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On Intuitionistic Logic’

AREND HEYTING*

1 Introduction

In two excellent articles, Mr. Glivenko has expounded the principles of formal in-
tuitionistic logic (Bulletin 14, p. 225, and 15, p. 183). However, in the course of the
discussion begun by the article by Mr. Barzin and Mr. Errera, several questions were
raised whose resolution does not depend on the composition of a formal system,
since they concern the meanings of the terms used, which vary according to one’s
point of view. In the present article I propose, first of all, to bring more clearly to
the fore the intuitionistic point of view without, moreover, elaborating on its philo-
sophical justification; then, to examine how the logic conceived of by Mr. Glivenko
is complicated by the addition of the idea of provability Mr. Levy has brought into
discussion and that he unduly identifies with the Brouwerian assertion. The resolu-
tion of the last problem will help very much to achieve the goal expressed at the
beginning.

The realists speak of the existence of mathematical entities, giving this word
its ordinary meaning; Mr. Levy pretends that everybody understands this language
(Revue de Métaphysique et de Morale 33 (1926), p. 547). This is a very audacious
assertion, because from the moment one leaves the domain of daily life, where the
exact meaning of a word has less importance than its efficacy, and enters the do-
main of philosophy, the meaning of the words “to exist™ gives rise to a controversy
of the deepest kind; it is on this point that the grand systems part. If such is the case
for the notion of the existence of material objects, how much more uncertain and
obscure must be the meaning of the existence of mathematical entities. Should one
be astonished that Mr. Brouwer rejects such an equivocal idea as a legitimate means
of mathematical proof? Here, then, is an important result of the intuitionistic cri-
tique: The idea of an existence of mathematical entities outside our minds must not
enter into the proofs. 1 believe that even the realists, while continuing to believe n
the transcendent [transcendante] existence of mathematical entities, must recognize
the importance of the question of knowing how mathematics can be built up with-
out the use of this idea.

For the intuitionists, mathematics constitutes a grandiose edifice constructed by

#“Sur la logique intuitionniste,” Académie Royale de Belgique, Bulletin 16, 1930. pp. 957-63. Trams=
lated from the French by Amy L. Rocha. Published by permission of Académie Royale de Belgique.
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human reason. Maybe they would do better to avoid completely the words “to ex-

ist”; if they continue, nevertheless, to use them, these words would have no other
meaning for them than “to be constructed by reason.™

2 Assertion

A proposition p like, for example, “Euler’s constant is rational,” expresses a prob-
lem, or better yet, a certain expectation (that of finding two integers a and b such
that C = a/b), which can be fulfilled [réalisée] or disappointed [dé¢ue]. The asser-
tion of p has, in classical logic, the meaning “p is true™; this “classical assertion”
designates a transcendent fact of nature that does not conform with the intuitionis-
tic ideas. If, for example, a realist were to say: “It is true that C is rational,” he could
just as well say: “There exist two integers a and b such that C = a/b”; one sees that
the classical assertion implies the idea of transcendent existence. One does not es-
cape from this criticism by replacing, with Mr. Levy, “p is true” by “p is provable,”
since this last sentence, being equivalent to “there exists a proof of p,” implies again
the idea of transcendent existence. To satisfy the intuitionistic demands, the asser-
tion must be the observation of an empirical fact, that is, of the realization of the
expectation expressed by the proposition p. Here, then, is the Brouwerian assertion
of p: It is known how to prove p. We will denote this by + p. The words “to prove”
must be taken in the sense of “to prove by construction.” For example, one will not
have proved that C is rational other than by indicating the means of calculating the
integers whose quotient is C; this is not a bad definition of the word “rational”; it
is the only definition possible. (“C is rational if there exist two integers whose quo-
tient is C” would imply the notion of transcendent existence; “C is rational if it is
not irrational” would upset the natural order of the ideas.)

Let us remark once more that, in classical logic as in intuitionistic logic, the as-
sertion of a proposition is not itself a proposition, but the observation of a fact.? In
classical logic it is a transcendent fact; in intuitionistic logic it is an empirical fact.

3 Negation

Let a proposition p be given; the classical negation “p is false™ cannot be of use in
mtuitionistic logic, for the same reasons as for the classical assertion; it must be re-
placed by “p implies a contradiction.” Let us denote this “Brouwerian negation™ of
» by ~p; then ~p is a new proposition expressing the expectation of being able to
reduce p to a contradiction; the negation is a logical function. - ~p will mean: “it
= known how to reduce p to a contradiction.”

Evidently, between + p and F ~p there is a third case, in which one knows nei-
Ser how to prove p nor how to prove ~p. This case could be denoted by p’, but it
must be realized that p” will hardly ever be a definitive statement, since it is necessary
take into account the possibility that the proof of either p or ~p might one day suc-
d. If one does not wish to risk having to retract what one has said, in the case p’
should not state anything at all. It is in this way that one obtains the logic devised
Mr. Glivenko, and which I have developed in more detail in a recent paper.?
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4 Double Negation

The meaning of ~~p is now clear: “One knows how to reduce to a contradiction
the supposition that p implies a contradiction.” The case -~~p can occur without
Fp being fulfilled; many such examples have been given by Brouwer, Wavre, and
others. Let us cite again the following:

Let 7 be the sequence [suite] of digits in the decimal expansion of the number
7 , the sequence of the first n digits of 7: S the set consisting of 7 and all the
r, (n runs over all of the positive integers). Finally let p be the sequence that is ob-
tained by writing 77, but under the condition that the sequence is terminated as soon
as a “string” [séquence] 0123456789 is encountered. For p we take the proposition
“p is equal to an element of S.” p would mean that one could indicate the element
of S equal to p (the existence of such an element should not enter into our reason-
ing; for that one must know either the number of decimal digits of 7 after which a
string occurs, or that a string will never occur; neither of these two is the case in
the present state of science). However, one can assert F~~p; here is the proof: ~p
indicates the supposition that there is a contradiction if one supposes that p = 7 or
that p = m, for some n; that is to say, that there is a contradiction if one assumes
that a string never occurs and also if one assumes that it occurs after a finite num-
ber of decimal digits; this is already the desired contradiction, proving ~~p.

5 Provability

A proof of the proposition p is a mathematical construction; the expectation of be-
ing able to construct such a proof thus constitutes a new proposition we will denote
by +p (to be read as: “p is provable”). The formula F+p has exactly the same mean-
ing as p; however, p does not coincide with +p. To prove this, let us consider the
proposition “every even number is the sum of two prime numbers” (Goldbach’s
conjecture). Then p means simply that in taking an even number at random, one ex-
pects to be able to find two primes of which it is the sum. (This possibility is de-
cided after a finite number of attempts.) +p on the contrary requires a construction
that gives us this decomposition for all even numbers at the same time. One cannot
prove the first without proving the second, but the difference between the two propo-
sitions is glaring if the negations are taken. In order to be able to assert F~+p, it
suffices to reduce to a contradiction the supposition that one can find a construc-
tion proving p; by that one will not yet have proved that the supposition p itself im-
plies a contradiction. If we appeal to the example of Goldbach’s conjecture, we find:
F~-+p means that one will never be able to find a rule that effects in advance the
decomposition for all even numbers; this does not mean that there is a contradic-
tion when one supposes that in taking an even number at random, one will always
be able to divide it into two prime numbers. It is even conceivable that it could one
day be proved that this last supposition cannot lead to a contradiction; then one
would have at the same time F~+p and F~~p. One should abandon every hope
of ever settling the question; the problem would be unresolvable.

The difference between p and +p disappears if p requires a construction; this
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is the case for every negative proposition, for according to the definition of Section
3. such a proposition requires the construction of a contradiction. The propositions
~p and +~p are thus equivalent.

6 Amplified Logic

Let us try to find out which combinations of the two logical functions ~ and +
have different meanings. +~p is identical to ~p, both formulas expressing the ex-
pectation of being able to reduce p to a contradiction. ++p is identical to +p, for
one would not know how to conceive of a proof of p. without thereby imagining a
proof of the provability of p, and conversely. Finally, Mr. Brouwer has proven that
~~~p is identical to ~p.* From these results we infer that each proposition that
can be formed from p by the repeated application of the functions ~ and + is equiv-
alent to one contained in the following table:

» +p ~%p ~~+tp
~p ~~p

Consequently, every judgment on the logical value of p will be equivalent to
the assertion of one or more of these propositions. One easily verifies that only
seven different cases are possible.

The results 1-3 are definitive. In case 4, one could hope to pass one day to 2
or to 3; from 5 one could get to 1; from 6 to 5. 3, or 1; from 7 to all the others. At
any moment in time, each proposition is definitely in one of these cases; the ques-
tion of knowing in which it is to be found “in truth™ (transcendently) is not a ques-
tion of mathematics.

Up to now, examples are known only in cases 1, 2, 6, and 7; it does not seem
likely that a proposition belonging to one of the other cases will soon be found. A
logic that would treat properties of the function + would therefore be purely hy-
pothetical; in view of the task that is incumbent upon the intuitionistic mathemati-
cians, namely, the reconstruction of all of mathematics, one cannot ask them to de-

Asserted Propositions Consequences Excluded Assertions Predicate
1. kp (or F+p) F~~p F~p Proven (true)
b~~+p F~+p

2. F~p F~+p All others Contradictory (false)
3. k~+p All others Unsolvable

F~~p (unresolvable)
4. F~+p F+p, Fp Unprovable

kot p

5. F~~+p F~~p F~p, F~+p Not unprovable
6. t~~p F~p Not contradictory
7. None Not decided

(not resolved)
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velop this logic. Nevertheless, by the exposition of the first elements, I hope to have
shed a new light on the intuitionistic ideas.

Enschede, June 1930

Notes

1. Presented by Mr. Th. De Donder.

2. In their Principia Mathematica, Mr. Russell and Mr. Whitehead have insisted on this
difference between a proposition and its assertion.

3. Die formalen Regeln der intuitionistischen Logik. (Sirzungsber. Pr. Akad. d. Wiss.,
Berlin, 1930.)

4. Verse. Kon. Ak. v. Wet. Amsterdam, XXXII, p. 877; Jahresber. D.M.V. 33, p. 251.
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On the Interpretation of
Intuitionistic Logic

ANDREI KOLMOGOROV*

The present essay can be considered from two quite different standpoints.

1. If one does not accept the intuitionistic epistemological assumptions, then
only the first section is relevant. The results of this section can be summarized ap-
proximately as follows:

In addition to theoretical logic, which systematizes the proof schemata of the-
oretical truths, one can systematize the schemata of the solution of problems, for
example, of geometrical construction problems. For example, corresponding to the
principle of syllogism the following principle occurs here: If we can reduce the so-
lution of b to the solution of a, and the solution of ¢ to the solution of b, then we
can also reduce the solution of ¢ to the solution of a.

One can introduce a corresponding symbolism and give the formal computa-
tional rules for the symbolical construction of the system of such schemata for the
solution of problems. Thus in addition to theoretical logic one obtains a new cal-
culus of problems. One needs here no special epistemological, for example, intu-
itionistic, assumptions.

Then the following remarkable fact holds: The calculus of problems is formally
identical with the Brouwerian intuitionistic logic, which has recently been formal-
ized by Mr. Heyting.!

2. In the second section intuitionistic logic is critically investigated while ac-
cepting the general intuitionistic assumptions. It will be shown that intuitionistic
logic should be replaced by the calculus of problems, for its objects are in reality
not theoretical propositions but rather problems.

§1

We do not define what a problem is; rather we explain this by some examples. Prob-
lems are:

#+Zur Deutung der intuitionistischen Logik,” Mathematische Zeitschrift 35, 1932, pp. 58-65. Translated
from the German by Paolo Mancosu. Published by permission of Springer-Verlag GmbH & Co. KG,
Heidelberg.
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1. To find four whole numbers x, y, z, n for which the relations

X+ Yyt =71, n>?2

hold.

2. To prove the falsity of Fermat’s theorem.

To draw a circle passing through three given points (x, y, z).?

4. Provided that one root of the equation ax’> + bx + ¢ = 0 is given, to find
the other one.

5. Provided that the number 7 is expressed rationally, say, 7 = m/n. to find an
analogous expression for the number e.

=

That the second problem is different from the first is clear, and this does not yet
constitute a particular intuitionistic claim.* The fourth and the fifth problem are exam-
ples of conventional problems; yet the assumption in the fifth problem is impossible,
and consequently the problem itself is without content [inhaltslos]. In what follows, the
proof that a problem is without content will always be considered as its solution.

We believe that according to these examples and explanations the concepts
“problem” and “solution of a problem” can be employed without misunderstand-
ings in all cases that occur in the concrete areas of mathematics.* From now on
problems will be designated with lower-case italic letters a, b, c, . . . .

If a and b are two problems, then a A b designates the problem “to solve both
problems a and b,” while a v b designates the problem “to solve at least one of the
problems a and b.” Furthermore, a D b is the problem “to solve b provided that the
solution for a is given” or, equivalently, “to reduce the solution of b to the solution
of a.”

In the preceding we did not assume that every problem is solvable. If, for ex-
ample, Fermat’s theorem is true, then the solution of the first problem would be
contradictory. Correspondingly —a designates the problem “to obtain a contradic-
tion provided that the solution of a is given.”

If a, b, ¢, d, . . . are the problems, then, according to the above definitions, every
formula p(a, b, c, . . .) constructed with the help of the signs A, v, D, — also des-
ignates a problem. However, if a, b, c, .. . are only symbols for indeterminate prob-
lems, then one says that p(a, b, c, .. .) is a function of the problem variables a, b,
¢, ....If xis a variable (of any sort) and a(x) designates a problem whose mean-
ing depends on the value of x, then (x)a(x) stands in general for the problem “to
give a general method for the solution of a(x) for every single value of x.” One
should understand this as follows: To solve the problem (x)a(x) means to be able
to solve for any given single value x of x the problem a(xy) after a finite number
of steps known in advance (prior to the choice of Xp).°

Furthermore, for the functions p(a, b, ¢, ...) of indeterminate problems a, b,
¢, ...one simply writes

Fpla, b,c,...)
instead of

(a)b)(c). .. pla, b, c,...)%
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Thus F p(a, b, c, . . .) designates the problem “to give a general method for the so-
lution of p(a, b, c, . ..) for any single choice of problems a, b, c, ....”

The problems of the form F p(a, b, c, . ..), where p is expressed by means of
the signs v, A, D, and —, form the object of the elementary calculus of problems.”

The corresponding functions p(a, b, c, . . .) are the elementary functions of prob-
lems.

The fact that / have solved a problem is a purely subjective fact that in itself
has as yet no general interest. However, the logical and mathematical problems pos-
sess the special property of the general validity of their solutions: If 1 have solved
a logical or a mathematical problem, then I can present this solution in a way that
is intelligible to all and it is necessary that it be recognized as a correct solution al-
though this necessity has to a certain extent an ideal character, for it presupposes a
sufficient intelligence on the part of the listener.®

The proper goal of the calculus of problems consists in giving a method for the
solution of problems of the form Fp(a, b, c, . ..), where p(a, b, c, ...) is an ele-
mentary function of problems, by means of the mechanical application of some sim-
ple computational rules. However, in order to reduce everything to these computa-
tional rules, we must assume that the solution of some elementary problems are
already known. We postulate that we have already solved the following two groups
of problems A and B. The further presentation addresses only a reader who has al-
ready solved all these problems.’

21. F.aDanral®
211. F.anbDbnha.
212. F.aDb.D.ancDbnac.
2:13.. F . @ Db AbD.&D v D
214. . bD.aDb.

A. 215. F.an.aDb.Db.
3.1. +.aDavhb.
31l. F.avbDbva.
312.F.aDc.A.bDc.D.avbDec.
41. F.=aD.aDb.
411. F.aDdDb. A.aD=b.D—al

We thus assume that the reader can solve all the problems appearing here af-
ter the sign + for any choice of problems a, b, c. This also presents no difficulties
at all. For example, in problem (2.12) one must, under the assumption that the so-
lution of a has already been reduced to the solution of b, reduce the solution of b Ac
to the solution of aac. Let the solution of aAc be given; this means that both the
solution of @ and the solution of ¢ are given. From the solution of a we can infer,
according to the assumption, the solution of ». And since the solution of ¢ is al-
ready given, we obtain the solution of both problems b and c, and thus the solution
b ac. In this consideration is contained a general method for the solution of the prob-
lem

adb.D.ancDbnac
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which is valid for arbitrary a. b, c. We thus have the right to consider the problem
213. F.aDb.D.ancDbnc

(with the universal sign +) as solved.

Regarding Problem 4.1 in particular: As soon as —a is solved, then the solu-
tion of a is impossible and the problem a D b is without content.

The second group of problems B for which we postulate the existence of solu-
tions contains only three problems.'! Namely, we assume that we are always able
to (or that we possess a general method for) solving the following problems for ar-
bitrary elementary function problems p, g, r, s, .. .:

I. If F p A g is solved, to solve F p.
II. If F p and + p D g are solved, to solve + g.
1. If F p(a, b, c, . . .) is solved, to solve + p(q, r. s, .. .).

We can now give the rules of our calculus of problems:

1. First of all we put the problems of the group A on the list of solved prob-
lems.

2. If = p A g is already on our list, then + p can also be added to it.

If both formulas + p and + p D g are there, then - g may also be added.

4. 1f + p(a, b, ¢, .. .) is already on the list and g, r, s, ... are arbitrary func-
tions of problems, then + p(q. r, s, .. .) can also be added to it.

w

On the basis of the previously assumed postulates, one convinces oneself eas-
ily that these formal computations actually guarantee the solution of the corre-
sponding problems.

We abstain here from further carrying out these computations, since all the
above formal rules of computation and a priori written formulas coincide with the
rules of computation and axioms of Heyting’s first essay'?; consequently we can
interpret all the formulas of his essay as problems and regard as solved all these
problems.

Among these problems we only make a note here of some especially interest-
ing ones (which are to be considered as already solved):

43. F.a 2D —a.
4.2. F.an.D.ﬂbD—\a.
432 F.—=——a D —a.

The solution of 4.3 and 4.2 is clear without any computation. The solution of
4.32 is obtained from 4.3 and 4.2 by substituting in 4.2 the problem b by ——a.
If one adds to the formulas B assumed a priori the formula

F.av-a. (1

(in propositional logic the principle of the excluded middle), then one obtains a com-
plete axiom system of classical propositional logic. In our problem interpretation
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the formula (1) reads as follows: to give a general method that allows, for every
problem a, either to find a solution for a, or to infer a contradiction from the exis-
tence of a solution for a!

In particular, if the problem a consists in the proof of a proposition, then one
must possess a general method either to prove or to reduce to a contradiction any
proposition. If our reader does not consider himself to be omniscient, he will prob-
ably determine that the formula (1) cannot be found on the list of problems solved
by him.

It is, however, remarkable that one can solve the problem

48 F.——.av —|[I.13

as Heyting’s calculus shows.
Likewise, the formula

F.——aDa. 2)

(in the propositional calculus the principle of double negation) cannot appear in our
calculus of problems, for the formula (1) follows from it by means of 4.8.

Therefore we see that, unlike Heyting's formulas of intuitionistic logic, already
very simple formulas of classical propositional logic cannot appear in our calculus
of problems.

Let us also remark that if a formula F p is false in the classical propositional cal-
culus, the corresponding problem + p cannot be solved. Actually, from such a for-
mula t p one can infer by means of the previously assumed formulas and rules of
computation of the calculus of problems the obviously contradictory formula . —a.'*

§2

The basic principle of the intuitionistic critique of logical and mathematical theo-
ries is the following: Any proposition that is not without content should refer to one
or more completely determinate states of affairs accessible to our experience.?

If a is a general proposition of the form “any element of the set K possesses
the property A,” and if in addition the set K is infinite, then the negation of a. “a is
false” does not satisfy the above principle. In order to avoid this situation Brouwer
gives a new definition of negation :“a is false™ should mean “a leads to a contra-
diction.” Thus the negation of a is transformed into an existential proposition: “There
exists a chain of logical inferences that, under the assumption of the correctness of
a, leads to a contradiction.” However, the existential propositions are also subjected
by Brouwer to a deep critique.

Namely, from the intuitionistic standpoint it makes no sense at all simply to
say: “There is among the elements of an infinite set K at least one element with the
property A without exhibiting this element.

However, Brouwer does not want to throw the existential propositions com-
pletely outside of mathematics. He only declares that one should not state an exis-
tential proposition without giving a corresponding construction. On the other hand,
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an existential proposition does not, according to Brouwer, merely consist in stating
that we have already found a corresponding element in K in the latter case the ex-
istential proposition would be false before the invention [Erfindung] of the con-
struction, and only after that would it be true. Thus arises this quite special type of
proposition that is supposed to have a content that does not change over time but
even so may only be stated under special conditions.

Of course, one can ask whether this special type of proposition is perhaps only
a fiction. Actually, we are given a problem: “to find in the set K an element with
the property A”; this problem has really a determinate meaning that is independent
of our knowledge; if one has solved this problem, that is, if one has found a corre-
sponding element x, then one obtains an empirical proposition: “Now our problem
is solved.” Thus what Brouwer understands by an existential proposition is com-
pletely broken down into two elements: the objective element (the problem) and the
subjective element (the solution). As a consequence one finds no object left that one
would have to call an existential proposition in the proper sense.

Therefore, the main result of the intuitionistic critique of negative propositions
should simply be formulated as follows: For any universal proposition it is in gen-
eral meaningless to consider its negation as a determinate proposition. However,
with this disappears the object of intuitionistic logic, for now the principle of the
excluded middle holds for all the propositions for which the negation is meaning-
ful in general.'®

Hence it follows that one should consider the solution of problems as the in-
dependent goal of mathematics (in addition to the proofs of theoretical propositions).
As was shown in the first section the formulas of intuitionistic logic also receive a
new meaning in the field of problems and solutions.!”

Gottingen, January 15, 1931
Received February 6, 1931

Notes

1. Heyting, Die formalen Regeln der intuitionistischen Logik. Sitz. d. Preus. Akad. 1,

1930 p. 42; IL p. 57: IIL. p. 158.

To be very precise, in the formulation of this problem one should indicate the al-

lowed means of construction.

3. On the other hand, the propositions “Fermat's theorem is false” and “four numbers
satisfying (1) exist” are equivalent from the standpoint of classical logic.

4. The main concepts of propositional logic, “proposition,” and “proof of a proposi-
tion” are in no better position.

5. Let us observe that —a should not be understood as the problem “to prove the un-
solvability of a.” If one considers in general “the unsolvability of ™ as a well-de-
fined concept, then one only obtains the theorem that from —a follows the unsolv-
ability of a, but not the converse. For example, if it were proven that the
well-ordering of the continuum surpasses our abilities, one could still not claim that
a contradiction follows from the existence of such a well-ordering.

6. Here, too, as earlier, we hope that these definitions cannot lead to any misunder-
standings in the concrete mathematical domains.

[
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6a.

14.
15.

16.

Andrei Kolmogorov

This explanation of the meaning of the sign  is very different from that of Heyt-
ing, although it leads to the same computational rules.

. This definition is analogous to the definition of the elementary propositional cal-

culus. However, in the propositional calculus the logical functions analogous to A,
v, D, — can be expressed by two among them. In the calculus of problems all four
functions are independent.

. All this holds word for word also for the proof of theoretical propositions. It is,

however, essential that every proven proposition is correct [richtig]; for problems
one has no concept corresponding to this correctness |Richtigkeit].

. In the case of the propositional calculus, one must first convince oneself of the cor-

rectness of the axioms, if one wants to determine the correctness of the conse-
quences.

. On the numbering of the formulas and the use of separation marks (dots), see Heyt-

ing L.

. They cannot, however, be expressed symbolically with the signs of the elementary

calculus of problems.

. Heyting L.
. In propositional logic (4.8) represents the Brouwerian proposition on the consis-

tency of the principle of the excluded middle.

See V. Glivenko, Acad. r. de Belgique, 5¢ série, 15, 1929, p. 183.

See H. Weyl, Uber die neue Grundlagenkrise der Mathematik, Math. Zeitschr. 10,
1921, p. 39. The whole further investigation of negative and existential propositions
essentially follows this work by Weyl.

However, a new question arises: Which logical laws are valid for propositions whose
negation has no sense?

. Remark inserted in proof. This interpretation of intuituionistic logic is closely con-

nected with the ideas Mr. Heyting has developed in the last volume of Erkenntnis
2, 1931, p. 106; yet in Heyting a clear distinction between propositions and prob-
lems is missing.

Translator’s Notes

a. The original text contains a misprint.



