  theorem ,  

and c o n v e r s e l y .  C o n se q u e n t ly ,  H e i n e ' s  theorem and p r o o f  

may be th o u g h t  o f  a s  e q u i v a l e n t  t o  t h e  H e in e -B o re l  

Theorem. However, Heine  ne v e r  s t a t e d  nor  proved th e  H e in e -  

B o re l  Theorem.

■ h u i n e ,  p .  9 5 3 .

2
C. Boyer ,  A H i s t o r y  o f  M athem at ics  (New York: Jo h n

Wiley & S o n s , Inc., 1968) ,  p . 665.
O
H e in e ,  p. 188. See page 70 below.
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188 H e in e , die Elemenle der Funcliomnlehre.

3. Folgerung. Wenn eine (fflr alle einzelnen W erthe) von x  =  a  bis 
x  =  b continuirliche Function nicht flberall gleiche Werthe besitzt, so erreicht 
sie fur einen bestimmten W erth von x  ein Maximum und ebenso ein Minimum.

5. L e h r s a i s Wenn die von x —a  bis x = b  (fur alle einzelnen Werthe) 
continuirliche Function f {x)  fflr jeden einzelnen W erth, der zwischen.a und 
einer rationales oder irrationalen Zahl X  liegt, wo a<C.X<C.b, wie nahe 
man auch X  koramt, nicht positiv, fiber X  hinaus aber positiv wird, so ist = 0 .

. Beweis. Es sei x ,,  xQ, etc. eine Zahlenreihe fflr X , deren Glieder 
sSmmtlich unter X  liegen sollen. . Dann wird .. . . . .  . .

f { X ) =  etc.] . :
nicht positiv; negativ kann es wegen der Continuitflt von f (x)  unraflglich sein, 
weil es dann einen bestimmt . angebbaren, von Null verschiedenen negativen 
Werth besasse, wahrend f [x)  selbst fflr den kleinsten W erth , der a; grflsser 
als X  macht, nach der Voraussetzung, positiv ist. Es bleibt daher nur flbrig, 
dass f ( X )  Null ist. • . . . .  >

•6. Lekrsats.. Eine von a? =  a  bis x  =  b (fflr alle einzelnen- W erthe) 
continuirliche Function /(m ) ist auch gleichmassig conlinuirlich. (B, §. 3, Def. 1).

Beweis. Bezeichnet 3c eine beliebige Grdsse, so existirt eine solche 
Zahl,-dass von x  — a bis zu ihr hin f ( x )  —f(a)  absolut 3c ist. Ein Werth, 
der dies leistet,-.ist der grossteiund macht zugleich f { x ) —f {a) — 3c =  0. (B, 
§. 3, Lehrs. 5). Oieser W erth sei x t . In flhnlicher Art Gndet man eine Zahl x r ■

* .  t

als die grflsste,: welche bewirkt, dass von x = x t bis x =Xj  immer /[a:)—/(a r^ ^ S e - 
bleibt. So fahrt man fort; kommt man nach einer endlichen Anzahl n von-. 
Operationen zu x m =  6: oder findet, d ass/(a ;)^ -/(a :_ ,), von x  =  x,,_l, bis x  =  b, 
noch nicht 3c Qberschreitet, so ist der Satz bewiesen-.

i i  -E's bliebe- noch. der Fall flbrig, dass kein n. existirt, dass-also-die -  

Grdssen x l3 etc. eine unendliche-Reihe von wachsenden Grossen bilden*-
die unter b liegen. Diese Reihe ware dann; eine; Zahlenreihe, deren 
Zahlzeichen X. sei; hervorzuheben ist ihre Eigenschaft, nach der fflr jedes n  

die Gleichnng besleht: f ( x H+,)— f {xH) =  3e. Nun sei %  von der Beschaffen-. 
heit, dass / (X )  sich von . f ( X —Tj) nm weniger als e unterscheidet, so lange; ; 

V < ’ ? !) •  Zwischen die Zahlen X —tj,, und X  mogen von der obigen Zahlen- 
reibe xn, * , + l ,  etc. fallen,, so dass (B, § .2 , Folg. 1) f ( x „ + kleiner, 
als 2c ware, wflhrend es andererseits 3c sein musste. Die zu Grunde liegende. • 
Annahme ist daher unmoglich, und die Function, eine gleichmassig continuirliche-.^

Halle, im October 1871. ..

F i g u r e  5
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The t i t l e  " H e i n e - B o r e l , "  comes from S c h o e n f l i e s  

and  h i s  famous ( s t  l e a s t  i n  t h i s  d i s s e r t a t i o n )  B e r i c h t .

On pages 51 and 119 o f  t h e  1900 e d i t i o n  o f  th e  B e r i c h t  

we f i n d  r e f e r e n c e s  t o  Heine and a s t a t e m e n t  o f  th e  H e ine -  

B o re l  theorem f o r  c o u n ta b le  c o v e r i n g ,  w i t h  th e  t i t l e  

H e in e - B o r e l

. . . D i e s e r  S a tz  kann u b r i g e n s  auch  a l s  e in e  
u n m i t t e l b a r e  Fo lge  des S. 51 e rw ah n ten  H e ine -  
B o r e l '  sch en  Theorems b e t r a c h t e t  w e r d e n . i

By th e  1913 e d i t i o n  o f  h i s  r e p o r t  he s im ply  used
O

th e  t i t l e  B o re l  Theorem. The t i t l e ,  " H e i n e - B o r e l , "  

has  rem ained .  B o r e l ' s  name i s  added s i n c e  he was th e  

f i r s t  t o  e x p l i c i t l y  s t a t e  th e  theorem , b u t  f o r  o n ly  a 

c o u n ta b le  c o v e r i n g .  The e x t e n s i o n  to  a n o n - c o u n ta b le  

c o v e r i n g  i s  c r e d i t e d  to  e i t h e r  Lebesgue who p u b l i s h e d  h i s  

p r o o f  i n  1904, o r  to  Young who p u b l i s h e d  h i s  p r o o f  i n  

1902. Due to  n a t i o n a l  c h au v in ism ,  th e  F re n c h  o f t e n  r e f e r  

t o  th e  theorem  a s  t h e  B o re l -L eb e sg u e  Theorem, e . g . ,  

B o u rb a k i ,  G e n e ra l  T op o lo g y .

Lebesgue d id  p o i n t  o u t  t h a t  th e  im p or tan ce  o f  

th e  Theorem i s  n o t  i n  i t s  p r o o f ,  which  i s  r e l a t i v e l y  e a s y ,  

b u t  i n  p e r c e i v i n g  i t s  im p o r tance  and s t a t i n g  i t  a s  a 

d i s t i n c t  theorem.

■^Schoenfl ies,  B e r i c h t  (1 9 0 0 ) ,  pp. 51, 119.

^ S c h o e n f l i e s ,  B e r i c h t  (1 9 1 3 ) ,  pp. 234-235.
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The H e in e - B o r e l  Theorem was used a g r e a t  d e a l  a s  a 

t o o l  i n  th e  e a r l y  developments  o f  A n a l y s i s  S i t u s , a s  i t  

was t h e n  c a l l e d .  B e s id e s  theorems r e l a t i n g  t h e  r e a l  l i n e ,  

H e in e - B o r e l  was used to  prove th e  J o r d a n  Curve Theorem.

The two theorems were th e n  c o n s i d e r e d  c l o s e l y  r e l a t e d .  I n  

f a c t  d u r in g  t h i s  p e r i o d ,  depend ing  on th e  p a p e r ,  t h e  J o r d a n  

Curve Theorem o r  th e  H e in e - B o r e l  Theorem was c a l l e d  th e  

theorem o f  A n a l y s i s  S i t u s . F o r  a n  example o f  t h e i r  c on ­

n e c t i o n ,  s ee  N. J .  L enn es ,  i n  h i s  p a p e r ,  "Curves i n  Non- 

M e t r i c a l  A n a l y s i s  S i t u s  w i t h  a n  A p p l i c a t i o n  i n  the. C a lc u lu s  

o f  V a r i a t i o n s . " ^  Lennes p ro ves  th e  J o r d a n  Curve Theorem, 

a f t e r  c o n s i d e r a b l e  p r e l i m i n a r i e s  r e g a r d i n g  p o ly g o n s ,  u s in g  

the  H e in e -B o re l  Theorem.

From f o u n d a t i o n s  o f  geometry  and axiom s y s te m s ,  we 

" l o g i c a l l y  r e g r e s s "  t o  th e  f o u n d a t i o n s  o f  m a th e m a t ic s .  

H i s t o r i c a l l y ,  th e  e a r l y  i n v e s t i g a t i o n s  i n t o  th e  f o u n d a t i o n s  

o f  m a them a t ic s  were o c c u r r i n g  a t  t h e  same t ime a s  th e  

emergence o f  p o i n t  s e t  t o p o lo g y .  More th a n  j u s t  c o n c u r r e n t l y  

d e v e l o p in g ,  th e  r e s e a r c h  i n t o  th e  f o u n d a t i o n s  o f  m a th em a t ic s  

a f f e c t e d  t h e  manner i n  which th e  form o f  p o i n t - s e t  to p o lo g y  

was to  emerge. That  i s ,  more th a n  c o n t e n t , th e  form and 

method o f  p o i n t  s e t  to p o lo g y  was i n f l u e n c e d  by developm ents  

i n  t h e  f o u n d a t i o n s  o f  m a th em a t ic s .

^N. J .  L ennes ,  "Curves  i n  N o n -M e t r ic a l  A n a l y s i s  
S i t u s  w i t h  a n  A p p l i c a t i o n  i n  th e  C a lc u lu s  o f  V a r i a t i o n s , "  
American  J o u r n a l  o f  M athem at ics  33 ( 1 9 1 1 ) : 2 8 7 - 3 2 6 . Though 
p u b l i s h e d  i n  1 9 l l  i t  was read  b e fo r e  th e  Chicago S e c t i o n  
o f  th e  Am erican  M a th e m a t i c a l  S o c i e t y  i n  1905.
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S e v e r a l  m a th e m a t i c a l  a c t i v i t i e s  d u r in g  th e  l a t e

n i n t e e n t h  c e n t u r y  c r e a t e d  i n t e r e s t  i n  th e  f o u n d a t i o n s  o f

m a th e m a t ic s .  One was th e  d i s c o v e r y  o f  c o n t r a d i c t i o n s  o r

p a radoxes  i n  s e t  t h e o r y .  I n  h i s  c o r re sp o n d e n c e  w i t h

D edek ind ,  C a n to r  a sked  w h e th e r  th e  s e t  o f  a l l  c a r d i n a l

numbers i s  i t s e l f  a s e t ,  because  i f  i t  i s ,  i t  would have a

c a r d i n a l  number l a r g e r  t h a n  any o t h e r  c a r d i n a l .  He th o u g h t

he answered  t h i s  i n  th e  n e g a t i v e  by d i s t i n g u i s h i n g  between

c o n s i s t e n t  and i n c o n s i s t e n t  se ts . '* '  E a r l i e r ,  C esa re  B u r a l i -

F o r t i  a rg u e d  t h a t  th e  sequence  o f  a l l  o r d i n a l  numbers ,

which i s  w e l l - o r d e r e d ,  shou ld  have th e  g r e a t e s t  o f  a l l

o r d i n a l  numbers a s  i t s  o r d i n a l  number. Then t h i s  l a r g e s t
2

o r d i n a l  i s  g r e a t e r  t h a n  a l l  t h e  o r d i n a l  numbers ,  e t c .

S e v e ra l  more pa rad ox es  were soon d i s c o v e r e d .  

B e r t r a n d  R u s s e l l  came upon h i s  paradox when c o n s i d e r i n g  

th e  s e t  o f  s e t s  which  a r e  n o t  e le m e n ts  o f  th e m s e lv e s .  I n

Ju n e  1902 he w ro te  to  G o t t l o b  F rege  communicating h i s  new

found paradox .

. . . There  i s  j u s t  one p o i n t  where I  have 
e n c o u n te re d  a  d i f f i c u l t y .  You s t a t e  t h a t  a  [ p r e ­
d i c a t e  f u n c t i o n  t o o ,  c an  a c t  a s  th e  i n d e t e r m i n a t e
e lem en t  [ i . e . ,  a  f u n c t i o n  c a n  be a n  argument  o f

^ C a n to r ,  Gesammelte A bhand lungen , pp. 445-448 .
2

C esare  B u r a l i - F o r t i ,  "Una q u e s t i o n e  s u i  numeri  
t r a n s f i n i t i , " R e n d i c o n t i  d e l  C i r c o l o  m athem atico  d i  
Palermo 11 ( 1 8 9 7 ) :154-164 ,  260. See n o te  below, p. 74.
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i t s e l f ] .  T h is  I  f o r m e r ly  b e l i e v e d ,  b u t  now t h i s  view 
seems d o u b t f u l  to  me because  o f  th e  f o l l o w in g  c o n t r a ­
d i c t i o n .  L e t  w be th e  p r e d i c a t e :  t o  be a  p r e d i c a t e
t h a t  c a n n o t  be p r e d i c a t e d  o f  i t s e l f .  Can w be p r e ­
d i c a t e d  o f  i t s e l f ?  From e ac h  answ er  t h e  o p p o s i t e  
f o l l o w s .  T h e r e f o r e  we must co nc lud e  t h a t  w i s  no t  
a  p r e d i c a t e .  L ik e w ise  t h e r e  i s  no c l a s s  (as  a 
t o t a l i t y )  o f  th o s e  c l a s s e s  w h ich ,  each  t a k e n  a s  a 
t o t a l i t y ,  do n o t  b e lo n g  to  th e m s e lv e s .  From t h i s  I  
c o n c lu d e  t h a t  unde r  c e r t a i n  c i r c u m s ta n c e s  a d e f i n a b l e  
c o l l e c t i o n  does n o t  form a t o t a l i t y .

R u s s e l l  s h o r t l y  a f t e r w a r d s  p u b l i s h e d  t h i s  s e t  

paradox i n  h i s  c h a p t e r ,  "The C o n t r a d i c t i o n , "  i n  h i s  

P r i n c i p l e s  o f  M athem at ics  i n  1903. The s i g n i f i c a n c e  o f  

R u s s e l l ' s  l e t t e r  t o  F rege  sh o u ld  n o t  be u n d e r e s t i m a t e d .

F reg e  had r e c e n t l y  f i n i s h e d  th e  second volume o f  h i s  

G ru n dg ese tze  d e r  A r i t h m e t i c , i n  which  he b e l i e v e s  he had 

f o r m a l l y ,  p r e c i s e l y ,  and r i g o r o u s l y  e s t a b l i s h e d  the  fo u n d a ­

t i o n s  o f  a r i t h m e t i c :  I t  has  been su g g e s te d  t h a t  he was even

p r o o f - r e a d i n g  th e  p r i n t e r ' s  g a l l e y s  o f  h i s  book when R u s s e l l ' s  

l e t t e r  a r r i v e d .  The l e t t e r  c o n ta in e d  th e  paradox which 

i m p e r i l l e d  a n  im p o r t a n t  b a s i s  o f  F r e g e ' s  work. C o n s id e r in g  

F r e g e ' s  d i s a p p o in t m e n t ,  F r e g e ' s  r e p l y  t o  R u s s e l l ' s  l e t t e r  

i s  a n  example o f  t h e  h i g h e s t  i n t e l e c t u a l  i n t e g r i t y .

Your d i s c o v e r y  o f  th e  c o n t r a d i c t i o n  caused  me 
th e  g r e a t e s t  s u r p r i s e  a n d ,  I  would a l s o  s a y ,  c o n ­
s t e r n a t i o n ,  s i n c e  i t  has shaken  th e  b a s i s  on which

i
I n  J e a n  van  H e i j e n o o r t ,  e d . ,  From F re g e  t o  G o d e l ; 

A Source  Book i n  M a th e m a t ic a l  L o g i c , 1879-1931 (Cam bridge ; 
H arvard  U n i v e r s i t y  P r e s s ,  1 9 7 7 ) :1 2 4 - 1 2 5 . B u r a l i - F o r t i ' s 
p a p e r  i s  a l s o  found i n  t h i s  c o l l e c t i o n ,  pages  104-112.
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I  in te n d e d  to  b u i l d  a r i t h m e t i c  . . .  I  must  r e f l e c t  
f u r t h e r  on t h e  m a t t e r .  I t  i s  a l l  t h e  more s e r i o u s  
s i n c e ,  n o t  o n ly  th e  f o u n d a t io n s  o f  my a r i t h m e t i c  
b u t  a l s o  th e  s o l e  p o s s i b l e  f o u n d a t i o n s  o f  a r i t h m e t i c ,  
seem t o  v a n i s h . 1

Not lo n g  a f t e r  R u s s e l l ' s  p a ra d o x ,  J u l e s  R ich a rd  

p u b l i s h e d  h i s  paradox i n v o lv i n g  th e  d e s c r i p t i o n  o f  a
2

number u s in g  few er  t h a n  a  s p e c i f i e d  number o f  words .

Most o f  th e  p a radoxes  o c cu r  a s  a r e s u l t  o f  some 

s e l f - r e f e r e n t i a l  d e s c r i p t i o n ,  o r  i m p r e d i c a t i v e  d e f i n i t i o n .  

R u s s e l l ' s  paradox i n v o lv e s  a  s e t  b u i l t  upon s e t s ,  R i c h a r d ' s  

paradox i n v o lv e s  a  number d e s c r i b e d  by numbers . R u s s e l l  

and Whitehead p o in te d  o u t  t h a t  t h e  o b j e c t  be in g  d e f i n e d  

i n  t h e s e  p a rad o x es  i s  d e f i n e d  i n  te rm s o f  a s e t  o f  o b j e c t s  

t h a t  c o n t a i n s  th e  o b j e c t  be in g  d e f i n e d .  T h e i r  r e s p o n s e  

t o  t h e s e  i m p r e d ic a t e  d e f i n i t i o n s  was t h e i r  t h e o r y  o f  t y p e s .  

A s e t  o f  ty p e  0 c o n t a i n s  o n ly  e l e m e n t s .  A s e t  o f  ty pe  1 

c o n t a i n s  o n ly  e le m e n ts  o f  ty p e  0 ,  e t c .  R u s s e l l ' s  paradox 

i s  av o id e d  s i n c e  s e t s  o f  d i f f e r e n t  ty p e s  a r e  i n v o lv e d ,  

i n v a l i d a t i n g  th e  pa rad o x .

The p a ra d o x e s ,  l i k e  th e  " p a t h o l o g i c a l ' c u r v e s , 

fo r c e d  m a th e m a t i c i a n s  t o  r e -ex am ine  t h e  f o u n d a t i o n s  o f  s e t  

t h e o r y ,  a s  th e  p a t h o l o g i c a l  c u rv e s  fo r c e d  m a th e m a t ic i a n s  to  

re -ex am ine  th e  f o u n d a t i o n s  o f  c u rv e s  and c o n t i n u a .

1I b i d . ,  p. 128.

^ I b i d . ,  pp. 143-144.
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E r n s t  Zermelo b e l i e v e d  t h a t  t h e  s o l u t i o n  t o  th e  

problem o f  th e  pa ra d o x es  o f  s e t  t h e o r y  r e s i d e d  i n  th e  

r e s t r i c t i o n  o f  th e  c o n c e p t  o f  s e t .  F o l lo w in g  C a n t o r ' s  

d i s t i n c t i o n  be tw een  c o n s i s t e n t  and i n c o n s i s t e n t  s e t s ,

Zermelo a rg u e d  i n  h i s  p a p e r ,  "U n te rsuchungen  u b e r  d i e  

G rund lagen  d e r  M engen leh re11 t h a t  s e t s  t h a t  were ’’too  b i g ” 

would be e x c luded .* '  Zermelo i n t r o d u c e d  a ’’s e l e c t i o n  

axiom" (Aussonderungs axiom) i n  which  a  d e f i n i n g  p r o p e r t y  

P and  a s e t  M d e te rm in e  a  s e t .  A s e t  i s  formed o f  a l l  

t h o s e  e le m e n t s  which  p o s s e s s  t h e  p r o p e r t y  P o n ly  i f  P 

a l r e a d y  i m p l i e s  a r e l a t i o n  o f  th e  form x€M. Thus R u s s e l l ' s  

paradox i s  av o ided  s i n c e  th e  p r o p e r t y  P = " n o t  a  member o f  

i t s e l f "  does n o t  a l r e a d y  d e f i n e  a  r e l a t i o n  o f  the  form 

x€M (where M i s  th e  s e t  o f  s e t s  t h a t  a r e  n o t  members o f  

t h e m s e l v e s ) .

However, p a ra do x es  o f  th e  ty p e  o f  R i c h a r d ' s  pa radox

s t i l l  e x i s t  u n l e s s  th e  n o t i o n  o f  " p r o p e r t y "  was r e s t r i c t e d .

Z e r m e lo ' s  s e t  t h e o r y  a x i o m a t i z a t i o n  was improved upon by
2

Abraham F r a e n k e l ,  and su b s e q u e n t  axiom sys tem s were p roposed  
3

by von Neumann, Godel and B e rn ay s ,  and o t h e r s .

1

E r n s t  Z erm elo ,  "U n te r su ch e n  u b e r  d i e  G rund lagen  d e r  
M e n g e n le h r e , "  M athem at ische  A nna len  65 (1 9 0 8 ) :2 6 1 -2 8 1 .  

oAbraham F r a e n k e l ,  "Zu den G rund lagen  d e r  C a n to r -  
Z erm eloschen  M e n g e n le h r e , "  M athem at ische  A nna len  8 6  (1922) :  
230-237.

3

Joh n  von Neumann, "E ine  A x io m a t i z i e r u n g  d e r  
M e n g e n le h re , "  C r e l l e ' s  J o u r n a l  154 ( 1 9 2 5 ) :219-240 .  See a l s o  
van H e i j e n o o r t ,  pp. 34-56 .
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Z e r m e lo ' s  a x i o m a t i z a t i o n  i s  s u f f i c i e n t  f o r  c o n s t r u c ­

t i n g  a s e t  t h e o r y  needed f o r  most  c l a s s i c a l  a n a l y s i s .  How­

e v e r ,  l i k e  t h e  c o n s i s t e n c y  o f  a r i t h m e t i c ,  t h e  c o n s i s t e n c y  

o f  s e t  t h e o r y  now became a n  i s s u e .

I n  a d d i t i o n ,  a n o t h e r  method o r  d e v i c e ,  t h e  axiom 

o f  c h o i c e ,  became a d e b a te d  i s s u e  i n  s e t  t h e o r y  a t  t h i s  

t im e .  Fo r  a  long  t ime th e  axiom o f  c h o ic e  had been used 

i m p l i c i t l y  i n  p r o o f s  i n  a n a l y s i s  and s e t  t h e o r y .  Fo l low in g  

a  s u g g e s t i o n  by E rh a rd  Schmidt, Zermelo e x p l i c i t l y  used th e  

axiom o f  c h o ic e  i n  h i s  1904 pa p e r  " P r o o f  t h a t  e v e ry  s e t
i

c a n  be w e l l - o r d e r e d . "  van  H e i j e n o o r t  i n c l u d e s  th e  f o l ­

lowing comments:

Z e r m e lo ' s  v e ry  s h o r t  pap e r  i s  a p a r t  o f  a  l e t t e r  
to  H i l b e r t  d a te d  "Munden i n  Hannover ,  24 September 
1904. C a n to r  had c o n j e c t u r e d  t h a t  " e v e r y  w e l l -  
d e f i n e d  s e t  can  be b ro u g h t  i n t o  th e  form o f  a  w e l l -  
o r d e r e d  s e t "  and had seen  i n  t h a t  a " fu n d am e n ta l  law 
o f  th o u g h t  o f  g r e a t  c o n seq uence ,  p a r t i c u l a r l y  n o t e ­
w o r th y  f o r  i t s  u n i v e r s a l  v a l i d i t y . "

[ Z e r m e lo ' s ]  p r o o f  rem ains  r e l a t i v e l y  s im ple  
because  i t  makes use  o f  a p ow erfu l  new m a th e m a t i c a l  
t o o l ,  t h e  axiom o f  c h o ic e .  What Zermelo p ro ves  i s ,  
i n  f a c t ,  t h a t  t h e  axiom o f  c h o ic e  im p l i e s  th e  w e l l -  
o r d e r i n g  theorem.

The p r o o f  provoked sh a rp  r e a c t i o n s  among m athe ­
m a t i c i a n s ,  so sh a rp  t h a t  a  few y e a r s  l a t e r  Zermelo 
had to  d i s c u s s  them a t  l e n g t h ,  a f t e r  p r e s e n t i n g  a 
second v e r s i o n  o f  t h e  p r o o f . 2

^The proof i s  t r a n s la te d  and reproduced in  van 
H eijen o o rt  (pp. 1 39 -1 4 1 ) .

2
van H e i j e n o o r t ,  p. 139. The second p r o o f  and 

d i s c u s s i o n  a re  a l s o  i n c l u d e d ,  pages  183-215.
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C l o s e ly  r e l a t e d  t o  th e  work on th e  a x i o m i z a t i o n  o f  

s e t  t h e o r y  t h e n  was work on th e  f o u n d a t i o n s  o f  m a th e m a t i c a l  

l o g i c .  I  have m ent ioned  G o t t l o b  F rege  above r e g a r d i n g  h i s  

work i n  t h e  f o u n d a t i o n s  o f  a r i t h m e t i c ,  however, t h e  r e a l  

g o a l  o f  F r e g e ' s  work was a  p r e c i s e  and th o ro u g h  c o n s t r u c ­

t i o n  o f  m a th e m a t i c a l  l o g i c  so t h a t  a r i t h m e t i c  (and th u s  

m a th em a t ic s )  would be c o n s t r u c t e d  a s  a n  e x t e n s i o n  o f  

l o g i c .  F r e g e ' s  B e g r i f f s s c h r i f t , a  formula  l a n g u a g e , 

modeled upon t h a t  o f  a r i t h m e t i c ,  f o r  pure  t h o u g h t  e s s e n t i a l l y  

e s t a b l i s h e s  th e  m ajo r  symbols and methods o f  m a th e m a t ic a l  

l o g i c .  F o l lo w in g  th e  B e g r i f f s s c h r i f t  o f  1879, he p u b l i s h e d  

Die G rund lagen  d e r  A r i t h m e t i c  i n  1884, and th e  G ru n d gese tze  

d e r  A r i t h m e t i c  i n  1893, volume 1; 1903, volume 2.

F r e g e ' s  work and view o f  m a th em a t ic s  r e s u l t e d  i n  

what i s  u s u a l l y  c a l l e d  a " s c h o o l "  o f  p h i lo s o p h y  r e g a r d i n g  

t h e  f o u n d a t io n s  o f  m a th e m a t ic s .  The " l o g i s t i c  s c h o o l "  l e d  

by F rege  sough t  t o  c l a r i f y  and p r e c i s e l y  e s t a b l i s h  l o g i c  

and th e n  b u i l d  m a th em a t ic s  from l o g i c .  As n o t e d ,  F r e g e ' s  

p l a n  r e c e i v e d  a d e c i s i v e  s e t b a c k  from th e  e x i s t e n c e  o f  

p a ra d o x e s .  B e r t r a n d  R u s s e l l  and A l f r e d  N o r th  Whitehead 

c o n t in u e d  th e  l o g i s t i c  s c h o o l  w i t h  t h e i r  p u b l i c a t i o n  o f  

th e  t h r e e  volume P r i n c i p i a  M a th e m a t i c a . The P r i n c i p i a , 

c o n t a i n i n g  th e  Theory  o f  Types ,  was o r i g i n a l l y  in te n d e d  by 

R u s s e l l  to  be a c o n t i n u a t i o n  o f  h i s  P r i n c i p l e s , b u t  i t
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became a s e p a r a t e  t r e a t i s e .  David H i l b e r t ,  a l r e a d y  concerned  

a b o u t  t h e  c o n s i s t e n c y  o f  a r i t h m e t i c ,  began to  fo r m u la te  h i s  

own s y s t e m a t i c  f o u n d a t i o n  f o r  m a t h e m a t i c s - - l a t e r  c a l l e d  th e  

" f o r m a l i s t  s c h o o l . 11 S t i l l  a n o t h e r  g roup ,  l ed  by L. E. J .  

Brouwer, c h a l l e n g e d  many o f  th e  b a s i c  t e n e t s  o f  fo rm al  l o g i c  

and methods o f  a n a l y s i s  i n s t i t u t i n g  a n o t h e r  s c h o o l ,  th e  

" i n t u i t i o n i s t s . 11 These s c h o o l s  o f  th o u g h t  r e g a r d i n g  th e  

f o u n d a t i o n s  o f  m athem at ics  a r e  o n ly  t a n g e n t i a l l y  r e l a t e d  to  

th e  c o n t e n t s  o f  t h e  p o i n t - s e t  t o p o lo g y .  However, th e y  do 

r e p r e s e n t  a change i n  view a b o u t  m athem atics  which e s t a b l i s h e d  

a m i l i e u  f a v o r a b l e  t o  th e  growth o f  p o i n t  s e t  t o p o lo g y .

By 1910 s e t  t h e o r y  had emerged a s  a s e p a r a t e  (and 

r e s p e c t a b l e )  d i s c i p l i n e ,  and th e  g e n e r a l  c o n ce p t  o f  an  

axiom sys tem was re g a rd e d  a s  i m p o r t a n t .  An e x c e l l e n t  example 

o f  t h i s  "modern" v ie w p o in t  i s  Hermann W eyl!s Die Id ee  d e r  

Riemannschen F l a c h e . ^ W e y l ^  work i s  a  t e x t  based on 

l e c t u r e s  he gave a t  G o t t i n g e n  i n  1911-1912 on Riemann 

s u r f a c e s .  The book c o v e r s  th e  t h e o r y  o f  complex v a r i a b l e s ,  

a n a l y t i c  f u n c t i o n s ,  Riemann s u r f a c e ,  and complex f u n c t i o n s  

on Riemann s u r f a c e s .  I n  th e  s t y l e  o f  modern w r i t i n g  Weyl 

d e f i n e s  " s u r f a c e s "  from a n  a b s t r a c t ,  a x io m a t i c  p o i n t  o f  

view.

^"Hermann Weyl, Die Id ee  d e r  Riemannschen F l a c h e ,
2nd e d .  (New York: C he lsea  P u b l i s h i n g  Company, 1947).
F i r s t  p u b l i s h e d  i n  1913.
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The c o n ce p t  o f  t h e  ’’tw o -d im e n s io n a l  m a n i f o ld "  
[ " z w e id im e n s io n a l e n  M a n n i g f a l t i g k e i t " ]  shou ld  n o t ,  
f o r  u s ,  be t i e d  t o  th e  id e a  o f  a  p o i n t  s p a c e ,  b u t  
g iv e n  a more a b s t r a c t  meaning.  When, g e n e r a l l y ,  any 
t o t a l i t y  o f  t h i n g s  [ " e i n e  G e sam the i t  von D in g e n "— 
a p h ra s e  used by C an to r ]  ( t a k i n g  th e  r o l e  o f  p o i n t s )  
i s  g iv e n  a n d ,  a s  a r e s u l t  o f  t h e  d e f i n i t i o n s  c o n ­
c e r n i n g  them, a c o n t in u o u s  c o n n e c t i o n  e x i s t s ,  s i m i l a r  
to  t h a t  which e x i s t s  be tween t h e  p o i n t s  o f  t h e  p l a n e ,  
t h e n  we speak  o f  a tw o -d im e n s io n a l  m a n i f o ld .  A l l  
c o n t i n u i t y  c o n c e p t s  can  be r e f e r r e d  back t o  t h a t  o f  
n e ig h b o rh oo d ,  so a n  e x p l a n a t i o n  o f  a  tw o-d im ens ion  
m an i fo ld  w i l l  r e q u i r e  b o th :

1. A s t a t e m e n t  o f  t h o s e  p a r t i c u l a r  t h in g s  which 
c an  be c o n s i d e r e d  a s  " p o i n t s "  o f  th e  m a n i f o ld .

2. An e x p l a n a t i o n  o f  th e  co n ce p t  o f  " n e i g h b o r ­
hood" ("Umbebung").1

Weyl t h e n  g iv e s  a  d e f i n i t i o n  o f  a  tw o -d im e n s io n a l  m a n i fo ld

Given a n  t o t a l i t y  o f  t h i n g s ,  which we c a l l  
"P o i n t s  o f  th e  M an ifo ld  F . " To each  p o i n t  p o f  th e  
m a n i fo ld  F a r e  c e r t a i n  s e t s  o f  p o i n t s  o f  t h e  m an i­
f o l d  d e f in e d  a s  ne ighborhoods  o f  p o v e r  F . Each 
n e ighborhood  U g a - p o i n t  pg must  c o n t a i n  Pg and 
a l l o w s  a r e v e r s i b l y  un ique  image on th e  i n t e r i o r  
p o i n t s  o f  a  u s u a l  E u c l i d e a n  c i r c l e  Kq (where pg 
p a s s e s  o v e r  th e  m id p o in t  o f  th e  c i r c l e )  w i t h  th e  
f o l lo w in g  s t a t e d  p r o p e r t i e s :

1. I f  p i s  a  p o i n t  o f  Uq and U i s  a ne ighborhood  
o f  p o v e r  F c o n s i s t i n g  o f  o n ly  p o i n t s  o f  Ug, 
t h e n  (un de r  each  mapping i n t o  Kg) t h e  image 
o f  U c o n t a i n s  the  image p o i n t  p i n  th e  
i n t e r i o r ;  i n  o t h e r  w ords ,  a c i r c l e  k c a n  be 
d e s c r i b e d  a b o u t  t h e  image p o i n t  p 1 o f  p so 
t h a t  e ac h  p o i n t  o f  k i s  th e  image o f  a p o i n t  
o f  U.

2 . I f  K i s  a  c i r c l e  w i t h  m id p o in t  p ,  e n t i r e l y  
c o n ta in e d  i n  Kg, t h e n  t h e r e  e x i s t s  a n e i g h b o r ­
hood y o f  p o v e r  F whose image i s  e n t i r e l y
i n  K . 2

W ey l 's  d e s c r i p t i o n  o f  a tw o -d im e n s io n a l  m a n i fo ld  i s  a l s o  a 

t o p o l o g i c a l  sp a ce .

* T b id . ,  p . 17.

2 I b i d . , p p . 17-18.
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F e l i x  H a u s d o r f f  and th e  Grundzuge 
d e r  Mengenlehre

P o i n t  s e t  to p o lo g y  f u l l y  emerges w i t h  t h e  p u b l i c a t i o n  

o f  F e l i x  H a u s d o r f f ' s  Grundzuge d e r  Mengenlehre  i n  1914 .^

I n  th e  i n t r o d u c t i o n ,  H a u s d o r f f  d isavows th e  book a s  a 

r e p o r t  o r  t r e a t i s e ;  he c l a im s  th e  Grundzuge i s  a  t e x tb o o k  

f o r  s t u d e n t s .  Y e t ,  s i n c e  i t  i s  so w e l l  o r g a n i z e d ,  so 

t h o ro ug h  and so modern (and because  i t  c o n t a i n s  no e x e r c i s e s  

o r  problems f o r  t h e  s t u d e n t s  to  work on) i t  r e a l l y  i s  more 

o f  a t r e a t i s e  on s e t  t h e o r y  and to p o lo g y  a s  i t  was known 

i n  1914.

The book i s  v e ry  com prehen s iv e ,  b e g in n in g  w i t h  

C a n to r i a n  ( n a iv e )  s e t  t h e o r y  and e n d in g  w i th  s p e c i a l  f u n c ­

t i o n s  and s p e c i a l  t o p o l o g i c a l  s p a c e s .  The book i s  ve ry  

modern.  Many o f  t h e  d e f i n i t i o n s  and a p p ro a ch e s  used i n  t h e  

book a r e  s t i l l  i n  use to d ay .

I  c anno t  d e te rm in e  what th e  r e c e p t i o n  was to  t h i s  

book i n  E urope .  I n  th e  J a h r e s b u c h  o f  1914 t h e r e  i s  a s h o r t  

one page rev iew  o f  th e  book i n  which  t w o - t h i r d s  o f  th e  

rev iew  i s  j u s t  a r e p r i n t  o f  H a u s d o r f f ' s  own i n t r o d u c t i o n ,  

and th e  l a s t  t h i r d  i s  j u s t  a  l i s t  o f  th e  c o n t e n t s .

A p p a r e n t ly  th e  book remained f a i r l y  unknown i n  t h i s  

c o u n t r y  s i n c e  th e  f i r s t  American rev iew  t h a t  I  found was

^ F e l ix  H a u s d o r f f ,  Grundzuge d e r  M engenlehre  (New 
York: C he lsea  P u b l i s h i n g  Company7 1978) .  F i r s t  e d i t i o n
p u b l i s h e d  i n  B e r l i n  i n  1914.
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p u b l i s h e d  i n  1920. (This  may have been a r e s u l t  o f  World

War I ) . The rev iew  was w r i t t e n  by Henry Blumberg i n  th e

B u l l e t i n  o f  t h e  A.M.S.  The rev iew  i s  v e ry  f a v o r a b l e  and

makes th e  c u r i o u s  comment t h a t

. . .  I f  t h e r e  a r e  s t i l l  m a th e m a t ic i a n s  who hold  th e  
t h e o r y  o f  a g g r e g a t e s  und e r  g e n e r a l  s u s p i c i o n ,  and 
a r e  r e l u c t a n t  t o  g r a n t  i t  f u l l  r e c o g n i t i o n  a s  a 
r i g o r o u s ,  m a th e m a t i c a l  d i s c i p l i n e ,  t h e y  w i l l  f i n d  i t  
ha rd  to  r e t a i n  t h e i r  doub ts  und e r  f i r e  o f  th e  l o g i c  
o f  H a u s d o r f f ' s  t r e a t i s e . 1

T h is  may be a  k ind  o f  d e s c r i p t i o n  o f  th e  s t a t e  o f  knowledge 

o f  s e t - t h e o r y  and to p o lo g y  i n  th e  g e n e r a l  m a th e m a t i c a l  

community i n  th e  U n i ted  S t a t e s  a rou n d  1920.

The f i r s t  s i x  c h a p t e r s  o f  t h e  t e n  c h a p t e r s  o f  t h i s  

book d e a l  w i t h  s e t  t h e o r y .  C h a p te r  I  d e a l s  w i t h  th e  "sum" 

and " s e c t i o n "  o f  s e t s ;  i . e . ,  t h e  u n io n  and i n t e r s e c t i o n  o f  

s e t s .  H a u s d o r f f  a l s o  i n t r o d u c e s  th e  n o t i o n  o f  d u a l i t y ,  

h i s  " p r i n c i p l e  o f  d u a l i t y . "  T h is  p r i n c i p l e  s t a t e s  t h a t  

e q u a t i o n s  i n v o l v i n g  s e t s  rem ain  v a l i d  i f  e a c h  s e t  i s  

r e p l a c e d  by i t s  complement and the  symbols f o r  u n io n  and 

i n t e r s e c t i o n  a r e  i n t e r c h a n g e d  ( e s s e n t i a l l y  deMorgan 's  

l a w s ) ; and a l s o  t h a t  th e  s u b s e t  r e l a t i o n s  rem ain  v a l i d  

a f t e r  t h e  same changes  a s  i n  th e  above a s  long  a s  th e  

i n c l u s i o n s  a r e  r e v e r s e d .  A lso  found i n  C h a p te r  I  a r e  th e  

t o p i c s  o f  r i n g s ,  f i e l d s ,  s equences  o f  s e t s ,  and o f  r e a l

1

Henry Blumberg, " H a u s d o r f f 1s Grundzuge d e r  
M e n g e n le h r e ,” B u l l e t i n  o f  th e  Am erican  M a th e m a t i c a l  S o c i e t y  
27 ( 1 9 2 0 ) :116.



numbers ,  and th e  p o i n t s  o f  d iv e r g e n c e  o f  a sequence  o f  

f u n c t i o n s .

Se t  i s  d e f in e d  i n  th e  manner o f  C a n to r  r a t h e r  th a n  

i n  th e  manner o f  Zermelo o f  which H a u s d o r f f  i s  aw are .  He 

p r e f e r s  th e  n a iv e  s e t  t h e o r y  view o f  C an to r  f o r  i t s  

h e u r i s t i c  and p e d a g o g ic a l  v a lu e .

C h a p te r  I I  d e a l s  w i t h  f u n c t i o n s  and t h e i r  laws o f  

c o m b in a t io n s  and o p e r a t i o n s .

C h a p te r  I I I  i s  a b o u t  c a r d i n a l  numbers. H a u s d o r f f ' s

d e f i n i t i o n  o f  a c a r d i n a l  number i s  i n  terms o f  c o r r e sp o n d e n c e

. . . we a s s o c i a t e  u n iq u e ly  w i t h  a  sys tem  o f  s e t s  
A a sys tem  o f  t h i n g s  " a " - - o f  i n d i f f e r e n t  n a t u r e — 
i n  such a way t h a t  th e  same t h i n g s  c o r re sp o n d  to ,  
two s e t s  i f  and o n ly  i f  th e  s e t s  a r e  e q u i v a l e n t .

These symbols o r  " t h i n g s "  we c a l l  c a r d i n a l  numbers.  The

rem a in d e r  o f  C h a p te r  I I I  i s  conce rned  w i t h  c a r d i n a l i t i e s

o f  v a r i o u s  i n f i n i t e  s e t s .

C h a p te r  IV i s  a b o u t  o rd e re d  s e t s .  I n  t h i s  c h a p t e r  

H a u s d o r f f  d i s t i n g u i s h e d  s e t s  i n  a manner s i m i l a r  to  

Dedekind c u t s .  Fo r  example ,  t h e  s u b s e t  M o f  th e  o rd e re d  

s e t  A i s  s a i d  to  be " c o i n i t i a l "  w i t h  A i f  no e lem en t  o f  A 

e x i s t s  p r e c e d in g  e v e ry  e lem en t  o f  M. S i m i l a r l y  w i t h

" c o f i n a l . "  M i s  "dense  i n  A" i f  f o r  e v e r y  p a i r  a < b o f

e le m e n ts  o f  A t h e r e  e x i s t s  a  p a i r  o f  e le m e n ts  m < n o f

M such  t h a t  a ^ m < n £ b.

■^Hausdorff, p. 47.
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The f i f t h  c h a p t e r  i s  devo ted  t o  w e l l - o r d e r e d  

(w o h lgeo rdn e te )  s e t s  and o r d i n a l  numbers .  The t r e a t m e n t  

i s  s i m i l a r  t o  th e  c h a p t e r  on c a r d i n a l  numbers i n  t h a t  

t h e r e  i s  a  d i s c u s s i o n  o f  f i n i t e  i n d u c t i o n ,  powers and 

p r o d u c t s .  I n  t h i s  c h a p t e r  H a u s d o r f f  p r o v e s ,  i n  th e  f a s h i o n  

o f  Zermelo t h a t  e v e ry  s e t  c an  be w e l l - o r d e r e d .

C h a p te r  VI d e a l s  w i t h  p a r t i a l l y  o rd e re d  s e t s ,  t h e  

d i s t i n c t i o n s  r e l a t e d  to  c o i n i t i a l  and c o f i n a l  e le m e n ts  o f  

s e t s ,  and th e  c l a s s i f i c a t i o n  o f  o rd e re d  s e t s .

C h a p te r  V II  b e g in s  w i t h  t h e  s t a t e m e n t :

I n  d e r  Anwendung a u f  d i e  Punktmengen des Raumes, 
i n  d e r  K la rung  und V e r sc h a r fu n g  d e r  g e o m e t r i s c h e n  
G r u n d b e g r i f f e  h a t  d i e  M engenlehre  i h r e  s c h o n s t e n  
Triumph g e f i e r t ,  d i e  s e l b s t  von d e n j e n i g e n  zug e-  
s t a n d e n  werden ,  d i e  s i c h  d e r  a b s t r a k t e n  M engenlehre  
gegenuber  s k e p t i s c h  v e r h a l t e n . l

S e t  t h e o r y  has  i t s  h i g h e s t  t r iu m p h  i n  i t s  a p p l i c a ­
t i o n  t o  p o i n t  s e t s  i n  space  and i n  i t s  c l a r i f i c a t i o n  
and r e f i n e m e n t  o f  fundam en ta l  c o n c e p t s  o f  geometry .
T h is  t r ium p h  i s  conceded even  by th o s e  who may be 
s k e p t i c a l  a b o u t  a b s t r a c t  s e t  t h e o r y .

He th e n  rev iew s  t h e  p re c e d in g  c h a p t e r s  and  th e  

v a r i o u s  u se s  o f  s e t  t h e o r y  and t h e  s t r u c t u r e  o f  t h e  s e t s  

used  i n  t h e s e  c h a p t e r s .  He comes t h e n  t o  h i s  j u s t i f i c a t i o n  

o f  a  t o p o l o g i c a l  s t r u c t u r e  o f  s e t s .

Now a t h e o r y  o f  s p a t i a l  p o i n t  s e t s  would 
n a t u r a l l y  h av e ,  i n  v i r t u e  o f  th e  numerous accom­
panying  p r o p e r t i e s ,  a  v e ry  s p e c i a l  c h a r a c t e r ,  and 
i f  we w ish  to  c o n f i n e  o u r s e l v e s  from th e  o u t s e t  to  
t h i s  s i n g l e  c a s e ,  we shou ld  be o b l ig e d  to  d eve lop  
one t h e o r y  f o r  l i n e a r  p o i n t  s e t s ,  e t c .  E x p e r i e n c e

1I b i d . , p. 209.
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has  shown t h a t  we may a v o id  t h i s  p leonasm and s e t  up 
a  more g e n e r a l  t h e o r y  comprehending n o t  o n ly  the  
c a s e s  j u s t  m ent ioned  b u t  a l s o  s e t s  ( i n  p a r t i c u l a r ,  
Riemann s u r f a c e s ,  sp a ce s  o f  a f i n i t e  o r  a n  i n f i n i t e  
number o f  d im e n s io n s ,  s e t s  o f  c u r v e s ,  and s e t s  o f  
f u n c t i o n s ) .  And, in d e e d ,  t h i s  g a i n  i n  g e n e r a l i t y  i s  
a s s o c i a t e d  n o t  w i t h  i n c r e a s e d  c o m p l i c a t i o n ,  b u t  on 
t h e  c o n t r a r y ,  w i t h  a c o n s i d e r a b l e  s i m p l i f i c a t i o n ,  
i n  t h a t  we u t i l i z e - - a t  l e a s t  f o r  t h e  l e a d i n g  f e a t u r e s - -  
o n ly  few and s im p le  a s su m p t io n s  ( a x i o m s ) . F i n a l l y ,  we 
s e c u r e  o u r s e l v e s  i n  t h i s  l o g i c a l - d e d u c t i v e  way a g a i n s t  
t h e  e r r o r s  i n t o  which  o u r  s o - c a l l e d  i n t u i t i o n  may lead  
u s ;  t h i s  a l l e g e d  so u rc e  o f  k n o w le d g e - - th e  h e u r i s t i c a l  
v a lu e  o f  w hich ,  o f  c o u r s e ,  no one w i l l  impunge—h a s ,  
a s  i t  hap pen s ,  shown i t s e l f  so f r e q u e n t l y  i n s u f f i c i e n t  
and u n r e l i a b l e  i n  th e  more s u b t l e  p a r t s  o f  the  t h e o r y  
o f  a g g r e g a t e s ,  t h a t  o n ly  a f t e r  c a r e f u l  e x a m in a t io n  
may we have f a i t h  i n  i t s  a p p a r e n t  t e s t i m o n y . 1

A f t e r  a  b r i e f  d i s c u s s i o n  o f  t h e  axioms o f  a m e t r i c  

s p a c e ,  H a u s d o r f f  l i s t s  t h e  axioms o f  a (H a u sd o r f f )  n e i g h b o r ­

hood s p a c e ,  which he c a l l s  a t o p o l o g i c a l  s p a c e .
9

The "Umgebungsax iome;"

U nte re inem  t o p o l g i s c h e n  Raum v e r s t e h e n  w i r  e i n e  
Menge E, w o r in  den E iem enten  (Punk ten )x  gew isse  
Tei lm engen  Ux z u g e o rd n e t  s i n d ,  d i e  w i r  Umgebungen 
von x nennen ,  und zwar nach  Massgaben d e r  fo lg e n d e n

Umbebungsax iome:

(A) Jedem Punkt  x e n t s p r i c h t  m in d e s te n s  e in e  
Umgebung Ux ; j e d e  Umgebung Ux e n t h a l t  den Punk t  x .

(B) Sind Ujp Vx zwei  Umbebungen d e s s e l b e n  
P u nk te s  x ,  so g i b t  e s t  e i n e  Umgebung Wx , d i e  
Tei lmenge von b e id e n  i s t  (Wv c  Uv 0 V ) .

X X X

(C) L i e g t  d e r  Punkt  y on L ,  so g i b t  e s  e i n e  
Umgebung U y ,  d i e  Teilmenge von Ux i s t  (Uy c  Ux ) .

(D) Fur  zwei  v e r s c h i e d e n e  Punk te  x ,  y g i b t  e s  
zwei  Umgebungen Ux , Uv ohne gemeinsamen Punkt  i
(ux n Uy = 0). y |

1I b i d . ,  pp. 210-211. 2I b i d . ,  p. 213.
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He p o i n t s  o u t  t h a t  f o r  th e  E u c l i d e a n  p l a n e ,  th e  n e i g h b o r ­

hoods o f  any  p o i n t  P may be ta k e n  a s  the  c i r c l e s  have P 

a s  th e  c e n t e r .  He d e f i n e s  a space  s a t i s f y i n g  th e  f o u r  

n e ighborhood  p o s t u l a t e s  a s  a ’’t o p o l o g i c a l  s p a c e . ” ” I n  

d iesem  K a p i t e l  s e t z e n  w i r  a l s o  n u r  d i e  Umgebungsaxiome, 

d . h .  e i n e n  t o p o l o g i s c h e n  Raum v o r a u s . ” '*' T h is  i s  t h e  

o b j e c t  t h a t  we now c a l l  T£ (H a u sd o r f f )  sp a c e .

There  a r e  s e v e r a l  examples  g iv e n  o f  t o p o l o g i c a l  

s p a c e s .  B e s id es  t h e  u s u a l  E u c l i d e a n  s p a c e s ,  c e r t a i n  sp a ce s  

i n  which  th e  d i s t a n c e  from p o i n t  t o  p o i n t  i s  measured i n  

d i f f e r e n t  m e t r i c s ,  sp aces  o f  c o u n ta b ly  i n f i n i t e  numbers 

o f  d im e n s io n s ,  and f u n c t i o n i n g  s p a c e s .

An ’’i n n e r ” o r  ’’i n t e r i o r ” p o i n t  x o f  a  s e t  A i s  one

p o s s e s s i n g  a ne ighborhood  U l y i n g  e n t i r e l y  i n  A . A p o i n t  

o f  A t h a t  i s  n o t  one o f  i t s  i n n e r  p o i n t s  i s  a ’’b r i n k ” p o i n t  

( R a n d p u n k t ) - - d i f f e r e n t  from a boundary  p o i n t .  The i n n e r  

p o i n t s  o f  th e  complement o f  a s e t  A a r e  c a l l e d  th e  o u t e r  

p o i n t s  o f  A. H a u s d o r f f  t h e n  d e te rm in e s  t h e  boundary p o i n t s  

t h ro u g h  th e  f o l lo w in g :  L e t  A be a s e t  i n  th e  space  E and

l e t  B be th e  complement o f  A, th e n

E = All  B

The i n n e r  p o i n t s  o f  A a r e  deno ted  A^, th e  b r i n k  

p o i n t s  o f  A a r e  d eno ted  Ar . S i m i l a r l y  w i t h  th e  complement 

B, we have B^ and Br -

^ I b id . ,  p. 214.
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T h u s ,

A «  A i U  A r  

B = B i U  Br  

s o ,  E = A± g  Ar U Bi Vj Br

The boundary o f  A (Grenze)  (which i s  a l s o  th e  boundary  o f  B) 

i s

Ag = A r U Br  = Bg

A r e g i o n  (G e b ie t )  i s  a s e t  c o n s i s t i n g  o f  o n ly  i n n e r  

p o i n t s .  He d e f i n e s  th e  n u l l  s e t  a s  a r e g i o n ,  th e  whole 

space  E as  a r e g i o n ,  and e v e r y  ne ighborhood  i s  a r e g i o n - - a n  

" imm edia te  consequence  o f  axioms (A) and ( C) . Hi s  

r e g i o n s  we now c a l l  open s e t s ,  and we th u s  f i n d  th e  com­

p l e t e d  d e f i n i t i o n  o f  a  t o p o l o g i c a l  space  i n  h i s  f o l lo w in g  

s t a t e m e n t :

Die  Summe b e l i e b i g  v i e l e r  und d e r  D u r c h s c h n i t t  
e n l i c h  v i e l e r  G e b ie t  i s  w ie d e r  e i n  G e b i e t . 2

He t h e n  d i s c u s s e s  s e t s  Aa , A^, A^»

x i s  a n  a - p o i n t  o f  A i f  e v e r y  ne ighborhood  Ux 
o f  x c o n t a i n s  a t  l e a s t  one p o i n t  o f  A (which may 
be x i t s e l f )

x i s  a p - p o i n t  i f  e v e r y  ne ighborhood  o f  x 
c o n t a i n s  a n  i n f i n i t e  number o f  p o i n t s  o f  A

x i s  a  y p o i n t  i f  e v e r y  ne ighborhood  o f  x-, 
c o n t a i n s  a nondenumerable  s e t  o f  p o i n t s  o f  A.

■bibid., p. 215. 2I b i d . ,  p. 216.

3I b i d . ,  p. 220.
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Aa , Ag, and A^ a r e  th e  r e s p e c t i v e  s e t s  o f  such  p o i n t s .  Ag 

i s  C a n t o r ' s  d e r i v e d  s e t  o f  A. The t h r e e  s e t s  a r e  o b v io u s ly  

c l o s e d .  H a u s d o r f f  p o i n t s  o u t  t h a t  a r b i t r a r y  i n t e r s e c t i o n s  

and f i n i t e  un ions  o f  c lo s e d  s e t s  a r e  s t i l l  c l o s e d .  A s e t  

i s  d e n s e - i n - i t s e l f  i f  A <= Ag o r  i f  Aa = A^; and a s e t  i s  

p e r f e c t  i f  A = Ag. The u n io n  o f  any  member o f  d e n s e - i n -  

i t s e l f  s e t s  i s  a g a i n  d e n s e - i n - i t s e l f .  The l a r g e s t  s u b s e t  

o f  A t h a t  i s  d e n s e - i n - i t s e l f  i s  c a l l e d  th e  " k e r n e l "  o f  A.

An i n f i n i t e  s e t  w i t h o u t  " a c c u m u la t io n  p o i n t s "  

(H aufungspunk t - -w ha t  we c a l l  l i m i t  p o i n t s )  i s  s a i d  t o  be 

d i v e r g e n t .  A s e t  w i t h o u t  d i v e r g e n t  s u b s e t s  i s  c a l l e d  

compact ,  a f t e r  F r e c h e t ,  H a u s d o r f f  r em ark s .  Then he s t a t e s  

C a n t o r ' s  i n t e r s e c t i o n  theorem

( D u r c h s c h n i t t s s a t z  von C an to r )  E ine  a b s t e i g e n d e  
Fo lg e  A ^  A2  3  . . . kom pakter ,  a b g e s c h l o s s e n e r , von 
N u l l  v e r s c h i e d e n e r  Mengen h a t  e i n e n  von N u l l  v e r -  
s c h i e d e n e n  D u r s c h s c h n i t t .

(A d e c r e a s i n g  sequence  o f  compact ,  c l o s e d ,  non-empty 
s e t s  has a non-empty i n t e r s e c t i o n . )

He th e n  p roves  th e  H e in e - B o r e l  theorem a s  a  s p e c i a l  

c a s e  by showing t h a t  a compact ,  c lo s e d  s e t  c o n ta in e d  i n  

th e  u n io n  o f  a sequence  o f  open s e t s  i s  c o n ta in e d  i n  the  

u n io n  o f  th e  a  f i n i t e  number o f  t h e s e  open s e t s .

(S a tz  von B o re l )  1 s t  e i n e  kompakte a b g e sc h o ss e n e  
Menge i n  d e r  Summe e i n e  Fo lge  von G e b e i t e n  e n t h a l t e n ,  
so i s t  s i e  b e r e i t s  i n  e i n e r  Summe von e n d l i c h  G e b ie t e n  
d i e s e r  Fo lge  e n t h a l t e n . 2

1I b i d . ,  p. 230.

2I b i d . ,  p. 231.
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And he p roves  t h e  c o n v e rse

(Umkehrung des B o re l s c h e n  S a t z e s ) . Wenn f u r  j e d e s  
System von G e b i e t e n ,  i n  d e re n  Summe d i e  Menge A e n t h a l d e n  
i s ,  A b e r e i t s  i n  e i n e r  Summe von e n d l i c h  v i e v e n  G e b ie t e n  
d i e s e s  Systems e n t h a l t e n  i s ,  so i s t  A kompact und 
a g g e s c h l o s s e n . 1

H a u s d o r f f  i n t r o d u c e s  th e  n o t i o n  o f  " r e l a t i v i t y , ” o r

i n  modern t e rm in o lo g y  " i n h e r i t e d  t o p o l o g y . "  A i s  s a i d  to

be ( r e l a t i v e l y )  c l o s e d  i n  a s e t  M i f  i t  i s  t h e  i n t e r s e c t i o n

o f  M and a c lo s e d  s e t .  A r e g i o n  i s  a " r e l a t i v e  r e g i o n  o f
9

M" i f  i t  i s  t h e  i n t e r s e c t i o n  o f  M and a r e g i o n .

On page 244 we f i n d  th e  modern d e f i n i t i o n  o f  c on ­

n e c te d  s e t s .

E in e  von N u l l  v e r s c h i e d e n e  Menge A h e i s s t  
zusammenhangend, wenn s i e  s i c h  n i c h t  i n  zwei f remde,  
von N u l l  v e r s c h i e d e n e ,  i n  A a b g e s c h l o s s e n e  Tei lm engen  
s p a l t e n  l a s s t .

(A non-empty s e t  M i s  s a i d  t o  be co n n ec te d  i f  i t  
i s  n o t  e x p r e s s i b l e  a s  th e  un io n  o f  two non-empty s e t s  
t h a t  a r e  c lo s e d  i n  M and have no p o i n t s  i n  common.)

3
A component o f  a c o n nec ted  s e t  i s  t h e n  d e f i n e d .

. . . U n te r  e i n e r  Komponente von A v e r s t e h e n  w i r  e i n e  
g r o s s t e  zusammenhangende Teilmenge von A, d . h .  e i n e  
s o l c h e ,  d i e  i n  k e i n e r  a n d e r e n  e n t h a l t e n  i s t .

( .  . . By a component o f  A we u n d e rs t a n d  i t  t o  be th e  
l a r g e s t  c o n n ec te d  s u b s e t  o f  A, i . e . ,  a  c o n nec ted  
s u b s e t  c o n ta in e d  i n  no o t h e r  such  s u b s e t s . )

1 I b i d . ,  p. 232.

^ I b i d . ,  p. 240.

3I b i d . ,  p. 245.
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H a u s d o r f f  p ro v es  some theorems on c o n n e c t i v i t y  o f  

s e t s ,  d e f i n e s  dense  s e t s ,  and c o n c lu d e s  th e  c h a p t e r  w i t h  a 

d i s c u s s i o n  o f  th e  t o p o lo g y  o f  th e  r e a l  l i n e .  He e s s e n t i a l l y  

summarizes th e  work o f  C a n to r ,  p a s c h ,  W e i e r s t r a s s ,  and 

o t h e r s  r e g a r d i n g  s e t s  o f  p o i n t s  on th e  r e a l  l i n e  and the  

a r i t h m e t i c a l  c o n s t r u c t i o n  o f  the  r e a l s .

As one can  see  by t h i s  b r i e f  overv iew  o f  H a u s d o r f f ' s  

s e v e n th  c h a p t e r ,  most o f  th e  fundam en ta l  c o n c e p t s  o f  p o i n t  

s e t  t o p o lo g y ,  a s  th ey  a r e  used to d a y ,  can  be found i n  

t h i s  c h a p t e r .

C h a p te r  V I I I  i s  a b o u t  s p e c i a l  t o p o l o g i c a l  s p a c e s ;  

one o f  th e  r e s u l t s  b e in g  t h a t  H a u s d o r f f  e x te n d s  th e  H e in e -  

B o re l  Theorem to  more g e n e r a l  s i t u a t i o n s . ' * '  I n  t h i s  long 

c h a p t e r  he a l s o  d i s c u s s e s  m e t r i c  s p a c e s ,  B o re l  s e t s ,  and 

co n c lu d es  i t  w i t h  a d i s c u s s i o n  o f  p o ly g o n s ,  t h e i r  i n t e r i o r s  

and e x t e r i o r s ,  and f i n a l l y  a p r o o f  o f  J o r d a n  Curve Theorem 

i n  th e  mariner o f  B rou w er 's  p ro o f .

C h a p te r  IX d e a l s  w i t h  f u n c t i o n s .  He a g a i n  p r o v id e s  

th e  modern t o p o l o g i c a l  d e f i n i t i o n  o f  c o n t in u o u s  f u n c t i o n  

w i th :

D e f i n i t i o n .  Die  F u n k t io n  y -  f ( x )  h e i s s t  im 
Punkte  a s t e t i g ,  wenn zu j e d e r  Umgebung V5  des 
P u nk te s  b = f ( a )  e i n e  Umgebung Ua des P unk tes  
a  e x i s t i e r t ,  d e re n  B i ld  l i e g t :  F(Ua ) c: V^.

( D e f i n i t i o n :  The f u n c t i o n  y = f ( x )  i s  c o n t in u o u s
a t  a  p o i n t  a ,  i f  t o  e v e r y  ne ighborhood  Vb o f  th e

1I b i d . ,  p. 272.
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p o i n t  b = f ( a ) ,  t h e r e  i s  a ne ighborhood  Uo o f  the  
poiijit a i n  which th e  image o f  l i e s :  F(Ua ) c
Vb*

I n  t h i s  c h a p t e r  he p ro v es  many o f  t h e  wel l-known theorem s

d e a l i n g  w i t h  c o n t in u o u s  f u n c t i o n s . ' Fo r  exam ple ,  t h a t  t h e

image o f  a compact s e t  under  a  c o n t in u o u s  f u n c t i o n  i s

compact ,  and t h a t  a  c o n t in u o u s  f u n c t i o n  i s  u n i f o r m ly  co n -
2

t i n u o u s  o v e r  a compact domain. I n  th e  manner o f  Brouwer 

he p roves  th e  i n v a r i a n c e  o f  domain and t h e  i n v a r i a n c e  o f  

d im en s io n  i n  h i s  s e c t i o n  e n t i t l e d  "Curves and D im ens ion-  

n um ber ."  The c h a p t e r  ends  w i t h  d i s c u s s i o n  o f  s e t s  o f  

f u n c t i o n s ,  f u n c t i o n  s p a c e s ,  and s e r i e s  o f  f u n c t i o n s .

C h a p te r  X i s  a d i s c u s s i o n  o f  m easures  and i n t e ­

g r a t i o n .

From t o d a y ' s  v i e w p o in t ,  n e a r l y  s e v e n ty  y e a r s  a f t e r  

t h e  p u b l i c a t i o n  o f  t h i s  book, we can  e a s i l y  a p p r e c i a t e  th e  

wide range  and th o ro u g h n es s  o f  H a u s d o r f f ' s  t r e a t m e n t .  I n  

1913 t h e  book must have been c o n s i d e r e d  e n c y c lo p e d ic  i n  

d e t a i l  and c o m p re h en s iv e n es s .

From a n  h i s t o r i c a l  p o i n t  o f  view H a u s d o r f f ' s  

Grunzuge i s  a n  u n u su a l  document i n  t h a t  i t  m a t h e m a t i c a l l y  

r e t r a c e s  so much o f  th e  h i s t o r i c a l  development  t h a t  lead  

t o  th e  emergence o f  p o i n t  s e t  t o p o lo g y .  C on t inuous

XI b i d . ,  p. 359.

^ I b i d . ,  p. 364, p. 367.
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f u n c t i o n s  and c u r v e s ,  a r i t h m e t i z a t i o n  o f  the  r e a l s ,  c a r d i n a l  

and o r d i n a l  numbers ,  s e t  t h e o r y ,  m e t r i c  and more g e n e r a l i z e d  

s p a c e s ,  a x i o m i z a t i o n ,  e t c . ,  a r e  a l l  found i n  h i s  book.

T h a t  H a u s d o r f f  was th o r o u g h ly  c o n v e r s a n t  w i t h  i n v e s t i g a t i o n s  

o f  C a n to r ,  S c h o e n f l i e s ,  H i l b e r t ,  Brouwer, V eb len ,  F r e c h e t ,  

e t c . ,  c an  be s e en  by h i s  n o t e s  t o  e ac h  c h a p t e r .  He c i t e s  

and u se s  a l l  t h e  r e l e v a n t  p a p e r s  ( c e r t a i n l y  a l l  t h e  p a pe rs  

d i s c u s s e d  i n  t h i s  b r i e f  h i s t o r i c a l  s k e t c h )  on th e  t o p i c s  

d e a l t  w i t h  i n  each  c h a p t e r .

One o f  th e  more c u r i o u s  a s p e c t s  o f  t h i s  book i s  

th e  amount o f  new, p r e v i o u s l y  u n p u b l i s h e d  m a t e r i a l  t h a t  i s  

found i n  i t .  T h a t  i s ,  I  have found no p r e v i o u s l y  p u b l i s h e d  

j o u r n a l  a r t i c l e s  o r  p a p e r s  d e a l i n g  w i t h  th e  axioms o f  p o i n t  

s e t  t o p o lo g y .  P r i o r  to  1913 he p u b l i s h e d ,  among o t h e r s ,  

t h e  f o l l o w in g :

"Eine  gew isse  A r t  von g e o rd n e t e n  Mengen,"
K o n i g l i c h  S a c h s i s c h e  G e s e l l s c h a f t  d e r  W i s s e n s c h a f t e n ,
Ma thema t i s c h - P h y s  i k a l i s c h e  K l a s s e - S i t z u n g s b e r i c h t e
'53 11901 )': 460 - 4 7 5 .-------------  ---------------------------------------------------

"P e r  P o t e n z b e g e i f f  i n  d e r  M e n g e n le h re , "
J a h r e s b e r i c h t  d e r  D eu tschen  M a th e m a t ik e r v e r ie n ig u n g
1'3'T I'm ')": 5 69-5  71.-------—  -------------------------------------

" I n t e r s u c h e n g e n  u b e r  O rd n u n g s ty p e n ,"  K . S . - S . ,
58 (1 9 0 6 ) :1 0 6 -1 6 9 ;  59 ( 1 9 0 7 ) :84 -159 .

"Uber d i c h t e  O rdnungs typen  I , "  J .D .M .V . 16 (1907) :  
541-546.

"Grundzuge e i n e r  T h e o r i e  d e r  g e o rd n e t e n  Mengen,"  
M athem at ische  A nna len  65 ( 1 9 0 8 ) :4 3 5 -5 0 5 .



93

These a r t i c l e s  a r e  o n ly  r e l a t e d  t o  t h e  axioms and 

c o n c e p t s  o f  p o i n t - s e t  t o p o lo g y ,  th e  m ajo r  new r e s u l t s  a r e  

found i n  th e  Grundzuge .

I n  1967, t h e  J a h r e s b e r i c h t  d e r  D eu tschen  M a th em a t ik e r  

V e re in ig u n g  p u b l i s h e d  a memoria l  t o  H a u s d o r f f  (he and h i s  

w i f e  committed s u i c i d e  i n  1942, r a t h e r  t h a n  be d e p o r t e d  

to  a N az i  c o n c e n t r a t i o n  camp) c o n s i s t i n g  o f  remembrances 

and  b i b l i o g r a p h i c a l  m a te r i a l . '* '  We l e a r n  i n  t h e s e  a r t i c l e s  

t h a t  H a u s d o r f f  f i r s t  began i n  a s t ron o m y ,  changed to  p r o b ­

a b i l i t y  and geom etry ,  th e n  to  s e t s  and o r d e r  t y p e s ,  and 

th e n  to p o lo g y .

G. G. L o re n tz  w r i t e s :

Nach 1909 b e g in n t  d i e  f r u c h t b a r s t  P e r i o d e  i n  
H a u s d o r f f s  Leben. E r s c h r e i b t  s e i n  k l a s s i s c h e s  Buch, 
Grundzuge d e r  M engen lehr .  Die h e rv o r ra g e n d e d  
D a r s t e l l u n g s k u n s t , Die B e s c h e i d e n h e i t , d i e  e l e g a n t e  
Kurze and K l a r h e i t  b r a c h t e n  e i n  M e i s t e r s t u c k  h e r v o r ,  
w e lch es  n iem a ls  s e i td e m  u b e r t r o f f e n  und n u r  s e l t e n  
a n g e n a h e r t  wurde.  I n  den K a p i t e l n  u b e r  m e t r i s c h e  
und t o p o l o g i s c h e  Raume e r o f f n e t  das Buch e i n e  neues  
G e b e i t .  Schon 1906 b e a c h t e t e  F r e c h e t  d i e  Bedeutung 
d e r  kompackten Mengen und s t u d i e r t e  m e t r i s c h e  und 
v o l l s t a n d i g e  Raume. F r e c h e t  b e h a n d e l t e  auch  Raume 
m i t  e i n e r  M e t r ik  p, welche  d i e  U ng le ichung

p ( x ,  z) ^ f ( p ( x ,  y ) ,  p(y, z ) )

a n s t e l l e  d e r  D r e ie c k s u n g le i c h u n g  e r f u l l t e  ( f  war 
h i e r b e i  e i n i g e n  E in s c h ra n k u n g e n  u n t e r w o r k e n ) . Aber 
d i e  D e f i n i t i o n  t o p o l o g i s c h e r  Raume m i t t e l s  des 
U m gebungsbegr i f fes  i s t  H a u s d o r f f s  G r o s s t a t .  Zum

i
J a h r e s b e r i c h t  d e r  D e u tschen  M a th em at ik e r  V e r e in ig u n g ,  

69 ( 1 9 1 2 ) :5 4 -7 5 .
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e r s t e n m a l  g i b t  H a u s d o r f f s  Buch e i n e  e i n f a c h e  und 
v o l l s t a n d i g e  T h e o r i e  d e r  t o p o l o g i s c h e n  und m e t r i s c h e n  
Raume. Es i s t  nun s c h w i e r i g  k l a r z u s t e l l e n ,  w i e v i e l  
B e g r i f f e  und E i g e n s c h a f t e n ,  d i e  in z w is c h e n  zum f e s t e n  
Bes tand  wurden,  zum e rs ten m an  i n  d iesem  Buch e r s c h e i n e n .

(The most  f e r t i l e  p e r io d  o f  H a u s d o r f f s  l i f e  b e g in s  
a f t e r  1909. He w r i t e s  h i s  c l a s s i c  Grundzuge d e r  Mengen­
l e h r e  . I t s  s u p e r l a t i v e  p r e s e n t a t i o n ,  i t s  m odes ty ,  
i t s  e l e g a n t  b r e v i t y  and c l a r i t y  produced  a m a s t e r p i e c e  
n e v e r  s u r p a s s e d  s i n c e  and ap proached  b u t  r a r e l y .  I n  t h e  
c h a p t e r s  on m e t r i c  and t o p o l o g i c a l  sp a c e s  t h e  book 
opens up a  new f i e l d .  A l r e a d y  i n  1906, F r e c h e t  to o k  
i n t o  c o n s i d e r a t i o n  t h e  s i g n i f i c a n c e  o f  compact s e t s  
and s t u d i e d  m e t r i c  and com ple te  s p a c e s .  F r e c h e t  a l s o  
t r e a t e d  sp a ce s  w i t h  a  m e t r i c  p , which s a t i s f i e d  th e  
i n e q u a l i t y

p ( x ,  z)  s; f ( p ( x ,  y ) , p(y,  z ) )

i n  p l a c e  o f  th e  t r i a n g l e  i n e q u a l i t y  ( f  was h e re  s u b ­
j e c t e d  t o  some r e s t r i c t i o n s ) .  However, th e  d e f i n i t i o n  
o f  t o p o l o g i c a l  sp a ce s  by means o f  t h e  ne ighborhood  
c o n c e p t  i s  H a u s d o r f f s  g r e a t e s t  f e a t .  For  t h e  f i r s t  
t im e ,  H a u s d o r f f s  book p r e s e n t s  a s im ple  and com ple te  
t h e o r y  o f  t o p o l o g i c a l  and m e t r i c  s p a c e s .  I t  would be 
d i f f i c u l t  t o  p o i n t  o u t  how many c o n c e p t s  and p r o p e r t i e s  
which  have s i n c e  become p e rm a n en t ly  f i x e d ,  a p p e a re d  f o r  
t h e  f i r s t  t im e  i n  t h i s  book.)-*-

M. K a t e t o v ,  w r i t i n g  i n  t h e  D i c t i o n a r y  o f  S c i e n t i f i c  

B io g r a p h y , a g r e e s  w i t h  L o r e n t z ' a s s e s s m e n t .

H a u s d o r f f s  main work was i n  to p o lo g y  and s e t  t h e o r y .  
V a r io u s  d e f i n i t i o n s  o f  t o p o l o g i c a l  sp a ce s  and r e l a t e d  
c o n c e p t s  had been g iv e n ,  m a in ly  by M aurice  F r e c h e t ,  
b e f o r e  H a u s d o r f f s  Grundzuge d e r  M engenlehre  a p p e a re d .
The i n t e r r e l a t i o n s  o f  t h e s e  d i l t e r e n t  a p p ro a c h e s  had 
n o t  been  c o m p le t e ly  r e c o g n i z e d ;  and no c l e a r  way had 
been known t o  e f f e c t  a g r a d u a l  t r a n s i t i o n  from very  
g e n e r a l  sp a ce s  to  t h o s e  s i m i l a r  t o  sp aces  a c t u a l l y  
o c c u r r i n g  i n  a n a l y s i s  and geom etry .

I n  th e  Grundzuge , H a u s d o r f f  too k  a d e c i s i v e  s t e p  
s t e p  i n  t h i s  d i r e c t i o n .  H is  broad a p p ro a c h ,  h i s  a e s t h e t i c  
f e e l i n g ,  and h i s  sen se  o f  b a la n c e  may have p layed  a

^ I b i d . , pp. 55-56 .
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s u b s t a n t i a l  p a r t .  He succeeded  i n  c r e a t i n g  a t h e o r y  
o f  t o p o l o g i c a l  and m e t r i c  sp a ce s  i n t o  which th e  
p r e v io u s  r e s u l t s  f i t t e d  w e l l ,  and he e n r i c h e d  i t  w i t h  
many new n o t io n s  and th e o r e m s . From th e  modern p o i n t  
o f  v iew, th e  Grundzuge c o n t a i n e d ,  i n  a d d i t i o n  t o  o t h e r  
s p e c i a l  t o p i c s ,  t h e  b e g in n in g s  o f  th e  t h e o r i e s  o f  
t o p o l o g i c a l  and m e t r i c  s p a c e s ,  which  a r e  now in c lu d e d  
i n  a l l  t e x tb o o k s  on th e  s u b j e c t .  I n  t h e  Grundzuge , 
t h e s e  t h e o r i e s  were l a i d  down i n  such  a  way t h a t  a 
s t r o n g  impetus  was p rov id ed  f o r  t h e i r  f u r t h e r  d e v e l o p ­
ment. Thus ,  H a u s d o r f f  can r i g h t l y  be c o n s i d e r e d  th e  
fo u n d e r  o f  g e n e r a l  to p o lo g y  and o f  th e  g e n e r a l  t h e o r y  
o f  m e t r i c  s p a c e s .

The Grundzuge i s  a v e ry  r a r e  c a se  i n  m a th e m a t ic a l  
l i t e r a t u r e : The f o u n d a t i o n s  o f  a new d i s c i p l i n e  a r e
l a i d  w i t h o u t  th e  s u p p o r t  o f  any  p r e v i o u s l y  p u b l i s h e d  
com prehens ive  work.-1-

Our b r i e f  h i s t o r i c a l  s k e t c h  o f  th e  emergence o f  

p o i n t  s e t  t o p o lo g y  ends and i s  summarized by one mathema­

t i c i a n  and one book. The emergence o f  t h i s  s u b j e c t  e n t a i l e d  

b o th  new i d e a s  and c o n c e p t s  and new a p p ro a c h e s  and methods 

i n  a n a l y s i s  and geometry .  New t o p i c s  such  a s  s e t s  and s e t  

t h e o r y ,  c o n t in u a  and c u r v e s ,  a r i t h m e . t i z a t i o n  o f  th e  r e a l  

numbers ,  s p e c i a l  theorems such  a s  t h e  J o r d a n  Curve Theorem 

and th e  H e in e - B o r e l  Theorem, m e t r i c  s p a c e s ,  e t c . ,  a l l  c on ­

t r i b u t e d  c o n c e p t u a l l y  t o  th e  development  o f  to p o lo g y .  

C o n c o m i ta n t ly  new methods i n  m athem atics  were e v o lv i n g ;  

such  a s  th e  a r i t h m e t i z a t i o n  o f  a n a l y s i s ,  new s t a n d a r d s  o f  

r i g o r  found i n  W e i e r s t r a s s i a n  and C a n t o r i a n  m ethods ,  t h e  

method and use  o f  th e  i n f i n i t e  i n  a r i g o r o u s  and p r e c i s e

Hi. K a te to v ,  "F. H a u s d o r f f , "  D i c t i o n a r y  o f  S c i e n t i f i c  
B io g raph y ,  c. G i l l i s p i e ,  ed .  (New York": C h a r le s  S c r i b n e r ' s
S o n s , 19 /2)  6 :17 6 -1 77 .
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manner ,  and th e  new o r i e n t a t i o n  t o  th e  f o u n d a t i o n s  o f  

m athem atics  and a x i o m i z a t i o n .  These new m e th o d o lo g ic a l  

t e c h n iq u e s  c o n t r i b u t e d  t o  bo th  th e  c o n t e n t  and th e  form 

i n  which  p o i n t  s e t  t o p o lo g y  would emerge.

T h a t  a l l  o f  t h e s e  t o p i c s  and methods a r e  t o  be 

summarized and u t i l i z e d  i n  H a u s d o r f f ' s  book i s  a  v e ry  

u n u su a l  i n c i d e n t  i n  th e  h i s t o r y  o f  m a th e m a t i c s .  The 

s i g n i f i c a n c e  o f  th e  h i s t o r y  o f  the  emergence o f  p o i n t  s e t  

t o p o lo g y  to  th e  p h i lo s o p h y  and h i s t o r i o g r a p h y  o f  m athe ­

m a t i c s  a r e  t h e  s u b j e c t s  o f  th e  n e x t  c h a p t e r s .



CHAPTER I I

HISTORY OF MATHEMATICS AND HISTORIOGRAPHY 
OF MATHEMATICS

C h a p te r  I  was a b r i e f  s k e t c h  o f  th e  h i s t o r i c a l  

deve lopm ents  i n  m a th em a t ic s  l e a d i n g  to  t h e  emergence o f  

p o i n t  s e t  t o p o lo g y .  I n  t h i s  second c h a p t e r  I  s h a l l  

d i s c u s s  o t h e r  h i s t o r i e s  o f  p o i n t  s e t  t o p o lo g y ,  the  g e n e r a l  

c o n ce p t  o f  h i s t o r i c a l  w r i t i n g  a b o u t  m a th e m a t ic s ,  and the  

h i s t o r i o g r a p h y  o f  m a th e m a t ic s ,  i . e . ,  how one goes a b o u t  

w r i t i n g  th e  h i s t o r y  o f  m a th em a t ic s .

The View o f  P o i n t  S e t  Topology 
a t  t h e  Time o f  I t s  Emergence

When r e v ie w in g  o t h e r  h i s t o r i c a l  a c c o u n t s  o f  

t o p o lo g y  one f i n d s  v a r i o u s  t i t l e s  a s s o c i a t e d  w i t h  i t .  

Topology has  been a s s o c i a t e d  w i t h  "M engen lehre , "  " A n a ly s i s  

S i t u s , "  " T o p o lo g i e , "  and  has even  been  c o n s id e r e d  a p a r t  

o f  p h i lo s o p h y  o f  m a th e m a t ic s .

The e a r l i e s t  t i t l e  i s  " T o p o lo g ie ” g iv e n  by B e n e d ic t  

L i s t i n g  who p u b l i s h e d  V o r s tu d i e n  z u r  T o p o log ie  i n  1847. 

L i s t i n g  was a  s t u d e n t  o f  G au ss '  i n  1834 and became p r o f e s ­

s o r  o f  p h y s i c s  a t  G o t t i n g e n .  He in te n d e d  to  t i t l e  h i s  

book, Geom etr ie  d e r  Lage (Geometry o f  P o s i t i o n ) , p o s s i b l y

97
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s u g g e s te d  by G auss '  L a t i n  term " g eo m e tr ia  S i t u a . "  But 

Geom etr ie  d e r  Lage had a l r e a d y  been  used a s  a t i t l e  by K a r l  

von S t a u d t  f o r  h i s  book on p r o j e c t i v e  geom etry .  P o in c a r e  

i s  c r e d i t e d  w i t h  i n i t i a t i n g  t h e  L a t i n  t e r m in o lo g y ,  " A n a ly s i s  

S i t u s , "  i n  1895. Of c o u r s e  P o i n c a r e ' s  " a n a l y s i s  s i t u s "  

was a l g e b r a i c  t o p o l o g y - - o r  " c o m b i n a t o r i a l  t o p o lo g y "  a s  i t  

was soon c a l l e d - - a n d  n o t  p o i n t  s e t  t o p o lo g y .  L. E.  J .  

B ro u w er 's  e a r l y  work i n  to p o lo g y  was c e r t a i n l y  a l g e b r a i c  

to p o lo g y  so t h a t  h i s  a r t i c l e  t i t l e ,  "Zur  A n a l y s i s  S i t u s "  

(1 9 1 0 ) ,  i s  a p p o s i t e .  I n  1922 Oswald V eblen  p o p u l a r i z e d  

th e  t i t l e  i n  th e  U n i ted  S t a t e s  w i t h  th e  p u b l i c a t i o n  o f  h i s  

A n a l y s i s  S i t u s  ( a g a i n  d e a l i n g  w i t h  a l g e b r a i c  to p o lo g y )  

f o r  th e  American  M a th e m a t ic a l  S o c i e t y  Col loquium  P u b l i c a ­

t i o n  S e r i e s .

P o i n t  s e t  t o p o lo g y ,  s e t  t h e o r y ,  and p h i lo s o p h y  o f  

m a them a t ic s  were t o p i c s  found w i t h i n  th e  same c l a s s i f i c a t i o n  

i n  th e  l a t e  n i n e t e e n t h  and e a r l y  t w e n t i e t y  c e n t u r i e s .  T h is  

i s  r e f l e c t e d  i n  th e  s e c t i o n  t i t l e s  o f  t h e  J a h r b u c h  u b e r  d i e  

F o r t s c h r i t t e  d e r  M athem at ik - - t h e  m a jo r  m a th e m a t i c a l  r e v ie w in g  

j o u r n a l  o f  th e  19 th  c e n t u r y .  I n  th e  1898 e d i t i o n  t h e r e  

was no s e c t i o n  o f  s e t  t h e o r y  o r  p o i n t  s e t  t o p o lo g y .  S e c t i o n  

I ,  " H i s t o r y  and P h i l o s o p h y , "  had w i t h i n  i t ,  C h a p te r  2 ,  

" P h i lo so p h y  and P e d ag og y ."  I n  t h i s  " P h i lo so p h y  and 

pedagogy" c h a p t e r  we f i n d  a  rev iew  o f  S c h o n f l i e s
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"M engenlehre"  f o r  th e  Encyklopaedia . Under S e c t i o n  B o f  

t h i s  1898 e d i t i o n  we f i n d  S e c t i o n  8 ,  "E lem entary  and 

S y n t h e t i c  G eom etry ,"  w i t h  th e  s u b - h e a d in g ,  " K o n t i n u i t a t s -  

b e t r a c h t u n g e n  ( A n a ly s i s  s i t u s ,  T o p o l o g i e ) . "  Most o f  th e  

a r t i c l e s  rev iewed a r e  a b o u t  g e o m e t r i e s ,  p r o j e c t i v e  g eo ­

m e t r i e s ,  and c o m b i n a t o r i a l  geom etry .  As t h e  y e a r s  c o n t i n u e  

t h e r e  i s  s t i l l  no s e t  t h e o r y  c h a p t e r ,  b u t  s e t  t h e o r y  and 

p o i n t  s e t  p a p e r s  a r e  c r o s s - i n d e x e d  under  b o th  " p h i lo s o p h y "  

and " A n a ly s i s  S i t u s . "

By 1905, C h a p te r  2 o f  S e c t i o n  I  has  been changed to  

" P h i lo s o p h y ,  Se t  Theory and P e d a g o g y ."  I n  t h a t  changed 

s e c t i o n  we f i n d  t h e  Young and Young 's  book rev iewed and 

E.  H. H obson 's  The Theory o f  F u n c t io n s  o f  a  R ea l  V a r i a b l e  

rev iewed  under  s e t  t h e o r y .  H a u s d o r f f ' s  (1914) use  o f  th e  

word " t o p o l o g i e "  i s  c l e a r l y  i n te n d e d  f o r  s e t - t h e o r e t i c  

c o n s i d e r a t i o n s ;  r e c a l l  H a u s d o r f f ' s  book i s  t i t l e d  

Grundzuge d e r  M e n g e n le h re . By 1923 when Z o r r e t t i  and 

R o s e n t h a l  w ro te  t h e i r  a r t i c l e  on p o i n t  s e t  t o p o lo g y ,  "Die 

Punk tm engen ," f o r  th e  E n c y k lo p a e d ie  d e r  M athem at ischen  

Wis sense  ha f t e n -̂ s e t  t h e o r y  and p o i n t  s e t  to p o lo g y  were 

s e p a r a t e  d i s c i p l i n e s .

"4j . Z o r r e t t i  and A. R o s e n t h a l ,  "Die Punktm engen ,"  
E n cy k lo p a e d ia  d e r  M athem at i schen  W i s s e n s c h a f t e n , I I  C 92 
( L e i p z i g ,  T eubne r ,  1924) .
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Since  p o i n t  s e t  to p o lo g y  i s  a  r e l a t i v e l y  r e c e n t

development  i n  t h e  h i s t o r y  o f  m a th em a t ic s  t h e r e  a r e  few

h i s t o r i e s  o f  t h e  s u b j e c t .  The l a t e  n i n t e e n t h  c e n t u r y  was a

p r o d u c t i v e  p e r io d  o f  h i s t o r i c a l  w r i t i n g s  i n  m a th e m a t ic s .

F o r  exam ple ,  we f i n d  F e l i x  K l e i n ' s  V or le su n g en  ube r  d i e

E n tw ic k lu n g  d e r  M athem atik  im 19. J a h r h u n d e r t  (1 9 2 0 ) ,  l e f t

in c o m p le te  due to  h i s  d e a th  W. W. B a l l ' s ,  A S h o r t  Account

o f  th e  H i s t o r y  o f  M athem at ics  (1888) M o r i tz  C a n t o r ' s

V o r le su n g en  ub e r  G e s c h ic h t e  d e r  M athem atik  (1892-1904 ,  4

v o lu m e s ) ,  and F l o r i a n  C a j o r i ' s ,  A H i s t o r y  o f  M athem at ics

( 1 s t  e d . ,  1893, 2nd e d . ,  1919) .  As th e  con tem po ra ry

h i s t o r i a n  o f  m a th e m a t i c s ,  I v o r  G r a t t a n - G u i n n e s s  has commented:

. . . t h e  t u r n  o f  th e  c e n t u r y  was a b r i g h t  p e r io d  i n  
r e s e a r c h  i n  t h e  h i s t o r y  o f  m a th e m a t ic s ,  w i t h  many 
d i s t i n g u i s h e d  m a th e m a t ic i a n s  c o n t r i b u t i n g  m ajo r  
h i s t o r i c a l  s t u d i e s  t o  B i b l i o t e c a  M athem atica  and 
o t h e r  j o u r n a l s ,  t o  th e  E n c y k lo p a e d ie  d e r  m a them a t i sc h en  
W is s e n s c h a f t e n  and i n  t h e  form of  b o o k s . T h is  k ind  o f  
a c t i v i t y  was e s p e c i a l l y  e v i d e n t  i n  Germany, where men 
such  a s  H. B u r k h a rd t ,  F .  E n g e l ,  A. P r in g sh e im ,  and P. 
S t a c k e l  s t a n d  o u t  among many o t h e r s . 1

S in c e  t h e s e  man were w r i t i n g  h i s t o r y  d u r i n g  th e  l a t e  

n i n e t e e n t h  c e n t u r y ,  p o i n t  s e t  to p o lo g y  was t h e n  n o t  h i s t o r y ,  

bu t  c u r r e n t ,  emerg ing  m a th e m a t i c s ,  so v e ry  l i t t l e  h i s t o r y  

r e g a r d i n g  s e t  t h e o r y  o r  to p o lo g y  c a n  be found i n  t h e s e  works .  

O c c a s i o n a l l y  a  p r e s i d e n t i a l  a d d r e s s ,  a  l e c t u r e  o r  pap e r

"''Ivor G r a t t a n - G u i n n e s s ,  Dear  R u s s e l l - D e a r  J o u r d a i n  
(New York: Columbia U n i v e r s i t y  p r e s s ,  i y / / ) ,  p .  b.
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r e g a r d i n g  th e  " s t a t e  o f  t h e  a r t "  o r  r e c e n t  p r o g r e s s  i n  

m a them a t ic s  w i l l  have r e f e r e n c e s  r e g a r d i n g  s e t  t h e o r y  and 

to p o lo g y ,  and p r o v id e s  i n s i g h t s .

Fo r  example ,  W i l l ia m  H. Young was a  g r e a t  p ro po n en t  

o f  s e t  t h e o r y  i n  th e  e a r l y  t w e n t i e t h  c e n t u r y .  With h i s  w i f e ,  

Grace Chisholm, th e y  p u b l i s h e d  many, many p a p e r s  on s e t  

t h e o r y  a lo n g  w i t h  t h e i r  1906 Theory  o f  S e t s  o f  P o i n t s . I n  

1924,  a s  P r e s i d e n t  o f  th e  London M a th e m a t i c a l  S o c i e t y  he 

gave h i s  p r e s i d e n t i a l  a d d r e s s ,  "The P r o g r e s s  o f  M a th e m a t i c a l  

A n a l y s i s  i n  th e  T w e n t i e th  C e n t u r y . " ^

Young 's  pa p e r  i s  e s s e n t i a l l y  a d e fe n s e  o f  th e  u s e ­

f u l n e s s  o f  s e t  t h e o r y .  He opens h i s  a d d r e s s  w i t h  a n  a t t a c k  

on th e  " n o n - b e l i e v e r s . "

I n  a l l  t im es  p e rh a p s ,  b u t  more e s p e c i a l l y  i n  r e c e n t  
t im e s ,  th e  o p p o s i t i o n  t o  p r o g r e s s  i n  a b s t r a c t  s c i e n c e  
has been made by th o se  who were so p o s s e s se d  by a n  end 
t o  be aimed a t ,  t h a t  t h e y  had no i n c l i n a t i o n  and had 
o f t e n  l o s t  t h e  c a p a c i t y  t o  s tu d y  th e  means by which 
t h i s  end cou ld  be s e c u r e d .  The c o n t e n t i o n s  a r e  indeed  
n o t  i n f r e q u e n t l y  based  on i n s u f f i c i e n t  knowledge o f  
t h e  h i s t o r y  and l i t e r a t u r e  o f  t h e i r  own s p e c i a l  b ran c h  
o f  r e s e a r c h  and may be summed up i n  th e  p r o p o s i t i o n  
t h a t  a l l  s c a f f o l d i n g  i s  f u t i l e ,  because  no s c a f f o l d i n g  
i s  t o  a p p e a r  on th e  f i n i s h e d  e d i f i c e .  But t h e i r  o b j e c ­
t i o n s  a r e  a l s o  d u e - - a n d  t h i s  i s  where th e y  a r e  most  
f o r c i b l y  m et— to  ig n o ra n c e  o f  t h e  use  t o  which  th e  
newer c o n c e p ts  and methods a r e  b e in g  p u t .

A f t e r  a few more r h e t o r i c a l  f l o u r i s h e s  he c o n t i n u e s  w i t h :

W. H. Young, "The P r o g r e s s  o f  M a th e m a t i c a l  A n a l y s i s  
i n  th e  T w e n t i e th  C e n t u r y , "  P ro c e e d in g s  o f  t h e  London 
M a th e m a t ic a l  S o c i e t y  24 ( 1 9 2 5 ) :421-433 .
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A p a r t  from th e  i s o l a t e d  and more t a n g i b l e  p r o g r e s s  
i n  t e c h n i q u e ,  i n  m a them a t ic s  a s  i n  p h y s i c a l  s c i e n c e ,  
t h e  g r a d u a l  g e t t i n g  down to  th e  b e d - ro c k  o f  th o u g h t  i s  
c h a r a c t e r i s t i c  o f  modern a d v an c e .  Thus,  i n  p h y s i c s  
we have a r i s i n g  t h e  m o le c u la r  t h e o r i e s ,  a b o u t  which  a l l  
t h e  most f r u i t f u l  r e s u l t s  may be e x p e c te d  t o  c e n t r e ;  
a n d ,  i n  m a th e m a t i c s ,  t h e  Theory  o f  S e t s ,  th e  acknow ledge­
ment and s i n g l i n g  o u t  o f  which  f o r  s t u d y  may be s a i d  to  
form th e  c h a r a c t e r i s t i c  g r e a t  and  n o t a b l e  p r o g r e s s  i n  
m a them a t ic s  i n  t h i s  f i r s t  q u a r t e r  o f  a c e n t u r y .

He t h e n  d i s c u s s e s  th e  c o n t r i b u t i o n s  o f  C a n to r  and 

L ebesgue ,  and n o t e s  t h e  r e s i s t a n c e  t o  C a n t o r ' s  i d e a s .  Of 

t h i s  r e s i s t a n c e  t o  t h e  new i d e a s  o f  s e t  t h e o r y  Young b e l i e v e s  

t h a t :

The r e l u c t a n c e  w i t h  which th e  Theory  o f  S e t s  was 
a l lo w e d  to  t a k e  i t s  i n d i v i d u a l  p l a c e  i n  t h e  scheme o f  
m a them a t ic s  was b u t  a symptom o f  th e  same s p i r i t  w h ich ,  
i n  t h e  domain o f  s c i e n t i f i c  s t u d i e s  g e n e r a l l y ,  i s  
d i c t a t i n g  t h e  demand to  r e l e g a t e  m athem at ics  to  t h e  - 
r an k  o f  t h e  handmaid o f  th e  o t h e r  s c i e n c e s  ( H i l f s -  
w i s s e n s c h a f t )  .2

The rem a in d e r  o f  t h e  a d d r e s s  d e s c r i b e s  i n s t a n c e s  

where s e t  t h e o r y  was proved to  be a n  i n v a l u a b l e  t o o l  i n  

a n a l y s i s .  On t h e  one hand Young i s  t r y i n g  to  a rg u e  t h a t  

t h i s  new f i e l d  i s  more th a n  j u s t  a  f o u n d a t i o n a l  t o o l ,  bu t  a 

f i e l d  o f  s t u d y  i n  i t s  own r i g h t ,  and y e t ,  on th e  o t h e r  hand ,  

t o  i n f l u e n c e  th e  a u d ie n c e  f a v o r a b l y  toward s e t  t h e o r y  he 

p r o v id e s  examples o f  a p p l i c a t i o n s  o f  i t s  r e s u l t s .

I n  one se n se  Young 's  a d d r e s s  r e f l e c t s  th e  newness 

o f  s e t  t h e o r y  i n  t h a t  i t s  r o l e  and use  i n  m athem at ics  has

1I b i d . , PP. 421-422.

2I b i d . ,  p. 425.
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n o t  y e t  been d e te rm in e d  by th e  m a th e m a t i c a l  community. By

1924 th e  j o u r n a l  Fundamenta M a th e m a t ic a e , which devo ted

many o f  i t s  a r t i c l e s  t o  s e t  t h e o r y  and p o i n t  s e t  t o p o lo g y ,

was w e l l  e s t a b l i s h e d ,  and ’ty e n g e n le h rd 'w a s  a s e p a r a t e

s e c t i o n  i n  th e  J a h r b u c h  ub e r  d i e  F o r s c h r i t t e  d e r  M a th e m a t ik ,

y e t  s e t  t h e o r y  (and th u s  p o i n t  s e t  to p o lo g y )  had n o t  become

a n  e s t a b l i s h e d  d i s c i p l i n e .  Mentioned above r e g a r d i n g  th e

r e c e p t i o n  o f  H a u s d o r f f ' s  book, Henry Blumberg commented i n

a rev iew  o f  t h e  book i n  1920

. . .  I f  t h e r e  a r e  s t i l l  m a th e m a t ic i a n s  who ho ld  th e  
t h e o r y  o f  a g g r e g a t e s  unde r  g e n e r a l  s u s p i c i o n ,  and 
a r e  r e l u c t a n t  t o  g r a n t  i t  f u l l  r e c o g n i t i o n  a s  a 
r i g o r o u s  m a th e m a t ic a l  d i s c i p l i n e ,  t h e y  w i l l  f i n d  i t  
h a rd  to  r e t a i n  t h e i r  d o u b ts  under  f i r e  o f  th e  l o g i c  
o f  H a u s d o r f f ' s  t r e a t i s e . 1

O th e r  H i s t o r i e s  o f  P o i n t  Se t  Topology

One o f  t h e  e a r l i e s t  h i s t o r i e s  t h a t  i n c l u d e s  a  h i s t o r y  

o f  s e t  t h e o r y  and to p o lo g y  i s  F l o r i a n  C a j o r i ' s  A. H i s t o r y  o f
O

M a th e m a t i c s . The l a s t  c h a p t e r  o f  h i s  h i s t o r y ,  "The N in e ­

t e e n t h  and T w e n t i e th  C e n t u r i e s , "  i s  su b d iv id e d  i n t o  th e  

t o p i c s  o f  a n  i n t r o d u c t i o n ,  s y n t h e t i c  geom etry ,  a n a l y t i c  

geom e try ,  a l g e b r a ,  a n a l y s i s ,  t h e o r y  o f  f u n c t i o n s ,  t h e o r y  

o f  numbers ,  and a p p l i e d  m a th e m a t ic s .  W i th in  e ac h  t o p i c

■^Blumberg, p. 116.
2

F l o r i a n  C a j o r i ,  A H i s t o r y  o f  M a th e m a t i c s , 2nd e d .  
(London: M acm il lan  fie C o . ,  1919) .
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i s  d i s c u s s e d  th e  work o f  v a r i o u s  m a th e m a t i c i a n s  c o n t r i b u t i n g  

to  t h e  t o p i c .  I n s p i t e  o f  how a b b r e v i a t e d  much o f  h i s  d i s ­

c u s s i o n  i s  C a j o r i  does c a p t u r e  most o f  th e  i d e a s  and s p i r i t  

o f  t h e  h i s t o r i c a l  deve lopm ents  o f  th e  t o p i c s .  Under th e  

t o p i c  h ead ing  o f  a n a l y t i c  geometry  we f i n d  th e  s u b t o p i c s  o f  

A n a l y s i s  S i t u s ,  I n t r i n s i c  C o - o r d i n a t e s ,  D e f i n i t i o n  o f  a 

Curve ,  Fundam enta l  P o s t u l a t e s ,  and G eom etr ic  Models (pp.  

3 23 -328) .  The A n a l y s i s  s i t u s  d i s c u s s i o n  c o n s i s t s  o f  th e  

famous K onigsberg  b r i d g e  problem and th e  f o u r  c o l o r  problem; 

i n t r i n s i c  c o - o r d i n a t e s  d e s c r i b e s  th e  h i s t o r i c a l  a l t e r n a t i v e s  

to  r e c t a n g u l a r  o r  p o l a r  c o - o r d i n a t e s  when d e a l i n g  w i t h  

sp a ce s  o f  d i f f e r e n t  c u r v a t u r e ;  d e f i n i t i o n  o f  a c u rv e  

r e l a t e s  t h e  problems in v o lv e d  w i t h  a  p ro p e r  d e f i n i t i o n  o f  

a c o n t in u o u s  c u r v e ;  and fu nd am en ta l  p o s t u l a t e s  b r i e f l y  

d e s c r i b e s  t h e  h i s t o r y  o f  t h e  p o s t u l a t e s  o f  geom etry .  L a t e r  

i n  t h e  book (pp .  396-407) we f i n d  a  r e l a t i v e l y  lo ng  d i s ­

c u s s i o n  o f  th e  h i s t o r i c a l  development  o f  t h e  " T h e o r i e s  o f  

I r r a t i o n a l s  and Theory  o f  A g g r e g a t e s "  under  th e  A n a l y s i s  

h e a d in g .  C a j o r i ' s  summary o f  t h e  a r i t h m e t i z a t i o n  o f  

a n a l y s i s  i s  q u i t e  good.  R eg ard in g  s e t  t h e o r y  he comments 

t h a t :

The t h e o r y  o f  a g g r e g a t e s  (M engenlehre ,  t h e o r i e  des 
e n se m b le s ,  t h e o r y  o f  s e t s )  owes i t s  development  to  
t h e  e n d ea v o r  t o  c l a r i f y  th e  c o n c e p t s  o f  i n d e p e n d e n t  
v a r i a b l e  and f u n c t i o n .  F o rm er ly  th e  n o t i o n  o f  a n  
in d e p e n d en t  v a r i a b l e  r e s t e d  on t h e  n a iv e  c o n c e p t  o f  
g e o m e tr ic  con t inuum . Now th e  in d ep e n d en t  v a r i a b l e
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i s  r e s t r i c t e d  t o  some a g g r e g a t e  o f  v a lu e s  o r  p o i n t s  
s e l e c t e d  o u t  o f  th e  continuum. The term f u n c t i o n  
was d e s t i n e d  t o  r e c e i v e  v a r i o u s  d e f i n i t i o n s . 1

He d i s c u s s e s  th e  work o f  C a n to r ,  Peano ,  Zerm elo ,  R i c h a r d ,

R u s s e l l ,  P o i n c a r e ,  and L. E. J .  Brouwer w i t h  r e g a r d  to  s e t

t h e o r y  and th e  p a ra d o x e s .  He i n c l u d e s  a  s h o r t ,  b u t  a d e q u a te ,

d i s c u s s i o n  o f  th e  l i m i t  c o n c e p t ,  d e r i v e d  s e t s ,  e t c . ,  a s

be ing  im p o r t a n t  p a r t s  o f  the  " t h e o r y  o f  p o i n t  s e t s . "  F o r

C a j o r i  th e  i n t e l l e c t u a l  c u l m i n a t i o n  o f  t h e  t h e o r y  o f  p o i n t

s e t s  i s  w i t h  measure  and i n t e g r a t i o n .

The th e o r y  o f  p o i n t  s e t s  l e d  i n  1902 t o  a g e n e r a l i z a ­
t i o n  o f  G. F.  B. R iem ann 's  d e f i n i t i o n  o f  a d e f i n i t e  
i n t e g r a l  by H e n r i  Lebesgue o f  P a r i s .  E. B. Van V leck  
saw th e  need o f  t h i s  change:  [ B u l l e t i n  o f  th e  American
M a th e m a t ic a l  S o c i e t y  23 ( 1 9 1 9 ) : 6 —7] 'T h i s  (R iem ann 's  
i n t e g r a l )  a d m i t s  a  f i n i t e  number o f  d i s c o n t i n u i t i e s  b u t  
a n  i n f i n i t e  number o n ly  under  c e r t a i n  narrow r e s t r i c ­
t i o n s  . . .  I n  1902 Lebesgue w i t h  g r e a t  p e n e t r a t i o n  
framed a new i n t e g r a l  which i s  i d e n t i c a l  w i t h  th e  
i n t e g r a l  o f  Riemann when th e  l a t t e r  i s  a p p l i c a b l e  b u t  
i s  immeasurably  more com prehens ive  . . . T h is  new 
i n t e g r a l  o f  Lebesgue i s  p r o v in g  i t s e l f  a  w o n d e r fu l  t o o l .
I  m igh t  compare i t  w i t h  a  modern Krupp gun, so e a s i l y  „ 
does i t  p e n e t r a t e  b a r r i e r s  which  b e f o r e  were im p re g n ab le .

W ith  C a j o r i  we see  a g a i n  t h a t  t h e  t h e n  con tem p o ra ry  view o f

s e t  t h e o r y  and th e  " t h e o r y  o f  p o i n t  s e t s "  was t h a t  i t  e v o lved

a s  a  r e s u l t  o f  c e r t a i n  problems i n  a n a l y s i s ,  p a r t i c u l a r l y

t h e  i r r a t i o n a l s , a r i t h m e t i z a t i o n  p ro b lem s ,  and f u n c t i o n a l 76*

a n a l y s i s .  As th e  f i e l d  matured  i t  became a u s e f u l  t o o l

f o r  o t h e r  a r e a s  such  a s  measure  and i n t e g r a t i o n .

^ I b i d . ,  p. 400.

^ I b i d . ,  pp. 405-406.
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C a j o r i ' s  f i r s t  e d i t i o n  was p u b l i s h e d  i n  1913, th e  

second ,  " r e v i s e d  and e n l a r g e d , "  i n  1919 I  have u se d .  There  

i s  no r e f e r e n c e  to  H a u s d o r f f  a l t h o u g h  Moore, Young and  Young, 

a n d ,  i n  p a s s i n g ,  S c h o e n f l i e s  a r e  m en t ioned .  I  am n o t  

c r i t i c i z i n g  C a j o r i  f o r  n o t  i n c l u d i n g  H a u s d o r f f  i n  h i s  

h i s t o r y - a f t e r  a l l  h i s  book i s  a h i s t o r y  o f  a l l  o f  m a th e ­

m a t i c s  i n  o n ly  480 p a g e s - - b u t  w ish  to  p o i n t  ou t  t h a t  C a j o r i ' s  

o m is s io n  o f  p o i n t  s e t  to p o lo g y  a s  a d i s t i n c t  f i e l d ,  o r  even  

a s  a d e v e lo p in g  one ,  i s  symptomatic  o f  th e  u n c e r t a i n  p o s i ­

t i o n  o f  p o i n t  s e t  to p o lo g y  i n  t h e  e a r l y  t e e n s  o f  t h i s  c e n t u r y .

O th e r  h i s t o r i c a l  w r i t i n g s  con tem po ra ry  w i t h  C a j o r i  

do n o t  c o n t a i n  m a t e r i a l  on s e t  t h e o r y  o r  p o i n t  s e t  t h e o r y .  

M o r i t z  C a n t o r ' s  f o u r  volume V o r le su n g en  ub e r  G e s c h ic h te  

d e r  M athem at ick  (1920) ends w i t h  t h e  b e g in n in g  o f  th e  

n i n e t e e n t h  c e n t u r y ,  t h i s  i s  a l s o  t r u e  o f  W. W. B a l l ' s  S h o r t  

Account  o f  t h e  H i s t o r y  o f  M athem at ics  (18 8 8 ) .  S u r p r i s i n g l y  

F e l i x  K l e i n ' s  V or le su n g en  u b e r  d i e  E n tw ic k lu n g  d e r  Mathe­

m a t ik  im 19. J a h r h u n d e r t  (1926) a l s o  c o n t a i n s  v i r t u a l l y  no 

m a t e r i a l  r e g a r d i n g  s e t  t h e o r y  o r  p o i n t  s e t  to p o lo g y .

P u b l i s h e d  a f t e r  K l e i n ' s  d e a t h  i n  1925, th e  work was e d i t e d  

by R ich a rd  C ouran t  and O t to  Neugebauer .  The l e c t u r e s  a r e  

c o n ta in e d  i n  two volumes.  Volume I  has  c h a p t e r s  on Gauss ,  

th e  F re n ch  s c h o o l s  o f  m a th em a t ic s  i n  th e  n i n e t e e n t h  c e n t u r y ,  

C r e l l e ' s  J o u r n a l  and pure  m a them a t ic s  i n  Germany, th e  

deve lopm ent  o f  a l g e b r a i c  geom etry ,  a p p l i e d  m a th e m a t i c s ,
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complex f u n c t i o n s ,  and  group t h e o r y .  Volume I I  c o n t a i n s  

c h a p t e r s  i n  i n v a r i a n t  t h e o r y ,  s p e c i a l  r e l a t i v i t y ,  and 

q u a d r a t i c  d i f f e r e n t i a l  forms and Riemann s u r f a c e s .  These 

c h a p t e r s  r e f l e c t  K l e i n ' s  m a th e m a t i c a l  i n t e r e s t s  t h r o u g h o u t  

h i s  l i f e ,  so t h a t  h i s  h i s t o r y  i s  more a  p e r s o n a l  h i s t o r y  

t h a n  a com prehens ive  h i s t o r y  o f  n i n e t e e n t h  c e n t u r y  m athe-  

m a t i c s - - o f  which he was n o t  a n  i n s i g n i f i c a n t  p a r t .  I n d e e d ,  

one o f  K l e i n ' s  i m p o r t a n t  r o l e s  was t h a t  o f  one o f  th e  

e d i t o r s  o f  th e  M athem at ische  A nna len  i n  which  many o f  

C a n t o r ' s  f i r s t  p a p e r s  on s e t  t h e o r y  and o t h e r s  were p u b l i s h e d .  

K l e i n  a l s o  p r e v a i l e d  upon t h e  e d i t o r s  o f  th e  E n c y k lo p a e d ie  

t o  i n c l u d e  th e  a r t i c l e  on M engenlehre  by S c h o e n f l i e s .

Thus ,  K l e in  was c e r t a i n l y  aware  o f  th e  development  o f  s e t  

t h e o r y  and p o i n t  s e t  to p o lo g y  i n  t h e  l a t e  n i n e t e e n t h  c e n t u r y ,  

b u t  chose  n o t  t o  i n c l u d e  i t  i n  h i s  h i s t o r i c a l  su rv e y .

As m ent ioned  ab o v e ,  Z o r e t t i  and  R o s e n th a l  w ro te  a 

s y s t e m a t i c ,  bu t  n o t  h i s t o r i c a l ,  a r t i c l e  f o r  th e  E n c y k lo p a e d ie  

(1 9 2 4 ) .  T h e i r  a r t i c l e  i s  based  on B o r e l ' s  a r t i c l e  f o r  th e  

F re n c h  e d i t i o n  o f  th e  E n c k lo p a e d ie  p u b l i s h e d  i n  1912.^

^The h i s t o r y  o f  th e  w r i t i n g  and p u b l i c a t i o n  o f  t h e  
E n c k lo p a e d ie  i n  i t s  v a r i o u s  p a r t s ,  e d i t i o n s ,  and lan g u a g es  
i s ,  f o r  me, a  t a n g l e d  web o f  s t a r t s ,  s t o p s ,  c h a n g e s ,  and 
r e v i s i o n s  which  I  have n e v e r  been  a b l e  t o  f u l l y  u n d e r s t a n d .  
Begun i n  t h e  l a t e  n i n e t e e n t h  c e n t u r y  i n  Germany, p o r t i o n s  
were  l a t e r  r e w r i t t e n  and t h e n  p u b l i s h e d  i n  F r a n c e ,  a f t e r ­
w a rd s ,  r e - r e w r i t t e n  and r e - p u b l i s h e d  i n  Germany. The 
numbering sys tem  o f  t h e  volumes has  c o m p le t e ly  b a f f l e d  me.
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The a r t i c l e  be g in s  w i t h  t h e  fund am en ta l  p r o p e r t i e s  o f  p o i n t  

s e t s ,  c o n t i n u e s  to  " t h e  s t r u c t u r e  o f  c lo s e d  s e t s , "  t h e n ,  

th e  " c o r r e s p o n d e n c e  between s e t s  o f  d i f f e r e n t  d i m e n s i o n s , "  

" t h e  c a r d i n a l i t y  o f  p o i n t  s e t s , "  and t h e n  to  " a p p l i c a t i o n s  

o f  s e t  t h e o r y . "  S i m i l a r  to  C a j o r i ,  one l e a r n s  t h a t  th e  

m ajo r  j u s t i f i c a t i o n  o f  th e  u s e f u l n e s s  o f  s e t  t h e o r y  comes 

w i t h  i t s  a p p l i c a t i o n s - - n a m e l y  to  measure  and i n t e g r a t i o n .  

C i t a t i o n s  and r e f e r e n c e s  a r e  v e ry  good i n  t h e  a r t i c l e .

While  n o t  h i s t o r i c a l  i n  a c c o u n t ,  one c o u ld  use  t h e  r e f e r e n c e s  

and c i t a t i o n s  f o r  h i s t o r i c a l  r e s e a r c h  (which I  can  recommend 

from p e r s o n a l  e x p e r i e n c e ) .

More r e c e n t  h i s t o r i c a l  s t u d i e s  t h a t  c o n t a i n  m a t e r i a l  

r e l e v a n t  to  th e  emergence o f  p o i n t  s e t  to p o lo g y  a r e  C a r l  

B o y e r 1s The H i s t o r y  o f  C a lc u lu s  and I t s  C o n c ep tu a l  D ev e lo p ­

ment (1949) and h i s  A H i s t o r y  o f  M athem at ics  (1 9 6 8 ) ,  M o r r i s  

K l ine  1s M a th e m a t ic a l  Thought from A n c ie n t  to  Modern Times 

(1 9 7 2 ) ,  B o u r b a k i ' s  E lem ents  d ' h i s t o i r e  des  m athem atiques  

(1 9 6 0 ) ,  E.  T. B e l l ’ s Men o f  M athem at ics  (1937) and D e v e lo p ­

ment o f  M athem at ics  (19 4 0 ) ,  and Jerome Manheim's The 

G e n e s i s  o f  P o i n t  S e t  Topology (19 64 ) .  There  have been 

numerous o t h e r  h i s t o r i e s  o f  m a them a t ic s  w r i t t e n  d u r in g  

t h i s  c e n t u r y  such  a s  J .  F. S c h o t t ' s  A H i s t o r y  o f  M athe- 

m a t i c s  (1 9 5 8 ) ,  David Eugene S m i t h ' s  two volume H i s t o r y  o f  

M athem at ics  (19 2 3 -19 2 5 ) ,  Howard E v e s '  An I n t r o d u c t i o n  to
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t h e  H i s t o r y  o f  M athem at ics  (1 96 4 ) ,  and D. J .  S t r u i k ' s  A 

Conc ise  H i s t o r y  o f  M athem at ics  (19 6 7 ) ,  b u t  t h e s e  l a t t e r  

books have no a c c o u n t  o f  e i t h e r  s e t  t h e o r y  o r  p o i n t  s e t  

t o p o lo g y ,  o r  a r e  so b r i e f  a s  t o  be i n c o n s e q u e n t i a l .  Jerome 

Manheim's  The G e nes is  o f  P o i n t  S e t  Topology would a p p e a r  

t o  be a  h i s t o r y  t h a t  would p r e c l u d e  my h i s t o r i c a l  s k e t c h  

o f  C h a p te r  I .  While  I  found Manheim's book a u s e f u l  

r e f e r e n c e  work a t  t i m e s ,  f o r  r e a s o n s  d i s c u s s e d  below, I  

e v e n t u a l l y  d i s a g r e e d  w i t h  h i s  a p p ro a c h ,  some c h o ic e  o f  

t o p i c s ,  and view o f  th e  emergence o f  p o i n t  s e t  t o p o lo g y ,  

and th u s  d id  w r i t e  my own h i s t o r i c a l  s k e t c h .

C a r l  B o y e r ' s  The H i s t o r y  o f  C a lc u lu s  and I t s  Con­

c e p t u a l  Development i s  a n  e x c e l l e n t  h i s t o r i c a l  work i n  

i t s  r a n g e ,  s c o p e ,  d e t a i l  and c a r e . ^  Boyer began h i s  p r o j e c t  

i n  th e  1930 ' s  and p u b l i s h e d  t h e  f i r s t  e d i t i o n  i n  1939, and 

a second e d i t i o n  i n  1949. R e a l i z i n g  t h e  d i f f i c u l t i e s  w i t h  

w r i t i n g  a  h i s t o r y  o f  so p o t e n t i a l l y  l a r g e  a t o p i c  Boyer 

comments i n  t h e  p r e f a c e  t o  t h e  f i r s t  e d i t i o n

. . . T h is  i s  n o t  a h i s t o r y  o f  th e  c a l c u l u s  i n  a l l  
i t s  a s p e c t s ,  b u t  a  s u g g e s t i v e  o u t l i n e  o f  th e  d e v e l o p ­
ment o f  th e  b a s i c  c o n c e p t s ,  and a s  such  shou ld  be o f  
s e r v i c e  b o th  t o  s t u d e n t s  o f  m a th em a t ic s  and to  s c h o l a r s  
i n  th e  f i e l d  o f  th e  h i s t o r y  of  th o u g h t .  The aim 
th r o u g h o u t  has t h e r e f o r e  been  t o  s e c u r e  c l a r i t y  o f  
e x p o s i t i o n ,  r a t h e r  t h a n  t o  p r e s e n t  a  c o n f u s i n g l y  
e l a b o r a t e  a l l - i n c l u s i v e n e s s  o f  d e t a i l  t o  d i s p l a y  a

i
C a r l  Boyer ,  The H i s t o r y  o f  C a lc u lu s  and I t s  Con- 

C e p tu a l  Development (fcjew York: Dover P u b l i s h i n g  Company,
195977 refkiitT—
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m e t i c u l o u s l y  p r e c i s e  e r u d i t i o n .  T h is  has n e c e s s i t a t e d  
a  j u d i c i o u s  s e l e c t i o n  and p r e s e n t a t i o n  o f  such  m a t e r i a l  
a s  would p r e s e r v e  th e  c o n t i n u i t y  o f  t h o u g h t ,  bu t  i t  i s  
hoped t h a t  h i s t o r i c a l  a c c u r a c y  and p e r s p e c t i v e  have n o t  
t h e r e b y  been s a c r i f i c e d . !

His book i s  n o t  a m in u te ly  d e t a i l e d  h i s t o r y  o f  t h e  

c a l c u l u s ;  t h a t  has  been l e f t  t o  o t h e r s .  R a t h e r ,  Boyer 

conveys th e  " m a th e m a t ic a l  and s c i e n t i f i c  m i l i e u ” b e f o r e ,  

d u r i n g ,  and a f t e r  t h e  d e c i s i v e  c o n t r i b u t i o n s  o f  Newton and 

L e i b n i z .

The l a s t  t h r e e  c h a p t e r s ,  "The P e r io d  o f  I n d e c i s i o n , "  

"The R igo ro u s  F o r m u l a t i o n , "  and " C o n c lu s io n "  were o f  s p e c i a l  

i n t e r e s t  t o  me i n  t h a t  he d i s c u s s e s  th e  r i g o r i z a t i o n  o f  th e  

c a l c u l u s  and th e  a r i t h m e t i z a t i o n  o f  a n a l y s i s .  These c h a p t e r s  

d i s c u s s  th e  way m a th e m a t i c i a n s  r e c o n c i l e d  t h e i r  p h y s i c a l ,  

g e o m e t r i c a l ,  and i n t u i t i v e  sense  o f  th e  c o n c e p t s  o f  th e  

c a l c u l u s  w i t h  th e  newly emerg ing  demands o f  r i g o r  and 

a r i t h m e t i z a t i o n .

As he summarizes i n  th e  I n t r o d u c t i o n :

. . .  We s h a l l  f i n d  t h a t  th e  h i s t o r y  o f  t h e  c a l c u l u s
a f f o r d s  a n  u n u s u a l l y  s t r i k i n g  example o f  th e  slow
f o r m a t io n  o f  m a th e m a t i c a l  c o n c e p ts  by th e  e m a n c ip a t io n  
from a l l  sen se  d a ta  o f  i d e a s  bo rn  o f  our  p r im ary  
i n s u i t i o n s .  The d e r i v a t i v e  and th e  i n t e g r a l  a r e ,  i n  
th e  l a s t  a n a l y s i s ,  s y n t h e t i c a l l y  d e f i n e d  i n  te rm s o f  
o r d i n a l  c o n s i d e r a t i o n s  [ i . e . ,  th e  a r i t h m e t i z a t i o n  o f
a n a l y s i s ]  and n o t  o f  th o se  o f  c o n t in u o u s  q u a n t i t y
and v a r i a b i l i t y .  They a r e ,  n e v e r t h e l e s s ,  t h e  r e s u l t s  
o f  a t t e m p t s  t o  sc h em a t iz e  o u r  sense  i m p r e s s io n s  o f  
t h e s e  l a s t  n o t i o n s .  T h is  e x p l a i n s  why th e  c a l c u l u s ,  
i n  th e  e a r l y  s t a g e s  o f  i t s  deve lopm en t ,  was bound up

^ I b i d . ,  p. i i .
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w i t h  th e  c o n c e p t s  o f  geometry  o r  m o t io n ,  and w i t h  
e x p l a n a t i o n s  o f  i n d i v i s i b l e s  and th e  i n f i n i t e l y  
s m a l l ;  f o r  t h e s e  i d e a s  a r e  su g g e s te d  by n a iv e  i n t u i ­
t i o n  and e x p e r i e n c e  o f  c o n t i n u i t y .

C h a p te r  VI,  "The P e r io d  o f  I n d e c i s i o n , "  d i s c u s s e d  

th e  r e a c t i o n s  and c r i t i c i s m s  o f  th e  c o n c e p t s  and methods 

o f  th e  newly in v e n te d  c a l c u l u s .  Bishop B e r k e l e y ' s  

c r i t i c i s m  and t h e  v a r i o u s  r e s p o n s e s  t o  h i s  c r i t i c i s m  a r e  

w e l l  documented.  In d e e d ,  th e  m a j o r i t y  o f  th e  c h a p t e r  d i s ­

c u s s e s  th e  o t h e r  j u s t i f i c a t i o n s ,  e x p l i c a t i o n s ,  and p ro o f s  

o f  t h e  c o n c e p t s  and methods o f  th e  c a l c u l u s .

U l t i m a t e l y  most  o f  th e  a rgum en ts  and d i s a g r e e m e n t s  

r e g a r d i n g  th e  c a l c u l u s  t u r n e d  on th e  v a r i o u s  o pp o s in g  views 

o r  i n t e r p r e t a t i o n s  o f  t h e  n o t io n s  o f  l i m i t  and c o n t i n u i t y .

The c o n c e p t  o f  l i m i t  c a r r i e d  w i t h  i t  th e  a t t e n d e n t  problems 

o f  i n f i n i t y ,  i n f i n i t e s i m a l s ,  and t r a n s f i n i t e  a r i t h m e t i c ,  a s  

i t  was u n d e rs to o d  i n  th e  s e v e n t e e n t h  and e i g h t e e n t h  c e n t u r i e s .  

C o n t i n u i t y  was so s t r o n g l y  c o n nec ted  w i t h  i n t u i t i o n s  a b o u t  

t im e  and m ot ion  t h a t  t h e  id ea  t h a t  m a th e m a t i c a l  c o n t i n u i t y  

might  be d i f f e r e n t  from p h y s i c a l  c o n t i n u i t y  was n a t u r a l l y  

r e s i s t e d .

Yet  i t  was th e  r i g o r o u s  a r i t h m e t i z a t i o n  o f  t h e s e  

c o n c e p t s - - l i m i t  and c o n t i n u i t y - - t h a t  e v e n t u a l l y  l e a d  to

t h e  c a l c u l u s  becoming m a t h e m a t i c a l ly  " a c c e p t a b l e . "
\

Boyer d e s c r i b e s  th e  c o n c e p tu a l  change t h i s  way.

1I b i d . ,  p. 11.
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I t  i s  i n t e r e s t i n g ,  i n  l o o k in g  back ,  t o  see  t h a t  
t h e  methods most  a d v e r s e  t o  th e  i n t r o d u c t i o n  i n t o  
m a th em a t ic s  o f  th e  n o t i o n s  o f  i n f i n i t y  and c o n t i n u i t y  
were p r e c i s e l y  th o s e  which made t h i s  i n t r o d u c t i o n  
p o s s i b l e .  The method o f  l i m i t s ,  which  a t  t h a t  t ime 
ap p e a re d  t o  l ea d  t o  n e i t h e r  i n f i n i t y  n o r  t h e  law o f  
d o n t i n u i t y ,  was to  f u r n i s h  th e  l o g i c a l  b a s i s  f o r  
t h e s e ,  . . . 1

I n  o t h e r  words th e  e a r l y  p r a c t i t i o n e r s  o f  th e  c a l c u l u s

sough t  t o  a v o id  n o t i o n s  such  a s  d i v i s i o n  by z e r o  th ro u g h

th e  use  o f  i n f i n i t e s i m a l s  o r  o t h e r  m ethods .  Yet i t  was

th o s e  v e ry  methods which  led  i n e s c a p a b l y  t o  t h e  c o n c e p t s

o f  l i m i t s  and c o n t i n u i t y .  Thus ,  once m a th e m a t i c i a n s

u n d e rs to o d  t h a t  th e  c a l c u l u s ,  and o t h e r  p a r t s  o f  a n a l y s i s ,

such  a s  T a y lo r  s e r i e s ,  r e q u i r e d  th e  use  o f  l i m i t s  and

c o n t i n u i t y ,  t h e i r  new t a s k  became th e  a r i t h m e t i z a t i o n  (and

th u s  r i g o r i z a t i o n )  o f  th o s e  c o n c e p ts  i n  p a r t i c u l a r ,  and

e v e n t u a l l y  o f  a n a l y s i s  i n  g e n e r a l .

I t  i s  from t h i s  v e ry  p e r s p e c t i v e  t h a t  Boyer w r i t e s  

i n  h i s  c h a p t e r ,  "The R igo rous  F o r m u l a t i o n , "  a b o u t  B o lzano ,  

Cauchy, W e i e r s t r a s s ,  H e in e ,  Dedekind ,  and o t h e r s .  I n  t h e  

language  o f  Thomas Kuhn and h i s  S t r u c t u r e  o f  S c i e n t i f i c  

R e v o l u t i o n s , t h e s e  l a t e r  m a th e m a t ic i a n s  performed th e  

im p o r t a n t  "mopping up" t a s k  o f  p r o v i d in g  th e  c a l c u l u s  and 

a n a l y s i s  w i t h  a sound f o u n d a t i o n .  The " r e v o l u t i o n ” b ro u g h t  

on by Newton and L e i b n iz  had o c c u r r e d ,  Bolzano ,  Cauchy, 

and o t h e r s  " c l e a n e d  up" th e  c a l c u l u s - - p r e s e r v i n g  th e  

im p o r t a n t  c o n c e p tu a l  c o n t r i b u t i o n s  o f  th e  c a l c u l u s ,  bu t

^ I b id . ,  p. 267.
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r e - f o r m u l a t i n g  i t s  f o u n d a t i o n  on m a t h e m a t i c a l ly  a c c e p t a b l e  

( i . e . ,  m a t h e m a t i c a l l y  r i g o r o u s — i n  th e  sen se  used th en )  

p r i n c i p l e s .

B o y e r ' s  d e s c r i p t i o n  o f  t h e  emergence o f  t h e  c a l c u l u s  

and th e  r e s p o n s e  t o  i t  r e v e a l s  t h a t  t h e r e  was b o th  a g rowth  

i n  th e  c o n t e n t  o f  m a th e m a t i c s ,  w i t h  t h e  a d v e n t  o f  th e  

c a l c u l u s  and t h e n  a r i t h m e t i z a t i o n  o f  a n a l y s i s ,  and a change 

i n  th e  methods o f  m a th e m a t i c s ,  w i t h  th e  change from th e  

g e o m e t r i z a t i o n  t o  th e  a r i t h m e t i z a t i o n  o f  th e  c a l c u l u s  and 

a n a l y s i s

The c e n t e r i n g  o f  a t t e n t i o n  on th e  p ro c e d u re s  
r a t h e r  t h a n  on th e  bases  o f  m a th em a t ic s  was emphasized 
i n  th e  e i g h t e e n t h  c e n t u r y  by a n  e x t r a o r d i n a r y  s u c c e s s  
i n  a p p l y i n g  t h e  c a l c u l u s  t o  s c i e n t i f i c  and m a th e m a t i c a l  
p rob lem s .  A more c r i t i c a l  a t t i t u d e  was i n a u g u r a te d  i n  
th e  n i n e t e e n t h  c e n t u r y  by p e r s i s t e n t  e f f o r t s  to  f i n d  a 
s a t i s f a c t o r y  f o u n d a t i o n  f o r  th e  c o n c e p t i o n s  in v o lv e d  
i n  t h i s  new a n a l y s i s  o f  th e  i n f i n i t e .  M a th e m a t ic a l  
r i g o r  was r e v i v e d ,  and i t  was d i s c o v e r e d  t h a t  E u c l i d ' s  
p o s t u l a t e s  a r e  n o t  c a t e g o r i c a l  s y n t h e t i c  ju d g m e n ts ,  
a s  Kant m a i n t a i n e d ,  bu t  s im ply  a s s u m p t io n s .  Such p r e ­
m is e s ,  i t  was fou n d ,  may be so f r e e l y  and a r b i t r a r i l y  
c h o sen  t h a t - - s u b j e c t  to  t h e  c o n d i t i o n  t h a t  t h e y  be 
m u tu a l ly  c o m p a t i b l e — th e y  may be a l lo w ed  to  c o n t r a ­
d i c t  t h e  a p p a r e n t  e v id e n c e  o f  th e  s e n s e s .  Toward th e  
c l o s e  o f  th e  c e n t u r y ,  a s  a r e s u l t  o f  th e  a r i t h m e t i z i n g  
t e n d e n cy  i n  m a th e m a t i c a l  a n a l y s i s ,  i t  was f u r t h e r  
d i s c o v e r e d  t h a t  t h e  co n ce p t  o f  i n f i n i t y ,  t r a n s c e n d i n g  
a l l  i n t u i t i o n  and a n a l y s i s ,  co u ld  be i n t r o d u c e d  i n t o  
m a th em a t ic s  w i t h o u t  i m p a i r in g  t h e  l o g i c a l  c o n s i s t e n c y  
o f  t h e  s u b j e c t . 1

With more a t t e n t i o n  to  t h e  " p r o c e d u r e s "  came a 

"more c r i t i c a l  a t t i t u d e . "  In d e e d ,  t h e  l a t e  n i n e t e e n t h  

c e n t u r y  has been r e f e r r e d  to  a s  commencing t h e  "age o f  

c r i t i c i s m . "

■'"Ibid., p. 2. My emphasis .
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His c o n c lu d in g  c h a p t e r  e f f e c t i v e l y  summarizes th e  

i n t e l l e c t u a l  deve lopm ents  t h a t  c o n t r i b u t e d  t o  t h e  emergence 

o f  c a l c u l u s

. . . t h e  f a c t  o f  such  p r o g r e s s i v e  ach iev em en t  [ i . e . ,  
t h e  a ch iev em en t  o f  c a l c u l u s ]  i s  n o t  to  be i n t e r p r e t e d  
a s  t h e  u n f o l d in g  o f  a  w e l l - c o n c e iv e d  p l a n .  T hrough­
o u t  t h e  advance  o f  s c i e n c e  and m a th e m a t i c s ,  e le m e n t s  
have c o n s t a n t l y  been  d i s c a r d e d  a s  w e l l  a s  ad ded .  For  
t h i s  r e a s o n  no i n v e s t i g a t o r  i s  a b l e  to  f o r e s e e  th e  
d i r e c t i o n  which t h e  e l a b o r a t i o n  o f  h i s  views w i l l  
t a k e .  Only i n  r e t r o s p e c t  c an  one t r a c e  t h e  p a th  
a l o n g  which such  development  has  p ro ce ed e d .  A l th o u g h  
i n  r e t r a c i n g  t h i s  t h r e a d  o f  th o u g h t  one c an  r e a d i l y  
r e c o g n iz e  th e  n o t i o n s  from which t h e  u l t i m a t e  c o n ­
c e p t s  have sp ru n g ,  th e  form er  a r e  n o t  i n  g e n e r a l  to  
be i d e n t i f i e d  w i t h  th e  l a t t e r .  Each i s  t o  be c o n ­
s i d e r e d  i n  th e  l i g h t  o f  th e  m a th e m a t i c a l  and s c i e n t i f i c  
m i l i e u  o f  th e  p e r io d  i n  which  i t  a p p e a r e d . 1

He th e n  d i s c u s s e s  th o s e  f o r c e s  which  r e t a r d e d  th e  

development  o f  t h e  c a l c u l u s ,  b e s ides  t h o s e  o f  th e  o v e r - d e p e n ­

dency t o  p h y s i c a l ,  i n t u i t i v e  p r e j u d i c e s .  He s u g g e s t s  t h a t

I n  a l l  p r o b a b i l i t y ,  however, th e  c h i e f  o b s t a c l e  
i n  th e  way o f  th e  development  o f  t h e  c o n c e p t s  o f  t h e  
c a l c u l u s  was a  m i s u n d e r s t a n d in g  a s  t o  t h e  n a t u r e  o f  
m a t h e m a t i c s . ^

The "m is u n d e rs to o d "  view i s  t h a t  "m athem at ics  i s  a  b ran ch

e i t h e r  o f  e m p i r i c a l  s c i e n c e  o r  o f  t r a n s c e n d e n t a l  p h i lo s o p h y ! '3

I n s t e a d ,  a c c o r d i n g  to  Boyer,

M athem at ics  i s  n e i t h e r  a d e s c r i p t i o n  o f  n a t u r e  no r  
a n  e x p l a n a t i o n  o f  i t s  o p e r a t i o n ;  i t  i s  n o t  conce rned  
w i t h  p h y s i c a l  m o tion  o r  w i t h  t h e  m e t a p h y s i c a l  g e n e r a ­
t i o n  o f  q u a n t i t i e s .  I t  i s  m ere ly  t h e  symbolic  l o g i c

1I b i d . , p. 301.

^ I b i d . ,  p. 303. My emphasis .

3Ib id .
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o f  p o s s i b l e  r e l a t i o n s ,  [He c i t e s ,  h e r e ,  M o r r i s  Cohen 's  
Reason and N a t u r e ] and a s  such  i s  conce rned  w i t h  
n e i t h e r  ap p ro x im a te  n o r  a b s o l u t e  t r u t h ,  b u t  o n ly  w i t h  
h y p o t h e t i c a l  t r u t h .  That  i s ,  m a them a t ic s  d e te r m in e s  
what c o n c l u s i o n s  w i l l  f o l lo w  l o g i c a l l y  from Riven 
p r e m i s e s . The c o n j u n c t i o n  o f  m a th em a t ic s  and p h i l o s o p h y , 
o r  o f  m a th em a t ic s  and s c i e n c e ,  i s  f r e q u e n t l y  o f  g r e a t  ^ 
s e r v i c e  i n  s u g g e s t i n g  new problems and p o i n t s  o f  v iew.

R e c a l l ,  th e  f i r s t  e d i t i o n  o f  B o y e r ' s  book was 

p u b l i s h e d  i n  1939, and the  second ,  from which  I  am q u o t i n g ,  

i n  1949. H is  view o f  th e  " n a t u r e  o f  m a th e m a t ic s "  i s  

co n so n an t  w i t h  th e  p r e v a i l i n g  p h i l o s o p h i c a l  p o s i t i o n s  a t  

t h a t  t im e .  I  s h a l l  d i s c u s s  below how I  b e l i e v e  B o y e r ' s  

p h i l o s o p h i c a l  p o s i t i o n  a f f e c t e d  h i s  h i s t o r i c a l  view and 

w r i t i n g s .

R e g a r d l e s s  o f  h i s  p h i l o s o p h i c a l  p o s i t i o n  r e g a r d i n g  

th e  n a t u r e  o f  m a th e m a t ic s ,  B o y e r ' s  t r e a t m e n t  o f  t h e  h i s t o r y  

o f  th e  c a l c u l u s  i s  c l e a r l y  a d e v e lo p m e n ta l ,  t h e m a t i c  i n t e r ­

p r e t a t i o n .  He d id  n o t  focus  on d e t a i l ,  r a t h e r  he cho se  to  

d e s c r i b e  t h e  m a th e m a t i c a l  and s c i e n t i f i c  m i l i e u  o u t  o f  

which th e  c a l c u l u s  emerged.  The o n ly  o t h e r  th e m a t i c  o r  

d e v e lo p m e n ta l  t r e a t m e n t  o f  m a th em a t ic s  r e l a t e d  to  h i s t o r y

of  p o i n t  s e t  t o p o lo g y  i s  found i n  E . T. B e l l ' s  The D e ve lop -
oment o f  M a th e m a t i c s . Due to  B e l l ' s  r a t h e r  d ra m a t i c  and 

e x a g g e ra t e d  w r i t i n g  s t y l e  one i s ,  a t  f i r s t ,  wary o f  th e

^ I b i d . ,  p. 308. My em phas is .

. T. B e l l ,  The Development o f  M athem at ics  (New 
York: McGraw-Hill Book Company, 1940) .
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s c h o l a r l y  v a lu e  o f  h i s  h i s t o r y .  And B e l l  has  been c r i t i c i z e d  

f o r  some s e r i o u s  e r r o r s . ^ - Hence, we must  be s k e p t i c a l  o f  

B e l l ' s  d e s c r i p t i o n s  o f  p e r s o n a l i t i e s  and m o t i v a t i o n s  o f  

m a th e m a t i c i a n s  ( e s p e c i a l l y  r e g a r d i n g  J e w s ) ,  b u t ,  I  b e l i e v e ,  

h i s  d e s c r i p t i o n s  o f  th e  h i s t o r y  and m a them a t ic s  a r e  a c c u r a t e

and h i s t o r i c a l l y  sound.
<

The t w e n t i e t h  c h a p t e r  o f  h i s  Development o f  M athe­

m a t i c s  i s  e n t i t l e d  " I n v a r i a n c e , "  and B e l l  u se s  th e  theme 

o f  i n v a r i a n c e  (o r  i n v a r i a n t s )  i n  m a them a t ic s  t o  d i s c u s s  

a l g e b r a i c  i n v a r i a n t s ,  L ie  g ro u p s ,  which he c a l l s  " t r a n s f o r ­

m a t ion  g r o u p s , "  K l e i n ' s  E r l a n g e r  Program, and g e o m e t r i c a l  

and s p a t i a l  i n v a r i a n t s .  The l a s t  s e c t i o n  o f  t h i s  c h a p t e r ,  

" I n t r i n s i c  s p a c i a l  [ s i c ]  i n v a r i a n c e , "  b e g in s  w i t h  th e  

comment i n  which he b e l i e v e s  t h a t

For  example ,  J o s e p h  Dauben, w r i t i n g  i n  h i s  b i o ­
graphy o f  Georg C a n to r  (pp .  1 1 -1 2 ) ,  lam en ts  t h a t  i t  was 
th e  f a u l t  o f  E. T. B e l l  f o r  p o p u l a r i z i n g

. . . t h e  p o r t r a i t  o f  C a n to r  a s  a  man whose problems 
and i n s e c u r i t i e s  stemmed from F r e u d i a n  a n ta g o n ism s  
w i t h  h i s  f a t h e r  and whose r e l a t i o n s h i p  w i t h  h i s  a r c h ­
r i v a l  Leopold K ronecker  was e x a c e r b a t e d  because  b o th  
men were J e w i s h .  I n  f a c t ,  C an to r  was n o t  J e w i s h .
He was bo rn  and b a p t i z e d  a  L u th e r a n  and was a  devou t  
C h r i s t i a n  d u r i n g  h i s  e n t i r e  l i f e .

Dauben r e f e r s  th e  r e a d e r  to  B e l l ' s  Men o f  M athem at ics  (1945) 
where B e l l  w r i t e s  (pp .  562-563)

. . . The a g g r e s s i v e  c l a n n i s h n e s s  o f  Jews has o f t e n  
been rem arked ,  sometimes a s  a n  a rgum ent  a g a i n s t  
employing them i n  academic  work, bu t  i t  has  n o t  been 
so g e n e r a l l y  o b se rv ed  t h a t  t h e r e  i s  no more academic  
h a t r e d  t h a n  t h a t  o f  one Jew f o r  a n o t h e r  when th e y
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With t h e  e x t r a o r d i n a r y  r a p i d  development  o f  
t o p o lo g y ,  o r  a n a l y s i s  s i t u s ,  i n  th e  t w e n t i e t h  c e n t u r y ,  
th e  c o n c e p t  o f  i n v a r i a n c e  p e n e t r a t e d  more d e e p ly  
t h a n  e v e r  b e f o r e  i n  b o th  geometry  and a n a l y s i s .
E x p e r t s  i n  to p o lo g y  c la im  t h a t  t h e i r  methods r e n d e r  
c o m p l ic a te d  s i t u a t i o n s  i n  a n a l y s i s  s p a c i a l l y  i n t u i ­
t i v e ;  and to  ju d g e  by th e  r e s u l t s  th e y  o b t a i n  w i th  
a p p a r e n t  e a s e  i n  some o f  th e  most  i n t r i c a t e  problems 
o f  modern dynamics ,  t h e y  must  be r i g h t . i

B e l l  c h a r a c t e r i z e s  to p o lo g y  a s  b e in g

. . . co nce rned  w i t h  c e r t a i n  q u a l i t a t i v e  p r o p e r t i e s  
o f  a  space  a s  a l r e a d y  d e f i n e d ,  namely a s  a s e t  o f  
o b j e c t s  w i t h  a  d e f i n i t e  sys tem  o f  p r o p e r t i e s .  The 
o b j e c t s  a r e  u s u a l l y  c a l l e d  p o i n t s ;  bu t  t h e  c rude  
i n t u i t i v e  n o t i o n  o f  a p o i n t  i s  n o t  th e  o n ly  one to  
which  th e  to p o lo g y  o f  a  g e n e r a l  o r  a b s t r a c t  space  i s  
a p p l i c a b l e .  Of th e  p r o p e r t i e s  a s s i g n a b l e  t o  a  s p a c e ,  
t h a t  o f  a  ne ighborhood  i s  c e n t r a l  h e r e .

Topology i s  the  s tu d y  o f  th o se  p r o p e r t i e s  o f  
sp aces  what a r e  i n v a r i a n t  under  homeomorphic t r a n s ­
f o r m a t io n s .  (Here he c i t e s  Solomon L e f s c h e t z ,  
T o p o lo g y , 1 9 3 0 . ) ^

He t h e n  b r i e f l y  d i s c u s s e s  t h e  h i s t o r y  o f  "combina­

t o r i a l "  to p o lo g y  and t h e n  e x p l a i n s  t h a t  t h e r e  a r e

. . . two main d i r e c t i o n s ,  th e  c o m b i n a t o r i a l  and th e  
C a n t o r i a n ,  o r  a n a l y t i c ,  which to p o lo g y  fo l lo w ed  i n  
th e  t w e n t i e t h  c e n t u r y .  The famous theorem s t a t e d  
n e x t  [ J o r d a n  Curve] s u g g e s t s  C a n t o r ' s  p o i n t  s e t s  
r a t h e r  t h a n  t h e  c e l l s  d e s c r i b e d  a b o v e : 3

d i s a g r e e  on p u r e l y  s c i e n t i f i c  m a t t e r s  o r  when one i s  
j e a l o u s  o r  a f r a i d  o f  a n o t h e r  . . . When two i n t e l ­
l e c t u a l  Jews f a l l  o u t  th e y  d i s a g r e e  a l l  o v e r ,  throw 
r e s e r v e  t o  th e  d o g s ,  and do e v e r y t h i n g  i n  t h e i r  
power t o  c u t  one a n o t h e r s 1 t h r o a t s  o r  s t a b  one 
a n o t h e r  i n  th e  back .

T h is  i s  B e l l  d i s c u s s i n g  th e  C a n to r /K r o n e c k e r  d i s a g r e e m e n t s .  

1B e l l ,  p. 424.

^ I b i d . ,  p. 425.

3I b i d . ,  p. 430.
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So i n  a d d i t i o n  to  P o i n c a r e ' s  c o n t r i b u t i o n  t o  c o m b i n a t o r i a l  

to p o lo g y

The second m a jo r  im pulse  to  to p o lo g y  o f  th e  p e r io d  
b e f o r e  P o i n c a r e ' s  work o f  1895 was C a n t o r ' s  t h e o r y  
(1879-84)  o f  p o i n t  s e t s  (M e n g e n le h re ) . With th e  
e n c y c lo p a e d ic  r e p o r t  (1908) o f  A. S c h o e n f l i e s  (18 5 3 - ,  
German) on C a n t o r ' s  t h e o r y  and i t s  dev e lo pm en t ,  p o i n t  
s e t s  were f i r m l y  e s t a b l i s h e d  a s  t h e  groundwork o f  
a n a l y s i s .  By 1920 M engenlehre  had become so p o p u l a r ,  
e s p e c i a l l y  w i t h  th e  P o l i s h  s c h o o l ,  t h a t  a  b u lk y  new 
p e r i o d i c a l ,  Fundamenta m a th e m a t i c a e , was founded i n  
Warsaw to  c e l e b r a t e  t h e  r e c e n t l y  a c q u i r e d  freedom o f  
P o l a n d - - l o s t  n i n e t e e n  y e a r s  t o  t h e  a n t i - C a n t o r i a n s - -  
and to  d eve lop  C a n t o r ' s  t h e o r y  i n  a l l  o f  i t s  r a m i f i c a ­
t i o n s .  These i n c lu d e d  much t o p o l o g y , , m o s t ly  from th e  
a n a l y t i c  and a b s t r a c t  p o i n t s  o f  view.

He t h e n  d i s c u s s e s  th e  work o f  F r e c h e t ,  Brouwer ( " t h a t  th e

d i m e n s i o n a l i t y  o f  a n  n - d i m e n s i o n a l  num ber-m anifo ld  i s  a

t o p o l o g i e  i n v a r i a n t " ) ,  B e t t i ,  A l e x a n d e r ,  L e f s c h e t z ,  and

R. L. Moore.

B e l l  i s  co nv inced  t h a t  modern to p o lo g y  i s  one o f  

th e  most modern o f  modern m a th e m a t ic s .

Topology has been  g iv e n  [ i n  t h i s  c h a p t e r ]  what 
may seem more t h a n  i t s  j u s t  a l l o t m e n t  o f  sp ace  i n  a 
g e n e r a l  a c c o u n t  f o r  a  r e a s o n  o f  th e  v e ry  f i r s t  
im p o r tan c e .  Many f e e l  t h a t  to p o lo g y  had added a new 
d im ens ion  to  m a th e m a t i c a l  t h o u g h t .  The c l a s s i c a l  
q u a n t i t a t i v e ,  m e t r i c ,  and a r i t h m e t i c  a p p ro a c h e s  
a p p e a r  t o  be i n c a p a b l e  o f  l e a d i n g  to  a n y t h i n g  e i t h e r  
v a l u a b l e  o r  comprehens ive  i n  th e  q u a l i t a t i v e  a s p e c t s  
o f  m a th e m a t i c s .  C e r t a i n l y  t o p o lo g i e  t h i n k i n g  i s  
u n l i k e  any o t h e r  i n  m a th e m a t ic s ,  and i t  r e q u i r e s  
e i t h e r  a typ e  o f  mind d i s t i n c t  from th e  o r d i n a r i l y  
good m a th e m a t i c a l  i n t e l l i g e n c e ,  o r  a  t r a i n i n g  
r a d i c a l l y  d i f f e r e n t  from t h a t  f o s t e r e d  by c o n s e r v a -  
t i v i s m ,  i f  i t  i s  t o  be a p p l i e d  e f f e c t i v e l y . ^

^ I b i d . ,  p. 432.

2I b i d . , p. 434.
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. . . One t h i n g  seems c e r t a i n :  t o  t h i n k  t o p o l o g i c a l l y ,
th e  t h i n k e r  must  be young. The c r a d l e  w i t h  i t s  
en ch a in e d  t e e t h i n g  r i n g s  may be a l i t t l e  to o  e a r l y ;  
b u t  t h e  e d u c a t i o n  o f  a  p r o s p e c t i v e  t o p o l o g i s t  sho u ld  
n o t  i n  any  c a s e  be d e f e r r e d  beyond th e  t h i r d  y e a r . 1

T h is  l a s t  q u o t a t i o n  says  more a b o u t  B e l l ' s  awe o f  modern

to p o lo g y  t h a n  h i s  views o f  e d u c a t i o n .

A c t u a l l y  he c l o s e s  t h e  c h a p t e r  w i t h  a few, r a t h e r  

p r o p h e t i c  words .

I t  seems n o t  a l t o g e t h e r  f a n t a s t i c  t o  imagine t h a t  
a  few c e n t u r i e s  hence t h e  q u a l i t a t i v e  h a b i t  o f  th o u g h t  
w i l l  have su p e rse d ed  th e  q u a n t i t a t i v e  i n  th e  growing 
p a r t s  o f  m a th e m a t i c s .  C e r t a i n  i n d i c a t i o n s  i n  s c i e n c e ,  
and many i n  m a th e m a t ic s ,  p o i n t  t o  t h e  a n a l y s i s  of  
s t r u c t u r e  a s  t h e  m a them a t ic s  o f  th e  f u t u r e .  S t a t e d  
r o u g h ly ,  i t  i s  n o t  t h i n g s  t h a t  m a t t e r ,  bu t  th e  r e l a ­
t i o n s  between them; and i f  to p o lo g y  w i t h  i t s  s p a c i a l  
v i s u a l i z a t i o n s  o f  i n t r i c a t e  r e l a t i o n s  between a b s t r a c t  
' o b j e c t s '  has made p o s s i b l e  a r u d im e n ta r y  b u t  s t i l l  
d i f f i c u l t  a n a l y s i s  o f  r e l a t i o n s ,  i t  may be th e  germ 
o f  m a th em a t ic s  o f  th e  f u t u r e .  I n  any e v e n t ,  to p o lo g y  
i s  so u n l i k e  p r e v io u s  m athem at ics  t h a t  i t  h i n t s  o f  a 
m a jo r  t r a n s i t i o n . 2

C o n s id e r in g  t h e  im p o r tance  o f  g e n e r a l  t o p o lo g y  i n  

th e  t w e n t i e t h  c e n t u r y  i t  i s  s u r p r i s i n g  how few g e n e r a l  

h i s t o r i e s  o f  m a th em a t ic s  c o n t a i n  any s i g n i f i c a n t  d i s c u s s i o n  

a b o u t  t h e  s u b j e c t .  Fo r  example ,  Howard E v e s '  An I n t r o d u c ­

t i o n  to  th e  H i s t o r y  o f  M athem at ics  c o n t a i n s  o n ly  p a s s i n g  

r e f e r e n c e  to  p o i n t  s e t  t o p o lo g y .  Two o f  th e  more famous 

g e n e r a l  s u r v e y s ,  C a r l  B o y e r ' s  1968, A H i s t o r y  o f

■^Ibid. ,  p . 425.

2I b i d . ,  p. 435.
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M a th e m a t i c s^ and M o r r i s  K l i n e ' s  1972 M a th em a t ica l  Thought
2

from A n c i e n t  to  Modern Times a r e  e x c e p t i o n s  and c o n t a i n  

c h a p t e r s ,  o r  p o r t i o n s  o f  c h a p t e r s ,  on th e  h i s t o r y  o f  

t o p o lo g y .

I n  B o y e r ' s  A H i s t o r y  o f  M athem at ics  we f i n d  a  f u l l

c h a p t e r  on "The A r i t h m e t i z a t i o n  o f  A n a l y s i s . "  S i m i l a r  i n

s t y l e  and c o n t e n t  t o  t h e  c h a p t e r s  I  have m ent ioned  i n  h i s

h i s t o r y  o f  c a l c u l u s ,  Boyer t r a c e s  th e  development  o f  a n a l y s i s

from th e  b e g in n in g s  o f  F o u r i e r  s e r i e s ,  t o  th e  Bolzano-

W e i e r s t r a s s  theorem , to  th e  a r i t h m e t i z a t i o n  o f  t h e  r e a l

numbers ,  and down to  C a n to r  and h i s  work. The l a s t  c h a p t e r

o f  h i s  book, "A spec ts  o f  the  T w e n t i e th  C e n t u r y , "  c o n t a i n s

a  s e c t i o n  on p o i n t  s e t  t o p o lo g y ,  im m ed ia te ly  f o l lo w in g  a

b r i e f  s e c t i o n  o f  h i s t o r y  o f  m easure  and i n t e g r a t i o n .  F o r

Boyer ,  a s  w i t h  B e l l ,  t o p o lo g y  i s  a  phenomena o f  t h e  t w e n t i e t h

c e n t u r y .  "The new t h e o r i e s  o f  i n t e g r a t i o n  were c l o s e l y

a l l i e d  w i t h  a n o t h e r  pronounced c h a r a c t e r i s t i c  o f  the

t w e n t i e t h  c e n t u r y ,  t h e  r a p i d  growth  o f  p o i n t  s e t  t o p o l o g y , "
3

i s  th e  way Boyer opens h i s  d i s c u s s i o n  o f  t o p o lo g y .

■^Carl Boyer ,  A H i s t o r y  o f  M athem at ics  (New York:
Jo h n  W iley  & Sons ,  1968) .

^Morris  K l i n e ,  M a th em a t ica l  Thought from A n c ie n t  to  
Modern Times (New York: Oxford U n i v e r s i t y  t r e s s ,  iy/2) .

3
Boyer ,  A H i s t o r y  o f  M a th e m a t i c s , p .  665.
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Boyer d e s c r i b e s  F r e c h e t ' s  work,  and t h e  i n f l u e n c e

o f  H i l b e r t ,  P o i n c a r e ,  Fredholm (w i th  r e g a r d  t o  i n t e g r a l

e q u a t i o n s  and f u n c t i o n a l  a n a l y s i s ) , and C a n to r  on th e

development  o f  to p o lo g y .  C h a r a c t e r i s t i c  o f  Boyer ,  he

c o n s i d e r s  th e  a b s t r a c t  c o n c e p ts  o f  to p o lo g y  a s  symbols o f

th e  m a th e m a t i c a l  m i l i e u  o f  th e  t w e n t i e t h  c e n t u r y .

. . . P ro b a b ly  no a s p e c t  o f  t w e n t i e t h - c e n t u r y  
m a th em a t ic s  s t a n d s  ou t  more c l e a r l y  t h a n  does th e  
e v e r  g r e a t e r  d e g re e  o f  g e n e r a l i z a t i o n  and a b s t r a c ­
t i o n .  From th e  t ime o f  H i l b e r t  and F r e e h e t  th e  
n o t i o n s  o f  a b s t r a c t  s e t  and a b s t r a c t  space  have been 
fundam en ta l  i n  r e s e a r c h . 1

He ends h i s  s e c t i o n  w i t h  a  d i s c u s s i o n  o f  H a u s d o r f f ' s  

G rundzuge , p o i n t i n g  o u t  th e  im p o r ta n t  c o n t r i b u t i o n  o f  

H a u s d o r f f ' s  ax iom s.  U n d e r sc o r in g  h i s  view o f  th e  a b s t r a c ­

t i o n s  and g e n e r a l i z a t i o n s  a f f o r d e d  by to p o lo g y  he comments:

I f  any one book marks th e  emergence o f  p o i n t  s e t  
to p o lo g y  a s  a  s e p a r a t e  d i s c i p l i n e ,  i t  i s  H a u s d o r f f ' s  
G rundzuge . I t  i s  i n t e r e s t i n g  to  n o t e  t h a t  a l t h o u g h  
i t  was th e  a r i t h m e t i z a t i o n  o f  a n a l y s i s  t h a t  began th e  
t r a i n  o f  th o u g h t  t h a t  l e a d  from C a n to r  to  H a u s d o r f f ,  
i n  th e  end t h e  c o n c e p t  o f  number i s  t h o r o u g h ly  su b ­
merged under  a f a r  more g e n e r a l  p o i n t  o f  v iew. More­
o v e r ,  a l t h o u g h  th e  word " p o i n t "  i s  used i n  t h e  t i t l e ,  
th e  new s u b j e c t  has  a s  l i t t l e  t o  do w i t h  th e  p o i n t s  o f  
o r d i n a r y  geometry  a s  w i t h  th e  numbers o f  common a r i t h ­
m e t i c .  Topology has emerged i n  th e  t w e n t i e t h  c e n t u r y  
a s  a  s u b j e c t  t h a t  u n i f i e s  a lm o s t  th e  whole o f  m a th e ­
m a t i c s ,  somewhat a s  p h i lo s o p h y  seeks  t o  c o o r d i n a t e  a l l  
knowledge. Because o f  i t s  p r i m i t i v e n e s s ,  to p o lo g y  
l i e s  a t  th e  b a s i s  o f  a v e ry  l a r g e  p a r t  o f  m a th e m a t i c s ,  
p r o v i d in g  i t  w i t h  a n  unexpec ted  c o h e s i v e n e s s . 2

1I b i d . ,  p. 667.

^ I b i d . ,  p. 669.
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B o y e r ' s  use  o f  t h e  word " p r i m i t i v e n e s s "  u n d o u b ted ly  means 

t h a t  t o p o l o g y ' s  c o n c e p t s  a r e  p ro f o u n d ly  b a s i c  o r  fu nd am en ta l  

so t h a t  th e  c o n c e p ts  ten d  to  pervade  many a s p e c t s  o f  modern 

m a th e m a t i c s - - a  view w i t h  which  I  would a g r e e .

M o rr i s  K l i n e ,  i n  h i s  M a th e m a t i c a l  Thought from

A n c i e n t  to  Modern T im e s , d e v o te s  a  f u l l  c h a p t e r  to  t o p o lo g y ,

"The B e g in n in g s  o f  T o p o lo g y ."  K l in e  b e g in s  t h i s  c h a p t e r

w i t h  th e  i n t e r e s t i n g  h i s t o r i c a l  and c o n c e p t u a l  summary

under  th e  h e a d in g ,  "The N a tu re  o f  T o p o lo g y ."

A number o f  deve lopm ents  o f  t h e  n i n e t e e n t h  c e n t u r y  
c r y s t a l l i z e d  i n  a  new b ran c h  o f  geom etry ,  now c a l l e d  
to p o lo g y  b u t  lo ng  known a s  a n a l y s i s  s i t u s .  To p u t  
i t  l o o s e l y  f o r  th e  moment, t o p o lo g y  i s  conce rned  
w i t h  t h o s e  p r o p e r t i e s  o f  g e o m e tr ic  f i g u r e s  t h a t  rem ain  
i n v a r i a n t  when th e  f i g u r e s  a r e  b e n t ,  s t r e t c h e d ,  sh ru n k ,  
o r  deformed i n  any  way t h a t  does n o t  c r e a t e  new p o i n t s  
o r  f u s e  e x i s t i n g  p o i n t s  . . .

Topology has  had numerous and v a r i e d  o r i g i n s .  As 
w i t h  most  b ran c h es  o f  m a th e m a t i c s ,  many s t e p s  were 
made which o n ly  l a t e r  were  r e c o g n iz e d  a s  b e lo n g in g  to  
o r  c a p a b le  o f  b e in g  subsumed under  one new s u b j e c t  . . .

Somewhat d i f f e r e n t  from Boyer ,  K l in e  views t h e  h i s t o r y  o f

to p o lo g y  a s  a n  o u tg ro w th  o f  s e v e r a l  t r e n d s  o f  th e  n i n e t e e n t h

c e n t u r y  r a t h e r  th a n  a symbol o f  th e  t w e n t i e t h .  In d e e d ,

s p r i n k l e d  th ro u g h o u t  h i s  d i s c u s s i o n  a r e  r e f e r e n c e s  f o r  th e

r e a d e r  back to  p r e v io u s  s e c t i o n s  o f  h i s  h i s t o r y - - s u c h  as

th o s e  d e a l i n g  w i t h  C a n to r ,  J o r d a n ,  B o r e l ,  L ebesgue ,  and

F r e c h e t .  He t h e n  d e s c r i b e s  H a u s d o r f f ' s  work and book,

th e  Grundzuge , w i t h  a d i s c u s s i o n  o f  th e  axioms and o t h e r

■hcline, p. 1158.
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r e s u l t s  o f  H a u s d o r f f .  Beyond H a u s d o r f f  he d i s c u s s e s  th e  

work o f  Urysohn,  Menger,  and P o in c a r e  on m e t r i c  s p a c e s ,  

a b s t r a c t  s p a c e s ,  and d im ens ion  t h e o r y .  The b a la n c e  o f  th e  

c h a p t e r  i s  a  b r i e f  h i s t o r y  o f  a l g e b r a i c  t o p o lo g y ,  t h e  f i x e d  

p o i n t  theorems o f  t o p o lo g y ,  and homotopy t h e o r y .

We see  th e  d i f f e r e n c e s  i n  h i s t o r i c a l  a t t i t u d e s  

between Boyer and K l i n e .  K l i n e ,  known f o r  h i s  i n t e r e s t  i n  

t h e  n i n e t e e n t h  c e n t u r y  and th e  a p p l i c a t i o n s  o f  m a th e m a t ic s ,  

d e s c r i b e s  p o i n t  s e t  to p o lo g y  i n  te rm s o f  a c u l m i n a t i o n  o f  

s e v e r a l  t e c h n i c a l  deve lopm ents  o f  n i n e t e e n t h  c e n t u r y  m a the ­

m a t i c s .  Boyer ,  who t e n d s  to  p r e f e r  v iew ing  m a th e m a t i c a l  

deve lopm ents  i n  l a r g e r  h i s t o r i c a l  s e t t i n g s ,  d e s c r i b e s  p o i n t  

s e t  to p o lo g y  a s  more o f  a n  e x p r e s s i o n  o f  th e  c h a r a c t e r  o f  

th e  new t w e n t i e t h  c e n t u r y  movement towards  g r e a t e r  a b s t r a c ­

t i o n  and g e n e r a l i z a t i o n .

I n  e i t h e r  c a s e ,  b o th  a u t h o r s  l e a v e  th e  d i s t i n c t  

im p r e s s io n  t h a t  t h e  emergence o f  p o i n t  s e t  t o p o lo g y  was 

a lm o s t  t o  be e x p e c t e d ,  t h a t  i t  " n a t u r a l l y ” o c c u r r e d  e i t h e r  

a s  a n  i n e s c a p a b l e  r e s u l t  o f  n i n e t e e n t h  c e n t u r y  m a th e m a t i c a l  

a n c e s t o r s  o r  o f  t w e n t i e t h  c e n t u r y  t e n d e n c i e s .

While i t  i s  t r u e  t h a t  th e  work o f  v a r i o u s  m a the ­

m a t i c i a n s  i n  d i f f e r e n t  f i e l d s  was embraced by t h i s  new 

a p p ro a c h  and t h e o r y  o f  t o p o lo g y ,  none o f  th e  p a r t i c i p a n t s  

a t  t h e  t ime e v e r  d e s c r i b e d  t h e i r  work a s  a  p a r t  o f  a
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l a r g e r ,  more g e n e r a l ,  s e t t i n g .  C e r t a i n l y  p a r t  o f  H a u s d o r f f ' s  

g e n iu s  was a p p r e c i a t i n g  th e  v e ry  g e n e r a l  s e t t i n g  o f  to p o lo g y  

i n  which  so much o f  a n a l y s i s  and geometry  c o u ld  be p l a c e d ,  

b u t  a more a c c u r a t e  c h a r a c t e r i z a t i o n  o f  th e  emergence o f  

p o i n t  s e t  to p o lo g y  p r i o r  t o  H a u s d o r f f  was t h a t  much o f  th e  

" f a c t s "  o f  p o i n t  s e t  to p o lo g y  "were i n  t h e  a i r "  w i t h  no 

one ,  e x c e p t  p e rh a p s  H a u s d o r f f ,  a p p r e c i a t i n g  t h e i r  i n t e r ­

c o n n e c t i o n s  .

A good example o f  a b e l i e f  i n  t h e  i n e s c a p a b l e ,

i n e v i t a b l e  h i s t o r i c a l  development  o f  m a th em a t ic s  i s  found

i n  B o u r b a k i ' s  " H i s t o r i c a l  N o te s "  a t  t h e  ends o f  v a r i o u s

c h a p t e r s  o f  t h e i r  books.  These n o t e s  have been  c o l l e c t e d

i n t o  a  volume, E lem ents  d ' h i s t o i r e  des m a th e m a t iq u e s . ^

I n  t h e i r  G e n e ra l  Topology i s  a " H i s t o r i c a l  N o te” a f t e r
2

C h a p te r  I  on p o i n t  s e t  t o p o lo g y .

A f t e r  commenting t h a t  th e  " i d e a s  o f  l i m i t  and c o n ­

t i n u i t y  go back t o  a n t i q u i t y "  and a co m p le te  h i s t o r y  o f  

l i m i t  and c o n t i n u i t y  would r e q u i r e  th e  s tu d y  o f  Greek 

p h i lo s o p h y  a s  w e l l  a s  Greek m a th e m a t i c s ,  B ourbak i  b e l i e v e s  

t h a t :

I t  i s  Riemann who shou ld  be c o n s i d e r e d  a s  the  
c r e a t o r  o f  t o p o lo g y ,  a s  o f  so many o t h e r  b ran c h es  o f

1N ic o la s  B o u rb a k i ,  E lem ents  d ' h i s t o i r e  des  m a th e ­
m a t iq u e s  ( P a r i s :  Hermann, 1 % 9 ) .

2
N i c o la s  B o u rb a k i ,  G e n e ra l  Topology ( P a r i s :  Hermann,

19 6 4 ) ,  pp.  162-168.
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modern m a th e m a t i c s .  He was t h e  f i r s t  t o  a t t e m p t  t o  
f o r m u la te  th e  n o t i o n  o f  a  t o p o l o g i c a l  sp a c e ;  he 
co n ce ived  t h e  id e a  o f  a n  autonomous t h e o r y  o f  such  
s p a c e s ;  he d e f i n e d  i n v a r i a n t s  ( t h e  ’’B e t t i  numbers” ) 
which  were t o  p l a y  a p r e - e m in e n t  p a r t  i n  th e  l a t e r  
development  o f  to p o lo g y ;  and he was th e  f i r s t  to  
a p p ly  t o p o lo g y  t o  a n a l y s i s  ( p e r i o d s  o f  a b e l i a n  
i n t e g r a l s )  .

B ourbak i  t h e n  comments on t h e  m a th e m a t i c a l  m i l i e u  d u r i n g  

t h e  n i n e t e e n t h  c e n t u r y  f a v o r a b l e  t o  t h e  development  o f  

to p o lo g y

. . . I n  t h e  f i r s t - p l a c e ,  t h e  d e s i r e  to  pu t  m athe ­
m a t i c s  on a  f i r m  b a s i s ,  which  was t h e  cau se  o f  so 
many im p o r t a n t  r e s e a r c h e s  th ro u g h o u t  th e  n i n e t e e n t h  
c e n t u r y  and up to  th e  p r e s e n t  d ay ,  had l e d  t o  a 
c o r r e c t  u n d e r s t a n d i n g  o f  th e  n o t i o n s  o f  a  c o n v e rg e n t  
s e r i e s  and a  sequence  o f  numbers t e n d i n g  t o  a  l i m i t  
(Cauchy, Abe l)  and to  th e  n o t i o n  o f  a c o n t in u o u s  f u n c ­
t i o n  (B o lzano ,  Cauchy) .  On th e  o t h e r  hand ,  th e  g eo ­
m e t r i c a l  r e p r e s e n t a t i o n  (by p o i n t s  o f  a  p l a n e )  o f  th e  
complex numbers . . . c o n s t i t u t e d  a n  advance  o f  th e  
same o r d e r  a s  t h e  a d o p t i o n ,  i n  o u r  c e n t u r y ,  o f  th e  
language  o f  geometry  i n  th e  s tu d y  o f  H i l b e r t  s p a c e ,  
and c o n ta in e d  t h e  germ o f  th e  p o s s i b i l i t y  o f  a g eo ­
m e t r i c a l  r e p r e s e n t a t i o n  o f  e v e r y  o b j e c t  c a p a b le  o f  
c o n t in u o u s  v a r i a t i o n . ^

B o u r b a k i ' s  m i s s i o n ,  i n  t h e i r  books,  was to  p r e s e n t  

m a th em a t ic s  th e y  c o n s i d e r e d  t h o r o u g h ly  u n d e rs to o d  and worked-  

o u t  i n  i t s  most  modern,  a b s t r a c t  s e t t i n g .  The modern, 

a b s t r a c t  s e t t i n g  i s ,  f o r  B o u rb ak i ,  t h e  ’’c o r r e c t ” u n d e r ­

s t a n d i n g  o f  m a th e m a t ic s .  P re sum ab ly ,  t h e n ,  n o t i o n s  a b o u t  

c o n v e rg e n t  s e r i e s  and sequences  o f  numbers t e n d i n g  to  a 

l i m i t  p r i o r  to  th e  " c o r r e c t ” u n d e r s t a n d i n g  were n o t  a  p a r t

1I b i d . ,  p. 162.
2

Ib id .  My emphasis .
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o f  m a th e m a t i c s ,  o n ly  a  p a r t  o f  i t s  h i s t o r y .  B o u r b a k i ' s  

modern v ie w p o in t  can  be d e t r i m e n t a l  to  t h e i r  h i s t o r i c a l  

r e f e r e n c e s .  F o r  exam ple ,  th e y  say  t h a t

B efo re  a g e n e r a l  t h e o r y  o f  t o p o l o g i c a l  s p a c e s ,  
such  a s  Riemann had e n v i s a g e d ,  co u ld  be d e v e lo p e d ,  
i t  was n e c e s s a r y  t h a t  th e  t h e o r y  o f  r e a l  numbers ,  o f  
s e t s  o f  numbers ,  o f  s e t s  o f  p o i n t s  on a  l i n e ,  i n  a 
p la n e  and i n  space  shou ld  be more s y s t e m a t i c a l l y  
i n v e s t i g a t e d  t h a n  th e y  had been  i n  R iem ann 's  t im e .

Through th e  use  o f  t h e  p a s s i v e  v o i c e ,  Bourbak i  s u g g e s t s  

t h a t  a  k in d  o f  c o n s c i o u s l y  p lanned  r e s e a r c h  program on th e  

p a r t  o f  some one o r  group o f  m a th e m a t i c i a n s  were a d o p te d  to  

p roduce  g e n e r a l  to p o lo g y .  I t  i s  t r u e  t h a t  much o f  t h e  

i n v e s t i g a t i o n s  a b o u t  t h e  r e a l  l i n e ,  r e a l  numbers ,  e t c . ,  

were conduc ted  p r i o r  t o  s y s t e m a t i c  t r e a t m e n t  by H a u s d o r f f ,  

b u t  m a jo r  r e s u l t s  i n  g e n e r a l  t o p o l o g y - - t h e  H e in e - B o r e l  

theo rem ,  J o r d a n  Curve theorem ,  th e  n o t i o n  o f  c o m p a c tn e s s , - -  

were a l s o  known b e f o r e  H a u s d o r f f ' s  book. Each  c o n t r i b u t i n g  

id ea  to  th e  emergence o f  p o i n t  s e t  to p o lo g y  had i t s  own 

h i s t o r y  and deve lopm ent ;  th e y  a l l  e v e n t u a l l y  c r e a t e d  th e  

s t a g e  f o r  th e  emergence o f  p o i n t  s e t  t o p o lo g y .  Yet t h e r e  

was c e r t a i n l y  no p l a n ,  no a  p r i o r i  u n d e r s t a n d i n g  o f  what 

were t h e  im p o r t a n t  and n e c e s s a r y  p r e c o n d i t i o n s  o r  p r e ­

c o n c e p t s  b e f o r e  "a g e n e r a l  t h e o r y  o f  t o p o l o g i c a l  s p a c e s ,  

such a s  Riemann had e n v i s a g e d ,  c o u ld  be d e v e l o p e d . "

B ourbak i  commits th e  e r r o r  i n  h i s t o r i c a l  w r i t i n g  

o f  " r a t i o n a l  r e c o n s t r u c t i o n . "  I n s t e a d  o f  u s in g  th e  a c t u a l

^ I b i d . ,  p. 164.
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h i s t o r y  a s  t h e i r  g u i d e ,  t h e y  use  t h e  modern u n d e r s t a n d i n g  

and v ie w p o in t  a s  t h e i r  gu ide  i n  w r i t i n g  h i s t o r y .  They w ish  

t o  " r a t i o n a l l y  r e c o n s t r u c t "  th e  h i s t o r y  o f  m a th em a t ic s  

a lo n g  th e  l i n e s  o f  i t s  fo rm a l  o r  i n t e l l e c t u a l  c o n s t r u c t i o n .  

Bourbak i  te n d s  to  w r i t e  h i s t o r y  a s  t h e y  would have l i k e d  

i t  t o  have o c c u r r e d  r a t h e r  t h a n  how i t  a c t u a l l y  o c c u r r e d .

To temper  my c r i t i c i s m  somewhat l e t  me remind th e  

r e a d e r  t h a t  Bourbak i  was n o t  a t t e m p t i n g  t o  w r i t e  c o m p le te ,  

th o ro u g h  m athem atics  h i s t o r y  i n  t h e i r  " H i s t o r i c a l  N o t e s . "  

P r o b a b ly  th e  i n t e n t  was to  g iv e  th e  g r a d u a t e  s t u d e n t  who 

was l e a r n i n g  from t h e i r  t e x t s  some a p p r e c i a t i o n  o f  th e  

s e t t i n g  and h i s t o r i c a l  developments  o f  th e  p a r t i c u l a r  

t o p i c  d i s c u s s e d .  Y e t ,  B ourbaki  c o n t r i b u t e s  to  th e  b e l i e f  

i n  th e  i n e s c a p a b l e  i n e v i t a b i l i t y  o f  c e r t a i n  m a th e m a t i c a l  

c o n c e p ts  o c c u r r i n g  when th e y  d id  i n  th e  h i s t o r y  o f  m a th e ­

m a t i c s .  T h is  "march o f  h i s t o r y "  s u g g e s t s ,  i f  a n y t h i n g ,  

a n  i n h e r e n t  problem o f  p r o f e s s i o n a l  m a th e m a t i c i a n s  

a t t e m p t i n g  t o  w r i t e  m a them a t ic s  h i s t o r y .

The o n ly  s u b s t a n t i a l  monograph e x c l u s i v e l y  devo ted  

t o  th e  h i s t o r y  o f  p o i n t  s e t  t o p o lo g y  i s  Jerome Manheim's 

The G e n es is  o f  P o i n t  S e t  T o po lo gy .^

Manheim's monograph i s  a wide r a n g in g  s t u d y  o f  

t h e  h i s t o r i c a l  developments  c r e a t i n g  t h e  " g e n e s i s  o f  p o i n t

^■Jerome Manheim, The G e n es is  o f  P o i n t  S e t  Topology 
(New York: M acm il lan  Company, 1964).



128

s e t  t o p o l o g y . " B eg inn ing  h i s  book w i t h  a  b r i e f  d i s c u s s i o n

o f  t h e  h i s t o r y  of  th e  c a l c u l u s ,  Manheim b e l i e v e s  the

c a l c u l u s  " f o r c e d  upon p h i l o s o p h i c a l l y  o r i e n t e d  m a th e m a t i c i a n s

th e  n e c e s s i t y  t o  c o n s i d e r  s e r i o u s l y  th e  n o t i o n  o f  n e a r n e s s . " ^

. . . The vague and i n c o n s i s t e n t  n o t i o n s  o f  l i m i t  
which accompanied th e  e x p o s i t i o n s  o f  Newton and 
L e i b n iz  c r e a t e d  d i f f i c u l t i e s  which  th e y  and t h e i r  
f o l l o w e r s  were u n ab le  t o  r e s o l v e .  For  th e  n e x t  two 
c e n t u r i e s  th e  a t t e n t i o n  o f  th e  l e a d i n g  m a th e m a t ic ia n s  
was d i r e c t e d  tow ards  t h i s  problem o f  n e a r n e s s ;  i t s  
u l t i m a t e  s a t i s f a c t o r y  s o l u t i o n  p ro v id ed  b o th  a b a s i s  
and a m o t i v a t i o n  f o r  th e  development  o f  p o i n t  s e t
t o p o l o g y . ^

Thus ,  a f t e r  h i s  d i s c u s s i o n  o f  th e  " d i f f i c u l t i e s  a s s o c i a t e d  

w i t h  t h e  a p p e a ra n c e  o f  c a l c u l u s , "  C h a p te r  I I  d e s c r i b e s  the  

" e a r l y  a t t e m p t s  t o  make a n a l y s i s  r i g o r o u s . "  For  Manheim, 

th e  b e g in n in g s  o f  r e s e a r c h  i n t o  p o i n t  s e t s  came w i t h  t h e  

development  o f  F o u r i e r  s e r i e s .  He d e s c r i b e s  th e  v a r i o u s  

e q u a t io n s  a n a l y z i n g  th e  v i b r a t i n g  s t r i n g ,  t h e i r  h i s t o r i c a l  

s i g n i f i c a n c e ,  and t h e i r  g e n e r a l i z a t i o n s  which  led  to  

D i r i c h l e t ’s and R iem ann 's  s t u d y  o f  F o u r i e r  s e t s .  As he 

sum m ar izes :

I n v e s t i g a t i o n s  by D i r i c h l e t  e s t a b l i s h e d  s u f f i c i e n t  
c o n d i t i o n s  f o r  a F o u r i e r  s e r i e s  to  converge  t o  t h e  
f u n c t i o n  from which  i t  was d e r i v e d .  I n c i d e n t a l  t o  
t h e s e  r e s e a r c h e s  he r e e v a l u a t e d  th e  n o t i o n  o f  a 
f u n c t i o n ,  i n s i s t i n g  upon th e  g e n e r a l i t y  which c h a r a c ­
t e r i z e s  t h e  c u r r e n t  c o n c e p t i o n .  The id ea  t h a t  a 
f u n c t i o n  c a n  be based  upon th e  more p r i m i t i v e  n o t i o n  
o f  s e t  had i t s  i n c e p t i o n  i n  D i r i c h l e t ' s  work.

■*"Ibid., p. 1.

2Ib id .
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Riemann a t t e m p t e d  t o  f i n d  n e c e s s a r y  and s u f f i c i e n t  
c o n d i t i o n s  f o r  r e p r e s e n t a t i o n  o f  a  f u n c t i o n  by i t s  
F o u r i e r  s e r i e s .  A l th o u g h  he f a i l e d  i n  t h i s  t a s k  ( t h e  
problem i s  y e t  u n s o l v e d ) ,  th e  b y p ro d u c ts  o f  h i s  
i n v e s t i g a t i o n s  had profound  e f f e c t s  on th e  development  
o f  a n a l y s i s .  These r e s e a r c h e s  were the  f i r s t  to  
r e c o g n i z e  d i f f e r e n t  ty p e s  o f  i n f i n i t e  p o i n t  s e t s ,  a 
p r o p e r t y  developed  i n t o  a  u n i f i e d  t h e o r y  by Georg 
C a n to r  some y e a r s  l a t e r .  I n  f a c t  C a n t o r ' s  i n t e r e s t  
i n  s e t  t h e o r y  stemmed from h i s  r e s e a r c h e s  on t r i g n o n o -  
m e t r i c  s e r i e s . !

C h a p te r  IV i s  a n  e x c e l l e n t  t r e a t m e n t  o f  th e  h i s t o r y  

o f  t h e  a r i t h m e t i z a t i o n  o f  a n a l y s i s .  S t a r t i n g  w i t h  B o l z a n o ' s  

p ro o f  o f  h i s  form o f  th e  fundam en ta l  t h e o r y  o f  a l g e b r a ,  

Manheim th e n  d i s c u s s e s  B o lz a n o 's  c o n t in u o u s  bu t  n o t - d i f -  

f e r e n t i a b l e  f u n c t i o n ,  R iem ann 's  c o n t in u o u s  b u t  n o t - d i f -  

f e r e n t i a b l e  f u n c t i o n ,  W e i e r s t r a s s ' s " p a t h o l o g i c a l "  f u n c t i o n ,  

a l s o  continuous everywhere  bu t  nowhere d i f f e r e n t i a b l e ,  and 

ends w i t h  th e  a r i t h m e t i c a l  c o n s t r u c t i o n  o f  t h e  r e a l  numbers .  

He d e a l s  w i t h  a l l  th e  m ajor  m a th e m a t i c i a n s  and im p o r t a n t  

p a p e r s  r e g a r d i n g  t h r e e  t o p i c s  i n  a c l e a r  and th o rou g h  manner.  

In d e e d ,  a s  I  wrote my h i s t o r i c a l  s k e t c h  I  o f t e n  r e f e r r e d  to  

and compared my work w i t h  Manheim's work i n  t h o s e  a r e a s .

For  Manheim a l l  th e  u n u su a l  f u n c t i o n s  and a l l  th e  

d i f f i c u l t i e s  o f  o b t a i n i n g  a t r u e  a r i t h m e t i c a l  c o n s t r u c t i o n  

on th e  r e a l s  r e v e a l e d  th e  t e n s i o n  r e s u l t i n g  from th e  m a the ­

m a t i c i a n s '  i n t u i t i v e  o r  p i c t o r i a l  sense  o f  t h e i r  m athem at ics  

and t h e i r  fo rm al  m a th e m a t i c a l  r e s u l t s .  Not on ly  was n a iv e  

i n t u i t i o n  n o t  n e c e s s a r i l y  a v a l i d  so u rc e  o f  i d e a s ,

^ I b i d . ,  p. 64.
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o c c a s i o n a l l y  i t  a c t u a l l y  m is le d  m a t h e m a t i c i a n s .

The d i s q u i e t i n g  t h e s i s  t h a t  p i c t o r i a l  r e p r e s e n t a ­
t i o n  d id  n o t  have a g r e a t e r  g e n e r a l i t y  t h a n  a n a l y t i c  
c o n s t r u c t i o n  was n e i t h e r  r a p i d l y  n o r  h a p p i l y  a c c e p t e d  
when p r e s e n t e d  by F o u r i e r .  The s u g g e s t i o n  t h a t  th e  
i n c l u s i o n  a c t u a l l y  went th e  o t h e r  way so d i s t u r b e d  
t h e  e q u i l i b r i u m  o f  th e  s t r u c t u r e  o f  m a them a t ic s  (and 
m a th e m a t i c i a n s )  t h a t  more t h a n  f o u r  decades  e l a p s e d  
from d i s c o v e r y  (Bo lzano ,  c i r c a  1830) to  p r i n t  (du 
Bois-Reymond1s e x p o s i t i o n  o f  W e i e r s t r a s s  f u n c t i o n ,
1874) .  . . . T h is  was n o t  c o i n c i d e n t a l .  I t  was 
no ted  i n  th e  summary to  C h ap te r  I  t h a t  s e n s o r y  c o n t a c t  
p ro v id ed  a se n se  o f  c o m fo r t .  I n  p a r t i c u l a r  i t  i s  
th e  c o n v i c t i o n ,  c o n s c io u s  o r  n o t ,  t h a t  th e  world  t h a t  
i s  c o n t a c t e d  th ro u g h  th e  s e n s e s  i s  t o t a l l y  c o n s i s t e n t  
(w h i le  t h e r e  i s  no such  c o n v i c t i o n  a b o u t  t h e  co n ­
c e p t u a l  w or ld )  t h a t  c a u s e s  t h e  r e l u c t a n c e  t o  abandon 
se n s o r y  t r u t h - r e f e r e n t s . . . . Overcoming th e
r e l i a n c e  on s e n s o r y  p e r c e p t i o n  was a n e c e s s a r y  s t e p  
i n  th e  e v o l u t i o n  t o  t o p o l o g y . !

But Manheim becomes a b i t  c a r r i e d  away i n  h i s  view o f  th e

im p or tan ce  o f  th e  a b s t r a c t  n o n - s e n s o r y  c h a r a c t e r  o f  m a th e m a t i c s .

. . . I n d e e d ,  a r i t h m e t i z a t i o n  [ o f  a n a l y s i s ]  demon­
s t r a t e d  t h e  t h e s i s  t h a t  m a th em a t ic s  has a n  e x i s t e n c e  
in d e p e n d e n t  o f  th e  p e r c e p t u a l  world  and t h a t ,  i n s o ­
f a r  a s  m a t h e m a t i c i a n s ,  ' '  m a t i c s ,  i s  c o n c e rn e d ,

T h is  c o n c e p t ,  a  m a jo r  c h a r a c t e r i s t i c  o f  modern m a th e ­
m a t i c s ,  was i n d i s p e n s a b l e  to  t h e  development  o f  th e  
n o t i o n  o f  a t o p o l o g i c a l  s p a c e . 2

Manheim commits a n  e r r o r  s i m i l a r  to  B ou rbak i .  From the

modern v i e w p o in t ,  t o p o lo g y  (and m a th e m a t i c s ,  f o r  t h a t  m a t t e r )

i s  viewed a s  a s u b j e c t  in d ep e n d en t  o f  th e  r e a l  w o r ld .

Y e t ,  i t  i s  n o t  c l e a r  t h a t  such  a view was a r e q u i r e m e n t

f o r  th e  d e v e lo p m e n t , th e  e m e rg ence , o f  p o i n t  s e t  t o p o lo g y .

i t s  i n t e r s e c t i o n  w i t h t o t a l l y  i r r e l e v a n t .

^ I b i d . , p. 94.

2I b i d .
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In d e e d ,  we may be a b l e  t o  a rg u e  th e  o p p o s i t e - - b e c a u s e  

to p o lo g y  d id  emerge when i t  d i d ,  i t  c r e a t e d  t h e  modern 

v iew p o in t  o f  m a th e m a t ic s .  I  b e l i e v e  t h a t  t o p o lo g y ,  a s  a 

s u b j e c t  m a t t e r ,  and th e  a b s t r a c t n e s s  and independence  o f  

m a th e m a t i c s ,  a s  a v i e w p o in t ,  were e v o lv i n g  t o g e t h e r ,  e ach  

a s s i s t i n g  t h e  development  o f  t h e  o t h e r .

The l a s t  two h i s t o r i c a l  c h a p t e r s  o f  h i s  monograph 

a r e  e n t i t l e d  "The Development o f  P o i n t  S e t  Topology" and 

"The Emergence o f  P o i n t  S e t  T o p o lo g y ."  By "deve lopm en t"  

he means th o se  m a th e m a t i c a l  p r e c o n d i t i o n s  p r i o r  to  th e  f u l l  

"emergence"  o f  p o i n t  s e t  to p o lo g y .  I n  p a r t i c u l a r ,  Manheim 

d i s c u s s e s  i n  th e  development  c h a p t e r  th e  im p o r tance  o f  

un i fo rm  convergen ce  t o  F o u r i e r  s e r i e s  l e a d in g  t o  Georg 

C a n t o r ' s  work on t r i g o n o m e t r i c  s e r i e s  w hich ,  i n  t u r n ,  l e a d  

to  h i s  work on p o i n t  s e t s .  And i t  i s  t h e  C a n t o r i a n  t h e o r y  

o f  p o i n t  s e t s  t h a t  s e t  t h e  s t a g e  f o r  th e  "emergence"  o f  

p o i n t  s e t  t o p o lo g y .

Manheim opens h i s  l a s t  c h a p t e r  w i t h  th e  f o l lo w in g

c h a r a c t e r i z a t i o n  o f  p o i n t  s e t  t o p o lo g y .

The p r i n c i p l e  domain o f  p o i n t  s e t  to p o lo g y  i s  th e  
a x io m a t i c  s tu d y  o f  n e a r n e s s ;  i t  i s  e s s e n t i a l l y  a 
s tu d y  o f  geometry  i n  t h e  s m a l l .  C o n s i d e r a t i o n s  o f  
u n i f o r m i t y ,  co m p a c tn es s ,  and c o n n e c te d n e s s  a r e  
b a s i c .  S ince  w e l l -b e h a v e d  sp a ce s  a r e  E u c l i d e a n  i n  
t h e  s m a l l ,  a  m ajo r  impact  o f  p o i n t  s e t  to p o lo g y  
has been  on th e  p a t h o l o g i c a l  s p a c e s ,  spaces  which 
a r e  l o c a l l y  n o n - E u c l id e a n .  1

1I b i d . ,  p. 111.
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T h is  i n t r o d u c t i o n  i s  c u r i o u s  because  most  o f  h i s  l a s t  

c h a p t e r  d e a l s  w i t h  th e  c o n c e p tu a l  s e t t i n g  o f  th e  l a t e  

n i n e t e e n t h  c e n t u r y  con d uc ive  to  th e  emergence o f  p o i n t  

s e t  t o p o lo g y .  He r e a l l y  d e v o te s  l i t t l e  o f  t h e  c h a p t e r  

to  th e  m a th em a t ic s  a i d i n g  th e  emergence.  T h a t  i s  t o  s a y ,  

Manheim d i s c u s s e s  R iem ann 's  H a b i l i t a t i o n s c h r i f t , K l e i n ' s  

E r l a n g e r  P rogram , some o f  th e  e a r l y  e x t e n s i o n s  o f  s e t  

t h e o r y ,  and F r e c h e t ' s  and R i e s z ' s  c o n t r i b u t i o n s ,  b u t  a l l  

i n  t h e  c o n t e x t  o f  t h e  new c o n c e p tu a l  s e t t i n g  o f  a b s t r a c t ­

n e s s  and g e n e r a l i z a t i o n .  He r e a l l y  does n o t  d i s c u s s  " t h e  

a x io m a t i c  s tu d y  o f  n e a r n e s s  . . . geometry  i n  th e  s m a l l . "  

I n  o t h e r  words ,  Manheim's  l a s t  h i s t o r i c a l  c h a p t e r ,  w h i l e  

v e ry  i m p o r t a n t ,  i s  somewhat co n fu sed  a s  t o  a d i s t i n c t i o n  

between t h e  d i r e c t l y  r e s p o n s i b l e  m a th e m a t ic a l  c o n t r i b u t i o n s  

t o  th e  emergence o f  p o i n t  s e t  t o p o lo g y ,  and th e  i n d i r e c t  

m a th e m a t i c a l  c o n c e p tu a l  c o n t r i b u t i o n s  s e t t i n g  th e  s t a g e ,  

e s t a b l i s h i n g  t h e  m a th e m a t ic a l  m i l i e u ,  f o r  t h e  emergence 

o f  p o i n t  s e t  t o p o lo g y .

F r e c h e t ' s  s t u d y  o f  a b s t r a c t  s p a c e s  b ro u g h t  i n t o  
e x i s t e n c e  v e ry  g e n e r a l  g e o m e t r i e s ,  g e o m e t r i e s  which 
d id  n o t  n e c e s s a r i l y  conform to  K l e i n ' s  method o f  
c l a s s i f i c a t i o n .  A s p a c e ,  i n  t h i s  new v iew ,  was a 
s e t  o f  o b j e c t s  c a l l e d  p o i n t s  and a s e t  o f  r e l a t i o n s  
among t h e s e  p o i n t s ;  geometry became s im ply  th e  
t h e o r y  o f  such  a sp a c e .  F r i g y e s  R ie s z  and Hermann 
Weyl bo th  so u gh t  t o  overcome th e  l i m i t a t i o n s  i n h e r e n t  
i n  F r e c h e t ' s  dependence  upon th e  l i m i t  c o n c e p t .

The s t u d i e s  o f  F r e c h e t ,  R i e s z ,  and Weyl a l l  
advanced th e  s u b j e c t  t o  a b s t r a c t  s p a c e s .  I t  was,  
however,  H a u s d o r f f  who saw how to  g iv e  t h e s e  sp a ce s  
b o th  th e  g e n e r a l i t y  and p r e c i s i o n  n e c e s s a r y  to  
e s t a b l i s h  p o i n t  s e t  to p o lo g y  a s  a  s e p a r a t e  d i s c i p l i n e .
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T h is  a ch ievem en t  was p o s s i b l e  because  H a u s d o r f f  
u n i t e d  a  r e c o g n i t i o n  o f  th e  u t i l i t y  o f  c h o o s in g  
th e  ne ighborhood  c o n c e p t  a s  fund am en ta l  w i t h  a 
s e t  o f  axioms t h a t  was b o th  g e n e r a l  enough to  
h a n d le  a b s t r a c t  sp a ce s  and s u f f i c i e n t l y  r e s t r i c ­
t i v e  t o  s e rv e  a s  a b a s i s  f o r  development  o f  a  
f r u i t f u l  s e t  o f  t h e o r e m s . 1

E x c e l l e n t  summary o f  the  c o n t r i b u t i o n s  o f  F r e c h e t ,  

Rie.sz,  Weyl, and H a u s d o r f f .

Manheim ends h i s  monograph w i t h  t h e  c o n c lu d in g

c h a p t e r ,  "From Newton t o  H a u s d o r f f . "  I n  t h i s  c h a p t e r

Manheim b r i e f l y  summarizes th e  h i s t o r i c a l  a n t e c e d e n t s  o f

p o i n t  s e t  t o p o lo g y ,  a "summary o f  i n v e s t i g a c i o n s  im p o r t a n t

t o  t h e  development  o f  p o i n t  s e t  t o p o lo g y "  a s  he terms i t .

He b e l i e v e s  t h a t  t h e  r o o t s  o f  p o i n t  s e t  t o p o lo g y  c an  be

found i n  t h e  work o f  th e  e i g h t e e n t h  c e n t u r y  m a th e m a t ic i a n s

on th e  c a l c u l u s ,  "The works o f  th e  e a r l y  a n a l y s t s  a r e

viewed a s  th e  p o i n t  o f  d e p a r t u r e  f o r  s y s t e m a t i z i n g  problems
2

which led  to  th e  development  o f  p o i n t  s e t  t o p o l o g y . "

From " e a r l y  a n a l y s t s , "  Manheim's summary c h a p t e r ,  and 

indeed  th e  whole monograph, e s s e n t i a l l y  t r a c e s  t h e  h i s t o r y  

o f  a n a l y s i s  r e l e v a n t  t o  p o i n t  s e t  to p o lo g y  i n  th e  

e i g h t e e n t h  and n i n e t e e n t h  c e n t u r i e s .  As I  m ent ioned ab ov e ,  

o c c a s i o n a l l y  Manheim comments on th e  m a th e m a t i c a l  m i l i e u ,  

such  as

^ I b id . ,  p. 132.

2I b i d . ,  p. 133.
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The movement towards  a b s t r a c t i o n  and g e n e r a l i z a t i o n  
i n  m a th em a t ic s  i s  a measure  o f  p r o g r e s s  tow ards  th e  
n o t i o n  o f  a t o p o l o g i c a l  s p a c e .  I n  t h i s  r e s p e c t  a 
f i r s t  d e b t  i s  owed t o  E u l e r  and o t h e r  f o r m a l i s t s ,  
men who sough t  t o  work beyond th e  c o n f i n e s  o f  
g e o m e t r y .1

Or,

The [ a r i t h m e t i z a t i o n ]  programs which  began a s  a n  
a t t e m p t  to  r e s c u e  a n a l y s i s  from th e  o n s l a u g h t  o f  
p a t h o l o g i c a l  f u n c t i o n s  l e d  t o  a new d i s c i p l i n e ,  
p o i n t  s e t  t o p o lo g y ,  a s u b j e c t  i d e a l l y  s u i t e d  t o  
t h e  s tu d y  o f  such  f u n c t i o n s . 2

Or,

C o n s id e r a b l e  a t t e n t i o n  has been g iv e n  to  th e  r o l e  
o f  geometry  i n  a n a l y s i s  w i t h  r e s p e c t  t o  f u n c t i o n a l  
r e p r e s e n t a t i o n .  The changing  n o t i o n  o f  f u n c t i o n  
i n d i c a t e d  th e  need t o  a r i t h m e t i z e  a n a l y s i s  w h i l e  
th e  l a t t e r  su g g e s te d  th e  u t i l i t y  o f  th e  a x io m a t i c  
method i n  a n a l y t i c  deve lo pm en ts .  T opology ,  which 
has  emerged a s  t h e  r e s u l t  o f  t h e s e  movements, 
g e n e r a l i z e d  th e  n o t i o n  o f  a  s p a c e .  A x i o m a t i z a t i o n  
f i n a l l y  ended t h e  c o n f l i c t  be tween geometry  and 
a n a l y s i s  by o b s c u r i n g  th e  b o u n d a r i e s  be tween th e  two 
d i s c i p l i n e s .  One o f  th e  fundam en ta l  m easures  o f  
p r o g r e s s  i n  m athem atics  i s  u n i f i c a t i o n .  P o i n t  s e t  
t o p o lo g y  r e p r e s e n t s  a m ajo r  a ch iev em en t  i n  t h i s
d i r e c t i o n . ^

From th e  p o i n t  o f  view o f  " m a th e m a t ic a l  m i l i e u ” we se e  t h a t  

Manheim views th e  emergence o f  p o i n t  s e t  to p o lo g y  a s  

r e p r e s e n t i n g  a "movement towards  a b s t r a c t i o n  and g e n e r a l i z a ­

t i o n , "  a s  p a r t  o f  "programs . . .  to  r e s c u e  a n a l y s i s , "  o r  

a s  a "m ajor  a c h ie v e m e n t"  i n  th e  " p r o g r e s s "  tow ards  " u n i ­

f i c a t i o n . "  F o r  Manheim, u n i f i c a t i o n ,  o r  th e

1I b i d . ,  p. 133.

2I b i d . ,  p. 137.

3I b i d . , p. 143.
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. . . d r i v e  toward u n i t y  i n  m athem at ics  s u g g e s t s  
t h a t ,  i f  a l l  o f  m a them a t ic s  i s  e v e r  s t r u c t u r e d  i n  a 
c o h e r e n t  manner,  t h e  p i c t o r i a l  r e p r e s e n t a t i o n  o f  t h e  
s t r u c t u r e  may be t h a t  o f  a n  i n v e r t e d  pyramid .  The 
development  w i l l  b e g in  w i t h  a n  i n t u i t i v e  n o t i o n ,  such  
a s  t h a t  o f  s e t ,  t o g e t h e r  w i t h  a few ax iom s.  . . . 
H i s t o r i c a l l y ,  however, m a th em a t ic s  does n o t  p roceed  
i n  t h i s  f a s h i o n .  . . . th e  h i s t o r i c a l  development  o f  
m a them a t ic s  a p p e a r s  t o  be c h a r a c t e r i z e d  by a r e a c h i n g  
o u t  tow ards  b o th  more complex and more e l e m e n t a l  
n o t i o n s  from s t a r t i n g  p o i n t s  t h a t  a r e  d e te rm in e d  by 
m an 's  c o n t a c t s  w i t h  th e  p h y s i c a l  w o r ld .

Manheim i s  t h u s  c o n s c io u s  o f  th e  d i f f e r e n c e  between 

h i s t o r y  and r a t i o n a l  r e c o n s t r u c t i o n .  Y e t ,  he does n o t  

c l e a r l y  s e p a r a t e  th e  chang ing  m a th e m a t i c a l  m i l i e u  from th e  

a c t u a l  m a th e m a t i c a l  d ev e lop m en ts .  " G e n e r a l i z a t i o n , "  

" a b s t r a c t i o n , "  " o b s c u r in g  th e  b o u n d a r ie s  between th e  two 

d i s c i p l i n e s  o f  geometry  and a n a l y s i s , "  and " t h e  d r i v e  

toward u n i t y , "  a r e  i m p o r t a n t  f e a t u r e s  o f  the  m a th e m a t i c a l  

m i l i e u  which  f o s t e r e d  t h e  growth o f  th e  s p e c i f i c ,  m a th e ­

m a t i c a l  r e s u l t s  n e c e s s a r y  f o r  t h e  emergence o f  p o i n t  s e t  

t o p o lo g y .  I n  t u r n ,  though ,  th o se  s p e c i f i c  r e s u l t s ,  w he ther  

i t  be th e  c o n t r i b u t i o n s  t o  s e t  t h e o r y  by C a n to r ,  t h e  c o n ­

t r i b u t i o n s  to  a b s t r a c t  sp a ce s  by F r e c h e t ,  o r  f o u n d a t i o n a l  

c o n s i d e r a t i o n s  by H i l b e r t  a l l  c o n t r i b u t e d  to  t h e  new, 

emerg ing  m a th e m a t i c a l  m i l i e u  o f  th e  t w e n t i e t h  c e n t u r y .

The combined e f f e c t  o f  the  s p e c i f i c  m a th e m a t i c a l  r e s u l t s  

and th e  m a th e m a t ic a l  m i l i e u  a l lo w e d  f o r  th e  emergence o f  

p o i n t  s e t  t o p o lo g y .

1I b i d .
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His v e ry  l a s t  comment i s  v e ry  i n t e r e s t i n g  and 

p r o v o c a t i v e :

t h e  h i s t o r i c a l  development  o f  m a th em a t ic s  a p p e a r s  to  
be c h a r a c t e r i z e d  by a r e a c h i n g  o u t  towards  b o th  more 
complex and more e l e m e n t a l  n o t i o n s  from s t a r t i n g  
p o i n t s  t h a t  a r e  d e te rm in e d  by m an 's  c o n t a c t s  w i t h  
th e  p h y s i c a l  w o r ld .

I t  i s  a p i t y  t h a t  he d id  n o t  p u r su e  t h e  im p l ie d  i d e a s  

f u r t h e r .  T h ink in g  o f  h i s t o r i c a l  deve lopm ents  a s  bo th  

p r o g r e s s  i n t o  more complex o r  more advanced c o n c e p t s ,  

a n d ,  a t  t h e  same t im e ,  p r o g r e s s  i n t o  th e  f o u n d a t i o n s  o r  

b a s i c  c o n c e p ts  cou ld  be a v e ry  u s e f u l  t o o l  i n  h i s t o r i c a l  

r e s e a r c h .

What th e  H i s t o r i e s  Revea l  
About Themselves

Reviewing th e  v a r i o u s  h i s t o r i e s  o f  p o i n t  s e t  

to p o lo g y  we see  t h a t  th e y  r e v e a l  a s p e c t s  o f  e ac h  h i s t o r i a n ' s  

i m p l i c i t  view o f  th e  methods o f  w r i t i n g  m a them a t ic s  h i s t o r y .  

F l o r i a n  C a j o r i  t e n d s  to  w r i t e  h i s t o r y  from th e  p e r s p e c t i v e  

o f  "famous m a t h e m a t i c i a n s " ;  i . e . ,  t h e  h i s t o r y  o f  m athe ­

m a t i c s  i s  th e  h i s t o r y  o f  what th e  p a r t i c u l a r  famous 

m a th e m a t ic i a n s  c o n t r i b u t e d  to  m a th e m a t ic s .  C a r l  Boyer ,  

on th e  o t h e r  hand,  views m a th e m a t i c i a n s  immersed i n  bo th  

a  c o n c e p t u a l  and m a th e m a t i c a l  m i l i e u ,  and t h a t  th e  h i s t o r y  

o f  m a them a t ic s  i s  t h e  h i s t o r y  o f  m a th e m a t ic i a n s  r e s o l v i n g  

d i f f e r e n c e s  and problems r e g a r d i n g  t h e i r  use  and p e r ­

c e p t i o n  o f  m a th e m a t i c s .  An ex trem e v e r s i o n  o f  t h i s  view
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i s  found w i t h  M o r r i s  K l e in  who a p p e a r s  to  i n t e r p r e t  

modern deve lopm ents  p r i m a r i l y  from r o o t s  i n  t h e  n i n e t e e n t h  

c e n t u r y .  E. T. B e l l  and Bourbaki  t a k e  the  most  modern 

v i e w p o in t s ;  Bourbaki  t e n d s  to  i n t e r p r e t  h i s t o r y  o f  m athe ­

m a t i c s  a s  th e  h i s t o r y  o f  m a th e m a t ic a l  developments  l e a d in g  

t o  th e  modern, " c o r r e c t "  v i e w p o in t .  E. T. B e l l  c o n s i d e r s  

to p o lo g y  a s  t h e  ep i tom e o f  modern m a th e m a t ic s ,  and th u s  

i t s  h i s t o r y  i s  th e  h i s t o r y  and c h a r a c t e r i z a t i o n  o f  modern 

m a th e m a t ic s .  Bourbak i  and C a j o r i  tended  to  focus  on famous 

m a th e m a t i c i a n s ;  Boyer and B e l l  tended  to  fo cu s  on im p o r t a n t  

themes .  F i n a l l y ,  Manheim p ro b a b ly  r e a c h e s  t h e  c l o s e s t  

b a la n c e  between th e m a t ic  i n f l u e n c e s  l i k e  a b s t r a c t i o n ,  

g e n e r a l i z a t i o n ,  e t c . ,  and th e  s p e c i f i c  accom pl ishm en ts  o f  

t h e  m a th e m a t ic i a n s  i n v o lv e d .

None o f  th e  h i s t o r i a n s  examined p o s s i b l e  i n f l u e n c e s  

o f  th e  u n i v e r s i t i e s ,  t h e  t r a i n i n g  and p r o f e s s i o n a l  l i f e  o f  

th e  m a th e m a t i c i a n s ,  t h e  e x i s t i n g  and emerging  m a th e m a t i c a l  

s o c i e t i e s  and j o u r n a l s ,  e t c . ,  on t h e  development  o f  p o i n t  

s e t  t o p o lo g y .

While th e  above h i s t o r i a n s  may d i f f e r  on t h e i r  

p o i n t s  o f  view t h e r e  a r e  common c h a r a c t e r i s t i c s  among them 

a s  h i s t o r i a n s .  The most  common c h a r a c t e r i s t i c  found i n  

a l l  o f  t h e s e  h i s t o r i a n s  i s  th e  h i s t o r i c a l  view t h a t  th e  

h i s t o r y  o f  m athem at ics  i s  th e  h i s t o r y ,  o r  (m os t ly )  

c h r o n o l o g i c a l  d e s c r i p t i o n ,  o f  m a th e m a t i c a l  r e s u l t s .  That
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i s ,  th e  h i s t o r y  o f  m athem atics  i s  n o t  th e  h i s t o r y  o f  m a th e ­

m a t i c i a n s  and t h e i r  d i s c o v e r i e s  o r  i n v e n t i o n s ;  r a t h e r

t h e  h i s t o r y  o f  m a them a t ic s  i s  t h e  h i s t o r y  o f  th e  im p o r t a n t  

i d e a s  i n  m a th e m a t i c s ,  and a lo n g  w i t h  th e  i d e a s ,  th e  m a the ­

m a t i c i a n s  a s s o c i a t e d  w i t h  them. A n o th e r  way o f  e l u c i d a t i n g ,  

t h ro u g h  c o n t r a s t ,  t h i s  "no rm al” m athem at ics  h i s t o r y  i s  to  

p o i n t  o u t  t h a t  t h e  h i s t o r y  o f  m a th em a t ic s  i s  a lm o s t  n e v e r  

w r i t t e n  a s  a p a r t  o f  t h e  growth  o f  s c i e n c e ,  W este rn  

c i v i l i z a t i o n ,  e t c .  M athem at ics  h i s t o r y  s t a n d s  a l o n e .

H i s t o r i a n s  o f  m a th em a t ic s  a r e  im p ly in g  t h a t  th e  g rowth  o f  

m a th em a t ic s  i s  in d e p e n d en t  o f  t h e  men, th e  i n s t i t u t i o n s ,  

and th e  c u l t u r e  i n  which  m athem at ics  p r o g r e s s  i s  d e s c r i b e d .

In d e e d ,  i f  t h e r e  i s  e v e r  any  d i s c u s s i o n  o f  m a the ­

m a t i c s  and the  c u l t u r e  i n  which i t  i s  found ,  th e  d i s c u s s i o n  

i s  u s u a l l y  from th e  p o i n t  o f  view o f  how m a th e m a t i c a l  

developments  i n f l u e n c e d  th e  c o u r s e  o f  h i s t o r y ,  i n f lu e n c e d  

th e  s c i e n t i f i c  c u l t u r e .  N o ta b le  examples o f  m a th em a t ic s  

i n f l u e n c i n g  c u l t u r e  and h i s t o r y  a r e  Salomon B o c h n e r ' s  The

Role  o f  M athem at ics  i n  th e  R i se  o f  S c i e n c e ,^  A l f r e d  N o r th
2

W h i te h e a d ' s  S c ie n c e  and th e  Modern World, and M o r r i s
3

K l i n e ' s  M athem at ics  i n  W este rn  C u l t u r e .

1
Salomon Bocher ,  The Role o f  M athem at ics  i n  the  

R i s e  o f  S c ie n c e  ( P r i n c e t o n l  P r i n c e t o n  U n i v e r s i t y  P r e s s )  , 1966.
2A l f r e d  N o r th  W hitehead ,  S c ien c e  and th e  Modern 

World (New York: The F re e  P r e s s ,  1969) .

^Morris  K l i n e ,  M athem at ics  i n  W es te rn  C u l tu r e  (New
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Bocher d e s c r i b e s  h i s  book t h u s l y .

T h is  i s ,  t h r o u g h o u t ,  a book a b o u t  m a th e m a t ic s ,  
even  i f  i n  v a r i o u s  c o n t e x t s  i t  i s  seem ing ly  concerned  
w i t h  o t h e r  m a t t e r s .  I t  i s  a book a b o u t  t h e  u n iq u e ­
n e s s  o f  m athem at ics  a s  a f o r c e  o f  ou r  i n t e l l e c t u a l i t y ,  
and a b o u t  th e  m yst ique  o f  i t s  c r e a t i v i t y ,  a b o u t  t h e  
growing e f f i c a c y  o f  m a t h e m a t i c s i t s  w iden ing  im p o r t ­
a n c e ,  and i t s  c o n t i n u i n g  s p r e a d .

The e s s a y s  o f  t h i s  c o l l e c t i o n  a r e  a l l  concerned  
w i t h  t h e  r o l e  o f  m athem at ics  i n  th e  r i s e  and u n f o l d in g  
o f  W es te rn  i n t e l l e c t u a l i t y ,  w i t h  th e  s o u rc e s  and 
m a n i f e s t a t i o n s  o f  th e  c l a r i t y  and th e  m y s t iqu e  o f  
m a th e m a t ic s ,  and w i t h _ i t s  u b i q u i t y ,  u n i v e r s a l i t y ,  
and i n d i s p e n s a b i l i t y .

And hence th e  b u lk  o f  h i s  book i s  a d e fe n s e  o f  t h e  t h e s i s

t h a t  m athem at ics  has p layed  a c r u c i a l  r o l e  i n  h i s t o r y ,

e s p e c i a l l y  i n  th e  h i s t o r y  o f  s c i e n c e .  My purpose  i n  c i t i n g

Bochner i s  no t  t o  p r e s e n t  h i s  c a se  and th e n  jud g e  i t ;

r a t h e r ,  my p o i n t  i s  t h a t  Bochner m o s t ly  d e s c r i b e s  th e

i n f l u e n c e  t h a t  m athem at ics  had on th e  c u l t u r e  s u r r o u n d in g

i t ,  and l e s s  so d e s c r i b e s  how th e  c u l t u r e  may have i n f lu e n c e d

th e  development  o f  m a th e m a t ic s .  I n  th e  c a s e  o f  Greek

m athem a t ic s  he shows more b a la n c e  between th e  c u l t u r e

i n f l u e n c i n g  m a th e m a t ic s ,  and v i c e  v e r s a . However, f o r

th e  most  p a r t ,  i t  i s  a d e s c r i p t i o n  o f  th e  i n f l u e n c e  o f

m a them a t ic s  on W este rn  s c i e n t i f i c  c u l t u r e .

York: Oxford U n i v e r s i t y  P r e s s ,  1953) .

■^Bochner, p. v.

2 I b i d . ,  p. 5.
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I n  h i s  S c ie n c e  and th e  Modern W orld , Whitehead 

i n c l u d e s  a c h a p t e r  e n t i t l e d  "M athem atics  a s  a n  E lem ent  i n  

t h e  H i s t o r y  o f  T h o u g h t . "  Fo r  W hitehead ,  t h e  " s c i e n c e  o f  

Pure  M a th em a t ic s ,  i n  i t s  modern dev e lo p m e n ts ,  may c la im  

to  be th e  most  o r i g i n a l  c r e a t i o n  o f  t h e  human s p i r i t . "  

I n d e e d ,

The o r i g i n a l i t y  o f  m a th em a t ic s  c o n s i s t s  i n  th e  f a c t  
t h a t  i n  m a th e m a t i c a l  s c i e n c e  c o n n e c t i o n s  between 
t h i n g s  a r e  e x h i b i t e d  which ,  a p a r t  from th e  agency  
o f  human r e a s o n ,  a r e  e x t r e m e ly  u n o b v io us .  Thus th e  
i d e a s ,  now i n  th e  minds o f  con tem p o ra ry  m a t h e m a t i c i a n s ,  
l i e  v e ry  remote  from any n o t i o n s  which can  be 
im m ed ia te ly  d e r iv e d  by p e r c e p t i o n  th ro u g h  th e  s e n s e s ;  
u n l e s s  indeed  i t  be p e r c e p t i o n  s t i m u l a t e d  and gu ided  
by a n t e c e d e n t  m a th e m a t ic a l  kno w ledg e .1

Thus t h i s  c h a p t e r  i s  a n  e x p l a n a t i o n  o f  how and why m a th e ­

m a t i c s  i s  so " o r i g i n a l "  and "remote  from any . . . s e n s e s . "  

As p a r t  o f  h i s  e x p l a n a t i o n  Whitehead w ish e s  to  p la c e  

"m athem atics  a s  a n  e lem en t  i n  t h e  h i s t o r y  o f  t h o u g h t . "

. . . Even now t h e r e  i s  a w aver ing  g r a s p  o f  th e  t r u e  
p o s i t i o n  o f  m a them a t ic s  a s  a n  e lem en t  on th e  h i s t o r y  
o f  t h o u g h t .  I  w i l l  n o t  go so f a r  a s  t o  say  t h a t  to  
c o n s t r u c t  a  h i s t o r y  o f  th o u g h t  w i t h o u t  p ro found  s tu d y  
o f  th e  m a th e m a t i c a l  i d e a s  o f  s u c c e s s i v e  epochs  i s  
l i k e  o m i t t i n g  Hamlet  from th e  p l a y  which  i s  named f o r  
him. That  would be c l a im in g  too  much. But i t  i s  
c e r t a i n l y  a n a lo g o u s  to  c u t t i n g  o u t  th e  p a r t  o f  O p h e l i a .  
T h is  s i m i l e  i s  s i n g u l a r l y  e x a c t .  F o r  O ph e l ia  i s  
q u i t e  e s s e n t i a l  t o  th e  p l a y ,  she i s  v e ry  c h a rm in g - -  
and a l i t t l e  mad. L e t  us g r a n t  t h a t  t h e  p u r s u i t  o f  
m a th em a t ic s  i s  a  d i v i n e  madness o f  th e  human s p i r i t ,  
a r e f u g e  from th e  goading  u rgency  o f  c o n t i n g e n t
h a p p e n i n g s . 2

^Whitehead, p. 19.

2I b i d . ,  p. 20.
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W h i te h e a d ' s  imagery i s  i n t r i g u i n g .  Yet he i s  u l t i m a t e l y  

d i s a p p o i n t i n g  s i n c e  i n  h i s  d i s c u s s i o n  o f  th e  n a t u r e  o f  

m a th em a t ic s  he seems to  n o t  g e t  much f u r t h e r  t h a n  im agery .

My immediate  p o i n t  w i t h  Whitehead i s  a n o t h e r  example o f  one 

who se e s  t h e  un ique  and im p o r ta n t  p o s i t i o n  o f  m a th em a t ic s  

i n  th e  h i s t o r y  o f  s c i e n c e  o r  W este rn  c u l t u r e .  A t h i r d  

example i s  M o r r i s  K l i n e ' s  M athem at ics  i n  W es te rn  C u l t u r e  

w hich ,  a g a i n ,  i s  a n  h i s t o r i c a l  work which  t a k e s  th e  p e r ­

s p e c t i v e  o f  m a th e m a t i c s '  c o n t r i b u t i o n  and i n f l u e n c e  i n  

W es te rn  c u l t u r e .

Thus we see  t h a t  i f  t h e r e  a r e  h i s t o r i c a l  c o n s i d e r a ­

t i o n s  r e g a r d i n g  th e  r e l a t i o n s  between m athem at ics  and 

s c i e n c e  o r  c u l t u r e ,  t h e y  tend  t o  be c o n s i d e r a t i o n s  o f  

m a th em a t ic s  h i s t o r i c a l  i n f l e u n c e s  on s c i e n c e  o r  c u l t u r e ,  

and n o t  th e  r e v e r s e .

The second m a jo r  c h a r a c t e r i s t i c  found i n  th e  h i s ­

t o r i c a l  w r i t i n g s  a b o u t  p o i n t  s e t  t o p o lo g y ,  a n d ,  f o r  t h a t  

m a t t e r ,  i n  most m a them a t ic s  h i s t o r y  i s  th e  se n se  t h a t  th e  

h i s t o r y  o f  m a th e m a t i c s ,  l i k e  th e  im p o r t a n t  i d e a s  o f  m a th e ­

m a t i c s ,  i s  f i x e d ,  t i m e l e s s .  There  i s  v i r t u a l l y  no c o n s i d e r a ­

t i o n  o f  chang ing  h i s t o r y ,  o f  d i f f e r i n g  i n t e r p r e t a t i o n s  o f  

m a them a t ic s  h i s t o r y ,  o r  o f  r e - i n t e r p r e t a t i o n s  o f  m athe ­

m a t i c s  h i s t o r y .  I t  i s  t h e  s i n g u l a r  a b se n c e  o f  e x p l i c i t ,  

s t a t e d ,  h i s t o r i c a l  methods o r  v i e w p o in t s  i n  m athem at ics  

h i s t o r y  t h a t ,  i n  my o p i n i o n ,  t r u l y  d i s t i n g u i s h e s  i t  from 

o t h e r  h i s t o r i c a l  w r i t i n g s .
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A s p e c t s  o f  th e  H i s t o r i o g r a p h y  o f  M athem at ics

The methods o r  t h e o r i e s  o f  w r i t i n g  h i s t o r y —h i s -  

t o r i o g r a p h y - - a r e  c r i t i c a l  i s s u e s  d e b a te d  i n  n e a r l y  a l l  

h i s t o r i c a l  d i s c i p l i n e s .  I  s h a l l  r e s t r i c t  m y s e l f  t o  th e  

h i s t o r y  o f  s c i e n c e ,  b u t  one can  e a s i l y  see  from th e  

w r i t i n g s  o f  R. G. C o l l ingw ood ,  The Id ea  o f  H i s t o r y , E.  H. 

C a r r ,  What i s  H i s t o r y ?, B e n dede t to  C ro c e ,  Theory  and H i s t o r y  

o f  H i s t o r i o g r a p h y , and P a t r i c k  G a r d in e r  ( e d . )  T h e o r i e s  o f  

H i s t o r y  t h a t  h i s t o r i o g r a p h y  i s  n o t  a s im p le ,  c l e a r ,  and 

a g re e d - u p o n  s u b j e c t .  W i th in  t h e  h i s t o r y  o f  s c i e n c e ,  we 

f i n d ,  among o t h e r s ,  th e  r a t h e r  famous Thomas Kuhn 's  The 

S t r u c t u r e  o f  S c i e n t i f i c  R e v o l u t i o n s , and h i s  ( I  b e l i e v e )  more 

v a l u a b l e ,  The E s s e n t i a l  T e n s io n .  J o s e p h  A g a s s i ' s  Towards 

a n  H i s t o r i o g r a p h y  o f  S c i e n c e , K a r l  P o p p e r ' s  The P o v e r t y  

o f  H i s t o r i c i s m , Maurice  F i n o c c h i a r o ,  H i s t o r y  o f  S c ien ce  

a s  E x p l a n a t i o n , and most r e c e n t l y  L a r r y  L a u d a n 's  P r o g r e s s  

and I t s  P ro b le m s . These a r e  o n ly  a few o f  th e  many t i t l e s  

d i s c u s s i n g  h i s t o r y  o f  s c i e n c e ,  h i s t o r i o g r a p h y  o f  s c i e n c e ,  

and r e l a t e d  p h i l o s o p h i c a l  i s s u e s .  At th e  r i s k  o f  

b e l a b o r i n g  a p o i n t ,  t h e r e  i s  v i r t u a l l y  no d i s c u s s i o n  i n  

m a them a t ic s  h i s t o r y  r e g a r d i n g  th e  h i s t o r i o g r a p h y  o f  

mathem atic  i c s .

I  have found a few i s o l a t e d  c a s e s  o f  d i r e c t  d i s ­

c u s s i o n  on th e  m a t t e r  o f  h i s t o r i o g r a p h y  o f  m a th e m a t ic s ,  

bu t  m o s t ly  we must i n f e r  from m athem at ics  h i s t o r i c a n s '
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w r i t i n g s  what  th e y  b e l i e v e  t o  be t h e  ’’p r o p e r ” h i s t o r y  o f  

m a th e m a t ic s ,  o r  we c an  t r y ,  w i th  much c a r e ,  t o  e x te n d  th e  

t h e o r i e s  r e g a r d i n g  h i s t o r i o g r a p h y  o f  s c i e n c e  to  m a th em a t ic s  

h i s t o r y .

L e t  us c o n s i d e r  the  few m ath em a t ic s  h i s t o r i o g r a p h i c a l  

d i s c u s s i o n s  I  have l o c a t e d .  One o f  t h e  o l d e s t ,  and most  

c u r i o u s ,  p i e c e s  i s  a  l o n g - o u t - o f - p r i n t  monograph by George 

S a r t o n ,  The Study  o f  t h e  H i s t o r y  o f  M a th e m a t i c s .^  F i r s t  

p u b l i s h e d  i n  1936 i t  was r e i s s u e d  i n  1957 by Dover P r e s s .

The book i s  d i f f i c u l t  t o  f i n d ,  and s i n c e  i t  i s  e n t i r e l y  

a b o u t  h i s t o r y  o f  m a th e m a t ic s ,  I  s h a l l  q u o te  from i t  a t  

l e n g t h .  His  monograph c o n t a i n s  t h r e e  s e c t i o n s ,  "The S tudy  

o f  th e  H i s t o r y  o f  M a t h e m a t i c s , ” "Note on th e  Study o f  th e  

H i s t o r y  o f  Modern M a th e m a t i c s , "  and a f a i r l y  e x t e n s i v e  

B i b l i o g r a p h y ,  i n c l u d i n g  a good l i s t  o f  b i o g r a p h i e s  o f  

"modern” ( c a .  1800-1935) m a th e m a t i c i a n s .

I n  h i s  opening  comments he d i s c u s s e s  th e  r e a s o n s  

f o r  s e p a r a t e  c o u r s e s  i n  th e  h i s t o r y  o f  s c i e n c e  and th e  

h i s t o r y  o f  m a th e m a t ic s ,  a l t h o u g h  he i s  n o t  happy w i t h  th e  

s e p a r a t i o n .

I t  i s  a p i t y  t h a t  t h i s  [ s e p a r a t i o n ]  shou ld  be so ,  
f o r  th e  h i s t o r y  o f  m a th em a t ic s  should  r e a l l y  be th e  
h i s t o r y  o f  c u l t u r e .  Take th e  m a th e m a t i c a l  d e v e l o p ­
ments o u t  o f  th e  h i s t o r y  o f  s c i e n c e ,  and you s u p p r e s s  
t h e  s k e l e t o n  which su p p o r te d  and k e p t  t o g e t h e r  a l l  
t h e  r e s t .  M athem at ics  g iv e s  t o  s c i e n c e  i t s  in n e rm o s t  
u n i t y  and c o h e s i o n ,  which can  n e v e r  be e n t i r e l y

^George S a r t o n ,  The Study  o f  th e  H i s t o r y  o f  M athe­
m a t i c s  (Cambridge:  Harvard  U n i v e r s i t y  P r e s s ,  1936) .
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r e p l a c e d  w i t h  p rops  and b u t t r e s s e s  o r  w i t h  ro u n d ­
a b o u t  c o n n e c t i o n s ,  no m a t t e r  how many o f  t h e s e  may 
be i n t r o d u c e d . !

L ike  th e  o t h e r s  I  have m ent ioned he t e n d s  t o  see  m o s t ly

th e  i n f l u e n c e  o f  m a th em a t ic s  on s c i e n c e ,  a l t h o u g h  he

tem pers  t h a t  somewhat.

. . . [ t h e  h i s t o r i a n  o f  m athem a t ics ]  shou ld  s e i z e  
e v e r y  o c c a s i o n  to  i n d i c a t e  t h e  r e l a t i o n s h i p s  be tween 
m a th em a t ic s  and o t h e r  s c i e n c e s ,  and t o  i n s i s t  t h a t  
t h e s e  r e l a t i o n s h i p s  have a lw ays  been r e c i p r o c a l :  
m a th e m a t i c a l  problems b e in g  o f t e n  th e  r e s u l t  o f  
p h y s i c a l  n e e d s ,  w h i l e  m a th e m a t i c a l  e l a b o r a t i o n  gave 
p h y s i c s ,  a n d ,  g r a d u a l l y ,  o t h e r  s c i e n c e s ,  n o t  o n ly  
means o f  d i s c o v e r y  o f  a lm o s t  m i ra c u lo u s  p o te n c y ,  2  

b u t  a l s o  p e r f e c t  models o f  a n a l y s i s  and s y n t h e s i s .

o r  a s  he remarks  l a t e r ,

T here  i s  no doub t  t h a t  m a th e m a t i c a l  d i s c o v e r i e s  
a r e  c o n d i t i o n e d  by o u t s i d e  e v e n t s  o f  e v e ry  k i n d ,  
p o l i t i c a l , . e conom ic , s c i e n t i f i c ,  m i l i t a r y ,  and even  
by th e  i n c e s s a n t  demands o f  th e  a r t s  o f  peace and 
w ar .  M athem at ics  n e v e r  d id  d ev e lo p  i n  a p o l i t i c a l  
o r  economic vacuum. However, we t h i n k  t h a t  th o s e  
e v e n t s  were o n ly  some o f  th e  f a c t o r s  among o t h e r s ,  
f a c t o r s  t h e  power o f  which might  v a ry  from t ime to  
t im e .  I t  m igh t  be a lm o s t  d e c i s i v e  i n  one c a s e ,  and 
i n e f f e c t u a l  i n  a n o t h e r . ^

He soon comments a b o u t  th e  c o m p l ic a te d  i n t e r c o n n e c t e d ­

n e s s  o f  most  m a th e m a t i c a l  i d e a s  and t h e i r  h i s t o r y  a s  a 

p a r t i a l  e x p l a n a t i o n  o f  t h e  c h a l l e n g e  o f  w r i t i n g  m a th em a t ic s  

h i s t o r y .

^Ibid .  , p. 4.

2I b i d . , p. 5.

^ I b id . ,  pp. 15-16.
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. . . Whenever th e  h i s t o r i a n  t r i e s  to  r e l a t e  th e  
h i s t o r y  o f  a s i n g l e  group o f  i d e a s  he i s  o b l ig e d  to  
a b s t r a c t  one p a t t e r n  from a ne tw ork  o f  e n d l e s s  com­
p l e x i t y ,  and such a n  a b s t r a c t i o n ,  however i n t e r e s t i n g  
i t  may b e ,  i s  a lw ays  a r b i t r a r y  t o  a d e g re e .

The s tu d y  o f  s p e c i a l  b ran c h es  o f  m a them a t ic s  o r  
o f  s p e c i a l  m a th e m a t i c a l  i d e a s  i s  ve ry  u s e f u l ,  f o r  i t  
h e lp s  one to  u n d e r s t a n d  th o s e  p a r t i c u l a r  i d e a s  more 
d e e p l y ,  b u t  i t  shou ld  n o t  be a l low ed  t o  c o n fu s e  o u r  
h i s t o r i c a l  p e r s p e c t i v e .  The h i s t o r i a n  must  t r y  t o  
keep i n  mind t h e  c h r o n o l o g i c a l  s u c c e s s i o n  n o t  o f  
t h i s  o r  t h a t  i d e a ,  a b s t r a c t e d  from the  r e s t ,  bu t  o f  
th e  main i d e a s ,  a l l  o f  them i n  t h e i r  m u tua l  r e l a t i o n ­
s h i p s  and i n  t h e i r  d i v e r s e  c o n n e c t i o n s  w i t h  t h e  r e s t  
o f  l i f e . l

S a r t o n  has o f t e n  d e s c r i b e d  th e  h i s t o r y  o f  s c i e n c e  a s  a

" s e c r e t  h i s t o r y . "  I t  i s  a  s e c r e t  h i s t o r y  i n  t h a t  few p e op le

know (o r  p resum ab ly ,  c a r e )  t h a t  th e  h i s t o r y  o f  s c i e n c e  i s

a n  ongoing  d i s c i p l i n e ,  and t h a t  r e s u l t s  i n  th e  s t u d y  o f

th e  h i s t o r y  o f  s c i e n c e  have n e g l i g i b l e  e f f e c t  on s o c i e t y .

Wherein  S a r t o n  waxes r a t h e r  e lo q u e n t  a s  t o  th e  im p or tan ce

o f  t h i s  " s e c r e t  h i s t o r y . "

. . . For  s o c i e t i e s ,  even  a s  f o r  i n d i v i d u a l s ,  one 
must  make a sh a rp  d i s t i n c t i o n  between t h e  t h i n g s  
which  a r e  th e  most  u r g e n t  and th o s e  which a r e  most 
i m p o r t a n t .  These t h i n g s  a r e  n o t  by any  means the  
same. The most  u r g e n t  n e c e s s i t y  i s  t o  l i v e ,  to  
rem ain  a l i v e ,  t h a t  i s ,  t o  e a t ,  s l e e p ,  t o  be happy,  
to  p r o c r e a t e  c h i l d r e n ,  and o b t a i n  s e c u r i t y  f o r  
one^s f a m i ly .  T ha t  means p h y s io lo g y ,  b u s i n e s s ,  and 
s p o r t ,  and o f t e n  enough war .  However, th e  most 
im p o r t a n t  t h i n g s  a r e  n o t  t o  s a t i s f y  o n e ' s  p h y s i o ­
l o g i c a l  n e e d s ,  bu t  to  i n c r e a s e  t h e  c u l t u r a l  h e r i t a g e  
which  has been  bequea thed  to  u s .  The u r g e n t  t h i n g s  
a r e  o bv io us  enough,  and m en 's  e f f o r t s  to  o b t a i n  them 
f i l l  th e  whole h i s t o r i c a l  p i c t u r e ;  one c a n  h a r d l y  
see  a n y t h i n g  e l s e .  Yet a l l  th e  t ime some men p u rsu e  
i n  th e  d a r k n e s s ,  s e c r e t l y ,  th e  f u l f i l l m e n t  o f  t h e i r  ~ 
i n t e l l e c t u a l  d e s i r e s  and o f  h u m a n i t y ' s  h i g h e s t  p u rp o se .

1I b i d . ,  p. 7 2Ib id .
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I n s p i t e  o f  i t s  e l i t i s t  t i n g e ,  t h e  comment i s  v e ry  moving.

Now i f  th e  h i s t o r y  o f  s c i e n c e  i s  a  s e c r e t  h i s t o r y ,  

t h e n ,  a s  S a r t o n  s a y s ,  " t h e  h i s t o r y  o f  m athem at ics  i s  do ub ly  

s e c r e t ,  a  s e c r e t  w i t h i n  a s e c r e t , "  ( I  suppose  t h a t  makes 

th e  h i s t o r i o g r a p h y  o f  m a th em a t ic s  " t r e b l y "  s e c r e t ) ,  " f o r  

th e  growth o f  m a th em a t ic s  i s  unknown n o t  o n ly  to  th e  

g e n e r a l  p u b l i c ,  b u t  even  t o  s c i e n t i f i c  workers." '* '

Y e t ,  f o r  S a r t o n ,  once one knows th e  h i s t o r y  o f  

m a th em a t ic s  one i s  w i t n e s s  t o  some o f  man’s g r e a t e s t  

a c c o m p l i s h m e n t s .

The h i s t o r y  o f  m a th em a t ic s  i s  e x h i l a r a t i n g ,  
because  i t  u n f o ld s  b e f o r e  us th e  v i s i o n  o f  a n  e n d l e s s  
s e r i e s  o f  v i c t o r i e s  o f  t h e  human mind, v i c t o r i e s  
w i t h o u t  c o u n t e r b a l a n c i n g  f a i l u r e s ,  t h a t  i s ,  w i t h o u t  
d i s h o n o r a b le  and h u m i l i a t i n g  o n e s ,  and w i t h o u t  
a t r o c i t i e s .  A t  th e  same t ime i t  h e lp s  to  d i s p e l  
pess im ism .  However g r e a t  t h e  v i c t o r i e s  may be ,  
th e  seasoned  h i s t o r i a n  e x p e c t s  s t i l l  more and 
g r e a t e r  o n e s .  Has i t  n o t  a lways been so?^

W e l l ,  q u i t e  f r a n k l y ,  no. I t  has  n o t  a lw ays  been  so .  

S a r t o n  i s  w r i t i n g  i n  1935, and i n  o t h e r  p a s s a g e s  i t  i s  

c l e a r  he i s  aware o f  R u s s e l l ,  W hitehead ,  and F r e g e ,  among 

o t h e r s .  The pa radoxes  o f  s e t  t h e o r y ,  and maybe even 

G o d e l ' s  p r o o f ,  were r e s u l t s  p r o b a b ly  known to  S a r t o n .  His  

ex u b eran ce  a b o u t  t h e  " e n d l e s s  v i c t o r i e s  . . . v i c t o r i e s  

w i t h o u t  c o u n t e r b a l a n c i n g  f a i l u r e s "  i s  somewhat unfounded by 

1935. L a t e r  he p r o v i d e s  some b a l a n c e ,  b u t  n o t  much.

^ I b i d . ,  pp. 8 -9 .

2I b i d . ,  p. 10.
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As to  th e  pure  m a th e m a t i c i a n ,  even  he shou ld  no t  
be too  e a s i l y  s a t i s f i e d  w i t h  th e  l a t e s t  s y n t h e s i s .  To 
b e g in  w i t h ,  t h a t  s y n t h e s i s  may be i n c o m p le te .  Some 
e le m e n ts  which were n o t  deemed e s s e n t i a l  f o r  i t  
be have o t h e r  v a l u e s ,  th ey  may prove  to  be e s s e n t i a l  
f o r  o t h e r  s t r u c t u r e s ,  o r  th e  one from which  th e y  were 
e l i m i n a t e d  may n o t  be a s  f i n a l  a s  i t  seems.  In d e e d ,  
no th e o r y  i s  e v e r  f i n a l .  A new d i s c o v e r y ,  a  new 
p o i n t  o f  view may cau se  i t s  abandonment and i t s  
su p e r c e d u r e  by a n o t h e r ,  and th e  f a c t s  n e g l e c t e d  i n  one 
s h u f f l i n g  may be c o n s i d e r e d  i n v a l u a b l e  i n  a n o t h e r .
E v ery  s y n t h e s i s  i m p l i e s  s a c r i f i c e s ;  i t  i s  n o t  m ere ly  
a  s i m p l i f i c a t i o n  b u t  a l s o  and u n a v o id a b ly  a b e t r a y a l  
o f  r e a l i t y ,  a  d i s t o r t i o n  o f  t h e  t r u t h ,  and th e  m athe ­
m a t i c i a n  who t a k e s  th e  t r o u b l e  o f  c o n s i d e r i n g  th e  
o r i g i n  and e v o l u t i o n  o f  i d e a s ,  a s  w e l l  a s  t h e i r  f i n a l  
shaped ,  w i l l  improve h i s  u n d e r s t a n d i n g  o f  them and 
e n r i c h  h i s  m in d . l

U l t i m a t e l y  f o r  S a r t o n  t h e  h i s t o r y  o f  m a th em a t ic s  i s

th e  h i s t o r y  o f  u n p r e d i c t a b l e  r e s u l t s .  We s h a l l  n e v e r  r e a l l y

be a b l e  to  th o r o u g h ly  a c c o u n t  f o r  th e  deve lopm ents  i n

m a th e m a t ic s ;  and f u r t h e r m o r e ,  we can  n e v e r  p r e d i c t  t h e

f u t u r e  o f  m a th e m a t i c s .  M a th em a t ic s ,  and i t s  h i s t o r y ,  i s

to o  " c a p r i c i o u s . "

. . . There  a r e  many f a c t s  which  one c a n n o t  a c c o u n t  
f o r  i n  a g e n e r a l  way, and t h i s  a p p l i e s  t o  m a th e m a t i c a l  
i n v e n t i o n s  a s  w e l l  a s  to  any o t h e r  d e t a i l s  o f  human 
b e h a v i o r .  Many m a th e m a t i c a l  developm ents  a r e  c a p ­
r i c i o u s  i n  th e  ex trem e  . . . [ G a lo i s ]  c a l l e d  o u r  
a t t e n t i o n  t o ' t h e  g r e a t  i r r e g u l a r i t y  and d i s o r d e r  o f  
o u r  m a th e m a t i c a l  knowledge. An o r d e r l y  development  
would o n ly  be p o s s i b l e  f o r  a  g o d l ik e  m a th e m a t i c i a n  
knowing i n  advance  a l l  t h e  p o s s i b l e  m a th e m a t ic s .

Here i s  r e a l l y  th e  crux o f  th e  m a t t e r .  Mathema­
t i c i a n s  and o t h e r  s c i e n t i s t s ,  however g r e a t  t h e y  may 
b e ,  do n o t  know th e  f u t u r e .  T h e i r  g e n iu s  may e n a b le  
them to  p r o j e c t  t h e i r  purpose  ahead o f  them; i t  i s  
a s  i f  t h e y  had a  s p e c i a l  lamp, u n a v a i l a b l e  to  l e s s e r  
men, i l l u m i n a t i n g  t h e i r  p a th ;  b u t  even  i n  th e  most

^ I b i d . ,  p. 21.
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f a v o r a b l e  c a s e s  th e  lamp sends  o n ly  a v e ry  sm a l l  cone 
o f  l i g h t  i n t o  t h e  i n f i n i t e  d a rk n e s s  . . .

The c a p r i c i o u s n e s s  o f  m a th e m a t i c a l  development  
c an n o t  be emphasized  too  m uch . l

The second m a jo r  s e c t i o n  o f  S a r t o n ' s  book d e a l s

w i t h  th e  s tu d y  o f  th e  h i s t o r y  o f  modern m a th e m a t ic s .  I n

a r a t h e r  c i r c u i t o u s  manner,  S a r t o n  says  t h a t  w r i t i n g  th e

h i s t o r y  o f  modern i s  t e c h n i c a l  and d i f f i c u l t .  He a c t u a l l y

c a u t i o n s  a g a i n s t  p rem a tu re  h i s t o r i c a l  w r i t i n g ;  t h a t  th e

passa g e  o f  t im e  p r o v i d e s  a more r a t i o n a l  p e r s p e c t i v e  on

m a th e m a t i c a l  d e v e lo pm en ts .

. . . t h e  p r o f e s s i o n a l  h i s t o r i a n  o f  m a th em a t ic s  i s  
g e n e r a l l y  u n a b le  to  see  th e  d e t a i l s  o f  modern m a the ­
m a t i c s ,  and e s p e c i a l l y  o f  th e  t w e n t i e t y - c e n t u r y  
m a th e m a t ic s ,  i n  t h e i r  p r o p e r  p e r s p e c t i v e .  He i s  
a lw ays  i n  dang er  o f  n o t  s e e i n g  t h e  wood f o r  t h e  t r e e s ,  
and o f  a p p r e c i a t i n g  i n c o r r e c t l y  th e  r e l a t i v e  w e ig h t  
o f  d i f f e r e n t  f a c t s  and t h e o r i e s . 2

He t h e n  o f f e r s  a few s u g g e s t i o n s  r e g a r d i n g  r e s e a r c h  

i n  th e  h i s t o r y  o f  m a th e m a t ic s ;  s u g g e s t i o n s  such  as  th e  

h i s t o r i a n  shou ld  be e s p e c i a l l y  c a r e f u l  when d a t i n g  m a the ­

m a t i c a l  d i s c o v e r i e s  (comparing  f i r s t  e n u n c i a t i o n  w i t h  

f i r s t  p u b l i c a t i o n  o f  some d i s c o v e r y ,  and s k e p t i c a l l y  c o n ­

s i d e r i n g  a l l  p u b l i c a t i o n  d a t e s  on j o u r n a l s  and p a p e rs  

a s  e v id e n c e  o f  p r i o r i t y  o f  d i s c o v e r y ) ; such  a s  th e  

h i s t o r i a n  shou ld  a lw ays  c o n s i d e r  work in co m p le te  (new 

r e v e l a t i o n s  and i n f o r m a t i o n  can  a lw ays  a p p e a r ) ; and i n  

g e n e r a l ,  no l e s s  c a r e  i n  h i s t o r i c a l  r e s e a r c h  i s  r e q u i r e d

1I b i d . ,  pp. 17-18 .  2I b i d . ,  p. 31.



149

a s  i n  pure  m a th e m a t i c a l  r e s e a r c h  (doub le  s t a n d a r d s  a r e  n o t  

p e r m i s s i b l e ) .

These a r e  good,  g e n e r a l ,  common sense  s u g g e s t i o n s  

t h a t  any h i s t o r i a n  ( o r  r e s e a r c h e r )  would fo l lo w  when 

i n v e s t i g a t i n g  m a th em a t ic s  o r  i t s  h i s t o r y .  I n  o t h e r  w ords ,  

S a r t o n  o f f e r s  no s p e c i f i c  method o r  a p p ro a ch  t o  r e s e a r c h i n g  

and w r i t i n g  m athem atics  h i s t o r y .  The t i t l e  o f  t h e  monograph,  

The Study  o f  t h e  H i s t o r y  o f  M a th e m a t i c s , i s  s u f f i c i e n t l y  

ambiguous ,  im p ly in g  e i t h e r  i n t r o d u c t o r y  rem arks  t o  s t u d e n t s  

a b o u t  to  s tu d y  th e  h i s t o r y  o f  m a th e m a t i c s ,  o r  comments t o  

m a th e m a t i c i a n s  o r  h i s t o r i a n s  a b o u t  t o  u n d e r t a k e  m a th e ­

m a t i c s  h i s t o r y  r e s e a r c h .

Thus f o r  e i t h e r  group S a r t o n  p r o v id e s  i n t e l l e c t u a l  

e x h o r t a t i o n  and encouragem ent  b e f o r e  embarking on th e  

s tu d y  o f  th e  h i s t o r y  o f  m a th e m a t ic s .

The main r e a s o n  f o r  s t u d y i n g  th e  h i s t o r y  o f  
m a th e m a t ic s ,  o r  th e  h i s t o r y  o f  any  s c i e n c e ,  i s  p u r e l y  
h u m a n i s t i c .  Being men, we a r e  i n t e r e s t e d  i n  o t h e r  
men, and e s p e c i a l l y  i n  such  men a s  have h e lp ed  
f u l f i l l  o u r  h i g h e s t  d e s t i n y .

Or,

The main d u ty  o f  the  h i s t o r i a n  o f  m a th e m a t i c i a n s ,  
a s  w e l l  a s  h i s  f o n d e s t  p r i v i l e g e ,  i s  t o  e x p l a i n  th e  
humani ty  o f  m a th e m a t i c s ,  t o  i l l u s t r a t e  i t s  g r e a t n e s s ,  
b e a u ty ,  and d i g n i t y ,  and to  d e s c r i b e  how th e  i n c e s ­
s a n t  e f f o r t s  and t h e  accu m u la ted  g e n iu s  o f  many 
g e n e r a t i o n s  have b u i l t  up t h a t  m a g n i f i c a n t  moment, 
t h e  o b j e c t  o f  our  most l e g i t i m a t e  p r i d e  a s  men, 
and o f  o u r  wonder,  h u m i l i t y ,  and t h a n k f u l n e s s  a s  
i n d i v i d u a l s .  The s tu d y  o f  th e  h i s t o r y  o f  m a th em a t ic s

1I b i d . ,  p. 22.
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w i l l  n o t  make b e t t e r  m a th e m a t ic i a n s  b u t  g e n t l e r  o n e s ,  
i t  w i l l  e n r i c h  t h e i r  m inds ,  mellow t h e i r  h e a r t s ,  
and b r i n g  o u t  t h e i r  f i n e r  q u a l i t i e s .

D e s p i t e  h i s  p r o f e s s e d  a d m i r a t i o n  f o r  th e  s tu d y  o f  

th e  h i s t o r y  o f  m athem at ics  S a r t o n  o f f e r s  few i n s t r u c t i o n s  

a s  t o  how to  go a b o u t  th e  s tu d y  o f  th e  h i s t o r y  o f  m a th e ­

m a t i c s .  At th e  b e g in n in g  o f  t h i s  monograph S a r t o n  r e f e r s  

t h e  r e a d e r  to  h i s  S tudy  o f  th e  H i s t o r y  o f  S c i e n c e ,  w i t h  a n  

I n t r o d u c t o r y  B ib l i o g r a p h y  where t h e  r e a d e r  w i l l  f i n d  

remarks t h e r e  which " a p p ly  e q u a l l y  w e l l  t o  th e  h i s t o r y  o f  

m a t h e m a t i c s . "  The Study o f  th e  H i s t o r y  o f  S c ien c e  was 

p u b l i s h e d  a y e a r  e a r l i e r  (1 93 5 ) ,  w r i t t e n  i n  th e  same 

g e n e r a l ,  n a r r a t i v e  f a s h i o n .  The Study  o f  t h e  H i s t o r y  o f  

M a t h e m a t i c s 1 p r e d e c e s s o r  i s  a l s o  q u i t e  l i m i t e d  i n  r e a l ,  

t a n g i b l e  i n s t r u c t i o n s  r e g a r d i n g  th e  a c t u a l l y  r e s e a r c h i n g  

and w r i t i n g  o f  h i s t o r y .  Y e t ,  a t  t h e  end o f  t h e  S tudy  o f  

th e  H i s t o r y  o f  S c ien c e  i s  a  b i b l i o g r a p h y  c o n t a i n i n g  names 

o f  books d e a l i n g  w i th  " h i s t o r i c a l  m e th o d s ."  I n  The Study 

o f  t h e  H i s t o r y  o f  M athem at ics  no such  books a r e  l i s t e d ,  

r e i n f o r c i n g  my o p i n io n  t h a t  S a r t o n  and most  o t h e r s  r a r e l y  

c o n s i d e r e d  th e  h i s t o r i o g r a p h y  o f  m a th e m a t ic s .  T h is  l a c k  

o f  c o n s i d e r a t i o n  o f  t h e  h i s t o r i o g r a p h y  o f  m a th e m a t ic s ,

I  s u s p e c t ,  i s  a  r e s u l t  o f  h i s t o r i a n s  i m p l i c i t  b e l i e f  t h a t  

t h e  e v id e n c e  and i n t e r p r e t a t i o n  o f  m a th e m a t i c a l  r e s u l t s  

i s  a c l e a r ,  s im p le ,  and s t r a i g h t f o r w a r d  m a t t e r .  H i s t o r y

LI b i d . ,  p. 28.
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o f  m a th em a t ic s  i s  t h e  h i s t o r y  o f  m a th e m a t i c a l  d i s c o v e r i e s  

and i n v e n t i o n s  ( t h e  words ten d  t o  be used i n t e r c h a n g e a b l y  

and th u s  c o n f l a t e d ) . These d i s c o v e r i e s  o r  i n v e n t i o n s  

a r e  accum ula ted  e t e r n a l  t r u t h s ;  t h e  l a t e s t  t r u t h  n e a t l y  

f a l l i n g  upon t h e  f o u n d a t i o n s  o f  p r e v io u s  t r u t h s .  And t h e s e  

m a th e m a t i c a l  t r u t h s  have a n  e x i s t e n c e  in d e p e n d e n t  o f  th e  

m a th e m a t i c i a n s  i n v o lv e d .  I t  i s  a s  though th e  m a th e m a t ic i a n s  

a c t  a s  a  k ind  o f  midwife  o r  c a t a l y s t  i n  t h e  p ro c e s s  o f  th e  

development  o f  m a th e m a t ic s ;  i f  m a th e m a t i c i a n  A had n o t  

d i s c o v e r e d  Theorem X, t h e n  e v e n t u a l l y  m a th e m a t i c i a n  B 

would have d i s c o v e r e d  Theorem X ( o r  a c l o s e l y  r e l a t e d  

t h e o re m ) ,  b ecause  Theorem X i s  c r u c i a l  t o  th e  f i e l d  i n  

which  i t  i s  found .  C o n sequ en t ly  famous m a th e m a t i c i a n s  a r e  

famous f o r  d i s c o v e r i n g  ( o r  i n v e n t i n g )  th e  " i m p o r t a n t 1' o r  

" f a r  r e a c h i n g "  m a th e m a t i c a l  t r u t h s .  Famous m a th e m a t ic i a n s  

a r e  famous f o r  th e  d e p th  and b r e a d t h  o f  t h e i r  im p o r t a n t  

m a th e m a t i c a l  r e s u l t s ,  and th u s  b i o g r a p h i e s  o f  famous 

m a th e m a t i c i a n s  a r e  v a l u a b l e  f o r  th e  h i s t o r y  o f  m a th e m a t i c s .^

S in c e  th e  h i s t o r y  o f  m a th em a t ic s  i s  so " o b v i o u s , "  

i t  makes sen se  t h a t  t h e r e  has been so l i t t l e  c o n s i d e r a t i o n

1
R e la t e d  t o  th e  i n t e r e s t  i n  b i o g r a p h i e s  o f  famous 

m a th e m a t ic i a n s  i s  a n  i n t e r e s t  i n  t h e  manner o r  means i n  
which t h e s e  i n d i v i d u a l s  made such  d i s c o v e r i e s .  Sometimes 
r e f e r r e d  to  a s  the  "psycho logy  o f  i n v e n t i o n  i n  th e  m a th e ­
m a t i c a l  f i e l d , "  t h e r e  have been  s t u d i e s  o f  th e  methods o f  
i n v e n t i o n  o r  d i s c o v e r y  to  p o s s i b l y  d e te rm in e  and g e n e r a l i z e  
m a th e m a t i c a l  c r e a t i v i t y  and i n s i g h t .  See Hadamard i n  th e  
b i b l i o g r a p h y ,  f o r  example .
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o f  th e  h i s t o r i o g r a p h y  o f  m a th e m a t ic s .  S in ce  h i s t o r i o g r a p h y  

o f  m a them a t ic s  i s  n o t  a  f a s h i o n a b l e  academic  f i e l d ,  what 

does e x i s t  r e g a r d i n g  h i s t o r i o g r a p h y  i s  s c a l l e r e d  a b o u t  

i n  th e  l i t e r a t u r e ,  some o f  i t  i n  o b scu re  o r  unexpec ted  

j o u r n a l s .

For  exam ple ,  we s h a l l  c o n s i d e r  some o f  th e  comments 

o f  Kenneth  0. May. T ra in e d  a s  a m a th e m a t ic i a n , . in  th e  

1 9 4 0 ' s ,  b u t  a lw ays  i n t e r e s t e d  i n  th e  h i s t o r y  o f  m a th e m a t ic s ,  

he became a p r o f e s s i o n a l  h i s t o r i a n  o f  m athem at ics  and 

c o n t r i b u t e d  much, e s p e c i a l l y  o r g a n i z a t i o n a l l y ,  to  th e  

f i e l d .  He was one o f  th e  f o u n d e r s ,  and f i r s t  e d i t o r ,  o f  

H i s t o r i a  M a th e m a t ic a , t h e  o n ly  American j o u r n a l  devo ted  

e x c l u s i v e l y  to  m athem at ics  h i s t o r y .  He a l s o  e s t a b l i s h e d  

a c e n t e r  f o r  h i s t o r y  o f  m athem atics  a t  t h e  U n i v e r s i t y  o f  

T oron to  and i n  1972 p u b l i s h e d  B ib l i o g r a p h y  and R e se a rch  

Manual o f  the  H i s t o r y  o f  M a th e m a t i c s .^  The manual i s  a 

l a r g e  (o v e r  800 pages)  b i b l i o g r a p h y  o f  books ,  a r t i c l e s ,  

monographs,  and h i s t o r i e s  c l a s s i f i e d  by b io g ra p h y ,  m athe­

m a t i c a l  t o p i c s ,  " e p im a th e m a t i c a l "  t o p i c s ,  h i s t o r i c a l  

p e r i o d s ,  and  i n f o r m a t i o n  r e t r i e v a l .  The l a s t  c l a s s i f i c a ­

t i o n  d e a l s  w i th  s p e c i a l  l i b r a r i e s ,  c o l l e c t i o n s ,  in f o r m a ­

t i o n  sy s te m s ,  e t c .

W i th in  th e  l a s t  c l a s s i f i c a t i o n  i s  th e  su b h e ad in g ,  

" H i s t o r i o g r a p h y . "  Thomas K uhn 's  S t r u c t u r e  o f  S c i e n t i f i c

^Kenneth May, B ib l i o g r a p h y  and R e se a rc h  Manual o f
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R e v o lu t io n s  i s  found t h e r e  a lo n g  w i t h  S a r t o n ' s  books 

which  I  have d i s c u s s e d  among o t h e r s .  Few o f  t h e  c i t a t i o n s  

a r e  modern h i s t o r i o g r a p h i c a l  s t u d i e s ,  most  were w r i t t e n  

i n  t h e  e a r l y  p a r t  o f  t h i s  c e n t u r y ,  and most  a r e  v e ry  

g e n e r a l  d i s c u s s i o n s ,  e . g . ,  m is t a k e s  committed i n  h i s t o r i c a l  

w r i t i n g s ,  documenting s c i e n t i f i c  l i t e r a t u r e .  In d e e d ,  one 

l i s t e d  r e f e r e n c e  May recommends i s  J a s q u e  B a r z u n ' s  The 

Modern R e s e a r c h e r , which  i s  v e ry  good f o r  r e s e a r c h i n g  and 

w r i t i n g  h i s t o r y  i n  g e n e r a l ,  bu t  has few s p e c i f i c s  f o r  

m a t h e m a t i c s .

C o n se q u e n t ly ,  May 's  R e se a rc h  Manual i s  n o t  a  g r e a t  

b i b l i o g r a p h i c  so u rce  o f  i n f o r m a t i o n  a b o u t  th e  h i s t o r i o g r a p h y  

o f  m a th e m a t ic s .  May d o e s ,  though ,  i n c l u d e  a  s h o r t  c h a p t e r  

c o n t a i n i n g  comments o f  a n  h i s t o r i o g r a p h i c a l  n a t u r e ,  a l t h o u g h  

he does no t  term them a s  su ch .  Under P a r t  I  o f  th e  book 

a r e  t h r e e  c h a p t e r s ;  " I n f o r m a t i o n  R e t r i e v a l , "  " P e r s o n a l  

I n f o r m a t i o n  S t o r a g e , "  and " H i s t o r i c a l  A n a l y s i s  and W r i t i n g . ” 

D e s p i t e  th e  c o m p u t e r - o r i e n t e d  la n g u a g e ,  t h e  c h a p t e r s  a r e  

n o t  a b o u t  computer  i n f o r m a t i o n  s t o r a g e  and r e c a l l ,  bu t  

a b o u t  l i b r a r i e s ,  c a t a l o g u e s ,  p r im ary  and seco n da ry  s o u r c e s ,  

and a sys tem o f  n o te  c a r d s .  I n  e s s e n c e ,  th e  f i r s t  two 

c h a p t e r s  a r e  a b o u t  th e  l i b r a r y / l e g w o r k  o f  r e s e a r c h .

C h a p te r  3,  " H i s t o r i c a l  A n a l y s i s  and  W r i t i n g , "  i s  a s h o r t

th e  H i s t o r y  o f  M athem at ics  (T o ron to :  U n i v e r s i t y  o f  T oron to
p r e s s , 1072).
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c h a p t e r  o f  d o ' s  and d o n t ' s  when w r i t i n g  th e  h i s t o r y  o f  

m a t h e m a t i c s .

As r e g a r d s  "Approaches t o  H i s t o r y "  he s a y s ,

H i s t o r y  has f a r  more f a c e t s  th a n  c an  be d e s c r i b e d  
h e r e .  One can  fo c u s  on th e  development o f  i d e a s ,  
b io g r a p h y ,  p e r i o d s ,  c i v i l i z a t i o n s ,  c o u n t r i e s ,  c i t i e s ,  
i n s t i t u t i o n s ,  t e r m s ,  symbols ,  t o p i c a l  f i e l d s ,  e d u c a ­
t i o n ,  comm unica t ion ,  b i b l i o g r a p h y ,  s o c i o lo g y  o f  
m a th e m a t i c s ,  and so on. No one a p p ro a c h  c a n  g iv e  a  
com ple te  p i c t u r e .  Each one and e v e r y  c o m b in a t io n  
has v a lu e .  But a  c h o ic e  w i l l  h e lp  to  gu ide  i n f o m a -  
t i o n  c o l l e c t i o n  a s  w e l l  a s  a n a l y s i s  and w r i t i n g . 1

U n f o r t u n a t e l y  th e  above s t a t e m e n t  i s  so g e n e r a l  and 

obv ious  t h a t  i t  l a c k s  any  u s e f u l n e s s .  L a t e r  he comments t h a t

To g iv e  r u l e s  f o r  the  p r o d u c t i o n  o f  h i s t o r y  i s  
a s  d i f f i c u l t  a s  t o  t e l l  someone how to  d i s c o v e r  a  
theorem o r  c o n s t r u c t  a  new p r o o f .  I t  i s  e a s i e r  to  
su g g e s t  some t h i n g s  t o  a v o i d . 2

So, among t h e  " t h i n g s  t o  a v o id "  a r e :

" C r e d u l i t y . "  Do n o t  u n c r i t i c a l l y  a c c e p t  s t a t e m e n t s

a b o u t  th e  h i s t o r y  o f  m a th e m a t ic s .

The h i s t o r i c a l  and m a th e m a t i c a l  l i t e r a t u r e  c o n t a i n s  
many e r r o r s .  Some r e s u l t  from r e p e a t i n g  b a s e l e s s  
t r a d i t i o n s .  Some a r e  m ere ly  c a r e l e s s .  O th e r s  a r i s e  
from i g n o r a n c e ,  m i s u n d e r s t a n d i n g s ,  p r e j u d i c e ,  o r  
ch au v in ism .  They a p p e a r  i n  a l l  s o u r c e s ,  e v en  th e  
most r e s p e c t a b l e  and seem ing ly  p r im ary  . . .

I t  i s  t h e r e f o r e  incumbent on th e  h i s t o r i a n  to  
examine e v e r y t h i n g  c r i t i c a l l y .  He shou ld  n o t  
b e l i e v e  a n y t h i n g  a u t o m a t i c a l l y ,  bu t  he shou ld  
r e c o rd  what he f i n d s  and r e c o r d  a l s o  th e  so u r c e  o f  
i n f o r m a t i o n . 3

^ I b i d . ,  p. 28.

2I b i d . ,  p.  29.

3I b i d .

}
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Good p o i n t ,  y e t  o f t e n  d i f f i c u l t  t o  do.  When 

w r i t i n g  my b r i e f  h i s t o r i c a l  s k e t c h  o f  th e  developments  

i n  m a them a t ic s  l e a d i n g  to  t h e  emergence o f  p o i n t  s e t  

t o p o lo g y ,  I  found such  a n  i n s t a n c e  f o r  e r r o n e o u s  " f a c t . ”

Many h i s t o r i a n s  have commented t h a t  H e in e ,  i n  h i s  1872 p a p e r ,  

"Die E lem ente  d e r  F u n c t i o n l e h r e , "  p roves  th e  H e in e - B o r e l  

Theorem. When we examine th e  p ap e r  th e  theorem  i s  n o t  

found .  Heine  proved a n  e q u i v a l e n t  theorem , b u t  t h e  

"H e in e -B o re l  p r o c e s s "  o f  c h o o s in g  a f i n i t e  s u b c o l l e c t i o n  o f  

c o v e r i n g  i n t e r v a l s  from a n  i n f i n i t e  c o l l e c t i o n  i s  nowhere 

t o  be found i n  H e i n e ' s  p a p e r .

N ex t ,  May warns o f  " P r i o r i t i t i s . "  By t h i s  he means,

. . . Q u e s t io n s  o f  p r i o r i t y  [ o f  d i s c o v e r y ]  a r e  wor thy  
o f  h i s t o r i c a l  c o n s i d e r a t i o n  o n ly  when th e y  in v o lv e  
h i s t o r i c a l  i s s u e s ,  n o t  m ere ly  e f f o r t s  to  d i s p e n s e  
j u s t i c e .  Moreover ,  the  q u e s t i o n  o f  who d id  som eth ing  
" f i r s t "  u s u a l l y  t u r n s  o u t  to  be m e a n in g le s s  because  
o f  unremovable  a m b i g u i t i e s  i n  th e  d e f i n i t i o n  o f  
" so m e th in g"  and what i s  meant by "do in g "  i t  . . . .
P r i o r i t y  c h a s i n g  f o r  i t s  own sake  should  be a v o id e d .

H i s t o r i a n s  o f  m a th em a t ic s  a l s o  c o n fu s e  p r i o r i t y  

i n  th e  s e n s e s  t h a t  a m a th e m a t i c i a n  may have been th e  f i r s t  

t o  prove  o r  know som eth ing  ( e . g . ,  Bolzano and h i s  nowhere 

d i f f e r e n t i a l  c o n t in u o u s  c u rv e )  whereas  a n o t h e r  may have 

known t h a t  same id e a  o r  p ro o f  l a t e r  ( e . g . ,  W e i e r s t r a s s )  

and was r e s p o n s i b l e  f o r  th e  m a th e m a t ic a l  p u b l i c  knowing i t .

An e x c e l l e n t  example o f  t h i s  i n t e r e s t  i n  p r i o r i t y  r e l a t e d

1Ib id .
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to  p o i n t  s e t  t o p o lo g y  i s  th e  p a p e r  by H. Guggenheimer,

’’The J o r d a n  Curve Theorem and a n  U npub l ished  M a n u s c r ip t  

by Max Dehn."'*' Guggenheimer p r o v i d e s  a n  e x c e l l e n t  summary 

o f  th e  h i s t o r y  o f  t h e  m ajor  p r o o f s  o f  th e  J o r d a n  Curve 

Theorem, th e  e v e n t u a l  purpose  o f  which was to  show t h a t  

Max Dehn had th e  e a r l i e s t ,  m o d e r n - s t y l e  p r o o f ,  y e t  i t  

was u n p u b l i s h e d .

As Guggenheimer remarks

. . .  I t  i s  a m y s te ry  why Dehn n e v e r  p u b l i s h e d  th e  
p a p e r ,  which was ahead  o f  i t s  t im e .  I n  a d d i t i o n  to  
a p ro o f  o f  th e  J o r d a n  Curve Theorem, th e  m a n u s c r ip t  
c o n t a i n s  a p ro o f  o f  th e  S h o e n f l i e s  Theorem (7 
y e a r s  b e f o r e  S h o e n f l i e s 1 d i s c o v e r y )  which i s  e l e ­
m en ta ry  and very  s im p le ;  t h e  id e a  o f  t h e  p r o o f  i s  
v e ry  c l o s e  t o  one g iv e n  by R. H. Bing i n  1 9 6 0 .^

A p p a r e n t l y ,  f o r  Guggenheimer, i f  a  t r e e  f a l l s  i n  th e  m a th e ­

m a t i c s  h i s t o r y  f o r e s t  w i t h  no one to  h e a r  th e  sound,  t h e n  

i t  s t i l l  made a sound,  and th u s  shou ld  be n o t e d .

"The Solomon Syndrome."

C lo s e ly  r e l a t e d  t o  th e  i l l u s i o n  t h a t  h i s t o r i a n s  a r e  
d i s p e n s e r s  o f  p r i o r i t y  i n  th e  id e a  t h a t  th e y  shou ld  
r an k  m athem atics  and ju d g e  who was " r i g h t "  and 
"wrong" by t h e i r  own s t a n d a r d s .  This  may be good 
f u n ,  but  i t  i s  n o t  v e ry  i l l u m i n a t i n g .  I t  t e l l s  
l i t t l e  a b o u t  what happened and why. The h i s t o r i a n ' s  
t a s k s  a r e  d e s c r i p t i o n  and e x p l a n a t i o n ,  n o t  j u d g in g  
and m o r a l i z i n g . 3

*"See above .
2
Guggenheimer, p. 198. 

^May, p.  29.
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While I  c e r t a i n l y  a g r e e  t h a t  we c an n o t  ju d g e  h i s t o r i c a l  

f i g u r e s  by con tem pora ry  s t a n d a r d s ,  I  c an n o t  a g r e e  t h a t  th e  

h i s t o r i a n ' s  t a s k s  a r e  s im p ly  " d e s c r i p t i o n  and e x p l a n a t i o n . "  

T ha t  i s ,  to  d e c id e  w h a t ,  how, and why som eth ing  shou ld  be 

" d e s c r i b e d  and e x p l a i n e d "  i m p l i e s  v i e w p o in t s  and c h o ic e s  

upon th e  p a r t  o f  t h e  h i s t o r i a n  o f  m a th em a t ic s .  To i n c l u d e ,  

to  l e a v e  o u t ,  to  e x p l a i n  a t  l e n g t h ,  t o  e x p l a i n  b r i e f l y ,  e t c . ,  

a r e  d e c i s i o n s  th e  h i s t o r i a n  must  make when w r i t i n g  h i s t o r y .  

How t h e s e  d e c i s i o n s  a r e  made i s  p a r t  o f  th e  s tu d y  o f  th e  

h i s t o r i o g r a p h y  o f  m a th em a t ic s .

" U n h i s t o r i c a l  a n a l y s i s . "

One o f  t h e  weaknesses  o f  s c i e n t i s t s  who t a k e  up 
h i s t o r y  i s  th e  ten d e n cy  to  judge  h i s t o r i c a l  e v e n t s  
t i m e l e s s l y  o r ,  more o f t e n ,  a s  though th e y  were 
o c c u r r i n g  to d a y .  . . .

Of c o u r s e ,  i t  i s  im p o r t a n t  t o  see  how modern 
i d e a s  o r i g i n a t e d  and d e v e lo p e d ,  bu t  a f u l l  u n d e r ­
s t a n d i n g  o f  t h i s  development  r e q u i r e s  c o n s i d e r i n g  
t h i n g s  a s  th e y  were a t  th e  t ime and i n  te rm s o f  
c o n d i t i o n s  o f  t h a t  t i m e . I n  p a r t i c u l a r  i t  must be 
remembered t h a t  words mean d i f f e r e n t  t h i n g s  a t  
d i f f e r e n t  t im e s .  F a i l u r e  to  t a k e  t h i s  i n t o  a c c o u n t  
c a n  l ea d  t o  l u d i c r o u s  e r r o r s . 1

A v e ry  good p o i n t ,  bu t  a n  e x t r e m e ly  d i f f i c u l t  r u l e  t o

f o l lo w .  I d e a l l y  a n  h i s t o r i a n  shou ld  t r a n s f o r m  h i m s e l f  back

to  th e  m a th e m e t i c a l  and i n t e l l e c t u a l  s i t u a t i o n  he i s

d e s c r i b i n g .  I d e a l l y ,  th e  h i s t o r i a n ' s  d e s c r i p t i o n  sh ou ld

be from th e  p o i n t  o f  v iew, and t h e  p o i n t  o f  ig n o ran c e ,  o f

th e  m a th e m a t ic i a n s  a t  th e  t im e .  T ha t  i s ,  knowing what

^ I b i d . ,  p. 30.
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we know now a b o u t  m a th e m a t i c s ,  i t  i s  v e ry  d i f f i c u l t  t o  pu t  

o u r s e l v e s  i n  th e  s t a t e  o f  i g n o r a n c e ,  th e  n o t  knowing o f  

c e r t a i n  r e s u l t s  and i m p l i c a t i o n s ,  o f  th e  m a th e m a t i c i a n s  

and t h e i r  work we a r e  i n v e s t i g a t i n g .

J o s e p h  A g a s s i ,  i n  h i s  Towards a n  H i s t o r i o g r a p h y  o f

S c i e n c e , ^ d i s c u s s e s  t h i s  d i f f i c u l t y  i n  th e  s e c t i o n s  e n t i t l e d ,

"The A dvantage  o f  A vo id ing  Being Wise a f t e r  th e  E v e n t , "

and "The D i f f i c u l t y  o f  A void ing  b e in g  Wise a f t e r  th e

E v e n t . "  T h is  i s  a  number from t h e  j o u r n a l ,  H i s t o r y  and 
2

T h e o ry . I n  summary,

The Advantage  o f  A vo id ing  o f  Being Wise A f t e r  
th e  E ven t  i s  t h a t  t h i s  a l l o w s  us t o  see  t h e  world  
w i t h  th e  eyes  o f  th o s e  who p a r t i c i p a t e d  i n  the  
e v e n t ,  and th u s  t o  e x p l a i n  i t .

The D i f f i c u l t y  o f  A v o id ing  Being Wise A f t e r  
th e  E ven t  a r i s e s  from h av ing  su p p re s s e d  th e  ~ 
r e a s o n a b l e  e r r o r s  which the  e v e n t  has c o r r e c t e d .

I n  o t h e r  words ,  "Being Wise a f t e r  t h e  E v e n t"  means t h a t  we

must  p i c k  and choose  theorems and m a th e m a t i c i a n s  we c o n s i d e r

im p o r t a n t  i n  o u r  h i s t o r i c a l  p r e s e n t a t i o n .  As A g a s s i  p u t s  i t

There  i s  much t o  be s a i d  f o r  t r im m ing  th e  edges  
o f  th e  h i s t o r y  o f  s c i e n c e .  We may a p p r e c i a t e  f a l s e  
s t a r t s  bu t  f i n d  i t  u n im p o r ta n t  t o  d w e l l  on them a t

1
Jo s e p h  A g a s s i ,  Towards a n  H i s t o r i o g r a p h y  o f  

S c ien c e  (Middletown; Wesleyan U n i v e r s i t y  P r e s s ,  1963) .

2
S t u d i e s  i n  th e  P h i lo s o p h y  o f  H i s t o r y , B e i h e f t  2.

3
A g a s s i ,  p. v i i i .
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l e n g t h  b e c a u s e ,  i m p o r t a n t  a s  t h e y  may have been ,  
th e y  led  n o w h e re .1

On th e  o t h e r  hand ,  "Being Wise a f t e r  t h e  E v e n t "  t e n d s  to  

cau se  h i s t o r i a n s  t o  e x c lu d e  e r r o r s ,  m i s t a k e s ,  o r  i n s i g ­

n i f i c a n t  theorems o r  m a th e m a t i c i a n s  from t h e i r  w r i t i n g s .

I n  most c a s e s  i t  i s  n o t  o n ly  e a s y  to  be w ise  a f t e r  
t h e  e v e n t ;  we can  h a r d l y  a v o id  b e in g  so .  U n d o u b te d ly ,  
t h e  o v e r s i g h t  o f  c e r t a i n  f a c t s  and i d e a s  was n o t  due 
t o  t e c h n i c a l  d i f f i c u l t i e s  a l o n e  [ d u r i n g  some h i s t o r i c a l  
p e r io d ]  b u t  t o  o t h e r s  o f  a  d i f f e r e n t  c h a r a c t e r .  And 
i f  we w ish  t o  a v o id  be in g  w ise  a f t e r  the  e v e n t  we 
must f i n d  ou t  what t h e s e  w ere .  The d i f f i c u l t i e s , I  
s u g g e s t ,  a r e  u s u a l l y  th e  s c i e n t i f i c  t h e o r i e s  a c c e p te d  
a t  th e  t i m e . We ten d  to  be w ise  a f t e r  th e  e v e n t  
because  we ten d  t o  f o r g e t  how th e  world  looked b e fo r e  
t h e  e v e n t  to o k  p l a c e ,  because  we tend  t o  f o r g e t  th e  
s c i e n t i f i c  e r r o r s  which th e  e v e n t  c o r r e c t e d .

The w o r s t  d i f f i c u l t y  w i t h  be ing  wise  a f t e r  th e  

e v e n t  i s  n o t  a p p r e c i a t i n g  th e  e r r o r s  i n  m a them a t ic s  h i s t o r y .  

Most i m p o r t a n t l y ,  t h e r e  a r e  d i s t i n c t i o n s  among e r r o r s .

Modern European  lan g uages  a s  y e t  p o s s e s s  no 
v e r b a l  d i s t i n c t i o n  be tween  a v a l u e l e s s  o r  a s i l l y  
o r  a  n e g l i g e n t  o r  a n  i r r e s p o n s i b l e  e r r o r ,  and one 
committed r e s p o n s i b i l y  and j u d i c i o u s l y .  S i n c e ,  
a c c o r d i n g  to  t h e  m i s l e a d i n g  a c c e p t e d  usage  o f  t h e s e  
w ords ,  a l l  e r r o r s  a r e  f a u l t s  and a l l  who e r r  a r e  
wrong i t  i s  t ime t h a t  p h r a s e s  l i k e  " v a l u a b le  e r r o r , "  
" s t i m u l a t i n g  e r r o r , "  " i n t e l l i g e n t  e r r o r , 1' "c l e v e r  
m i s t a k e , "  be used and s i n g l e  words be c o in e d  to  
convey shades  o f  meaning.  I n  law c o u r t s  th e  d i f ­
f e r e n c e  between r e s p o n s i b l e  e r r o r s  and e r r o r s  due 
t o  n e g l i g e n c e  i s  w e l l  known s i n c e  t h e  law o f t e n  
t r e a t s  them d i f f e r e n t l y .  But o r d i n a r y  language  
i s  so p o w e rfu l  . . . t h a t  i t  r e i n f o r c e s  th e  c o n f u s i o n  
between d i f f e r e n t  k in d s  o f  e r r o r s .  By u s in g  "he 
e r r e d "  and "he was wrong" a s  synonyms, we o f t e n  
condemn peop le  and imply t h a t  one ought  t o  a v o id  
e r r o r s  s u c c e s s f u l l y .  The p h ra s e  "he had no id e a

1I b i d . ,  p. 53.
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t h a t "  am biguous ly  c o v e r s  b o th  th e  c a s e  o f  a p e r s o n  
who ask ed  th e  r i g h t  q u e s t i o n  but  ( u n d e r s t a n d a b l y )  
gave i t  t h e  wrong a n sw e r ,  and th e  c a se  o f  a p e r s o n  
who av o id e d  th e  same e r r o r  by ( f o o l i s h l y )  f a i l i n g  
to  a s k  th e  r i g h t  q u e s t i o n . i

I  would co n tend  t h a t  most o f  S h o e n f l i e s '  work i n  

th e  h i s t o r y  o f  p o i n t  s e t  t o p o lo g y  i s  n o t  d i s c u s s e d  i n  

s t a n d a r d  h i s t o r i e s  because  he e r r e d ,  and because  h i s t o r i a n s  

view th e  e r r o r s  a s  f o o l i s h  e r r o r s .  From th e  p o i n t  o f  view 

o f  S c h o e n f l i e s ,  t r y i n g  t o  e x te n d  and g e n e r a l i z e  t h e  con ­

c e p t s  in v o lv e d  w i t h  th e  J o r d a n  Curve Theorem, h i s  e r r o r  i s  

symptomatic  o f  b o th  th e  d i f f i c u l t y  and s u b t l y  o f  c o r r e c t l y  

g e n e r a l i z i n g  and a b s t r a c t i n g  r e s u l t s  i n  m athem at ics  

( c l e a r l y ,  a n  im p o r t a n t  m o t i v a t i o n  among m a th e m a t ic i a n s  

d u r i n g  th e  n i n e t e e n t h  c e n t u r y )  and th e  p o t e n t i a l l y  m is ­

l e a d i n g  r e s u l t s  o f  n a iv e  i n t u i t i o n  i n  t h e  rea lm  o f  s e t  

t h e o r e t i c  r e s u l t s .  S c h o e n f l i e s '  e r r o r  was b o th  u n d e r ­

s t a n d a b l e  , g iv e n  th e  c o n t e x t  o f  th e  p e r i o d ,  and s t i m u l a t i n g , 

i n  t h a t  L. E. J .  Brouwer was moved to  c o r r e c t  th e  e r r o r s ,  

a n d ,  as  a r e s u l t ,  f a s h io n e d  new i d e a s  i n  t o p o lo g y .

We have passed  somewhat from Kenneth  May's  p r o h i b i ­

t i o n  when w r i t i n g  m a th e m a t ic s ,  b u t  May 's  l a s t  few comments 

a r e  c l o s e l y  r e l a t e d  t o  th e  above d i s c u s s i o n .

May a l s o  warns th e  h i s t o r i a n  a g a i n s t  " S p e c u l a t i v e  

H i s t o r y . "

I t  i s  o f t e n  n e c e s s a r y ,  and q u i t e  l e g i t i m a t e ,  t o  
su p p ly  m is s in g  i n f o r m a t i o n  by d e d u c t io n  from

^ I b i d . ,  p. 54.
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e s t a b l i s h e d  f a c t s ,  o r  even  by p l a u s i b l e  i n f e r e n c e ,  
i f  i t  i s  l a b e l l e d  a s  such .  But t h e r e  i s  a s t y l e  
o f  " h i s t o r y ” t h a t  c o n s i s t s  i n  s im p ly  f a b r i c a t i n g  
a n  a c c o u n t  o f  how something  might  have happened 
( f o r  example ,  how c o u n t i n g  m igh t  have f i r s t  been ^ 
i n v e n te d )  and th e n  coming to  r e g a r d  t h i s  a s  f a c t .

When w r i t i n g  h i s t o r y  t h e r e  i s  a g r e a t  d e s i r e  t o  

p r o v id e  a " seam less  web” o f  d e s c r i p t i o n ,  e x p l a n a t i o n ,  and 

n a r r a t i v e .  M is s in g  i n f o r m a t i o n  o r  gaps o f  knowledge c an  

r u i n  th e  i d e a l i z e d  h i s t o r i c a l  a cc o u n t  so t h a t  t h e  t e m p ta ­

t i o n  t o  u n n e c e s s a r i l y  o r  e x t r a v a g a n t l y  s p e c u l a t e  i s  s t r o n g .

"The Matthew Syndrome."

The problem o f  d i s p r o p o r t i o n a t e  amounts o f  w r i t i n g

g iv e n  o v e r  t o  famous m a th e m a t i c i a n s  and t h e i r  work.

The im p o r ta n c e ,  a b i l i t y ,  and ach iev e m e n ts  o f  w e l l -  
known f i g u r e s  a r e  e x a g g e ra t e d  due to  t h e  f a c t  t h a t  
t h e i r  p a p e rs  and p u b l i c a t i o n s  a r e  more l i k e l y  to  be 
p r e s e r v e d ,  th e y  a r e  more o f t e n  c i t e d ,  and i n t e r e s t  
i n  them r e s u l t s  i n  p u b l i c a t i o n s  t h a t  c r e a t e d  an  
a u d ie n c e  and t r i g g e r s  f u r t h e r  work. The r e s u l t  i s  
a d i s t o r t e d  p i c t u r e  o f  th e  h i s t o r y  o f  m a th em a t ic s  a s  
th e  work o f  a few " s t a r s . "  The h i s t o r i a n  shou ld  be 
on guard  a g a i n s t  t h i s  " h a lo  e f f e c t "  and s t r i v e  to  
g iv e  a b a la n ce d  p i c t u r e  t h a t  i n c l u d e s  "m inor"  a s  
w e l l  a s  "m a jo r"  p e r s o n a l i t i e s .*■

L a s t l y ,  and c e r t a i n l y  n o t  th e  l e a s t  p r o h i b i t i o n  t h a t  May

warns i s  " P l a g i a r i s m . "  He l i s t s  s e v e r a l  v a r i a t i o n s  on

th e  theme o f  t h e f t  and f r a u d  i n  h i s t o r i c a l  r e s e a r c h  and

w r i t i n g .  I n  t h e  end h i s  p o i n t  i s  s im ply  t h a t  one must be

h o n e s t ,  f o r t h r i g h t  and g ive  p ro p e r  c r e d i t  r e g a r d i n g

*May, p. 30.

2Ib id .
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s o u r c e s  o f  a l l  i n f o r m a t i o n  and id e a s  when w r i t i n g  h i s t o r y .  

In d e e d ,  one o f  th e  marks o f  r e a l ,  s c h o l a r s h i p  i s  th e  

acknowledgement o f  th e  h e lp  o f  o t h e r s .  However, a d i f f i c u l t  

problem which  May does n o t  to u c h  on' i s  how t o  d i s t i n g u i s h  

when i n f o r m a t i o n  f o r  a n  id ea  came from a d i r e c t ,  i d e n t i f i a b l e  

s o u r c e ,  and when i t  i s  common knowledge. Fo r  exam ple ,  does 

i t  r e q u i r e  e l a b o r a t e  c i t a t i o n s  to  say  t h a t  Cauchy fo rm u la te d  

th e  c a l c u l u s  i n  modern t e r m s ,  o r  i s  i t  now c o n s i d e r e d  

common knowledge? P resum ab ly ,  th e  answer  to  such  a q u e s t i o n  

would depend on th e  c o n t e x t  o f  th e  d i s c u s s i o n  o f  Cauchy.

The p o i n t  i s  t h a t  May i s  c e r t a i n l y  c o r r e c t  t o  remind h i s ­

t o r i a n s  to  c i t e  th e  s o u r c e s  o f  i n f o r m a t i o n ,  b u t  e x c e s s i v e  

c i t a t i o n s  and r e f e r e n c e s  c an  p e d a n t i c  and d e t r a c t  from 

n a r r a t i v e .

A no the r  h i s t o r i a n  o f  m a th e m a t ic s ,  I v o r  G r a t t a n -  

G u in n e ss ,  i n  h i s  "Notes on some M e th o d o lo g ic a l  Problems i n  

th e  H i s t o r y  o f  S c i e n c e , "  a d d r e s s e s  t h e  problem a b o u t  th e  

h i s t o r i o g r a p h y  o f  m a them a t ic s  d i f f e r e n t l y  from May, and 

sh o u ld  be in c lu d e d  i n  t h i s  d i s c u s s i o n .

While  he uses  th e  p h r a s e ,  " h i s t o r y  o f  s c i e n c e , "  

he i s  a  p r o f e s s i o n a l  h i s t o r i a n  o f  m a th em a t ic s  and h i s  d i s ­

c u s s i o n  i s  a p p l i c a b l e  to  t h e  h i s t o r y  o f  m a th e m a t ic s .

The h i s t o r y  o f  s c i e n c e  has i n c r e a s e d  s i g n i f i c a n t l y  
i n  q u a l i t y  a s  w e l l  a s  q u a n t i t y  i n  r e c e n t  y e a r s .
One f e a t u r e ,  and p e rh a p s  a  c o n seq u e n ce ,  o f  t h i s  
growth o f  i n t e r e s t  has  been  a d e v e lo p in g  aw areness  
among some h i s t o r i a n s  o f  m e th o d o lo g ic a l  and
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p h i l o s o p h i c a l  problems u n d e r l y i n g  t h e i r  work.  What 
a r e  we d o in g  i n  t h e  h i s t o r y  o f  s c i e n c e ?  Can we 
d i s c u s s  h i s t o r i c a l  method a t  a l l ,  and i f  so how?
T h is  i s  th e  k ind  o f  q u e s t i o n  t h a t  i s  a s k e d .  By 
c o n t r a s t ,  however,  o t h e r  h i s t o r i a n s  r e g a r d  such 
d i s c u s s i o n s  a s  f r u i t l e s s ;  a f t e r  th e  l e n g t h y  ‘ 
a rgum en ts  have f i n i s h e d ,  we a r e  s t i l l  l e f t  w i th  
th e  o ld  c l i c h e s  o f  ’u s in g  o n e ' s  ju d g em en t ' and ,
' a l l o w i n g  f o r  th e  s p e c i a l  c i r c u m s ta n c e s  o f  th e  c a s e . '

Not w a n t in g  to  be " l e f t  w i t h  th e  o ld  c l i c h e s , "  G r a t t a n -

G uinness  o f f e r s  h i s  a r t i c l e  a s  a way o f  e n c o u ra g in g  more

d i s c u s s i o n  on th e  m a t t e r  o f  th e  h i s t o r i o g r a p h y  o f  s c i e n c e .

. . . The n o t e s  below c e r t a i n l y  do n o t  c o n s t i t u t e  
a comprehens ive  p h i lo s o p h y ;  t h e y  a r e  m ere ly  
t e n t a t i v e  s u g g e s t i o n s  c o n c e rn in g  some m e th o d o lo g ic a l  
problems t h a t  seem to  me t o  be s i g n i f i c a n t  f o r  th e  
h i s t o r i a n  o f  s c i e n c e . 2

A m ajo r  p o r t i o n  o f  th e  pap e r  t h e n  d i s c u s s e s  K a r l  

P o p p e r ' s  t h e o r i e s  a b o u t  s c i e n c e  and t h e  p h i lo s o p h y  o f  

s c i e n c e .  And from my r e a d i n g  and u n d e r s t a n d i n g  o f  Popper  

I  b e l i e v e  t h a t  G r a t t a n - G u i n n e s s ' i n t e r p r e t a t i o n  t o  be 

q u i t e  a c c u r a t e .

For  Popper,  o u r  knowledge o f  s c i e n c e  i s  c h a r a c t e r i z e d
3

by i t s  t e n t a t i v e  and c o n j e c t u r a l  n a t u r e .  S c i e n t i s t s  

d e v e lo p  t h e o r i e s  which  a r e ,  a t  b e s t ,  t e n t a t i v e  and c o n j e c ­

t u r a l  r e g a r d i n g  th e  e x p l a n a t i o n  and p r e d i c t i o n  a b o u t

^ I v o r  G r a t t a n - G u i n n e s s ,  "Notes  on Some Method­
o l o g i c a l  Problems i n  th e  H i s t o r y  o f  S c i e n c e , "  RETE 1 (1 9 72 ) :  
1 .

2Ib id .

^ I b i d . ,  p. 2.
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o b s e r v a b l e  e v e n t s .  The s c i e n t i s t s  t e s t  t h e o r i e s  w i t h  a n  

unending  s e r i e s  o f  i n c r e a s i n g l y  s e v e r e  t e s t s .  The more 

s e v e r e  th e  t e s t  th e  c o n j e c t u r e d  t h e o r y  can  p a s s ,  th e  more 

c r e d i b l e  th e  t h e o r y  th ro u g h  c o r r o b o r a t i o n  a s  a  r e s u l t  o f  

p a s s i n g  th e  t e s t .

The t e s t s  o f  o u r  t h e o r i e s  may be e i t h e r  l o g i c a l  
o r  e m p i r i c a l .  I f  p r e d i c t i o n  o f  a t h e o r y  i s  no t  
f u l f i l l e d ,  t h e n  th e  t h e o r y  i s  r e f u t e d  and i t s  f a l s i t y  
has been  d e m o n s t r a t e d .  However, i f  t h e  p r e d i c t i o n  
i s  s u c c e s s f u l ,  t h e n  th e  t h e o r y  i s  c o r r o b o r a t e d . But 
th e  word,  " c o r r o b o r a t i o n , "  i s  n o t  t o  be t a k e n  a s  
synonymous w i t h ,  " v e r i f i c a t i o n , ” f o r  t h i s  l a t t e r  
word has a  c o n n o t a t i o n  o f  "making more c e r t a i n , ” 
o r  " e s t a b l i s h i n g  s e c u r e l y . "  I n  P o p p e r ' s  v iew, th e  
id e a  t h a t  a  t h e o r y  can  be made more c e r t a i n  i s  
m i s t a k e n ,  f o r  any t h e o r y ,  however w e l l  p r e v i o u s l y  
c o r r o b o r a t e d ,  may f a i l  i t s  n e x t  t e s t . * -

O f t e n  d e s c r i b e d  a s  a  " f a l l i b i l i s t "  p h i lo s o p h y  o f  s c i e n c e ,

Popper  em phas izes  f a l l i b l e  a s p e c t  o f  s c i e n t i f i c  t h e o r i e s ;

th ey  s im p ly  can  be wrong.  We c an  n e v e r  know f o r  c e r t a i n ,

f o r e v e r ,  t h a t  a s c i e n t i f i c  t h e o r y  w i l l  a lw ays  ho ld  t r u e .

G r a t t a n - G u in n e s s  b e l i e v e s  P o p p e r ' s  views to  be b e n e f i c i a l

f o r  th e  h i s t o r i a n  o f  s c i e n c e .

. . .  i f  one r e a d s  th e  g r e a t  works o f  s c i e n c e  armed 
w i t h  i d e a s  a b o u t  t e n t a t i v e  knowledge, c r i t i c a l  
d i s c u s s i o n ,  bo ld  t e s t s ,  i m a g i n a t iv e  t h e o r i e s ,  t h e n  
one w i l l  soon r e c e i v e  a n a s t y  shock .  Yes,  th e  
t h e o r i e s  a r e  t h e r e ,  th e  problems a r e  s t a t e d ,  a f t e r  
a  f a s h i o n ;  b u t  what a r e  a l l  t h o s e  p a ra g r a p h s  
a l l e g e d l y  d e f i n i n g  e x a c t  c o n c e p t i o n s ,  o r  i n d u lg i n g

I b i d . ,  p. 3. A seldom d i s c u s s e d  c o n ta g io u s  a s p e c t  
o f  P o p p e r ' s  w r i t i n g  i s  h i s  e x c e s s i v e  use  o f  u n d e rsco re d  
( i t a l i c i z e d )  w ords ,  s e n t e n c e s ,  o r  whole p a r a g r a p h s .  
G r a t t a n - G u i n n e s s  seems t o  have been  i n f e c t e d .
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i n  i n v e s t i g a t i o n s  o f  a p p a r e n t l y  f r u i t l e s s  and 
u n im p o r ta n t  f e a t u r e s  o f  a  t h e o ry ?  The answ er  i s  
s im p le  b u t  i m p o r t a n t :  o u r  p r e d e c e s s o r s  were r a r e l y
f a l l i b i l i s t s . ["And n e i t h e r  a r e  we."1 says  G r a t t a n -  
Guinness  i n  a  f o o t n o t e . ]  I n  f a c t ,  t h e  h i s t o r y  o f  
th o u g h t ,  s c i e n t i f i c  and o t h e r w i s e ,  i s  s a t u r a t e d  
t h r o u g h o u t . w i t h  j u s t i f i c a t i o n i s t  m e th o d o lo g ie s  o f  
a l l  k i n d s .

G r a t t a n - G u i n n e s s 1 purpose  i n  summarizing P o p p e r ’s t h e o r y  

i s  t o  compare P o p p e r ' s  t h e o r y  t o  what  G r a t t a n - G u in n e s s  

c a l l s ,  " j u s t i f i c a t i o n i s t "  o r  " v e r i f i c a t i o n i s t "  m e th o d o lo g ie s  

i n  t h e  h i s t o r y  o f  s c i e n c e .  A j u s t i f i c a t i o n i s t  methodology 

views s c i e n c e  and i t s  h i s t o r y  a s  a  s e r i e s  o f  s t a t e m e n t s ,  

e ac h  i n  t u r n ,  j u s t i f i e s  th e  p r e c e d in g  s t a t e m e n t .  " P r o f e s s o r  

X d id  t h i s  because  P r o f e s s o r  Y d id  t h a t  because  . . . "  i s  

t h e  form o f  a  j u s t i f i c a t i o n i s t  h i s t o r y .  S i m i l a r l y  a 

v e r i f i c a t i o n i s t  methodology t r e a t s  h i s t o r y  a s  a n  e x p la n a ­

t i o n ,  o r  v e r i f i c a t i o n ,  o f  what we know now.

He c o l l e c t s  b o th  m e th o d o lo g ie s  under  th e  r u b r i c

o f  " u n v e i l i s m . "

Today, a s  we work on th e  h i s t o r y  o f  s c i e n c e ,  s c i e n c e  
i t s e l f  i s  a t  a  c e r t a i n  s t a t e  o f  deve lopm ent .  Among 
i t s  mass o f  knowledge we ho ld  c e r t a i n  r e s u l t s  a s  
i m p o r t a n t ,  c e r t a i n  t e c h n iq u e s  a s  i n f l u e n t i a l ,  and 
so on ,  and o u r  t a s k  a s  h i s t o r i a n s  i s  t o  show how 
t h i s  s i t u a t i o n  came a b o u t — to  u n v e i l  i t ,  em erg ing  
from th e  p a s t .  Thus we d e s c r i b e  th e  p a s t  i n  te rm s 
o f  modern,  o r  a t  l e a s t  l a t e r  i d e a s ,  because  by t h i s  
means we s h a l l  c l a r i f y  th e  form o f  th e  i d e a s  t h a t  
were a c t u a l l y  deve loped  a t  t h a t  t i m e . 2

^ I b i d . ,  p.  7.

2I b i d . ,  p. 8.
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He c r i t i c i z e s  t h i s  a p p ro a c h  f o r  s e v e r a l  r e a s o n s .

I t  i s  c l e a r  t h a t  u n v e i l i s m  i s  a form o f  h i s t o r i c a l  
v e r i f i c a t i o n i s m ;  f o r  th e  a im i s  to  show how th e  
knowledge t h a t  we know emerged i n  th e  form in  
which  we know i t ,  t h u s  v e r i f y i n g  o u r  own v e r s i o n  
o f  i t .  U n v e i l i sm  i s  a l s o  c o n nec ted  w i t h  h i s t o r i c a l  
d e te r m in i s m ,  f o r ,  s i n c e  o u r  knowledge emerged f o r  
us i n  th e  way t h a t  we wanted i t  t o ,  t h e n  i t  cou ld  
n o t  have emerged i n  any  o t h e r  way . . .

As opposed to  u n v e i l i s m ,  I  would s u g g e s t  t h a t  th e  
prime i n t e r p r e t a t i v e  t a s k  o f  h i s t o r i a n s  i s  n o t  to  
r e s o l v e  muddles by means o f  p o s t e r i o r  knowledge , 
b u t  t o  r e c o n s t r u c t  them i n  terms o f  c u r r e n t  
i g n o r a n c e .1

The theme o f  " r e c o n s t r u c t i o n  o f  s t a t e  o f  ig n o r a n c e "  

o f  th e  p a s t  i s  a  p o p u l a r  t h e o r y  i n  th e  h i s t o r i o g r a p h y  o f  

s c i e n c e .  C e r t a i n l y  n o t  an  e a s y  o r  c l e a r  g o a l  t o  a t t a i n ,  

b u t  a  theme t h a t  does r e o c c u r .  As p a r t  o f  th e  theme o f  

r e c o n s t r u c t i o n ,  one must  be aware  o f  "ch an g ing  p r i o r i t i e s  

w i t h i n  k now ledge ."  By t h i s  G r a t t a n - G u in n e s s  means:

L ik e  t h e  r e f u t a t i o n  o f  t h e o r i e s ,  t h e  change o f  
p r i o r i t i e s  i s  a l s o  a  p ro d u c t  o f  c r i t i c a l  d i s c u s s i o n ,  
b u t  i t  t a k e s  a  r a t h e r  d i f f e r e n t  form. F o r  i t  i s  
n o t  n e c e s s a r i l y  th e  c a s e  h e re  t h a t  t h e o r i e s  became 
m o d if ied  th r o u g h  c r i t i c i s m  o r  r e f u t a t i o n s ,  but  t h a t  
th e y  a r e  r e i n t e r p r e t e d  i n  th e  l i g h t  o f  new knowledge 
and become a s s i g n e d - - i n  a b a s i c a l l y  i n t a c t  f o r m - - t o  
f r e s h  p o s i t i o n s  i n  th e  g e n e r a l  s t r u c t u r e  o f  knowledge,  
more,  o r  l e s s ,  im p o r t a n t  t h a n  b e f o r e . 2

I n  o t h e r  w ords ,  what was i m p o r t a n t  t h e n ,  what was o f  h ig h

p r i o r i t y  t h e n  must be g iv e n  im p or tan ce  o r  h ig h  p r i o r i t y

i n  o u r  h i s t o r i c a l  r e c o n s t r u c t i o n .

. . . what was t h e n  h e ld  a s  i m p o r t a n t  may seem to  
us q u a i n t  o r  u n i n t e r e s t i n g .  Yet we must  examine

H b i d . ,  p. 9. ^ I b i d . ,  pp. 9 -10 .
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t h e s e  o ld  " b l i n d  a l l e y s "  c a r e f u l l y ,  however much we 
r e g a r d  them a s  f a i l u r e s ;  i f  o u r  p r e d e c e s s o r s  found 
them s i g n i f i c a n t ,  t h e n  we must a l s o . l

L a s t l y ,  G r a t t a n - G u in n e s s  reminds th e  r e a d e r  t o  

t h i n k  o f  h i s t o r i c a l  developments  i n  s c i e n c e  a s  a  "doub le  

growth o f  our  k now ledge ."  New developm ents  i n  s c i e n c e  can  

c o n t r i b u t e  b o th  t o  th e  e x t e n s i o n  o f  e x i s t i n g  knowledge and 

to  a  d e e p e r  u n d e r s t a n d i n g  o f  th e  f o u n d a t io n s  o f  t h a t  

know ledge .

A l l  knowledge has f o u n d a t i o n s ,  which a r e  them­
s e l v e s  t e n t a t i v e .  Thus we d ig  down to  them th ro u g h  
th e  mud o f  o u r  knowledge,  r a t h e r  t h a n  l a y  them down 
i n  c o n c r e t e  and c o n s t r u c t  o u r  knowledge from them. 
T h e r e f o r e  i t  f o l lo w s  t h a t  we have a  d oub le  growth  
o f  knowledge- -o n e  growth  t h a t  d i g s  d e e p e r  i n t o  new 
(b u t  t e n t a t i v e )  f o u n d a t i o n s  f o l l o w in g  th e  f a i l u r e  o f  
t h e i r  p r e d e c e s s o r s ,  and th e  o t h e r  t h a t  pushes  upwards 
i n t o  e v e r  more d e t a i l e d  t e c h n i c a l i t i e s .  Q u a n t i t a ­
t i v e l y  s p e a k in g ,  most o f  o u r  knowledge i s  o f  t h i s  
l a t t e r  t y p e ,  bu t  f o u n d a t i o n a l  q u e s t i o n s  a lways hold  
a  p rom inen t  p a r t  i n  th e  development  o f  t h e  t h e o r i e s  
which th e y  found.  . . . f o u n d a t i o n a l ,  changes  may 
lead  to  c o m p l ic a te d  r e c o n s t r u c t i o n s ,  b o th  i n  th e  
f o u n d a t i o n s  and a l s o  i n  th e  t e c h n i c a l  knowledge 
" a b o v e ; "  even  th e  knowledge which c la im s  t h e s e  new 
f o u n d a t io n s  w i l l  chan ge ,  i f  s e v e r a l  p r e v i o u s l y  
d i s p a r a t e  t h e o r i e s ,  e ac h  w i t h  i t s  own f o u n d a t i o n s ,  
a r e  u n i f i e d  under  a new t h e o r y .

R e g a rd in g  th e  h i s t o r y  o f  p o i n t  s e t  t o p o lo g y ,  h i s  l a s t  com­

ments above a b o u t  " p r e v io u s  d i s p a r a t e  t h e o r i e s ,  e ac h  w i t h  

i t s  own f o u n d a t i o n s "  b e in g  g iv e n  a u n i f i e d  base  t h e o r y  i s  

v e ry  a p t .

1I b i d . , p. 10.

2I b i d . , p. 11.
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A n o th e r  h i s t o r i a n  o f  m a th e m a t i c s ,  C l i f f o r d  T r u e s d e l l ,  

has  a l s o  w r i t t e n ,  a l b e i t  somewhat i n d i r e c t l y  and i n  h i s  own 

i n i m i t a b l e ,  c a n ta n k e r o u s  s t y l e ,  a b o u t  th e  h i s t o r i o g r a p h y  

o f  m a th em a t ic s  and s c i e n c e .  T r u e s d e l l  i s  th e  a u t h o r  o f  

R a t i o n a l  Thermodynamics, S ix  L e c t u r e s  on Modern N a t u r a l  

P h i lo s o p h y  and E ssa y s  on th e  H i s t o r y  o f  M e c h a n ic s , among 

o t h e r s .  He has e d i t e d  s e v e r a l  volumes o f  th e  works o f  

Leonhard E u l e r ,  and i s  a  world  a u t h o r i t y  on him. He i s  

a l s o  th e  e d i t o r  o f  The A r c h iv e s  f o r  th e  H i s t o r y  o f  the  

E x a c t  S c i e n c e s , a  so u rc e  o f  e x c e l l e n t  monographs on th e  

h i s t o r y  o f  m a th e m a t ic s ,  w h e re in  T r u e s d e l l  demands and 

m a i n t a i n s  the  h i g h e s t  s t a n d a r d s  o f  h i s t o r i c a l ,  s c i e n t i f i c  

s c h o l a r s h i p .  Because o f  h i s  im p o r t a n t  r o l e  i n  and c o n t r i ­

b u t i o n s  t o  t h e  p r o f e s s i o n  o f  the  h i s t o r y  o f  m a th e m a t i c s ,

I  f e e l  incumbent t o  i n c l u d e  h i s  comments.

T r u e s d e l l * s  a r t i c l e ,  "The S c h o l a r :  A S p e c ie s

T h re a te n e d  by P r o f e s s i o n s , "  i s  th e  t e x t  o f  a n  a d d r e s s  

d e l i v e r e d  a t  a  banquet  o f  th e  H i s t o r y  o f  S c ience  S o c i e t y  

and t h e  S o c i e t y  f o r  the  H i s t o r y  o f  Technology  i n  1972.^

L ike  o t h e r  h i s t o r i a n s  I  have m ent ioned  T r u e s d e l l  

s t r e s s e s  th e  im po r tance  o f  th e  h i s t o r i a n  u n d e r s t a n d i n g  th e  

s e t t i n g  which he i s  i n v e s t i g a t i n g .

■^Clifford T r u e s d e l l ,  "The S c h o l a r :  A S p e c ie s
T h r e a te n e d  by P r o f e s s i o n s , "  C r i t i c a l  I n q u i r y  2 (Summer 1976):  
631-648.
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The workshop o f  th e  s c h o l a r  i n  th e  h i s t o r y  o f  
s c i e n c e  i s  th e  p e r i o d s  i n  which  h i s  a u t h o r s  l i v e d .
He should  know th o se  p e r i o d s '  ways on l i f e  and 
b e l i e f  and e d u c a t i o n ,  b o th  t h e  common and th e  
e c c e n t r i c :  t h e i r  p o l i t i c a l  h i s t o r i e s ;  t h e i r
v a r i e t y  i n  a s p e c t s ;  t h e i r  s o c i a l  and economic 
s t r u c t u r e s ;  t h e i r  a r c h i t e c t u r e s ,  l i t e r a t u r e s ,  and 
a r t s .  He shou ld  f e e l  a t  home i n  houses  o f  th o s e  
t i m e s ,  s i t  e a s i l y  i n  t h e i r  c h a i r s ,  b o th  f i g u r a t i v e  
and wooden, and d i s c e r n  what was th e n  m o s t ly  adm ired  
o r  r e j e c t e d  i n  p a i n t i n g  and s c u l p t u r e  and d e c o r a t i o n .
He should  have r ea d  n o t  o n ly  th e  books t h a t  c a r r i e d  
t h e  i n t e l l e c t u a l  p r o d u c t s  o f  h i s  p e r i o d ,  bu t  a l s o  
t h o s e  t h a t  were t h e n  t h e  f a r e  o f  young minds a s  th e y  
were t a u g h t ,  such  books hav ing  been  commonly o f  a n  
e a r l i e r  t im e .  The s t u d e n t  who does n o t  command, 
a s  a minimum, th e  main e p i s o d e s  o f  Holy S c r i p t u r e ,  
c l a s s i c  m ytho logy ,  and th e  co rp us  o f  g o ld en  L a t i n  
i s  g laucom atose  i n  th e  modes o f  th o u g h t  o f  W es te rn  
men e d u c a te d  b e f o r e  1900.^-

Having t h i s  "background"  knowledge t h e  h i s t o r i a n  o f  s c i e n c e

t h e n  needs  t h e  " t o o l s  o f  s c i e n c e : "  " l a n g u a g e s ,  l o g i c ,  and
2

t h e  f a c u l t y  o f  c r i t i c i s m . "  In d e e d ,  one a s p e c t  o f  th e  

s tu d y  o f  th e  h i s t o r y  o f  s c i e n c e  which i s  n o t  emphasized 

enough i s  th e  need f o r  th e  h i s t o r i a n  t o  know ( s e v e r a l )  

f o r e i g n  l an g u a g es  w e l l .  M athem at ics  b e in g  so i n t e r n a t i o n a l ,  

c o n t r i b u t i o n s  i n  th e  development  o f  m a th em a t ic s  c a n  come 

from many c o u n t r i e s .  I t  i s  a l s o  c r u c i a l  t o  a lw ays  c o n s i d e r  

th e  ch ang ing  meanings  o f  w o r d s - - e s p e c i a l l y  t e c h n i c a l  t e r m s — 

b e in g  a lw ays  c a r e f u l  to  n o t  i n j e c t  t h e  modern meanings o f  

t e c h n i c a l  te rms i n  h i s t o r i c a l  words .

By l o g i c  T r u e s d e l l  means;

1I b i d . ,  p. 631.

2I b i d . ,  p. 632.
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. . . ou r  s c h o l a r  w i l l  n o t  f a l l  i n t o  t h e  t r a p  o f  c o n ­
f u s i n g  symbolism w i t h  m a th e m a t ic s .  Fo r  example ,  he 
w i l l  r e c o g n iz e  some p a ssa g es  o f  FARADAY's work and 
n e a r l y  a l l  th e  d i f f i c u l t  p a r t s  o f  GIBB's a s  b e in g  
m a t h e m a t i c a l ly  s t r i c t  though n o t  w r i t t e n  i n  symbols ,  
and he w i l l  e q u a l l y  e a s i l y  p e r c e i v e  t h a t  some long  
s t r i n g s  o f  symbols and e q u a t i o n s  p u b l i s h e d  by LAPLACE 
and FOURIER rang e  from th e  u n c o n v in c in g  to  t h e  ^

. r i d i c u l o u s  and hence a r e  n o t  m a th em a t ic s  a t  a l l .

And by the; f a c u l t y  o f  c r i t i c i s m  T r u e s d e l l  means;

The most  p r e c i o u s  t o o l  o f  s c h o l a r s h i p  i s  th e  
f a c u l t y  o f  c r i t i c i s m .  A h i s t o r i a n  o f  any k ind  must  
s e l e c t ,  even  i f  o n ly  by d e f i n i n g  h i s  s u b j e c t  o f  
s t u d y .  . . . Our s c h o l a r  must s e l e c t  what  i s  
s c i e n c e ;  w i t h i n  s c i e n c e  he must s e l e c t  what 
i s  perm anen t ;  w i t h i n  what i s  permanent  he must  
s e l e c t  what  i s  i m p o r t a n t ;  w i t h i n  what  i s  im p o r t a n t  
he must  s e l e c t  what  i s  t r u e .  Of c o u r s e ,  what i s  
u n t r u e ,  u n im p o r t a n t ,  o r  t r a n s i t o r y  has p layed  i t s  
p a r t  and c a n n o t  be o v e r lo o k e d ;  a l l  t h i s  must  be 
known, and some needs  m en t io n ,  b u t  th e  l o u t s  and 
loons  ought  n o t  be l e t  sho u t  FAUSTUS o r  TAMBURLAINE 
o f f  t h e  s t a g e .  N e i t h e r  may o u r  s c h o l a r  f a l l  i n t o  
h e ro - w o r s h ip ;  a l t h o u g h  th e  h i s t o r i a n  tod ay  i s  
l i t t l e  l i k e l y  t o  a c c e p t  th e  Golden Legends which 
th e  t r i b e s  o f  p r o f e s s i o n a l  s c i e n t i s t s  t e a c h  t h e i r  
a p p r e n t i c e s ,  . . . *•

I n  b r i e f ,  T r u e s d e l l  wants  t h e  h i s t o r i a n  o f  s c i e n c e  

to  be l e a r n e d ,  c a r e f u l ,  c r i t i c a l ,  a n d ,  what I  would c a l l ,  

" h u m a n i s t i c . "  That  i s ,  th e  h i s t o r i a n  o f  s c i e n c e  s e e s  th e  

development  o f  s c i e n c e  i n  l a r g e r  te rms th a n  s p e c i a l i z e d  

d i s c i p l i n e s  w i t h  s p e c i a l i z e d  p rob lem s .  The h i s t o r y  o f  

s c i e n c e  i s  a  " h u m a n i s t i c "  s tu d y  i n  t h a t  th e  h i s t o r y  o f  

s c i e n c e  i s  a n  example o f  some o f  m an 's  g r e a t e s t  i n t e l l e c t u a l  

e n d e a v o rs .  To s tu d y  th e  h i s t o r y  o f  s c i e n c e  n a r ro w ly  i s  

t o  l o s e  t h e  f u l l  r i c h n e s s  o f  m an 's  a ch iev e m e n t .

^ I b i d . ,  p. 634.  ^ I b i d . ,  p. 638.
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. . . H i s t o r y  o f  s c i e n c e  shou ld  be t a u g h t  t o  laymen, 
n o t  m ere ly  im p a r te d  a s  a  t r a d e  s k i l l  o f  f l e d g l i n g  
h i s t o r i a n s - o f - s c i e n c e . I f  th e  r e s u l t s  o f  r e s e a r c h  
a r e  b o th  im p o r t a n t  i n  th em se lv e s  and d e c e n t l y  
p r e s e n t e d - - t w o  c o n d i t i o n s  which  u s u a l l y  f a i l  to  be 
m e t - - t h e y  c an  be l e a r n e d  and t a u g h t  by any q u a l i f i e d  
s c i e n t i s t  and even  by some o r d i n a r y  h i s t o r i a n s .
Here MORRIS KLINE, h i m s e l f  th e  a u t h o r  o f  one o f  th e  
few g e n e r a l  h i s t o r i e s  o f  m athem at ics  t h a t  i s  much 
more t h a n  a c o l l e c t i o n  o f  e l e m e n ta r y  odds and ends 
o r  a  c a p r i c i o u s  s e l e c t i o n  o f  s p e c i a l  t o p i c s ,  has  
s e t  t h e  example f o r  y e a r s  by th e  d o c to ra n d s  i n  m athe ­
m a t i c a l  e d u c a t i o n  he has  g u id ed .  These men have 
w r i t t e n  t h e s e s  which  f o l lo w  th e  development  o f  c o n ­
c r e t e  m athem at ics  and f r e e  o f  isms and p h i lo s o p h ic  
o r  s o c i o l o g i c a l  o r  h i s t o r i c a l  s l a n t s ,  t h e y  a r e  
l u c i d l y  w r i t t e n  so t h a t  a ny  c o l l e g e  t e a c h e r  o f  
m athem at ics  c a n  r ea d  them w i t h  p r o f i t  and p l e a s u r e ,  
f o r  h i m s e l f  and f o r  h i s  s t u d e n t s  f o r e v e r  a f t e r .  ^

So a s  T r u e s d e l l  pounds th e  podium, e x h o r t i n g

s c h o l a r s  to  rem ain  s c h o l a r s  and n o t  d e g e n e r a t e  i n t o  p r o f e s -
2s i o n a l s ,  he i s  a r g u i n g  f o r ' t h e  g r e a t e r  good" t h a t  th e  

s tu d y  o f  th e  h i s t o r y  of. s c i e n c e  c o n t r i b u t e s  t o  our  s o c i e t y .

H is  v i e w p o in t ,  from a n  h i s t o r i o g r a p h i c a l  s e n s e ,  

i s  v e ry  s i m i l a r  t o  S a r t o n ' s .  And w h i l e  i t  was n o t  h i s  

i n t e n t  i n  t h i s  speech  to  l i s t  s p e c i f i c s  r e g a r d i n g  th e  

h i s t o r i o g r a p h y  o f  m a th e m a t i c s ,  we can  g l e a n  th o s e  m ent ioned 

a b o v e .

■'"Ibid., p . 647.

2 I b i d .  He a d d s :

I f  th e  h i s t o r y  o f  s c i e n c e  shou ld  be p r i m a r i l y  th e  
c o n c e rn  o f  t e a c h e r s ,  n e c e s s a r i l y  u n io n iz e d  i n  law a s  
w e l l  a s  s p i r i t ,  what  w i l l  happen t o  th e  few s c h o l a r s ,  
t h e  v e ry  few, who can  do o ld  f a s h io n e d  r e s e a r c h ?  I f  
p r o f e s s i o n a l i s m  o f  th e  f i e l d s  l a b e l e d  " l e a r n e d "
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A c a se  o f  l i s t i n g  s p e c i f i c s ,  thou g h ,  i s  found i n

M ic h ae l  Crowe’ s a r t i c l e  i n  H i s t o r i a  M a th e m a t i c a , ’’Ten

'Laws' C oncern ing  p a t t e r n s  o f  Change i n  th e  H i s t o r y  o f

M a t h e m a t i c s . ” Crowe b e l i e v e s  i t  i s  t ime f o r  d i s c u s s i o n

on th e  h i s t o r i o g r a p h y  o f  m a th em a t ic s .

. . . t h e  p r e s e n t  s t a t e  o f  t h e  h i s t o r i o g r a p h y  o f  
m a th em a t ic s  d i f f e r s  l i t t l e  ( e x c e p t  i n  q u a l i t y )  
from what i t  was n e a r l y  a c e n t u r y  ago when M.
C a n to r  p u b l i s h e d  th e  f i r s t  volume o f  h i s  
V o r l e s u n e e n . . . . The s i t u a t i o n  may, however, 
be c h a n g in g .  The l a t e  Imre L a k a t o s '  " P ro o fs  
and R e f u t a t i o n s "  and Raymond W i l d e r ' s  E v o l u t i o n  
o f  M a th e m a t i c a l  Concepts  a r e  examples o f  works 
t h a t  may pave th e  way to  a  new h i s t o r i o g r a p h y  o f  
m a t h e m a t i c s .

Crowe n e v e r  r e a l l y  e x p l a i n s  h i s  n o t i o n  o f  " o l d "  

o r  " c u r r e n t , "  i n  c o n t r a s t  w i t h  th e  "new ,"  h i s t o r i o g r a p h y  

o f  m a th e m a t i c s ,  b u t  he has been s u f f i c i e n t l y  im pressed  

by th e  r e c e n t  works o f  A g a s s i ,  Kunh, Popp e r ,  and o t h e r s  

i n  th e  "new" h i s t o r i o g r a p h y  o f  s c i e n c e  to  b e l i e v e  t h a t  

m a th em a t ic s  needs  a "new" h i s t o r i o g r a p h y .

Thus ,  h i s  p a p e r  i s  in te n d e d

. . . " t o  s t i m u l a t e  d i s c u s s i o n  on th e  h i s t o r i o g r a p h y  
o f  m a th em a t ic s  by a s s e r t i n g  t e n  ' l a w s '  c o n c e rn in g  
change i n  m a t h e m a t i c s , which to u ch  on i s s u e s  t h a t

c o n t i n u e s  t o  grow a t  i t s  p r e s e n t  p a ce ,  t h e  g r e a t  
s c h o l a r ,  t h e  man who w h i le  s t a n d i n g  upon t h e  same 
ground a s  h i s  f e l l o w s  i s  t a l l e r  and s e e s  above 
t h e i r  h e a d s ,  may soon f i n d  h i m s e l f  p r o s c r i b e d .

H l i c h a e l  Crowe, "Ten 'Laws' Concern ing  P a t t e r n s  
o f  Change i n  th e  H i s t o r y  o f  M a th e m a t i c s , "  H i s t o r i a  Mathe­
m a t i c a  2 ( 1 9 7 5 ) :161-162 .
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w i l l  have to  be c o n s i d e r e d  i f  a  new h i s t o r i o g r a p h y
o f  m a th em a t ic s  i s  t o  d e v e lo p .

The t e n  " law s"  a r e :

1. New m a th e m a t i c a l  c o n c e p t s  f r e q u e n t l y  come f o r t h  
n o t  a t  t h e  b i d d i n g ,  bu t  a g a i n s t  t h e  e f f o r t s ,  a t  
t im e s  s t r e n u o u s  e f f o r t s  o f  th e  m a th e m a t i c i a n s  
who c r e a t e  them.

2. Many new m a th e m a t i c a l  c o n c e p t s ,  even  though  l o g i ­
c a l l y  a c c e p t a b l e ,  meet f o r c e f u l  r e s i s t a n c e  a f t e r  
t h e i r  a p p e a ra n c e  and a c h i e v e  a c c e p t a n c e  o n ly  
a f t e r  a n  ex tended  p e r io d  o f  t im e .

3. A l though  th e  demands o f  l o g i c ,  c o n s i s t e n c y ,  and 
r i g o r  have a t  t im es  urged  th e  r e j e c t i o n  o f  some 
c o n c e p ts  now a c c e p t e d ,  t h e  u s e f u l n e s s  o f  t h e s e  
c o n c e p ts  has r e p e a t e d l y  f o r c e d  m a th e m a t ic i a n s
t o  a c c e p t  and t o  t o l e r a t e  them, even i n  t h e  f a c e  
o f  s t r o n g  f e e l i n g s  o f  d i s c o m f o r t .

4 . The r i g o r  t h a t  p e rm ea tes  t h e  t e x tb o o k  p r e s e n t a ­
t i o n s  o f  many a r e a s  o f  m a th em a t ic s  was f r e q u e n t l y  
a l a t e  a c q u i s i t i o n  i n  th e  h i s t o r i c a l  development  
o f  th o s e  a r e a s  and was f r e q u e n t l y  f o r c e d  upon, 
r a t h e r  t h a n  a c t i v e l y  sough t  by,  th e  p i o n e e r s  i n  
t h o s e  f i e l d s .

5 . The 'know ledge '  p o s s e s se d  by m a th e m a t i c i a n s  c o n ­
c e r n i n g  m a th em a t ic s  a t  any p o i n t  i n  t im e  i s  
m u l t i l a y e r e d .  A 'm e t a p h y s i c s '  o f  m a th e m a t i c s ,  
f r e q u e n t l y  i n v i s i b l e  t o  t h e  m a th e m a t i c i a n  y e t  
e x p r e s s e d  i n  h i s  w r i t i n g s  and t e a c h i n g  i n  ways 
more s u b t l e  t h a n  s im p le  d e c l a r a t i v e  s e n t e n c e s ,  
has e x i s t e d  and c an  be uncovered  i n  h i s t o r i c a l  
r e s e a r c h  o r  becomes a p p a r e n t  i n  m a th e m a t i c a l  
c o n t r o v e r s y .

6 . The fame o f  th e  c r e a t o r  o f  a  new m a th e m a t i c a l  
c o n c e p t  has a  p o w e r fu l ,  a lm o s t  c o n t r o l l i n g ,  r o l e  
i n  t h e  a c c e p t a n c e  o f  t h a t  m a th e m a t i c a l  c o n c e p t ,  
a t  l e a s t  i f  t h e  new c o n c e p t  b re a k s  w i t h  
t r a d i t i o n .

1I b i d . ,  p. 162.
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7. New m a th e m a t ic a l  c r e a t i o n s  f r e q u e n t l y  a r i s e  w i t h i n ,  
and depend i n  t h e  mind o f  t h e i r  c r e a t o r s  upon, 
c o n t e x t s  f a r  l a r g e r  th a n  th e  p r e s e r v e d  c o n t e n t  o f  
t h e s e  c r e a t i o n s ;  y e t  t h e s e  c o n t e x t s ,  f o r  a l l  
t h e i r  o r i g i n a l  im p o r ta n c e ,  may impede o r  even  p r o ­
h i b i t  t h e  a c c e p ta n c e  o f  th e  c r e a t i o n s  u n t i l  t h e y  
a r e  removed by t h e  m a th e m a t i c a l  community.

8 . M u l t i p l e  in d e p e n d e n t  d i s c o v e r i e s  o f  m a th e m a t i c a l  
c o n c e p ts  a r e  th e  r u l e ,  n o t  th e  e x c e p t i o n .

9. M a th em a t ic ian s  have a lw ays  p o s s e s se d  a v a s t  
r e p e r t o i r e  o f  t e c h n iq u e s  f o r  d i s s o l v i n g  o r  a v o i d i n g  
th e  problems produced by a p p a r e n t  l o g i c a l  c o n t r a ­
d i c t i o n s  and t h e r e b y  p r e v e n t i n g  c r i s e s  i n  m athe ­
m a t i c s .

10. R e v o lu t io n s  n e v e r  o c c u r  i n  m a th e m a t i c s .^

Each o f  t h e  laws was fo l lo w ed  by a b r i e f  d i s c u s s i o n  

and example o f  what  Crowe in te n d e d  th e  law t o  summarize.

For  example ,  w i t h  law 5,  Crowe c i t e s  t h e  i n i t i a l  r e s i s t a n c e  

t o  th e  a c c e p ta n c e  o f  t h e  im ag in a ry  numbers because  th e y  

r a n  c o u n t e r  to  t h e  " m e t a p h y s i c a l "  u n d e r s t a n d i n g s  o f  m a the ­

m a t i c i a n s  a s  t o  what numbers shou ld  o r  shou ld  n o t  be. Law 

7  r e f e r s  to  c a s e s  f o r  example i n  th e  h i s t o r y  o f  m a them a t ic s  

where a  m a t h e m a t i c i a n ' s  p h i l o s o p h i c a l  i n t e r e s t  m o t i v a t e d ,  

and t h e n  sometimes i n t e r f e r e d  w i t h ,  th e  m a th e m a t i c a l  c r e a ­

t i o n .  He c i t e s  H am il ton  and Grassmann whose c r e a t i o n s

. . . a r r i v e d  i n  p h i l o s o p h i c  w rapp ings  which  a t  
f i r s t  o b scu red  th e  view o f  th e  m a th e m a t i c a l  com­
m unity  and t h e n  were u nce rem o n io u s ly  d i s c a r d e d .
Yet t h e s e  w rapp ings  were a  n e c e s s a r y  c o n d i t i o n  i n  
th e  minds o f  H am il ton  and Grassmann f o r  t h e i r  own 
a c c e p t a n c e  o f  th e  g i f t s  o f  t h e i r  f e r t i l e

1I b i d . ,  pp. 162-165.
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i m a g i n a t i o n s ,  and were s c a r c e l y  s e en  by them a s
d i s t i n g u i s h a b l e  from th e  g i f t s  t h e m s e l v e s . 1

Law 10 means t h a t  Crowe b e l i e v e s  e x i s t i n g  m athem at ics  i s  

n e v e r  " o v e r th row n "  th ro u g h  th e  c r e a t i o n  o f  some new m ath e ­

m a t i c s .  Old m a th em a t ic s  may be d i s c a r d e d ,  th ro u g h  l a c k  o f  

u s e ,  n eed ,  o r  sco pe .  Old m athem at ics  i s  c e r t a i n l y  improved 

upon,  bu t  i t  i s  n e v e r  " o v e r th ro w n"  i n  th e  sen se  t h a t  what 

was once c o n s i d e r e d  m athem at ics  i s  now no lo n g e r  c o n s id e r e d  

m a th e m a t ic s .  I n  o t h e r  words ,  w h i l e  modern f o r m u l a t i o n s  o f  

o ld  m a them a t ic s  may a p p e a r  u n r e c o g n i z a b le  compared to  t h e  

o l d e r  m a th e m a t ic s ,  th e  " e s s e n c e , "  o r  " k e r n e l , "  o f  th e  

m a th e m a t i c a l  c o n c e p t  in v o lv e d  s t i l l  rem ains  i n  t h e  modern 

f o r m u l a t i o n .

T h is  l a s t  law p o i n t s  t o  th e  i n t e r e s t i n g  ( a l b e i t  

p r o s a i c )  p h i l o s o p h i c a l  q u e s t i o n  o f  "What i s  m a th e m a t ic s ? " .  

M athem at ics  i s  c e r t a i n l y  no t  f a l s e  m a th e m a t ic s .  Y e t ,  s i n c e  

s t a n d a r d s  o f  m a th e m a t ic a l  r i g o r  and u n d e r s t a n d i n g  have 

changed th ro u g h  h i s t o r y ,  " a c c e p t a b l e "  m a th em a t ic s  c e r t a i n l y  

has changed .  Thus ,  " a c c e p t a b l e "  m athem at ics  u s u a l l y  means 

" a c c e p t a b l e  by c u r r e n t  s t a n d a r d s ,  p r a c t i c e ,  and kn ow ledge ."  

O ld e r  m a them a t ic s  t h a t  does no t  s a t i s f y  c u r r e n t  s t a n d a r d s ,  

p r a c t i c e ,  o r  knowledge i s  som eth ing  l e s s  t h a n  " r e a l "  m a the ­

m a t i c s .  O ld e r  m a th em a t ic s  may have h i s t o r i c a l ,  e d u c a t i o n a l ,  

o r  h e u r i s t i c  v a l u e ,  bu t  i t  i s  n o t  " r e a l "  m a th e m a t ic s .  I n

^ I b i d . ,  p. 164.
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summary, depending  on how one answ ers  th e  q u e s t i o n ,  "What 

i s  m a th e m a t ic s ? 11, d e te rm in e s  o n e ' s  r e s p o n se  t o  C rowe 's  

b e l i e f  t h a t  " R e v o lu t io n s  n e v e r  occu r  i n  m a t h e m a t i c s . "  

R e v o lu t io n s  need no t  be v i o l e n t  n o r  q u i c k ,  and so i f  one 

b e l i e v e s  t h a t  what was once m athem atics  i s  no l o n g e r  

m a th e m a t ic s ,  t h e n  p o s s i b l y  a r e v o l u t i o n  has o c c u r r e d .

Crowe 's  l i s t  o f  laws i s  c e r t a i n l y  i n t r i g u i n g .  At 

t h e  v e ry  l e a s t ,  i t  u n d e r s c o r e s  t h e  h i s t o r i c a l  view t h a t  

m athem atics  h i s t o r y  i s  n o t  s im p ly  a c h r o n o l o g i c a l  r e c o rd  

o f  theorems and m a th e m a t i c i a n s ;  t h a t  th e  h i s t o r y  o f  

m athem at ics  i s  a  r i c h ,  human h i s t o r y .  C row e 's  l i s t  b r i n g s  

a t t e n t i o n  t o  t h e  i n t e r p l a y  among m a th e m a t i c i a n s ,  th e  i n t e r ­

n a t i o n a l  " i n v i s i b l e  c o l l e g e "  o f  m a th e m a t ic s ,  and t o  b o th  

th e  p r i v a t e  and p u b l i c  p h i l o s o p h i e s  r e g a r d i n g  m a th e m a t i c s .

Crow e 's  l i s t  a l s o  i m p l i c i t l y  p r o v id e s  a c r u c i a l  

d i s t i n c t i o n  between h i s t o r i o g r a p h y - - t h e  methods and t o o l s  

o f  th e  h i s t o r i a n - - a n d  i n t e r p r e t a t i o n  o f  h i s t o r y .  I  would 

a rg u e  t h a t  Crowe 's  l i s t  i s  more a s e t  o f  g u i d e l i n e s  f o r  

i n t e r p r e t i n g  h i s t o r i c a l  developments  i n  m a th e m a t ic s ,  r a t h e r  

t h a n  a s e t  o f  recommendations f o r  th e  h i s t o r i o g r a p h y  o f  

m a th e m a t ic s .  I n  o t h e r  words ,  Crowe 's  l i s t  does n o t  p ro v id e  

th e  h i s t o r i a n  w i t h  any  r e a l  t e c h n i q u e s ,  a p p r o a c h e s ,  or 

i n s t r u c t i o n s  f o r  th e  i n v e s t i g a t i o n  o r  w r i t i n g  o f  m a th em a t ic s  

h i s t o r y .  Crowe 's  l i s t  c e r t a i n l y  does p ro v id e  th e  h i s t o r i a n  

a s e r i e s  o f  checks  to  i n t e r p r e t  o r  e v a l u a t e  o t h e r



h i s t o r i a n s  o r  rev iew  h i s  own. T h is  i s  n o t  t o  s u g g e s t  t h a t  

C row e 's  work i s  n o t  u s e f u l  ( a t  th e  v e ry  l e a s t ,  he has 

" s t i m u l a t e d  d i s c u s s i o n ” from me),  n o r  to  s u g g e s t  t h a t  t h e  

d i s t i n c t i o n  between h i s t o r i o g r a p h y  and i n t e r p r e t a t i o n  i s  

g r e a t - - t h e y  a r e  b o th  im p o r t a n t  i n t e r r e l a t e d  a s p e c t s  o f  t h e  

h i s t o r i a n ' s  work.

As f a r  a s  I  can  ju d g e  C row e 's  pape r  has  n o t  

s t i m u l a t e d  much d i s c u s s i o n .  About a y e a r  l a t e r ,  H e r b e r t  

M ehrtens  p u b l i s h e d  "T . S. Kuhn 's  T h e o r i e s  and M a th em at ic s :

A D i s c u s s i o n  Pap e r  on th e  'New H i s t o r i o g r a p h y '  o f  M athe­

m a t i c s "  i n  H i s t o r i a  M a th e m a t i c a l  M e h r te n s ,  one o f  the  

few s o c i o l o g i s t s  o f  m a th e m a t i c s ,  d i s c u s s e s  t h e  a p p l i c a b i l i t y  

o f  Kuhn 's  work t o  th e  h i s t o r y  o f  m athem at ics  and responded  

t o  Crowe 's  p a p e r .  I  b e l i e v e  t h a t  Kuhn 's  S t r u c t u r e  o f  

S c i e n t i f i c  R e v o lu t io n s  has  l i t t l e  a p p l i c a b i l i t y  (and t h i s
2

i s  n o t  a c r i t i c i s m  o f  Kuhn) t o  th e  h i s t o r y  o f  m a th e m a t i c s ,  

and M ehrtens  t e n d s  t o  s u p p o r t  t h i s  p o s i t i o n  i n  h i s  p a p e r .

■^Herbert M e h r ten s ,  "T. S. Kuhn 's  T h e o r i e s  and 
M a th em a t ic s :  A D i s c u s s i o n  Pap e r  on t h e  'New H i s t o r i o g r a p h y '
o f  M a th e m a t i c s , "  H i s t o r i a  M athem at ica  3 ( 1 9 7 6 ) :297-320 .

2
One e a sy  way to  a p p r e c i a t e  i t s  i n a p p l i c a b i l i t y  

i s  t h a t  t h e r e  a r e  a b s o l u t e l y  no r e f e r e n c e s  i n  Kuhn 's  book 
to  th e  h i s t o r y  o f  m a th e m a t i c s .  F o r  a w h i le ,  d i s c u s s i o n ,  
i n t e r p r e t a t i o n ,  and c r i t i c i s m  o f  Kuhn 's  book was a n  a c t i v e  
c o t t a g e  i n d u s t r y  i n  th e  p h i lo s o p h y  and h i s t o r y  o f  s c i e n c e .  
Kuhn 's  book seemed t o  be t h e  one yo u 'd  lo v e  t o  h a t e .  Much 
more a p p l i c a b l e  t o  h i s t o r y  o f  m a th em a t ic s  i s  h i s  E s s e n t i a l  
Tens io n  (Chicago:  U n i v e r s i t y  o f  Chicago P r e s s ,  19777"!
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S ince  Kuhn 's  book i s  beyond th e  scope o f  t h i s  d i s s e r t a t i o n

I  s h a l l  q u o te  M ehr tens  o n ly  on a n  im p o r ta n t  d i s t i n c t i o n

between s c i e n c e  and m athem atics  a f f e c t i n g  t h e i r  r e s p e c t i v e

h i s t o r i e s  and p h i l o s o p h i e s .  One o f  th e  major  d i s t i n c t i o n s

between m a th em a t ic s  and s c i e n c e  i s  th e  n a t u r e  o f  t h e i r

s u b j e c t  m a t t e r s  o r  c o n c e p t s .  I n  a n o te  a t  th e  end o f  th e

a r t i c l e ,  M ehr tens  a t t r i b u t e s  t o  H. J .  Bos th e  view o f

. . . th e  i n t r i n s i c  d i f f e r e n c e  between s c i e n c e  and 
m a th e m a t ic s :  s c i e n c e  u se s  symbolic  g e n e r a l i z a t i o n s
o f  s o m e th in g , m a th em a t ic s  s t u d i e s  symbolic  ,
g e n e r a l i z a t i o n s  t h e m s e l v e s - - t h e y  a r e  th e  c o n c e p t s .

M e h r t e n s 1 i s  th e  o n ly  p ap e r  I  have found d i s c u s ­

s i n g  Crow e 's  law s .  And a s  I  have ment ioned b e f o r e ,  t h e s e  

t y p e s  o f  p a p e r s ,  i n  g e n e r a l ,  a r e  few and s c a t t e r e d  a b o u t  

i n  th e  l i t e r a t u r e .  T h is  l a c k  o f  d i s c u s s i o n  ( l a c k  o f  

i n t e r e s t ? )  r e i n f o r c e s  my b e l i e f  t h a t  h i s t o r i a n s  i n  g e n e r a l ,  

and h i s t o r i a n s  o f  m athem at ics  i n  p a r t i c u l a r ,  do no t  c o n s i d e r  

t h e  h i s t o r i o g r a p h y  o f  m athem at ics  a p r e s s i n g  i s s u e ,  d e s p i t e  

( a t  t h e  r i s k  o f  b e l a b o r i n g  a  p o i n t )  th e  c o n s i d e r a b l e  

academic  a c t i v i t y  i n  t h e  h i s t o r i o g r a p h y  o f  s c i e n c e .

T h is  i s  n o t  t o  s u g g e s t  t h a t  good m athem atics  

h i s t o r y  can n o t  be w r i t t e n  w i t h o u t  e x p l i c i t l y  s t a t e d

^M ehrtens ,  p. 319. The n a t u r e  o f  th e  c o n c e p t s  o r  
s u b j e c t  m a t t e r  o f  m a th em a t ic s  begs th e  q u e s t i o n  o f  th e  
m a t h e m a t i c i a n ' s  (and h i s t o r i a n ' s )  o n t o l o g i c a l  commitment 
to  t h e  c o n c e p t s  o f  m a th e m a t i c s .  T h is  i s  d i s c u s s e d  below 
i n  C h a p te r  I I I .
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h i s t o r i c a l  r u l e s  and m ethods .  The h i s t o r y  o f  m a them a t ic s  

i s  an  a c t i v e  s c h o l a r l y  f i e l d  w i t h  many d i s t i n g u i s h e d  members 

and d i s t i n g u i s h e d  works ,  t h r e e  works I  s h a l l  now d i s c u s s .

I n  p a r t i c u l a r ,  Thomas Hawkins '  L e b e s g u e ' s  Theory
1 2 o f  I n t e g r a t i o n ,  J o s e p h  D auben 's  b io g rap h y  Georg C a n t o r ,

and J u d i t h  V. G r a b i n e r ' s  The O r i g i n s  o f  C au ch y 's  R igo rous
3

C a lc u lu s  a r e  t h r e e  examples o f  th o ro u g h ,  w e l l - w r i t t e n ,  

and i n f o r m a t i v e  m athem at ics  h i s t o r y .  I n  a d d i t i o n  t o  t h e i r  

e x c e p t i o n a l  s c h o l a r s h i p ,  I  have chosen  to  d i s c u s s  t h e s e  

books because  th e y  d e a l  w i t h  m a th e m a t i c i a n s  and m a them a t ic s  

r e l a t e d  to  p o i n t  s e t  t o p o lo g y ,  and because  each  i s  a n  

example o f  a  p a r t i c u l a r  gen re  o f  m athem at ics  h i s t o r y .

Hawkins '  i n t e n t i o n s  i n  h i s  book a r e  b e s t  summarized 

by him i n  h i s  p r e f a c e :

T h is  book grew o u t  o f  my d u a l  i n t e r e s t  i n  th e  
m a them a t ic s  o f  i n t e g r a t i o n  t h e o r y  and i n  th e  n a t u r e  
o f  i t s  h i s t o r i c a l  e v o l u t i o n .  I t  i s  w e l l  known t h a t  
modern t h e o r i e s  o f  measure and i n t e g r a t i o n  have 
t h e i r  r o o t s  i n  th e  work o f  th e  F rench  m a th e m a t i c i a n  
H e n r i  L ebesgue .  A l th o u g h  a r e l a t i v e l y  sm a l l  amount 
o f  space  i s  devo ted  to  a c t u a l l y  d i s c u s s i n g  L e b e s g u e ' s  
work,  i t  r e p r e s e n t s  th e  f o c a l  p o i n t  o f  th e  e n t i r e  
book. My o b j e c t i o n  has been t o  p l a c e  L e b e s g u e ' s

■^Thomas Hawkins,  L e b e sg u e ' s Theory  o f  I n t e g r a t i o n , 
2nd ed .  (New York: C he lsea  P u b l i s h i n g  Company, 1975) .

2
Jo s e p h  Dauben, Georg C a n to r ;  His M a t h e m a t i c s ' 

and th e  P h i lo s o p h y  o f  th e  I n f i n i t e  (Cambridge;  Harvard  
U n i v e r s i t y  P r e s s ,  1979) .

3
J u d i t h  G r a b i n e r ,  The O r i g i n s  o f  C au ch y 's  R ig o ro us  

C a lc u lu s  (Cambridge; The M a s s a c h u s e t t s  I n s t i t u t e  o f  
Technology  P r e s s ,  1981) .



180

e a r l y  work on i n t e g r a t i o n  t h e o r y  (1901-10)  w i t h i n  
i t s  p r o p e r  h i s t o r i c a l  c o n t e x t  by r e l a t i n g  i t ,  on 
th e  one hand,  to  th e  deve lopm ents  d u r in g  the  
n i n e t e e n t h  c e n t u r y  t h a t  m o t iv a te d  i t  and gave i t  
s i g n i f i c a n c e  a n d ,  on th e  o t h e r  hand,  t o  th e  c o n t r i ­
b u t i o n s  made i n  t h i s  f i e l d  by h i s  c o n te m p o r a r i e s .
I t  i s  my hope t h a t  t h i s  volume w i l l  en gen d e r  a n  
a p p r e c i a t i o n  f o r  L e b e s g u e ' s  g e n iu s  ba la n ce d  by an  
a p p r e c i a t i o n  f o r  t h e  manner i n  which  h i s  works b u i l d s  
upon t h a t  o f  many o t h e r  m a t h e m a t i c i a n s . *•

Hawkins '  view o f  t h e  development  o f  m athem at ics  

i s  one o f  a n  i n c r e a s i n g  a c c u m u la t io n  o f  m a th e m a t i c a l  c o n ­

c e p t s  and theo rem s .  L e b e s g u e ' s  accom pl ishm en ts  can  o n ly  

be t h o r o u g h ly  u n d e rs to o d  th ro u g h  p r e v io u s  m a th e m a t ic a l  

deve lopm ents  and by t h e  "p ro b lem s"  t h a t  t h e  Lebesgue 

t h e o r y  " s o l v e d . "

. . . p re -L ebesg u e  c o n t r i b u t i o n s  paved th e  way f o r  
a s o p h i s t i c a t e d  t h e o r y  o f  i n t e g r a t i o n .  S p e c i f i c a l l y ,  
t h e y  p ro v id ed  Lebesgue w i t h  bo th  (1) a f u l l y  deve loped  
m e a s u r e - t h e o r e t i c  p o i n t  o f  view and ( 2 ) a  number o f  
t h e o r e t i c a l  ' p r o b l e m s '  t h a t  had been d i s c o v e r e d  w i t h i n  
t h e  c o n t e x t  o f  R iem ann 's  d e f i n i t i o n  o f  th e  i n t e g r a l  
( a l t h o u g h  th e y  were  n o t  s e r i o u s l y  r e g a r d e d  as  
p r o b le m a t i c  a t  t h e  t i m e ) .  To a p p r e c i a t e  what  Lebesgue 
d i d  and why he d id  i t ,  h i s  work must  be r e g a rd e d  w i t h i n  
t h e  c o n t e x t  o f  t h e  h i s t o r i c a l  developm ents  t h a t  produced 
( 1 ) and ( 2 ) w i t h o u t  d i s t o r t i n g  th e  h i s t o r i c a l  p e r s p e c ­
t i v e ,  s i n c e  th ey  o v e r l a p  c o n s i d e r a b l y ,  and t h i s  a p p ro a c h  
was t h e r e f o r e  n o t  a t t e m p t e d . 2

Hawkins i s  aware o f  t h e  i n t e r r e l a t i o n  between 

d e v e lo p in g  and e s t a b l i s h e d  m a th e m a t i c s — "a f u l l y  deve loped  

m e a s u r e - t h e o r e t i c  p o i n t  o f  v iew "—and th e  " th e  ' t h e o r e t i c a l  

p r o b l e m s ' "  o r  q u e s t i o n s  c r e a t e d  by th e  e s t a b l i s h e d  m athe ­

m a t i c s .  In d e e d ,  one a s p e c t  o f  th e  i n t e r r e l a t i o n  i s  t h a t

^"Hawkins, p . v .

2I b i d . ,  p. i x .
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e ach  s t i m u l a t e s  th e  o t h e r ;  problems s t i m u l a t e  th e  e s t a b l i s h ­

ment o f  new m a th em a t ic s  t o  so lv e  t h e  p rob lem s,  and new 

m ath em a t ic s  i n  t u r n  o f t e n  c r e a t e s  new problems t o  be s o lv e d .

Thus ,  Hawkins t r a c e s  the  m a th e m a t ic a l  deve lopm ents  

t h a t  l e a d  up t o  L e b e s g u e ' s  t h e o r y  o f  i n t e g r a t i o n  by b e g in n in g  

w i t h  a  h i s t o r y  o f  R iem ann 's  t h e o r y  o f  i n t e g r a t i o n  (C h a p te r  

1 ) .  Once R iem ann 's  t h e o r y  was e s t a b l i s h e d ,  Hawkins th e n  

d i s c u s s e s  th e  development  o f  R iem ann 's  i d e a s  (C h a p te r  2) 

a n d ,  f o r  example ,  d i s c u s s e s  t r i g o n o m e t r i c  s e r i e s  and te rm -  

b y - te rm  i n t e g r a t i o n .  Of p a r t i c u l a r  i n t e r e s t  t o  me was h i s  

d i s c u s s i o n  o f  H e ine .  Hawkins a b i l i t y  to  b lend  b io g r a p h y ,  

h i s t o r y ,  and e x p l a n a t i o n  o f  th e  r e l e v a n t  m a th em a t ic s  i s  

c l e a r l y  shown i n  h i s  d i s c u s s i o n  o f  H e ine .

O u t s i d e  t h e  c i r c l e  o f  W e i e r s t r a s s ' s  s t u d e n t s ,  
t h e  s i g n i f i c a n c e  o f  u n i f o r m  c o n v e r g e n c e  f o r  t h e  
t e r m - b y - t e r m  i n t e g r a t i o n  o f  s e r i e s  w a s  n o t  g e n e r a l l y  
r e c o g n i z e d  u n t i l  H e i n r i c h  H e i n e  (1821-81)  c a l l e d  
a t t e n t i o n  t o  i t  d r a m a t i c a l l y  i n  a  p a p e r  [1870] o n  
t r i g o n o m e t r i c  s e r i e s . H e i n e ,  w ho  w a s  a .  p r o f e s s o r  o f  
m a t h e m a t i c s  a t  t h e  U n i v e r s i t y  o f  H a l l e ,  p r o b a b l y  
b e c a m e  f a m i l i a r  w i t h  W e i e r s t r a s s '  i d e a s  t h r o u g h  
G e o r g  C a n t o r  (18 4 5 -1 91 8 ) ,  who h a d  c o m e  t o  H a l l e  
a f t e r  r e c e i v i n g  h i s  d o c t o r a t e  a t  B e r l i n  i n  1867 . . .
. . . H e i n e  o b s e r v e d ,  a s  t o  w h e t h e r  t h e  c o e f f i c i e n t s  
i n  t h e  r e p r e s e n t a t i o n  o f  a  f u n c t i o n  f  i n  t h e  f o r m

CO

( 1 )  f ( x )  = 1 / 2  a n +  E a  c o s n x  +  b s i n x
u j i  = 1 n n

H a w k i n s  r e f e r s  t o  h i m  a s  H e i n r i c h  H e i n e , w h i l e  
o t h e r s ,  a n d  f r o m  w h a t  I  c a n  t e l l ,  H e i n e  h i m s e l f ,  u s e d  
E d u a r d .  H i s  f u l l  n a m e  w a s  H e i n r i c h  E d u a r d  H e i n e .
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a r e  n e c e s s a r i l y  un ique  . . .
. . . By c o n s i d e r i n g  th e  d i f f e r e n c e  o f  two p o s s i b l y  
d i s t i n c t  r e p r e s e n t a t i o n s  o f  f  o f  th e  form (1) Heine 
reduced  t h e  problem t o  th e  f o l l o w in g :  I f ,  f o r  a l l  x
e x c e p t  th o s e  form ing a s e t  P

CO

( 2 ) 1 / 2  Sq + 2  a n cosnx + bR s in x  = 0 ,

t h e n  a r e  t h e  c o e f f i c i e n t s  a n and bn a l l  e q u a l  t o  z e ro ?
He was a b l e  t o  show t h a t  t h e  answer i s  Yes when th e  
co nvergence  i n  ( 2 ) i s  un i fo rm  i n  g e n e r a l  w i t h  r e s p e c t  
t o  t h e  s e t  P,  which i s  t h u s  t a k e n  to  be f i n i t e .

Hawkins t h e n  m en t ions  th e  i n f l u e n c e  Heine had on C a n to r .

C a n to r  was induced  by H e i n e ' s  r e s e a r c h  t o  s tu d y  
th e  u n iq u en e ss  problem, and he s e t  h i m s e l f  th e  t a s k  
o f  removing t h e  h y p o t h e s i s  o f  u n i fo rm  convergence  i n  
g e n e r a l .  T h is  he acco m pl ish ed  i n  a s e r i e s  o f  p a p e r s  
o f  1870-71 .^  Having th u s  c o m p le t e ly  removed th e  
a s su m p t io n  o f  u n i fo rm  convergence  i n  g e n e r a l  and 
t h e r e b y  th e  r e a s o n  f o r  r e s t r i c t i n g  P t o  be f i n i t e ,
C an to r  [1872] n e x t  tu rn e d  to  t h e  q u e s t i o n  o f  
u n iq u e n e s s  when P i s  a n  i n f i n i t e  s e t . 3

C o n se q u e n t ly ,  Hawkins a p t l y  shows how C a n t o r ' s  work i n  s e t

t h e o r y  was o r i g i n a l l y  m o t iv a te d  by h i s  i n v e s t i g a t i o n  i n t o

t r i g o n o m e t r i c  s e r i e s .

C h a p te r  3 ,  "S e t  Theory  and t h e  Theory  o f  I n t e g r a t i o n , "  

i s  a  d i s c u s s i o n  o f  th e  i m p o r t a n t ,  n e c e s s a r y  c o n t r i b u t i o n s  

to  measure  and i n t e g r a t i o n  by s e t  t h e o r y .  C h a p te r  4 ,  "The 

End o f  th e  C e n tu ry :  A P e r i o d  o f  T r a n s i t i o n , "  c o n t i n u e s

^Hawkins, pp. 22-23.
2
See pages 17-21 above.

3
Hawkins, p . 24.
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w i t h  t h e  d e v e l o p m e n t  o f  m e a s u r e  a n d  i n t e g r a t i o n  a n d  i n c l u d e s  

a  s e c t i o n  o n  S c h o e n f l i e s ' B e r i c h t  a n d  h i s  c o n t r i b u t i o n s  t o  

m e a s u r e  t h e o r y .  A s  H a w k i n s  e x p l a i n s :

T o w a r d s  t h e  e n d  o f  t h e  n i n e t e e n t h  c e n t u r y ,  t h e  
G e r m a n  m a t h e m a t i c i a n  A r t h u r  S c h o e n f l i e s  (1853-1928) 
w a s  c o m m i s s i o n e d  b y  t h e  D e u t s c h e  M a t h e m a t i k e r -  
V e r e i n i g u n g  t o  p r e p a r e  a  r e p o r t  o n  c u r v e s  a n d  p o i n t  
s e t s .  A p r e l i m i n a r y  r e p o r t  w a s  p r e s e n t e d  i n  
S e p t e m b e r  o f  1898 a n d  e v e n t u a l l y  g r e w  i n t o  a  t w o -  
v o l u m e  w o r k  o n  t h e  t h e o r y  o f  s e t s  a n d  t r a n s f i n i t e  
n u m b e r s .  O v e r  h a l f  o f  t h i s  w o r k  i s  d e v o t e d  t o  
a p p l i c a t i o n s  t o  t h e  t h e o r y  o f  f u n c t i o n s  o f  a  r e a l  
v a r i a b l e ,  i n c l u d i n g  t h e  t h e o r y  o f  i n t e g r a t i o n .
A l t h o u g h  i t  r e p r e s e n t s  t h e  w o r k  o f  o n e  m a n ,  i t  
p r o b a b l y  a c c u r a t e l y  r e f l e c t s  t h e  a t t i t u d e s  p r e v a l e n t  
a t  t h e  t u r n  o f  t h e  c e n t u r y - - w h e n  L e b e s g u e ' s  ow n  
r e s e a r c h  w a s  g e t t i n g  u n d e r w a y - - t o w a r d s  B o r e l ' s  
t h e o r y  o f  m e a s u r e  a n d  t o w a r d s  t h e  ' p r o b l e m s '  t h a t  , 
h a d  a r i s e n  w i t h i n  R i e m a n n ' s  t h e o r y  o f  i n t e g r a t i o n .

H a w k i n s ,  c h a r a c t e r i z a t i o n  a n d  e v a l u a t i o n  o f  

S c h o e n f l i e s '  B e r i c h t  i s  a p p r o p r i a t e  a n d  a c c u r a t e .  I t  i s  

a n o t h e r  e x a m p l e  o f  H a w k i n s ' t h o r o u g h n e s s  o f  d e t a i l  i n  t h e  

r e c o r d i n g  o f  m a t h e m a t i c a l  d e v e l o p m e n t s .  A l o n g  w i t h  t h e  

m a t h e m a t i c a l  d e v e l o p m e n t s ,  H a w k i n s  p r o v i d e s  u s e f u l  b i o ­

g r a p h i c a l  i n f o r m a t i o n  a n d  a c a d e m i c  c o n n e c t i o n s  a m o n g  m a t h e ­

m a t i c i a n s .  T h e  r e a d e r  c a n  a p p r e c i a t e  b o t h  t h e  m a t h e m a t i c a l  

d e v e l o p m e n t s  a n d  t h e  m a t h e m a t i c a l  c o m m u n i t y - - t h e  i n t e r ­

a c t i o n s ,  t h e  d i s c u s s i o n s  a n d  c r i t i c i s m s ,  w h i c h  a f f e c t e d  

t h e  m a t h e m a t i c a l  d e v e l o p m e n t s .

I n  s h o r t ,  H a w k i n s  a c c o u n t  i s  a  p r o f e s s i o n a l  t e c h n i c a l  

h i s t o r y  o f  m a t h e m a t i c s  i n  t h a t  h e  c o n c e n t r a t e s  o n  t h e

^Ibid . ,  p .  106.



184

m a t h e m a t i c s ,  t h e  m a t h e m a t i c i a n s ,  a n d  t h e  m a t h e m a t i c a l  

c e n t e r s  o f  E u r o p e .  C e r t a i n l y  a n y  s t u d e n t  o r  i n s t r u c t o r  o f  

a n a l y s i s  w o u l d  g a i n  d e e p e r  a p p r e c i a t i o n  o f  a n a l y s i s  t h r o u g h  

l e a r n i n g  i t s  h i s t o r y  b y  r e a d i n g  H a w k i n s .

A m o r e  p e r s o n a l  a c c o u n t  i n  t h e  h i s t o r y  o f  m a t h e ­

m a t i c s  i s  f o u n d  i n  J o s e p h  D a u b e n ' s  G e o r g  C a n t o r :  H i s

M a t h e m a t i c s  a n d  P h i l o s o p h y  o f  t h e  I n f i n i t e . C o n s i d e r i n g  

t h e  c e n t r a l  i m p o r t a n c e  o f  s e t  t h e o r y  i n  m o d e r n  m a t h e m a t i c s ,  

i t  i s  s u r p r i s i n g  t h a t  t h e  o n l y  p r e v i o u s  h i s t o r i c a l  a c c o u n t s  

o f  C a n t o r ' s  l i f e  a n d  w o r k  a r e  H e r b e r t  M e s c h k o w s k i ' s  1967 

P r o b l e m e  d e s  U n e n d l i c h e n ;  W e r k  a n d  L e b e n  G e o r A C a n t o r ^

a n d  I v o r  G r a t t a n - G u i n n e s s ' l o n g  a r t i c l e  " T o w a r d s  a  B i o g r a p h y
o

o f  G e o r g  C a n t o r . "  D a u b e n ' s  i n t r o d u c t i o n  t o  h i s  b i o g r a p h y  

c l e a r l y  i n d i c a t e s  h i s  a p p r e c i a t i o n  o f  C a n t o r  a n d  t h e  n e e d  

f o r  s u c h  a  b o o k .

G e o r g  C a n t o r  (1 8 4 5 -1 9 1 8 ) , t h e  c r e a t o r  o f  t r a n s -  
f i n i t e  s e t  t h e o r y ,  i s  o n e  o f  t h e  m o s t  i m a g i n a t i v e  a n d  
c o n t r o v e r s i a l  f i g u r e s  i n  t h e  h i s t o r y  o f  m a t h e m a t i c s .  
T o w a r d  t h e  e n d  o f  t h e  n i n e t e e n t h  c e n t u r y  h i s  s t u d y  
o f  c o n t i n u i t y  a n d  t h e  i n f i n i t e  e v e n t u a l l y  f o r c e d  h i m  
t o  d e p a r t  r a d i c a l l y  f r o m  s t a n d a r d  i n t e r p r e t a t i o n s  a n d  
u s e  o f  i n f i n i t y  i n  m a t h e m a t i c s .  B e c a u s e  h i s  v i e w s  
w e r e  u n o r t h o d o x ,  t h e y  s t i m u l a t e d  l i v e r l y  d e b a t e  a n d  
a t  t i m e s  v i g o r o u s  d e n u n c i a t i o n .  L e o p o l d  K r o n e c k e r  
c o n s i d e r e d  C a n t o r  a  s c i e n t i f i c  c h a r a l a t a n ,  a  r e n e g a d e ,  
a  " c o r r u p t e r  o f  y o u t h , "  b u t  B e r t r a n d  R u s s e l l  d e s c r i b e d

"He r b e r t  M e s c h k o w s k i ,  P r o b l e m e  d e s  U n e n d l i c h e n ; 
W e r k  a n d  L e b e n  G e o r  C a n t o r  ( B r a u n s c h w e i g :  v i e w w e g ,  1*967).

2
I v o r  G r a t t a n - G u i n n e s s ,  " T o w a r d s  a  B i o g r a p h y  o f  

G e o r g  C a n t o r , "  A n n a l s  o f  S c i e n c e  27 ( 1 9 7 1 ) :345-391 .
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h i m  a s  o n e  o f  t h e  g r e a t e s t  i n t e l l e c t s  o f  t h e  n i n e t e e n t h  
c e n t u r y .  D a v i d  H i l b e r t  b e l i e v e d  C a n t o r  h a d  c r e a t e d  a  
new  p a r a d i s e  f o r  m a t h e m a t i c i a n s ,  t h o u g h  o t h e r s ,  n o t a b l y  
H e n r i  P o i n c a r e ,  t h o u g h t  s e t  t h e o r y  a n d  C a n t o r ' s  
t r a n s f i n i t e  n u m b e r s  r e p r e s e n t e d  a  g r a v e  m a t h e m a t i c a l  
m a l a d y ,  a  p e r v e r s e  p a t h o l o g i c a l  i l l n e s s  t h a t  w o u l d  som e  
d a y  b e  c u r e d .  B o t h  i n  h i s  ow n  t i m e  a n d  i n  t h e  y e a r s  
s i n c e ,  C a n t o r ' s  n a m e  h a s  s i g n i f i e d  b o t h  c o n t r o v e r s y  
a n d  s c h i s m .  U l t i m a t e l y ,  t r a n s f i n i t e  s e t  t h e o r y  h a s  
s e r v e d  t o  d i v i d e  m a t h e m a t i c i a n s  i n t o  d i s t a n t  c a m p s  
d e t e r m i n e d  l a r g e l y  b y  t h e i r  i r r e c o n c i l a b l e  v i e w s  o f  
t h e  n a t u r e  o f  m a t h e m a t i c s  i n  g e n e r a l  a n d  o f  t h e  s t a t u s  
o f  t h e  i n f i n i t e  i n  p a r t i c u l a r . 1

A l l  t h e  i n g r e d i e n t s  f o r  h i s t o r i c a l  d r a m a  a r e  i n c l u d e d  i n

t h e  m a n ,  t h e  m a t h e m a t i c s ,  a n d  t h e  r e s u l t s  o f  a n d  r e a c t i o n s

t o  h i s  w o r k .  A nd  D a u b e n ' s  b i o g r a p h y  i s  a  g o o d  o n e .  He

t r a c e s  t h e  e a r l y  d e v e l o p m e n t s  i n  a n a l y s i s  w h i c h  C a n t o r

l e a r n e d  a s  a  s t u d e n t ,  t h e  p r o b l e m s  a n d  q u e s t i o n s  t h a t  l e a d

C a n t o r  t o  h i s  w o r k  i n  s e t  t h e o r y ,  a n d  a l l  t h e  m a t h e m a t i c a l

( a n d  p h i l o s o p h i c a l  a n d  r e l i g i o u s )  w o r k  C a n t o r  a c c o m p l i s h e d .

A t  t h e  s a m e  t i m e  D a u b e n  b l e n d s  i n  e s s e n t i a l  i n f o r m a t i o n

r e g a r d i n g  C a n t o r ' s  p e r s o n a l  l i f e ,  p r o f e s s i o n a l  a s s o c i a t e s

a n d  f r i e n d s ,  a n d  h i s  p l a c e  i n  t h e  E u r o p e a n  m a t h e m a t i c a l

c o m m u n i t y .  U l t i m a t e l y ,  D a u b e n  i s  i n t e r e s t e d  i n  t h e  m o r e

g e n e r a l  i n t e l l e c t u a l  h i s t o r y  o f  w h i c h  C a n t o r  a n d  s e t  t h e o r y

a r e  i m p o r t a n t  s y m b o l s .

. . . F o r  a n y o n e  c o n c e r n e d  w i t h  i n t e l l e c t u a l  h i s t o r y ,  
i n  f a c t ,  t h e  d e v e l o p m e n t  o f  C a n t o r i a n  s e t  t h e o r y  m ay  
b e  r e g a r d e d  a s  a  m i c r o c o s m  i n  w h i c h  t h e  n a t u r e  o f  t h e  
c r e a t i o n  a n d  d e v e l o p m e n t  o f  a  s i g n i f i c a n t  new  i d e a  
o f  s c i e n c e  m ay  b e  s t u d i e d . 2

^Dauben, p. 3.

^ I b i d . , p. 4.



186

H e n c e  D a u b e n  c o n s i d e r s  h i s  b o o k  m o r e  a s  i n t e l l e c t u a l  

h i s t o r y  t h a n  b i o g r a p h y

I t  i s  w e l l  t o  r e m e m b e r  t h a t  t h i s  b o o k  i s  n e i t h e r  
t h e  b i o g r a p h y  o f  a  m a n ,  n o r  e v e n  t h e  h i s t o r y  o f  a  
s i n g l e  i d e a ,  a l t h o u g h  i t  d o e s  f o c u s  o n  t h e  m a t h e m a t i c s  
o f  G e o r g  C a n t o r  a n d  s p e c i f i c a l l y  u p o n  t h e  b a c k g r o u n d ,  
e m e r g e n c e ,  a n d  d e v e l o p m e n t  o f  h i s  t h e o r y  o f  s e t s  a n d  
t r a n s f i n i t e  n u m b e r s .  P e r h a p s  t h e  b e s t  w a y  t o  d e s c r i b e  
w h a t  I  h a v e  a t t e m p t e d  i s  t o  s a y  t h a t  t h i s  b o o k  r e p r e ­
s e n t s  a  s t u d y  o f  t h e  p u l s e ,  m e t a b o l i s m ,  e v e n  i n  p a r t  
t h e  p s y c h o d y n a m i c s  o f  a n  i n t e l l e c t u a l  p r o c e s s :  t h e
e m e r g e n c e  o f  a  n e w  m a t h e m a t i c a l  t h e o r y . 1

D e s p i t e  h i s  d i s c l a i m e r  a b o u t  n o t  b e i n g  b i o g r a p h y ,  a n d  my

n o t  r e a l l y  k n o w i n g  t h e  m e a n i n g  o f  t h e  " p u l s e ,  m e t a b o l i s m , "
2

o r  " p s y c h o d y n a m i c s  o f  t h e  i n t e l l e c t u a l  p r o c e s s , "  I  b e l i e v e  

D a u b e n ' s  b o o k  i s  e x c e l l e n t  i n t e l l e c t u a l  h i s t o r y  a n d  b i o g r a p h y .

F o r  e x a m p l e ,  D a u b e n  d i s c u s s e s  t h e  r e l a t i o n s h i p

b e t w e e n  C a n t o r  a n d  R i c h a r d  D e d e k i n d .

. . .  i n  t h e  s a m e  y e a r  (1872) t h a t  C a n t o r ' s  t h e o r y  
o f  r e a l  n u m b e r s  w a s  o u t l i n e d  i n  h i s  p a p e r  o n  t r i g o ­
n o m e t r i c  s e r i e s , R i c h a r d  D e d e k i n d  p u b l i s h e d  a  s h o r t  
m e m o i r :  S t e t i g k e i t  u n d  d i e  I r r a t i o n a l z a h l e n .
C a n t o r  h a d  m a i l e d  a  c o p y  o f  h i s  ow n  p a p e r  o f  1872 
t o  D e d e k i n d ,  w h i c h  D e d e k i n d  a c k n o w l e d g e d  i n  h i s  
p r e f a c e .  I n  r e t u r n ,  D e d e k i n d  f o r w a r d e d  h i s  p u b l i c a ­
t i o n  t o  C a n t o r .  I n  c a r e f u l l y  r e a d i n g  D e d e k i n d ' s  
s h o r t  m o n o g r a p h ,  C a n t o r  a g r e e d  h e a r t i l y  w i t h  i t s  
r e s u l t s ,  t h o u g h  h e  w a s  n e v e r  c o m p l e t e l y  c o n v i n c e d  
o f  t h e  n a t u r a l n e s s  o f  D e d e k i n d ' s  a p p r o a c h ,  n o r  o f  
i t s  e a s y  a p p l i c a t i o n  i n  a n a l y s i s .  N e v e r t h e l e s s ,  
t h e i r  e x c h a n g e  o f  i d e a s ,  b o t h  b y  l e t t e r  a n d  t h r o u g h  
d i s c u s s i o n  d u r i n g  v a c a t i o n s  s p e n t  t o g e t h e r  i n  t h e  
H a r z  M o u n t a i n s ,  D e d e k i n d  w a s  t o  h a v e  a n  i m p o r t a n t

1Ib id .
2

We m u s t  i n d u l g e  o u r  s c i e n t i f i c  a u t h o r s  o c c a s i o n a l  
l a p s e s  o f  m e t a p h y s i c a l  e x t r a v a g a n c e .
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i n f l u e n c e  u p o n  C a n t o r ' s  t h i n k i n g  d u r i n g  o n e  o f  i t s  
m o s t  c r e a t i v e  p e r i o d s .  I n d e e d ,  f o r  a  t i m e  D e d e k i n d  
a s s u m e d  t h e  r o l e s  o f  m e n t o r ,  c o u n s e l ,  a n d  f r i e n d . 1

C o m m e n t s  l i k e  t h e  a b o v e  a s  w e l l  a s  d e s c r i b i n g  a n d  a n a l y z i n g  

a l l  o f  C a n t o r ' s  m a t h e m a t i c a l ,  p h i l o s o p h i c a l ,  a n d  r e l i g i o u s  

w r i t i n g s  c r e a t e  a  v e r y  t h o r o u g h  s c i e n t i f i c  b i o g r a p h y .

D a u b e n  a l s o  d e s c r i b e s  t h e  c o n s i d e r a b l e  i n t e r a c t i o n s  C a n t o r  

h a d  w i t h  t h e  E u r o p e a n  m a t h e m a t i c a l  c o m m u n i t y ;  r a n g i n g  f r o m  

d i s a g r e e m e n t s  w i t h  K r o n e c k e r ,  M i t t a g - L e f f l e r  a n d  o t h e r s  t o  

C a n t o r ' s  s o l e  p r i n c i p a l  w o r k  i n  e s t a b l i s h i n g  t h e  D e u t s c h e  

M a t h e m a t i k e r - V e r e i n i g u n g .  B e s i d e s  e n u m e r a t i n g  t h e  m a t h e ­

m a t i c a l  a n d  s o c i a l  c o n t r i b u t i o n s  o f  C a n t o r ,  D a u b e n  a l s o  

p r o v i d e s  i m p o r t a n t  h i s t o r i c a l  e x p l a n a t i o n s  a n d  d i s t i n c t i o n s
2

w h i c h  m a k e  f o r  a n  a l t o g e t h e r  u n u s u a l l y  i n f o r m a t i v e  h i s t o r y .

S t r u c t u r a l l y ,  J u d i t h  G r a b i n e r ' s  T h e  O r i g i n s  o f  

C a u c h y ' s  R i g o r o u s  C a l c u l u s  l i e s  b e t w e e n  D a u b e n ' s  b i o g r a p h y  

a n d  H a w k i n s '  t e c h n i c a l  p r o f e s s i o n a l  h i s t o r y .  L i k e  D a u b e n ,  

G r a b i n e r  p r o v i d e s  m u c h  i n f o r m a t i o n  a b o u t  t h e  p e r s o n a l  a n d

1 I b i d .  , p p .  47-48 .
2

F o r  e x a m p l e ,  D a u b e n  d e s c r i b e s  t h e  i m p o r t a n t  d i s t i n c ­
t i o n  m a d e  t h e n  b y  C a n t o r  b e t w e e n  d i f f e r e n t  c o n n o t a t i o n s  o f  
" r e a l  n u m b e r s . "  F o r  C a n t o r ,  D a u b e n  e x p l a i n s ,  i t  w a s

. . . e s s e n t i a l  t o  d i f f e r e n t i a t e  b e t w e e n  t h e  r e e l e n  
Z a h l e n ,  r e a l  n u m b e r s  a s  o p p o s e d  t o  t h e  c o m p l e x  n u m b e r s  
i n  a  f o r m a l  m a t h e m a t i c a l  s e n s e ,  a n d  r e a l e n  Z a h l e n , 
r e a l , a c t u a l  n u m b e r s  w h i c h  e n j o y e d  m o r e  t h a n  a  p u r e l y  
f o r m a l  e x i s t e n c e .  I n  f a c t ,  h e  i n s i s t e d  t h a t  h i s  
t r a n s f i n i t e  n u m b e r s  w e r e  r e a l  i n  t h e  s a m e  s e n s e  t h a t  
t h e  f i n i t e  w h o l e  n u m b e r s  m i g h t  b e  r e g a r d e d  a s  r e a l .  
( I b i d . ,  p .  126) .
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p r o f e s s i o n a l  l i f e  o f  A u g u s t in -L o u is  Cauchy, a l t h o u g h  h e r  

work i s  n o t  in te n d e d  a s  s t r i c t  b io g rap h y .  And l i k e  Hawkins,  

she o f f e r s  a good e x p l a n a t i o n  o f  th e  deve lopm ents  i n  th e  

c a l c u l u s  and a n a l y s i s  t h a t  led  t o  C au ch y 's  i n s i g h t f u l  and 

o r i g i n a l  work,  a l t h o u g h  she d id  n o t  i n t e n d  t o  w r i t e  a  

s t r i c t l y  t e c h n i c a l  h i s t o r y .  I n  h e r  book h e r  v ie w p o in t  i s  

somewhat more g e n e r a l  i n  t h a t  she a t t e m p t s  ( r a t h e r  s u c c e s s ­

f u l l y ,  i n  my o p in io n )  to  c a p t u r e  t h e  m a th e m a t i c a l  and 

i n t e l l e c t u a l  m i l i e u  o u t  o f  which C a u ch y 's  work came.

In  lo o k in g  f o r  the  e i g h t e e n t h - c e n t u r y  o r i g i n s  o f  
C au ch y 's  f o u n d a t i o n s  o f  th e  c a l c u l u s ,  I  s h a l l  demon­
s t r a t e  t h a t  t h e y  grew, n o t  p r i n c i p a l l y  o u t  o f  t h a t  
p e r i o d ' s  d i s c u s s i o n  o f  f o u n d a t i o n s  b u t  from o t h e r ,  
q u i t e  d i f f e r e n t  p a r t s  o f  i t s  work. The men who 
c r e a t e d  th e  m ajo r  r e s u l t s  o f  e i g h t e e n t h - c e n t u r y  
a n a l y s i s - - N e w t o n ,  M a c la u r in ,  E u l e r ,  d 'A le m b e r t ,  
L a g r a n g e - - u n w i t t i n g l y  a l s o  deve loped  many o f  th e  
i d e a s  and methods which l a t e r  were used t o  make i t  
r i g o r o u s .  The work o f  t h e s e  men i s  e s p e c i a l l y  n o t e ­
w o r th y .  Lehonhard E u l e r ,  whose work h i s t o r i a n s  
sometimes t a k e  t o  i l l u s t r a t e  t h e  l a c k  o f  r i g o r  i n  
e i g h t e e n t h - c e n t u r y  c a l c u l u s ,  n e v e r t h e l e s s  deve loped  
many t e c h n iq u e s  t h a t  Cauchy would l a t e r  a d a p t .  Even 
more im p o r t a n t  was Jo s e p h - L o u i s  L ag ran g e .  Lagrange  
was th e  c r u c i a l  t r a n s i t i o n a l  f i g u r e  between th e  
e i g h t e e n t h -  and n i n e t e e n t h - c e n t u r y  p o i n t s  o f  v i e s ,  i n  
te rm s o f  b o th  t e c h n iq u e  and a t t i t u d e .

I t  i s  G r a b i n e r ' s  i n t e r e s t  i n  r i g o r  t h a t  g i v e s  h e r  

book i t s  d i s t i n c t i v e  v i e w p o in t .  G r a b in e r  i s  w r i t i n g  a 

th e m a t ic  m a th em a t ic s  h i s t o r y —h e r  theme b e in g  th e  r o l e  and 

s i g n i f i c a n c e  o f  r i g o r  i n  th e  change o f  m a th e m a t i c a l  

" t e c h n iq u e  and a t t i t u d e "  from th e  e i g h t e e n t h  c e n t u r y  t o  the  

n i n e t e e n t h  c e n t u r y .

*}
Grabiner,  pp. 3 -4 .
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G r a b in e r  i s  n o t  j u s t  i n t e r e s t e d  i n  C auch y 's  v e r s i o n  

o f  th e  c a l c u l u s ,  bu t  i n  t h e  " o r i g i n s  o f  C au ch y 's  r i g o r o u s  

c a l c u l u s , "  to  use  h e r  b o o k 's  t i t l e .  And h e r  n o t i o n  o f  

r i g o r  i s  h i s t o r i c a l ,  she i s  w r i t i n g  a b o u t  n i n e t e e n t h  c e n t u r y  

r i g o r .

When a n i n e t e e n t h - c e n t u r y  m a th e m a t ic i a n  spoke 
a b o u t  r i g o r  i n  a n a l y s i s ,  o r  i n  any s u b j e c t ,  he had 
s e v e r a l  g e n e r a l ,  t h i n g s  i n  mind.  F i r s t ,  e v e ry  c on ­
c e p t  o f  th e  s u b j e c t  had to  be e x p l i c i t l y  d e f i n e d  i n  
te rm s o f  c o n c e p ts  whose n a t u r e  was he ld  to  be 
a l r e a d y  known . . . F o l lo w in g  W e i e r s t r a s s ,  i n  
a n a l y s i s  t h i s  meant t h a t  e v e r y  s t a t e m e n t  abo u t  
e q u a l i t y  between l i m i t s  was t r a n s l a t a b l e ,  by w e l l -  
d e f i n e d  r u l e s ,  i n t o  a n  a l g e b r a i c  s t a t e m e n t  i n v o l v i n g  
i n e q u a l i t i e s .  Second,  theorems had to  be p ro ved ,  
w i t h  e v e r y  s t e p  i n  t h e  p r o o f  j u s t i f i e d  by a p r e ­
v i o u s l y  proved theo rem ,  by a  d e f i n i t i o n ,  o r  by a n  
e x p l i c i t l y  s t a t e d  axiom. T h i s  meant i n  p a r t i c u l a r  
t h a t  t h e  d e r i v a t i o n  o f  a r e s u l t  by m a n i p u l a t in g  
symbols was n o t  a p ro o f  o f  th e  r e s u l t ;  n o r  d id  
drawing  a d iag ram  prove  s t a t e m e n t s  a b o u t  c o n t in u o u s  
c u r v e s .  T h i r d ,  th e  d e f i n i t i o n s  c h o sen ,  and th e  
theorems p ro ved ,  had t o  be s u f f i c i e n t l y  broad to  
su p p o r t  t h e  e n t i r e  s t r u c t u r e  o f  v a l i d  r e s u l t s  
b e lo n g in g  t o  th e  s u b j e c t .  The c a l c u l u s  was a w e l l -  
deve loped  s u b j e c t ,  w i t h  a known body o f  r e s u l t s .
To make th e  c a l c u l u s  r i g o r o u s ,  t h e n ,  a l l  p r e v i o u s  
v a l i d  r e s u l t s  would have to  be d e r i v e d  from the  
r i g o r o u s  f o u n d a t i o n s .1

C o n se q u e n t ly ,  G r a b in e r  b e g in s  h e r  book w i t h  a 

d i s c u s s i o n  o f  n i n e t e e n t h  c e n t u r y  r i g o r  ( e s s e n t i a l l y  th e  

a r i t h m e t i z a t i o n  o f  a n a l y s i s )  and C a u ch y 's  f o r m u l a t i o n  o f  

t h e  c a l c u l u s .  I n  th e  n e x t  two c h a p t e r s ,  she  th e n  d i s c u s s e s  

t h e  e i g h t e e n t h  c e n t u r y  deve lopm ents  t o  show how t h e y  s e t  

th e  s t a g e  f o r  C auch y 's  r i g o r o u s  c a l c u l u s .

^ I b i d . , p. 5.
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. . . Cauchy s y n t h e s i z e d  p r e v i o u s  work and b u i l t  a 
f i r m  f o u n d a t i o n  so w e l l  a s  t o  o b sc u re  t h e  a t t e m p t s  
t h a t  p receded  him. J u s t  a s  E u c l i d ' s  E lem ents  were 
so s u c c e s s f u l  t h a t  t h ey  drove  much e a r l i e r  work 
i n t o  o b s c u r i t y ;  j u s t  a s  t h e  Newton-Le ibn iz  c a l c u l u s  
made i t  u n n e c e s s a r y  t o  read  much e a r l i e r  works on 
a r e a s  and t a n g e n t s ;  so C au chy 's  Cours d ' a n a l y s e  
and  C a lc u l  i n f i n i t e s i m a l  made o b s o l e t e  many o f  th e  
e a r l i e r  t r e a t m e n t s  o f  l i m i t s ,  c o n v e rg e n c e ,  c o n t i n u i t y ,  
d e r i v i t e s ,  and i n t e g r a l s . !

9
G r a b in e r  b e l i e v e s  a " r e v o l u t i o n  i n  c a l c u l u s "  has  o c c u r r e d  

s i n c e  C au chy 's  work has  "made o b s o l e t e  many o f  t h e  e a r l i e r  

t r e a t m e n t s . "  I t  i s  a l s o  i n  h e r  view a r e v o l u t i o n  i n  r i g o r .

As I  have commented above (p .  1 7 5 ) ,  i f  one b e l i e v e s  t h a t  

what was once m a th em a t ic s  i s  no l o n g e r  m a them a t ic s  ( i n  

G r a b i n e r ' s  t e r m s ,  "made o b s o l e t e " ) ,  t h e n  indeed  a  r e v o l u ­

t i o n  has o c c u r r e d .

The " h e ro "  o f  th e  n e x t  two c h a p t e r s  on th e  e i g h t e e n t h

c e n t u r y  i s  Lagrange  because  o f  h i s  c o n t r i b u t i o n s  t o  th e

c a l c u l u s ,  e s p e c i a l l y  th e  use o f  th e  a l g e b r a  o f  i n e q u a l i t i e s .

. . .  i t  i s  f o r t u n a t e  t h a t  e i g h t e e n t h - c e n t u r y  m athe ­
m a t i c i a n s  d id  n o t  c o n c e n t r a t e  on f o u n d a t i o n s  t o  th e  
e x c l u s i o n  o f  o t h e r  q u e s t i o n s .  Through t h e i r  s u c c e s s ­
f u l  c o n c e rn  w i t h  p a r t i c u l a r  p ro b lem s ,  t h e s e  a n a l y s t s  
deve loped  th e  m a th e m a t i c a l  s u b s ta n c e  f o r  which  Cauchy 
c o u ld  p ro v id e  th e  r i g o r o u s  b a s i s ;  and w h i l e  th e y  
were s o l v i n g  p ro b lem s ,  t h e y  a l s o  ev o lv ed  many o f  the  
c o n c e p t s  and t e c h n iq u e s  which Cauchy needed .  T h is  
c o m b in a t io n  o f  t e c h n iq u e s  and r e s u l t s  w i t h  L a g r a n g e ' s  
program f o r  r e d u c in g  th e  c a l c u l u s  t o  a l g e b r a  p rov id ed  
t h e  n e c e s s a r y  c o n d i t i o n s  f o r  C a u ch y 's  a c h i e v e m e n t .3

^ I b i d . ,  p. 15.
2
The t i t l e  o f  t h e  f i r s t  c h a p t e r  i s  "Cauchy and th e  

N in e t e e n t h - C e n t u r y  R e v o lu t i o n  i n  C a l c u l u s . "  (My e m p h a s i s . )

^ I b i d . ,  p. 46.
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The rem a in in g  t h r e e  c h a p t e r s  a r e  a v e ry  c a r e f u l  

and com ple te  s e r i e s  o f  e x p l a n a t i o n s  on th e  o r i g i n s  o f  

C a u c h y 's  c o n c e p t u a l i z a t i o n  o f  l i m i t ,  c o n t i n u i t y ,  c o n v e rg e n c e ,  

d e r i v a t i v e ,  and d e f i n i t e  i n t e g r a l .  With e f f e c t i v e ,  i n t e r ­

e s t i n g  d e t a i l s  she d i s c u s s e s  b o th  th e  p r e c u r s o r s  work 

and th e  i m p o r t a n t ,  un ique  c o n t r i b u t i o n s  o f  Cauchy.

A good example o f  h e r  i n t e r e s t i n g  a t t e n t i o n  to  

d e t a i l  i s  h e r  d i s c u s s i o n  o f  t h e  e p s i l o n  n o t a t i o n .

I n  c o n s i d e r i n g  t h e  e p s i l o n - b a s e d  c o n c e p t s  o f f  
l i m i t s ,  c o n t i n u i t y ,  and c o n v e rg e n c e ,  i t  shou ld  be 
remarked t h a t  t h e  Greek l e t t e r  e used by modern 
m a t h e m a t i c i a n s - - a  n o t a t i o n  t h a t  Cauchy o r i g i n a t e d  
and a p p l i e d  i n  s e v e r a l  o f  h i s  p r o o f s - - p r o b a b l y  comes 
from th e  c o r r e sp o n d e n c e  between ' e p s i l o n ' and th e  
i n i t i a l  l e t t e r  o f  th e  F ren ch  word e r r e u r . I n  l a t e r  
work on p r o b a b i l i t y  t h e o r y ,  Cauchy i n  f a c t  used 
th e  l e t t e r  e p s i l o n  t o  s t a n d  f o r  e r r o r . The e p s i l o n  
i n  a  modern p ro o f  may be r e g a rd e d  a s  an  i n h e r i t a n c e  
from th e  days  when i n e q u a l i t i e s  be longed  i n  a p p r o x i ­
m a t io n s .  The e p s i l o n  n o t a t i o n  i s  a rem in d e r  t h a t ,  
p a r a d o x i c a l l y ,  t h e  development  o f  a p p ro x im a t io n s  and 
e s t i m a t e s  o f  e r r o r  b ro ug h t  f o r t h  many o f  th e  t e c h n iq u e s  
n e c e s s a r y  f o r  th e  e x a c t  and r i g o r o u s  p r o o f s  a b o u t  th e  
c o n c e p t s  o f  th e  c a l c u l u s .  E i g h t e e n t h - c e n t u r y  m a the ­
m a t i c s  were n e v e r  more e x a c t  t h a n  when th e y  were be ing  
a p p ro x im a te .  And i t  was a l g e b r a  t h a t  paved t h e  way 
f o r  t h e  r e c o g n i t i o n  o f  th e  l i n k  between a p p ro x im a t io n  
and r i g o r . 1

I t  i s  examples l i k e  th e  above o f  G r a b i n e r ' s  a t t e n ­

t i o n  to  d e t a i l  and to  t h e  more g e n e r a l  c o n s i d e r a t i o n s  

s u r r o u n d in g  C a u c h y 's  work t h a t  makes h e r  book so i n t e r e s t i n g  

and v a l u a b l e .  Hers  i s  a  t h i r d  k ind  o f  h i s t o r i c a l  s t u d y :  a

^ I b i d . , p. 76.
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t h e m a t i c  s tu d y  i n  which  th e  " e p im a th e m a t i c a l "  theme o f  r i g o r  

a c t s  a s  s e t t i n g  and d i r e c t i o n  f o r  h e r  book.'*'

Towards a n  H i s t o r i o g r a p h y  
o f  M athem at ics

Having d i s c u s s e d  h i s t o r i e s  o f  m athem at ics  r e l e v a n t  

to  t h e  h i s t o r y  o f  p o i n t  s e t  to p o lo g y  and what t h e y  r e v e a l  

a b o u t  t h e m s e lv e s ,  and  h a v ing  d i s c u s s e d  h i s t o r i o g r a p h i c a l  

s t u d i e s  r e l e v a n t  t o  th e  h i s t o r y  o f  m a th e m a t i c s ,  such  a s  

th e y  e x i s t ,  i t  i s  now u s e f u l  to  g l e a n  from t h e s e  d i s c u s s i o n s  

th o s e  i d e a s  and l e s s o n s  which  c o n t r i b u t e  t o  a n  h i s t o r i o ­

g rap h y  o f  m a th e m a t ic s .

B u t ,  b e f o r e  o u t l i n i n g  such  an  h i s t o r i o g r a p h y  o f  

m a th e m a t ic s ,  i t  i s  v e ry  im p o r t a n t  t o  s t r e s s  how e a sy  i t  

i s  t o  c r i t i c i z e  o t h e r  h i s t o r i c a l  o r  h i s t o r i o g r a p h i c a l  

w r i t i n g s ,  and how v e ry  d i f f i c u l t  i t  i s  t o  r e s e a r c h  and 

w r i t e  the  h i s t o r y  o f  m a th e m a t ic s .

The d i f f i c u l t y  l i e s  i n  s e v e r a l  a r e a s .  F i r s t ,  when 

i n v e s t i g a t i n g  any  t o p i c  i n  th e  h i s t o r y  o f  m a th em a t ic s  one 

i s  im pressed  by b o th  th e  p l e t h o r a  and s c a r c i t y  o f  m a t e r i a l s

"E p im a th e m a t ic a l  h i s t o r i c a l  t o p i c s "  i s  a  term 
c o in e d  by May i n  h i s  Handbook r e f e r r i n g  to  th e  e x t e r n a l  and 
r e l a t e d  a s p e c t s  o f  th e  h i s t o r y  o f  m a th em a t ic s .  Under t h i s  
h ead in g  we f i n d  " r i g o r "  (pp .  5 7 8 -7 9 ) ,  and we a r e  a l s o  
r e f e r r e d  t o  " p r o o f "  (p .  57 4 ) .  C u r i o u s l y ,  G r a b in e r  n e v e r  
m en t ions  Raymond W i l d e r ' s  h i s t o r i c a l  a r t i c l e ,  " R e l a t i v i t y  
o f  S ta n d a rd s  o f  M a th e m a t ic a l  R i g o r , "  D i c t i o n a r y  o f  th e  
H i s t o r y  o f  I d e a s , ed .  by P h i l i p  Weiner  (New York: C h a r l e s
S c r i b n e r ' s  Sons ,  1973) ,  pp. 170-177.  W i l d e r ' s  a r t i c l e  
o n ly  to u ch e s  on Cauchy, b u t  i t  c e r t a i n l y  d i s c u s s e s  r i g o r  
from a n  h i s t o r i c a l  v i e w p o in t .
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a v a i l a b l e .  T h is  may seem c o n t r a d i c t o r y  bu t  t h e  r e s e a r c h e r  

can  be e a s i l y  overwhelmed by t h e  many, many p a p e r s ,  l e t t e r s ,  

j o u r n a l s ,  books ,  and documents t h a t  a r e  p o t e n t i a l  s o u r c e s  

o f  i n f o r m a t i o n  f o r  th e  p a r t i c u l a r  t o p i c  a t  hand.  I t  i s  

v e ry  e a s y  to  g e t  l o s t  i n  th e  o ld  world  o f  p a p e r s  and books 

which may c o n t a i n  t h e  a p p r o p r i a t e  m a t e r i a l ,  b u t  which a r e  

most o f t e n  e i t h e r  dead -en d s  o r  d i s t r a c t i o n s .  C o n se qu en t ly  

a f t e r  d e te r m in in g  a l l  th e  m a t e r i a l  which i s  n o t  a p p r o p r i a t e  

f o r  th e  h i s t o r i c a l  t o p i c  th e  i n v e s t i g a t o r  can  be l e a d  t o  

b e l i e v e  t h a t  t h e r e  i s  l i t t l e  e v id e n c e  a v a i l a b l e  f o r  h i s  

h i s t o r i c a l  r e s e a r c h .  F in d in g  th e  few v a l u a b l e  and 

a p p r o p r i a t e  n e e d l e s  i n  t h e  huge h a y s t a c k  o f  documents 

a v a i l a b l e  makes f o r  v e r y  d i f f i c u l t  work. When we read  

some h i s t o r i a n ' s  work we a r e  o n ly  r e a d i n g  th e  n e e d l e s  

( t h e  p a r t i c u l a r l y  s h in y  ones)  he has  found and can  e a s i l y  

f o r g e t ,  a s  we c r i t i c i z e  th o se  documents o r  h i s  commentary,  

th e  work r e q u i r e d  to  produce  them.

Second,  w h i l e  i t  i s  im p o r t a n t  f o r  th e  h i s t o r i a n  

t o  t r a n s f e r  h i m s e l f  back to  th e  t ime o f  th e  m a th e m a t i c i a n s  

he i s  s t u d y i n g ,  back to  th e  s t a t e  o f  ig n o ra n c e  o f  the  

m a th e m a t i c i a n s ,  t h i s  i s  a v e ry  d i f f i c u l t  g o a l .  An 

h i s t o r i a n  o f  m a th em a t ic s  tod ay  has been  m a t h e m a t i c a l l y  

t r a i n e d  i n  th e  modern s t y l e ,  a p p ro a c h ,  and t o p i c s .  Many o f  

th e  h i s t o r i c a l  documents w i l l  c o n t a i n  n o t a t i o n s ,  words ,  

symbols ,  o r  r e f e r e n c e s  w i t h  which t h e  h i s t o r i a n  w i l l  be
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u n f a m i l i a r .  Even when he f i n d s  t h e  a p p r o p r i a t e  documents ,  

t h o r o u g h ly  u n d e r s t a n d i n g  them, i n  t h e i r  own t e r m s ,  i s  a  

d i f f i c u l t  t a s k  i n  i t s e l f .

T h i r d ,  u n d e r s t a n d i n g  a n  h i s t o r i c a l  document means 

u n d e r s t a n d i n g  th e  l a r g e r  c o n te x t  i n  which i t  o c c u r s .  The 

r e a s o n s  th e  m a th e m a t i c i a n  w ro te  th e  p a p e r ,  t h e  p r e v io u s  

p a p e rs  he had w r i t t e n ,  o t h e r  r e l e v a n t  p a p e r s  o t h e r  m a the ­

m a t i c i a n s  have w r i t t e n ,  th e  s e t t i n g  i n  which t h e  p a p e r  

was w r i t t e n ,  th e  r e s p o n se  t o  th e  p a p e r ,  e t c . ,  a r e  a l l  

a s p e c t s  o f  th e  l a r g e r  c o n t e x t  i n  which  th e  p a p e r ,  o r  any 

h i s t o r i c a l  document,  must  be e v a l u a t e d .  (T h is  c a n  e a s i l y  

l e a d  us back to  o u r  f i r s t  d i f f i c u l t y . )

F o u r t h ,  documents and m a th e m a t ic i a n s  do n o t  e x i s t  

i n  i s o l a t i o n .  S i m i l a r  to  th e  t h i r d  d i f f i c u l t y ,  t h e r e  may 

be c r u c i a l  e x t e r n a l  i n f l u e n c e s  a f f e c t i n g  e i t h e r  th e  m a th e ­

m a t i c i a n  o r  th e  document. The c u l t u r a l ,  e d u c a t i o n ,  s o c i a l ,  

i n s t i t u t i o n a l ,  e t c . ,  f a c t o r s  must  be c o n s i d e r e d  f o r  th e  

p o t e n t i a l  i n f l u e n c e  one o r  more may have had on th e  p a p e r  

o r  m a th e m a t ic i a n .

W r i t i n g  m athem at ics  h i s t o r y  i s  n o t  a s im p le ,  

s t r a i g h t f o r w a r d  t a s k  o f  c o l l e c t i n g  t h e  names, p a p e rs  and 

d a t e s  and p ro d u c in g  some smooth seam less  n a r r a t i v e .

From p e r s o n a l  e x p e r i e n c e  i n  w r i t i n g  my b r i e f  s k e t c h  on 

t h e  h i s t o r y  o f  p o i n t  s e t  to p o lo g y  (and I  use  th e  words



195

' b r i e f  s k e t c h "  i n t e n t i o n a l l y ,  s i n c e  I  am w e l l  aware o f  i t  

b e in g  a n  in co m p le te  h i s t o r y  o f  th e  s u b j e c t )  I  have ga ined  

a g r e a t  r e s p e c t  f o r  th e  d i f f i c u l t i e s  and o f  th e  c o n s i d e r a b l e  

accom pl ishm ent  o f  w r i t i n g  good h i s t o r y  o f  m a th em a t ic s .

F i f t h ,  i n  th e  m a th e m a t i c a l  community I  have found 

t h e r e  i s  r e l a t i v e l y  l i t t l e  a p p r e c i a t i o n  o f  o r  s u p p o r t  f o r  

q u a l i t y  m a them a t ic s  h i s t o r y  o r  th e  d i f f i c u l t y  o f  p ro du c in g  

i t .  T h is  i s  n o t  meant a s  a  c r i t i c i s m  o f  m athem atic ians  o r  

t h e i r  s e n se  o f  h i s t o r y .  By t h e i r  v e ry  t r a i n i n g  m a th e m a t ic i a n s  

a r e  n o t  t a u g h t  to  t h i n k  h i s t o r i c a l l y .  Good m a th e m a t ic s ,  

t h e  k ind  to  s t r i v e  f o r ,  i s  u s u a l l y  th e  most c u r r e n t  m a th e ­

m a t i c s .  M a th e m a t ic ia n s  must expend most  o f  t h e i r  t ime 

and e n e r g i e s  w i t h  comprehending  th e  new and th e  i m p o r t a n t ;  

th e  h i s t o r y  o f  m athem at ics  p la y s  a lm o s t  no r o l e  i n  t h e i r  

p r o f e s s i o n a l  l i v e s .  S in ce  t h e r e  i s  a l s o  a t a c i t  e q u a t i o n  

o f  o l d e r  m athem at ics  w i t h  " l e s s  d i f f i c u l t "  o r  " l e s s  s o p ­

h i s t i c a t e d "  m a th e m a t i c s ,  t h e  c o n v e n t i o n a l  wisdom i s  t h a t  

i n v e s t i g a t i n g  th e  o ld  i s  p ro b a b ly  e a s i e r  t h a n  u n d e r s t a n d i n g  

th e  new. C o n se q u e n t ly ,  i n v e s t i g a t i n g  and w r i t i n g  m athe ­

m a t i c s  h i s t o r y  i s  c o n s i d e r e d  a l e s s  c h a l l e n g i n g  t a s k  t h a n  

m athem atics  r e s e a r c h .  And s i n c e  m a th em a t ic s  h i s t o r y  i s  

a n c i l l a r y  t o  t h e i r  p r o f e s s i o n a l  l i v e s ,  th e  p la c e  o f  m a th e ­

m a t i c s  h i s t o r y  f o r  r e s e a r c h  m a th e m a t i c i a n s  i s  o n ly  i n  i t s  

e d i f i c a t i o n .
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The p o i n t  o f  a l l  t h i s  i s  th u s  by th e  n a t u r e  o f  

m a th e m a t ic i a n s  and m athem at ics  d e p a r tm e n t s ,  t h e r e  i s  l i t l e ,  

i f  a n y ,  c o n s i d e r a t i o n  o f  t h e  t r a i n i n g  o f  h i s t o r i a n s  o f  

m a th e m a t ic s .  S ta n d a rd  h i s t o r y  d e p a r t m e n t s —which tend  t o  

emphasize  p o l i t i c i a l ,  s o c i a l ,  c u l t u r a l ,  Am erican ,  and 

E uropean  h i s t o r y - - s e l d o m  have p o s i t i o n s  f o r  o r  t r a i n i n g  

o f  h i s t o r i a n s  o f  s c i e n c e  i n  g e n e r a l ,  l e t  a l o n e  h i s t o r i a n s  

o f  m athem at ics  i n  p a r t i c u l a r .

I n  summary, my p r e s e n t  view o f  th e  d i s c i p l i n e  o f  

th e  h i s t o r y  o f  m athem atics  i s  t h a t  i t  i s  one i n  which 

th e  s c h o l a r l y  d i f f i c u l t i e s  a r e  g e n e r a l ,  no t  acknowledged ,  

i t s  d e p a r t m e n t a l  p o s i t i o n  u n c e r t a i n ,  and th e  t r a i n i n g  o f  

new h i s t o r i a n s  o f  m athem atics  r a r e .  However I  do b e l i e v e  

when d e v e lo p in g  a n  h i s t o r i o g r a p h y  o f  m a th e m a t i c s ,  t h e r e  

a r e  t h r e e  p r im ary  a r e a s  a n  h i s t o r i a n  shou ld  c o n s i d e r :  

t o o l s  and knowledge, h i s t o r i c a l  a t t i t u d e  and q u e s t i o n s ,  

and i n t e n t  and purpose  o f  m athem at ics  h i s t o r y .

T oo ls  and Knowledge

M a s te ry  o f  th e  R e le v a n t  
M athem at ics

At th e  v e ry  l e a s t  t h e  h i s t o r y  o f  m athem at ics  i s  a 

t e c h n i c a l  h i s t o r y ,  so th e  h i s t o r i a n  must be equ ipped  w i t h  

a n  u n d e r s t a n d in g  o f  th e  r e l e v a n t  m a th em a t ic s .  The r e l e ­

v a n t  m athem atics  means n o t  j u s t  t h e  m athem atics  d i r e c t l y  

r e l a t e d  t o  th e  h i s t o r i c a l  t o p i c ,  bu t  th e  h i s t o r i c a l l y
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r e l a t e d  t o p i c s ,  which may be m a t h e m a t i c a l ly  i n d i r e c t l y  

r e l a t e d ,  and which may have c o n t r i b u t e d  t o  th e  development 

o f  th e  t o p i c .

A w a r e n e s s  o f  C h a n g i n g  L a n g u a g e ,
T e r m i n o l o g y ,  a n d  S t y l e

A s  m a t h e m a t i c s  d e v e l o p s  t h e  l a n g u a g e ,  s y m b o l s ,  a n d  

t e r m i n o l o g y  c h a n g e  ( a n o t h e r  d i f f i c u l t y  f o r  t h e  s t u d e n t  w ho  

h a s  l e a r n e d  t h e  m o s t  c u r r e n t ,  m o d e r n  t e r m i n o l o g y ) .  I n d e e d ,  

a n  i n d e x  o f  d e v e l o p m e n t  i n  m a t h e m a t i c s  i s  t h e  c h a n g e  i n  

t e r m i n o l o g y .  F o r  e x a m p l e ,  t h e  w o r d  " c o n t e n t "  m e a n t  

" m e a s u r e " - - e i t h e r  i n n e r  o r  o u t e r  m e a s u r e — i n  e a r l i e r  w o r k s  

i n  m e a s u r e  a n d  i n t e g r a t i o n .  T h e r e  u s e d  t o  b e  t w o  n o t i o n s  

o f  t h e  w o r d  " c o m p a c t : "  s e q u e n t i a l l y  c o m p a c t  a n d  b i - c o m p a c t .

M a th e m a t i c a l  s t y l e  has changed .  The modern s t y l e  

o f  p r e s e n t a t i o n  o f  ax iom s,  d e f i n i t i o n s ,  th eo re m s ,  p r o o f s ,  

c o r o l l a r i e s ,  p r o o f s ,  e t c . ,  i s  r e l a t i v e l y  r e c e n t ,  a lo n g  w i t h  

t h e  p redom inant  use o f  symbols .  As r e c e n t  a s  1900 many o f  

t h e  pape rs  and books i n  m athem atics  were much more d i s c u r ­

s i v e .  P r o o f s  tended  to  be more i n  words t h a n  i n  symbols — 

t h e y  were n o t  n e c e s s a r i l y  l e s s  r i g o r o u s  a s  a r e s u l t ,  bu t  

t h e i r  w r i t t e n  a p p e a ra n c e  cou ld  be m i s l e a d i n g .  F o r  example 

i n  J u d i t h ’G r a b i n e r ' s book on Cauchy she t a k e s  g r e a t  p a in s  

to  show t h a t  C au chy 's  w r i t t e n  p r o o f s  were j u s t  a s  r i g o r o u s  

a s  a symbolic  e p s i l o n - d e l t a  p r o o f  l a t e r  used f o r  th e  

c a l c u l u s .
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M a s t e r y  o f  F o r e i g n  L a n g u a g e s

T h i s  i m p o r t a n t  t o o l  o f  t h e  h i s t o r i a n  o f  m a t h e m a t i c s  

i s  p r o b a b l y  n o t  s t r e s s e d  e n o u g h .  A t  t h e  v e r y  l e a s t  t h e  

h i s t o r i a n  o f  m a t h e m a t i c s  m u s t  know  G e r m a n  a n d  F r e n c h .

L a t i n  i s  i m p o r t a n t  f o r  h i s t o r i c a l  s t u d i e s  f r o m  t h e  s e v e n ­

t e e n t h  c e n t u r y  a n d  b e f o r e - - r e c a l l  N e w t o n ' s  P r i n c i p i a  w a s  

o r i g i n a l l y  p u b l i s h e d  i n  L a t i n ,  n o t  E n g l i s h .  A n d  o b v i o u s l y  

G r e e k  i s  r e q u i r e d  f o r  s t u d i e s  o f  o l d e r  p e r i o d s .

I t  i s  i m p o r t a n t  t o  b e  a b l e  t o  r e a d  a n d  t r a n s l a t e  

f o r e i g n  l a n g u a g e s  r a t h e r  t h a n  b e  d e p e n d e n t  o n  t r a n s l a t i o n s  

( t h e y  m a y  n o t  e v e n  e x i s t ) ,  b y  t r a n s l a t o r s  u n f a m i l i a r  w i t h  

m a t h e m a t i c a l  t e c h n i c a l i t i e s .  F o r  e x a m p l e  J o s e p h  D a u b e n  

p o i n t s  o u t  a b o u t  a  t r a n s l a t i o n  o f  C a n t o r ' s  G r u n d l a g e n ; 

t h a t  t h e  t r a n s l a t o r  d i d  n o t  d i s t i n g u i s h  b e t w e e n  Z a h l e n  

a n d  A n z a h l e n ,  t r a n s l a t i n g  b o t h  a s  " n u m b e r "  w i t h o u t  m a k i n g  

d i s t i n c t i o n s  w h e n  C a n t o r  d i d .

T h e  t h r e e  t o o l s  I  h a v e  m e n t i o n e d  s o  f a r  c o u l d  b e  

s u m m a r i z e d  b y  t h e  r e q u i r e m e n t  t h a t  t h e  h i s t o r i a n  o f  m a t h e ­

m a t i c s  m u s t  b e  a  m e t i c u l o u s  s c h o l a r  o f  d e t a i l .  T h e  

c o r r e c t  t e c h n i c a l  m a t h e m a t i c s ,  t h e  c o r r e c t  s e n s e s  o f  t h e  

t e r m i n o l o g y ,  t h e  c o r r e c t  t r a n s l a t i o n  ( i n  s o m e  c a s e s  t h i s  

m ay  n o t  b e  p o s s i b l e — t h e  F r e n c h  w o r d  " e n s e m b l e s "  p r o b a b l y  

d i d  n o t  m e a n  s e t  i n  t h e  m o d e r n  s e n s e ,  p r o b a b l y  a  g r o u p i n g ,  

a s s e m b l a g e ,  o r  a g g r e g a t e  w o u l d  b e  b e t t e r  t e r m s ,  i f  a t  a l l )  

a r e  a l l  e s s e n t i a l  f o r  v a l u a b l e  m a t h e m a t i c s  h i s t o r y .
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K n o w l e d g e  o f  t h e  E x t e r n a l  
H i s t o r i c a l  F a c t o r s

A h i s t o r i a n  o f  m a t h e m a t i c s  m u s t  b e  a w a r e  o f  t h e  

r e l e v a n t  u n i v e r s i t y  c e n t e r s  ( a l o n g  w i t h  t h e i r  o r g a n i z a t i o n  

a n d  s t r u c t u r e ,  e . g . ,  t h e  F r e n c h  a n d  G e r m a n  u n i v e r s i t y  

s y s t e m s  w e r e  v e r y  d i f f e r e n t ) ,  t h e  r e l e v a n t  j o u r n a l s ,  

s c i e n t i f i c  a n d  m a t h e m a t i c a l  a s s o c i a t i o n s ,  e d u c a t i o n  a n d  

t r a i n i n g  o f  m a t h e m a t i c i a n s ,  a n d  b i o g r a p h y .  I t  i s  i m p o r t a n t  

t o  k n o w  u n d e r  w h i c h  m a t h e m a t i c i a n  a  m a t h e m a t i c i a n  s t u d i e d .

I t  c a n  b e  v a l u a b l e  t o  know  who w a s  e d i t i n g  a  p a r t i c u l a r  

j o u r n a l  a t  o n e  t i m e ,  o r  w h y  a  m a t h e m a t i c i a n  c h o s e  t o  

p u b l i s h  a  l o n g  a r t i c l e  a s  a  s e p a r a t e  m o n o g r a p h  r a t h e r  t h a n  

i n  a  j o u r n a l .  Up  t o  t h e  n i n e t e e n t h  c e n t u r y  m u c h  o f  m a t h e ­

m a t i c s  w a s  m o t i v a t e d  b y  p r o b l e m s  i n  p h y s i c s  s o  t h a t  a n  

h i s t o r i a n  m u s t  h a v e  s o m e  k n o w l e d g e  o f  t h e  h i s t o r y  o f  p h y s i c s  

f o r  r e s e a r c h  i n  s u c h  p e r i o d s .  I n  o t h e r  w o r d s ,  m a t h e m a t i c s  

d o e s  n o t  d e v e l o p  i n  i s o l a t i o n .  W h i l e  i t  i s  l e s s  a f f e c t e d  

b y  e x t e r n a l  f a c t o r s  t h a n  o t h e r  f i e l d s ,  m a t h e m a t i c s  a n d  

m a t h e m a t i c i a n s  e x i s t  i n  s c i e n t i f i c ,  c u l t u r a l ,  a n d  i n s t i t u ­

t i o n a l  m i l i e u .  M a t h e m a t i c s  h i s t o r y  w i t h o u t  s u c h  c o n s i d e r a ­

t i o n s  i s  i n c o m p l e t e .

K n o w l e d g e  o f  t h e  L a r g e r  
E x t e r n a l  H i s t o r y

O c c a s i o n a l l y  t h e  p o l i t i c s ,  s o c i a l  c u l t u r e ,  r e l i g i o n ,  

o r  p h i l o s o p h y  o f  a  p e r i o d  c a n  i n f l u e n c e  t h e  d e v e l o p m e n t  o f
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m a t h e m a t i c s .  U n d e r s t a n d i n g  N e w t o n ' s  r e l i g i o u s  b e l i e f s ,  

a n d  u n d e r s t a n d i n g  h i s  w o r k  w i t h  a l c h e m y , ' * '  p r o v i d e s  a  

b e t t e r  h i s t o r y  a n d  u n d e r s t a n d i n g  o f  t h e  P r i n c i p i a .

J o s e p h  D a u b e n  d i s c u s s e s  a t  l e n g t h  C a n t o r ' s  C a t h o l i c i s m  

a n d  h i s  c o r r e s p o n d e n c e  w i t h  v a r i o u s  m e m b e r s  o f  t h e  P a p a l  

h i e r a r c h y  c o n c e r n i n g  h i s  w o r k  t o  g i v e  a  m u c h  f u l l e r  

h i s t o r y  o f  C a n t o r ' s  m a t h e m a t i c a l  c o n t r i b u t i o n s .  I n  s h o r t ,  

t h e  h i s t o r i a n  o f  m a t h e m a t i c s  m u s t  b e  a w a r e  o f  t h e  l a r g e r  

h i s t o r i c a l  s e t t i n g  i n  w h i c h  t h e  m a t h e m a t i c s  a n d  m a t h e ­

m a t i c i a n  a r e  f o u n d .

H i s t o r i c a l  A t t i t u d e  a n d  Q u e s t i o n s

T h e  a b o v e  l i s t  o f  t o o l s  a n d  k n o w l e d g e  a r e  t h e  

w o r k i n g  r e q u i r e m e n t s  o f  t h e  h i s t o r i a n  o f  m a t h e m a t i c s .

W i t h  t h e m  t h e  h i s t o r i a n  m u s t  t h e n ,  a s  T r u e s d e l l  w a s  q u o t e d  

a b o v e  ( p .  1 7 0 ) ,  s e l e c t  a n d  i n t e r p r e t  m a t e r i a l  i m p o r t a n t  

f o r  h i s  h i s t o r i c a l  s t u d y .  Y e t  t h e  s e l e c t i o n  a n d  i n t e r p r e ­

t a t i o n  p r o c e s s  i s  d e p e n d e n t  o n  c e r t a i n  h i s t o r i o g r a p h i c a l  

a t t i t u d e s ,  c e r t a i n  q u e s t i o n s  t h e  h i s t o r i a n  i s  a l w a y s  

a s k i n g  h i m s e l f  a s  h e  r e s e a r c h e s  a n d  w r i t e s .

■*"See, f o r  exam ple ,  R o b e r t  S c h o f i e l d ' s  Mechanism 
and M a t h e r i a l i s m ;  B r i t i s h  N a t u r a l  P h i lo so p h y  i n  a n  Age 
o f  Reason ( P r i n c e t o n :  P r i n c e t o n  U n i v e r s i t y  P r e s s ,  1 9 / 0 ) .
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T h e  D i f f e r e n c e  B e t w e e n  L o g i c a l ,
M a t h e m a t i c a l  O r d e r  a n ?
H i s t o r i c a l  O r d e r

S i n c e  t h e  f i r s t  e x p o s u r e  a n  h i s t o r i a n  u s u a l l y  h a s  

o f  a  t o p i c  i n  m a t h e m a t i c s  i s  i n  a  m a t h e m a t i c s  c o u r s e ,  t h e  

u n d e r s t a n d i n g  h e  h a s  o f  t h e  t o p i c  i s  f r o m  t h e  m o d e r n  

v i e w p o i n t .  I t  i s  a l m o s t  a l w a y s  t h e  c a s e ,  t h o u g h ,  t h a t  t h e  

h i s t o r i c a l  d e v e l o p m e n t  o f  t h e  t o p i c  i s  n o w h e r e  n e a r  t h e  

s a m e  o r d e r  a s  t h e  l o g i c a l ,  m a t h e m a t i c a l  o r d e r .  I n d e e d ,  

i t  s e e m s  t o  u s u a l l y  b e  t h e  r e v e r s e .  T h e  i m p o r t a n t  k e y  

c o n c e p t s ,  d e f i n i t i o n s ,  t h e o r e m s  a r e  o f t e n  t h e  l a s t  t o  b e  

r e a l l y  a p p r e c i a t e d  h i s t o r i c a l l y .  M a t h e m a t i c a l l y  a n d  

l o g i c a l l y  t h e  k e y  c o n c e p t s ,  e t c . ,  a r e  p l a c e d  f i r s t  i n  

e x p o s i t i o n  o r  t e a c h i n g .  I t  h a s  b e e n  s a i d  t h a t  t h e  h i s t o r y  

o f  m a t h e m a t i c s  i s  a  c h a r a c a t u r e  o f  i t s  l o g i c a l ,  m a t h e ­

m a t i c a l  a r r a n g e m e n t .  I n  t h e  c a s e  o f  m a t h e m a t i c s  h i s t o r y ,  

o n t o g e n y  d o e s  n o t  r e c a p i t u l a t e  p h i l o g e n y ;  n o r  s h o u l d  i t .  

T o  k now  w h a t  s h o u l d  c o m e  f i r s t ,  s e c o n d ,  a n d  s o  o n ,  i n  t h e  

p r e c i s e ,  l o g i c a l ,  m a t h e m a t i c a l  o r d e r  u s u a l l y  m e a n s  k n o w i n g  

w h a t  c o m e s  l a s t .  H i s t o r i c a l l y  i t  w a s  s e l d o m  t h e  c a s e  

t h a t  a  m a t h e m a t i c i a n  k n e w  b e y o n d  a  f e w  s t e p s  w h e r e  t h e  

m a t h e m a t i c a l  t o p i c  w o u l d  l e a d .  C o n s e q u e n t l y ,  t o  b e  a b l e  

t o  know  i n  a d v a n c e  t h e  p r e c i s e  w o r d i n g  o f  d e f i n i t i o n s ,  

a x i o m s ,  o r  t h e o r e m s ,  i n  o r d e r  t o  g a i n  t h e  g r e a t e s t  u t i l i t y ,  

e l e g a n c e ,  d e p t h  a n d  f o r c e ,  i s  u s u a l l y  i m p o s s i b l e .
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A n  i m p o r t a n t  v i e w  o f  m a t h e m a t i c s  h i s t o r y  i s  t h a t  

i t  i s  a  h i s t o r y  o f  c l a r i f i c a t i o n s ,  g e n e r a l i z a t i o n s ,  i m p r o v e  

m e n t s ,  a b s t r a c t i o n s ,  a n d  s h a r p e n i n g  o f  c o n c e p t s ,  d e f i n i ­

t i o n s ,  a x i o m s ,  t h e o r e m s ,  a n d  p r o o f s .

T h e  D i f f e r e n c e  B e t w e e n  t h e  
P u b l i s h e d  D o c u m e n t s  a n ?
P r i v a t e  W o r k

M o s t  m a t h e m a t i c i a n s  g o  t h r o u g h  s e v e r a l  d r a f t s  o f  

t h e i r  p a p e r s ,  p r o o f s ,  i d e a s ,  e t c . ,  b e f o r e  c o m m i t t i n g  t h e m  

t o  p u b l i c a t i o n .  L i k e  t h e  s i t u a t i o n  d e s c r i b e d  a b o v e ,  w h a t  

t h e  m a t h e m a t i c i a n  f i n a l l y  p r o d u c e s  f o r  t h e  p u b l i c , t h e  

p u b l i s h e d  w o r k ,  r e v e a l s  l i t t l e  a s  t o  how a n d  w h y  t h e  

m a t h e m a t i c i a n  d i d  w h a t  h e  d i d .  O c c a s i o n a l l y  t h e  a u t h o r  

w i l l  a d d  s o m e  e x p l a n a t i o n s  a b o u t  t h e  s o u r c e  o f  h i s  i d e a s  

o r  a i d s ,  h o w e v e r ,  e s p e c i a l l y  i n  m o r e  m o d e r n  p u b l i c a t i o n s ,  

t h e  w o r k  i s  a l m o s t  c o m p l e t e l y  d i s e m b o d i e d  f r o m  i t s  c r e a t o r .  

W h e n  p o s s i b l e  t h e  h i s t o r i a n  s h o u l d  k now  t h e  r e a s o n s  o r  

s o u r c e s  o f  m a t h e m a t i c a l  i d e a s ,  t h e o r e m s ,  a n d  p r o o f s .

A p a r t i c u l a r l y  g o o d  d e s c r i p t i o n  o f  t h i s  a t t i t u d e

i s  g i v e n  b y  P e g g y  M a r c h i  i n  a n  e s s a y  d i s c u s s i n g  I m r e  L a k a t o s .

. . . L a k a t o s  w o u l d  s a y ,  i f  y o u  w a n t  t o  k n o w  w h y  a  
p a r t i c u l a r  d i s c o v e r y  w a s  m a d e ,  a s k  f i r s t ,  w h a t  
p r o b l e m  t h e  m a t h e m a t i c i a n  w a s  t r y i n g  t o  s o l v e .
A s k  s e c o n d  w h a t  w e r e  t h e  s o l u t i o n s  o f  h i s  p r e ­
d e c e s s o r s ,  i f  h e  h a d  a n y ,  o r  w h a t  w e r e  h i s  own 
p r e v i o u s  u n s u c c e s s f u l  s o l u t i o n s .  A s k  t h i r d  how 
t h e s e  u n s u c c e s s f u l  s o l u t i o n s  f a i l e d .  A s k  f o u r t h  
w h a t  q u a l i t i e s  a  s u c c e s s f u l  s o l u t i o n  m u s t  h a v e .
O f  c o u r s e ,  n o n e  o f  t h i s  i n f o r m a t i o n  c a n  t e l l  y o u
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how t h e  s u c c e s s f u l  s o l u t i o n s  t o  t h e  p r o b l e m  w a s  d i s ­
c o v e r e d .  B u t  a c c o r d i n g  t o  L a k a t o s ,  g r e a t  d i s c o v e r i e s  
d o  n o t  c o m e  o u t  o f  v a c u u m s .  T h e y  com e  f r o m  p e o p l e  
t r y i n g  t o  s o l v e  p r o b l e m s ,  p r o b l e m s  t h a t  t h e y  a n d  
p e r h a p s  o t h e r s  h a v e  p r e v i o u s l y  f a i l e d  t o  s o l v e .
S i m p l e  a s  t h i s  o b s e r v a t i o n  i s ,  i t  h u m a n i z e s  m a t h e ­
m a t i c s  g r e a t l y . i

A n o t h e r  m e t h o d  o f  l e a r n i n g  a b o u t  t h e  s o u r c e  o f  a  

p a p e r  o r  i d e a  i s  t o  f i n d ,  i f  p o s s i b l e ,  t h e  p r i v a t e  p a p e r s —  

l e t t e r s ,  n o t e b o o k s ,  d r a f t s ,  n o t e s ,  e t c . — t h a t  m a y  p r o v i d e  

i n s i g h t  i n t o  t h e  c r e a t i v e  e n t e r p r i s e  o f  p r o d u c i n g  new 

m a t h e m a t i c s .

A f t e r  a l l ,  t h e  d e v e l o p m e n t  o f  m a t h e m a t i c s  o c c u r s  

t h r o u g h  t h e  a c t i v i t i e s  o f  m a t h e m a t i c i a n s .  A s  i t  h a s  b e e n  

s a i d ,  t h e  m o s t  i m p o r t a n t  e x i s t e n c e  c r i t e r i a  i n  m a t h e m a t i c s  

i s  t h e  e x i s t e n c e  o f  m a t h e m a t i c i a n s .

M a t h e m a t i c i a n s ,  i n  a l l  a g e s  I  s u s p e c t ,  a r e  r e t i c i e n t  

t o  d i s c u s s  p u b l i c l y  ( c e r t a i n l y  n o t  p u b l i s h )  t h e i r  f o u n d e r i n g s  

a n d  f a l s e  p r o o f s  a n d  w r o n g  l e a d s .  F o r  m a t h e m a t i c i a n s ,  

m a t h e m a t i c s  i s  f i n i s h e d  m a t h e m a t i c s ,  c o r r e c t ,  c o m p l e t e  

m a t h e m a t i c s .  A l l  t h e  p r e c e d i n g  h u n c h e s ,  g u e s s e s ,  t e s t s  a n d  

t r i a l s  a r e  n o t  t h e  r e a l  m a t h e m a t i c s  s o  r e c o r d s  o f  s u c h  

a c t i v i t y  a r e  n o t  v a l u a b l e .  P r o f e s s o r  S a u n d e r  M a c L a n e  

o n c e  s a i d  t h a t  t h e  m a t h e m a t i c i a n ' s  m o s t  v a l u a b l e  t o o l  w a s

Peggy M a rch i ,  "Mathematics  a s  a C r i t i c a l  E n t e r p r i s e , "  
i n  E s sa y s  i n  Memory o f  Imre L a k a t o s . R. S. Cohen, e d . ( B o s t o n :  
D. R e i d e l  P u b l i s h i n g  Company, 1976) ,  p. 385.
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h i s  w a s t e b a s k e t .  He  w e n t  o n  t o  s a y  t h a t  m o s t  m a t h e m a t i c i a n s  

u s e d  t h e i r  f i l i n g  c a b i n e t s  i n s t e a d .  T r u e .  T h i n g s  t h a t  

a r e  j u s t  w r o n g ,  m i s l e a d i n g ,  o r  u s e l e s s  c a n  o n l y  c o n t r i b u t e  

t o  t h e  c l u t t e r ;  y e t ,  t h e  h i s t o r i a n  c a n ' t  ( o r  a t  l e a s t  

s h o u l d n ' t )  h e l p  t h i n k i n g  t h a t  i n  s o m e  o f  t h o s e  p a p e r s  i n  

t h e  w a s t e b a s k e t  a r e  t h e  s e e d s  o f  t h e  f i n a l ,  p o l i s h e d  

p a p e r s .  H a n s  F r e u n d e n t h a l  c a p t u r e d  t h e  s p i r i t  o f  p r o d u c i n g  

m a t h e m a t i c s  a n d  p u b l i s h i n g  q u i t e  w e l l  i n  t h i s  c o m m e n t :

T h i s  i s  t h e  w a y  we w r i t e  o u r  m a t h e m a t i c a l  p a p e r s .
We c o n c e a l  t h e  t r a i n  o f  t h o u g h t  w h i c h  l e d  u s  t o  t h e  
r e s u l t .  We w o u l d  n o t  e v e n  k n o w  how t o  e x p r e s s  t h i s ;  
i f  we  d i d ,  i t  w o u l d  b e  l i k e  e x h i b i t i n g  d i r t y  l i n e n  
i n  p u b l i c .  A s  m a t h e m a t i c i a n s  we  a r e  u s e d  t o  o b j e c -  
t i v a t e ,  w h i c h  i n  i t s e l f  i s  a  g o o d  h a b i t .  T h e  w a y  
we g o t  a  p a r t i c u l a r  i d e a  i s  n o b o d y ' s  b u s i n e s s .  I t  
i s  t r u e  t h a t  we  a r e  w r i t i n g  a  m a t h e m a t i c a l  p a p e r  
a n d  n o t  o u r  " c o n f e s s i o n s . " I

W i t h  t h i s  t e n d e n c y  a m o n g  m a t h e m a t i c i a n s  t o  n o t  r e v e a l  t h e

s o u r c e s  o r  t h i n k i n g  p r o c e s s e s  i t  b e c o m e s  e s p e c i a l l y  i m p o r t a n t

f o r  t h e  h i s t o r i a n  t o  a l w a y s  c o n s i d e r  t h e  d i f f e r e n c e

b e t w e e n  t h e  p u b l i s h e d  d o c u m e n t  a n d  t h e  p r i v a t e  a c t i v i t y .

W hen  p o s s i b l e ,  i n f o r m a t i o n  a b o u t  t h e  l a t t e r  s h o u l d  p r o v i d e

a  m u c h  r i c h e r  h i s t o r y  o f  t h e  f o r m e r .

D e t e r m i n i n g  t h e  R o l e s  
o f  M a t h e m a t i c i a n s

We a l l  k n o w  t h e  f a m o u s  m a t h e m a t i c i a n s  a n d  t h e i r  

c o n t r i b u t i o n s .  B u t ,  a s  i n  t h e  c a s e  w i t h  G r a b i n e r ' s

^ H a n s  F r e u d e n t h a l ,  M a t h e m a t i c s  a s  a n  E d u c a t i o n a l  
T a s k  ( D o r d r e c h t ,  H o l l a n d :  D .  R e i d e l  P u b l i s h i n g  C o m p a n y ,
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h i s t o r y  o f  C a u ch y 's  c o n t r i b u t i o n s ,  we must  be aware  o f  th e  

n o t - s o - f a m o u s  m a th e m a t i c i a n s  and t h e i r  c o n t r i b u t i o n s .

Some m a th e m a t ic i a n s  s e t  t h e  s t a g e  t h ro u g h  e i t h e r  th e  

b e g in n in g  o r  p a r t i a l  theorems o r  i d e a s ,  from which  the  

famous m a th e m a t ic i a n  s o l v e s  th e  im p o r ta n t  o r  deep  problem 

o r  theorem. I n  o t h e r  c a s e s  t h e  n o t - s o - f a m o u s  p r o v id e s  a 

s o r t  o f  mopping-up f u n c t i o n  by p ro v in g  theorems which  a r e  

t h e  r e s u l t  o f  some famous m a th e m a t i c i a n .  Or a s  i n  th e  

c a se  o f  S c h o e n f l i e s  and Brouwer,  i t  was S c h o e n f l i e s 1 e r r o r s  

which  l ea d  Brouwer t o  some o f  h i s  v a l u a b l e  c o n t r i b u t i o n s .

D e te rm in in g  t h e  Role  o r  
S i g n i f i c a n c e  o f  th e  
E s t a b l i s h m e n t  o f  T heorems,
Axioms, S e p a r a t e  D i s c i p l i n e s ,  e t c .

The h i s t o r i a n  must  pe rfo rm  t h e  h i s t o r i c a l  t a s k  o f  

d e c i d i n g  when a p a r t i c u l a r  th eo rem ,  s e t  o f  ax iom s,  o r  t o p i c  

became e s t a b l i s h e d  a s  a  s e p a r a t e  e n t i t y .  Theorems may come 

o u t  o f  p a p e r s  i n  which th e y  were o n ly  a  lemma o r  even  an  

a s i d e .  The H e in e - B o r e l  Theorem, i n  t h e  c a s e  o f  H e in e ,  was 

r e a l l y  a theorem a b o u t  c o n t in u o u s  f u n c t i o n s  o v e r  a c lo s e d  

and bounded domain. The J o r d a n  Curve Theorem came a t  th e  

end o f  a l a r g e  volume o f  a n a l y s i s ,  embedded i n  a d i s c u s s i o n  

o f  com plex -va lued  f u n c t i o n s .  Both theorems were e v e n t u a l l y  

r e c o g n iz e d  a s  b e in g  im p o r ta n t  un to  th e m s e lv e s .

19 7 3) ,  p. 103. Freudenthal  i s  a l s o  d i s c u sse d  i n  Chapter I I I .
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I  have y e t  t o  be a b l e  t o  p in  down when p o i n t  s e t  

t o p o lo g y  was c o n s i d e r e d  a  s e p a r a t e  e s t a b l i s h e d  d i s c i p l i n e .

As I  have m ent ioned i n  C h a p te r  I ,  H a u s d o r f f  r e v e a l s  l i t t l e  

a b o u t  h i s  work on p o i n t  s e t  to p o lo g y  p r i o r  t o  th e  p u b l i c a ­

t i o n  o f  h i s  Grundzuge , y e t  i t  i s  g e n e r a l l y  a c c e p t e d  t h a t  

t h e  p u b l i c a t i o n  o f  th e  Grundzuge e s t a b l i s h e d  p o i n t  s e t  

to p o lo g y  a s  a  s e p a r a t e  d i s c i p l i n e .

I n  some c a s e s  th e  h i s t o r i a n  may o n ly  be l e f t  w i t h  

t h e  c o n c l u s i o n  t h a t  m a th e m a t i c i a n s  a t  t h e  t ime knew a b o u t  

th e  s u b j e c t ;  t h a t  th e  " i n v i s i b l e  c o l l e g e "  o f  m a th e m a t ic i a n s  

had th e  s u b j e c t  " i n  th e  a i r , "  and one ,  l i k e  H a u s d o r f f ,  

r e c o r d e d  i t  f o r  p u b l i c a t i o n .

I t  i s  p ro b a b ly  s a f e  t o  say t h a t  g r a d u a t e  s t u d e n t s  

p ro d u c in g  d i s s e r t a t i o n s  i n  a new f i e l d ,  c o u r s e s  be in g  

t a u g h t  in  th e  new f i e l d ,  new te x tb o o k s  on th e  s u b j e c t ,  

i n c l u s i o n  i n  t h e  in d e x in g  j o u r n a l s  a r e  a l l  s i g n s  o f  the  

e s t a b l i s h m e n t  o f  a  s e p a r a t e  d i s c i p l i n e .

With h i n d s i g h t  we can  p r o b a b ly  look  back on c e r t a i n  

p a p e r s  o r  m a th e m a t i c i a n s  be in g  th e  sem in a l  f a c t o r s  o f  a 

new d i s c i p l i n e .  I  s u s p e c t  t h a t  a t  t h e  t ime t h e  m a the ­

m a t i c a l  community a t  l a r g e  d id  n o t  s e n se  th e  impending 

s e p a r a t e  d i s c i p l i n e .
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I n t e n t  and P urpose  o f  
M athem at ics  H i s t o r y

S te p s  tow ards  a n  h i s t o r i o g r a p h y  o f  m a them a t ic s  

would be in com p le te  w i t h o u t  some d i s c u s s i o n  o f  th e  v a r i o u s  

r e a s o n s  why m athem at ics  h i s t o r y  i s  w r i t t e n .

T e c h n i c a l ,  P r o f e s s i o n a l  
H i s t o r y

Much m a th em a t ic s  h i s t o r y  i s  w r i t t e n  t o  p ro v id e  a n  

h i s t o r i c a l  a c c o u n t  o f  th e  t e c h n i c a l ,  p r o f e s s i o n a l  r e s u l t s  

ga ined  by m a th e m a t i c i a n s  o v e r  th e  c o u rs e  o f  h i s t o r y .  T h is  

ty pe  o f  h i s t o r y  i s  a r e c o r d i n g  o f  t h e  f a c t s  o f  t h e  th eo re m s ,  

p r o o f s ,  d e f i n i t i o n s ,  ax iom s,  e t c . ,  and th e  r e l e v a n t  m a th e ­

m a t i c i a n s  r e l a t e d  to  such  work.

I l l u m i n a t i n g  o r  A p p r e c i a t i n g  
P r e s e n t  M athem at ics

S tu d e n t s  and m a th e m a t i c i a n s  o f t e n  f i n d  a g r e a t e r  

a p p r e c i a t i o n  o f  p r e s e n t  m athem atics  when s e en  i n  th e  l i g h t  

o f  m a th em a t ic s  h i s t o r y .  There  i s  a  t en d e n cy  t o  use  m a th e ­

m a t i c s  h i s t o r y  t o  j u s t i f y  what  we now know by s e e in g  

c u r r e n t  m a th em a t ic s  a s  th e  improvement and c u l m i n a t i o n  o f  

th e  h i s t o r y  o f  m a th e m a t ic s .  C e r t a i n l y  much o f  B o u r b a k i ' s  

a p p ro a c h  t o  h i s t o r y  i s  from th e  modern v i e w p o in t .  What 

i s  c o n s i d e r e d  im p o r t a n t  now th u s  has a n  im p o r t a n t  h i s t o r y .

I  s u s p e c t  t h a t  i s  why so r e l a t i v e l y  l i t t l e  has  been 

w r i t t e n  a b o u t  th e  h i s t o r y  o f  p o i n t  s e t  t o p o lo g y .  P r e s e n t l y ,
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p o i n t  s e t  t o p o lo g y  i s  n o t  c o n s i d e r e d  an  im p o r ta n t  m a th e ­

m a t i c a l  s u b j e c t .  The c o n c e p t s  o f  p o i n t  s e t  t o p o lo g y  a r e  

e s s e n t i a l ,  bu t  th e  s u b j e c t  i t s e l f  i s  not  a so u rc e  o f  

c u r r e n t l y  im p o r t a n t  r e s e a r c h  p rob lem s .  Thus ,  so l i t t l e  

h i s t o r i c a l  s t u d y  o f  i t .

U n d e r s t a n d in g  th e  H i s t o r y  
o f  S c ien c e

Many developm ents  i n  t h e  h i s t o r y  o f  s c i e n c e  r e q u i r e d  

th e  t o o l s  o f  m a th em a t ic s  i n  t h e i r  deve lop m en ts .  T h is  i s  

much o f  B o c h n e r ' s  p o i n t  i n  h i s  book M athem at ics  and th e  

R i s e  o f  S c i e n c e . C e r t a i n l y  M o r r i s  K l in e  b e l i e v e s  t h a t  much 

o f  m a th em a t ic s  and i t s  h i s t o r y  i s  th e  h i s t o r y  o f  th e  s o l u ­

t i o n  of. p h y s i c a l  problems th ro u g h  m a th e m a t ic s .  Up u n t i l  

t h e  n i n e t e e n t h  c e n t u r y  much o f  m athem atics  co u ld  be 

c h a r a c t e r i z e d  t h i s  way. M a th e m a t i c i a n s  were u s u a l l y  a l l i e d  

w i t h  n a t u r a l  s c i e n t i s t s  o r  n a t u r a l  p h i l o s o p h e r s  so t h a t  

m a th e m a t ic s ,  n a t u r e ,  and p h i lo s o p h y  o f  n a t u r e  were a l l  

p a r t  o f  t h e  same s t u d y .

G e n e ra l  I n t e l l e c t u a l  
H i s t o r y

I n  some a r e a s  o f  t h e  h i s t o r y  o f  m a th em a t ic s  t h i s  

has been e s p e c i a l l y  i l l u m i n a t i n g .  Much o f  Greek m athe ­

m a t i c s  and i t s  h i s t o r y  i s  i n t i m a t e l y  c o n n ec ted  w i t h  

H e l l e n i c  i n t e l l e c t u a l  h i s t o r y .  For  exam ple ,  A. Szabo 

has w r i t t e n  on t h i s  i n  h i s  a r t i c l e ,  "The T r a n s f o r m a t i o n  o f
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M athem at ics  i n t o  D e d uc t ive  S c ien c e  and th e  B eg inn ings  o f  

i t s  F o u n d a t io n s  on D e f i n i t i o n s  and Axioms."*' Or O t to  

N e u g e b a u e r ' s  The E x a c t  S c i e n c e s  i n  A n t i q u i t y  i s  a n o t h e r  

example o f  u n d e r s t a n d i n g  some o f  th e  i n t e l l e c t u a l  h i s t o r y  

o f  th e  E g y p t i a n s  and B aby lo n ian s  t h ro u g h  t h e i r  m a th e m a t i c s .

I  have m ent ioned  A. N. W h i t e h e a d ' s  comments a b o u t  

m a them a t ic s  i n  th e  h i s t o r y  o f  t h o u g h t ,  and o t h e r  p h i l o s o p h e r s  

have o c c a s i o n a l l y  t r e a t e d  m a th em a t ic s  and i t s  h i s t o r y  a s  

p a r t  o f  t h e  g e n e r a l  i n t e l l e c t u a l  m i l i e u  o f  a p e r i o d .

U n d e r s t a n d in g  t h e  p h i lo s o p h y  
o r  N a tu re  o f  M athem at ics

The s tu d y  o f  th e  h i s t o r y  o f  m a th em a t ic s  i n e v i t a b l y  

l e a d s  one to  i d e a s  o r  c o n c l u s i o n s  a b o u t  i t s  n a t u r e ,  s t r u c ­

t u r e ,  o r  p h i lo s o p h y .  How i t  d e v e lo p s  s u g g e s t s  a s p e c t s  o f  

why i t  d e v e lo p s  and s u g g e s t s  e x p l a n a t i o n s  o f  i t s  un ique  

n a t u r e .  H i s t o r y  o f  m a them a t ic s  t h e n  becomes h i s t o r y - a s -  

e x p l a n a t i o n ;  m a th em a t ic s  has  t h i s  h i s t o r y  because  m a the ­

m a t i c s  has  t h i s  p a r t i c u l a r  n a t u r e .  One becomes i n c l i n e d  

t o  t h i n k  t h a t  m a th em a t ic s  had t o  d ev e lo p  i n  such  a way 

because  i t  has th e  p a r t i c u l a r  n a t u r e .

Thus ,  e s t a b l i s h i n g  a  h i s t o r i o g r a p h y  o f  m a th em a t ic s  

o r  a n  h i s t o r i c a l  a p p ro a ch  t o  m a th em a t ic s  begs n a s c e n t  

p h i l o s o p h i c a l  q u e s t i o n s  a b o u t  th e  n a t u r e  o f  m a th e m a t ic s ,

*~Scripta M a th e m a t i c a , 27 (1 9 6 4 ) ,  P a r t  I :2 4 -4 8 A ,  
P a r t  I I :  l l 3 - 1 3 9 .
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th e  p h i lo s o p h y  o f  m a th e m a t ic s ,  and th e  r e l a t i o n s  between 

th e  h i s t o r y  and th e  p h i lo s o p h y  o f  m a th e m a t ic s .  These 

s u b j e c t s  a r e  d i s c u s s e d  i n  th e  n e x t  c h a p t e r .



CHAPTER I I I

PHILOSOPHY OF MATHEMATICS AND ITS RELATIONS 
TO THE HISTORY OF MATHEMATICS

Having d i s c u s s e d  th e  s p e c i f i c  h i s t o r y  o f  p o i n t  

s e t  topology and t h e  more g e n e r a l  problem o f  h i s t o r i c a l  

method i n  m athem atics  h i s t o r y ,  i t  i s  now n e c e s s a r y  to  

c o n s i d e r  th o se  a s p e c t s  o f  t h e  n a t u r e  and p h i lo s o p h y  o f  

m a them a t ic s  t h a t  p e r t a i n  t o  i t s  h i s t o r y  and h i s t o r i o g r a p h y .  

We s h a l l  a l s o  c o n s i d e r  th e  p o t e n t i a l  c o n t r i b u t i o n s  o f  

t h e  h i s t o r y  o f  m a them a t ic s  t o  v a r i o u s  a s p e c t s  o f  th e  

p h i lo s o p h y  o f  m a th e m a t i c s .  I t  i s  t h e  i n t e r r e l a t i o n s  

between i t s  h i s t o r y  and i t s  p h i lo s o p h y  t h a t  u l t i m a t e l y  

r e v e a l s  th e  p l a c e  o f  m a them a t ic s  i n  human t h o u g h t .

The D i f f e r e n t  Senses  o f  th e  
P h i lo s o p h y  o f  Mathematics~~

There  a r e  some p h i l o s o p h e r s  who 
a r e  c a p a b le  o f  d i s c o u r s i n g  a f t e r  
d i n n e r  on v a r i o u s  r e s u l t s  i n  
modern s c i e n c e  and t h e i r  p h i l o s ­
o p h i c a l  s i g n i f i c a n c e ,  b u t  manage 
t o  p r e s e r v e  a b a s i c  o p a c i t y  w h i l e  
c r e a t i n g  a n  i l l u s i o n  o f  u n d e r ­
s t a n d i n g  and n o t  com m it t ing  
f a c t u a l  m i s t a k e s .

—Hao Wang

Under th e  r u b r i c ,  " p h i lo s o p h y  o f  m a t h e m a t i c s , ’ 1 

a r e  found s e v e r a l  d i f f e r e n t  t o p i c s  d e s c r i b i n g  o r  e x p l i c a t in g
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t h e  s t r u c t u r e ,  t h e  o b j e c t s ,  t h e  f o u n d a t i o n s ,  t h e  n a t u r e ,  

t h e  e p i s te m o lo g y  o r  o n t o lo g y ,  th e  l o g i c ,  th e  t r u t h  o r  

c e r t a i n t y ,  o r  th e  d e d u c t iv e  r i g o r  in v o lv e d  i n  m a th em a t ic s .

One r e a s o n  f o r  so many s e n s e s  o f  th e  p h i lo s o p h y  

o f  m athem at ics  i s  t h a t  many s c h o l a r s  f e e l  competen t  t o  

d i s c u s s  t h e  p h i lo s o p h y  o f  m a th em a t ic s  o r  s c i e n c e —one 

o n ly  needs  t o  wa:x r e f l e c t i v e ,  imagine some i d e a l i z e d  form 

o f  m athem at ics  ( t h e  u l t i m a t e  " f o r m a l 11 s c i e n c e ) ,  and t h e  

comm entar ies  f o l l o w .  Thus ,  my i n c l u s i o n  o f  Hao Wang!s 

aphor ism .  More i m p o r t a n t ,  Wang, and o n ly  a few o t h e r s ,  

a p p r e c i a t e  t h e  d i s t i n c t i o n s  among th e  v a r i o u s  s e n s e s  o f  

t h e  p h i lo s o p h y  o f  m a th e m a t i c s .  I n  h i s  wide r a n g in g  From 

M athem at ics  t o  P h i l o s o p h y , Wang comments on the  v a r i e t y  

o f  " t o p i c s  i n  t h e  p h i lo s o p h y  o f  m a t h e m a t i c s . "

The a c h ie v e m e n ts  o f  F reg e  have led  g r a d u a l l y  t o  
a  fo rm a l  and r i g i d  t r e n d  n o t  o n ly  i n  th e  p h i lo s o p h y  
o f  m a th em a t ic s  b u t  a l s o ,  n o t a b l y  th ro u g h  th e  work 
o f  e a r l i e r  W i t t g e n s t e i n  and Carnap ,  i n  g e n e r a l  
p h i lo s o p h y .  On t h e  m a th e m a t i c a l  s i d e ,  th e  i n f l u e n c e s  
o f  C a n to r  and H i l b e r t  c u lm in a te d  i n  t h e  work o f  G odel .  
He i s  the  c e n t r a l  f i g u r e  i n  th e  d i s c i p l i n e  o f  
m a th e m a t i c a l  l o g i c ,  which has  more r e c e n t l y  e vo lv ed  
i n t o  a t e c h n i c a l  b ran c h  o f  m a th e m a t ic s .  G r a d u a l ly  
th e  i n a d e q u a c ie s  o f  m a th e m a t i c a l  l o g i c  a s  t h e  b a s i c  
t o o l  f o r  t h e  p h i lo s o p h y  o f  m a th em a t ic s  and f o r  
g e n e r a l  p h i lo s o p h y  have come to  be f e l t .  On th e  one 
hand,  a s  m a th e m a t i c a l  l o g i c  d e v e lo p s  i n t o  a s u b ­
s t a n t i a l  s u b j e c t ,  t h e  a p p e a l  o f  bo ld  s i m p l i c i t y  b o th  
i n s i d e  th e  s u b j e c t  and a s  p r o j e c t e d  on m athem atics  
and on knowledge i s  l o s t .  On th e  o t h e r  hand ,  the  
d i s r e g a r d  by m a th e m a t i c a l  l o g i c  o f  a c t u a l  mathema­
t i c a l  a c t i v i t y  and p r a c t i c e  i s  s e e n  t o  y i e l d  a o n e ­
s id e d  a p p ro a ch  to  t h e  p h i lo s o p h y  o f  m a them a t ic s  
and knowledge i n  g e n e r a l .



213

A p a r t i a l  l i s t  o f  o v e r l a p p in g  b a s i c  i s s u e s  
commonly d i s c u s s e d  i n  th e  p h i lo s o p h y  o f  m athem at ics  
i s  t h e  f o l l o w in g .

1. The n a t u r e  o f  pure  l o g i c  and i t s  p l a c e  i n  
human knowledge.

2. The c h a r a c t e r i z a t i o n  o f  m a th e m a t i c a l  c o n c e p t s .
3. The p l a c e  o f  i n t u i t i o n  and f o r m a l i z a t i o n  i n  

m a th e m a t ic s .
4. The r e l a t i o n  between l o g i c  and m a th e m a t ic s .
5. The n a t u r e  o f  m a th em a t ic s  and i t s  r e l a t i o n  

t o  c o n c e p t s  such  a s  n e c e s s i t y ,  a n a l y t i c i t y ,  
c e r t a i n t y ,  t h e  a p r i o r i ,  and s e l f  e v id e n c e .

6 . The p l a c e  o f  m a them a t ic s  i n  human knowledge.
7. M a th e m a t i c a l  a c t i v i t y  and p r a c t i c e . 1

Wang's background i s  i n  pure  m a them a t ic s  and l o g i c  

(he was a l s o  a f r i e n d  and k ind  o f  p e r s o n a l  s e c r e t a r y  to  

K u r t  G ode l ,  so much o f  th e  i n t e r e s t  i n  t h i s  book l i e s  i n  

h i s  comments, l e t t e r s ,  and r e c o r d s  o f  c o n v e r s a t i o n s  w i t h  

G o d e l ) , hence he i s  w e l l  q u a l i f i e d  t o  d i s c u s s  a s p e c t s  o f  

th e  n a t u r e  o f  m a th e m a t ic s .

A n o th e r  m a th e m a t i c i a n  and p h i l o s o p h e r ,  Wil lem Kuyk, 

has  w r i t t e n  a b o u t  f o u n d a t i o n s  and th e  h i s t o r y  o f  f o u n d a t i o n s  

i n  h i s  C om plem en ta r i ty  i n  M a th e m a t i c s . He has d eve loped  a 

l i s t  s i m i l a r  to  W ang 's .

The h i s t o r y  o f  th e  f o u n d a t i o n s  o f  m a th e m a t i c s ,  
th e  p r e s e n t  a u t h o r  m a i n t a i n s ,  c a n  be viewed a s  an  
i n t e r r e l a t e d  s e t  o f  a t t e m p t s  t o  u n i t e  a  v a r i e t y  
o f  a s p e c t s  o f  th e  ( c l a s s i c a l )  m a th e m a t i c a l  a c t i v i t y .  
I n c lu d e d  a r e  t h e  f o l l o w in g :

( 1 ) th e  r o l e  o f  ' l o g i c , 1 o r  ' n a i v e  l o g i c , '  a s  a 
sp o n ta n eo u s  i n n a t e  a b i l i t y  o f  man to  form

h la o  Wang, From M athem at ics  t o  P h i lo s o p h y  (London: 
R o u t le d g e  and Kegan P a u l ,  1^7 4 ) ,  pp.  3 0 - 3 l .
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c o n c e p t s  o f  t h i n g s ,  and a n  unend ing  v a r i e t y  
o f  t h i n g s ,  c o n c e p t s  o f  c o n c e p t s  o f  t h i n g s ,  e t c . ;

( 2 ) t h e  r o l e  o f  l a n g u a g e , a s  a  communicative  t o o l ,  
b e a r i n g  i n f o r m a t i o n ;

( 3 ) t h e  r o l e  o f  ( fo rm a l )  l o g i c ,  a s  a n  h i s t o r i c a l l y  
u n f o l d i n g  s e t  o f  (more o r  l e s s  f o r m a l i z e d )  r u l e s  
o f  t h o u g h t ,  made w i t h  t h e  s p e c i f i c  pu rpo se  o f  
o r d e r i n g  and o r g a n i z i n g ,  c o h e r e n t l y  and  dedu c ­
t i v e l y ,  th e  c o n c e p t s  b e lo n g in g  t o  s p e c i f i c  domains 
o f  t h o u g h t  ( su c h  a s  m a th e m a t i c s ,  p h y s i c s ,  e t c . ) ;

( 4 ) t h e  r o l e  o f  c o n s t r u c t i v e  t h i n k i n g , i n  th e  sen se  
o f  b u i l d i n g  new e n t i t i e s  from g iv e n  e n t i t i e s  i n  
such  a  manner t h a t  th e  p r o p e r t i e s  o f  t h e  new 
e n t i t i e s  c an  be d e r i v e d  from th e  p r o p e r t i e s  o f  
t h e  o ld  e n t i t i e s ,  w i t h o u t  u s in g  a  t e rm in o lo g y  
which  ( p r e ) s u p p o s e s  th e  e x i s t e n c e  o f  a  ' P l a t o n i c 1 

world  o f  a l l  p r o p e r t i e s  o f  some s o r t ;

(5)  t h e  r o l e  o f  i n t u i t i o n , a s  a n  immediate  g r a s p i n g  
o f  e v id e n c e  r e g a r d i n g  t h i n k i n g ,  i . e . ,  a  way o f  
coming t o  knowledge,  in dep e n d en t  o f  d e d u c t i o n ;

( 6 ) t h e  e v a l u a t i o n  o f  t h e  q u e s t i o n  w h e th e r  i n  m a the ­
m a t i c s  t h e r e  i s  a  ' f i r s t  knowledge '  a s  opposed 
t o  ' d e r i v e d  knowledge , 1 o r  ' s e c o n d ( a r y )  know­
l e d g e '  ( e . g . ,  i s  th e  number co n ce p t  p r im a ry  o r  
i s  t h e  c o n c e p t  o f  a  ' s e t '  b a s i c  t o  a l l  o f  m a the ­
m a t i c s ,  a s  C a n t o r i s t s  assume? What i s  t h e  n a t u r e  
o f  our  knowledge a b o u t  n u m b e r s ? ) ;

( 7 ) a n  a c c o u n t  o f  t h e  f a c t  t h a t  a l o n g  d e d u c t iv e  p a th s  
t h e  a p p l i c a t i o n  o f  p u r e l y  m a th e m a t i c a l  methods 
o f t e n  l e a d s  t o  ( ap p ro x im a te  b u t )  t r u e  knowledge 
a b o u t  t h e  w o r ld ,  i . e . ,  t h a t  b a s i c  m a th e m a t i c a l  
p r o p e r t i e s  o f  number and t h e  knowledge o f  t o p o lo g y  
and a n a l y s i s  may f i n d  a p p l i c a t i o n  i n  non-m athe-  
m a t i c a l  domains ( e . g . ,  i s  i t  ' a c c i d e n t a l '  t h a t  
t h e  group  c o n c e p t  i s  a p p l i c a b l e  i n  p h y s i c s ,  o r  
a r e  m a th e m a t i c a l  s t r u c t u r e s  t o  be viewed a s
p a r t  o f  a  much w id e r  th o u g h t  p a t t e r n ,  i n c l u d i n g  
th o u g h t  i n  th e  ( n a t u r a l )  s c i e n c e s ? ) . *

H r i l l e m  Kuyk, C om plem en ta r i ty  i n  M athem at ics  
(B os ton :  D. R e i d e l  P u b l i s h i n g  Company, 1 9 / 7 ) ,  pp. 130-131 .
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I n  c o m p ar iso n ,  we see  t h a t  Wang's  l i s t  t e n d s  to  

emphasize  th e  p l a c e  o f  m a them a t ic s  i n  human knowledge;  

th e  s tu d y  o f  th e  p h i lo s o p h y  o f  m athem at ics  a s  a p a r t  o f  

t h e  h i s t o r y  o f  i d e a s .  Kuyk 's  l i s t  t e n d s  t o  emphasize  th e  

a c t i v i t y  o f  m a th e m a t ic i a n s  a s  p a r t  o f  th e  p h i lo s o p h y  o f  

m a th em a t ic s  w i t h  c o n s i d e r a t i o n s  o f  t h e  p l a c e  o f  i n d i v i d u a l s '  

i n t u i t i o n ,  c o n s t r u c t i v e  t h i n k i n g ,  p e r s o n a l  knowledge.

Both o f  them c o u n t e r b a l a n c e  th e  t en d e n cy  t o  o v e r -e m p h as iz e  

f o u n d a t i o n s  and  axioms a s  th e  most  im p o r t a n t  s e n s e s  o f  th e  

p h i lo s o p h y  o f  m a th e m a t ic s .  Forming a n  amalgam from t h e s e  

two l i s t s  we see  t h a t  t h e r e  a r e  s i x  g e n e r a l  s e n s e s  o f  th e  

p h i lo s o p h y  o f  m a th e m a t ic s .

1 . f o u n d a t i o n s  and axioms
T h is  s e n se  i s  conce rned  w i t h  t h e  " fundam enta l"  

c o n c e p t s  o f  s e t ,  number,  e t c . ,  t h e  c o n c e p t s  o f  
d e d u c t i o n ,  r i g o r ,  p r e s e n t a t i o n  and j u s t i f i c a t i o n ,  
a s  w e l l  a s  f o u n d a t i o n s  and axiom sy s tem s .

2 . c h a r a c t e r i z a t i o n  o f  t h e  n a t u r e  o f  m athem at ics
Ranging from R u s s e l l ' s famous s t a t e m e n t  t h a t  

"pure  m a th em a t ic s  i s  t h e  c l a s s  o f  a l l  p r o p o s i t i o n s  
o f  t h e  form 'p  i m p l i e s  q , 1" t o  B o u r b a k i ' s  view 
t h a t  th e  n a t u r e  o f  m a th em a t ic s  i s  found i n  i t s  
s t r u c t u r e s ,  th e  c h a r a c t e r i z a t i o n  o f  m a th em a t ic s  
a t t e m p t s  t o  c a p t u r e  th e  un ique  n a t u r e  o f  m a th e m a t i c s .

3. t h e  r o l e  and use  o f  m a them a t ic s  i n  o t h e r  f i e l d s
T h i s  se n se  o f  th e  p h i lo s o p h y  o f  m a them a t ic s  

p e r t a i n s  to  c o n t r i b u t i o n s ,  a p p l i c a t i o n s ,  and u ses  
o f  m athem at ics  to  o t h e r  d i s c i p l i n e s  and p o s s i b l e  
e x p l a n a t i o n s  a s  to  why i t  has  had such  a  s i g n i f i ­
c a n t  e f f e c t  on o t h e r  f i e l d s .

4.  m a th e m a t i c a l  a c t i v i t y
T h is  sen se  o f  th e  p h i lo s o p h y  o f  m a them a t ic s  

i s  conce rned  w i t h  th e  c o n c e p t s  o f  m a th e m a t i c a l
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t h i n k i n g ,  i n s i g h t ,  and c r e a t i v i t y ,  w i t h  m a the ­
m a t i c a l  d i s c o v e r y  and i n v e n t i o n ,  and w i t h  th e  
form o f  r e s e a r c h  c a r r i e d  on by m a t h e m a t i c i a n s .

5 . t r u t h ,  c e r t a i n t y ,  th e  a  p r i o r i ,  and n e c e s s i t y
T h i s  se n se  o f  th e  p h i lo s o p h y  o f  m athem at ics  

i s  co nce rned  w i t h  t r u t h  and c e r t a i n t y  i n  m a the ­
m a t i c s ,  th e  a p r i o r i  i n  m a th e m a t ic s ,  and the  
n e c e s s i t y  o f  c o n c l u s i o n s  i n  m a th em a t ic s .

6 . o n to lo g y  and e p i s te m o lo g y  i n  m athem at ics
T h is  l a s t  s e n se  o f  t h e  p h i lo s o p h y  o f  m a th e ­

m a t i c s  i s  co nce rn ed  w i t h  th e  o n t o l o g i c a l  commit­
ment t o  th e  a b s t r a c t  c o n c e p t s  o f  m a th em a t ic s  by 
w ork ing  m a t h e m a t i c i a n s .  I t  i s  a l s o  concerned  
w i t h  how th e y  come to  know, u n d e r s t a n d ,  and 
b e l i e v e  t h e s e  a b s t r a c t  c o n c e p t s .

The rem a ind e r  o f  t h i s  s e c t i o n  w i l l  be a d e t a i l e d ,  

a l t h o u g h  n o t  t o  be c o n s i d e r e d  d e f i n i t i v e ,  d i s c u s s i o n  o f  

e ac h  o f  t h e s e  s e n se s  o f  t h e  p h i lo s o p h y  o f  m a th e m a t ic s .

I  am doing  t h i s  f o r  s e v e r a l  r e a s o n s .

F i r s t ,  i t  i s  my b e l i e f  t h a t  much o f  the  i n d e t e r ­

m in a te  c o n c l u s i o n s  and u n p r o d u c t iv e  d i s c u s s i o n s  r e g a r d i n g  

t h e  p h i lo s o p h y  o f  m a th em a t ic s  a r e  a r e s u l t  o f  c o n f u s i n g  

and c o n f l a t i n g  th e  v a r i o u s  s e n s e s  o f  p h i lo s o p h y  o f  m a th e ­

m a t i c s .  Examples abound i n  t h e  d i s c u s s i o n s  o f  p h i lo s o p h y  

o f  m a th e m a t ic s .  L e t  me c o n s i d e r  two.

H a s k e l l  C u r ry  i n  h i s  s h o r t  e s s a y ,  "Remarks on th e  

D e f i n i t i o n  and N a tu re  o f  M a t h e m a t i c s , "  g iv e s  a b r i e f  

a c c o u n t  o f  th e  f o r m a l i s t  p h i l o s o p h i c a l  p o s i t i o n  on 

m a t h e m a t i c s .

The p r i n c i p a l  t h e s i s  i s  t h a t  m a th em a t ic s  may be 
c o n ce iv e d  a s  a n  o b j e c t i v e  s c i e n c e  which i s  in dep e n d en t
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o f  any  e x c e p t  t h e  most  r u d im e n ta r y  p h i l o s o p h i c a l  
a s s u m p t io n s .  I t  i s  a  body o f  p r o p o s i t i o n s  d e a l i n g  
w i t h  a  c e r t a i n  s u b j e c t  m a t t e r ;  and t h e s e  p r o p o s i ­
t i o n s  a r e  t r u e  i n s o f a r  a s  t h e y  c o r r e sp o n d  w i t h  
th e  f a c t s .  The p o s i t i o n  t a k e  i s  a  s p e c i e s  o f  ,
fo rm a l i sm ,  which  may be c a l l e d  e m p i r i c a l  fo rm a l i sm .

T h is  i s  w e l l  and good. Curry  i s  g i v i n g  a  s h o r t ,  p r e c i s e

(b u t  l i m i t e d )  c h a r a c t e r i z a t i o n  o f  t h e  n a t u r e  o f  m a them a t ic s

( t h e  second sen se  I  l i s t  on page 21 5 ) .  T h is  fo l lo w s  w i t h

a su b h e a d in g ,  "The Problem o f  M a th e m a t ic a l  T r u t h . "

THE PROBLEM OF MATHEMATICAL TRUTH

There  a r e  t h r e e  p r i n c i p a l  t y p e s  o f  o p i n io n  a s  t o  the  
s u b j e c t  m a t t e r  o f  m a th e m a t i c s ,  v i z .  r e a l i s m ,  i d e a l i s m ,  
and fo rm al ism .  We s h a l l  c o n s i d e r  h e r e  t h e  r e a l i s t  
and  i n t u i t i o n i s t  v iew s ,  l e a v i n g  fo rm al ism  f o r  t h e  
n e x t  s e c t i o n . ^

Now th e  c o n f u s i o n  b e g in s .  C u r ry  began w i t h  a c h a r a c t e r i z a ­

t i o n  o f  m a th e m a t ic s ,  t h e n  he o s t e n s i b l y  s w i t c h e s  t o  "m athe­

m a t i c a l  t r u t h , "  which  i s  a n o t h e r  sense  o f  th e  p h i lo s o p h y  

o f  m a th e m a t i c s .  Yet  u nd e r  th e  h e a d in g ,  "The Problem o f  

M a th e m a t ic a l  T r u t h , "  he s w i t c h e s  a g a i n  t o  r e a l i s m ,  

i d e a l i s m ,  and  fo rm a l i sm .  I n  my o p i n i o n ,  r e a l i s m ,  i d e a l i s m  

and fo rm al ism  p e r t a i n  more to  t h e  s e n s e s  o f  o n to lo g y  and 

e p i s t e m o lo g y ,  t h a n  t o  th e  problem o f  m a th e m a t i c a l  t r u t h .

L a t e r  i n  th e  e s s a y  he r e t u r n s  to  fo rm a l ism  w i t h  

th e  su b h e ad in g ,  "The F o r m a l i s t  D e f i n i t i o n  o f  M a th e m a t i c s , "

1
H a s k e l l  C u r ry ,  "Remarks on t h e  D e f i n i t i o n  and 

N a tu re  o f  M a t h e m a t i c s , "  i n  H i l a r y  Putnam and P a u l  Bena- 
c e r r a f ,  e d s . ,  P h i lo s o p h y  o f  M a th em at ic s :  S e l e c t e d  R ead ings
(Englewood C l i f f s : P r e n t i c e - H a l l  P u b l i s h i n g  C o . ,  1% 4)  , p .
152 .

2Ib id .
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w i t h  th e  e v e n t u a l  d e f i n i t i o n  o f  m a th em a t ic s^  t h a t  "m athe­

m a t i c s  i s  t h e  s c i e n c e  o f  fo rm al  s y s t e m s . "  T h is  " d e f i n i t i o n "  

r e v e a l s  t h e  p o t e n t i a l l y  r e s t r i c t i v e  and u n p r o d u c t iv e  n a t u r e  

o f  d e f i n i t i o n s  o f  m a th e m a t i c s .  More t o  th e  p o i n t  though

i s  t h a t  w i t h i n  t h i s  su b h e a d in g ,  "The F o r m a l i s t  D e f i n i t i o n

o f  M a th e m a t i c s , "  C u r ry  a c t u a l l y  im p l i e s  h i s  view o f  

m a th e m a t ic a l  t r u t h :

. . .  we s t a r t  w i t h  a l i s t  o f  e l e m e n ta r y  p r o p o s i t i o n s ,  
c a l l e d  axioms which a r e  t r u e  by d e f i n i t i o n , and t h e n
g iv e  r u l e s  oF  p ro c e d u re s  by means o f  which f u r t h e r
e le m e n ta r y  theorem s a r e d e r i v e d .3

C u r r y ' s  s o l u t i o n  to  "The Problem o f  M a th e m a t ic a l  T r u th "  

i s  t h a t  m athem at ics  i s  t r u e  by d e f i n i t i o n .  T h is  i s  c e r t a i n l y  

a  p a r t  o f  t h e  f o r m a l i s t  se n se  o f  t h e  p h i lo s o p h y  o f  m a th e ­

m a t i c s .  Curry  shou ld  have i n c lu d e d  h i s  s o l u t i o n  under  t h e  

h ead in g  "The Problem o f  M a th e m a t ic a l  T r u th "  r a t h e r  t h a n  

under  th e  h e ad in g  "The F o r m a l i s t  D e f i n i t i o n  o f  M a t h e m a t i c s . "

L e t  me add t h a t  w i t h i n  th e  te rm  " fo rm a l i sm "  i s  t o  

be found s e n s e s  o f  o n to lo g y  and t r u t h  i n  m a th e m a t ic s ,  and

G iv ing  m a th em a t ic s  a  s h o r t ,  n e a t  d e f i n i t i o n  seems 
t o  have a  long t r a d i t i o n  i n  th e  p h i lo s o p h y  o f  m a th e m a t ic s .  
From A r i s t o t l e  and P l a t o  down to  R u s s e l l  and P i e r c e  t h e r e  
has  been a n  u n c o n t r o l l a b l e  u rge  upon th e  p a r t  o f  p h i l o s ­
o p h e rs  t o  s u c c i n c t l y  and c o m p le t e ly  c a p t u r e  t h e  e s s e n c e  
and n a t u r e  o f  m a th em a t ic s  i n  some p i t h y  d e f i n i t i o n .
A sk ing  f o r  a  s h o r t ,  n e a t  d e f i n i t i o n  o f  ( say )  a r t  would 
be c o n s i d e r e d  n a i v e ,  y e t  th e  t r a d i t i o n  t o  d e f i n e  m a th e ­
m a t i c s  rem ains  s t r o n g .

^My emphasis . The o th e rs  are  C u rry 's .
3

Curry, p. 153.
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a  se n se  o f  th e  f o u n d a t i o n s  o f  m a th e m a t ic s .  I n  d i s c u s s i o n  

o f  fo rm a l ism  th e  f o u n d a t i o n a l ,  o n t o l o g i c a l ,  and t r u t h  

s e n s e s  a r e  o f t e n  c o n f l a t e d .  T h is  i s  n o t  s u r p r i s i n g  s i n c e  

H i l b e r t ,  Church ,  C u r ry ,  and o t h e r s  use  fo rm al ism  t o  e x p l a i n  

o r  e x p l i c a t e  s e v e r a l  s e n s e s  o f  t h e  p h i lo s o p h y  o f  m a th e m a t ic s .  

The d i f f i c u l t y  a r i s e s  when th e  s e n s e s  a r e  not  c l e a r l y  

dem arca ted  and th u s  c o n f l a t e d .

C u r r y ' s  s h o r t  e s s a y  i s  j u s t  one o f  many examples

o f  c o n f u s i o n  and c o n f l a t i o n  o f  th e  d i f f e r e n t  s e n s e s  o f  t h e

p h i l o s o p h y  o f  m a t h e m a t i c s .  A m o r e  r e c e n t  e x a m p l e  o f  t h i s

c o n f u s in g  o f  s e n se s  i s  found i n  N i c o l a s  Goodman's p a p e r ,

"Mathematics  a s  a n  O b j e c t iv e  S c ien c e ." * '  Goodman w r i t e s

from th e  p o i n t  o f  view of  a working  m a th e m a t ic i a n  who

( r a t h e r  a r r o g a n t l y )  t a k e s  t o  t a s k  v a r i o u s  p h i l o s o p h i c a l

p o s i t i o n s  on m a th em a t ic s  w i t h  r e g a r d  t o  " o b j e c t i v i t y  i n

m a t h e m a t i c s . "

. . .  I  s h a l l  examine f o u r  views w hich ,  though  th e y  
do n o t  e x h a u s t  th e  c u r r e n t  range  o f  o p i n io n  i n  th e  
p h i lo s o p h y  o f  m a th e m a t i c s ,  a r e  n e v e r t h e l e s s  s u f ­
f i c i e n t l y  r e p r e s e n t a t i v e  t o  r a i s e  what seems t o  me 
t o  be th e  main i s s u e s  o f  a b o u t  th e  o b j e c t i v i t y  o f  
m a th e m a t ic s .  I  s h a l l  a rg u e  t h a t  each  o f  t h e s e  
views a r i s e s  from a n  o v e r s i m p l i f i c a t i o n  o f  what  
happens when we do m a th em a t ic s .

^ N ico la s  Goodman, "Mathematics  a s  an  O b j e c t i v e  
S c i e n c e , "  American  M a th e m a t ic a l  Monthly  8 6  ( 1 9 7 9 ) : 5 4 0 - 5 5 1 .

2
I b i d . ,  p. 540. N o t i c e  a l r e a d y  t h a t  Goodman i s  

c o n f l a t i n g  t h e  s e n s e s  o f  " o b j e c t i v i t y  o f  m a th e m a t ic s "  and 
"m a th e m a t i c a l  a c t i v i t y  o f  m a t h e m a t i c i a n s . "



220

Goodman i n t r o d u c e s  h i s  argum ent  w i t h  a n  e x p l a n a t i o n  o f  h i s  

te rm " s u r f a c i s m . "  A l l  i t  means i s  t h a t  p h i l o s o p h i c a l  

p o s i t i o n s  t h a t  do n o t  t a k e  i n t o  a c c o u n t  th e  r e a l  a c t i v i t y  

o f  w ork ing  m a th e m a t ic i a n s  can  o n ly  d ev e lo p  a s u p e r f i c i a l  

o r  " s u r f a c e "  i m p r e s s io n  o f  m a th e m a t i c s .  Thus th e  p h i l o s ­

o p h i c a l  p o s i t i o n s  have t h i n l y  sub l im e s u r f a c e  q u a l i t y  

w i t h  no r e a l  d e p t h . ^  Fo r  example ,

. . . B e l i e f  i n  t h e  s o l i d  i n s i d e  o f  a m a t e r i a l  o b j e c t ,  
[ t h e  s u r f a c i s t  p h i lo s o p h e r ]  a s s e r t s ,  i s  a remnant  
o f  b e l i e f  i n  th e  im m orta l  s o u l ,  which was th e  " s o l i d "  
i n s i d e  o f  a  human b e in g .  As a m a t t e r  o f  f a c t ,  he 
a r g u e s ,  t h e  u s u a l  a c c o u n t  i s  i n c o m p r e h e n s ib l e .  Who 
c an  v i s u a l i z e  a  m a t e r i a l  o b j e c t  e x c e p t  by v i s u a l i z i n g  
i t s  s u r f a c e ?  Who, when v i s u a l i z i n g  a m a t e r i a l  o b j e c t ,  
c a n  v i s u a l i z e  a n y t h i n g  i n  a d d i t i o n  to  i t s  s u r f a c e ?

I t  seems t o  me t h a t  t h e  views a b o u t  th e  n a t u r e  
o f  m a them a t ic s  t h a t  I  w ish  t o  d i s c u s s  a r e  fo rm s ,  
more o r  l e s s  d i s g u i s e d ,  o f  s u r f a c i s i m . 2

Goodman's view o f  t h e  p h i lo s o p h y  o f  m a th e m a t i c s ,

which he e q u a t e s  w i t h  th e  p h ra se  "m athem atics  a s  a n  o b j e c t i v e

s c i e n c e , "  i s  t h a t

. . .  a  p h i lo s o p h y  o f  m a th em a t ic s  i s  c l o s e l y  a n a lo g o u s  
t o  a  view a b o u t  th e  n a t u r e  o f  m a t e r i a l  o b j e c t s .  I t s  
main f u n c t i o n  shou ld  be t o  f a c i l i t a t e  th e  ongo ing  
s o c i a l  p r o c e s s  o f  do in g  m a th e m a t i c s .  I t  f o l lo w s  t h a t  
a  s e r i o u s  p h i lo s o p h y  o f  m athem at ics  must  s a t i s f y  th e  
p r i n c i p l e  o f  o b j e c t i v i t y .  [ I . e . ,  A n y th in g  which i s  
p r a c t i c a l l y  r e a l  shou ld  be t a k e n  a s  o b j e c t i v e l y  r e a l  
(p .  5 4 1 ) ] .  T ha t  i s ,  i t  must n o t  deny o b j e c t i v e

The i m p l i c a t i o n  b e in g  t h a t  o n ly  m a th em a t ican s  a r e  
c a p a b le  o f  p h i l o s o p h i c a l  o b s e r v a t i o n s  and ju d g e m e n ts .  J u s t  
imagine i f  a l l  a r t  o r  l i t e r a t u r e  c r i t i c s  q u i t  t h e i r  p r o f e s ­
s i o n  b ecause  th e y  were n o t  a l s o  a r t i s t s  and n o v e l i s t s .

2
Goodman, p. 541.
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r e a l i t y  t o  any  a s p e c t s  o f  m a th e m a t i c a l  a c t i v i t y  which 
have p r a c t i c a l  r e a l i t y .  1

A sid e  from h i s  own r a t h e r  n a iv e  p h i l o s o p h i c a l  p o s i ­

t i o n ,  " th e  p r i n c i p l e  o f  o b j e c t i v i t y , "  Goodman a g a i n  c o n f u s e s  th e  

a c t i v i t y  o f  m a th e m a t ic i a n s  w i t h  t h e  o b j e c t i v i t y  o f  mathema­

t i c s ,  a n  a s p e c t  o f  th e  n a t u r e  o f  m a th em a t ic s .

He th e n  p re c e e d s  to  d e s c r i b e  t h e  p h i l o s o p h i c a l  

p o s i t i o n s  o f  fo rm a l i sm ,  i n t u i t i o n i s m ,  l o g i c i s m ,  and 

p l a t o n i s m .  I n  e ac h  c a s e  he u se s  a r h e t o r i c a l  s l e i g h  o f  

hand by f i r s t  naming m a th e m a t i c i a n s  and p h i l o s o p h e r s  

a s s o c i a t e d  w i t h  each  p o s i t i o n ,  b u t  t h e n  n e v e r  a c t u a l l y  

c i t i n g  p a s sa g e s  from t h e i r  c i t e d  works .  For  example ,  

c o n s i d e r  h i s  view o f  fo rm a l ism :

To make t h i s  s t a t e m e n t  more c o n c r e t e ,  l e t  us 
imagine  a s k i n g  a f o r m a l i s t  what  he t a k e s  t o  be t h e  
c o n t e n t  o f  t h e  fund am en ta l  theorem  o f  a r i t h m e t i c .
I f  he i s  r e a l l y  a  s t r i c t  f o r m a l i s t ,  he must r e p l y  
t h a t ,  s t a n d i n g  a l o n e ,  i t  has  n o t  c o n t e n t  a t  a l l .
The theorem i s ,  a f t e r  a l l ,  j u s t  a  s t r i n g  o f  symbols .
What makes us f e e l  t h a t  i t  has c o n t e n t  i s  on ly  
t h a t  i t  p l a y s  a  d e f i n i t e  r o l e  i n  c e r t a i n  a c t i v i t i e s  
we engage i n  . . .  2

Goodman r e j e c t s  th e  f o r m a l i s t  p o s i t i o n  because  i t  does  n o t ,

a c c o r d i n g  t o  him i n  th e  above exam ple ,  t a k e  i n t o  a c c o u n t

t h e  m e n t a l ,  i n t u i t i v e  a c t i v i t y  o f  t h e  m a th e m a t i c i a n  a s  he

d e a l s  w i t h  th e  s t r i n g  o f  symbols .  The m e n ta l ,  i n t u i t i v e

a c t i v i t y  he te rm s " i n t u i t i v e  c o n s t r u c t i o n s . "

■''Ibid., p. 542. My emphasis .

2Ib id .
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Now my a rgum ent  may be summarized a s  f o l l o w s .  
I n t u i t i v e  c o n s t r u c t i o n s  a r e  p r a c t i c a l l y  r e a l .  They 
a r e  v i t a l  t o  t h e  p r a c t i c e  o f  m a th e m a t i c s .  I t  i s  t h e  
e s s e n c e  o f  fo rm a l ism  t h a t  i t  d e n i e s  t h e i r  o b j e c t i v e  
r e a l i t y .  T h e r e f o r e ,  by t h e  p r i n c i p l e  o f  o b j e c t i v i t y ,  
fo rm a l ism  c a n n o t  be a n  a d e q u a te  p h i lo s o p h y  o f  m a th e ­
m a t i c s  . 1

More c o n f u s i o n .  H is  d e s c r i p t i o n  o f  t h e  fund am en ta l  

theorem o f  a r i t h m e t i c  f o r  th e  f o r m a l i s t  i s  a b o u t  th e  o n t o ­

l o g i c a l  commitment t h e  f o r m a l i s t  t a k e s  r e g a r d i n g  th e  fu n d a ­

m e n ta l  theorem  o f  a r i t h m e t i c .  I n  f a c t ,  Goodman u n w i t t i n g l y  

a d m i t s  t h a t  when he r e f e r s  t o  t h e  " c o n t e n t "  o f  t h e  fu n d a ­

m e n ta l  theorem  o f  a r i t h m e t i c .  The " c o n t e n t "  o f  m a them a t ic s  

i s  a n  o n t o l o g i c a l  i s s u e .  The a c t i v i t y ,  t h e  i n t u i t i o n ,  

t h e  m e n ta l  p r o c e s s e s  o f  m a them a t ic s  a r e  e n t i r e l y  o t h e r  

i s s u e s .  Formalism does n o t  "deny t h e i r  o b j e c t i v e  r e a l i t y , "  

fo rm a l ism  i s  s im p ly  n o t  co nce rn ed  w i t h  " i n t u i t i v e  c o n s t r u c ­

t i o n s "  when c o n s i d e r i n g  th e  " c o n t e n t "  o f  a  m a th e m a t i c a l  

theorem.

As I  have s a i d ,  Goodman u se s  a k ind  o f  s l e i g h  o f

hand.  He n e v e r  a c t u a l l y  q u o t e s  t h e  p a p e r s  he r e f e r s  t o .

With t h e  s u b j e c t  o f  fo rm a l ism  he m en t ions  H i l b e r t ' s  p a p e r ,
2

"On th e  I n f i n i t e . "  L e t  me i n j e c t  a  few q u o t a t i o n s  from 

t h a t  p a p e r  to  supp lem ent  Goodman's c h a r a c t e r i z a t i o n  o f  

fo rm al ism .

^ I b i d . ,  p .  544.

2 David H i l b e r t ,  "On th e  I n f i n i t e , "  i n  P h i lo so p h y  
o f  M a th em at ic s ;  S e l e c t e d  R e a d i n g s . H i l a r y  Putnam and Pau l  
B e n a c e r r a f ,  e d s .  (Englewood C l i f f s :  P r e n t i c e - H a 11 pub­
l i s h i n g  Company, 1965) ,  pp.  134-151.
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. . . t h e  i n f i n i t e  o c c u p ie s  a j u s t i f i e d ^ p l a c e  i n  our  
t h i n k i n g , t h a t  i t  p l a y s  t h e  r o l e  o f  a n  i n d i s p e n s i b i e  
c o n c e p t . 1

. . . The s u b j e c t  m a t t e r  o f  m a th em a t ic s  i s ,  i n  
' a c c o rd a n c e  w i t h  t h i s  t h e o r y ,  t h e  c o n c r e t e  symbols 

th em se lv e s  whose s t r u c t u r e  i s  im m edia te ly  c l e a r  and 
r e c o g n i z a b l e . ^

L e t  us remember t h a t  we a r e  m a th e m a t i c i a n s  and 
t h a t  a s  m a th e m a t i c i a n s  we have o f t e n  been i n  p r e -  
c a r i o u s  s i t u a t i o n s  from which we have been r e s c u e d  
by t h e  i n g e n io u s  method o f  i d e a l  e l e m e n t s . 3

H i l b e r t  was q u i t e  w e l l  aware  o f  t h e  p a r t  p layed  

by m a th e m a t ic i a n s  i n  t h e  c o n s t r u c t i o n  o f  m a th e m a t i c s .  What 

makes h i s  pap e r  s u p e r i o r  to  Goodman's i s  h i s  a w areness  o f  

th e  d i s t i n c t i o n s  o f  th e  d i f f e r e n t  s e n s e s  o f  t h e  p h i lo s o p h y  

o f  m a th e m a t ic s .

I n  my o p i n i o n ,  Goodman makes two m ajo r  e r r o r s .

F i r s t ,  a s  I  b e l i e v e  I  have d e m o n s t r a t e d ,  he c o n fu s e s  th e  

v a r i o u s  s e n s e s  o f  th e  p h i lo s o p h y  o f  m a th e m a t ic s .  Among 

o t h e r s ,  he c o n fu s e s  " m a th e m a t i c a l  c o n t e n t "  w i th  " m a th e m a t i c a l  

a c t i v i t y . "  Second, he d i s m i s s e s  t h e  v a r i o u s  p h i l o s o p h i c a l  

p o s i t i o n s  because  th e y  do n o t  t a k e  i n t o  a c c o u n t  h i s  " o b j e c ­

t i v e  r e a l i t y . "  T ru e ,  i n  g e n e r a l ,  t h e  p o s i t i o n s  (as  he 

p r e s e n t s  them) do n o t  t a k e  i n t o  a c c o u n t  " o b j e c t i v e  r e a l i t y . "  

But Goodman i s  a s k i n g  them t o  c o n s i d e r  one se n se  o f  th e  

p h i lo s o p h y  o f  m a them a t ic s  w h i l e  t h e y  were c o n s i d e r i n g  o t h e r s .

1I b i d . ,  p. 137.
2

I b i d . ,  p. 142. My emphasis .

3I b i d . ,  p. 145.
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S i n c e  t h e y  d i d  n o t  c o n s i d e r  h i s  p a r t i c u l a r  p h i l o s o p h i c a l  

i n t e r e s t  i n  m a t h e m a t i c s ,  t h e y  a r e  u s e l e s s  t o  h i m ,  a n d  

t h e r e f o r e  h e  d i s m i s s e s  t h e m .  I t  i s  o n e  t h i n g  t o  d i s m i s s  

a  p h i l o s o p h i c a l  p o s i t i o n  b e c a u s e  i t  i s  i n c o r r e c t  o r  w e a k ,  

i t  i s  a n o t h e r  ( i n a p p r o p r i a t e )  t h i n g  t o  d i s m i s s  a  p o s i t i o n  

b e c a u s e  i t  i s  o f  n o  u s e  t o  o n e ' s  p a r t i c u l a r  p o s i t i o n .

G o o d m a n  d i s m i s s e s  t h e  o t h e r  p o s i t i o n s  b e c a u s e  t h e y  a r e  o f  

n o  u s e  t o  h i s  p o s i t i o n .  T h i s ,  I  b e l i e v e ,  i s  h i s  s e c o n d  

m a j o r  e r r o r .

I t  i s  a n  e a s y  a n d  o f t e n  p o i n t l e s s  gam e  t o  p i c k  

a p a r t  p h i l o s o p h i c a l  p o s i t i o n s  t h a t  c o n f u s e  o r  c o n f l a t e  t h e  

v a r i o u s  s e n s e s  o f  t h e  p h i l o s o p h y  o f  m a t h e m a t i c s .  O f  

s e r i o u s  v a l u e  i s  t o  s e p a r a t e ,  e x p l i c a t e ,  a n d  r e c o v e r  t h e  

u s e f u l  p o r t i o n s  o f  t h e  v a r i o u s  p h i l o s o p h i c a l  p o s i t i o n s .

T h i s  i s  e s p e c i a l l y  d i f f i c u l t  b e c a u s e  m a t h e m a t i c s  s u g g e s t s  

s o  m a n y  p h i l o s o p h i c a l  s e n s e s  t h r o u g h  i t s  r e s u l t s ,  i t s  

a p p l i c a t i o n s ,  i t s  c o m p l e x i t y ,  r i g o r ,  t r u t h ,  e t c .

T h i s  i s  d i f f i c u l t  b u t  v e r y  i m p o r t a n t  f o r  u n d e r s t a n d i n g  

t h e  h i s t o r y  a n d  h i s t o r i o g r a p h y  o f  m a t h e m a t i c s .  T h i s  i s  v e r y  

i m p o r t a n t  f o r  a t  l e a s t  t w o  m a j o r  r e a s o n s .  F i r s t ,  w o r k i n g  

m a t h e m a t i c i a n s  p r o b a b l y  c a r r y  w i t h  t h e m  s o m e  ( m o r e  o r  

l e s s )  i m p l i c i t  p h i l o s o p h y  o f  m a t h e m a t i c s  r e g a r d i n g  i t s  

n a t u r e ,  s t r u c t u r e ,  o n t o l o g y ,  e t c .  F o r  e x a m p l e ,  c o n s i d e r  

C a n t o r ' s  v i e w s  a b o u t  t h e  i n f i n i t e  a n d  h i s  p h i l o s o p h y  o f  

m a t h e m a t i c s .  C a n t o r  w a s  m o r e  e x p l i c i t ,  a s  D a u b e n ' s
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b i o g r a p h y  r e v e a l s ,  t h a n  m o s t  m a t h e m a t i c i a n s  r e g a r d i n g  h i s  

p h i l o s o p h y  o f  m a t h e m a t i c s .  E q u i p p e d  w i t h  a  c r i t i c a l  u n d e r ­

s t a n d i n g  o f  t h e  d i f f e r e n t  s e n s e s  o f  t h e  p h i l o s o p h y  o f  m a t h e ­

m a t i c s  t h e  h i s t o r i a n  o r  p h i l o s o p h e r  i s  b e t t e r  a b l e  t o  

i n t e r p r e t  t h e  c o m m e n t s  a n d  v i e w s  o f  m a t h e m a t i c i a n s  a b o u t  

t h e i r  w o r k .

S e c o n d ,  h i s t o r i a n s  a l s o  c a r r y  a n  i m p l i c i t  p h i l o s o p h y  

o f  m a t h e m a t i c s  i n  t h e i r  u n d e r s t a n d i n g  o f  i t s  n a t u r e ,  s t r u c ­

t u r e ,  e t c .  R e c a l l  t h e  d i s c u s s i o n  i n  C h a p t e r  I I  a b o u t  t h e  

i m p l i c i t  v i e w s  o n  t h e  n a t u r e  o f  m a t h e m a t i c s  o f  h i s t o r i a n s  

a s  r e v e a l e d  b y  t h e i r  h i s t o r i e s  ( s e e  t h e  s e c t i o n  e n t i t l e d  

" W h a t  t h e  H i s t o r i e s  R e v e a l  a b o u t  T h e m s e l v e s " ) . E q u i p p e d  

w i t h  a  c r i t i c a l  u n d e r s t a n d i n g  o f  t h e  d i f f e r e n t  s e n s e  o f  

t h e  p h i l o s o p h y  o f  m a t h e m a t i c s  h i s t o r i a n s  m ay  b e  m o r e  

r e f l e c t i v e ,  s e l f - c r i t i c a l ,  a n d  c l e a r  a b o u t  t h e i r  a i m s ,  

p r o c e d u r e s ,  r e s u l t s ,  a n d  i n t e r p r e t a t i o n s  o f  t h e i r  h i s t o r i c a l  

i n v e s t i g a t i o n s .  I t  c a n  b e  s u g g e s t e d  t h a t  t h i s  l a c k  o f  

c o n s i d e r a t i o n  o f  t h e  p h i l o s o p h y  o f  m a t h e m a t i c s  m a y  b e  o n e  

r e a s o n  w h y  t h e r e  i s  l i t t l e  w r i t i n g  i n  t h e  h i s t o r i o g r a p h y  

o f  m a t h e m a t i c s .

T h i r d ,  o n e  i s  i n  a  b e t t e r  p o s i t i o n  t o  c r i t i c a l l y  

e v a l u a t e  a n d  a p p r e c i a t e  o t h e r ' s  h i s t o r i c a l  w r i t i n g s  a b o u t  

m a t h e m a t i c s  e q u i p p e d  w i t h  a n  u n d e r s t a n d i n g  o f  t h e  d i f f e r e n t  

s e n s e s  o f  t h e  p h i l o s o p h y  o f  m a t h e m a t i c s .
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T h u s ,  I  s h a l l  now  d i s c u s s  t h e s e  d i f f e r e n t  s e n s e s  

o f  t h e  p h i l o s o p h y  o f  m a t h e m a t i c s .  T h e  p r i m a r y  g o a l  i s  t o  

s e p a r a t e ,  e x p l i c a t e ,  a n d  c l a r i f y  t h e  v a r i o u s  s e n s e s .  I t  

i s  n o t  my i n t e n t  t o  c r i t i c i z e ,  a n a l y z e ,  c o m p a r e ,  o r  c o n ­

t r a s t  t h e m - - a l t h o u g h  t h a t  m a y  o c c u r  i n d i r e c t l y .  O n c e  

t h e s e  s e n s e s  h a v e  b e e n  c l e a r l y  d e m a r c a t e d  a n d  u n d e r s t o o d ,  

t h e n  t h e i r  p o t e n t i a l  u s e  a n d  i m p l i c a t i o n s  t o  t h e  h i s t o r y  

a n d  h i s t o r i o g r a p h y  o f  m a t h e m a t i c s  m ay  b e c o m e  c l e a r .

F o u n d a t io n s  and Axioms 

From a b o u t  1980 to  1930 t h e r e  was c o n s i d e r a b l e  

a c t i v i t y  i n  e s t a b l i s h i n g  f o u n d a t i o n s  o f  m a them a t ic s  a s  

w e l l  a s  axiom sy s te m s .  Three  m ajor  " s c h o o l s "  o r  v i e w p o in t s  

emerged,  t h e  l o g i c i s t ,  t h e  i n t u i t i o n i s t , and th e  f o r m a l i s t  

f o u n d a t i o n s  o f  m a th e m a t ic s .

T h e  l o g i c i s t  s c h o o l  o f  F r e g e ,  R u s s e l l ,  a n d  W h i t e h e a d  

b e l i e v e d  t h a t  m a t h e m a t i c s  c o u l d  b e  d e r i v e d  f r o m  l o g i c a l  

p r i n c i p l e s .  O r ,  t h a t  m a t h e m a t i c s  c o u l d  b e  b u i l t  u p o n  a  

f o u n d a t i o n  o f  l o g i c .  U s i n g  c o n c e p t s  s u c h  a s  c l a s s ,  c l a s s -  

m e m b e r s h i p ,  r e d u c i b i l i t y , i n f i n i t y ,  c h o i c e ,  a n d  t y p e ,  t h e  

l o g i c i s t s  i n  t h e  p e r s o n s  o f  R u s s e l l  a n d  W h i t e h e a d  a t t e m p t e d  

t o  d e m o n s t r a t e ,  t h r o u g h  t h e  p r i n c i p i a  M a t h e m a t i c a , t h a t  

a l l  o f  m a t h e m a t i c s  c o u l d  b e  d e r i v e d  f r o m  l o g i c .  A s  i s  

now w e l l  k n o w n ,  t h e  l o g i c i s t  p r o g r a m  b e c a m e  e x t r a o r d i n a r i l y  

c o m p l i c a t e d  a n d  c u m b e r s o m e  w i t h  t h e  e v e n t u a l  r a m i f i e d
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t y p e  t h e o r y  a n d  o t h e r  " i m p r o v e m e n t s "  a s  a  m e a n s  o f  s a v i n g  

a n d  c o m p l e t i n g  t h e  p r o g r a m .  M o r e o v e r ,  t h e  l o g i c i s t  p r o g r a m  

r e q u i r e d ,  i n  a d d i t i o n  t o  t h e  a x i o m s  o f  l o g i c ,  a n  a x i o m  

o f  i n f i n i t y ,  a n d  t h e  a x i o m  o f  c h o i c e .  T h e  a d d i t i o n a l  a x i o m s  

a r e  n o t  l o g i c a l  a x i o m s ,  b u t  m a t h e m a t i c a l  a x i o m s .  T h u s ,  

t h e  l o g i c i s t  p r o g r a m  c o u l d  n o t  b e  s t r i c t l y  c o n s t r u c t e d  o n  

l o g i c a l  a x i o m s  a l o n e .

O n e  o f  t h e  a i m s  o f .  t h e .  l o g i c i s t  p r o g r a m  w a s  t h e  

g u a r a n t e e ,  t h r o u g h  a  s u i t a b l e  a x i o m  s y s t e m ,  o f  t r u t h  a n d  

c e r t a i n t y  i n  m a t h e m a t i c s .  R e c a l l ,  o n e  o f  t h e  m o t i v a t i n g  

f o r c e s  f o r  F r e g e  a n d  R u s s e l l  w e r e  t h e  p a r a d o x e s  o f  s e t  

t h e o r y .  T h e  p a r a d o x e s  s e e m e d  t o  c a l l  i n t o  q u e s t i o n  t h e  

p o s s i b i l i t y  t h a t  t h e  t r u t h s  o f  m a t h e m a t i c s  w e r e  c e r t a i n ,  

i n d u b i t a b l e  t r u t h s .  A f t e r  a l l ,  i f  m a t h e m a t i c s  w a s  t o  b e  

b a s e d  o n  s e t  t h e o r y ,  a n d  w i t h i n  s e t  t h e o r y  t h e r e  w e r e  p a r a ­

d o x e s  o r  c o n t r a d i c t i o n s ,  how c o u l d  o n e  h a v e  c e r t a i n t y  

a b o u t  t h e  t r u t h s  o f  t h e  r e s t  o f  m a t h e m a t i c s  w h i c h  w a s  b u i l t  

f r o m  s e t  t h e o r y ?  H e n c e ,  t h e  R u s s e l l - W h i t e h e a d  l o g i c i s t  

p r o g r a m .

D a v i d  H i l b e r t ,  i n  h i s  e s s a y  " O n  t h e  I n f i n i t e , "  

d e s c r i b e s  t h e  s i t u a t i o n  v e r y  w e l l ;

L e t  u s  a d m i t  t h a t  t h e  s i t u a t i o n  i n  w h i c h  we 
p r e s e n t l y  f i n d  o u r s e l v e s  w i t h  r e s p e c t  t o  t h e  p a r a d o x e s  
i s  i n  t h e  l o n g  r u n  i n t o l e r a b l e .  J u s t  t h i n k :  i n
m a t h e m a t i c s ,  t h i s  p a r a g o n  o f  r e l i a b i l i t y  a n d  t r u t h ,  
t h e  v e r y  n o t i o n s  a n d  i n f e r e n c e s ,  a s  e v e r y o n e  l e a r n s ,  
t e a c h e s ,  a n d  u s e s  t h e m ,  l e a d  t o  a b s u r d i t i e s .  And
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w h e r e  e l s e  w o u l d  r e l i a b i l i t y  a n d  t r u t h  b e  f o u n d  i f  
e v e n  m a t h e m a t i c a l  t h i n k i n g  f a i l s ?

B u t  t h e r e  i s  a  c o m p l e t e l y  s a t i s f a c t o r y  w a y  o f  
e s c a p i n g  t h e  p a r a d o x e s  w i t h o u t  c o m m i t t i n g  t r e a s o n s  
a g a i n s t  o u r  s c i e n c e . 1

H i l b e r t ' s  w a y  o f  " e s c a p i n g  t h e  p a r a d o x e s  w i t h o u t  c o m m i t t i n g

t r e a s o n s "  w a s  t o  t a k e  a  d i f f e r e n t  a p p r o a c h .  B a s i c a l l y , — a n d

t h i s  i s  t h e  m a j o r  d i s t i n c t i o n  o f  t h e  f o r m a l i s t  s c h o o l  f r o m

t h e  l o g i c i s t  s c h o o l - - h i s  a p p r o a c h  w a s  t o  a b a n d o n  t h e  s e a r c h

f o r  t r u t h  a n d  c e r t a i n l y  a n d  t o  a t t e m p t  t o  g u a r a n t e e  t h e

c o n s i s t e n c y  o f  m a t h e m a t i c s .  T h a t  i s ,  q u e s t i o n s  o f  t r u t h

a n d  c e r t a i n t y  a r e  n o  l o n g e r  i n  t h e  r e a l m  o f  t h e  f o u n d a t i o n s

o f  m a t h e m a t i c s ,  r a t h e r  t h e  q u e s t i o n  o f  " f o r m a l  a x i o m a t i c s "

p r o v e d  t o  b e  c o n s i s t e n t  m u s t  b e  a n s w e r e d .

I n  b r i e f ,  H i l b e r t  b e l i e v e d  t h a t  a l l  t r u e  a r i t h m e t i c a l  

p r o p o s i t i o n s  c o u l d  b e  f o r m a l l y  p r o v e d  ( t h e  c o m p l e t e n e s s  o f  

t h e  s y s t e m ) .  A n d  h e  b e l i e v e s  t h a t  f o r  a n y  p r o p o s i t i o n  P :

P a n d  i t s  n e g a t i o n ,  n o t - P ,  c o u l d  b e  p r o v e d  ( t h e  c o n s i s t e n c y  

o f  t h e  s y s t e m ) .  A n d  l a s t l y ,  h i s  a i m  w a s  t o  p r o d u c e  a  m e t a ­

m a t h e m a t i c s  t o  p r o v e  t h e  c o m p l e t e n e s s  a n d  c o n s i s t e n c y  o f  

t h e  f o r m a l  s y s t e m .  A n  " e x t e r n a l  m a t h e m a t i c s "  c a p a b l e  o f  

p r o v i n g  t h e  c o n s i s t e n c y  a n d  c o m p l e t e n e s s  o f  a r i t h m e t i c .

I f  t h e  b a s i c  a r i t h m e t i c  o f  m a t h e m a t i c s  c o u l d  b e  s h o w n  

t o  b e  c o n s i s t e n t ,  a n d  c o m p l e t e ,  t h e n  t h i s  w a s  a  s u f f i c i e n t  

g u a r a n t e e  t h a t  t h e  m a t h e m a t i c s  d e r i v e d  f r o m  t h e s e  a x i o m s

^H ilb er t ,  in  Putnam and Benacerraf ,  p. 141.
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o f  a r i t h m e t i c  w a s ,  i f  n o t  t r u e  a n d  c e r t a i n ,  a t  l e a s t  c o n ­

s i s t e n t  a n d  c o m p l e t e .

H i l b e r t  p r o p o s e s  t h a t  i t  b e  s h o w n  t h a t  a l l  m a t h e ­

m a t i c a l  s t a t e m e n t s  c a n  b e  r e d u c e d  t o  f o r m u l a s .  H i l b e r t  

i n c l u d e d  s t a t e m e n t s  a b o u t  e l e m e n t s  h e  t e r m e d  " i d e a l  

e l e m e n t s , ”  l i k e  t h e  i d e a l  e l e m e n t  o f  i n f i n i t y .  S i n c e  m a t h e ­

m a t i c s  now h a s  n o  m e a n i n g  o r  o n t o l o g i c a l  c o n t e n t  t h e  

o n t o l o g i c a l  d i s t i n c t i o n  b e t w e e n  ( s a y )  t h e  n u m b e r  f i v e  a n d  

t h e  c o n c e p t  o f  i n f i n i t y  d i s a p p e a r s .  T h e  d i s t i n c t i o n  b e t w e e n  

r e a l ,  e v i d e n t  e l e m e n t s  o f  m a t h e m a t i c s  a n d  i d e a l  e l e m e n t s  

n o  l o n g e r  e x i s t s .  W h a t  r e m a i n s  t o  b e  s h o w n  i s  n o t  t h a t  

s o m e  f o r m u l a  i s  t r u e  o r  f a l s e ,  b u t  t h a t  t h e  w h o l e  s y s t e m  

o f  f o r m u l a s  i s  c o n s i s t e n t .

L .  E .  J .  B r o u w e r  h a d  y e t  a n o t h e r  a p p r o a c h  t o  t h e

f o u n d a t i o n s  o f  m a t h e m a t i c s .  He  f e l t  t h a t  t h e  b a s i c  i d e a s

o f  m a t h e m a t i c s  w e r e  d e r i v e d  f r o m  o u r  p e r c e p t i o n  o f  t i m e ,

" t h e  a p r i o r i t y  o f  t i m e . "

. . . T h i s  n e o - i n t u i t i o n i s m  c o n s i d e r s  t h e  f a l l i n g  
a p a r t  o f  m o m e n t s  o f  l i f e  i n t o  q u a l i t a t i v e l y  d i f ­
f e r e n t  p a r t s ,  t o  b e  r e u n i t e d  o n l y  w h i l e  r e m a i n i n g  
s e p a r a t e d  b y  t i m e ,  a s  t h e  f u n d a m e n t a l  p h e n o m e n o n  
o f  t h e  h u m a n  i n t e l l e c t ,  p a s s i n g  b y  a b s t r a c t i n g  
f r o m  i t s  e m o t i o n a l  c o n t e n t  i n t o  t h e  f u n d a m e n t a l  
p h e n o m e n o n  o f  m a t h e m a t i c a l  t h i n k i n g ,  t h e  i n t u i t i o n  
o f  t h e  b a r e  t w o - o n e n e s s .  T h i s  i n t u i t i o n  o f  t w o -  
o n e n e s s ,  t h e  b a s a l  i n s t i t u t i o n  o f  m a t h e m a t i c s , 
c r e a t e s  n o t  o n l y  t h e  n u m b e r s  o n e  a n d  t w o ,  b u t  
a l s o  a l l  f i n i t e  o r d i n a l  n u m b e r s ,  i n a s m u c h  a s  o n e  
o f  t h e  e l e m e n t s  o f  t h e  t w o - o n e n e s s  m ay  b e  t h o u g h t  
o f  a s  a  new  t w o - o n e n e s s ,  w h i c h  p r o c e s s  m a y  b e
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r e p e a t e d  i n d e f i n i t e l y ;  t h i s  g i v e s  r i s e  s t i l l  f u r t h e r  
t o  t h e  s m a l l e s t  i n f i n i t e  o r d i n a l  n u m b e r  id.*-

B r o u w e r  i n s i s t e d  t h a t  i t  w a s  n o t  s u f f i c i e n t  t o  

p r o v e  t h e  e x i s t e n c e  o f  s o m e  m a t h e m a t i c a l  o b j e c t .  E x i s t e n c e  

f o r  B r o u w e r  m e a n s  c o n s t r u c t i b l e  e x i s t e n c e . T o  s a y  a  

m a t h e m a t i c a l  o b j e c t  e x i s t s  m e a n s  t h a t  a  m e t h o d  o f  c o n s t r u c ­

t i n g  t h e  o b j e c t  i n  a  f i n i t e  n u m b e r  o f  s t e p s  e x i s t s .  T h i s  

l a t t e r  r e q u i r e m e n t  i s  o f t e n  c a l l e d  C o n s t r u c t i v i s m ,  o r  t h e  

c o n s t r u c t i v i s t  a s p e c t  o f  B r o u w e r ’ s  i n t u i t i o n i s m .

I n  o n e  s e n s e ,  t h e  d i s t i n c t i o n s  a n d  d i s a g r e e m e n t s

a m o n g  t h e  v a r i o u s  s c h o o l s  o f  t h e  f o u n d a t i o n s  t u r n  o n  t h e i r
2

d i f f e r e n c e s  r e g a r d i n g  t h e  n o t i o n  o f  i n f i n i t y . R o u g h l y  

s p e a k i n g ,  t h e  l o g i c i s t s  p o s t u l a t e d  t h e  e x i s t e n c e  o f  a n  

i n f i n i t y ,  H i l b e r t  i n c l u d e d  i n f i n i t y  a s  o n e  o f  t h e  " i d e a l  

e l e m e n t s "  o f  h i s  s y s t e m ,  a n d  B r o u w e r  a c c e p t e d  o n l y  t h e  

n o t i o n  o f  p o t e n t i a l  i n f i n i t y .

A l l  t h e s e  s y s t e m s  o r g a n i z e  o r  j u s t i f y  e x i s t i n g  

m a t h e m a t i c s .  W hen  t h e y  w e r e  c r e a t e d  t h e i r  p u r p o s e  w a s  

n o t  t o  p r o d u c e  n e w ,  p r e v i o u s l y  u n k n o w n ,  m a t h e m a t i c s ,  

r a t h e r ,  t h e  a i m  w a s  t o  j u s t i f y ,  r i g o r i z e ,  o r  p r e s e n t  i n  

a  d e f e n d a b l e  f o r m  t h e  e x i s t i n g  m a t h e m a t i c s .  I f ,  o n c e  t h e

^ L .  E .  J .  Brouwer, " I n t u i t i o n i s m  and F o rm a l i sm ,"  
i n  Putnam and B e n a c e r r a f ,  p. 69. My e m p has is .

2
S e e ,  f o r  e x a m p l e ,  A l l a n  C a l d e r ' s  a r t i c l e  " C o n ­

s t r u c t i v e  M a t h e m a t i c s , "  i n  S c i e n t i f i c  A m e r i c a n  241 
( O c t o b e r ,  1979):  146-171 ,  f o r  a  d i s c u s s i o n  o f  t h i s  p o i n t .
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f o u n d a t i o r i a l s  s y s t e m  h a s  b e e n  e r e c t e d ,  n e w  m a t h e m a t i c s  i s  

c r e a t e d  b a s e d  u p o n  t h e  s y s t e m ,  t h a t  i s  w e l l  a n d  g o o d ,  b u t  

t h a t  i s  n o t  t h e  i n t e n d e d ,  m o t i v a t i n g  p u r p o s e  o f  t h e  

s y s t e m s .

W i t h  F r e g e  a n d  R u s s e l l  i t  w a s  t r u t h ,  c e r t a i n t y ,  

a n d  r i g o r ,  w i t h  H i l b e r t  i s  w a s  c o n s i s t e n c y  a n d  c o m p l e t e n e s s ,  

a n d  w i t h  B r o u w e r  i t  w a s  a c c e p t a b i l i t y  o f ,  i n  a l l  t h r e e  

c a s e s , e x i s t i n g  m a t h e m a t i c s  a n d  m e t h o d s ,  f i r s t  a n d  f o r e m o s t .

M o r e o v e r ,  i m p l i c i t l y  a l l  t h r e e  p r o g r a m s  b e l i e v e  

t h a t  t h e  s t r u c t u r e  o f  m a t h e m a t i c s  a n d  i t s  f o u n d a t i o n  b e g i n  

w i t h  c l e a r ,  i n d u b i t a b l y  t r u e  c o n c e p t s ,  a n d  t h e  r e s t  o f  

m a t h e m a t i c s  f l o w s  f r o m  t h e s e  i n d u b i t a b l y  t r u e  c o n c e p t s .  

C o i n e d  a s  t h e  " E u c l i d e a n  p r o g r a m m e "  b y  I m r e  L a k a t o s  a n d  

u s e d  i n  a  n u m b e r  o f  h i s  e s s a y s , * - L a k a t o s  d i s t i n g u i s h e s  t h e  

f o r m  o f  s t r u c t u r e  o f  m a t h e m a t i c s  f r o m  t h e  f o r m  o f  t h e  

s t r u c t u r e  o f  t h e  n a t u r a l  s c i e n c e s .  N a t u r a l  s c i e n c e  f o l l o w s  

a n  " E m p i r i c i s t  p r o g r a m m e "  i n  w h i c h  s c i e n t i s t s  b e g i n  w i t h  

o b s e r v a t i o n s  a n d  e x p e r i m e n t s  o f  t h e  n a t u r a l  w o r l d  w i t h  t h e  

i n t e n t i o n  o f  d e d u c i n g  b a s i c  s t a t e m e n t s — e m p i r i c a l  t e r m s  —  

a b o u t  t h e  r e a l  w o r l d .  F o r  e x a m p l e ,  o n e  o b s e r v e s  t h e

^ I m r e  L a k a t o s ,  " I n f i n i t e  r e g r e s s  a n d  f o u n d a t i o n s  
o f  m a t h e m a t i c s , "  a n d  "A r e n a i s s a n c e  o f  e m p i r i c i s m  i n  t h e  
r e c e n t  p h i l o s o p h y  o f  m a t h e m a t i c s , "  a m o n g  o t h e r s ,  f o u n d  
i n  h i s  c o l l e c t e d  P h i l o s o p h i c a l  P a p e r s . J o h n  W o r r a l l  a n d  
G r e g o r y  C u r r i e ,  e d s .  ( C a m b r i d g e :  C a m b r i d g e  U n i v e r s i t y
P r e s s ,  1 978) ,  2 : 3 -2 3 ,  24-42 .



232

f a l l i n g  o f  o b j e c t s  t o  t h e  ground to  d e te rm in e  b a s i c  s t a t e ­

ments  a b o u t  g r a v i t y ,  o r  b a s i c  e q u a t i o n s  a b o u t  f a l l i n g  

b o d i e s .  The end r e s u l t  i n  an " E m p i r i c i s t  programme" i s  

t h e  b a s i c  s t a t e m e n t s  a b o u t  t h e  n a t u r a l  w o r ld .  I n  c o n t r a s t ,  

m a them a t ic s  has t h e  form o f  a n  " E u c l id e a n  programme” i n  

which  th e  " b a s i c  s t a t e m e n t s "  b e g in  t h e  program.

I  c a l l  a  d e d u c t iv e  sys tem  a ’E u c l i d e a n  t h e o r y * 
i f  t h e  p r o p o s i t i o n s  a t  th e  to p  (axioms) c o n s i s t  o f  
p e r f e c t l y  w e l l -know n te rm s (p r i m i t i v e  t e r m s ) , and 
i f  t h e r e  a r e  i n f a l l i b l e  t r u t h - v a l u e  i n j e c t i o n s  a t  
th e  to p  o f  th e  t r u t h - v a l u e .  T r u e ,  which  f lows 
downwards t h ro u g h  th e  d e d u c t iv e  c h a n n e l s  o f  t r u t h -  
t r a n s m i s s i o n  ( p r o o f s )  and in u n d a t e s  th e  whole 
sys tem .  ( I f  t h e  t r u t h - v a l u e  a t  t h e  to p  was F a l s e , 
t h e r e  would be no c u r r e n t  o f  t r u t h - v a l u e  i n  th e  
s y s te m . )  S ince  th e  E u c l id e a n  programme i m p l i e s  t h a t  
a l l  knowledge c a n  be deduced from a f i n i t e  s e t  o f  
t r i v i a l l y  t r u e  p r o p o s i t i o n s  c o n s i s t i n g  o n ly  o f  
term s w i t h  a t r i v i a l  m e a n in g - lo a d , I  s h a l l  c a l l  i t  
a l s o  th e  Programme o f  T r i v i l i z a t i o n  o f  Knowledge. !

L ak a to s  was known f o r  h i s  sa rcasm  so t h e  term

" t r i v i l i z a t i o n  o f  knowledge" was i n t e n t i o n a l .  Y e t ,  h i s

p o i n t  i s  good.

. . . M a them at ics  has  been t r i v i a l i z e d ,  d e r i v e d  from 
i n d u b i t a b l e ,  t r i v i a l  axioms i n  which o n ly  a b s o l u t e l y  
c l e a r  t r i v i a l  te rm s f i g u r e ,  and from which  t r u t h  
pours  down i n  c l e a r  c h a n n e l s .  Concepts  l i k e  ' c o n ­
t i n u i t y , 1 ' l i m i t , '  e t c . ,  were d e f i n e d  i n  te rms o f  
c o n c e p t s  l i k e  ' n a t u r a l  n u m b e r , '  ' c l a s s , '  ' a n d , '
' o r , '  e t c .  The ' a r i t h m e t i z a t i o n  o f  m a th e m a t i c s '  

was a  most  w o n d e r fu l  E u c l i d e a n  a c h i e v e m e n t .2

The f o u n d a t i o n a l  s c h o o l s  a r e  t h e n  j u s t  v a r i a t i o n s  o f  th e

" E u c l id e a n  programme."  C o n se q u e n t ly  L a k a t o s ' u n d e r s t a n d i n g

1I b i d . ,  p. 4.

2I b i d . , p. 1 0 .
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o f  t h e  h i s t o r y  a n d  m o t i v a t i o n  b e h i n d  t h e  v a r i o u s  s c h o o l s  

i s  t h a t :

No E u c l i d e a n  t h e o r y ,  h o w e v e r ,  c a n  e v e r  s t a n d  u p  
t o  t h e  s k e p t i c a l  c r i t i c i s m .  A n d  t h e  m o s t  i n c i s i v e  
s k e p t i c a l  a r g u m e n t s  a g a i n s t  m a t h e m a t i c a l  d o g m a t i s m  
c a m e  f r o m  t h e  s e l f - t o r m e n t i n g  d o u b t s  o f  t h e  d o g m a t i s t s  
t h e m s e l v e s :  ' H a v e  we r e a l l y  r e a c h e d  t h e  p r i m i t i v e
t e r m s ?  H a v e  we r e a l l y  r e a c h e d  t h e  a x i o m s ? A r e  o u r  
t r u t h - c h a n n e l s  r e a l l y  s a f e ? ' T h e s e  q u e s t i o n s  p l a y e d  
a  d e c i s i v e  r o l e  m  F r e g e ' s  a n d  R u s s e l l ' s  g r e a t  e n t e r ­
p r i s e  t o  g o  b a c k  t o  s t i l l  m o r e  f u n d a m e n t a l  f i r s t   ̂
p r i n c i p l e s ,  b e y o n d  t h e  p e a n o  a x i o m s  o f  a r i t h m e t i c .

I n d e e d ,  o n e  o f  t h e  m a j o r  d i f f e r e n c e s  b e t w e e n  t h e

i n t u i t i o n i s t s  a n d  t h e  c l a s s i c a l  m a t h e m a t i c i a n s  i s  t h e  

a c c e p t a b i l i t y  o f  o n e  o f  t h e  " t r u t h - c h a n n e l s . "  I n t u i t i o n i s t s  

d o  n o t  a c c e p t  t h e  Law o f  t h e  E x c l u d e d  M i d d l e  a s  a  " t r u t h -  

c h a n n e l "  d e v i c e  i n  m a t h e m a t i c s .  R e s u l t s  g a i n e d  b y  t h e  Law

o f  t h e  E x c l u d e d  M i d d l e  a r e  n o t ,  f o r  t h e  i n t u i t i o n i s t s ,

c o n s i d e r e d  a c c e p t a b l e .

W h i l e  t h e  v a r i o u s  f o u n d a t i o n a l  s c h o o l s  d i s a g r e e  a s  

t o  t h e  b a s i c  i n d u b i t a b l y  t r u e ,  t r i v i a l  s t a t e m e n t s  a n d  

o c c a s s i o n a l l y  a s  t o  t h e  t r u t h - c h a n n e l s ,  t h e y  a l l  i m p l i c i t l y  

a g r e e  t h a t ,  a t  l e a s t ,  t h a t  i s  w h e r e  t h e  f o u n d a t i o n s  o f  

m a t h e m a t i c s  b e g i n .

C h a r a c t e r i z a t i o n  o f  t h e  N a t u r e  
o f  M a t h e m a t i c s

F o r  m a n y  p h i l o s o p h e r s  t h e  " e s s e n c e ”  o r  " e s s e n t i a l

n a t u r e "  o f  m a t h e m a t i c s  i s  f o u n d  i n  i t s  a x i o m s  o r

■''Ibid., p. 14.
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f o u n d a t i o n a l  sys tem .  For  example ,  Max B l a c k ' s  The N a tu re  

o f  M athem at ics  i s  a  long  d i s c u s s i o n  o f  th e  v a r i o u s  fo u n d a ­

t i o n a l  s c h o o l s ,  w i t h  a n  o c c a s i o n a l  nod to  e a r l y  W i t t g e n s t e i n  

and F. P. Ramsey. B lack  e x p l a i n s  h i s  view o f  t h e  n a t u r e  

o f  m a them a t ic s  and r e a s o n s  f o r  exam in ing  t h e  f o u n d a t i o n s .

. . . F o r  m a th em a t ic s  i s  th e  s tu d y  o f  a l l  s t r u c t u r e s  
whose form can  be e x p re s s e d  i n  symbols ,  i t  i s  th e  
grammar o f  a l l  symbolic  sys tem s a n d ,  a s  s u c h ,  i t s  
methods a r e  p e c u l i a r l y  a p p r o p r i a t e  t o  t h e  i n v e s t i g a ­
t i o n  o f  i t s  own i n t e r n a l  s t r u c t u r e .  But t h e  s t r u c t u r e  
o f  m a th e m a t ic s ,  though i m p l i c i t  i n  i t s  theo rem ,  i s  
n o t  c l e a r l y  shown and t e n d s  t o  be co n fused  even  by 
th o s e  who a r e  most  f a m i l i a r  w i t h  i t .  I t  i s  the  
p h i l o s o p h e r ' s  t a s k  t o  e x h i b i t  t h e  i n h e r e n t  s t r u c t u r e  
and t o  i n v e n t  a s u i t a b l e  symbolism f o r  i t s  e x p r e s s i o n .  
E l i m i n a t i o n  o f  u n n e c e s s a r y  p o s t u l a t e s  and th e  e x p l i c i t  
e x h i b i t i o n  o f  t h e  s t r u c t u r e  o f  m athem at ics  p r e v e n t s  
c o n f u s i o n  o f  p u rpose  w i t h i n  th e  s c i e n c e  and adds  to  
th e  a e s t h e t i c  s a t i s f a c t i o n  o f  c o n te m p l a t i n g  i t . l

But f o r  B lack  t h i s  a l l  means exam in ing  t h e  fo un d a-  

t i o n s - - t h e  im p l ied  b e l i e f  b e in g  t h a t  u n d e r s t a n d i n g  th e  

f o u n d a t i o n s  means u n d e r s t a n d i n g  th e  th eo re m s ,  t h e  b ra n c h es  

o f  m a th em a t ic s  and th e  e s s e n t i a l  n a t u r e  o f  i t  a s  a whole .

R a t h e r ,  I  b e l i e v e  t h a t  to  b e g in  to  d e s c r i b e  o r  

e x p l i c a t e  t h e  n a t u r e  o f  m a th em a t ic s  one must a t t e n d  to  

i t s  p r e s e n t a t i o n ,  i t s  permanence,  i t s  a b s t r a c t n e s s  and 

g e n e r a l i z a t i o n ,  i t s  a p p l i c a b i l i t y  t o  th e  n a t u r a l  w o r l d ,^  

i t s  u n i t y  and i t s  form and s t r u c t u r e .

Hlax B lac k ,  The N a tu re  o f  M athem at ics  ( P a t e r s o n :  
L i t t l e f i e l d ,  Adams & C o . , l y 5 y ) , p .  4.

2
Eugene Wigner m em o r ia l ized  t h i s  id e a  w i t h  h i s  

a r t i c l e  e n t i t l e d ,  "The U n re aso n ab le  E f f e c t i v e n e s s  o f
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The P r e s e n t a t i o n  o f  M athem at ics

While R u s s e l l ' s  view t h a t  "pu re  m a them a t ic s  i s  t h e  

c l a s s  o f  a l l  p r o p o s i t i o n s  o f  th e  form 'p  i m p l i e s  q 1" ’*' 

may a p p e a r  two narrow a v iew ,  h i s  p o i n t  i s  w e l l  t a k e n .

Not o n ly  i n  i t s  f o u n d a t i o n ,  b u t  i n  i t s  g e n e r a l  p r e s e n t a t i o n ,  

a f t e r  a l l o w i n g  f o r  t e r m s ,  axioms and d e f i n i t i o n s ,  m a th e ­

m a t i c s  can  be p r e s e n t e d  a s  t h i s  s p e c i a l  lan g uage  o f  s t a t e ­

m e n ts ,  p, q ,  r ,  s ,  . . . i n  which one f o l l o w s ,  by r u l e s  

o f  i n f e r e n c e  such  a s  modus p o l l e n s , a f t e r  a n o t h e r .  No 

o t h e r  s c i e n c e  can  be a r r a n g e d  q u i t e  l i k e  m a th e m a t ic s .

Thus,  m a them a t ic s  i s  sometimes c h a r a c t e r i z e d  a s  a  " fo rm a l  

s c i e n c e , "  a s  opposed to  th e  " n a t u r a l  s c i e n c e s . "

The Permanence o f  M athem at ics

Not o n ly  i s  i t s  p r e s e n t a t i o n  un ique  b u t  i t s  p e r ­

manence i s  a  s i n g u l a r  a s p e c t  o f  m a th e m a t ic s .  While  t h e  

h i s t o r y  o f  m athem at ics  i s  r e p l e t e  w i t h  f a l s e  s t a t e m e n t s ,  

th eo re m s ,  and p r o o f s ,  and w h i l e  m a th e m a t ic i a n s  have 

been  s im p ly  wrong, and t h e i r  e r r o r s  have gone u n n o t ic e d  

f o r  (sometimes)  lo n g  p e r i o d s  o f  t im e ,  t h a t  which  a p p e a r s  

to  be t r u e ,  a p p e a r s  to  be t r u e  f o r e v e r .  I t  seems u n l i k e l y  

t h a t  th e  P y th a g o re a n  Theorem w i l l  e v e r  be shown to  be f a l s e .

M athem at ics  i n  th e  N a t u r a l  S c i e n c e s , "  Communications on 
Pure  and A p p l ied  M athem at ics  13 ( 1 9 6 0 ) : 1 - 1 5 .

1
R u s s e l l ,  P r i n c i p l e s  o f  M a th e m a t i c s , p. 3 .
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The permanence o f  i t s  t r u t h s  i s  t i e d  t o  two t h i n g s : 

f i r s t ,  t h e  a p p l i c a t i o n  o f  th e  t r u t h s ,  and second ,  th e  

g e n e r a l i t y  of  th e  t r u t h s .  For  example ,  th e  p e rm a nen t ly  

t r u e  s t a t e m e n t ,  "5 +  7 = 12" must  be a p p l i e d  t o  s p e c i f i c  

s i t u a t i o n s .  I t  i s  t r u e  t h a t  f i v e  s t o n e s  added to  a q u a n t i t y  

o f  seven  s t o n e s  p roduces  a t o t a l  q u a n t i t y  o f  tw e lv e  s t o n e s .  

But ,  f i v e  q u a r t s  o f  w a t e r  mixed w i t h  seven  q u a r t s  o f  

a l c o h o l  w i l l  n o t  p roduce  tw e lve  q u a r t s  o f  m ix t u r e .  Thus ,  

w h i l e  th e  e q u a t i o n  "5 + 7 = 12" must  be a p p l i e d  t o  o n ly  

a p p r o p r i a t e  s i t u a t i o n s ,  t h e r e  a r e  many, many s i t u a t i o n s  

t o  which i t  may be a p p l i e d .  The g e n e r a l i t y  o f  t h e  t r u t h ,

"5 + 7 = 1 2 , "  means t h a t  i t ,  i n  f a c t ,  i s  n o t  r e q u i r e d  to  

a p p ly  t o  a n y t h i n g .  One cou ld  c a l l  i t  a  t r u t h  i n t e r n a l  t o  

m a th e m a t ic s .  A f t e r  c o n s t r u c t i n g  ( o r  p o s t u l a t i n g )  th e  whole 

numbers and a d d i t i o n ,  "5 + 7 = 12" becomes one o f  th o se  

p ,  q ,  r , ' s  . . . R u s s e l l  r e f e r s  t o .  A t  t h a t  p o i n t  th e  

e q u a t i o n ,  f o r m a l l y  and t e c h n i c a l l y ,  i s  n o t  ab o u t  a n y t h i n g .

I t  i s  th e  a b sen c e  o f  r e a l ,  n a t u r a l  wor ld  c o n n o t a t i o n s ,  

i t s  a b s t r a c t  n a t u r e  (m ath em a t ic s  f o r  m athem at ics  s a k e ,  i f  

you w ish)  t h a t  ad d s  t o  th e  g e n e r a l i t y  and permanence o f  

m a th e m a t i c a l  t r u t h s .

The U n i ty  o f  M athem at ics

A n o th e r  a s p e c t  o f  th e  un ique  n a t u r e  o f  m a th em a t ic s  

i s  i t s  u n i t y .  As we saw i n  th e  h i s t o r i c a l  c h a p t e r s  o f
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t h i s  e s s a y ,  a  number o f  m a th e m a t i c i a n s  and h i s t o r i a n s  p e r ­

c e iv e d  a change i n  t h e  h i s t o r y  o f  m a them a t ic s  i n  t h a t  

t o p i c s  l i k e  to p o lo g y  ten ded  t o »u n i f y  and r e v e a l  i n t e r c o n ­

n e c t i o n s  among p r e v i o u s l y  c o n s i d e r e d  d i v e r s e  p a r t s  o f  

m a th e m a t ic s .

T h i s  view o f  th e  u n i t y  o f  m a them a t ic s  i s  an  

e s p e c i a l l y  im p o r t a n t  p a r t  o f  t h e  Bourbak i  view o f  m a th e ­

m a t i c s .  A c co rd in g  t o  B o u rb a k i ,  seem ing ly  d i s p a r a t e  

m a th e m a t i c a l  t h e o r i e s  may have an a lo g o u s  a x io m a t i c  s t r u c t u r e s .  

One a s p e c t ,  t h e n ,  o f  t h e  p h i lo s o p h y  o f  m a th em a t ic s  i s  t o  

l o c a t e  th e  common u n d e r l y i n g  s t r u c t u r e s  o f  m a th e m a t ic s .

With B ourbak i  a l l  known s t r u c t u r e s  have been 

reduced  t o  c o m b in a t io n s  and v a r i a t i o n s  o f  t h r e e  fundam en ta l  

"mother  s t r u c t u r e s : "

1. A l g e b r a i c  s t r u c t u r e s .  S t r u c t u r e s  l i k e  groups  and 
r i n g s  which r e q u i r e  a  law o f  c o m p o s i t io n .

2. O rde r  s t r u c t u r e s .  S t r u c t u r e s  d e f i n e d  by a 
t r a n s i t i v e ,  b i n a r y  r e l a t i o n  between e l e m e n t s .

3. T o p o l o g i c a l  s t r u c t u r e s .  S t r u c t u r e s  which f o r ­
m u la te  i n  th e  a b s t r a c t  c o n c e p t s  such  a s  n e i g h ­
borhood ,  open s e t ,  s p a c e ,  e t c . l

A mark o f  m a th e m a t i c a l  g e n i u s ,  f o r  B o u rb a k i ,  i s  t h e

r e c o g n i t i o n  o f  t h e  u n d e r l y i n g  u n i f y i n g  s t r u c t u r e  o f

^ N ico la s  B o u rb a k i ,  "The A r c h i t e c t u r e  o f  M athe­
m a t i c s , "  i n  G r e a t  C u r r e n t s  o f  M a th e m a t ic a l  T h o u g h t . F.
Le L io n n a is ,  ed .  (New York: Dover P u b l i c a t i o n s , 1971) .
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seem in g ly  u n r e l a t e d  m a th e m a t i c a l  o b j e c t s  o r  th eo rem s .

T h is  i s  a  v e ry  modern p h i l o s o p h i c a l  v i e w p o in t  o f  m a th e m a t ic s .  

And i t s  so u rc e  i s  more i n  m athem at ics  t h a n  i n  p h i lo s o p h y .

The t w e n t i e t h  c e n t u r y  h i s t o r y  o f  m a them a t ic s  i s  v e ry  much 

a  h i s t o r y  o f  a b s t r a c t  s t r u c t u r e s  b e in g  a p p l i e d  t o  e x i s t i n g  

m a th em a t ic s  and s t u d i e d  i n  t h e i r  own r i g h t .  Thus ,  i t  makes 

se n se  t h a t  B o u r b a k i ' s  p h i l o s o p h i c a l  overv iew o f  th e  

i m p o r t a n t  u n i t y  o f  m athem at ics  be i n  te rm s o f  t h e s e  s t r u c t u r e s .

The Role  and Use o f  M athem at ics  
i n  O th e r  F i e l d s

The g r e a t  range  o f  a p p l i c a t i o n s  o f  m a th e m a t i c a l

s t r u c t u r e s  t o  th e  r e a l ,  p h y s i c a l  world  i s  a n o t h e r  a s p e c t

o f  m a th e m a t i c s '  n a t u r e .  As m ent ioned ab ov e ,  Eugene Wigner

c a p t u r e d  th e  s p i r i t  o f  t h e  g r e a t ,  e f f e c t i v e ,  and o f t e n

s u r p r i s i n g  u s e f u l n e s s  o f  m athem at ics  t o  s c i e n c e  i n  h i s

t i t l e ,  "The U n re aso n ab le  E f f e c t i v e n e s s  o f  M athem at ics  i n

t h e  N a t u r a l  S c i e n c e . "  As he e x p l a i n s

. . . t h e  enormous u s e f u l n e s s  o f  m a th em a t ic s  i n  th e  
n a t u r a l  s c i e n c e s  i s  som eth ing  b o r d e r i n g  on th e  
m y s t e r io u s  and t h a t  t h e r e  i s  no r a t i o n a l  e x p l a n a t i o n  
f o r  i t .  Second,  i t  i s  j u s t  t h i s  uncanny u s e f u l n e s s  
o f  m a th e m a t i c a l  c o n c e p t s  t h a t  r a i s e s  th e  q u e s t i o n  
o f  t h e  u n iq u en e ss  o f  o u r  p h y s i c a l  t h e o r i e s . !

W ig n e r ' s  p a p e r  i s  t h e n  composed o f  t h r e e  s e c t i o n s :  

a  d e s c r i p t i o n  o f  m a th e m a t i c s ,  a d e s c r i p t i o n  o f  p h y s i c s ,  and

Wigner, p. 2.
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t h e  r o l e  o f  m a th em a t ic s  i n  p h y s i c a l  t h e o r i e s .  His d e s c r i p ­

t i o n  o f  m a them a t ic s  seems to  r e f l e c t  h i s  p h y s i c i s t  view 

o f  m a th e m a t ic s :  m a th em a t ic s  i s  p r i m a r i l y  a n  i n t e r n a l

s u b j e c t  m a t t e r  i n  which  r i g o r ,  p r o o f ,  and e le g a n c e  p l a y  

s u b s t a n t i a l  p a r t s .  From h i s  v i ew p o in t  a s - a  k ind  o f  

f o r m a l i s t ,  Wigner b e l i e v e s  t h a t :

Most more advanced m a th e m a t i c a l  c o n c e p t s ,  such  a s  
complex numbers ,  a l g e b r a s ,  l i n e a r  o p e r a t o r s ,  B o re l  
s e t s - - a n d  t h i s  l i s t  cou ld  be c o n t in u e d  a lm o s t  
i n d e f i n i t e l y - - w e r e  so d e v i s e d  t h a t  t h e y  a r e  a p t  
s u b j e c t s  on which  th e  m a th e m a t i c i a n  can  demon- •, 
s t r a t e  h i s  i n g e n u i t y  and s e n se  o f  fo rm a l  b e a u ty .

His  d e s c r i p t i o n  o f  p h y s i c s  i s  t h a t  i t  i s  th e

s y s t e m a t i c  s tu d y  o f  and s e a r c h  f o r  " r e g u l a r i t i e s "  and

" i n v a r i a n c e "  i n  t h e  p h y s i c a l  w o r ld .  The r e g u l a r i t i e s  and

i n v a r i a n c e s  a r e  summarized i n  t h e  " laws o f  n a t u r e . "  He

reminds t h e  r e a d e r  t h a t  t h e  laws o f  n a t u r e  have a c o n d i t i o n a l ,

c o n j e c t u r a l  q u a l i t y  a b o u t  them.

. . . t h e  laws o f  n a t u r e  a r e  a l l  c o n d i t i o n a l  s t a t e ­
ments  and th e y  r e l a t e  o n ly  t o  a  v e ry  sm a l l  p a r t  o f  
o u r  knowledge o f  th e  world  . . . c o n d i t i o n a l  s t a t e ­
ments  c a n n o t  be e n t i r e l y  p r e c i s e ;  t h a t  t h e  c o n d i ­
t i o n a l  s t a t e m e n t s  a r e  p r o b a b i l i t y  laws which  e n a b le  
us o n ly  t o  p l a c e  i n t e l l i g e n t  b e t s  on f u t u r e  p r o p e r t i e s  
o f  th e  in a n im a te  w o r ld ,  based  on th e  knowledge o f  
t h e  p r e s e n t  s t a t e . 2

The b a la n c e  o f  the  p ap e r  i s  a  s e r i e s  o f  examples 

o f  th e  u n u s u a l l y  e f f e c t i v e  (and sometimes s u r p r i s i n g )

H b i d .  , p. 3.

^ I b i d . , p. 6.
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u s e f u l n e s s  o f  m a th em a t ic s  i n  t h e  laws o f  n a t u r e .

His  p a p e r  th u s  i s  m o s t ly  a n  u n n e c e s s a r y  d e fe n s e  o f

a n  id e a  which  n e a r l y  everyone  a g r e e s :  m a th em a t ic s  has

many im p o r t a n t  a p p l i c a t i o n s  t o  t h e  r e a l  w o r ld .

. . . The m i r a c l e  o f  t h e  a p p r o p r i a t e n e s s  o f  t h e  
language  o f  m a them a t ic s  f o r  t h e  f o r m u l a t i o n  o f  
t h e  laws o f  p h y s ic s  i s  a  w o n d e r fu l  g i f t  which  we 
n e i t h e r  u n d e r s t a n d  n o r  d e s e r v e .  We sh o u ld  be 
g r a t e f u l  f o r  i t  and hope t h a t  i t  w i l l  rem ain  
v a l i d  i n  f u t u r e  r e s e a r c h  and t h a t  i t  w i l l  e x t e n d ,  
f o r  b e t t e r  o r  f o r  w o rse ,  t o  o u r  p l e a s u r e  even  
though p e rhaps  a l s o  t o  o u r  b a f f l e m e n t ,  t o  wide 
b ra n c h e s  o f  l e a r n i n g . 1

H is  " m a r r i a g e 11 t o  m a them a t ic s  because  o f  i t s  

uncanny u s e f u l n e s s  i n  p h y s i c s  i s  a lm o s t  a n  a c t  o f  f a i t h .  

What p r o p e r t i e s  a b o u t  m a them a t ic s  o r  what  i t  i s  a b o u t  

m athem at ics  which  makes i t  a lw ays  so p o t e n t i a l l y  v a l u a b l e  

t o  t h e  laws o f  n a t u r e  a r e  n e v e r  r e a l l y  d i s c u s s e d  by W igner .

F e l i x  Browder a t t e m p t s  t o  answ er  th e  q u e s t i o n  o f

why m ath em a t ic s  i s  so e f f e c t i v e  i n  h i s  p a p e r ,  "Does Pure
2

M athem at ics  Have a R e l a t i o n  t o  t h e  S c i e n c e s . "  He q u i t e  

a g r e e s  w i t h  Wigner t h a t  m a th em a t ic s  has u se s  and r e l a ­

t i o n s  t o  t h e  s c i e n c e s ,  bu t  he i s  n e i t h e r  awed n o r  s u r p r i s e d  

by th e  f a c t .  He c h a r a c t e r i z e s  t h e  u s e f u l n e s s  o f  m a the ­

m a t i c s  t o  t h e  o t h e r  s c i e n c e s  t h u s l y :

LI b i d . ,  p. 13.
2

F e l i x  Browder, "Does Pure  M athem at ics  Have a 
R e l a t i o n  t o  th e  S c i e n c e s , "  Am erican  S c i e n t i s t  64 (1 97 6 ) :  
542-549.
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1. The p o t e n t i a l  u s e f u l n e s s  o f  a  m a th e m a t i c a l  c o n c e p t  
o r  t e c h n iq u e  i n  t h e  advance  o f  s c i e n t i f i c  u n d e r ­
s t a n d i n g  has v e ry  l i t t l e  t o  do w i t h  what  one can  
f o r e s e e  b e f o r e  th e  c o n ce p t  o r  t e c h n iq u e  a p p e a r e d .

2. Such u s e f u l n e s s  has v e ry  l i t t l e  to  do w i t h  t h e  
pure  o r  a p p l i e d  c h a r a c t e r  o f  t h e  m o t i v a t i o n  u n d e r ­
l y i n g  t h e  c r e a t i o n  o f  t h e  t e c h n iq u e  o r  c o n c e p t ,
o r  w i t h  i t s  d e g re e  o f  l o g i c a l  o r  fo rm a l  a b s t r a c t i o n .

3. Concepts  o r  t e c h n iq u e s  a r e  u s e f u l  o n ly  i f  th e y  
can  e v e n t u a l l y  be pu t  i n  a form t h a t  i s  s im p le  
and r e l a t i v e l y  e a s y  to  use  i n  a  v a r i e t y  o f  c o n ­
t e x t s .  P u t t i n g  them i n  such  a form i s  n o t  a lw ays  
a n  obv ious  t a s k  i n  te rm s  o f  t h e i r  o r i g i n a l  
a p p e a r a n c e ,  and o f t e n  r e q u i r e s  i n n o v a t i v e  
o r i g i n a l i t y  o f  a  v e ry  h ig h  o r d e r .

4 .  We do n o t  know what w i l l  be u s e f u l  ( o r  even  
e s s e n t i a l )  u n t i l  i t  has been  u se d .  We c anno t  
r e l y  upon th e  c o n c e p t s  and t e c h n iq u e s  t h a t  have 
been a p p l i e d  i n  t h e  p a s t  w i t h o u t  r u l i n g  ou t  th e  
p o s s i b i l i t y  o f  s i g n i f i c a n t  i n n o v a t i o n .

Browder t h e n  p roduces  a s e r i e s  o f  ve ry  im p r e s s iv e  examples

o f  th e  u se s  and a p p l i c a t i o n s  o f  m athem at ics  i n  t h e  n a t u r a l

s c i e n c e s .  A f t e r  which ,  he d i s c u s s e s  some o f  th e  co n tem pora ry

problems i n  th e  p h i lo s o p h y  o f  m a th e m a t ic s ;  p a r t i c u l a r l y

t h e  v a r i o u s  f o u n d a t i o n a l  s c h o o l s .  His  t e n t a t i v e  c o n c l u s i o n

r e g a r d i n g  th e  r e a s o n  why m a them a t ic s  i s  so e f f e c t i v e  and

u s e f u l  f o l l o w s :

The answ er  I  seem to  be p ro d u c in g  f o r  th e  q u e s t i o n  
l i s t e d  e a r l i e r  may seem p e r v e r s e  t o  some. M athem at ics  
i n  i t s  own d i s t i n c t  way i s  an  o b j e c t i v e  s c i e n c e  d e a l i n g  
w i t h  c e r t a i n  b a s i c  i n t u i t i v e  theorem s o f  human 
e x p e r i e n c e  and p r a c t i c e  by a c o n t i n u a l l y  more in g e n io u s  
a p p a r a t u s  o f  t e c h n i c a l  d e v i c e s  and s i m p l i f y i n g  c o n c e p t s .  
Because  o f  i t s  o r i g i n  and i t s  n a t u r e ,  m a th em a t ic s  i s  
n o t  u n r e a s o n a b ly  e f f e c t i v e  i n  th e  p h y s i c a l  s c i e n c e s ;

^ I b i d . ,  p. 543.
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i t  i s  s im p ly  ( tho u gh  s u r p r i s i n g l y )  e f f e c t i v e .  With 
a c e r t a i n  amount o f  i n g e n u i t y  and i n s i g h t  (amount ing  
p e rhaps  t o  g e n i o u s ) , someone w i l l  p r o b a b ly  even  
make i t  r e a s o n a b l y  e f f e c t i v e  i n  t h e  b i o l o g i c a l  
s c i e n c e s . 1

A b s t r a c t i o n ,  G e n e r a l i z a t i o n ,  
and F o r m a l i z a t i o n

The c o n c e p t s  o f  a b s t r a c t i o n ,  g e n e r a l i z a t i o n ,  and 

f o r m a l i z a t i o n  a r e  p r o b a b ly  th e  m a jo r  d i s t i n g u i s h i n g  c h a ra c  

t e r i s t i c s  o f  modern m a th e m a t ic s .  R e c a l l  from C h a p te r  I I  

how h i s t o r i a n s  o f t e n  d i s c u s s e d  p o i n t  s e t  t o p o lo g y  a s  a n  

e s p e c i a l l y  good example o f  "modern 11 m a th e m a t ic s .  P o i n t  

s e t  to p o lo g y  was t h e  synedoche o f  modern m a th em a t ic s  

because  i t  was a b s t r a c t ,  and i t  g e n e r a l i z e d  and u n i f i e d  

p r e v i o u s  r e s u l t s ,  and i n  i t s  a b s t r a c t  and g e n e r a l i z e d  

manner i t  co u ld  f o r m a l i z e  and a r r a n g e  much m a th e m a t i c s .

R e p e a t in g  B e l l ' s  v e r s i o n  o f  th e  f u t u r e  o f  m a th e ­

m a t i c s  (p .  119 a b o v e ) .

I t  seems n o t  a l t o g e t h e r  f a n t a s t i c  t o  imagine t h a t  
a  few c e n t u r i e s  hence  th e  q u a l i t a t i v e  h a b i t  o f  
th o u g h t  w i l l  have sup e rced ed  t h e  q u a n t i t a t i v e  i n  t h e  
growing p a r t s  o f  m a th e m a t ic s .  C e r t a i n  i n d i c a t i o n s  
i n  s c i e n c e ,  and many i n  m a th e m a t i c s ,  p o i n t  t o  th e  
a n a l y s i s  o f  s t r u c t u r e  a s  th e  m athem at ics  o f  th e  
f u t u r e .  S t a t e d  r o u g h ly ,  i t  i s  n o t  t h i n g s  t h a t  
m a t t e r ,  b u t  t h e  r e l a t i o n s  be tween them; and i f  
t o p o lo g y ,  w i t h  i t s  s p e c i a l  v i s u a l i z a t i o n s  o f  
i n t r i c a t e  r e l a t i o n s  between a b s t r a c t  ' o b j e c t s '  has 
made p o s s i b l e  a  r u d im e n ta r y  b u t  s t i l l  d i f f i c u l t  
a n a l y s i s  o f  r e l a t i o n s ,  i t  may be t h e  germ o f  m a th e ­
m a t i c s  o f  th e  f u t u r e .  I n  any e v e n t ,  t o p o lo g y  i s  so 
u n l i k e  p r e v io u s  m a them a t ic s  t h a t  i t  h i n t s  o f  a  
m a jo r  t r a n s i t i o n .

^ I b i d . ,  p. 548.
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I n  t h i s  same book, B e l l  q u o te s  a l e c t u r e  o f  E.  H. 

Moore g iv e n  i n  1906. Moore comments t h a t  we l a y  down a 

fund am en ta l  p r i n c i p l e  o f  g e n e r a l i z a t i o n  by a b s t r a c t i o n :

The e x i s t e n c e  o f  a n a l o g i e s  be tween  c e n t r a l  f e a t u r e s  
o f  v a r i o u s  t h e o r i e s  i m p l i e s  t h e  e x i s t e n c e  o f  a  g e n e r a l  
t h e o r y  which  u n d e r l i e s  t h e  p a r t i c u l a r  t h e o r i e s  ancT 
u n i f i e s  them w i t h  r e s p e c t  t o  t h o s e  c e n t r a l  f e a t u r e ’s . . .

From th e  l i n e a r  continuum w i t h  i t s  i n f i n i t e  
v a r i e t y  o f  f u n c t i o n s  and c o r r e s p o n d i n g  s i n g u l a r i t i e s  
G. C a n to r  deve loped  h i s  t h e o r y  o f  c l a s s e s  o f  p o i n t s  
(P unk tm eneen leh re )  w i t h  t h e  n o t i o n s :  l i m i t - p o i n t  
d e r i v e d  c l a s s ,  c l o s e d  c l a s s ,  p e r f e c t  c l a s s ,  e t c . ,  
and h i s  t h e o r y  o f  c l a s s e s  i n  g e n e r a l  (a l l g e m e in e  
M engen lehre)  w i t h  t h e  n o t i o n s :  c a r d i n a l  number,
o r d i n a l  number,  o r d e r - t y p e ,  e t c .  These t h e o r i e s  o f  
C a n to r  a r e  p e rm e a t in g  Modern M athem at ics  . . .

We n o t i c e  a  more g e n e r a l  t h e o r y  d a t i n g  from t h e  
y e a r  1906. R e c o g n iz in g  t h e  fu nd am en ta l  r o l e  p layed  
by th e  n o t i o n  o f  l i m i t - e l e m e n t  (number, p o i n t ,  f u n c t i o n  
c u r v e ,  e t c . )  i n  v a r i o u s  s p e c i a l  d o c t r i n e s  M. F r e c h e t  
has  g iv e n ,  w i t h  e x t e n s i v e  a p p l i c a t i o n s ,  a n  a b s t r a c t  
g e n e r a l i z a t i o n  o f  a c o n s i d e r a b l e  p a r t  o f  C a n t o r ' s  
t h e o r y  o f  c l a s s e s  o f  p o i n t s  and th e  t h e o r y  o f  con ­
t i n u o u s  f u n c t i o n s  on c l a s s e s  o f  p o i n t s .  F r e c h e t  
c o n s i d e r s  a g e n e r a l  c l a s s  P o f  e le m e n ts  p w i t h  t h e  
n o t i o n  l i m i t  d e f i n e d  f o r  s equences  o f  e l e m e n t s .  The 
n a t u r e  o f  t h e  e le m e n t s  p i s  n o t  s p e c i f i e d  ( t h a t  i s ,  
t h e  e le m e n ts  a r e  c o m p l e t e ly  g e n e r a l  o r  a b s t r a c t ) : 
t h e  n o t i o n  l i m i t  i s  n o t  e x p l i c i t l y  d e f i n e d ;  i t  i s  
p o s t u l a t e d  as  d e f i n e d  s u b j e c t  t o  s p e c i f i e d  c o n d i t i o n s .
F o r  p a r t i c u l a r  a p p l i c a t i o n s  e x p l i c i t  d e f i n i t i o n s  
s a t i s f y i n g  th e  c o n d i t i o n s  a r e  g iv e n .

The p r o c e s s  o f  a b s t r a c t i o n  i n  m a th em a t ic s  i s  t h e  

s t r i p p i n g  away o f  t h e  e x t r a n e o u s ,  n o n e s s e n t i a l  d e t a i l s  o f  

a c o n c e p t  o r  o b j e c t  and r e v e a l i n g  t h e  common c o r e ,  th e  

c e n t r a l ,  o r  e l e m e n t a l  c o n c e p t s  o r  s t r u c t u r e  found i n

B e l l ,  Development o f  M a th e m a t i c s , pp. 502-
503. I t  i s  u n c l e a r  from th e  q u o t a t i o n  w h e th e r  t h e  u n d e r ­
sc o red  words and p a s s a g e s  a r e  B e l l ' s  o r  M o o re 's  em p h a s i s .
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seem in g ly  d i v e r s e  o r  d i s s i m i l a r  m a th e m a t i c a l  o b j e c t s .  

R e c a l l  how H a u s d o r f f  (p .  85 above)  commented t h a t  Riemann

s u r f a c e s ,  sp a ce s  o f  c u r v e s ,  sp aces  o f  f u n c t i o n s ,  m e t r i c  

s p a c e s ,  sp aces  o f  p o i n t s  were a l l  s p e c i f i c  c a s e s  o f  th e  

more g e n e r a l ,  a b s t r a c t  o b j e c t — t o p o l o g i c a l  sp a c e .  The 

axioms o f  p o i n t  s e t  t o p o lo g y  r e v e a l e d  th e  c o re  s i m i l a r i t y  

o f  t h e s e  d i f f e r e n t  s p a c e s .

A n o th e r  example o f  th e  p r o c e s s  o f  a b s t r a c t i o n  i n  

t h e  h i s t o r y  o f  p o i n t  s e t  t o p o lo g y  i s  th e  H e in e - B o r e l  

Theorem. The b a s i c  c o n c e p t  o r  id e a  o f  th e  theorem  was a t  

t h e  c o r e  o f  v a r i o u s  theorem s i n  to p o lo g y  and a n a l y s i s  so 

t h a t  i t  was e v e n t u a l l y  s t a t e d  and proved a s  a  s e p a r a t e  

theorem ,  r a t h e r  t h a n  a lemma, o f  p o i n t  s e t  t o p o lo g y .

I n  a n o t h e r  se n se  o f  th e  word,  " a b s t r a c t "  o b j e c t s  

o f  m a th em a t ic s  a r e  a b s t r a c t  i n  th e  sen se  t h a t  th e y  do n o t  

n e c e s s a r i l y  have any r e f e r e n c e  t o  t h e  r e a l ,  s e n s o r y  w o r ld .  

As Moore s a i d  ab o v e ,  th e  " n a t u r e  o f  th e  e l e m e n t s "  i s  n o t  

s p e c i f i e d — th e  e le m e n ts  a r e  c o m p le t e ly  g e n e r a l  o r  a b s t r a c t .

O b je c t s  o f  m athem at ics  can  a l s o  be g e n e r a l .  T h e i r  

g e n e r a l i t y  i s  t h a t  t h e y  can  be a p p l i e d  t o  a v a r i e t y  o f  

m a th e m a t i c a l  s e t t i n g s .  As w i t h  th e  c a se  o f  th e  H e in e - B o r e l  

Theorem, i t  was i n  i t s  g e n e r a l i t y ,  i t  was found i n  many 

d i f f e r e n t  s e t t i n g s ,  t h a t  i t  t h e n  became r e g a rd e d  a s  

im p o r t a n t  and c e n t r a l  t o  a n a l y s i s .
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What began a s  a theorem a b o u t  p o i n t  s e t s  on t h e  

l i n e  was t h e n  g e n e r a l i z e d  to  s e t s  i n  h i g h e r  d im ens ions  and 

d i f f e r e n t  s p a c e s .  T. H. H i l d e b r a n d ,  i n  h i s  p a p e r ,  "The 

B o re l  Theorem and I t s  G e n e r a l i z a t i o n s , "  l i s t e d  s e v e r a l  

v e r s i o n s  o f  t h e  H e in e - B o r e l  Theorem i n  d i f f e r e n t  s e t t i n g s ,  

and th e n  d i s c u s s e s  th e  many a p p l i c a t i o n s  ( t h e  g e n e r a l i t y  

o f  t h e  theorem) i n  d i v e r s e  p a r t s  o f  a n a ly s i s . ^ "

A n o th e r  example  o f  g e n e r a l i z a t i o n  i n  t h e  h i s t o r y  

o f  p o i n t  s e t  to p o lo g y  i s  t h e  c a s e  o f  th e  J o r d a n  Curve 

Theorem. A f t e r  b e in g  s t a t e d  and proved f o r  th e  p l a n e ,  

t h e r e  were a t t e m p t s  t o  g e n e r a l i z e  th e  theorem t o  h i g h e r  

d im en s io n  E u c l i d e a n  s p a c e s .

Both c o n c e p t s ,  g e n e r a l i z a t i o n  and a b s t r a c t i o n ,  

a lm o s t  form work ing  s t r a t e g i e s  f o r  t h e  co n tem pora ry  m a th e ­

m a t i c i a n .  M a th e m a t ic ia n s  o f t e n  i n v e s t i g a t e  th e  d e g ree  t o  

which t h e i r  th eo re m s ,  terms o r  d e f i n i t i o n s  a r e  s u f f i c i e n t l y  

and u s e f u l l y  g e n e r a l  o r  a b s t r a c t .  "Have I  g e n e r a l i z e d  

t h i s  id e a  f a r  enough?" ,  "What a r e  th e  p o s s i b l e  g e n e r a l i z a ­

t i o n s  o f  t h i s  theo rem ?"  a r e  q u e s t i o n s  a m a th e m a t i c i a n  

might  a s k  o f  h i s  work.  S i m i l a r l y ,  m a th e m a t i c i a n s ,  i n  a n  

a lm o s t  i n d u c t i v e  manner,  w i l l  su rv e y  v a r i o u s  theorems o r  

c o n c e p t s ,  lo o k in g  f o r  h idd en  c e n t r a l  i d e a s ,  i n  a n  a t t e m p t  

t o  a b s t r a c t  t h e  c o re  c o n c e p ts  o r  theorem  found among them.

^T. H. H i l d e b r a n d t ,  "The B o re l  Theorem and i t s  
G e n e r a l i z a t i o n s , "  B u l l e t i n  o f  t h e  American  M a th e m a t i c a l  
S o c i e t y  27 (1926) : '423 - 4 7 4 .
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The t h i r d  key f e a t u r e  a f t e r  a b s t r a c t i o n  and 

g e n e r a l i z a t i o n  i s  f o r m a l i z a t i o n .  Once th e  c o n c e p t s ,  

o b j e c t s ,  o r  theorems o f  a s u b j e c t  have been a b s t r a c t e d  

and g e n e r a l i z e d ,  once th e y  have been th o r o u g h ly  u n d e r ­

s to o d  and " d i s t i l l e d , "  th e  p r o c e s s  o f  f o r m a l i z a t i o n  o f  th e  

c o n c e p t s ,  o b j e c t s  and theorem s can  o c c u r .  The f o r m a l i z a ­

t i o n  o f  m a th em a t ic s  i s  th e  p r o c e s s  o f  a r r a n g i n g  t h e  c o n ­

c e p t s ,  o b j e c t s ,  and theorem s i n  a  t i g h t l y  o r g a n i z e d ,  

m e t i c u l o u s l y  a r r a n g e d ,  and p r e c i s e l y  and r i g o r o u s l y  o r d e r e d  

p r e s e n t a t i o n .  T h is  i s  what i s  sometimes c a l l e d  t h e  " fo rm a l  

la n g u a g e "  o f  m a th e m a t ic s .  The " fo rm a l  lan g u a g e"  i s  a 

d e d u c t i v e  and s y s t e m a t i c  a r ra n g em e n t  o f  t h e  ax iom s,  t e r m s ,  

d e f i n i t i o n s ,  theorem s and p r o o f s  which  i s  r i g o r o u s  and 

p r e c i s e .  I t  i s  r i g o r o u s  and p r e c i s e  i n  th e  sen se  t h a t  

t h e r e  a r e  no u n s t a t e d  o r  i m p l i c i t  a s s u m p t io n s ,  t h e r e  a r e  

no vague c o n c e p t s  o r  t e r m s ,  and t h a t  e ach  new s t a t e m e n t  

i s  some consequence  o r  r e s u l t  o f  p r e v io u s  s t a t e m e n t s .

T h is  p r e s e n t a t i o n  o f  the  r e s u l t s  a l l o w s  f o r  th e  c l o s e  

s c r u t i n y  and c h e c k in g  o f  th e  r e s u l t s .  The p r e s e n t a t i o n  

th u s  p r o v id e s  a  k in d  o f  g u a r a n t e e  ( t h r o u g h  t h e  c h ec k in g )  

o f  th e  r e s u l t s .

T h is  h i g h l y  a b s t r a c t ,  g e n e r a l ,  and fo rm al  p r e s e n t a ­

t i o n  o f  r e s u l t s  i n  modern m athem atics ,  i s  one o f  i t s  

h a l l m a r k s .  In d e e d ,  i t  i s  a  s i g n a l  t o  th e  w ork ing  m a th e ­

m a t i c i a n  t h a t  h i s  c o n c e p t s  o r  theorems may n o t  be
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s u f f i c i e n t l y  a b s t r a c t ,  r i g o r o u s ,  o r  p r e c i s e  when he c an n o t  

p r e s e n t  h i s  r e s u l t s  i n  a n  e f f i c i e n t ,  f o r m a l iz e d  p r e s e n t a t i o n .

M a th e m a t ic a l  A c t i v i t y

M athem at ics  i s  th e  p ro d u c t  o f  m a t h e m a t i c i a n s .  A 

common s t e r e o t y p e  o f  t h e  w ork ing  m a th e m a t i c i a n  i s  a 

l o n e l y  r e c l u s e  work ing  i n  a c h a l k - d u s t  c o v ered  o f f i c e  w i t h  

a l a r g e  b lac k b o a rd  c o n t a i n i n g  i n d e c i p h e r a b l e  w ords ,  symbols ,  

and f o r m u la s .  The m a th e m a t ic i a n  i s  u s u a l l y  p r e o c c u p ie d ,  

a b s e n t - m in d e d ,  and g iv en  to  o c c a s i o n a l  o u t b u r s t s  when a n  

i n s i g h t  f l a s h e s  i n  h i s  mind.

L ik e  most  s t e r e o t y p e s ,  t h e y  r e v e a l  more a b o u t  t h e  

p e r s o n  who c a r r i e s  th e  s t e r e o t y p e  t h a n  th e  a c t u a l  o b j e c t  

o f  t h e  s t e r e o t y p e .  S ince  s t e r e o t y p e s  a r e ,  however, 

c h a r a c t u r e s  o f  t h e  genu ine  a r t i c l e ,  th e y  u s u a l l y  c o n t a i n  

a  sm a l l  g r a i n  o f  t r u t h  w i t h i n  them. I n  th e  c a se  o f  th e  

l o n e l y ,  e c c e n t r i c  m a th e m a t i c i a n ,  t h e  sm a l l  g r a i n  o f  t r u t h  

i s  t h a t  a  m a th e m a t i c i a n  does n o t  need a l a b o r a t o r y  o r  

t h e  r e a l  world  i n  which t o  c a r r y  on r e s e a r c h .  I t  i s  a l s o  

t r u e  t h a t  t h e  o b j e c t s  o f  th e  r e s e a r c h  a r e  v e ry  o b s c u r e ,  

a b s t r a c t ,  and d i f f i c u l t  t o  e x p l a i n  t o  t h e  laymen. Even 

w i t h i n  t h e  p r o f e s s i o n  o f  m a th em a t ic s  i t  i s  r a r e  t o  f i n d  

a  l a r g e  number o f  m a th e m a t ic i a n s  w ork ing  on s u f f i c i e n t l y  

s i m i l a r  t o p i c s  t h a t  th e y  a l l  c a n  t r u l y  u n d e r s t a n d ,  and 

t r u l y  a p p r e c i a t e ,  t h e  o t h e r ' s  r e s e a r c h .
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Yet t h e  s t e r e o t y p e  has su g g e s te d  a  b i a s  when i t

comes t o  e x p l a i n i n g  how th e  m a th e m a t i c i a n  works ,  th e

n a t u r e  o f  i n d i v i d u a l  m a th e m a t i c a l  a c t i v i t y .  The emphasis

i n  e x p l a i n i n g  m a th e m a t i c a l  a c t i v i t y  l i e s  i n  m a th e m a t i c a l

i n s i g h t .  The m a th e m a t i c i a n  p o n d e r in g  a problem o r  p r o o f

has  a n  i n s i g h t  which s o l v e s  th e  problem o r  co m p le te s  th e

p r o o f .  The p r o o f  i s  w r i t t e n  o u t  i n  fo rm al  form, and

th e n  th e  m a th e m a t i c i a n  t u r n s  to  t h e  n e x t  theorem  and i t s

p r o o f .  The " i n s i g h t  t h e o r y "  o f  c r e a t i v i t y  and d i s c o v e r y

i s  a s t r o n g l y  h e ld  view. I t  i s  found i n  books r a n g in g

from J a c q u e s  Hadamard 's  The Psycho logy  o f  I n v e n t i o n  i n  th e

M a th e m a t i c a l  F i e l d  t o  M a r t i n  G a r d n e r ’s Aha! I n s i g h t .

The form er  i s  a p s y c h o l o g i c a l  s tu d y  o f  how m a t h e m a t i c i a n ' s

p e r c e i v e  r e l a t i o n s ,  theorem s and p ro o f s  (w i th  th e  famous

example o f  H e n r i  P o in c a r e  b o a rd in g  a bus and su d de n ly

p e r c e i v i n g  th e  s o l u t i o n  t o  a p rob lem ),* - and th e  l a t t e r  i s

a  c o l l e c t i o n  o f  p u z z l e s  whose s o l u t i o n  o r  answer  i s  s u r -
2

p r i s i n g  o r  has  a  s l i g h t  t w i s t .

The p o i n t  i s  t h a t  t h i s  emphasis  on i n s i g h t  o b s c u r e s  

t h e  f a c t  t h a t  th e  w ork ing  m a th e m a t i c i a n  i s  i n  c o n s t a n t

^ Jacques  Hadamard, The Psycho logy  o f  I n v e n t i o n  
i n  th e  M a th e m a t ic a l  F i e l d  (New York: Dover,  1945) ,  p .  13.

^M a r t in  G a rd n e r ,  Aha! I n s i g h t  (San F r a n c i s c o :
W. H. Freeman, 1978) .
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c o n t a c t  w i t h  o t h e r  m a th e m a t ic i a n s  th ro u g h  p e r s o n a l  c o n ­

t a c t s ,  c o r r e s p o n d e n c e s ,  o r  j o u r n a l s .  The m a th e m a t i c i a n  

does n o t  work i n  i s o l a t i o n .  B efo re  theorems o r  p ro o f s  

a r e  p u b l i s h e d  i n  j o u r n a l s ,  t h e y  a r e  r e f e r e e d ,  bu t  even  

b e fo r e  t h a t  t h e  m a th e m a t ic i a n  u s u a l l y  c i r c u l a t e s  h i s  

r e s u l t s  t o  o t h e r  a p p r o p r i a t e  m a t h e m a t i c i a n s .  He u s u a l l y  

se ek s  t h e i r  e v a l u a t i o n ,  c r i t i c i s m ,  and c o r r e c t i o n s  o f  h i s  

i d e a s .

Yet t h e  t y p i c a l  p h i l o s o p h i c a l  view o f  t h i s  a c t i v i t y

i s  g iv e n ,  f o r  example ,  by Quine;

. . . th e  c h a r a c t e r i s t i c  m a th e m a t i c a l  s i t u a t i o n ;  
th e  m a th e m a t i c i a n  h i t s  upon h i s  p ro o f  by u n reg im en ted  
i n s i g h t  and good f o r t u n e ,  b u t  a f t e r w a r d s  o t h e r  
m a th e m a t i c i a n s  can  check h i s  p r o o f .

Imre L a k a t o ' s  P r o o f s  and R e f u t a t i o n s  i s  a long

supplement  t o  t h i s  view o f  m a th em a t ic s  p r o g r e s s i n g  by

i n s p i r a t i o n  and i n s i g h t  and fo l lo w ed  by fo rm a l  p r o o f .

L a k a t o s 1 wants  t o  e x p l i c a t e  th e  m idd le  ground between

"unreg im en ted  i n s i g h t "  and " fo rm al  p r o o f  p r e s e n t a t i o n . ”

He b e l i e v e s  t h a t

between t h e  r a t i o n a l i s m  o f  a machine and th e  
i r r a t i o n a l i s m  o f  b l i n d  g u e s s in g  [ n e i t h e r  o f  which] 
ho ld  f o r  l i v e  m a th e m a t ic s ;  a n  i n v e s t i g a t i o n  o f  
i n f o r m a l  m a th em a t ic s  w i l l  y i e l d  a  r i c h  s i t u a t i o n a l

W i l l i a r d  V. 0 .  Q u ine ,  M a th e m a t ic a l  L o g i c . r e v .  
e d .  (Cambridge;  H arvard  U n i v e r s i t y  P r e s s , 1951) ,  p .  87. 
Quoted i n  L a k a to s ,  see  n o te  below.
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l o g i c  which i s  n e i t h e r  m ec h a n ic a l  nor  i r r a t i o n a l ,  
b u t  which c an n o t  be r e c o g n iz e d  and s t i l l  l ess  
s t i m u l a t e d ,  by f o r m a l i s t  p h i l o s o p h y .

is,

P r o o f s  and R e f u t a t i o n s  i s  a m a th e m a t i c a l  v a r i a n c e

o f  K a r l  p o p p e r ' s  C o n j e c tu r e s  and R e f u t a t i o n s . What Popper

d e s c r i b e d  f o r  t h e  p h i lo s o p h y  o f  s c i e n c e ,  L a k a to s  i s  a im ing

f o r  m a th e m a t ic s .  His  purpose  i s

. . .  t o  e l a b o r a t e  t h e  p o i n t  t h a t  i n f o r m a l ,  q u a s i -  
e m p i r i c a l ,  m a them a t ic s  does n o t  grow th r o u g h  a 
monotonous i n c r e a s e  o f  th e  number o f  i n d u b i t a b l y  
e s t a b l i s h e d  theorems bu t  th ro u g h  th e  i n c e s s a n t  
improvement o f  g u e s se s  by s p e c u l a t i o n  and c r i c i t i s m ,  
by t h e  l o g i c  o f  p r o o f s  and r e f u t a t i o n s . 2

The s t y l e  o f  L a k a t o s '  book i s  t o  c r e a t e  a  s c e n a r i o  

o f  a group o f  s t u d e n t s  and a t e a c h e r  d i s c u s s i n g  th e  E u l e r  

p o ly h ed ra  formula  (V + F -  E =  2 )  and i t s  p r o o f .  T h e i r  

d i s c u s s i o n  ab o u t  t h e  v a r i o u s  p r o o f s ,  c o u n te re x a m p le s ,  

r e f o r m u l a t i o n  o f  te rm s and d e f i n i t i o n s ,  and t h e  theorem  

i t s e l f  i s  a lo n g ,  w i d e - r a n g i n g  (b u t  th o r o u g h ly  e n g ag ing )  

d i s c u s s i o n  o f  th e  ph i lod o ph y  o f  " i n f o r m a l "  m a th e m a t ic s .

Fo r  exam ple ,  th e  d i s t i n c t i o n  i s  made between a 

" l o c a l  c o u n te re x a m p le "  and a " g l o b a l  c o u n te r e x a m p l e . "

As i n :

TEACHER: . . . l e t  me i n t r o d u c e  th e  f o l lo w in g
te r m in o lo g y .  I  s h a l l  c a l l  a  ' l o c a l  c o u n t e r ­
exam ple '  a n  example which r e f u t e s  a  lemma

^Imre L a k a to s ,  P r o o f s  and R e f u t a t i o n s  (Cambridge;  
Cambridge U n i v e r s i t y  P r e s s ,  1976) ,  p .  4. Q u i n e ' s q u o t a t i o n  
found i n  f o o t n o t e  1  o f  same page.

2I b i d . , p. 5.
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(w i thou t  n e c e s s a r i l y  r e f u t i n g  t h e  main c o n j e c t u r e ) ,  
and I  s h a l l  c a l l  a  ' g l o b a l  c o u n te r e x a m p l e * a n  
example which  r e f u t e s  t h e  main c o n j e c t u r e  i t s e l f .
Thus ,  your  c o u n te rex a m p le  i s  l o c a l  bu t  n o t  g l o b a l .
A l o c a l ,  bu t  n o t  g l o b a l ,  c o u n te rex am ple  i s  a  ^
c r i t i c i s m  o f  the  p r o o f ,  bu t  n o t  o f  th e  c o n j e c t u r e .

L a k a to s  shows t h a t  i n  th e  f ac e  o f  a  " g l o b a l  c o u n te re x a m p le "  

t h e  m a th e m a t i c i a n  w i l l  e i t h e r  reduce  th e  domain o f  

a p p l i c a b i l i t y  o f  th e  theorem. (As i n  t h e  s t a t e m e n t ,  "For 

a l l  x ,  w i t h  t h e  e x c e p t i o n  o f  . . . , i f  . . . t h e n  . . . ") 

o r  w i l l  a c t u a l l y  b a r  t h e  p a r t i c u l a r  c o u n te r e x a m p le - -L a k a to s  

c a l l e d  t h i s  " m o n s t e r - b a r r i n g . "  (As i n  t h e  s t a t e m e n t ,  " t h e  

f o l l o w in g  theorem  i s  t r u e  w i t h  t h e  e x c e p t i o n  o f  th e  f o l ­

lowing c a se  . . . ") He p o i n t s  o u t  t h a t  i n  th e  f a c e  o f  

" l o c a l  c o u n te r e x a m p le s "  th e  m a th e m a t i c i a n s  w i l l  s e a r c h  

f o r  f a u l t y  o r  h id d en  lemmas o r  a s s u m p t io n s .

T h is  " i n f o r m a l  m a th e m a t i c s "  he c a l l s  " p r o o f  

a n a l y s i s . "  The p roposed  p r o o f  i s  s u b j e c t e d  t o  q u e s t i o n s ,  

p o s s i b l e  c o u n te r e x a m p le s ,  and g e n e r a l  a n a l y s i s .  He b e l i e v e s  

t h a t  a s  w i t h  r i g o r o u s  p r o o f s  t h e r e  can  be r i g o r o u s  p r o o f - 

a n a l  ys i s  . And he s e e s  a l l  o f  t h i s  i n  an  h i s t o r i c a l  s e t t i n g .  

In d e e d ,  th e  f o o t n o t e s  c o n t a i n  r e f e r e n c e s  t o  t h e  m a the ­

m a t i c i a n s  and t h e i r  work which p e r t a i n s  t o  the  f i c t i o n a l  

d i s c u s s i o n  among th e  s t u d e n t s  and t e a c h e r .

The d i a l o g u e  form sh o u ld  r e f l e c t  t h e  d i a l e c t i c  
o f  th e  s t o r y :  i t  i s  meant t o  c o n t a i n  a  s o r t  o f
r a t i o n a l l y  r e c o n s t r u c t e d  o r  ' d i s t i l l e d '  h i s t o r y .

^ I b i d . ,  pp. 10-11.
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The r e a l  h i s t o r y  w i l l  chime i n  i n  th e  f o o t n o t e s , 
most  o f  which  a r e  t o  be t a k e n ,  t h e r e f o r e ,  a s  an  
o r g a n ic  p a r t  o f  th e  e s s a y . 1

L a k a to s  se e s  a n  h i s t o r i c a l  e v o l u t i o n  o f  p r o o f  and p r o o f -

a n a l y s i s ,  which  he b e l i e v e s  i s  c r u c i a l  i n  t h e  u n d e r s t a n d i n g

o f  m a th e m a t i c a l  a c t i v i t y .  Because  much o f  h i s  a rgument

t u r n s  on t h e s e  d i s t i n c t i o n s ,  I  w i l l  q u o te  i t  a t  l e n g t h .

I n  t h i s  s e c t i o n  I  have t r i e d  to  show how th e  
emergence o f  m a th e m a t i c a l  c r i t i c i s m  has been  the  
d r i v i n g  f o r c e  i n  t h e  s e a r c h  f o r  t h e  ' f o u n d a t i o n s '  
o f  m a th em a t ic s .

The d i s t i n c t i o n  t h a t  we made between p r o o f  and 
p r o o f - a n a l y s i s  and th e  c o r r e s p o n d i n g  d i s t i n c t i o n  
between t h e  r i g o u r  o f  p ro o f  and th e  r i g o u r  o f  
p r o o f - a n a l y s i s  seems t o  be c r u c i a l .  About 1800 th e  
r i g o u r  o f  p ro o f  ( c r y s t a l - c l e a r  th o u g h t  e x p e r im e n t  
o r  c o n s t r u c t i o n )  was c o n t r a s t e d  w i t h  muddled a r g u ­
ment and i n d u c t i v e  g e n e r a l i z a t i o n  . . .  I t  was a l s o  
th o u g h t  t h a t  one p roves  what  one has s e t  o u t  t o  
p ro v e .  I t  d id  n o t  o c c u r  t o  anybody t h a t  th e  v e r b a l  
a r t i c u l a t i o n  o f  t h o u g h t - e x p e r im e n t  in v o lv e d  any 
r e a l  d i f f i c u l t y  . . .

I n  t h e  e a r l y  n i n e t e e n t h  c e n t u r y  th e  f l o o d  o f  
c o u n te re x a m p le s  b ro u g h t  c o n f u s i o n .  S ince  p r o o f s  
were c r y s t a l - c l e a r ,  r e f u t a t i o n s  had to  be m i r a c u lo u s  
f r e a k s ,  t o  be c o m p l e t e ly  s e g r e g a t e d  from th e  
i n d u b i t a b l e  p r o o f s .  Cauchy s r e v o l u t i o n  o f  r i g o u r  
r e s t e d  on th e  h e u r i s t i c  i n n o v a t i o n  t h a t  t h e  m athe^  
m a t i c i a n  sh o u ld  n o t  s t o p  a t  th e  p r o o f :  he shou ld
go on and f i n d  o u t  what he has  proved by e n u m e ra t in g

I b i d . ,  p. 5. L ak a to s  was a s t u d e n t  o f  P o p p e r ' s ,  
which  may a c c o u n t  f o r  h i s  e x c e s s i v e  use  o f  i t a l i c s . 
L a k a t o s '  d i e s  i n  1974 u n e x p e c te d ly  o f  a  b r a i n  tumor.  His  
p e r s o n a l  l i f e  was a s  c o l o r f u l  a s  h i s  w r i t i n g s .  H u n g a r ia n  
by b i r t h ,  bo rn  Imre L i p s c h i t z  i n  1922, he was a member o f  
t h e  a n t i - N a z i  r e s i s t a n c e ,  b u t  e v e n t u a l l y  had t o  f l e e  
Hungary d u r i n g  t h e  u p r i s i n g  i n  1956. During  t h e  war he 
changed h i s  name from th e  o b v io u s ly  J e w i s h  L i p s c h i t z  t o  
t h e  s a f e r  Monar. A f t e r  t h e  war he was r e u n i t e d  w i t h  a  
s e t  o f  hi 's s h i r t s  monogrammed " I . L . "  Faced w i t h  th e  
problem o f  s h i r t s  i n  s h o r t  su p p ly  a f t e r  th e  w ar ,  b u t  now 
a communist ,  he changed h i s  name a g a i n ,  t h i s  t ime t o  t h e  
more w o r k i n g - c l a s s  L a k a to s .
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t h e  e x c e p t i o n s ,  o r  r a t h e r  s t a t i n g  a  s a f e  domain 
where th e  p ro o f  i s  v a l i d .  But n e i t h e r  Cauchy—n or  
A b e l— saw any c o n n e c t i o n  between t h e  two p r o b le m s .
I t  n e v e r  o c c u r r e d  t o  them t h a t  i f  t h e y  d i s c o v e r  a n  
e x c e p t i o n ,  t h e y  shou ld  have a n o t h e r  lo o k  a t  th e  
p r o o f  . . .

The n i n e t e e n t h - c e n t u r y  u n io n  o f  l o g i c  and m a th e ­
m a t i c s  had two main s o u r c e s :  N o n -E uc l id ean  geometry
and t h e  W e i e r s t r a s s i a n  r e v o l u t i o n  o f  r i g o u r . They 
b ro u g h t  a b o u t  t h e  i n t e g r a t i o n  o f  p r o o f  ( t h o u g h t -  
e x p e r im e n t )  and r e f u t a t i o n s  and s t a r t e d  t o  de v e lo p  
p r o o f - a n a l y s i s , g r a d u a l l y  i n t r o d u c i n g  d e d u c t iv e  
p a t t e r n s  i n  t h e  p r o o f - t h o u g h t  e x p e r im e n t .  What we 
c a l l e d  t h e  'method o f  p r o o f  and r e f u t a t i o n s '  was 
t h e i r  h e u r i s t i c  i n n o v a t i o n ;  i t  u n i t e d  l o g i c  and 
m a th em a t ic s  f o r  t h e  f i r s t  t i m e . W e i e r s t r a s s i a n  
r i g o r  t r ium phed  o v e r  i t s  r e a c t i o n a r y  m o n s te r -  
b a r r i n g  and lem m a-hid ing  op ponen ts  who used s lo g a n s  
l i k e  ' t h e  d u l l n e s s  o f  r i g o r , '  ' a r t i f i c i a l i t y  v e r s u s  
b e a u t y , '  e t c .  The r i g o r  o f  p r o o f - a n a l y s i s  s u p e r ­
seded th e  rigor~~of p r o o f : b u t  most  m a th e m a t i c i a n s
p u t  up w i t h  i t s  p e n d a n t r y  o n ly  s o , l o n g  a s  i t  
p romised  them com ple te  c e r t a i n t y .

I n  h i s t o r i c a l  p e r s p e c t i v e ,  t h i s  i s  how L a k a to s  s e e s  t h e

a c t i v i t y  o f  m a th e m a t i c i a n s  i n  p ro d u c in g  m a th e m a t ic s .  One

o f  the  l a s t i n g  v a l u e s  o f  L a k a t o s '  work i s  h i s  a l t e r n a t i v e

t o  t h e  commonly h e ld  view t h a t  m a th e m a t i c a l  i n s i g h t  i s

t h e  m a jo r  e x p l a n a t i o n  o f  t h e  development  and grow th  o f

m a th e m a t ic s .  As Peggy Marchi  e x p l a i n s :

. . . M a th e m a t ic ia n s  o f t e n  l i k e  t o  p r e t e n d  t h a t  
t h e r e  i s  som eth ing  which  d i f f e r e n t i a t e s  g r e a t  
m a th e m a t i c i a n s  from o r d i n a r y  m o r t a l s .  T ha t  t h i n g  
i s  m a th e m a t i c a l  i n s i g h t .  I  would c e r t a i n l y  g r a n t  
t h a t  some m a th e m a t i c i a n s  a r e  h u g e ly  g i f t e d  and 
p e rh a p s  even  t h i s  g i f t  i s  so g r e a t  a s  t o  be 
d i f f e r e n t  i n  k ind  from th e  i n t e l l i g e n c e  which 
most o f  us p o s s e s s .  Be t h a t  a s  i t  may, o r d i n a r y  
m o r t a l s  sometimes want t o  u n d e r s t a n d  how a c e r t a i n  
m a th e m a t i c i a n  came to  make a c e r t a i n  d i s c o v e r y .  
A cco rd ing  to  th e  i n s i g h t  t h e o r y ,  i t  i s  im p o s s ib l e

H b i d . ,  pp. 55-56 .
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t o  u n d e r s t a n d  t h i s ,  u n l e s s  a n  o r d i n a r y  m o r t a l  i s  
s a t i s f i e d  w i t h  t h e  e x p l a n a t i o n  t h a t  a g r e a t  
m a th e m a t i c i a n  had a  good i n s i g h t  and th u s  was 
a b l e  t o  make t h a t  p a r t i c u l a r  d i s c o v e r y .  L a k a t o s '  
overv iew  o f  m a th em a t ic s  a s  t r i a l  and e r r o r  c an n o t  
e x p l a i n  t h e  e n t i r e  p s y c h o l o g i c a l  p r o c e s s  o f  d i s ­
c o v e r y ,  b u t  i t  c an  shed l i g h t  on i t ,  l i g h t  which  
i s  n o t  shed by th e  i n s i g h t  t h e o r y .

P a r a d o x i c a l l y  L a k a t o s '  i d e a s  have remained 

e s s e n t i a l l y  u n i n v e s t i g a t e d  and u n c h a l l e n g e d .  P r o o f s  and 

R e f u t a t i o n s  o r i g i n a l l y  a p p ea re d  i n  1963-64 i n  p a r t s  i n  

f o u r  s u c c e s s i v e  i s s u e s  o f  t h e  B r i t i s h  J o u r n a l  o f  th e  

P h i lo s o p h y  o f  S c i e n c e , and t h e  su b s e q u e n t  i s s u e s  had no 

commentary on th e  a r t i c l e s .  T h is  i s  p a r t l y ,  I  would 

im a g in e ,  because  th e  i d e a s  and w r i t i n g  were so f r e s h  and 

o r i g i n a l ,  b u t  a l s o  b ecause  o f  th e  w e l t e r  o f  d e t a i l s ,  

a s i d e s ,  e x t r a  r e f e r e n c e s ,  and d i v e r s e  c a s e s  t h a t  makes 

L a k a t o s '  work such  a ju m b le .  I t  i s  d i f f i c u l t  t o  comment 

on a ju m b le .  H is  s t r o n g  p o i n t s  and  b r i l l i a n c e  show 

th r o u g h ,  b u t  i t  i s  v e ry  d i f f i c u l t  t o  move from t h e  l a r g e  

overv iew  o f  h i s  work t o  th e  sm a l l  d e t a i l s  o f  th e  p i c t u r e .

At t h e  r i s k  o f  b e l a b o r i n g  a  p o i n t ,  t h e  v a lu e  o f  

L a k a t o s '  a n a l y s i s  i s  t h a t  he p r o v i d e s  a c r i t i c a l  framework

H f a r c h i ,  "Mathematics  a s  a C r i t i c a l  E n t e r p r i s e , "
p. 386.
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f o r  t h e  u n d e r s t a n d i n g  o f  m a th e m a t i c a l  a c t i v i t y .  Too o f t e n  

th e  p r o d u c t s  o f  m a t h e m a t i c i a n s '  a c t i v i t i e s  :a r e  c o n s i d e r e d  

synonymous w i t h  t h e  a c t i v i t y  by p h i l o s o p h e r s  l i k e  B lack  

and Quine .  L a k a to s  d e s e r v e s  c r e d i t  f o r  e m p has iz in g  th e  

d i s t i n c t i o n  and a t t e m p t i n g  t o  c h a r a c t e r i z e  b o th  a s p e c t s  

a s  p a r t s  o f  t h e  p h i lo s o p h y  o f  m a th e m a t ic s .

T r u t h ,  C e r t a i n t y ,  and N e c e s s i t y  

A n o th e r  o f  th e  d i s t i n g u i s h i n g  f e a t u r e s  o f  m athe ­

m a t i c s  i s  th e  se n se  t h a t  t h e  t r u t h  and c e r t a i n t y  o f  

m a th em a t ic s  i s  one o f  i t s  s p e c i a l  v i r t u e s .  As L a k a t o s '  

p o i n t e d  o u t ,  t h e  l a s t  b a s t i o n  a g a i n s t  th e  e p i s t e m o l o g i c a l  

s k e p t i c s  who b e l i e v e  t h e r e  i s  no c e r t a i n t y  o r  c e r t a i n  

t r u t h  i n  knowledge i s  t h e  b a s t i o n  o f  m a th e m a t ic s .  As 

H i l b e r t  r h e t o r i c a l l y  a s k s  (p .  228 above)

And where e l s e  would r e l i a b i l i t y  and t r u t h  by found 
i f  even  m a th e m a t i c a l  t h i n k i n g  f a i l s ?

C o n s id e r in g  th e  im p or tan ce  o f  t r u t h  t o  m a them a t ic s  i t  i s

i n t e r e s t i n g  how r e l a t i v e l y  few p a p e r s  have been  w r i t t e n

on m a th e m a t i c a l  t r u t h .  Pau l  B e n a c e r r a f  i n  t h e  J o u r n a l  o f

P h i lo s o p h y  c o n s i d e r e d  t h e  i s s u e  i n  h i s  p a p e r  "M a th em at ica l

Truth ." '* '  A c t u a l l y  much o f  t h e  pa p e r  i s  devo ted  t o  th e

■*"Paul B e n a c e r r a f ,  "M a th em at ica l  T r u t h , "  J o u r n a l  o f  
P h i lo s o p h y  70 ( 1 9 7 3 ) :6 6 1 -6 7 9 . H i l a r y  Putnam has  a l s o  
w r i t t e n ,  "What i s  M a th e m a t ic a l  T r u t h , "  i n  h i s  M a th e m a t i c s , 
M a t t e r  and Method (Cambridge:  Cambridge U n i v e r s i t y  P r e s s ,
1975) .  H is  s t y l e  i s  so c h a o t i c  and s o p h o m o r i c a l l y  c u t e  
t h a t  1  c a n  n e i t h e r  make sen se  o f  h i s  w r i t i n g  n o r  r e a l l y  
w ish  to  comment on th e  a r t i c l e .
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d i s t i n c t i o n s  between " m a th e m a t ic a l  t r u t h "  and "nonmathe-

m a t i c a l  t r u t h s . "

. . . F o r ,  a s  I  w i l l  s u g g e s t ,  a c c o u n t s  o f  t r u t h  t h a t  
t r e a t  m a th e m a t i c a l  and nonm athem atica 1  d i s c o u r s e  i n  
r e l e v a n t l y  s i m i l a r  ways do so a t  t h e  c o s t  o f  l e a v i n g  
i t  u n i n t e l l i g i b l e  how we c a n  have any m a th e m a t i c a l  
knowledge w h a t s o e v e r ;  whereas  t h o s e  which  a t t r i b u t e  
t o  m a th e m a t ic a l  p r o p o s i t i o n s  t h e  k in d s  o f  t r u t h  c o n ­
d i t i o n s  we c a n  c l e a r l y  know t o  o b t a i n ,  do so a t  t h e  
expense  o f  f a i l i n g  t o  c o n n e c t  t h e s e  c o n d i t i o n s  w i t h  
any  a n a l y s i s  o f  t h e  s e n t e n c e s  which shows how th e  
a s s i g n e d  c o n d i t i o n s  a r e  c o n d i t i o n s  o f  t h e i r  t r u t h .

A f t e r  d i s c u s s i n g  v a r i o u s  s e m a n t i c a l  t h e o r i e s  o f  

t r u t h  B e n a c e r r a f  comes t o  two c o n d i t i o n s  f o r  th e  c o n ce p t  

o f  m a th e m a t i c a l  t r u t h .

The f i r s t  component o f  such  a n  o v e r - a l l  view i s  
more d i r e c t l y  co n ce rn ed  w i t h  t h e  c o n c e p t  o f  t r u t h .
F o r  p r e s e n t  p u rp o se s  we can  s t a t e  i t  a s  th e  r e q u i r e ­
ment t h a t  t h e r e  be an  o v e r - a l l  t h e o r y  o f  t r u t h  i n  
te rm s o f  which i t  c a n  be c e r t i f i e d  t h a t  th e  a c c o u n t  
o f  m a th e m a t i c a l  t r u t h  i s  indeed  a n  a c c o u n t  o f  
m a th e m a t i c a l  t r u t h  . . .

A n o th e r  way o f  p u t t i n g  t h i s  f i r s t  r e q u i r e m e n t  
i s  t o  demand t h a t  any  t h e o r y  o f  m a th e m a t i c a l  t r u t h  be 
i n  c o n f o r m i ty  w i t h  a  g e n e r a l  t h e o r y  o f  t r u t h —a 
t h e o r y  o f  t r u t h  t h e o r i e s ,  i f  you l i k e —which  c e r ­
t i f i e s  t h a t  t h e  p r o p e r t y  o f  s e n t e n c e s  t h a t  th e  
a c c o u n t  c a l l s  " t r u t h "  i s  indeed  t r u t h  . . .

My second c o n d i t i o n  on a n  o v e r - a l l  view p r e s u p ­
poses  t h a t  we have m a th e m a t i c a l  knowledge and t h a t  
such  knowledge i s  no l e s s  knowledge f o r  b e in g  m a the ­
m a t i c a l .  S ince  o u r  knowledge i s  o f  t r u t h s ,  o r  can  
be so c o n s t r u e d ,  a n  a c c o u n t  o f  m a th e m a t ic a l  t r u t h ,  to  
be a c c e p t a b l e ,  must be c o n s i s t e n t  w i t h  th e  p o s s i b i l i t y  
o f  h av in g  m a th e m a t ic a l  knowledge;  t h e  c o n d i t i o n s  o f  
t h e  t r u t h  o f  m a th e m a t i c a l  p r o p o s i t i o n s  c a n n o t  make? i t  
im p o s s ib l e  f o r  us t o  know t h a t  t h e y  a r e  s a t i s f i e d .

^ I b i d . ,  p. 662.

^ I b i d . ,  p. 666.
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For  B e n a c e r r a f  m a th e m a t i c a l  t r u t h  i s  i n e x t r i c a b l y  

t i e d  to  e p i s t e m o l o g i c a l  c o n s i d e r a t i o n s .  We know m a th e m a t i c a l  

t r u t h s  because  we know m a th e m a t i c s - - a n d  m athem at ics  i s  o n ly  

t r u e  m a th e m a t ic s .

He would l i k e  t o  a g r e e  w i t h  G o d e l ' s  a c c o u n t  o f

m a th e m a t i c a l  knowledge t h a t  Godel o f f e r s  i n  h i s  "What I s

C a n t o r ’ s Continuum P rob lem ?” : A c co rd in g  to  Gode l ,

. . . t h e  o b j e c t s  o f  t r a n s f i n i t e  s e t  t h e o r y ,  . . . 
c l e a r l y  do n o t  b e lo ng  to  th e  p h y s i c a l  w or ld  and 
e v en  t h e i r  i n d i r e c t i o n  c o n n e c t i o n  w i t h  p h y s i c a l  
e x p e r i e n c e  i s  v e ry  l o o s e .

But d e s p i t e  t h e i r  rem o teness  from se n se  e x p e r i e n c e ,  
we do have som eth ing  l i k e  a  p e r c e p t i o n  a l s o  o f  t h e  
o b j e c t s  o f  s e t  t h e o r y ,  a s  i s  s e e n  from th e  f a c t  t h a t  
t h e  axioms f o r c e  th e m se lv e s  upon us a s  b e in g  t r u e .
I  d o n ' t  see  any  r e a s o n  why we shou ld  have l e s s  c o n ­
f i d e n c e  i n  t h i s  k ind  o f  p e r c e p t i o n ,  i . e . , i n  m a th e ­
m a t i c a l  i n t u i t i o n ,  t h a n  i n  se n se  p e r c e p t i o n ,  which 
in d u c e s  us t o  b u i l d  up p h y s i c a l  t h e o r i e s  and to  
e x p e c t  t h a t  f u t u r e  se n se  p e r c e p t i o n s  w i l l  a g r e e  w i t h  
them a n d ,  m oreover ,  to  b e l i e v e  t h a t  a  q u e s t i o n  n o t  
d e c i d a b l e  now has meaning and may be d e c id e d  i n  t h e  
f u t u r e . 1

But B e n a c e r r a f  i s  t r o u b l e d  by t h i s  view.

. . . What t r o u b l e s  me i s  t h a t  w i t h o u t  a n  a c c o u n t  o f  
how t h e  axioms " f o r c e  t h e m se lv e s  upon us a s  b e in g  
t r u e , ” th e  a n a lo g y  w i t h  sen se  p e r c e p t i o n  and p h y s i c a l  
s c i e n c e  i s  w i t h o u t  much c o n t e n t .  F o r  what i s  
m i s s i n g  i s  p r e c i s e l y  what my second p r i n c i p l e  demands: 
a n  a c c o u n t  o f  t h e  l i n k  between o u r  c o g n i t i v e  f a c u l t i e s  
and th e  o b j e c t s  known . 2

^ G ode l ,  "What I s  C a n t o r ' s  Continuum Prob lem ?"
i n  Putnam and B e n a c e r r a f ,  p. 271.

2
Benacerraf ,  p. 667.



258

Thus ,  f o r  B e n a c e r r a f  t h e  problem o f  m a th e m a t i c a l  t r u t h  

r e d u c e s  t o  problems o f  m a th e m a t i c a l  knowledge and a 

g e n e r a l  t h e o r y  o f  t r u t h .  The two i s s u e s - - m a t h e m a t i c a l  

knowledge and a g e n e r a l  t h e o r y  o f  t r u t h —must be r e c o n ­

c i l e d  w i t h  e a c h  o t h e r .

One r e a s o n  I  have quo ted  B e n a c e r r a f  a t  l e n g t h  i s  

t o  r e v e a l  how l i t t l e  r e l e v a n c e  such  d i s c u s s i o n  h as  t o  t h e  

w ork ing  m a th e m a t i c i a n .  The c o n c l u s i o n s  o f  t h e  t e c h n i c a l ,  

p h i l o s o p h i c a l  d e b a t e s  r e g a r d i n g  m a th e m a t i c a l  t r u t h ,  

m a th e m a t ic a l  knowledge,  and t r u t h  i n  g e n e r a l  w i l l  have 

no e f f e c t  on th e  working  m a th e m a t i c i a n .  C o n s e q u e n t ly ,  

t h e r e  a r e  two s e n s e s  o f  m a th e m a t ic a l  t r u t h  i n  th e  

p h i lo s o p h y  o f  m a th e m a t i c s .  One sen se  i s  found i n  th e  

work o f  B e n a c e r r a f  and o t h e r s .  To a c e r t a i n  e x t e n t  t h e s e  

p h i l o s o p h e r s  a r e  u s in g  m athem at ics  a s  a model  o r  a n  

o b j e c t  o f  d i s c u s s i o n  to  g a i n  i n s i g h t s  i n t o  more g e n e r a l  

e p i s t e m o l o g i c a l  and t r u t h  i s s u e s .  The o t h e r  se n se  i s  t h e  

n o t i o n  o f  t r u t h  t h a t  i s  im p l i e d  ( o r  u se d ,  i f  a t  a l l )  

by th e  working  m a th e m a t i c i a n .

F o r  th e  w ork ing  m a th e m a t i c i a n ,  i f  p r e s s e d  a s  t o  

why m a th em a t ic s  i s  t r u e ,  he w i l l  u s u a l l y  r e f e r  to  t h e  

b a s i c ,  fu nd am en ta l  axioms o f  m a th e m a t ic s .  These axioms 

a r e  t r u e  e i t h e r  by d e f i n i t i o n  (a s  i n  t h e  c a se  w i t h  C u r ry ,  

p.  218 above)  o r  by c o n v e n t io n .  Then t h e  s t r u c t u r e  o r
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method o f  m a th e m a t i c a l  d e d u c t io n s  and p ro o f s  ’’g u a r a n t e e s "  

th e  c o n t i n u i n g  t r u t h  o f  t h e  sy s tem —a s  L a k a to s  c a l l s  them, 

t h e  " t r u t h  c h a n n e l s . "  T h is  i s  t h e  method o f  " l o g i c a l  

r e g r e s s i o n . "  There  i s ,  o f  c o u r s e ,  th e  p o t e n t i a l  problem 

o f  a n  i n f i n i t e  l o g i c a l  r e g r e s s i o n ?  I n  o t h e r  w ords ,  what  

d e te r m in e s  when t o  s t o p  t h e  l o g i c a l  r e g r e s s i o n .  How does 

one know f o r  c e r t a i n  t h a t  th e  l o g i c a l  r e g r e s s i o n  has 

a r r i v e d  a t  t h e  most b a s i c , most fundam en ta l  and t r u e  

o b j e c t s ,  te rm s o r  axioms? C u r i o u s l y ,  one r e s p o n s e  by m athe-
, .S

m a t i c i a n s  t o  t h e  i s s u e  o f  c e r t a i n  and t r u e  f o u n d a t i o n s  i s

t h a t  th e  m a them a t ic s  b u i l t  up from th o s e  f o u n d a t i o n s  i s

t r u e .  C o n s id e r  Herman W ey l ' s  comment when d i s c u s s i n g

H i l b e r t  programs o f  c o n s i s t e n c y :

. . .  No H i l b e r t  w i l l  be a b l e  t o  a s s u r e  us o f  
c o n s i s t e n c y  f o r e v e r ; we must  be c o n t e n t  i f  a 
s im p le  a x io m a t i c  sys tem  o f  m athem at ics  has met 
t h e  t e s t  o f  our  e l a b o r a t e  m a th e m a t i c a l  e x p e r im e n t s  
so f a r . *■

Or c o n s i d e r  JohnVon Neumann's comment t h a t

A f t e r  a l l ,  c l a s s i c a l  m a th e m a t i c s ,  even  though  one 
c o u ld  n e v e r  be a g a i n  a b s o l u t e l y  c e r t a i n  o f  i t s  
r e l i a b i l i t y  . . . s to o d  on a t  l e a s t  a s  sound a 
f o u n d a t i o n  a s ,  f o r  exam ple ,  th e  e x i s t e n c e  o f  th e  
e l e c t r o n .  Hence, i f  one i s  w i l l i n g  t o  a c c e p t  th e  
s c i e n c e s ,  one might  a s  w e l l  a c c e p t  th e  c l a s s i c a l  
sys tem  o f  m a t h e m a t i c s . 2

S c ie n c e   ̂ , ) ,  p. 235. O r i g i n a l l y
p u b l i s h e d  by P r i n c e t o n  U n i v e r s i t y  P r e s s  i n  1949. My e m ph as is .

^Herman Weyl, P h i l o s o M athem at ics  and N a t u r a l

o
J o h n  Von Neumann, "The M a t h e m a t i c i a n , "  i n
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D e s p i t e  s u c h  r e s e r v a t i o n s  t h e  w o r k i n g  m a t h e m a t i c i a n  i s  

u s u a l l y  c o n t e n t  t o  b e l i e v e  t h a t  t h e  a x i o m s  u s i n g  t h e  

" p r i m i t i v e  c o n c e p t s "  o f  ( s a y )  " s e t , "  " a n d , "  " o r , "  e t c . ,  

a r e  s o  b a s i c  a s  t o  b e  t r u e  b e y o n d  q u e s t i o n .  T h e i r  v e r y  

e x i s t e n c e  i n  o u r  m a t h e m a t i c a l  v o c a b u l a r y  e s t a b l i s h e s  

t h e i r  t r u t h s .

I t  i s  my o p i n i o n  t h a t  t h e s e  b e l i e f s  h e l d  b y  m a t h e ­

m a t i c i a n s  i m p l i e s  a n o t h e r  b e l i e f  h e l d  b y  m a t h e m a t i c i a n s :  

i t  i s  t h e  b e l i e f  t h a t  t h e r e  i s  o n l y  o n e  m a t h e m a t i c s .  

M a t h e m a t i c i a n s  c a n n o t  i m a g e  a n o t h e r  m a t h e m a t i c s .  I t  m ay  

h a v e  d e v e l o p e d  d i f f e r e n t l y ,  d i f f e r e n t  a r e a s  o f  m a t h e m a t i c s  

m a y  b e  c o n s i d e r e d  o f  d i f f e r e n t  s i g n i f i c a n c e  o r  i m p o r t a n c e ,  

b u t  t h e  e s s e n t i a l  c o r e  o f  m a t h e m a t i c s  w o u l d  b e  t h e  s a m e .  

P a r t l y  t h i s  b e l i e f  s t e m s  f r o m  t h e  b e l i e f  i n  h i s t o r i c a l  

i n e v i t a b i l i t y  o f  c e r t a i n  m a t h e m a t i c a l  r e s u l t s .

F o r  e x a m p l e ,  t h e  H e i n e - B o r e l  T h e o r e m  i s  f o u n d  i n  s o  

m a n y  a p p l i c a t i o n s  i n  a n a l y s i s  t h a t  i t  i s  d i f f i c u l t  t o  

i m a g i n e  a n a l y s i s  n o t  p r o g r e s s i n g  w i t h o u t  t h e  H e i n e - B o r e l  

T h e o r e m .  I f  B o r e l  h a d  n o t  s t a t e d  a n d  p r o v e d  t h e  t h e o r e m  

i n  1895 i t  i s  b e l i e v e d  t h a t  s o m e  o t h e r  m a t h e m a t i c i a n  w o u l d  

h a v e  n o t i c e d  i t s  c e n t r a l  i m p o r t a n c e ,  n o t i c e d  i t  a s  b e i n g  

a  s e p a r a t e  t h e o r e m ,  a n d  s t a t e d  a n d  p r o v e d  i t .  I t  w a s  a n

T h e  W o r k s  o f  t h e  M i n d , R .  B .  H e y w o o d ,  e d . ( C h i c a g o :  U n i -
v e r s i t y  o f  C h i c a g o  P r e s s ,  1974) ,  p p .  188-189.
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h i s t o r i c a l  i n e v i t a b i l i t y  t h a t  t h e  H e i n e - B o r e l  t h e o r e m  w a s  

s t a t e d  a n d  p r o v e d  i n  t h e  l a t e  n i n e t e e n t h  c e n t u r y .  I t  i s  t h e  

b e l i e f  i n  s o m e  c o r e ,  s o m e  e s s e n t i a l  m a t h e m a t i c s ,  a n d  t h e  

b e l i e f  i n  t h e  h i s t o r i c a l  i n e v i t a b i l i t y  i n  t h e  d e v e l o p m e n t  

o f  t h o s e  c o r e ,  e s s e n t i a l  i d e a s  o f  m a t h e m a t i c s  t h a t  r e f l e c t  

u p o n  e a c h  o t h e r  i n  t h e  m i n d  o f  t h e  w o r k i n g  m a t h e m a t i c i a n .

I t  i s  i n  a  s i m i l a r  s e n s e  t h a t  t h e  w o r k i n g  m a t h e m a ­

t i c i a n  b e l i e v e s  i n  t h e  n e c e s s i t y  o f  m a t h e m a t i c a l  r e s u l t s .

I t  i s  b e c a u s e  o f  t h e  a c c e p t e d  " t r u t h - c h a n n e l s "  t h r o u g h  

w h i c h  t h e  t r u t h s  ( t h e o r e m s )  o f  m a t h e m a t i c s  " f l o w 11 t h a t  t h e  

r e s u l t s  o f  m a t h e m a t i c s  a r e  " n e c e s s a r y "  r e s u l t s .  C o n s i d e r  

P i e r c e ' s  d e f i n i t i o n  t h a t  m a t h e m a t i c s  i s  t h e  s c i e n c e  o f  

n e c e s s a r y  c o n c l u s i o n s ,  t h e r e ,  a g a i n ,  i s  a  k i n d  o f  i n e v i t a b l e ,  

i n e s c a p a b l e  q u a l i t y  o f  m a t h e m a t i c s ,  " t h e  n e c e s s i t y  o f  

m a t h e m a t i c a l  r e s u l t s , "  t h a t  i s  a l m o s t  i n d e p e n d e n t  o f  t h e  

w o r k i n g  m a t h e m a t i c i a n .

F r o m  t h e  p e r s p e c t i v e  o f  m a t h e m a t i c a l  p l a t o n i s m  

( s e e  b e l o w ) ,  t h e  t r u t h s  a n d  o b j e c t s  o f  m a t h e m a t i c s  r e s i d e  

i n  s o m e  t i m e l e s s  r e a l m .  T h e  n e c e s s i t y  o f  m a t h e m a t i c s  

t h u s  e n t a i l s  t h a t  t h e  r o l e  o f  t h e  m a t h e m a t i c i a n  i s  t o  

d i s c o v e r  t h e s e  n e c e s s a r y  t r u t h s  a n d  o b j e c t s  o f  m a t h e m a t i c s .

O n t o l o g y  a n d  E p i s t e m o l o g y  
i n  M a t h e m a t i c s

P r o b a b l y  t h e  m o s t  d i f f i c u l t  p r o b l e m  i n  t h e  

p h i l o s o p h y  o f  m a t h e m a t i c s  i s  t h e  s t a t u s  a n d  e x p l a n a t i o n
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o f  th e  o n to lo g y - a n d  e p i s t e m o lo g y  o f  m a th e m a t ic s .  M athe­

m a t i c s  has a k ind  o f  h a r d ,  o b j e c t i v e  r e a l i t y  which w i l l  

n o t  change o r  conform t o  t h e  whims o f  th e  m a th e m a t i c i a n .

I t  is^ what i t  i s ,  n o t  what th e  f r u s t r a t e d  m a th e m a t i c i a n  

would l i k e  i t  t o  be .  In d e e d ,  t h e  comment t h a t  "good 

m athem at ics  i s  d i s c o v e r e d ,  bad m a th em a t ic s  i s  i n v e n t e d "  

p o i n t s  t o  t h e  view t h a t  th e  m a th e m a t ic i a n  c a n n o t  i n v e n t  

t h e  m a them a t ic s  he would l i k e ,  r a t h e r  he must  d i s c o v e r  

th e  r e a l  m a th em a t ic s  t h a t  u l t i m a t e l y  e x i s t s .

The p h i l o s o p h i c a l  s c h o o l s  do,  to  v a r y i n g  d e g r e e s ,

a c c o u n t  f o r  t h e  o n to lo g y  o f  m a th e m a t ic s .  P l a to n i s m

p ro b a b ly  has t h e  most  a r t i c u l a t e d  p o s i t i o n  r e g a r d i n g

o n to lo g y .  F o r  exam ple ,  P a u l  B e m a y s ,  i n  h i s  a r t i c l e ,

"On P l a to n i s m  i n  M a th e m a t i c s , "  a r g u e s  t h a t

. . . H i l b e r t  s t a t e s  t h e  axiom: Given any two p o i n t s ,
t h e r e  e x i s t s  a s t r a i g h t  l i n e  on which  b o th  a r e  
s i t u a t e d .  " E x i s t s "  r e f e r s  h e re  t o  e x i s t e n c e  i n  th e  
sys tem  o f  s t r a i g h t  l i n e s .

T h is  example shows a l r e a d y  t h a t  t h e  ten d e n cy  o f  
which  we a r e  sp e a k in g  c o n s i s t s  i n  v iew ing  th e  o b j e c t s  
a s  c u t  o f f  from a l l  l i n k s  w i t h  th e  r e f l e c t i n g  s u b j e c t .

S in c e  t h i s  tend e n cy  a s s e r t e d  i t s e l f  e s p e c i a l l y  
i n  t h e  p h i lo s o p h y  o f  P l a t o ,  a l l o w  me t o  c a l l  i t  
" p l a t o n i s m . "

The v a lu e  o f  t h e  p l a t o n i s t i c a l l y  i n s p i r e d  m a the ­
m a t i c a l  c o n c e p t i o n s  i s  t h a t  th e y  f u r n i s h  models  o f  
a b s t r a c t  im a g i n a t io n .  These s t a n d  o u t  by t h e i r  
s i m p l i c i t y  and l o g i c a l  s t r e n g t h .  They form r e p r e s e n t a ­
t i o n s  which  e x t r a p o l a t e  from c e r t a i n  r e g i o n s  o f  
e x p e r i e n c e  and i n s t i t u t i o n . 1

^Pau l  B e rn ay s ,  "On P l a to n i s m  i n  M a t h e m a t i c s , "  i n  
Putnam and B e n a c e r r a f ,  p. 275.
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Thus ,  f o r  t h e  p l a t o n i s t  m a th e m a t i c a l  o b j e c t s  a r e  t r e a t e d

n o t  o n ly  a s  i f  t h e i r  e x i s t e n c e  i s  in d ep e n d en t  o f  th e

m a t h e m a t i c i a n ' s  c o g n i t i v e  o p e r a t i o n s ,  b u t  a l s o  a s  i f  th e

f a c t s  a b o u t  m a th e m a t i c a l  o b j e c t s  n e i t h e r  depended on th e

r e l a t i o n  t o  th e  m a t h e m a t i c i a n ' s  mind, n o r  on t h e i r  b e in g

v e r i f i e d  o r  t e s t e d .  N o t i c e  t h a t  f o r  th e  p l a t o n i s t  t h e

o n to lo g y  and e p i s t e m o lo g y  o f  m a th em a t ic s  a r e  th u s  v e ry

c l o s e l y  r e l a t e d .  R e c a l l  G o d e l ' s  comment above (p .  257)

t h a t  he b e l i e v e d  i n  some k ind  o f  human se n se  o rgan

c a p a b le  o f  p e r c e i v i n g  th e  a b s t r a c t  c o n c e p t s  o f  m a th e m a t i c s .

A c co rd in g  t o  Hao Wang

. . . Godel c o n j e c t u r e s  t h a t  some p h y s i c a l  o rg a n  i s  
n e c e s s a r y  t o  make t h e  h a n d l i n g  o f  a b s t r a c t  im p r e s ­
s i o n s  ( a s  opposed to  se n se  i m p r e s s io n s )  p o s s i b l e ,  
because  we have some weakness i n  t h e  h a n d l in g  o f  
a b s t r a c t  i m p r e s s io n s  which i s  remedied by v iew ing  
them i n  com par ison  w i t h  o r  on th e  o c c a s i o n  o f  se n se  
i m p r e s s io n s .  Such a  sen se  o rg a n  must be c l o s e l y  
r e l a t e d  to  t h e  n e u r a l  c e n t e r  f o r  l a n g u a g e . !

Mark S t e i n e r ,  i n  h i s  M a th e m a t ic a l  Knowledge, a g r e e s  to  a

c e r t a i n  e x t e n t  w i t h  G o d e l ' s  p o s i t i o n .

. . .  I  have t r i e d  t o  show o n ly  how a human f a c u l t y  
o f  a c q u i r i n g  m a th e m a t i c a l  knowledge might  e x i s t  
w i t h o u t  ru n n in g  a f o u l  o f  some s t a n d a r d  o b j e c t i o n s .
I  co nc lude  w i t h  some f a c t s  t h a t  p o i n t  t o  th e  a c t u a l  
e x i s t e n c e  o f  such  a f a c u l t y .

F i r s t ,  t h e r e  i s  t h e  e x t r a o r d i n a r y  a g r e e m e n t  
a m o n g  m a t h e m a t i c i a n s  o f  a l l  c u l t u r e s  o n  t h e  b a s i c  
t r u t h s  o f  m a t h e m a t i c s  . . . W h a t e v e r  e x p l a i n s  t h i s

■'"Wang, F r o m  M a t h e m a t i c s  t o  P h i l o s o p h y , p .  85.
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a g r e e m e n t  w i l l  v e r y  l i k e l y  a l s o  s h o w  t h a t  t h e  a g r e e ­
m e n t  i s  b a s e d  u p o n  k n o w l e d g e .  I t  m ay  b e  t h a t  t h i s  
a g r e e m e n t  i s  b r o u g h t  a b o u t  b y  t h e  r e l a t i o n s h i p  o f  
m a t h e m a t i c a l  t r u t h  t o  t h e  e v i d e n c e  o f  p h y s i c a l  
s e n s a t i o n ;  b u t  t h e  w a y  I  s e e  m a t h e m a t i c a l  i n t u i t i o n ,  
a s  b e g i n n i n g  w i t h  s e n s o r y  d a t a ,  t h a t  r e l a t i o n s h i p  
n e e d  n o t  d i s h e a r t e n  t h e  P l a t o n i s t  . . .

S e c o n d ,  t h e r e  i s  e v i d e n c e  t h a t  t h e  g r e a t  m a t h e ­
m a t i c i a n s  h a v e  b e e n  a b l e  t o  c o n v i n c e  t h e m s e l v e s  o f  
t h e  t r u t h  o f  v a r i o u s  m a t h e m a t i c a l  p r o p o s i t i o n s  w i t h ­
o u t  k n o w i n g  t h e i r  p r o o f  . . . T h e  " m a t h e m a t i c a l , 11 
e s t h e t i c ,  q u a l i t y  o f  [ f o r  e x a m p l e ,  R a m a n u j a n ' s ]  
c o n j e c t u r e s  s h o w e d  t h a t  m o r e  t h a n  m e r e  g u e s s w o r k  
w a s  o p e r a t i n g ,  a s  d i d  h i s  i m p r o b a b l y  h i g h  p e r c e n t a g e  
o f  s u c c e s s  . . .

F i n a l l y ,  we s h o u l d  n o t  i g n o r e  t h e  u t t e r a n c e s  o f  
m a t h e m a t i c i a n s  t h e m s e l v e s .  We m a y  b e w a r e  o f  i n t r o ­
s p e c t i o n ,  b u t  i t  w o u l d  b e  f o o l i s h  t o  i g n o r e  i t .  
M a t h e m a t i c i a n s  d o  c l a i m  i n t u i t i o n  f o r  t h e m s e l v e s :  
t h e y  s a y  t h a t  i n t u i t i o n  g r o w s  w i t h  f a m i l i a r i t y  w i t h  
t h e  s u b j e c t  m a t t e r  m u c h  a s  o u r  s e n s e  p e r c e p t i o n  
i m p r o v e s  t h r o u g h  f a m i l i a r i t y  w i t h  a  t e r r a i n . 1

We c o n t r a s t  t h i s  p l a t o n i s t  p o s i t i o n  w i t h  t h e  c o n s t r u c t i v i s t

p o s i t i o n  o f  t h e  s t r i c t  i n s t i t u t i o n i s t s . F o r  t h e  i n s t i t u -

t i o n i s t s  t h e  b a s a l  c o n c e p t s  o f  t h e  w o r l d  a n d  m a t h e m a t i c s

d e t e r m i n e  t h e i r  p e r c e p t i o n .  O u r  k n o w l e d g e  o f  t h e  w o r l d ,

a c c o r d i n g  t o  t h e  i n t u i t i o n i s t s , i n s u r e s  o u r  k n o w l e d g e  o f

m a t h e m a t i c s .

A n d  we c a n  c o n t r a s t  b o t h  o f  t h e  a b o v e  p o s i t i o n s  

w i t h  H i l b e r t ' s  f o r m a l i s t  v i e w .  A s  m e n t i o n e d  a b o v e  ( p .  223) 

a c c o r d i n g  t o  H i l b e r t .

T h e  s u b j e c t  m a t t e r  o f  m a t h e m a t i c s  i s ,  i n  
a c c o r d a n c e  w i t h  t h i s  t h e o r y ,  t h e  c o n c r e t e  s y m b o l s

H l a r k  S t e i n e r ,  M a t h e m a t i c a l  K n o w l e d g e  ( I t h a c a :  
C o r n e l l  U n i v e r s i t y  P r e s s ,  l 9 > 5 ) , pp.  135-137.



265

th e m se lv e s  whose s t r u c t u r e  i s  im m e d ia te ly  c l e a r  
and r e c o g n i z a b l e .

R e c a l l ,  H i l b e r t  b e l i e v e d  t h a t  w i t h  a c t u a l  m a th e m a t ic a l

s t a t e m e n t s  reduced  t o  empty fo rm u la s  and f i n i t e  m a th e m a t i c a l

r e a s o n i n g  im m ed ia te ly  c l e a r  and e v i d e n t ,  t h e n  m a th em a t ic s

would be f r e e  o f  a l l  p r e s u p p o s i t i o n s .

A l l  o f  t h e s e  p o s i t i o n s  must  be s e t  a g a i n s t  th e  

i m p l i c i t  p h i lo s o p h y  o f  th e  work ing  m a th e m a t i c i a n .  His  

p o s i t i o n  i s  a k ind  o f  " i n t e r n a l i s t "  p h i lo s o p h y .  The 

m eaning ,  c o n t e n t ,  and u n d e r s t a n d i n g s  m a th e m a t i c a l  o b j e c t s  

c a r r y  a r e  o n ly  r e l a t i v e ,  i n t e r n a l ,  to  th e  body o f  m athe ­

m a t i c s  i n  which th e y  a r e  found .  When a sk ed  ab o u t  h i s  

r e s e a r c h  o r  i t s  s i g n i f i c a n c e ,  th e  w ork ing  m a th e m a t ic i a n  

w i l l  d e s c r i b e  i t  i n  terms o f  some f i e l d ,  i n  term s o f  some 

problems i n  t h a t  f i e l d ,  i n  te rms o f  p r e v io u s  a t t e m p t s  t o  

s o lv e  th e  p r o b l e m ,e t c .  The o n to lo g y  and e p i s te m o lo g y  o f  

m athem atics  f o r  t h e  work ing  m a th e m a t i c i a n s  i s  a lm o s t  a l l  

r e l a t i v e  t o  th e  a l r e a d y  e s t a b l i s h e d  i n t e r n a l  body o f  

knowledge .

What t h e  p h i l o s o p h e r s  and m a th e m a t ic i a n s  have i n  

common i s  t h e i r  u n d e r s t a n d i n g  t h a t  m a th em a t ic s  i s  th e  s tu d y  

o f  a b s t r a c t  o b j e c t s ,  t h e i r  i n t e r r e l a t i o n s  w i t h  o t h e r  

a b s t r a c t  o b j e c t s ,  and th e  a b s t r a c t  problems and q u e s t i o n s  

t h e y  g e n e r a t e .  How one e p i s t e m o l o g i c a l l y  a c c o u n t s  f o r  th e  

knowledge and u n d e r s t a n d i n g  o f  a b s t r a c t ,  n o n - p h y s i c a l
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o b j e c t s  i s  e s s e n t i a l l y  t h e  manner o f  knowing and a c c o u n t i n g  

f o r  m a th e m a t ic s .

The I m p l i c a t i o n s  o f  H i s t o r y  o f  M athem at ics  
to  t h e  P h i lo s o p h y  o f  M athem at ics

Under th e  p r e s e n t  dominance o f  
fo rm a l i sm ,  one i s  tempted  t o  
p a r a p h r a s e  Kant :  t h e  h i s t o r y  o f
m a th e m a t i c s ,  l a c k in g  t h e  gu id an ce  
o f  p h i lo s o p h y ,  has  become b l i n d , 
w h i l e  th e  p h i lo s o p h y  o f  m athe-  
m a t i c s ,  t u r n i n g  i t s  back on th e  
most i n t r i g u i n g  phenomena i n  th e  
h i s t o r y  o f  m a th e m a t ic s ,  has  
become em pty .

- - I .  L a k a to s

The l a s t  two s e c t i o n s  o f  t h i s  d i s s e r t a t i o n  a r e  a 

d i s c u s s i o n  on how t o  a v o id  b l i n d  h i s t o r y  o r  empty p h i lo s o p h y .  

I  q u i t e  a g r e e  w i t h  L a k a to s  t h a t  a p h i lo s o p h y  o f  m a them a t ic s  

c an  be empty w i t h o u t  c o n s i d e r a t i o n s  o f  t h e  h i s t o r y  o f  

m athem at ics  ( t h e  s u b j e c t  o f  t h i s  s e c t i o n ) ,  and t h a t  t h e  

h i s t o r y  and h i s t o r i o g r a p h y  o f  m a th em a t ic s  a r e  e n r i c h e d  by 

c o n s i d e r a t i o n s  o f  t h e  a p p r o p r i a t e  a s p e c t s  o f  i t s  p h i lo s o p h y  

( t h e  s u b j e c t  o f  th e  n e x t ,  and l a s t ,  s e c t i o n ) .

I t  i s  e a s y  to  f i n d  examples o f  p h i l o s o p h i c a l  t r e a t ­

ments o f  m a th em a t ic s  which indeed  tend  t o  be empty by 

t h e i r  l a c k  o f  c o n s i d e r a t i o n s  o f  th e  h i s t o r y  o f  m a th e m a t i c s .  

Max B l a c k s '  The N a tu re  o f  M athem at ics  i s  a lm o s t  devo id  

o f  any  h i s t o r i c a l  c o n s i d e r a t i o n s  o f  m a th e m a t ic s ,  and th e  

r e s u l t s  show.

F o r  exam ple ,  B lack  d i s c u s s e s  D e d e k in d ' s  c o n s t r u c ­

t i o n  o f  th e  r e a l  numbers .  He compares i t  w i t h  E udoxus '
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c o n s t r u c t i o n  o f  i r r a t i o n a l  numbers and th e  problem o f  incom- 

m en su rab le s  i n  Greek m a th e m a t ic s .  He t h e n  s u g g e s t s  t h a t  

Dedekind was r e s o l v i n g  a  p h i l o s o p h i c a l  problem o f  incom­

m en su rab le  s .

I t  i s  a t  t h i s  s t a g e  t h a t  Dedekind p roduces  h i s  
a b s t r a c t  d e f i n i t i o n  o f  pu re  number. Suppose t h e  
r a t i o n a l  numbers a r e  d i v id e d  i n  any  way i n t o  two 
c l a s s e s ,  L, R, s a y ,  such  t h a t

( i )  a l l  t h e  members o f  L a r e  l e s s  t h a n  a l l  t h e  
numbers o f  R;

( i i )  L c o n t a i n s  a t  l e a s t  one r a t i o n a l  number;
( i i i )  a l l  t h e  r a t i o n a l  numbers be lo n g  e i t h e r  t o  

L o r  t o  R . l

And so on.  B lack  l a t e r  comments t h a t

I t  i s  i n t e r e s t i n g  to  see  t h a t  Dedekind h i m s e l f  
a p p e a r s  t o  have been  w e l l  aware o f  th e  p r o v i s i o n a l  
n a t u r e  o f  h i s  d e f i n i t i o n . *■

He t h e n  q u o te s  Dedekind on t h e  im p or tan ce  o f  t h e  c o n t i n u i t y  

o f  th e  s t r a i g h t  l i n e .

B lack  n e v e r  m en t ions  th e  a c t u a l  m a th e m a t i c a l  problem 

t h a t  Dedekind was t r y i n g  t o  s o l v e ;  e s t a b l i s h i n g  a r i g o r o u s  

f o u n d a t i o n  f o r  th e  c a l c u l u s  t h ro u g h  a r i g o r o u s  a r i t h m e t i z a -  

t i o n  o f  t h e  r e a l  numbers .  D e d e k in d ' s  r e s e a r c h  was o c c u r r i n g  

i n  th e  l a t e  18 6 0 ' s  and e a r l y  1 8 7 0 ' s ,  a t  t h e  same t im e  

W e i e r s t r a s s i a n  r i g o r  was g a i n i n g  a c c e p ta n c e  by t h e  m a the ­

m a t i c a l  community. Dedekind was aware  o f  b o th  H e i n e ' s  and

^B lack ,  The N a tu re  o f  M a th e m a t i c s , pp. 94 -95 .  

2 I b i d . ,  p. 95.



268

C a n t o r ' s  c o n s t r u c t i o n  o f  t h e  r e a l s ,  and b e f o r e  p u b l i s h i n g  

h i s  a c c o u n t  made c e r t a i n  t h a t  h i s  c o n s t r u c t i o n  was n o t  i n  

c o n f l i c t  w i t h  th e  o t h e r s .  B e s i d e s ,  D e d e k in d ' s  c h o ic e  o f  

exam ining  th e  r e a l  number l i n e  was i n  r e s p o n se  to  th e  many 

a rgum ents  i n  t h e  c a l c u l u s  t h e n  t h a t  depended on g e o m e t r i c a l  

i n t u i t i o n s .

A l l  t h r e e  m a th e m a t i c i a n s  were conce rned  w i t h  

e s t a b l i s h i n g  a r i g o r o u s  a r i t h m e t i c a l  f o u n d a t i o n  f o r  some 

p a r t  o f  th e  e x i s t i n g  m a them a t ic s  a t  t h a t  t im e .  B l a c k ' s  

o m is s io n  o f  t h i s  h i s t o r i c a l  background l e a v e s  t h e  uninformed 

r e a d e r  w i t h  th e  im p r e s s io n  t h a t  D e d e k in d ' s  i n t e r e s t s  were 

p r i m a r i l y  a x io m a t i c  o r  p h i l o s o p h i c a l .

I n  c o n t r a s t  t o  B l a c k ' s  t r e a t m e n t  o f  Dedekind ,  we 

can  c o n s i d e r  K ur t  G o d e l ' s  d i s c u s s i o n  o f  P l a t o n i s m .  R e c a l l  

t h a t  t h e  e s s a y  i s  e n t i t l e d ,  "What i s  C a n t o r ' s  Continuum 

p rob lem ?"  and t h a t  i t  b e g in s  w i t h  a  d i s c u s s i o n  o f  the  

m a th e m a t i c a l  i s s u e s ,  i n  a n  h i s t o r i c a l  l i g h t ,  i n  C a n t o r ' s  

work on s e t  t h e o r y .  A f t e r  h a v in g  p rov id ed  a m a th e m a t i c a l  

and h i s t o r i c a l  s e t t i n g  o f  th e  prob lem , Godel t h e n  d i s c u s s e s  

th e  p h i l o s o p h i c a l  i m p l i c a t i o n s  o f  t h e s e  m a th e m a t i c a l  i s s u e s .  

The f u l l  s i g n i f i c a n c e  o f  G o d e l ' s  d i s c u s s i o n  i s  b e t t e r  

a p p r e c i a t e d  th ro u g h  t h e  i n c l u s i o n  o f  th e  m a th e m a t i c a l  and 

h i s t o r i c a l  s e t t i n g  o f  th e  p h i l o s o p h i c a l  p rob lem .
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At th e  v e ry  l e a s t ,  t h e n ,  p h i l o s o p h i c a l  c o n s i d e r a ­

t i o n s  o f  m athem at ics  must t a k e  i n t o  a c c o u n t  th e  h i s t o r i c a l  

p e r io d  o f  t h e  m a th em a t ic s  b e in g  d i s c u s s e d .  Almost  a l l  

h i s t o r i c a l  deve lopm ents  i n  m a th em a t ic s  began a s  a t t e m p t s  

to  s o lv e  p r o b l e m s - - e i t h e r  o f  a  p h y s i c a l  world  k ind  o r  o f  

p roblems w i t h i n  m a th e m a t ic s .  B e fo re  d i s c u s s i n g  th e  

p h i l o s o p h i c a l  i m p l i c a t i o n s  o f  s i g n i f i c a n c e  o f  some p a r t  

o f  m a th e m a t ic s ,  i t  i s  v a l u a b l e  to  c o n s i d e r  t h e  problems 

t h a t  p a r t  o f  th e  m a them a t ic s  was a t t e m p t i n g  to  s o l v e .

I t  i s  a l s o  t h e n  im p o r t a n t  to  know th e  p r e v io u s  a t t e m p t s  to  

s o l v e  t h e  prob lem , t h e  r e a s o n s  f o r  t h e  f a i l u r e s  and 

s u c c e s s e s - - i n  o t h e r  w ords ,  to  a p p r e c i a t e  i t s  h i s t o r y .

I t  i s  p h i l o s o p h i c a l l y  s i g n i f i c a n t  t h a t  p o i n t  s e t  

to p o lo g y  was a b l e  to  u n i f y ,  g e n e r a l i z e ,  and a b s t r a c t  many, 

s eem ing ly  d i v e r s e  t o p i c s  i n  m a th em a t ic s .  T h is  a s p e c t  o f  

p o i n t  s e t  to p o lo g y  i n  i t s e l f  i s  c h a r a c t e r i s t i c  o f  th e  

n a t u r e  o f  m a th e m a t ic s ;  a  problem f o r  th e  p h i lo s o p h y  o f  

m a th e m a t i c s .  The h i s t o r i c a l  r o o t s  o f  p o i n t  s e t  t o p o l o g y — 

t h e  r o o t s  i n  g eo m e try ,  t r i g o n o m e t r i c  s e r i e s ,  g e n e r a l  

a n a l y s i s ,  f o u n d a t i o n s ,  e t c . - - g r e a t l y  enhance  t h i s  

a p p r e c i a t i n g  o f  t h e  axioms o f  p o i n t  s e t  to p o lo g y  to  u n i f y ,  

g e n e r a l i z e ,  and a b s t r a c t  i t s  h i s t o r i c a l  r o o t s .

I t  sh o u ld  a l s o  be remembered by th e  p h i l o s o p h e r  

o f  m athem at ics  t h a t  th e  h i s t o r y  o f  m a them a t ic s  i s  r e p l e t e
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w i t h  e r r o r s ,  f a l s e  th e o re m s ,  i n c o r r e c t  p r o o f s ,  and c o n c e p t s  

o r  i d e a s  t h a t  do n o t  s t a n d  th e  t e s t  o f  t im e .  The h i s t o r y ,  

th e  deve lopm en t ,  o f  m athem at ics  i s  n o t  a s t e a d y  accu m u la ­

t i o n  o f  e t e r n a l  t r u t h s .  M athem at ics  i s  much more o r g a n i c ,  

c h a n g in g ,  i n  i t s  h i s t o r y  th a n  th e  c o n v e n t i o n a l  view. 

A c co rd in g  to  L a k a to s ,  m a them a t ic s  i s  v e ry  c o n j e c t u r a l .

B e fo re  a  theorem i s  proved i t  i s  a  c o n j e c t u r e ,  b u t  f o r  

L a k a to s ,  i t  s t i l l  r e m a in s ,  t o  a c e r t a i n  e x t e n t ,  a c o n j e c t u r e  

even  a f t e r  b e in g  p roved .  The p r o o f  undergoes  p r o o f - 

a n a l y s i s ,  c r i t i c i s m ,  e t c .  C o n se q u e n t ly ,  f o r  t h e  p h i lo s o p h y  

o f  m a th e m a t ic s ,  m athem at ics  may n o t  be so d i s t i n c t - - a s  

th e  fo rm a l  s c i e n c e - - f r o m  th e  o t h e r  n a t u r a l  s c i e n c e s .

To p u t  t h i s  a n o t h e r  way, th e  h i s t o r y  o f  m a th em a t ic s  

i s  o f t e n  a h i s t o r y  o f  d i s a g r e e m e n t s  (sometimes s e v e r e  

d i s a g r e e m e n t s )  among m a th e m a t ic i a n s  a s  t o  c o r r e c t n e s s ,  

t r u t h ,  a p p l i c a b i l i t y ,  o r  p o t e n t i a l  o f  m a th e m a t i c a l  r e s u l t s .  

Even a c c e p t i n g  a p l a t o n i c  rea lm  o f  i d e a l i z e d  m a th e m a t i c s ,  

th e  h i s t o r y  o f  m a th em a t ic s  shows t h a t  m a th e m a t i c i a n s  o f t e n  

d i s a g r e e  i f  and when a t r u e  v a l u a b l e  o b j e c t  from t h a t  

i d e a l i z e d  rea lm  has been  d i s c o v e r e d .  P h i l o s o p h i c a l l y  t h i s  

c a l l s  i n t o  q u e s t i o n  th e  n o t i o n  o f  a b s o l u t e ,  i n d u b i t a b l e  

t r u t h s  o f  m a th e m a t ic s .  O r ,  p u t  d i f f e r e n t l y ,  i f  t h e  

p h i l o s o p h e r  b e l i e v e s  t h e r e  to  be one m a th em a t ic s  o n l y ,  

t h e n  he w i l l  n o t  f i n d  s u p p o r t  from th e  h i s t o r y  o f  m a th e ­

m a t i c s  a s  t o  ag reem en t  among m a th e m a t i c i a n s  a s  to  what one 

m a them a t ic s  may be.
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The c h r o n o l o g i c a l  development o f  m a them a t ic s  i s  

u s u a l l y  nowhere n e a r  th e  l o g i c a l ,  s y s t e m a t i c  and r i g o r o u s  

p r e s e n t a t i o n  o f  f i n i s h e d  m a th e m a t ic s .  I t  i s  o n ly  a f t e r  

a f i e l d  i n  m athem atics  has a number o f  r e s u l t s ,  when i t  

i s  b e g in n in g  t o  " t a k e  form" t h a t  i t  becomes a p p a r e n t  a s  

t o  what  th e  b a s i c ,  fundam en ta l  c o n c e p ts  o f  th e  f i e l d  

and i t s  l o g i c a l ,  a p p r o p r i a t e  o r g a n i z a t i o n  may be .  C o n s id e r  

th e  h i s t o r i c a l  example o f  p o i n t  s e t  t o p o lo g y .  Many o f  

th e  im p o r ta n t  r e s u l t s  and c o n c e p ts  were e s t a b l i s h e d  b e fo r e  

th e  e n u n c i a t i o n  o f  th e  axioms and fu nd am en ta l  d e f i n i t i o n s  

by H a u s d o r f f .  The J o r d a n  Curve Theorem, th e  H e in e - B o r e l  

Theorem, d e f i n i t i o n s  o f  c lo s e d  s e t s ,  l i m i t  p o i n t s ,  m e t r i c  

s p a c e s ,  e t c . ,  were a l l  e s t a b l i s h e d  b e f o r e  th e  e x i s t e n c e  

o f  t h e  axiom.

Hans F r e u d e n t h a l  c a t c h e s  t h i s  id e a  i n  th e  P r e f a c e

o f  h i s  M athem at ics  a s  an  E d u c a t i o n a l  T a s k .

L ike  p r e l u d e s ,  p r e f a c e s  a r e  u s u a l l y  composed l a s t .  
P u t t i n g  them i n  th e  f r o n t  o f  t h e  book i s  a  f e e b l e  
r e f l e c t i o n  o f  w ha t ,  i n  th e  s t y l e  o f  m a th em a t ic s  
t r e a t i s e s  and t e x t b o o k s ,  I  u s u a l l y  c a l l  t h e  
d i d a c t i c a l  i n v e r s i o n : to  be f i t  t o  be p r i n t ,  th e
way t o  t h e  r e s u l t  shou ld  be th e  i n v e r s e  o f  th e  
o r d e r  i n  which i t  was found;  i n  p a r t i c u l a r  the  
key d e f i n i t i o n s ,  which  were t h e  f i n i s h i n g  to u c h  to  
t h e  s t r u c t u r e ,  a r e  pu t  a t  th e  f r o n t .  For  many 
y e a r s  I  have c o n t r a s t e d  t h e  d i d a c t i c a l  i n v e r s i o n  
w i t h  th e  t h o u g h t - e x p e r i m e n t . I t  i s  t r u e  t h a t  you 
shou ld  n o t  communicate your m athem at ics  t o  o t h e r  
p eop le  i n  th e  way i t  o c c u r re d  t o  you, but  r a t h e r  
a s  i t  cou ld  have o c c u r r e d  t o  you i f  you had known 
t h a t  what you know now, and a s  i t  would o c c u r  t o
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th e  s t u d e n t  i f  h i s  l e a r n i n g  p r o c e s s  i s  b e in g  guided. '*'  

Thus ,  when d i s c u s s i n g  m a th em a t ic s  one must d i s ­

t i n g u i s h  m a th em a t ic s  i n  i t s  h i s t o r i c a l  development  from 

m a th em a t ic s  i n  i t s  com ple ted  ( u s u a l l y  modern) form. They 

a r e  two v e ry  d i s t i n c t  fo rm s.  Too o f t e n  the  p h i l o s o p h e r  o f  

m a th em a t ic s  does n o t  make t h e  d i s t i n c t i o n  e x p l i c i t ,  o r  

w o rse ,  c o n s i d e r s  " f i n i s h e d ” m a th em a t ic s  a s  t h e  o n ly  kind  

o f  m a th e m a t i c s ,  a s  ( sa y )  i n  th e  c a s e  o f  the  B ourbaki  

p h i l o s o p h i c a l  p o s i t i o n .

The more i m p o r t a n t  and more s u b t l e  l e s s o n  from th e  

h i s t o r y  o f  m a th em a t ic s  b e a r i n g  on t h e  p h i lo s o p h y  o f  m a th e ­

m a t i c s  i s  t h a t  p h i l o s o p h i c a l  terms and c o n c e p t s  d e a l i n g  

w i t h  m a th em a t ic s  a l s o  have a h i s t o r y .  As I  m ent ioned  

above (p .  1 9 2 ) ,  f o r  exam ple ,  t h e  p h i l o s o p h i c a l  c o n ce p t

o f  s t a n d a r d s  o f  r i g o r  h a s ,  i n  i t s e l f ,  a h i s t o r y  i n  th e  

h i s t o r y  o f  m a th e m a t i c s .  The s t a n d a r d s  o f  r i g o r  o f  t h e  

G reek s ,  a s  W ild e r  p o i n t s  o u t ,  were d i f f e r e n t  t h a n  th e  

s t a n d a r d s  o f  r i g o r  f o r  W e i e r s t r a s s ,  F r e g e ,  and C a n to r .

Or, i f  th e  p h i l o s o p h e r  w ish es  t o  d i s c u s s  th e  o n to lo g y  o f  

m a th e m a t ic s ,  t h e n  h i s t o r i c a l  c o n s i d e r a t i o n s  must  be t a k e n  

i n t o  a c c o u n t .  H i s t o r i c a l l y ,  i t  was n o t  t h a t  long  ago 

t h a t  n e g a t i v e  i n t e g e r s  were c o n s i d e r e d  " f i c t i o u s "

Hans F r e n d e n t h a l ,  M athem at ics  a s  an  E d u c a t i o n a l  
Task ( D o r d r e c h t :  D. R e i d e l  P u b l i s h i n g  Company, 1973) ,
p. v.
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numbers ,  r e a l l y  no t  a p a r t  o f  t h e  m a th e m a t i c a l  rea lm .

Complex numbers were n o t  a c c e p te d  u n t i l  a  g e o m e tr ic  r e p r e ­

s e n t a t i o n  gave a  k ind  o f  c re d e n c e  to  t h e i r  u s e f u l n e s s  

and e x i s t e n c e .  N i n e t e e n t h  c e n t u r y  m a th e m a t ic i a n s  o f t e n  

c o n s i d e r e d  two k in d s  o f  i n f i n i t y :  p o t e n t i a l  i n f i n i t y  and

th e  a c t u a l  i n f i n i t y .  A l l  o f  t h e s e  examples p o i n t  t o  t h e  

d i f f e r e n t  o n t o l o g i c a l  commitments o f  m a th e m a t ic ia n s  depend ing  

on th e  c o n c e p t  and p e r i o d .

I f  th e  p h i lo s o p h y  o f  m athem at ics  i s  t o  have any 

e x p l a n a t o r y ,  c r i t i c a l ,  o r  e v a l u a t i v e  power i n  m a them a t ic s  

o r  t h e  h i s t o r y  o f  m a th e m a t i c s ,  t h e n  i t  must  c o n s i d e r  th e  

h i s t o r y  o f  i t s  own c o n c e p ts  w i t h i n  t h e  h i s t o r y  o f  m athe ­

m a t i c s .  In d e e d ,  h i s t o r i c a l l y ,  some p h i l o s o p h i c a l  p o s i t i o n s  

p e r t a i n i n g  t o  m athem at ics  had c o n s i d e r a b l e  i n f l u e n c e  i n  

th e  development  o f  m a th e m a t ic s .  C o n s id e r  f o r  example ,  

t h a t  B ishop B e r k e l e y ' s  c r i t i c i s m  o f  th e  c a l c u l u s  were n o t  

on m a th e m a t i c a l  g ro u n d s ,  r a t h e r ,  p h i l o s o p h i c a l l y  c e r t a i n  

p a r t s  o f  th e  c a l c u l u s  were u n a c c e p t a b l e .  Or c o n s i d e r  

K r o n e c k e r ' s  c r i t i c i s m  o f  C a n t o r ' s  t r a n s f i n i t e  s e t  t h e o r y .

H is  m athem at ics  was n o t  c r i t i c i z e d ,  i t  was t h e  p h i l o s o p h i c a l l y  

u n t e n a b le  p o s i t i o n ,  a c c o r d i n g  to  K ro n e ck e r ,  o f  th e  forms 

o f  th e  i n f i n i t e .

I t  i s  o n ly  r a t h e r  r e c e n t l y  i n  m a them a t ic s  h i s t o r y  

i n  which  th e  p h i lo s o p h y  o f  m athem at ics  has s e p a r a t e d
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from m athem a t ic s  and l o s t  i t s  c r i t i c a l ,  e v a l u a t i v e  f u n c t i o n .  

I n  o t h e r  words ,  t o d a y ' s  work ing  m a th e m a t i c i a n s  a r e  n o t  

co nce rn ed  w i t h  what p r o f e s s i o n a l  p h i l o s o p h e r s  o f  m athe-  

m a t i c s  t h i n k  o f  m a th e m a t ic s .

R ich a rd  R o r ty  e x p r e s s e s  w e l l  t h i s  change i n  th e

i n f l u e n c e  o f  p h i lo s o p h y :

I n  t h e  n i n e t e e n t h  c e n t u r y ,  t h e  n o t i o n  o f  p h i lo s o p h y  
a s  a  f o u n d a t i o n a l  d i s c i p l i n e  which  " g ro u n d s"  knowledge-  
c l a im s  was c o n s o l i d a t e d  i n  t h e  w r i t i n g s  o f  t h e  neo -  
K a n t i a n s .  . . " P h i lo s o p h y "  became, f o r  t h e  i n t e l ­
l e c t u a l s ,  a  s u b s t i t u t e  f o r  r e l i g i o n .  I t  was t h e  a r e a  
o f  c u l t u r e  where one touched  bo t tom ,  where one found 
th e  v o c a b u la r y  and th e  c o n v i c t i o n s  which p e r m i t t e d  
one t o  e x p l a i n  and j u s t i f y  o n e ' s  a c t i v i t y  a s  a n  
i n t e l l e c t u a l ,  and th u s  t o  d i s c o v e r  t h e  s ig n X f i c a n c e  
o f  o n e ' s  l i f e .

At t h e  b e g in n in g  o f  o u r  c e n t u r y ,  t h i s  c l a i m  was 
r e a f f i r m e d  by p h i l o s o p h e r s  ( n o t a b l y  R u s s e l l  and 
H u s s e r l )  who were co nce rned  to  keep p h i lo s o p h y  
" r i g o r o u s "  and " s c i e n t i f i c . "  But t h e r e  was a n o t e  
o f  d e s p e r a t i o n  i n  t h e i r  v o i c e s ,  f o r  by t h i s  t im e  th e  
t r iu m p h  o f  th e  s e c u l a r  o v e r  th e  c l a im s  o f  r e l i g i o n  
was a lm o s t  com ple te  . . .
. . . The r e s u l t  was t h a t  t h e  more " s c i e n t i f i c "  and 
" r i g o r o u s "  p h i lo s o p h y  became th e  l e s s  i t  had to  do 
w i t h  th e  r e s t  o f  c u l t u r e  and t h e  more a b su rd  i t s  
t r a d i t i o n a l  p r e t e n s i o n  seemed. The a t t e m p t s  o f  
b o th  a n a l y t i c  p h i l o s o p h e r s  and p h e n o m en o log is t s  to  
"ground"  t h i s  and " c r i t i c i z e "  t h a t  were shrugged 
o f f  by t h o s e  whose a c t i v i t i e s  were p u r p o r t e d l y  
b e in g  grounded o r  c r i t i c i z e d . 1

I f  th e  p h i l o s o p h e r  o f  m a th em a t ic s  does n o t  w ish  

t o  be "sh rugged  o f f ” by th o s e  whose a c t i v i t i e s  a r e  be in g

R ich a rd  R o r ty ,  P h i lo s o p h y  and t h e  M i r r o r  o f  
N a tu re  ( P r i n c e t o n :  P r i n c e t o n  U n i v e r s i t y  P r e s s ,  1979) ,
p. 5.
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" g rounded” o r  " c r i t i c i z e d , ” t h e n  i t  i s  v i t a l l y  im p o r t a n t  

t o  c o n s i d e r  t h e  h i s t o r y  o f  th e  m athem at ics  a t  a l l  t im e s .

The I m p l i c a t i o n s  o f  th e  P h i lo s o p h y  
o f  M athem at ics  t o  t h e  H i s t o r y  

o f  Mathematics"

R e c a l l i n g  L a k a t o s '  view t h a t  " th e  h i s t o r y  o f  m a th e ­

m a t i c s ,  l a c k i n g  t h e  g u idance  o f  p h i lo s o p h y ,  has  become 

b l i n d ” i t  i s  im p o r t a n t  t o  end t h i s  c h a p t e r  w i t h  a d i s c u s s i o n  

o f  th e  p o s s i b l e  a i d s  and i m p l i c a t i o n s  th e  p h i lo s o p h y  o f  

m a th em a t ic s  may have to  t h e  h i s t o r y  o f  m a th e m a t i c s .  Among 

o t h e r  i m p l i c a t i o n s ,  t h e  p h i lo s o p h y  o f  m a th em a t ic s  shou ld  

p r o v id e  h i s t o r i a n s  w i t h  c r i t i c a l  u n d e r s t a n d i n g  and c r i t i c i s m  

t e c h n iq u e s  i n  t h e i r  work. By t h i s  I  mean t h a t  p h i lo s o p h y  

o f  m a them a t ic s  shou ld  e n a b le  t h e  h i s t o r i a n  t o  c r i t i c a l l y  

u n d e r s t a n d  and d i s t i n g u i s h  th e  s e n se s  and i m p l i c a t i o n s  o f  

h i s  own work. F a i l u r e  to  d i s t i n g u i s h  o r  i n a b i l i t y  t o  

p e r c e i v e  c r u c i a l  d i s t i n c t i o n s  i n  h i s t o r i c a l  w r i t i n g s  a r e  

e a sy  t o  f i n d .  I  w i l l  q u o te  o n ly  o n e - - a l b e i t  e x t r e m e — 

example o f  c o n f u s i o n  i n  i n t e r p r e t a t i o n  o f  h i s t o r y .

M o r r i s  K l i n e ' s  most  r e c e n t  book, M a th em a t ic s :  The

Loss  o f  C e r t a i n t y  i s  a n  ex trem e example o f  a good h i s t o r i a n  

e s s e n t i a l l y  making a mess o f  h i s  ( i m p l i c i t )  p h i l o s o p h i c a l  

u n d e r s t a n d i n g s  i n  th e  c o u r s e  o f  i n t e r p r e t i n g  h i s  h i s t o r y .  

K l in e  knows a g r e a t  d e a l  o f  good, a c c u r a t e  h i s t o r y ,  y e t
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h i s  i n t e r p r e t a t i o n s  l e a v e  much t o  be d e s i r e d .  He b e g in s  

h i s  book by c on fo u nd in g  s e v e r a l  i s s u e s :

T h is  book t r e a t s  th e  fun d am en ta l  changes  t h a t  man 
has  been  f o r c e d  t o  make i n  h i s  u n d e r s t a n d i n g  o f  t h e  
n a t u r e  and r o l e  o f  m a th e m a t i c s .  We know to d a y  t h a t  
m athem at ics  does n o t  p o s s e s s  th e  q u a l i t i e s  t h a t  i n  
t h e  p a s t  e a rn ed  f o r  i t  u n i v e r s a l  r e s p e c t  and a d m i r a ­
t i o n .  M athem at ics  was r e g a rd e d  a s  th e  acme o f  e x a c t  
r e a s o n i n g ,  a body o f  t r u t h s  i n  i t s e l f ,  and th e  t r u t h  
a b o u t  th e  d e s i g n  o f  n a t u r e .  How man came t o  th e  
r e a l i z a t i o n  t h a t  t h e s e  v a lu e s  a r e  f a l s e  and j u s t  what 
o u r  p r e s e n t  u n d e r s t a n d i n g  i s  c o n s t i t u t e  t h e  m a jo r  
t h e m e s . i

He i s  f i r s t  s a y in g  t h a t  man has been " f o r c e d "  to  

make " fun d am en ta l  c h an g e s"  i n  h i s  " u n d e r s t a n d i n g  o f  t h e  

n a t u r e  and r o l e  o f  m a t h e m a t i c s . "  P resum ably  he means t h a t  

th e  more m a th e m a t i c i a n s  l e a r n e d  and knew a b o u t  m athem atics  

t h e  more th ey  had to  change t h e i r  views on t h a t  s u b j e c t .

But t h e r e  i s  n o t h i n g  wrong w i t h  t h a t :  a s  a  s u b j e c t  m a t t e r

grows, i t  c h a n g e s ,  i n  a l l  s o r t s  o f  ways,  so t h e  p r a c t i t i o n e r s '  

view o f  t h e  s u b j e c t  w i l l  change .  H is  b e l i e f  t h a t  m a th em a t ic s  

no l o n g e r  p o s s e s s e s  " u n i v e r s a l  r e s p e c t  and a d m i r a t i o n "  i s  

j u s t  n o t  t r u e .  Most l a y p e o p le  a r e  i n  awe o f  t h e  c o m p le x i ty  

and d i f f i c u l t y  o f  m a th e m a t ic s .  They o f t e n  f e a r  o r  d i s ­

l i k e  i t ,  b u t  t h a t  does n o t  d i m i n i s h  t h e i r  r e s p e c t  f o r  i t  

o r  m a th e m a t i c i a n s .  C e r t a i n l y  s c i e n t i s t s  and m a th e m a t ic i a n s  

have n o t  l o s t  t h e i r  r e s p e c t  and a d m i r a t i o n  f o r  t h e  s u b j e c t .

T tfo r r is  K l i n e ,  M a th em at ic s ;  The Loss o f  C e r t a i n t y  
(New York: Oxford U n i v e r s i t y  P r e s s ,  l 9 8 b ) , p. 3.
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T h a t  i t  h a s  s o m e  u n e x p e c t e d  d e v e l o p m e n t s ,  u n s o l v e d  p r o b ­

l e m s ,  a n d  o c c a s i o n a l  p a r a d o x e s  a n d  m y s t e r i e s  g e n e r a l l y  

d o e s  n o t  l e s s e n  s c i e n t i s t s  o r  m a t h e m a t i c i a n s  v i e w  o f  t h e  

s u b j e c t .  A n d  m a t h e m a t i c s  i s  s t i l l  c o n s i d e r e d  t h e  " a c m e  

o f  e x a c t  r e a s o n i n g ,  a  b o d y  o f  t r u t h s  i n  i t s e l f ,  a n d  t h e  

t r u t h  a b o u t  t h e  d e s i g n  o f  n a t u r e . "

T h e  p h r a s e  " e x a c t  r e a s o n i n g "  i s  e s p e c i a l l y  c o n ­

f u s e d .  K l i n e  d o e s  n o t  d i s t i n g u i s h  b e t w e e n  t h e  a c t i v i t y  o f  

m a t h e m a t i c i a n s ,  t h e  i n f o r m a l  m a t h e m a t i c s  o f  c o n j e c t u r e s ,  

h u n c h e s  a n d  g u e s s e s ,  p r o p o s e d  p r o o f s  a n d  c o r r e c t i o n s ,  e t c . ,  

a n d  t h e  f o r m a l  m a t h e m a t i c s  o f  p u b l i s h e d  r e s u l t s .  B o t h  

i n f o r m a l  a n d  f o r m a l  m a t h e m a t i c s  h a v e  k i n d s  o f  " e x a c t  

r e a s o n i n g . ”  T h e  i n f o r m a l  m a t h e m a t i c s  i s  p r i m a r i l y  

h e u r i s t i c ,  b u t  w i t h i n  t h e  h e u r i s t i c s  t h e r e  i s  a  k i n d  o f  

e x a c t  r e a s o n i n g .  M a t h e m a t i c i a n s  u s u a l l y  h a v e  a  k i n d  o f  

p l a n  o f  g u e s s e s ,  o f  t e s t e d  o r  p r o p o s e d  p r o o f s ,  o f  

p o s s i b l e  g e n e r a l i z a t i o n s  a n d  a b s t r a c t i o n s  i n  t h e i r  r e s e a r c h .  

By j u s t  c o m p a r i n g  t h e  w a y  i n  w h i c h  a  b e g i n n i n g  s t u d e n t  

a n d  a  m a t h e m a t i c i a n  s o l v e  a  p r o b l e m  o n e  c a n  u n d e r s t a n d  t h e  

e x i s t e n c e  o f  a  ( u s u a l l y  u n s t a t e d )  w h o l e  p a n o p l y  o f  

h e u r i s t i c  d e v i c e s  t h e  m a t h e m a t i c i a n  h a s  a c q u i r e d  o v e r  t h e  

c o u r s e  o f  h i s  t r a i n i n g  a n d  c a r e e r .  Some p h i l o s o p h e r s  

l i k e  P o l y a  a n d  P o l y a n i  b e l i e v e  t h a t  t h e r e  i s  a  r a t i o n a l i t y ,  

a  f o r m  o f  r e a s o n i n g ,  i n v o l v e d  i n  t h i s  h e u r i s t i c  p r o c e s s .
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To make t h i s  p r o c e s s  e x p l i c i t  a p p e a r s  t o  be v e ry  d i f f i c u l t ,  

b u t  t h a t  does n o t  mean i t  i s  n o t  p o s s i b l e .

"Exac t  r e a s o n i n g ” a l s o  has  th e  se n se  o f  r i g o r o u s ,  

fo rm a l  p r o o f .  T ha t  p r o o f s  have been  f a l s e  o r  d i f f i c u l t  

t o  fo l lo w  and th u s  u n c e r t a i n  does n o t  mean t h a t  t h e  fo rm a l  

p r o o f  p r o c e s s  i s  i n e x a c t .

The c o n f u s i o n  becomes com ple te  when K l in e  c la im s  

t h a t  " t h e s e  v a lu e s  a r e  f a l s e . "  He has co n fused  " u n d e r ­

s t a n d i n g "  w i t h  " v a l u e s . "  A m a t h e m a t i c i a n ' s  u n d e r s t a n d i n g  

may be q u i t e  s e p a r a t e  from h i s  v a lu e s  r e g a r d i n g  m a the ­

m a t i c s .  Indeed  t h i s  i s  one o f  t h e  key c o n t r i b u t i o n s  o f  

th e  p h i lo s o p h y  o f  m a th em a t ic s  to  t h e  h i s t o r y  o f  m a th e m a t ic s .  

The p h i l o s o p h i c a l l y - m i n d e d  h i s t o r i a n  i s  c a r e f u l  t o  d i s ­

t i n g u i s h  between th e  u n d e r s t a n d i n g  o f  m athem at ics  and th e  

v a lu e s  h e ld  by m a th e m a t i c i a n s  d u r i n g  t h e  p a r t i c u l a r  h i s ­

t o r i c a l  p e r i o d  und e r  s t u d y .

On page 3 K l in e  e q u a t e s  " t r u t h "  w i t h  " c e r t a i n t y . "  

These may o r  may n o t  be e q u i v a l e n t  i n  a p a r t i c u l a r  h i s ­

t o r i c a l  p e r i o d .  When he s a y s  on page 4 ,  t h a t  " s e v e r a l  

d i f f e r i n g  g e o m e t r i e s  f i t  s p a t i a l  e x p e r i e n c e  e q u a l l y  w e l l .

A l l  cou ld  n o t  be t r u t h s , "  he i s  a g a i n  b e in g  vague a s  t o  h i s  

n o t i o n  o f  t r u t h .

I t  i s  e a s y  t o  c o n t i n u e  and p o i n t  o u t  th e  i m p l i e d ,  

b u t  n e v e r  c l e a r e d  a r t i c u l a t e d ,  s e n s e s  o f  h i s  p h i l o s o p h i c a l
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v o c a b u la r y  and how i t  i s  a p p l i e d  to  h i s  h i s t o r i c a l  i n t e r ­

p r e t a t i o n s .  A f t e r  a l l  t h e  p o i n t  o f  h i s  book i s  h i s t o r i c a l  

i n t e r p r e t a t i o n .  There  i s  no new h i s t o r y  i n  th e  book; most  

o f  h i s  h i s t o r i c a l  d i s c u s s i o n  has been l i f t e d  from h i s  

p r e v io u s  books.  And w h i l e  th e  h i s t o r y  i s  good, th e  

h i s t o r i c a l  i n t e r p r e t a t i o n  i s  t e r r i b l y  muddled b e c a u s e ,  

among o t h e r  t h i n g s ,  h i s  im p r e c i s e  and u n c r i t i c a l  use  o f  

p h i l o s o p h i c a l l y  loaded  words .  ^

I n  marked c o n t r a s t  w i t h  K l i n e ' s  c o n f u s i o n  i s  

J u d i t h  G r a b i n e r ' s  c a r e f u l  and t h o u g h t f u l  c o n s i d e r a t i o n s  o f  

th e  i m p l i c i t  p h i l o s o p h i c a l  p o i n t s  i n  h e r  h i s t o r y  o f  

C au ch y 's  r i g o r o u s  c a l c u l u s .  As she comments i n  th e  i n t r o ­

d u c t i o n :

. . . The c a l c u l u s  may seem to  be a b o u t  speeds  and 
d i s t a n c e s ,  bu t  i t s  l o g i c a l  b a s i s  l i e s  i n  a n  e n t i r e l y  
d i f f e r e n t  s u b j e c t - - t h e  a l g e b r a  o f  i n e q u a l i t i e s .
The r e l a t i o n s h i p  between t h e  u se s  o f  t h e  c a l c u l u s  
and t h e  j u s t i f i c a t i o n  o f  t h e  c a l c u l u s  i s  a n y t h i n g  
b u t  o b v io u s .^

G r a b in e r  i s  c l e a r l y  aware o f  th e  d i s t i n c t i o n  be tween  use  

and j u s t i f i c a t i o n ;  be tween th e  a p p l i c a t i o n s  and th e  

r i g o r o u s  f o u n d a t i o n s .

I n  my o p i n i o n ,  i t  i s  h e r  a b i l i t y  t o  d i s t i n g u i s h  

th e  m a th e m a t i c a l  h i s t o r i c a l  r e s u l t s  from th e  p h i l o s o p h i c a l

^ E rn e s t  N a g e l ' s  rev iew  o f  K l i n e ' s  book i n  t h e  New 
York Review o f  Books (November 6 , 1980) comes t o  s i m i l a r  
c o n c l u s i o n s  a s  mine.

2
Grabiner,  p. 1.
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i m p l i c a t i o n s  o f  t h o s e  r e s u l t s  t h a t  g i v e s  h e r  b o o k  s u c h  m e r i t .

. . . I n  a  v e r y  i m p o r t a n t  s e n s e ,  i t  m a y  b e  s a i d  t h a t  
C a u c h y  b r o u g h t  a n c i e n t  a n d  m o d e r n  m a t h e m a t i c s  t o g e t h e r .
He  c a s t  h i s  r i g o r o u s  c a l c u l u s  i n  t h e  d e d u c t i v e  m o l d  
c h a r a c t e r i s t i c  o f  a n c i e n t  g e o m e t r y .  A n d  u n l i k e  h i s  
p r e d e c e s s o r s ,  h e  d i d  t h i s  s u c c e s s f u l l y ;  t h a t  i s ,  h e  
n o t  o n l y  g a v e  h i s  w o r k  a  E u c l i d e a n  f o r m  b u t  p r e s e n t e d  
d e f i n i t i o n s  t h a t  g e n e r a l l y  a r e  a d e q u a t e  t o  s u p p o r t  
t h e  d e s i r e d  r e s u l t s ,  p r o o f s  t h a t  b a s i c a l l y  a r e  v a l i d ,  
a n d  m e t h o d s  t h a t  w e r e  f r u i t f u l  s o u r c e s  f o r  l a t e r  
m a t h e m a t i c a l  w o r k .  C a u c h y ,  t h e n ,  b r o u g h t  t o g e t h e r  
t h r e e  e l e m e n t s :  t h e  m a j o r  r e s u l t s  o f  a n a l y s i s ,  m o s t
o f  w h i c h  h e  c o u l d  now  p r o v e ;  s o m e  f r u i t f u l  c o n c e p t s  
a n d  t e c h n i q u e s  f r o m  a l g e b r a  ( p a r t i c u l a r l y  a l g e b r a i c  
a p p r o x i m a t i o n s )  a n d  a n a l y s i s *  a n d  t h e  r i g o r  a n d  p r o o f  
s t r u c t u r e  o f  G r e e k  g e o m e t r y .

P h i l o s o p h y  o f  m a t h e m a t i c s  c a n  h e l p  t h e  h i s t o r i a n  i n  

b o t h  e s t a b l i s h i n g  a  w o r k i n g ,  h i s t o r i o g r a p h y  o f  m a t h e m a t i c s  

a n d  c r e a t i n g  c r i t i c a l  h i s t o r i c a l  u n d e r s t a n d i n g s  a n d  i n t e r ­

p r e t a t i o n s .  T h e  s u b j e c t  o f  t h e  l a t t e r  p a r t  o f  C h a p t e r  I I  

w a s  i n  e s t a b l i s h i n g  a n  h i s t o r i o g r a p h y  o f  m a t h e m a t i c s ,  a n d  

t h i s  c a n  o n l y  b e  a i d e d  b y  c o n s i d e r a t i o n s  o f  t h e  p h i l o s o p h i c a l  

i m p l i c a t i o n s  o f  t h e  h i s t o r i g r a p h i c a l  m e t h o d  c h o s e n .

N o r e t t a  K o e r t g e  s u m s  u p  t h i s  p o i n t  w e l l :

. . . h i s t o r i a n s  m u s t  u s e  t h e o r i e s ,  n o t  o n l y  a s  a  
s i e v e  t o  s e l e c t  f a c t s ,  b u t  a l s o  a s  t h e  m o r t a r  w h i c h  
g l u e s  t h e m  t o g e t h e r .  T h e  g o a l  o f  o b j e c t i v i t y  i s  
b e s t  s e r v e d  b y  w e l c o m i n g  t h e o r y  i n  a n  o p e n ,  e x p l i c i t  
w a y ,  w h i l e  a t  t h e  s a m e  t i m e  k e e p i n g  a  c r i t i c a l  e y e  
o n  i t .

A g a s s i  s u g g e s t e d  t h a t  h i s t o r i a n s  e m u l a t e  
s c i e n t i s t s  b y  u s i n g  b o l d  t h e o r i e s .  L a k a t o s  s u g g e s t e d  
t h a t  t h e y  g o  e v e n  f u r t h e r  a n d  u s e  i d e a l i z a t i o n s - -  
t h e o r i e s  w h i c h  d e l i b e r a t e l y  n e g l e c t e d  f a c t o r s  k n o w n  
t o  b e  o p e r a t i v e .  I  t h i n k  m u c h  w r i t i n g  i n  t h e  h i s t o r y  
o f  s c i e n c e  c o u l d  b e  i m p r o v e d  b y  a  b i t  o f  b o l d

^ I b i d . ,  p. 165.
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c o n j e c t u r i n g  and r a d i c a l  r e c o n s t r u c t i n g - - b u t  o n ly  
i f  i t  a ccom pla ined  by t h e  s e v e r e  c r i t i c i s m  and 
s t r i n g e n t , t e s t i n g  which  a l s o  goes on i n  t h e  
s c i e n c e s .

Not o n ly  i n  th e  w r i t i n g  o f  h i s t o r y ,  bu t  a  p h i l o s o ­

p h ic a l l y - m in d e d  h i s t o r i a n  i s  b e t t e r  equ ipped  t o  e v a l u a t e  

t h e  i m p l i c a t i o n s  o f  t h a t  h i s t o r y .  The o n ly  p h i l o s o p h i c a l  

s t u d y  I  have found which  e v a l u a t e s  t h e  p h i l o s o p h i c a l

r e s u l t s  i n  h i s t o r y  o f  s c i e n c e  i s  M aurice  F i n o c c h i a r o ' s
2

H i s t o r y  o f  S c ien c e  a s  E x p l a n a t i o n . U n f o r t u n a t e l y  t h e  book 

i s  b a d ly  w r i t t e n ,  c o n f u s i n g ,  and d i f f i c u l t  t o  fo l lo w .

F o r  exam ple ,  F i n o c c h i a r o  t r i e s  to  d i s t i n g u i s h  among 

" h i s t o r y  o f  s c i e n c e , "  " h i s t o r y - o f - s c i e n c e  e x p l a n a t i o n , "  

and  " h i s t o r i o g r a p h y  o f  s c i e n c e . "  As he says  i n  a n o t e  a t  

t h e  end o f  th e  book:

The te rm  h i s t o r i o g r a p h y  o f  s c i e n c e  w i l l  a lw ays  
r e f e r  t o  th e  h i s t o r i c a l  s t u d y  o f  t h e  deve lopm ent  o f  
s c i e n c e ,  i . e . ,  t h e  d i s c i p l i n e  o f  th e  h i s t o r i a n  o f  
s c i e n c e .  Whereas th e  te rm  h i s t o r y  o f  s c i e n c e  w i l l  
sometimes r e f e r  to  t h e  development  o f  s c i e n c e  and 
sometimes t o  t h e  d i s c i p l i n e ,  t h e  c o n t e x t  w i l l  u s u a l l y  
i n d i c a t e  which  i s  m eant .  M oreover ,  t h e  use  o r  th e  
o m is s io n  o f  t h e  d e f i n i t e  a r t i c l e  th e  j u s t  b e f o r e  
th e  te rm  h i s t o r y  o f  s c i e n c e  has been found to  o f f e r  
a n a t u r a l  way o f  d i s t i n g u i s h i n g  between t h e  d e v e l o p ­
ment and  th e  d i s c i p l i n e ,  r e s p e c t i v e l y .

■^Noretta K o e r tg e ,  " R a t i o n a l  R e c o n s t r u c t i o n s , "  i n  
E s s a y s  i n  Memory o f  Imre L a k a t o s , p. 368.

M a u r i c e  F i n o c c h i a r o ,  H i s t o r y  o f  S c ien c e  o r  E x p la ­
n a t i o n  ( D e t r o i t :  Wayne S t a t e  U n i v e r s i t y  P r e s s j  1 9 7 3 ) . —

3I b i d . ,  p. 265.
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h i s  i n t e n t i o n  w a s  t o  e v a l u a t e  t h e  p h i l o s o p h i c a l  i m p l i c a ­

t i o n s  o f  h i s t o r i c a l  w r i t i n g s ,  b u t  h i s  s t y l e  p r e v e n t s  me 

f r o m  m a k i n g  a n y  u s e f u l  c o m m e n t s .

T h e  p o i n t  i s  t h a t  a p p r e c i a t i o n  o f  t h e  s e n s e s  o f  t h e  

t e r m s  o f  t h e  p h i l o s o p h y  o f  m a t h e m a t i c s  a n d  t h e  p r o b l e m s  o n  

t h e  p h i l o s o p h y  o f  m a t h e m a t i c s  c a n  m a k e  f o r  a  m u c h  m o r e  

s e n s i t i v e ,  c r i t i c a l l y  a t t u n e d  h i s t o r i a n .  A n d  a s  I  h a v e  

p o i n t e d  o u t  a b o v e ,  h i s t o r i c a l  c o n s i d e r a t i o n s  a l m o s t  a l w a y s  

i m p r o v e  p h i l o s o p h i c a l  a n a l y s i s  o f  m a t h e m a t i c s .  T h e  t w o  

s u b j e c t s - - h i s t o r y  o f  m a t h e m a t i c s  a n d  p h i l o s o p h y  o f  

m a t h e m a t i c s - - r e f l e c t  o n  a n d  i m p r o v e  e a c h  o t h e r .

T o  i n v e s t i g a t e  a n d  w r i t e  t h e  h i s t o r y  o f  m a t h e m a t i c s  

i s  a  c r i t i c a l ,  s e l e c t i v e ,  n a r r a t i v e  e n t e r p r i s e .  T o  b e  a  

c r i t i c a l ,  s e l e c t i v e  n a r r a t o r  i m p l i e s  b e l i e f s  o r  v i e w s  a b o u t  

t h e  n a t u r e  o f  t h e  s u b j e c t s  m a t h e m a t i c s  a n d  h i s t o r y .  V i e w s  

a b o u t  t h e  n a t u r e  o f  m a t h e m a t i c s  a r e  u l t i m a t e l y  g r o u n d e d  i n  

s o m e  p h i l o s o p h y  o f  m a t h e m a t i c s  a n d  h i s t o r y .  And t h i s  

p h i l o s o p h y  o f  m a t h e m a t i c s  s t e m s  f r o m  o n e ' s  u n d e r s t a n d i n g  

o f  t h e  s u b j e c t  m a t t e r - - a  l a r g e  p a r t  o f  s u c h  a n  u n d e r s t a n d i n g  

c o m e s  f r o m  a n  u n d e r s t a n d i n g  o f  i t s  h i s t o r y .

T h e  h i s t o r y  o f  m a t h e m a t i c s  a n d  t h e  p h i l o s o p h y  o f  

m a t h e m a t i c s  a r e  i n s e p a r a b l e .  Q u e s t i o n s  a n d  p r o b l e m s  i n  o n e  

n e c e s s a r i l y  s u g g e s t  q u e s t i o n s  a n d  p r o b l e m s  i n  t h e  o t h e r .

T h i s  c i r c l e  o f  q u e s t i o n s  a n d  p r o b l e m s  c o n s t i t u t e  t h e  d e p t h ,  

c o m p l e x i t y ,  a n d  b e a u t y  o f  t h i s  p a r t i c u l a r  b r a n c h  o f  t h e  

h u m a n  t h o u g h t :  m a t h e m a t i c s .
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