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We introduce the notion of representable multicategory, which stands in the same
relation to that of monoidal category as fibration does to contravariant pseudo-
functor (into %at). We give an abstract reformulation of multicategories as monads
in a suitable Kleisli bicategory of spans. We describe represent ability in elementary
terms via universal arrows. We also give a doctrinal characterisation of represen-
tability based on a fundamental monadic adjunction between the 2-category of
multicategories and that of strict monoidal categories. The first main result is the
coherence theorem for representable multicategories, asserting their equivalence to
strict ones, which we establish via a new technique based on the above doctrinal
characterisation. The other main result is a 2-equivalence between the 2-category of
representable multicategories and that of monoidal categories and strong monoidal
functors. This correspondence extends smoothly to one between bicategories and a
several object version of representable multicategories.  © 2000 Academic Press
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1. INTRODUCTION

Among his vast seminal body of work, Grothendieck established a paradigm
we might call coherence via universality. He introduced in [ Gro71] the notion
of fibration, a functor p: E — B characterised by the existence of cartesian
liftings for any pair (X e E, u: I - pX) in B. Here we have a strict structure,
namely the category E with strictly associative composition and identities,
within which there are universally characterised elements, namely the
cartesian morphisms, which subsume a coherent structure. This latter
structure is a pseudofunctor F: B” — %at, with its coherent isomorphisms
Or o FgoFf3 F(fog) (for composable f, g) and y,: idp, 3 F(id,) (A€ B).
The coherence relations these isomorphisms must satisfy are best under-
stood associating to F its so-called Grothendieck construction (pp: 9(F) — B):
the axioms on J’s and y’s correspond to the associativity and identity ones
for composition in the category %(F). This construction (a lax colimit) sets
up a biequivalence between the 2-category of fibrations over B and that of
pseudofunctors from B? to @at.

Here we pursue the above paradigm introducing the notion of represen-
table multicategory. Just as a category is a (directed) graph with a monoid
structure (see Section 3 below), a multicategory is a multigraph with a monoid
structure (see Section 4 below), thus endowed with a strictly associative
and unitary composition. A multigraph in turn consists of a set of arrows,
with associated source and target in a set of objects. While the target of an
arrow is a single object (just like in a graph), its source is a sequence of
objects.

The coherent structure we seek to subsume is that of a monoidal category,
as described for instance in [ Mac71, Kel82]. In its traditional finitary presen-
tation, it consists of a category C endowed with a unit object 7 and a functor
®: Cx C — C, together with natural isomorphisms

dypc (ARB)RCIAR (B® C), Ay ARIS A,
pPal®A34

for A4, B, C objects of C, subject to coherence axioms (the celebrated
pentagon for the o’s and the triangle for the left and right unit isomorphisms
A and p). Such coherence conditions are best expressed by the fact (the basic
coherence result for monoidal categories) that between any two possible n-ary
“multiplications” from C” to C defined by /, ® (and a well bracketing of
n elements) there is a unigue coherent isomorphism made up by tensoring
of o’s, A’s, and p’s. We are thus led naturally to consider the structure
defined by such n-ary operations and their compositions, namely a multi-
category (see Subsection 9.2 below).
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In the multicategory resulting from such a construction, a morphism
f:{Ay,..,A,> — A amounts to a morphism f: 4, ® --- ® 4, > A in C for
some multiplication of A, .., 4,. Notice in particular the distinguished
class of morphisms 4: {(A4;,..,4,> > A4, ® --- ® 4, formed by tensoring
coherent isomorphisms. Such morphisms witness the monoidal structure
inherent in this multicategory. We are then faced with the task of giving a
universal characterisation of such morphisms, which will effectively give us
our first definition of representable multicategory (see Subsection 8.1). This
is a good time to explain our choice of terminology: representability in a
multicategory means that the “multilinear” structure of its morphisms (and
their composition) is universally represented by a (“multilinear classifying”)
tensor. To pin down this intuition, consider the classical example of a
representable multicategory, namely that whose objects are bimodules over
a commutative ring and whose arrows are multilinear morphisms between
such. Here, the tensor product of bimodules gives a representation of such
morphisms as linear ones (see Example 2.2(1)).

Having just outlined the analogy between “fibrations vs pseudofunctors”
on the one hand and “representable multicategories vs monoidal categories”
on the other, it is appropriate to point out that just as fibrations arise naturally
in practice while pseudofunctors do require a choice (not always available, for
instance if we are working internally in a topos), the same is true of represen-
table multicategories. Any monoidal category occurring in practice is either
strict (typically with tensor product given by some composition) or has a
universally specified tensor structure, which only after performing a choice
can be cast into the finite presentation above. The 2-equivalence between
the two structures enables us to claim that any monoidal category arises by
such a choice process. Of course, a pseudofunctor can be a convenient
presentation of a fibration and the same consideration applies to monoidal
categories with respect to representable multicategories.

Let us put the subject of this paper in context, indicating briefly our
motivation for its development. Over recent years the quest for a suitable
definition of weak n-category (that is, an n-dimensional categorical structure
with coherently associative and unitary compositions) has intensified. Among
the various approaches which had emerged to tackle this delicate notion we
could mention the topological ones of [ Joy97, Tam96] which deal with such
n-dimensional gadgets via their nerves, imposing suitable filling conditions on
certain cellular structures. Another approach is that of Batanin [ Bat98b],
based on homotopical algebra, more specifically on the theory of operads. He
considers contractible operads to organise the “spaces” of coherent operations,
so that weak n-categories amount to algebras for such operads.

The approach most relevant to our present concerns is that of [ BD98].
Its most prominent feature is that the operations of composition are not
given explicitly as structure, but rather specified by a universal property.
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This is, in principle, the most attractive approach from a category theoretic per-
spective. Of course, to specify something universally there must be an ambient
structure, which in the case of [ BD98 ] are the so-called n-opetopes, cellular struc-
tures whose cells have a specified finite boundary with a single cell of (immediate)
lower dimension designated as codomain (n-opetopes are defined in terms of
operads, although the opetopes carry no explicit operations themselves).
The approach in [ BD98] just outlined motivated [ HMP98b], which in
turn initiated the work presented in this paper. There and in [HMP98a],
the authors develop an alternative (substantially simpler) method to set-up
what ought to be the above mentioned n-opetopes, that is, the ambient
cellular structures required to specify n-category compositions via the existence
of universal cells. The main aim of our theory of representable multicategories
(or rather, their higher-dimensional extension which we will take up in a subse-
quent paper) is to have a solid basis for such a universal approach to weak
n-categories. Notice that a major difference between our proposal (here
examined thoroughly in its lower dimensional instance) and that of [ BD98] is
our consideration of a multicategory structure on the cellular structures we
consider, in order to have a proper framework for the notion of universality, viz.
our representability condition. The present paper may be considered then as the
first installment of our approach to higher-dimensional category theory, laying
down a substantial part of its conceptual and technical foundations.

Overview of the Paper. In Section 2 we recall the elementary definition
of multicategory and present a few basic examples. In Section 3 we recall
Bénabou’s view of categories as graphs (endospans) with monoid structure,
i.e., a category in B is a monad in the bicategory of spans Spn(B). This is
the abstract point of view we apply in Section 4 to reformulate multicategories
(internally). The main abstract construction is a Kleisli bicategory of spans
Spny(B) relative to a cartesian monad T on a category with pullbacks B
(Definition 4.2). An internal multicategory in B is identified with a monad in
Spny, (B) where M is the free-monoid monad on B. The point of this abstract
reformulation is that composition in Spny,(B) embodies the “tree grafting”
involved in multicategory composition. In order to get a better grasp of the
latter, we deal briefly with free multicategories in Section 5, where we
characterise them in terms of finite trees and their grafting composition
(Proposition 5.2).

Having achieved the basic identification of Definition 4.3, we proceed to
set up the 2-category of multicategories. In order to do so, we continue the
reformulation of internal category theory (along the lines of [Bén67]
mentioned above), giving an algebraic interpretation of natural transforma-
tions in terms of morphisms of bimodules (Proposition 6.1), as well as an
analysis of their horizontal and vertical compositions. We then instantiate
this algebraic formulation of transformations in the context of multicategories,
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arriving at the notion of transformations satisfying a multinaturality condition
(Definition 6.6) as the relevant 2-cells for multicategories. We conclude the
2-categorical setup giving a (multinatural) hom-set isomorphism charac-
terisation of adjunctions between multicategories (Proposition 6.9).

In Section 7 we arrive at the first major correspondence in this paper,
namely the monadic 2-adjunction between the 2-category of strict monoidal
categories and that of multicategories (Theorem 7.2).

In Section 8 we introduce representable multicategories. We give two
equivalent definitions: one in terms of universal arrows closed under com-
position (Definition 8.1) and the other in terms of strong universal arrows
(Definition 8.3). This parallels the corresponding situation for fibrations.
We also examine the basic examples of multicategories in order to present
concrete instances of representability. Along these lines, and mostly to
show some intrinsic internal manipulation of the notion of representability,
we construct the formal dual of a representable multicategory in Subsec-
tion 8.2. In Subsection 8.3 we arrive to one of our main contributions,
namely the adjoint characterisation of representability (Theorem 8.12): a
multicategory is representable iff it is an adjoint pseudo-algebra for the
2-monad on .#ulticat induced by the adjunction of Section 7.

In Subsection 9.1 we briefly review both the usual finite presentation of
monoidal categories and outline the corresponding infinite presentation
(i.e., with coherently associative and unitary n-fold tensor products). In
Subsection 9.2 we establish one of our main results (Theorem 9.8), which
asserts that the 2-categories of representable multicategories and (non-strict)
monoidal categories are 2-equivalent. The basic tool is a “Grothendieck con-
truction” which turns a (non-strict) monoidal category into a representable
multicategory (Definition 9.2 and Proposition 9.4). In the opposite direction,
we readily turn a representable multicategory into a monoidal category by
making a choice of universal arrows (Definition 9.6).

In Section 10 we tackle the important issue of coherence. Subsection 10.1
shows how to normalise a representable multicategory, that is, to make a
choice of universal arrows so that the linear ones are identities. In Subsec-
tion 10.2 we obtain our second main result, viz. the coherence theorem
(10.8) which asserts that strict representable multicategories (and their
strict morphisms) form a (bicategorically) reflective sub-2-category of that
of representable multicategories, in such a way that the unit of this reflection
exhibits any representable multicategory as equivalent to a strict one. The key
technical Lemma 10.4 provides the ingredients for such a coherence result.
This technique relies fundamentally on the doctrinal (adjoint) characterisation
of representability and sheds new light upon coherence issues for universally
characterised structures.

We conclude in Section 11 showing how the correspondence between
representable multicategories and monoidal categories extends to deal with
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TABLE 1

Fibred category theory

Representable multicategory theory

Category over B
Vertical morphism
Fibre
(Strong) cartesian morphism
Fibration
Fibrewise dual

Pseudofunctor
Pseudonatural transformation
Modification

B |_ :%at/B - %at/B:
Free split fibration 2-monad,
Fibration =
(adjoint) B | _-pseudo-algebra

Coherence theorem:
fibration = split fibration

Multicategory
Linear morphism
M category of linear morphisms
(Strong) universal arrow
Representable multicategory
Linear dual

(Non-strict) monoidal category
Strong monoidal functor
Monoidal transformation

T : M ulticat > Multicat:
Free strict rep. multicategory 2-monad,
Representable multicategory =
(adjoint) T-pseudo-algebra

Coherence theorem:
representable multicategory =
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strict representable multicategory

bicategories. The essential insight is Proposition 11.1 which recasts (strict)
monoidal categories as categories in the category of monoids. We can thus
deal with 2-categories as strict monoidal categories (Proposition 11.2) by
considering monoids on spans and thus obtain the desired correspondence
(Proposition 11.4) between bicategories and representable multicategories
(relative to the ambient monoidal category of endospans on the object-of-
objects of the bicategory).

The technical Appendix A examines the functoriality of the “bicategory
of spans” construction, based on its universal characterisation (Theorem A.2)
and shows that our main abstract construction (Definition 4.2) is indeed a
Kleisli bicategory associated to a pseudo-comonad (Proposition A.5).

Table I shows the correspondence between concepts of fibred category
theory and representable multicategories. This correspondence is far reaching,
but we only indicate it here up to the extent of the concepts we introduce
(for instance, we do not address in this paper the issue of the Yoneda
structure on multicategories, related to that of monoidal categories). It
would certainly provide guidance into this subject to the reader familiar
with the basic concepts of fibrations.!

! Notice that in a representable multicategory we do not have a base category. Hence we
are in the presence of (a variant of) Bénabou’s proposed notion of foliation. This latter
amounts to considering the total category of a fibration without a specified base, whereby we
retain the cartesian/vertical factorization of morphisms instead.
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2. MULTICATEGORIES

The notion of multicategory was introduced in [Lam69] (see also
[Lam89, Lin71]) as a framework for a syntactic calculus. A multicategory
can be seen as an algebraic structure which models a (restricted kind of)
many-sorted algebraic theory: briefly put, the terms are construed as arrows
t: {Xy, .., X,y = Y, where X, .., X, are the sorts of the free (non repeating)
variables in ¢ (more precisely, the arrows of a multicategory correspond to
equivalence classes of terms, modulo provable equality in the theory). The
salient feature of a multicategory is that its arrows have a sequence of
objects as domain. This leads to a correspondingly more involved notion
of composition than the binary one in ordinary categories. The presenta-
tion here is oriented to its abstract algebraic reformulation in Section 4
below.

2.1. DEFINITION. A multicategory M, consists of the following data:

(1) A set of objects M, whose elements we write X, Y, Z, ....

(2) A set of arrows M| whose elements we write f, g, A, ..., with specified
codomain (an object) and domain (a sequence of objects). We write
f:<{Xy, .., X,,» = Y to specify the domain and codomain of f.

(3) An identity arrow idy: {X) — X, for each object X.

(4) A composition operation, taking an arrow f. {X;,.., X,>—>Y
and a sequence of arrows

fl: <X11a (L] X1m1> —>X1, () fn: <ans L) Xnmn> _)Xn

and assigning their composite

f<f17 ey fn>: <X119 () le]: (L] ana R Xnmn> ->Y
subject to the following axioms

wnit. For f: (X, .., X,> > Y,

f<idX17 " ian> :f
idy {f) =1

associativity.
[i{Xy, X, — Y,

fl: <X117 esey X1m1> _>X1’ ey fn: <Xn1> ey Xnmn> _)Xna
f11: <X1115 [t X11p11> _)Xlla Rt fnmn: <Xnmnlﬂ s Xnmnpnmn> _)Xnmn

(f<flﬂ sy fn>)<flla Rt fnmn> :f<fl<f11a Rt f1m1>9 Rt fn <fn19 Rt fnmn>> .
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Notice that the domain of a composite is the concatenation of the
(sequence of) sequences of the domains of the arrows f;, ..., f,,. The com-
position and axioms for a multicategory are best visualised by representing
the arrows as trees. We will come back to this point in Section 5 below.

2.2. ExamprLEs. (1) We recall a typical example of a multicategory.
Consider a ring R with unit (a monoid in the category Ab of abelian
groups with respect to its monoidal closed structure). The multicategory
R —mod has as objects R-bimodules (with left and right actions), written
M, N, .... An arrow f: {M, .., M, > — N is a multilinear morphism, that is
a morphism f: M; x --- x M, - N in Ab (using X to denote the tensor
product in Ab) such that the following diagram commutes

(--)x1,
R ——

M, xR---xRxM, : M;x---xM,-5 N,
X ()
where the n parallel arrows? are products of the left /;, and right actions r;
of the modules M, (except for M, which only contributes its right action
r, and similarly for M, and its left action /,), e.g., for n =3 we have
My xLxl
My x Rx My x Rx My -nxMyxty> My x Myx My N
11 X1y % M,
and the morphism f'is also a bimodule morphism (M, x --- x M, being a

bimodule by the left action of M, and the right action of M,,).
Composition is given by

S LS vs s D (X1 woes X ) = S(S1(X10)s oo fo( X ))-

There is different (but equivalent) presentation of the multilinearity condi-
tion in the definition of ¥ -form in [ DS97, Sect. 7].

(2) Given acategory C, we define a multicategory C, whose morphisms
are discrete cocones in C. Explicitly, C, has
objects. Those of C.
arrows. f: {(x,,.., Xx,»> >y is a tuple of morphisms {f;:x; > y>,

for 1 <i<n (a cocone on the discrete diagram of x,’s).

2 There are n— 1 copies of R. Each copy can act on its right (r) or its left (/). Hence the
relevant morphisms are in 1-1 correspondence with monotone functions [n—1] - [r</].
There are n of these, each determined (as a sequence) by the possible first occurrence of /.
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identities. Those of C.

composition.

flzx’l_)yla"'afn:)?n_)yn f:y_)z
fo<f1a--~afn>:<fi°fij>1<i<n,1<j<m,-:fl Cee X, oz

(3) Any category C can be trivially regarded as a multicategory JC
with the same objects and with morphisms JC({ x ), y) = C(x, y) and JC(X, y)
= (¥ if X is not a singleton. Composition and identities are inherited from C.

There is an equivalent presentation of multicategories, upon the same
data specified in Definition 2.1(1) and (2) (called a multigraph), with a
placed binary composition

JilXy, W XY, glY,.,Y,.,Y,>)>Z
g filYy, X1y Xy Y0 > Z

subject to the evident identity and associativity axioms plus the following
interchange law:

fid Xy, X = Y, g XL LX) = Y,
B Y o Yy o Yoo Yy = Z(i < )
hor f)ram1 €= (ho; @) X 1s s X1s s Xs s Xy oo Xy o Yp» = Z

Clearly, the interchange law allows us to define a composition operation as
in Definition 2.1 as

S LSis e fud =(Fon Su) -+ o1 i

and conversely, given such kind of composition we obtain a binary one by
whiskering with identities

8g°i f: g <iXma () fs oo lan>

This alternative description of multicategories, with binary operations of
placed composition is taken up in [HMP98b], where a generalisation of
the notion of multicategory, allowing a so-called non-standard amalgama-
tion, is introduced.

As we will see in Subsection 8.1, this binary composition is important to
characterise strong universal arrows.
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3. CATEGORIES AS GRAPHS WITH MONOID STRUCTURE

A graph in a category B amounts to the data given in the diagram

d,
—
C, — Co,
1

where C,; is the object of arrows or l-cells, C, is the object of objects or
0-cells, and the morphisms d; and ¢, specify the domain and codomain of
an arrow, respectively.

We are interested in graphs as the underlying data for categories. More
precisely, we are interested in regarding a category as a “graph with units
and multiplication.” To this end, it is more convenient to regard a graph

as a span
¢
N
Co Co

in a category B. If B admits pullbacks, we regard the above span as an
endomorphism in the bicategory Spn(B) (see Appendix A, Definition A.1),
which we write (d,, C,, ¢;). Therefore the hom-category Spn(B)(C,, C,) is
a monoidal category under composition of spans. We can then identify a
category in B with object of objects C, as a monoid in Spn(B)(C,, C,).
More concisely, a category in B amounts to a monad in Spn(B):

CioCy
/

. Cy comp )
v, X
Cy C Co
vx ’ i

Co

This point of view of internal categories as monoid structures on graphs
was pioneered by Bénabou in [ Bén67]; it is an essential insight which lies
at the heart of our present work.

Having identified categories with monads, we could expect the rest of the
structure (namely functors and natural transformations) to follow from this
identification. This is not quite straightforward: Street’s original formulation
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of the 2-category of monads in a 2-category [Str72] was designed to
account for the category-of-algebras construction, and his definition does
not apply to obtain the 2-category of internal categories in a direct way.
Street has recently elaborated an alternative version to sort out this difficulty
[ Str99] (see also Remark 6.4). We will address these issues in Subsection 6.1.

4. MULTICATEGORIES REVISITED

We now proceed to give a monadic definition of multicategories in the
style of Section 3 above. The crucial point is the asymmetry in the notion
of multigraph. A multigraph is a span

where MC,, is the free monoid on C,, i.e., the set of sequences of elements
of Cy. So the question arises as to how to compose such a span with itself
to endow it with a monoid structure. The answer is to set up a Kleisli
bicategory of spans. The abstract analysis of how such a bicategory arises
is given in Appendix A. Here we give an explicit description of it.

4.1. DeFINITION. Let B be a category with pullbacks, and T= (T, n, i)
a monad on it. We say T is cartesian if

e The functor T: B — B preserves pullbacks.

o The transformations #: id = T and u: T? = T are cartesian, i.e., the
naturality squares are pullbacks.

4.2. DErINITION. Given a category B with pullbacks and a cartesian
monad T = (7, , i) on it, the bicategory Spn(B) consists of

objects. Those of B.
morphisms. A morphism from X to Y is a span

R
s/ N
X Y

2-cells. A 2-cell between morphisms is a morphism between the
corresponding spans, so that Spng(B)(X, Y)=Spn(B)(TX, Y).
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The identity span on X is

X
N
TX X

and composition is given by

R S
N N
TX Y TY VA
ReS

ZEN
TR S
NN

T:X TY VA

7

TX

where the square is a pullback. Horizontal composition of 2-cells is clearly
induced by that of morphisms, while the vertical composition is inherited
from Spn(B).

We hasten to remark that the exactness conditions imposed in the definition
of cartesian monad are required for the above composition to be coherently
associative and unitary.

We can now give an internal algebraic definition of multicategory.

4.3. DEFINITION. Let B be a category with finite limits, which admits
free monoids such that the corresponding free monoid monad M= (M, n, u)
is cartesian.

o A multigraph in B is an endomorphism in Spny,(B).

o A multicategory in B is a monad in SpnM(B).

Let us state formally the correspondence between the above abstract
definition and our previous set-theoretic one (2.1).
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4.4. PROPOSITION. A monad in Spny(Fet) is a multicategory in the
sense of Definition 2.1.

Proof. First, let us note that the free monoid monad in any elementary
topos (with a natural numbers object) is cartesian [ Bén90]. The rest of the
proof is routine but it is enlightening to see precisely how composition in
Spny, (L et) gives the appropriate domain for the composition operation of
a multicategory:

e The composite span has

Cr o C={({Srs s 12, N (1) s e2(f2)) =di(f)}

with the domain of ({fi,.., f,»,f) being d,(f;)-..-d\(f,) (sequence
concatenation) and the codomain being that of f.

e The unit for the monoid structure on C,; assigns to each object
Xe C, an arrow with domian 7 (X) = (X) and codomain X, as required
for the identity arrow in a multicategory. ||

The above internal characterisation of multicategories was also found
independently from the author by Burroni [ Bur71] and Leinster [ Lei97].
We came up with it as it was essential to our higher-dimensional generalisa-
tion, which we will elaborate in a follow-up article (there have been a number
of presentations of this higher-dimensional version, cf. [ Her97]).

5. FREE MULTICATEGORIES AND TREES

In order to aid the visualisation of multicategories and computations in
them, we give an explicit account of free multicategories (in Set) in terms
of finite trees. The language of trees has proved convenient in this context,
specially in the description of operads (a seemingly more complicated notion of
multicategory, but on the same level of abstraction) [ Bur71, GK94, Bat98b].

The notion of morphism (or functor) between multicategories is the
evident one, given by a morphism of the underlying multigraphs preserving
composition and identitites (see Section 6).

We start with a simple analysis of free categories, to illustrate the
argument. The free category on a graph has the same objects while its
arrows are sequences of composable arrows from the graph. Given a graph
G, the canonical morphism into the terminal graph 1 (one object, one
arrow) induces a functor /: CG — C1 between the respective free categories.
The free category C1 is the one-object category corresponding to the free
monoid on one generator, i.e., the natural numbers N. Hence the functor
¢ above as signs to each sequence of arrows from the graph its length. It
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is convenient then to regard the arrows of CG as labellings of those of C1;
the latter give the “shapes” of the former. Evidently, the shape of a
sequence is simply its length.

As observed in [ Str96], we can characterise a free category C on a graph
by the existence of a functor /: C — C1 with a “unique lifting of decomposi-
tions” property. We will reproduce this observation in the context of
multicategories below.

The terminal multigraph has one object. It should also have a unique
arrow for every (domain, codomain) pair. We thus can identify it with the

following span
N
AN
N 1

For a given multigraph G, the unique morphism into the terminal one 1
induces a “shape” functor s: .#G — .#1 between the corresponding free
multicategories. So we must describe the arrows of .#1 to know what the
shapes are. But these are nothing but finite trees, with composition given
by grafting as illustrated

A

—— @ —(i)— O @:/ = —@—(i)i®/:

The domain of such a finite tree is simply its frontier, i.e., its sequence of
input edges. Hence the arrows of the free multicategory .# G are finite trees
labelled with the data of the multigraph G, cf. [ Bur71]. See, e.g, [ Bat98b]
for a formal definition of this kind of tree. Here we will give a characterisa-
tion of free multicategories which makes patent the role of finite trees and
their grafting composition.

The category .#ulticat has a small family of generators, namely

G={i> e |ieN}, (1)

where i > o is the generic arrow of arity i, i.e., the multicategory i > e has
i+1 objects {1, .., 7, o} and only one non-identity arrow : {1, .., i) — .
This family is dense, but we shall not need this fact here.
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We now set up the generic placed composition by the following pushout
in A ulticat (assuming m > 1)

m>e

- |

n>e——— n>'(m>e)

where {o} is the multicategory with only one object and no non-identity
arrows. Hence n >~/ (m > o) is the tree

S
%(D;@——

and the composite arrow has arity n+m — 1, which corresponds to a
morphism dec,, - ,: (n+m—1)>e)—> (n> T(m > ).

Notice that this morphism decomposes an arrow of arity n+m — 1 into
a j-placed composite of two arrows of arities m and n.

5.1. DEFINITION. A morphism of multicategories f: M — N has unique
lifting of decompositions (uld for short) if it is orthogonal to the set

{decm<j_n [m,neN, 1 <j<m}.

In more detail, the above definition means that given morphisms » and «
as in the diagram

deCmn<;n .
(n+m—1)>e———>n > (m>e)

b - a

M= N

there is a unique morphism d: n > (m > e) > M. We can now characterise
free multicategories in terms of uld functors as follows.

5.2. ProprosITION (Characterisation of Free Multicategories). A4 multi-
category M is free over a multigraph iff it admits a uld morphism shape:
M — #1.
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This states that in a free multicategory, whose morphisms are labelled
trees, given an arrow and a decomposition of its shape, there is a unique
way to lift such decomposition to the given arrow (labelled tree). Further-
more, the existence of such a unique lifting characterises freeness. Indeed,
to determine the multigraph which generates M, since we are given its
objects (those of M), we have to determine its arrows. These are simply the
“indecomposable” arrows of M, i.e., those morphisms of multicategories
Ing: [i>=] = M which do not factor through any morphism dec. The uld
property of shape ensures that all the arrows of M are obtained as placed
composites of these generating arrows.

6. THE 2-CATEGORY OF MULTICATEGORIES

We proceed to set up our universe of discourse for multicategories.
Throughout this section we work within a category B satisfying the condi-
tions of Definition 4.3.

It is fairly evident what a morphism of multicategories should be. Given
multicategories M and N a morphism between them is a morphism between
their underlying multigraphs

M, f1

/ AN
~/

MMo M(fo) MNo

which preserves composition and identities.

The forgetful functor U: .Zulticat — B taking a multicategory M to its
object of objects M, is a fibration. The cartesian morphisms are the fully
faithful ones, and hence we have the familiar bijective-on-objects/fully faith-
ful factorization of morphisms between multicategories as for ordinary
categories. Notice that change of base along f: X — Y (obtained as a limit)
induces a strong monoidal functor f*: Spny,(B)(Y, Y)— Spny(B)(X, X),
since M preserves pullbacks, cf. Proposition 6.5.

What is a good notion of 2-cell between morphisms of multicategories?
It turns out that a 2-cell is given by data identical to that of natural trans-
formations in ordinary category theory, but the naturality condition is a
“multilinear” one. In order to see how this comes about, we give an algebraic
reformulation of natural transformations in internal category theory in the
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following subsection, which can later on be reinstantiated in the context of
multicategories.

6.1. Natural Transformations Revisited

Having recalled in Section 3 the view of internal categories as monads in
Spn(B), we are left with the task to account in this context for functors and
natural transformations. Bearing in mind that monads are monoids, it is
not surprising that bimodules and change of base come into the picture.

Let us reexamine the usual notion of natural transformation. Consider
small categories C and D and functors F, G: C —» D. A natural transforma-
tion a: F=G between them is given by a function o: B, —» C, with
ay: FX —> GX subject to the “naturality condition”

FX — 2, GX

Fhl JG,,

FY —— GY
Xy

for every morphism s: X— Y in C,. Let us write a,: FX— GY for the
diagonal of the above square,

o, =Ghoay=0ay o Fh.

D,
/ :
Dy

Go
Dyq

We have thus the commuting diagram

Cy
/ A
d CO
Fy

()

Co

We now seek conditions to ensure that such o, is completely deter-
mined by its action on identity arrows a;, =ay. To this end notice

Xy = Lo iy, = Gh 0 Xjg, = KXjgy o = Kig,, © Fh.

Since C is a monoid (in Spn(Zet)(C,, Cy)), it acts on itself both on the left
and on the right by composition, so that it is a (C, C)-bimodule. Similarly,
D is a (D, D)-bimodule, which by change of base along the functors F, G
becomes a (C, C)-bimodule, which we write (F, G)*D. The above equa-
tions show that & , commutes with the actions of these bimodules, so that
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it is a morphism in (C, C)-bimod, the category of bimodules and morphisms
between them which commute with both actions. We have thus

6.1. PROPOSITION. Given categories C and D and functors F, G:C— D
we have

(C, C)—bimod(C, (F, G)*D) =~ Nat — Transf(F, G),

where Nat — Transf(F, G) denotes the set of natural transformations between
the functors F and G.

What about the horizontal and vertical composition of natural transfor-
mations? Interestingly enough, horizontal composition comes about most
naturally in the present algebraic reformulation. Namely, given horizontally
composable natural transformations

F H
/—\ P

given by morphisms of bimodules a« ,:C—<{F,G>*D and B ,:D—
{H, K)* E, their horizontal composite corresponds to

CF,GY* B
e ——

C— (F,GY*D (HF,KGy*E

as a morphism of (C, C)—bimod. This really amounts to the ordinary

composition of the morphisms « , and ) in the ambient category B.
Vertical composition is more delicate. The immediate general structure

which enables it is the following.

6.2. DeFiNITION. Let B be a category with pullbacks and (pullback
stable) coequalizers. Consider internal categories C and D in B and a
monoid R in (D, D)—bimod, ie., equipped with unit #: D, > R and
multiplication u: R¢R — R, where R5R denotes the composition in (D, D)
—bimod given by the coequalizer

l-R

RoD;sR——3 RoR—» RiR

with / and r being the left and right actions, respectively, of R as a bimodule.
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We define a category as
[C, R] objects functors f:C—-> D
morphisms a morphism o f'= g is a bimodule morphism
w €~ {f, g)*R.
The identity on a functor f is
¢, p, LR
and composition of a: f=>g and f: g = h is given by the composite
Cr=C3C, =5 (£ g)* (R)3{g, hy* (R)
— (fohy* (ROR) SE28 Sy * (R),

where the first isomorphism comes from the fact that C, is the identity
(C, C)-bimodule, i.e., its action is

(f: X=> Y) [(idy, )~ (. idy)]
and the morphism can is canonically induced as

lo{g,h)*(R)
{£,9)*(R)oC10(g,h}*(R) (f19)*(R)o(g,h)*(R) —= (f,9)*(R)3(g,h)*(R)

—ogro- l (1:9)*(R)or l*" ' can
loR Y
RoDj oR RoR RG6R
Ror

Applying the above definition for R=D, as a (D, D)-bimodule, we get
[C, D,] as the category of functors between C and D with natural trans-
formations between them under vertical composition. It is worth illustrating
why bimodule composition is relevant to achieve this. First let us notice
that the composition for D, written e: D, oD, — D,, which is its multi-
plication as a monoid in Spn(B)(D,, D,), endows D, with a multiplication
in (D, D) —bimod as shown in the diagram

oo
D1 (e} Dl e} D1 D1 o} D1 D16D1

Djoe |
o [
\J
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Of course, i above is an isomorphism. For B=.%et we can explicitly
describe D,5D, as

D sD(X, Y)={(gefi)~(fihog) | X>Z, g Z>Z  h: Z' > Y}
and therefore
u((gefsh) ~(fihog))=hogeof: X— Y.

Hence the composite of a: C;, > < f, g>* D, and f: C, > g, h>* D, is
illustrated in the following diagram, where k: X — Y is in C,

FX Lox GX ﬁx) HX FX o Pxoax HX
Fk XGk& Hk = Fk W Hk
Y Y Y Y Y
FY e GY ﬂ> HY FY G - HY

Thus to compose a and f at k: X — Y, we regard it as (idy, k) ~ (k, idy) in
C,3C,, which upon applying o5 becomes (ay, fi;) ~ (s, fy) in

<f9 h>* (DleDl)(X, W=(013D1)(FX, HY)

and finally use the above multiplication u.

6.3. Remark. Following the above elementary description of how the
vertical composite of natural transformations operates, it is clear that we
can bypass the composites of bimodules involved and work directly with
span composites. We can thus dispense with the requirement that B had
coequalizers. The above abstract description is conceptually more insightful
though, and shows how “pasting of squares” involves bimodules in an essential
way, becoming crucial at higher dimensions.

6.4. Remark. Upon reading a previous version of this paper, Ross Street
pointed out that he had developed a similar “arrow to arrow” view of
modifications, with a view to extending his formal theory of monads
framework to account for the 2-category of internal categories [ Str99]. We
could have carried out our reformulation at this more abstract level,
although the conceptual framework is the same.

6.2. Transformations between Morphisms of Multicategories

We are now ready to introduce 2-cells for multicategories, reinstantiating
the above abstract treatment of natural transformations. To apply it, we
need to consider change-of-base for bimodules.
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6.5. PROPOSITION. Given multicategories M and N, and morphisms
f, & M > N, there is a change-of-base functor { f, g>*: (N, N) —bimod —
(M, M) —bimod, whose action at a bimodule R is specified by the limit
diagram

(fo)'(R) = === == = =~ >R
/ ~

MMy M MNg
0

The result follows easily from the fact that M, being cartesian, preserves
such finite limits. Hence the following definition is valid.

6.6. DErFINITION.  Given multicategories M and N, and morphisms f, g:
M — N, a transformation between them o: f=-g is a morphism o: M, -
{f, g>* (N,) in (M, M)—bimod.

We now spell out in elementary terms what such a transformation amounts
to. We work in B=%%et. A transformation a: f=>g assigns to an arrow
h:<{Xy, ... X,) > Y in M an arrow a,: {fXy, .., fX,) > gY. Given the
condition of preservation of bimodule structure, such assignment is com-
pletely determined by its action on identity arrows ay=a,, : {fY) —>gY.
The arrows a, are then subject to the multinaturality condition

<°‘X1 s Xy >
Xy oo JX,) — > (gX, o, 8XD
Q) glh)
1Y gY

oy

o, being the diagonal of the above commuting square (“thick on top”).
Vertical and horizontal composites are given just as for ordinary natural
transformations: given f5: g =k, (fca)y=fy ooy and given y: p = ¢ horizon-
tally composable with «,

(y*o)y= Vey op(ay)=gqloy)eo Vry-

The interchange law follows from the same routine calculation as in %at.
This concludes our definition of the 2-category .#ulticat.

We will see several 2-functors involving .Zulticat. Let us point out a simple
example: the construction in Example 2.2(2) extends evidently to functors and
natural transformations to yield a 2-functor (_),: ¥at — Hulticat.
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6.7. DErFINITION. Given a multicategory M, we obtain an ordinary
category with the same objects, whose arrows are those of M whose source
is a singleton. Diagramatically

/\
%/\

M(Mo) My

where the square is a pullback, giving the object of morphisms M, of the
resulting category, which we write M and call the underlying category of
linear morphisms.

6.8. Remark. The above definition extends in the evident way to morphisms
and transformations, yielding a 2-functor (_): .#ulticat — %at. The construction
of Example 2.2(3), which regards any category as a multicategory with
linear morphisms only, yields a 2-functor J: ¥at — .Hulticat, which is left
adjoint to the functor (_).

6.3. Adjunctions in Multicat

Since .#ulticat is a 2-category, we have a meaningful notion of adjunc-
tion in it. We now proceed to give an elementary “hom-set isomorphism”
characterisation of such adjunctions, as we need such description for our
doctrinal version of representability for multicategories in Subsection 8.1.
We work in B = Zet.

6.9. PROPOSITION. Given multicategories M and N, and morphisms
fiM— N and g: N - M, fis left adjoint g iff there is an isomorphism

N(<fxla ey fxn>9 y) ;(<X1, ey xn>s gy)

multinatural in both arguments.

Proof. Given a unit #: 1 =gf and a counit €: fg =1, we get the above
isomorphism

h . . S(h €y
(X1 s %) = V) (s s [0, = Sy = )
while its converse is given by

s o

(<x1,...,xn> gfx1,.. gfx é.(/?) y)<—|(<fx1,,,,,fxn>_i’>y).
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Conversely, given the above multinatural isomorphism ¢, we get 7, =
¢~ '(id,) and €,=¢(id,,). Multinaturality of # and € so defined follows
from that of ¢. ||

7. THE FUNDAMENTAL ADJUNCTION BETWEEN
Multicat AND .4 on€at

In Example 2.2(1), we could have relied on the presence of a tensor
product and described the multilinear arrows f: (M, ..., M, > — N in terms
of the induced linear maps /: M, ® --- ® M, — N. This suggests we can
always associate a multicategory to a monoidal category. In this section we
will study this process for strict monoidal categories. We write .#on%at for
the 2-category of strict monoidal categories (that is, monoids in %at), strict
monoidal functors and monoidal transformations. Recall we are working in
an ambient category B with finite limits and a cartesian free-monoid
monad M (as in Definition 4.3). In particular, a monoid in B amounts to
an M-algebra, m: MA — A. A monoid is a discrete monoidal category. Let
us see its associated multicategory.

7.1. PROPOSITION. Let B be a category as in Definition 4.3.

(1) m:MA - A is an M-algebra iff

is a multicategory (i.e., a monoid in Spny (B)(A4, A)).

(2) The above correspondence yields a full and faithful functor
Mon(B) = Multicat(B) from the category of monoids in B to that of
multicategories.

Both statements in the above proposition are verified by a simple
inspection of the diagrams involved.

From Monoidal Categories to Multicategories. A monoidal category C,
as a monoid in %at(B), consists of a category

C,
[N
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where C, and C, are monoids and both d and ¢ are monoid morphisms.
So we can apply the construction of Proposition 7.1 to C, and obtain
what should be the underlying discrete multicategory of the multicategory
associated to C. In fact, the latter is obtained as

M(Co)oCh
‘P/ \q*
d Cl — id M(Co) % @
YN 2N N
Co Co M(Co) Co Co
where the square is a pullback and m,, is the structure map of C, as an

M-algebra. We have thus defined an assignment from monoidal categories to
multicategories, which extends readily to a 2-functor U: .#on%at — A ulticat.

From Multicategories to Monoidal Categories. Given a multicategory,
we assign to it a (strict) monoidal category as

Md M(Dy) M
/ \
J D, — M?2(Dy) M(Do)
M(Dg) Do M(Dy)

The resulting span is a category as we know from the Kleisli biadjunction

in Appendix A (cf. Proposition A.5 and its subsequent elaboration). The

objects in the span are free monoids. The fact that the resulting domain

morphism o Md is a morphism of monoids follows from an easy diagram

chase involving the naturality of # and the associativity law for the monad M.
The above assignment defines a 2-functor F: .#Zulticat — .#on%at.

7.2. THEOREM. The 2-functor F: #Hulticat — M on€at is left 2-adjoint to
the 2-functor U: Mon¥at — Multicat, and this adjunction is 2-monadic (over
Multicat).

Proof.  The unit : D = UFD is given by the pair (17, {Myp od, np >)
as shown

(Mnpgod,np,))

M2 (Dg)oM(Dy)
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The counit e: FUC = C is given by the pair

(my: MCy — Cy, my cMg: M(MC, - C,)— C,)

as shown
mioMg
M(MCyoC |
g | | 1)Mq ..................... = Ch
/ \ .................... .7n1
“e M2(Cyp) M Md M(C1)’ d |
0 . c
Mcowlc—o_/co
mo
mo

The above data sets up a 2-natural isomorphism
Multicat(D, UC) = M onGat(FD, C).

As for monadicity, we verify directly that UF-algebras correspond to
monoidal categories. We construct explicitly a pseudo-inverse for the canonical
comparison functor U: .#on%at — UF — alg.

Given a multicategory D with an algebra structure (m,, #1): UF(D) — D,
the underlying category of linear morphisms D given by the diagram
(where the square is a pullback, cf. Definition 6.7)

/\
%/\

M(Dy) Dq

is a monoidal category. Clearly m,: MD, - D, makes D, a monoid, while
the monoid structure on D, is given as follows: consider the diagram

M;j

/——\
MD; — > M?DgoMD; T MD;
ME¢ V’ i’“‘Do Md

MD 2 M(D,
* “napg M Po 5, M(Po)

and we write <;7MDOMcZ M;>: MD, - M2D, -MD, for the above canoni-
cally induced (dashed) arrow into the pullback. The composite morphism
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i {np,Md, Mj>: MD, — D, gives the required monoid structure on D,
in such a way that both &: D, - D, and ¢j: D, — D, are monoid morphisms.

This construction yields a 2-functor, which we write (_): UF—alg —
Mon%at, pseudo-inverse to U:

e (L) U=1 as in the diagram

id
/—\
Cy —»> MCyoCy; — C4

T

Co —-)MC() —>Co Co

id

all three rectangles are pullbacks.

e U(-)=1 requires a very delicate argument. Before embarking on
the formalities, let us indicate what the isomorphism means: it amounts to
saying that a multicategory with a UF-algebra structure can be recovered
from its underlying category of linear morphisms. This will be best under-
stood when considering representability (cf. Subsection 8.1). Consider the
following diagram, where the rectangle is a pullback

m(Md,id)np,
DS ->pP————>D

S b

MD() ——% Do ? MDo

where the outer rectangle commutes as shown

77D1 (Md,td

Dy —> MD; —> M2 DyoMD; ~—> Dy
\ Md lp ld
d M Dg Mmyg
MD, M2D, MD,
mo Dg

Let us understand in terms of elements (as if we were in Yet) the action
of the top morphism in the above diagram,

- f "p|

(% ») i Md, id>

(@) L2,y

() L5 ()
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so that we transform an arrow f into a linear morphism. The fact that the
canonical comparison / above is an isomorphism amounts to

D(X, y) =D ®X), y)

which corresponds to the fact that D is representable (cf. Corollary 8.6,
where the above isomorphism corresponds to the universal/linear factoriza-
tion in D). The inverse of / is obtained by precomposition (internally in D)
with the morphism

<Md, id)
—_—

MD, % MD, M2D, -MD, -2 D,

which provides a canonical choice of universal arrows (cf. Definition 8.1).
Here 11 Dy — D, is the “identity” of the multicategory D. The delicate
calculations involve a detailed analysis of composition in the multicategory
UF(D) in terms of that of . We shall indicate the main points:

— To show /[~ 'ol=id: D, - D, we observe that this composite can
be written as

D, % (M2Dy > MD,) s (M2D, - MD,) —2"2» M2D, -MD, -2 D,

using the fact that 772 is a morphism of multicategories. The first morphism
above is

h={Nazpy,.mp, <Md, idy M(1) d, {Md, id 1 >: D,
— (M2D, - MD,) «(M2D, - MD,).

The argument concludes by showing that compoh=np and hence its
composite with /2 is the identity by the algebra equation for D.

— To show lo/~!=id: P— P we form /~! as the composite

(np i {Md, idy M) d', i>
Dy : .Dl comp Dl

P
and show that
(Md, idy np 1" =ngi: P—>M2D,MD,
by analysing its projections out of the pullback M2D, - MD,. Finally,
=" =m (Md, idy np ="
=nmnpi

=i 1
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7.3. Remark. There is a canonical description of the underlying category
of linear morphisms D, as we have a pullback

i (M, idn;,
1
 ———— D,

Dy——————MD,
”DO

given that 77p, is a section of m,. This convenient description of the iden-
tification of a monoidal category as an algebra on a multicategory will be
exploited (substantially) in our subsequent treatment of higher-dimensional
multicategories.

7.4. COROLLARY. The unit of the adjunction n, €. F— U: #on€at —
Multicat is fully faithful.

Proof. The statement amounts to the fact that the relevant diagram for
the unit (shown in the proof of Theorem 7.2) is a limit diagram, which
follows from a routine calculation using the fact that the square

DIL MDI

D,—— MD,
"Dy

is a pullback. ||

7.5. Remark. The proof of monadicity of the adjunction in Theorem 7.2
may seem excessively involved. But such an explicit correspondence between
strict monoidal categories and UF-algebras illustrates quite precisely the iden-
tification of strict representable multicategories and strict monoidal categories,
cf. Corollary 8.13 and its subsequent elaboration. However, it is important
to emphasise that a different (and certainly shorter) proof of monadicity of
this 2-adjunction can be obtained directly from results already available in
the literature [ Str76, Bat98b, Bat98a, Wol74]. The fact that n-categories
are monadic over computads [Str76, Bat98a] is closely related to the
monadicity result above, since a multicategory is a restricted kind of computad.
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8. REPRESENTABLE MULTICATEGORIES

8.1. Elementary Definition of Representability in Multicategories

Let us recall that, given a commutative ring R and bimodules M, N and
P, a bilinear map f: (M, N) — P is a function f: M x N — P linear in each
variable, i.e., both f(m, ) and f(_, n) are morphisms of modules, for all
me M and ne N, which is furthermore a bimodule morphism (cf. Example
2.2(1)). We then say that a tensor ® classifies bilinear maps when there is
an isomorphism

Bilin({ M, N>, P)~R—mod(M® N, P)

natural in P, that is, M ® N represents Bilin({( M, Ny, _): R—mod — Yet.
Of course, we expect such a representation to extend to general multilinear
maps g: { My, ..., M,,> — P, i.e., we want the binary tensor to induce arbitrary
n-ary ones. This amounts to requiring that the universal (bilinear) maps
Tar v KM, Ny > M@ N be closed under multicategory composition, as in
the definition below.

Generalising from this example, we want to consider such multilinear
classifying tensors in multicategories. So we demand the existence of universal
multilinear maps closed under composition. This leads to our first definition
of representable multicategory (in Set).

8.1. DEFINITION. A multicategory M is said to be representable if

(1) for every tuple of objects ¥ = (x4, ..., X,,» there exists a universal
arrow, myz: {Xy, .., X,» = ® X, in the sense that precomposition with this
arrow induces an isomorphism

M(<X1, ey xn>s y) = M(< ®f>, y)

natural in y, and

(2) universal arrows are closed under composition.

8.2. Remark. The universality condition in (1) above can also be
expressed as follows. Recall from Definition 6.7 the underlying category of
linear morphisms of a multicategory M, written M. For any tuple of objects
{Xyy o X,>, we get a functor M({xy, .., x,>, _): M - Fet. The existence
of a universal arrow for ¥ amounts then to the representability of this
functor.

As for condition (2), it is a necessary requirement to ensure the associativity
of the tensor, e.g, (Xx®y)®z=x® (y®z) actually means that both
Tix@y),z° Ty, y, id,) and 7, ,g.c<id,, m, ) are universal arrows for
{x, y, z), cf. Definition 9.6.
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The traditional construction of tensor products in categories of algebras
by means of generators and relations is actually an explicit description of
the coequalizer

IxN

MxRxNM:;MxN—»M@)N

referring to the initial example of rings and modules Example 2.2(1). It is
well known that the associativity of the tensor so constructed follows from
the fact that coequalizers are preserved under (tensor) product. This is a
slightly different way to ensure well-defined n-ary tensors from binary ones.
In terms of multicategories, this amounts to requiring that the representa-
tion of arrows induced by the tensor be stable in arbitrary contexts, as we
make explicit in our second definition of representability below.

8.3. DErFINITION. A multicategory M is representable if for any tuple of
objects { xy, ..., x,,», there exists a strong universal arrow

i {X1y s X0 = QX,
in the sense that it induces an isomorphism
MLz, s Zis @ X, Z(i 4 1)5 s Zn )5 V)
M2y, ey Ziy Xy ey Xy Z(i )5 oo Zn 0> V)
natural in y and multinatural in z.

8.4. Remark. The isomorphism in the above definition is induced by
placed binary composition of tile strong universal arrow as explained in
Section 2. This means that there is a 1-1 correspondence

o h
<Zla ey Zis ®<x>9z(i+l)7 ey Zn> -

ho,. T
(i+1)*x
L2y ooy Zis Xy s Xy Z(i 1) ooy Zp) ————

This shows the role of placed binary composition in our theory.

Having introduced two definitions of representability for multicategories,
we must justify ourselves by showing them equivalent.

8.5. PROPOSITION.  Definitions 8.1 and 8.3 of representable multicategories
are equivalent, i.e.,
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(1) strong universal arrows are closed under composition

(2) universal arrows which are closed under composition are strong
universal.

Proof. We refer to the notations of Definition 8.3. Let Z={zy, ..., z;»
and ZZ <Z(i+1)9 ceey Zn>.

(1) We must verify that a composite of strong universals satisfies the
contextual representation given by the isomorphism in Definition 8.3. Let
X=Xy, .., X, » whose tensor we write x= ® X and y={y, ..., ,,» Whose
tensor we write y = ® j. Consider the composite 7, ,, {7z, ;). It gives
rise to the following chain of isomorphisms

M((Z x®, 2, ) =M({Z, x, y, 2), -)

Hence 7, , o {mg, s is universal for f'ﬁ

(2) We must show that any arrow /: Z, X, Z— y factors as h=h o(41) T
for a unique /. Consider universal arrows 7z,:Z—z and Tz Iz The
morphlsm T, x o Tz Ty, Tzy is universal for Z, X, Z, hence there is unique
h: {z, x,z> -y such that h=ho(n T, 207z, nx,n_>).

Setting h=ho o(m, y o{mzid,, mz)) vyields the required unique
factorization. |

8.6. CoroLLARY (Universal/Linear Factorization). In a representable
multicategory, every morphism f {x,, .., x,> = y factorizes as f = fon with
Tei X1y e X, > > QX universal and f: { @ > — y. Hence f is universal iff
[ is an isomorphism.

We refer to the factorization of f'in the above corollary as the universal/
linear factorization, with f being the linear factor.

8.7. Remark. 1t is an important consequence of Definition 8.1 that
given a representable multicategory M, there is a broad sub-multicategory
M, with the same objects but only universal arrows. Once we establish the
correspondence between representable multicategories and monoidal
categories (Subsection 9.2) we will see that this sub-multicategory corre-
sponds to the underlying groupoid of the monoidal category associated to
M. Notice that in a multicategory, only the linear arrows, i.e., those with
a singleton source, could be invertible.
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8.8. ExaMPLES. Let us examine Examples 2.2.

(1) The multicategory R—mod is representable: the universal
arrows are the coequalizers of the relevant parallel arrows given by whiskering
of the actions. Clearly, binary coequalizers suffice to construct these, and
furthermore these are known to be stable under tensoring, which ensures
that the universal arrows so constructed are actually strong.

(2) The multicategory C,. is representable iff C admits finite sums.
Indeed, universal arrows are (discrete) colimit cocones. These are easily seen
to be closed under composition (which yields the coherent associativity of
coproducts).

(3) The multicategory JC is not representable, as there is no possible
choice of universal arrows for non-singleton sequences of objects.

(4) An important kind of example, which we have seen in the proof
of Theorem 7.2, is the multicategory U(C) for C a strict monoidal category.
Indeed, we have by the mere definition of U(C) an isomorphism

UC(x, y)=C(®X, p)

and in particular, for any sequence of objects X, the identity morphism on
its tensor multiple provides a universal arrow,

idg ¢ € UC(X, ® X).

8.2. Duality

Given the asymmetric nature of the arrows in a multicategory, in the
sense that their domains are sequences while their codomains are single
objects, there is no evident way of formally reversing them. But in the
presence of universal arrows, every arrow is fully determined by its linear
factor, and linear arrows can be meaningfully regarded in the opposite
direction (i.e., reversing their orientation). Hence we seek the analogue
of the dualisation 2-isomorphism (_)%: ¥at — Gat* in the context of
representable multicategories.

Consider a representable multicategory M and an arrow f: X — y in it.
Choosing a universal arrow of source X, we have the universal/linear
factorization of f as

i @ity
We write f* for its formal dual, the cospan

Tz

25 @x <y,
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where we have formally reversed the direction of its linear factor. Since the
definition of /° should not depend on the choice of 7. we are led to consider
equivalence classes of cospans, which form then the arrows of the dual of M,
which we make explicit in the following definition.

8.9. DerFinITION (Dual of a Representable Multicategory). Given a
representable multicategory M, we define its linear dual as the multicategory
M’? with

objects. Those of M.
arrows. An arrow from X to y is an equivalence class of cospans in M

> Ju Ji
X—>ze—y

which we write [(f,, f;)]: X » y where

e f,.X— zis a universal arrow.
e f;:<{y> —zis a linear morphism.

e Given another such cospan
= Su 81
XS we—y

we declare them one-step-equivalent if the unique linear isomorphism
m: z — w mediating between f, and g, satisfies mof,= g,, i.e., the following
diagram commutes

z
|
|

~,

m

i

and consider then equivalence classes of one-step-equivalent cospans

/
£

identities. The identity on x is [(id,, id,)].
composition.
. A A 5
(X, — zi—nl . [X,— 2, —— ]
R Ji
[J—> z 1]

. L meel S S L oM
[x].....xn Xz ! Rl []
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where

Ju
<y19-~'7 yn>—) z

L f lie - om

<Zly () Zn> T’ ®f

8.10. PrOPOSITION. (1) M%? js representable.

(2) The above construction extends to morphisms and 2-cells to yield
a 2-isomorphism (_)"°P: Rep.Hulticat — Rep.Hulticat®.

8.11. Remark. Notice that M? ~ M since the linear morphisms of
both M and M®? are the same and composition of linear morphisms in
M?? is essentially that of M.

We will not explore duality any further in this paper. The reader could
easily verify that it commutes with the correspondence with monoidal
categories in Subsection 9.2.

8.3. Doctrinal Characterisation of Representability

Having given an elementary presentation of representable multicategories,
we now exploit the 2-adjunction of Theorem 7.2 to give an intrinsic adjoint
characterisation, which among its many technical advantages, makes sense
internally in a category B. The value of such characterisation will we
further witnessed by our proof of the coherence theorem for representable
multicategories in Section 10.

Given a multicategory M), we can associate to it a strict monoidal category
FM. Therefore the multicategory UFM is representable (see Subsection 9.2)
and the unit #y,: M - UFM gives a full and faithful embedding of M into
it, cf. Corollary 7.4. Hence for M to be representable we must be able to
internalise the representability of UFM in M. We thus arrive to the follow-
ing essential result, characterising representability for multicategories (in
FSet) by the existence of an adjoint.

8.12. THEOREM (Adjoint Characterisation of Representability). A4 multi-
category M is representable iff the unit ny: M — UFM has a left adjoint.

Proof. We begin by giving an elementary description of the arrows of
UFM,
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pM2(M0)oM(M1)q
/ \
N
O gy M (M) M(Mo)
\ /
M2(Mp) M(Mo)

The objects of UFM are tuples or sequences X = { Xy, ..., X,,» of objects of M.
Consider a sequence of such sequences (X, ..., X,,» and write X, - --- - X,
for their concatenation (this is the action of x,, on such a sequence). Let

J_j:<y1""3 ym>a
UFM(<XI]9 (%) an>7 y);{<fla ~"9fm> |.fi:2i_)yi7 1 glgma

-

Azl""'zm

Ty oK)

Consider a left adjoint ®: UFM - M to #y and let n: | = (3, ® ) be
the unit of such adjunction. We claim that n.: X > {( ® ¥> is a (strong)
universal arrow in M. First of all notice that such a morphism in UFM
must be a singleton sequence of morphisms from M since its target its such
a sequence, cf. the proof of Corollary 7.4. Then using Proposition 6.9, we
see that the adjunction of 7, and tensor ® amounts to the isomorphism

UFM(X,, ..., X,, (D) =M ®Fy, .., ®X,), ¥)

realised (from right to left) by precomposition with {7 , .., 7 >. Since
Ny 1s full and faithful, the counit of its adjunction with & must be an
isomorphism. In fact, we could harmlessly assume it to be an identity (Proposi-
tion 10.3), which effectively amounts to choosing 7, ,, = id,. Instantiating the
above isomorphism with X, = {x;> for j#1i, and X, =X we get

UFM({X 1Dy iy Xy ey <X, Ky ) MKy vy ®F, oy X005 V)

realised by placed binary composition (at i) with z .. Finally notice that the
left hand side is isomorphic to M(<{xy, ..., X, ..., X,,», y) because we have a
singleton sequence as target. This concludes the proof that z. is strong
universal. In fact, tracing the above argument backwards we conclude that
the existence of strong universal arrows guarantees the existence of the left
adjoint ®. |

Let us write T = UF: Hulticat — #ulticat for the 2-monad induced by
the adjunction. Since TM is itself representable, the unit 7y, TM — T?M
has a left adjoint. In fact, it is easy to verify that uy,: T>M — TM is such
a left adjoint: given a sequence of sequences { X, ..., X,,» of objects of M,
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iy ... .51 (X, X, )X+ - - X, 18 a universal arrow in TM. So T is a
2-monad whose pseudo-algebras are (left) adjoints to the units [ Str73,
Koc95].

We define Zep.#ulticat to be the locally full (i.e., all 2-cells) sub-2-category
of _#ulticat consisting of representable multicategories and morphisms
between such which preserve universal arrows. We write Ps — T — alg for
the 2-category of pseudo-algebras, strong morphisms and all 2-cells between
such.

8.13. COROLLARY. There is a 2-isomorphism
Rep Multicat =Ps —T — alg

obtained by choosing, in a representable multicategory, universal arrows for
every sequence of objects.

We can see this in the proof of Theorem 8.12, i.e., to give an adjunction
7, & @ — ny amounts to giving a choice of universal arrows in M for
every sequence of objects in it. We call M strict representable when such a
choice can be given which is closed under identities and composition, i.e.,
M, is a monoid and the choice of universal arrows univ: MM, — M, sets
up a morphism of multicategories

MMO univ j\41
S A
id MO — / MO

MM, (i) MM,

cf. Proposition 7.1(1). Clearly such strict representable multicategories are
those of the form UC for a (strict) monoidal category C. Let Rep. #ulticat,
denote the (locally full) sub-2-category of Zep.# ulticat whose objects are
the strict representable multicategories and whose morphisms are those
which preserve the chosen structure on the nose,

Rep Multicat, =T — alg ~ A on%at.

8.14. Remark. We have seen that the multicategory C, of Example
2.2(2) is representable precisely when C admits finite coproducts. Notice
that FC ~ Fam¢(C), where Fam(C) is the category of finite families of
objects and arrows of C, the well-known finite coproduct completion of C.
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The category FC is the corresponding finite strictly associative coproduct
completion of C.

We will see in Subsection 10.2 that every representable multicategory is
equivalent to a strict one.

9. THE 2-EQUIVALENCE BETWEEN REPRESENTABLE
MULTICATEGORIES AND WEAK MONOIDAL
CATEGORIES

As we mentioned in Section 1, we intend representable multicategories to
stand in the same relationship to (non-strict) monoidal categories as fibra-
tions do to pseudofunctors. Technically, this means that we should set up
a correspondence between these two concepts which yields a 2-equivalence
between the corresponding 2-categories. In the following Subsection 9.1 we
review the finite and infinite presentations for monoidal categories, and
tackle the correspondence with multicategories in Subsection 9.2. We refer
to the excellent survey on coherence for monoidal categories and their
functors in [ JS93, Sect. 1] for the results we use in the constructions below.

9.1. Finite vs Infinite Presentations of Monoidal Categories

Recall that given a monoid (M, -, e) (in Fet), the associativity and unit
axioms for - and e yield unique n-ary multiplication operations -*: M" — M
(for all n), with action

(xla ooy xn)'_)(xl 'x2) s Xy

associative and unitary (just like the composition and identities of a multi-
category, cf. Definition 2.1). Conversely, such a collection of associative
and unitary multiplications is completely determined by -2 and -° ( =e).

A monoid in %at (with respect to its cartesian monoidal structure) is a
strict monoidal category. Transporting such structure along an equivalence
of categories we obtain a weaker structure, namely that of monoidal
category (this is part of the content of the coherence theorem for monoidal
categories, which asserts any such is equivalent to a strict one). Taking into
account the two presentations for monoids above, viz. finite and infinite,
we obtain accordingly both a finite and an infinite presentation of monoidal
categories. The equivalence between these presentations is formally expressed
by a 2-equivalence between the corresponding 2-categories as we indicate
below.

We briefly recall the basic definitions of monoidal categories, their
functors and transformations (under their usual finite presentation). For
details the reader can consult [ Mac71, Kel82, JS93].
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o A monoidal category is a category 7~, equipped with
— functors ®: ¥ x¥ - and . 1 > ¢V

— structural natural isomorphisms
U (X®Y)®ZIXR(Y®2), A I®x 33X, P x®@Ixx

subject to coherence axioms (the associativity pentagon for a and the
triangle relating «, 4 and p). We write (¥, ®, I, a, 4, p) for the above data.

e A strong monoidal functor (F,d,y) between monoidal categories
(7, ®,La, A4 p)and (¥, ®',I',a', 1, p') consists of a functor F: v~ — ¥’
together with structural natural isomorphisms

y: ' 3 FI, Oy i FIX®'FySF(x®y)

subject to coherence axioms.

e A monoidal transformation between strong monoidal functors
(F,0,y)) and (F', d', 7)) is a natural transformation #: F= F’', commuting
with J’s and )’s.

We write w.#Zon%at for the 2-category of monoidal categories, strong
monoidal functors and monoidal natural transformations. Sometimes we
may refer to a monoidal category as non-strict to emphasise that we are
referring to one of these general structures as opposed to the special strict
ones.

As for the infinite presentation of a monoidal category (and their functors),
one concise way to go about it goes as follows: consider the free-monoid
2-monad M: ¥at — €at. A monoidal category in this second sense amounts
precisely to a pseudo M-algebra, while strong monoidal functors corre-
spond to strong morphisms of these. The 2-equivalence between the finite
and infinite presentations we alluded to above is

w.lonCat ~Ps — M —alg.

This equivalence is realised, from left to right, by choosing n-fold “tensor
products” ® ™ ¥ — ¢ build out of the given ® and /. One such choice
(consistent with the one made above for monoids) is obtained by leftmost
bracketing,

RN X1y vy X)) =(X; ®Xp) -+ ® X,
while the corresponding structural coherent isomorphisms, e.g.,

®2( ®3(x1> X5, X3), ®4(x4, X5, Xg, X7)) = ®7(x1, e X7)



202 CLAUDIO HERMIDA

are obtained from the o’s, there being a unigque such because of Mac Lane’s
“all diagrams commute” result [ JS93, Corollary 1.6]. Such result is clearly
seen in this context as establishing the above equivalence between the finite
and infinite presentations.

This infinite presentation of coherent structures is the point of view
commonly adopted in homotopical algebra, where they are construed as
algebras for operads cf. [ Bat98b].

We refer the reader to [ Kel74] and the references therein for an elaborated
explanation of these issues about coherent categorical structures.

9.2. Relating Monoidal Categories and Representable Multicategories

Having outlined the correspondence between the finite and infinite presenta-
tion of monoidal categories, we are ready to transform these into representable
multicategories.

Given a monoidal category, we should perform a “Grothendieck con-
struction” to obtain a representable multicategory, and conversely, making
a choice of universal arrows in one such obtain a monoidal category, both
passages yielding equivalences (in fact, isomorphisms) on both sides.
Throughout this subsection we will work in Fet so as to have elementary
descriptions of the morphisms involved in such correspondence.

Let us start with a strict monoidal category C and analyse the universal
arrows in its associated multicategory UC. A morphism f: {x{, .., X,) =
in UC is a morphism /> x; ® --- ® x, = y in C. Among such we have a dis-
tinguished kind, namely the identities in C, which we construe as id, g ... g,
Xy ooy Xy = X ® - Qx, in UC. We then have a canonical factorlzatlon
of fin UC as fozdxl® . @x, Where Filx,® - @x,> >y is [ regarded
trivially as a linear morphism in UC.

9.1. PROPOSITION.  An arrow f: {xy, .., X,» — y is universal in UC iff the
corresponding arrow f:x; ® --- ®x, —y in C is an isomorphism.

This gives us the recipe of how to build a multicategory S"V “out of a
monoidal category (7, ®, I, A, p,a). In view of Corollary 8.6 and the
above proposition, the linear morphisms in fV are those of 77, while the
universal morphisms can be chosen as the coherent isomorphisms (built up
from a, A and p using ® and 7). Let us state this precisely.

9.2. DerINITION. Given a monoidal category (77, ®, 1, A, p,a), the
multicategory | 7~ has

objects. Those of 7.
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morphisms.

leftmost bracketing

/’_—____’A\‘____“\
[ 7t x0, 0) = 7 (1@ x2) -+ @), 7).

identities. Those of 7.
composition.

PO R L TR, LY

((xll & xlml) .. -xnmn)
¢coh

f
(@11 @ - - Timy) - (Tn1 ® - Timy)) o W1 B - Yn) =Y
(f1®fn)

where coh is the unique reassociation isomorphism.

Notice that in the above definition we appeal to Mac Lane’s “all diagrams
commute” result [ JS93, Corollary 1.6] so that coh above is in fact the unique
such isomorphism. Of course, we could prescribe a particular choice. This
means that we have transformed a finite presentation of a monoidal category
into an infinite one, as we indicated in Subsection 9.1.

The coherence result quoted above is furthermore essential for the
composition to be associative and unitary. Let us understand this more
precisely.

We say that a multicategory M is posetal if any two arrows between
the same source and target are equal. We observe immediately the follow-
ing.

9.3. PROPOSITION. A representable multicategory is posetal iff its under-
lying category of linear morphisms is.

The construction in Proposition 7.1(1) provides a source of posetal
representable multicategories. In general, given a multicategory M we can
extract from it a multicategory M, with the same objects but whose only
linear morphisms are identities. Now the coherence result [ JS93, Corollary 1.6]
is equivalent to the statement that in (| 77), is posetal. Since associativity
(and unity) of composition in j 7" reduces to that in (j "), this shows the
necessity and sufficiency of such a result to have a well-defined multi-
category. We could say then that M, embodies all the coherence structure
of a multicategory.

We want to extend the above construction of multicategories out of
monoidal categories to their functors and transformations.
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9.4. PROPOSITION. The construction j% is the assignment on objects of
a 2-functor j(,): w. Al onGat — Rep Hulticat.

Proof. Given monoidal categories (¥, ®, I, A, p,a) and (¥, ®', I', 1/,
p',a') and a strong monoidal functor F: ¥ — ¥, with structural iso-
morphisms y: I’ X FI and 6, ,: Fx® Fy 3 F(x®y) define | F: [ 7" — [ 7"
with action

— ; —
((xl® "'xn)—>y)'_)(Fxl® "'Fxn)ﬁ

— s B, ® -+ x,) = Fy,

o1+ xp)
where 0, ...y (Fx; ® -+ Fx,) 3 F(x; ® ---x,) is the unique such iso-
morphism built out of , ,’s and ®. The uniqueness of such isomorphism

follows from the coherence for strong monoidal functors [ JS93, Corollary 1.8],
which also implies that the following diagram commutes

.
- N

(Fx, ® Fx) - ® Fx,) —2), B(x, @ x,) - @)

cohl choh

(Fx; @ Fxy( ---)® Fx,,) F(x;®x5(--+) x,)

(x1x2(+++) xp)

where in the lower row we consider any bracketing of x, ..., x,,. This implies
that | F is a well-defined morphism of multicategories.

Given a monoidal transformation 6: F= G, with (G, 7', ') another strong
monoidal functor between ¥~ and 7', 0,.: { Fx) — Gx as a morphism in s v
is the component at x of the multinatural transformation | 0: | F= | G.
Here we use coherence for 0 to ensure multinaturality, e.g., given f: <X, X,, X3
-y in j“//', that is, /2 ((x; ®x,)®x3)—y in ¥~ we have the following
commuting diagram

(0, ®0,)®0,,)

((Fx; ® Fx;) ® Fx;) ((Gx; ® Gx,) ® Gx3)

‘;((Xlxz) J@)l JVJ(,(XIXZ) x3)

F((x; ®x,) ®x3) G((x; ®x3) ®x3)

Ffl ch

Fy Gy

O(x1@x2)®x3)

0y

where the upper rectangle commutes by the coherence conditions for 6. ||
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9.5. Remark. From the proof of the above proposition we highlight the
following correspondences

e If V is strict monoidal, then [V = UV

y £~y (lax) monoidal functor

o
Iy JF 1% as a morphism of multicategories
F
y @ y’  monoidal transformation
G
[ J

LN
fv W{}_&/’ [ V' as a transformation of multicategories
G

We now must turn representable multicategories into (non-strict) monoidal
categories. This involves a choice of universal arrows.

9.6. DEFINITION. Given a representable multicategory M with a choice
of universal arrows (for every sequence of objects), we define a monoidal
category (M), whose underlying category is M (cf. Definition 6.7), that is,
whose objects are those M and whose morphisms are the linear morphisms
of M. The monoidal structure (®, I, 4, p, o) is given as follows

o For objects x and y, their tensor x ® y is the codomain of the given
universal arrow 7, ,: {x, y> = x®y.

o The unit / is the codomain of the universal arrow 7, y: { » — I for
the empty sequence.

e The structural isomorphisms /, p and « are canonically determined
as the unique mediating (linear) morphisms between universal arrows in
the diagrams

z) (o)=
I, z)

771,::

(z) =
<mz§/ L

I®$————>
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{7z, rids <$, Y, Z>\@7y,z)
(z@y, 2) (z,y®2)
7T:r®y,z¢ \L‘"r,y®z
(z@Y)®z - - 4= - - >z ® (y®2)

The coherence axioms for the structural isomorphisms in the above
definition, that is the triangle for the units and the associativity pentagon,
follow from the uniqueness of mediating morphisms between (codomains
of) universal arrows for the same sequence of objects. In the terminology
of [JS93], such univeral arrows and the mediating morphisms between
them form a cligue (a category equivalent to the terminal one).

We now extend the above construction to morphisms of representable
multicategories and transformations.

9.7. PROPOSITION. The assignment M +— (M), extends to a 2-functor
(2).: Rep Multicat —> w.l onCat.

Proof. Given a morphism of representable multicategories F: M — N,
the strong monoidal functor F,: (M), — (N), acts like F on objects and
morphisms, that is F.=F between the underlying categories of linear
morphisms. The structural isomorphisms y and J are canonically determined
as shown in the diagrams

() , (Fz, Fy)
I'---5-->FI Fz@Fy————EIF;—“—"F(x@y)

where Fr,y and Fr, , are universal since F preserves universal arrows.
Once again, the coherence axioms follow from uniqueness of mediating
morphisms between universal arrows.

Given a transfomation 8: F= G: M — N, we verify easily that the associated
natural transformation 0 _: ( Fx) — Gx is monoidal,
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Frzy
—
Fr( FI (Fz,Fy) — Fz@Fy —6; > F(zQy)
/1 wFr,Fy | z,y
L7 F :
() —”2 Nl 61 {6,0y) 020y fzoy
R :
~
N A WIGI,Gy M ‘Sgy
Gmy (Gz,Gy) ——= Gz®Gy — = > G(zQy)
\—_//
Gy y

where all the dashed arrows are canonical mediating morphisms induced
by universal arrows. ||

We can finally state the equivalence between representable multicategories
and (non-strict) monoidal categories. Let U: w.Zon%at — €at denote the
2-functor which forgets the monoidal structure. Recall that we have also a

2-functor (_): Zep.Hulticat > €at which takes a multicategory to its
“underlying” category of linear morphisms, cf. Definition 6.7.

9.8. THEOREM. There is a 2-equivalence

/-

wMonCat ~ RepMulticat
(e
v O
Cat

Proof. We construct 2-natural isomorphisms, &y: M= { (M), and
Py 7 3(| 7). which are identities on the underlying categories.

o To define &y: M — [ (M), on arrows (being already given as the
identity on objects and linear morphisms), consider an arrow f: ¥ — y in M.
We take a universal/linear factorisation f' = forn.. We define

K_M

e (X5 @F) =((x; ®x,) -+ ®x,) =L X

canonically determined as the unique morphism mediating between the
universal arrows defining its domain and codomain. We easily verify that
the resulting arrow ¢ (f) = focan.is independent of the choice of universal/
linear factorisation for f.

e Since p,: 7V — (j ¥7), is already determined as a functor (being the
identity), it only remains to define its structural isomorphisms as strong
monoidal functor. This effectively means that the two monoidal structures



208 CLAUDIO HERMIDA

over the (underlying) category ¥~ are isomorphic. This is clear, as x ® y
and x®, y are both codomains of universal arrows in j% and hence
canonically (and therefore coherently) isomorphic. ||

9.9. Remark. 1t is helpful to realise that the above 2-equivalence shows
that y (»): wl onCat - Rep M ulticat can be regarded as a kind of
“Grothendieck construction” for monoidal categories, since it effectively
transforms a coherent structure (namely a pseudo-algebra) into a universally
specified one (i.e., an adjoint pseudo-algebra). This is what we regard as the
essence of such construction, notwhitstanding the fact that the many-to-one
nature of morphisms in a multicategory forces us to consider an infinite
presentation of monoidal categories, and we must consequently appeal to
Mac Lane’s result to obtain one such from the (usual) finite presentation.

Now that we have established the precise equivalence between our notion
of representable multicategory and the traditional one of monoidal category,
it is worth emphasising this conceptual identification:

Given a category C, a monoidal structure on it determines and
is determined by a representable multicategory M with the same
objects and linear morphisms as those of C.

As we have seen in the definition of ()., this identification allows us to
replace arguments which involve coherence axioms (or relations) by the
conceptually and technically more convenient arguments by universality,
which lie at the heart of category theory. In fact, our proof of the coherence
Theorem 10.8 for representable multicategories is as good an example as
any of this paradigm.

9.10. CorROLLARY. The equivalence of Theorem 9.8 restricts to one between
groupoidal representable multicategories (i.e., all whose arrows are universal)
and groupoidal (non strict) monoidal categories (monoidal groupoids), i.e.,
(M), =(M,), (c¢f. Remark8.7) where (-),: 6at — %pd in the right-hand
side is the underlying groupoid of a category (right adjoint to the inclusion).

10. COHERENCE FOR REPRESENTABLE MULTICATEGORIES
AND THEIR MORPHISMS

Given the analogy made in Section 1 between representable multicategories
and fibrations, and the correspondence established in Theorem 9.8 between
the former and monoidal categories, we should expect to find that every
representable multicategory can be turned into an equivalent strict one. We
first establish a mild normalisation result for a choice of universal arrows
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in a representable multicategory in Subsection 10.1 before tackling the
main coherence result in Subsection 10.2.

10.1. Normalisation

In any multicategory, a linear morphism f: ( X)» — Y is universal iff it is
an isomorphism. Given a representable multicategory M with chosen
universal arrows 7, & ® — 7y,: M —> TM, the counit of this adjunction
ex: (X)) > ®{X) is an isomorphism. We will show we can always force
it to be the identity.

10.1. DEerINITION. A representable multicategory M with chosen universal
arrows 7, & ® — 7y: M - TM is normal if ¢ = id.

We need the following technical lemma. It states that #,, has the opfibration
property among representable multicategories. It does in fact prove that
Nw: M — TM is the free representable multicategory on M. For simplicity,
we work in the ambient category Yet.

10.2. LEMMA. Given a representable multicategory N and the data

7
M—M>TM

R

N

there exists a morphism of representable multicategories f': TM — N (unique
up to isomorphism) and a 2-cell 0': ' = g (uniquely determined by f' and 0)
such that

M g M . T

S - N

Furthermore, if g preserves universal arrows and 6 is an isomorphism, then
0’ is an isomorphism as well.

Proof. Clearly, we must set f'<{x)» = fx. For ¥={x;, .., X,,», l #nin TM
define /"% in N as the codomain of a universal arrow 7n.: { fx,, .., fx,)> = f'%x.
This extends readily to arrows to yield the required morphism f': TM — N.
Next we define 0%: f'X — gX as the unique linear morphism in the diagram
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7rf~$
(fe,..., fan) — f'T
| b
(6s, ,..v.,ezn) ! o,
(go1,-- - 92n) —m g

where id: {{x,), .., {x,» ) — X is the universal arrow in TM which yields
(via g) the bottom arrow in the diagram. Clearly, if g preserves universal
arrows and the 0,’s are isomorphisms, so is the induced 0, being the
mediating linear morphism between universals. ||

10.3. PROPOSITION. Every representable multicategory M with a given
choice of universals ©, . ® - ny: M - TM can be normalised, which is to
say that there is a ®': TM - M with 7', id: ® "< 1y,: M - TM.

Proof. Apply Lemma 10.2 to

Y|
MT_HTM

B4

to obtain ®': TM — M which is left adjoint to #,, ie, mony (e,
id: ®'— ny. Notice that ® : TM — M preserves universal arrows as it is
a left adjoint, cf. Corollary 8.13 and [ Koc95]. |

10.2. Representable Multicategories Equivalent to Strict Ones

We aim to prove now the main coherence result for representable multi-
categories, namely that every such is equivalent to a strict one. In view of
the doctrinal characterisation in Subsection 8.3, we already know this from
the corresponding coherence result for (non-strict) monoidal categories
[JS93, Corollary 1.4]. But the main point of this paper being the replace-
ment of such coherent structures by universal ones, it would be unfortunate
if we had to rely on such results which involve only too subtle manipula-
tions of the coherence axioms. That is, we should be able to obtain such kind
of results in a more direct fashion, exploiting the fact that our categorical
structures are characterised universally, that is, represent ability for a multi-
category is a property and not a mere (coherent) structure.

In fact, the proof of the equivalence between representable multi-
categories and strict ones we are about to give introduces a new technique
for this kind of coherence result, which we regard as a substantial contribu-
tion to the subject of coherence in category theory.
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Where do we start? We know that for any multicategory M, the unit
nw: M - TM gives a full and faithful embedding of M into a representable
one. Moreover if M is representable, 7y, has a left adjoint. Of course, we
cannot expect this adjunction to be an equivalence, since TM knows
nothing about the representability of M. So we should exploit this extra
information somehow.

Consider a strict representable multicategory N and a universal-arrow
preserving morphism f; M — N. There is, by freeness of TM and the opfibra-
tion Lemma 10.2, a unique (up to isomorphism) morphism of representable
multicategories f': TM — N such that f" o, = f. Let us analyze what does [’
do to the universal arrows coming from M. Given 7 ;: ¥ — y universal in M,
its image under 77y, is {my: {{x> - <{x,>> > < y).

Since TM is representable, we may consider the universal/linear factorisa-
tion of {7} and apply f’ to it

(1) .. - (wa)) 2o (W) (for) .. (fan)) 222 iy
id " 7 £(id) Tf =
T f'z

We see that both f'(id) and f'{n.> = f'nu(n.) = fr. are universal (since
both f and f” preserve such arrows). Hence, f'7 . is an isomorphism, for it
is the mediating arrow between two universals with the same source. In
particular, if we take f =#7,: M — M°, where M denotes the (hypothetic)
free strict representable multicategory on M as a representable multi-
category, so that ¢, preserves universals, we have that

(73,): TM > M° inverts =:1=>#,,®universally among
morphisms into strict representable multicategories.

This leads us to consider the coinverter of =,

TM —— TM[r~!]

in .#ulticat and then extend it, if necessary, by turning TM[z '] into
a strict representable multicategory. For the notion of coinverter in a
2-category we refer to [ Kel89]. The reader unfamiliar with this notion at the
abstract level might think of it as the 2-categorical generalisation of the
familiar category of fractions construction of [ GZ67].
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We now want to analyze whether 77, would be an equivalence given the
coinverter property of (#7,)". We would also like an explicit description of the
coinverter without having to indulge in calculations with formal fractions.
The following key technical lemma provides answers to both queries.

10.4. Lemma. Consider an adjunction 3, &: 1< r: C— D in a 2-category,
with r full and faithful (which is equivalent to ¢ being an isomorphism). Consider
the coinverter of the unit

p__ ¥ __.D——=Dn"
! r

and the unique morphism I': D[n~'] — C induced by .

(1)  The morphisms!': D[y '] — Cand qr: C— D[y ~'] form an adjoint
equivalence.

(2) There is a canonical isomorphism

D = D[y

x !

Y
Dy
where D, denotes the Kleisli object (= lax colimit) for the (idempotent)
monad rl: D — D induced on D by the given adjunction.

Proof. First of all, notice that there is indeed such a I': D[y~ ']— C
induced by /, since e¢/oly=1 and &/ is an isomorphism, and thus so is /.

(1) Consider the diagram

C———D D[n™1]

q

where (517): grl’ = ¢ is the isomorphism uniquely induced by g¢#: gr/=gq.
We also have the isomorphism e&:/r=1['(qr)=-1, which establishes the
required equivalence.
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(2) This statement follows from [ GZ67, Sect. 1.2] in %at, and more
generally from [ SW78, Proposition 24]. ||

The second statement in the above lemma gives us a simple identification
of the coinverter in terms of the Kleisli construction for a monad. So we
are led to consider such construction in .Zulticat and analyse whether it
preserves strict representability.

10.5. DerFiNiTiON  (Kleisli  Multicategory for a Monad). Given a
multicategory M and a monad T=(T7,#,u) on it, we define the Kleisli
multicategory M ; as follows

objects. Those of M.
arrows. A morphism in M (X, y) is @ morphism f: X — Ty in M.
identities. The identity on x is #,: {x) — Tx.

composition.

fl:x’l_)Tylamafn:x.n_)Tyn f:.)j_)TZ
:uzOTfo<f17"'7fn>:)?l'""X:n_)TZ '

The verification that the above composition is associative and unitary is
a routine calculation, using the multinaturality of 4 and the monad equations.

10.6. PROPOSITION.  The construction in Definition 10.5 yields Kleisli objects
in Multicat. Furthermore, if M is (strict) representable, so is M, and
J: M - M ;. preserves universals.

Proof. Define J: M - M, to be the identity on objects and J( f: X — y)
=1, of. Define p: JT - J as p,=idy,. Then

M
X
T p/jl Mz

| o

exhibits M, as a lax colimit of (7, #, u) in .#ulticat.

If 7.: X — y is universal in M, Jr.=#,cm.: X— Ty is universal in M :
given g: X > Tz let g = gomn, its universal/linear factorisation in M. Then
g=goJn, in M. Hence if M is (strict) representable, so is M, and J
preserves universals, as required. ||
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10.7. Remark. A monad (7,7,u) on M induces an ordinary monad

(T, 77, i) on the category of linear morphisms M. Then M7= M, canoni-
cally.

Recall that Zep.# ulticat; denotes the (locally full) sub-2-category of .Zulticat
consisting of the strict representable multicategories and the morphisms
between such which preserve the chosen universals on the nose.

10.8. THEOREM (Coherence for Representable Multicategories). The
inclusion Rep.Hulticat, — Rep.Hulticat has a left biadjoint whose unit is a
(pseudo-natural) equivalence.

Proof. Given M a representable multicategory, we apply Lemma 10.4
to the adjunction 7, & ® —| 7. By Proposition 10.6, the coinverter TM[z ']
constructed as the Kleisli multicategory TM,, ) is a strict representable
multicategory since TM is. The argument above shows that the equivalence
Iy M —>TM,, o is the unit of the required biadjoint, as we have an
equivalence

Rep Multicat(M, N) ~ Rep Hulticat (TM N)

7y ® >
induced by precomposition with Jiy,, and hence pseudo-natural in M and
2-natural in strict representable multicategories N. ||

Let us write (_)7: Rep.Hulticat > Rep M ulticat; for the above biadjoint
(homomorphism or pseudo-functor) and #%,: M — M? for the unit. Notice
that the above bireflection fails to be a biequivalence in that the inclusion
is not locally an equivalence. The problem is that given a morphism
f: M — N preserving universals, with both multicategories strict we cannot
necessarily find an isomorphic morphism f’ between them which preserves
the chosen universals on the nose. We have seen in Proposition 10.2 that
we can do so when M is free, essentially because we can redefine / on the
generators to enforce preservation. In general, the best we can do is to
classify morphisms between strict representable multicategories in the sense
of the following corollary.

10.9. CoroLLARY (Classification of Morphisms). Given a strict represen-
table multicategory M, the equivalence n%,: M — M induces an isomor-
phism

Rep Multicat(M, N) = Rep.Hulticat (M, N)

2-natural in N (a strict representable multicategory).
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Proof. This follows directly from the above biadjunction, noticing that
since M is strict it is therefore normal and hence ®'-#y7, =1. Therefore
precomposition with #%, is bijective on objects rather than merely essen-
tially surjective, and so the hom-equivalence of the biadjunction restricts to
the above isomorphism of categories. ||

10.10. Remark. The above argument for Theorem 10.8 and Corollary
10.9, namely Lemma 10.4 and the existence of Kleisli objects, applies
equally well to other monads whose algebras are adjoints to units. Among
the best known examples we have fibrations, categories with products and
categories with coproducts.

11. BICATEGORIES AS “SEVERAL OBJECTS” REPRESENTABLE
MULTICATEGORIES

It is well known that a (non-strict) monoidal category can be seen as a
one-object bicategory [ Bén67 ]. Conversely it is helpful to think of a bicategory
as a “several objects” monoidal category (we will make this rigorous below)
and hence as representable multicategories.

In the strict situation we have monoidal categories as one-object 2-categories.
We want to show how we can construe 2-categories as monoidal categories.
Let us start by reexamining monoidal categories. A monoidal category C
consists of a span

Cy
N
Co Co

where both C, and C, are monoids and both d and ¢ are monoid morphisms,
because of the functoriality of ® : C* — C. Since we are working in a category
B admitting free monoids, the category .#on(B) is monadic over B and there-
fore as (finitely) complete as B is. We can consider then the bicategory
Spn(.#Zon(B)) and look at monads in it. The above span is then such a
monad: the composition of C preserves the (pairwise) monoid structure of
C, - C, into C, by the functoriality of ®. We thus arrive at the following
alternative view of monoidal categories, as categories in monoids rather
than monoids in %at:

11.1. PROPOSITION. #on€at(B)=Cat(Mon(B)).



216 CLAUDIO HERMIDA

Consider a 2-category

RN
G Cy
of <k

Co Co
The globularity condition

ciey=cyd,
dyc,=dd,

means that we have well defined horizontal domain and codomain maps
d? ¢*: C, —» C, (as the diagonals of the above commuting rectangles).
Hence the top span amounts to a span

(dZ, CQ’ 02)

/ X
(dl,Cl,Cl) (d17017cl)

in Spn(Spn(B)(C,, C,))((d,, Cy, ¢y), (d;, Cy, ¢;)) where we use the notation
(domain, top object, codomain) for in-line spans. Since C is a 2-category, both
(dy, C,,c,)and (d,, C,, c,) are categories under horizontal composition of
I-cells and 2-cells respectively, and d, and ¢, are functors. So we have a
span of monoids in Spn(B)(C,, Cy). Finally, the vertical composition of
2-cells endows the above span with a monoid structure in Spn(Spn(B) x
(Cy, Co))((d,, Cy, ), (d,, C,,c,)) and the interchange law guarantees
that such structure preserves the (pairwise, horizontal composite) monoid
structure of (d,, Cy, ¢;)<(dy, Cy, ¢;). Thus, writing 2 —%at(B), for the
category of 2-categories in B with object-of-objects C, and 2-functors
which are identities on objects, we get the following identification:

11.2. PrROPOSITION.  The 2—%at(B), = .#on€at(Spn(B)(C,, Co)) which
is the rigorous formulation of the slogan “2-categories as several-objects
monoidal categories” we mentioned at the beginning of this section. As for
bicategories, they correspond to (non-strict) monoidal categories, hence

Bicat(B) ¢, = w.d onCat(Spn(B)(Cy, Cp)).
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11.3. Remark. This point of view of internal 2-categories will prove
central in our treatment of laxity for n-categories, which we will develop in
a subsequent paper.

11.4. COorROLLARY. Zicat(B)c, = Rep-Hulticar(Spn(B)(C,, Cy)).

The only point to note here is that we must guarantee that the free monoid
construction in Spn(B)(C,, Cy) (which amounts to the free category on a
graph) yields a cartesian monad. This is easily seen in “et. The general
treatment will appear in a sequel paper.

11.5. ExampLE. Given a small category C we define a multicategory
m-Spn(C) in Spn(ZFet)(C,, C,) as follows

objects. The span (s, spans(C), t) on C,, where spans(C) is the set

of spans in C
R
5N\
X Y

with s(dg, R, cg) =X and t(dg, R, cg) =Y.

arrows. An object in M(s, spans(C),t) is a finite sequence of
composable spans

Rl Rn
X Zy Z(n—1) Y
and an arrow f: (R, .., R,> > R is a sequence of arrows { f;: R— R;) in

C such that

difi=ci_1fi1 (1<i<n), d, fi1=4d, Cufu=c
which is to say that the f;’s form a cone over the above diagram, with
vertex R.
identities. idz: R— R in C.
composition. fo{g,>=<{f;°(g),>(1<i<n, 1<j<m,), with our usual
notational conventions.

A routine diagram chasing shows the above multicategory composite is
well-defined and associative, just like in Example 2.2(2).
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11.6. PROPOSITION. The multicategory m-Spn(C) is representable iff C
admits pullbacks.

Proof. Universal arrows in m-Spn(C) correspond to limit cones. Hence
m-Spn(C) iff C admits limits of such diagrams. But these diagrams are
finite simply connected, and Paré’s characterisation in [ Par90] shows that
such diagrams are precisely the ones whose limits can be constructed by
pullbacks. ||

It is clear that the bicategory associated to the representable multi-
category m-Spn(C) is non other than Spn(C).

APPENDIX

A. The Functoriality of the Spn(_) Construction

In this technical supplement we briefly describe the functoriality of
Spn(_) partly to justify our claim that Spn(B) is a Kleisli bicategory, but
also to shed some light as to hew such a construction arises.

We start by recalling the definition of the bicategory of spans on a
category with pullbacks, introduced in [ Bén67].

A.1. DerFINITION.  Given a category B with pullbacks, the bicategory of
spans Spn(B) consists of

objects. Those of B.
morphisms. A morphism from X to Y is a span

dR R CR
N
X Y

2-cells. A 2-cell between morphisms is a morphism between the top
objects of the spans, commuting with the domain and codomain morphisms:

dR R CR
PN
X Y

ds cs

S
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The identity span on X is

N

X X

and composition is given by

R S
X Y Y
RoS
N
R s
NN
X Y 7z

where the square is a pullback. Horizontal composition of 2-cells is clearly
(canonically) induced by that of morphisms, while the vertical composition
is inherited from B.

Now we establish the universal property of Spn(B) (which is folklore
although we know no references for it).

A.2. THEOREM (Universal Characterisation of Spn(B)). Consider a
category B with pullbacks and the functor ng: B — Spn(B) given by

7N
Yy

x—f>y — T

(1) The functor ng: B — Spn(B) is universal among functors from B to
bicategories A", F: B —» A", which send the morphisms of B to maps (1-cells
with a right adjoint) satisfying the Beck—Chevalley condition. This means
that such a functor factors as F=Fong, for a unique (up to isomorphism)
homomorphism F: Spn(B) — A".

(2) Given two such functors F, G: B — A" and a 2-natural transforma-
tion a: F= G, there is a unique lax transformation & F= G such that
dng = o Furthermore, if for every morphism f.x—y in B the pair (a,, a,)



220 CLAUDIO HERMIDA

induces a pseudo-map of adjoints from Ff - (Ff)* to Gf - (Gf)*, the corre-
sponding 2-cell & is pseudo-natural.

Instead of going through the details of the proof, which relies purely on
the fact that every morphism in Spn(B) factors as

d R d R td id B \\i

Y\ v N
z Yy z R Y
and the righthand side is g (c)ong(d)*, we will spell out the resulting
functoriality of Spn(_).

Since Spn(_) operates on categories with pullbacks it seems natural to
take as domain of variation the 2-category Pbk of categories with pullbacks,
pullback preserving functors and cartesian transformations. Let %icat denote
the tricategory of bicategories, homomorphisms, pseudo-natural transforma-
tions and modifications [ GPS95].

A.3. PROPOSITION. The bicategory of spans construction extends to a
trihomomorphism

Spn(_): Pbk — Hicat.

Proof. Given a pullback preserving functor F: B — C, the homomor-
phism Spn(F): Spn(B) — Spn(C) acts as

R R
N o~ N
z y

Fx Fy

and given a cartesian transformation a: F'= G with G pullback preserving,
Spn(a): Spn(F) = Spn(G) is defined at an object x in Spn(B) as the span

PN

With the above explicit description, it is immediate that Spn(_) preserves
composition of functors on the nose, while it preserves both vertical and
horizontal composition of 2-cells up to canonical isomorphism induced by
universality of pullbacks. ||
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It is important to notice that the operation which reverses spans

d R ¢ c R d
z y Yy T
induces an isomorphism o: Spn(B) = Spn(B)?” and we thus obtain a tri-
homorphism aSpn(_): Pbk — Zicat® (reversing the 2-cells in Zicat). Since
trihomomorphisms preserve pseudo-monads (cf. [ DS97, Proposition 5]),
we get the following corollary.

A.4. CorOLLARY. A cartesian monad T=(T,n, u) on a category with
pullbacks B induces both a ( psuedo)monad (Spn(T), Spn(7), Spn(u)) and a
( pseudo)comonad (Spn(T'), aSpn(#), aSpn(x)) on Spn(B).

Proof. This follows immediately from Proposition A.3, since a cartesian
monad is simply a monad in Pbk. ||

We will now focus our attention in the pseudo-comonads so induced. We
can readily perform the (bi)Kleisli construction, which resolves a pseudo-
comonad by a biadjunction.

A.5. PROPOSITION. Given a cartesian monad T= (T, n, u) on a category
with pullbacks B, the (bi)Kleisli bicategory of the pseudo-comonad (Spn(T),
aSpn(7), aSpn(u)) on Spn(B) is Spny(B) of Definition 4.2.

Proof. Define a homomorphism J: Spn(B) — Spn(B) as

d R c Nz v id d R c Nzd R c
N = NN = X
z Y Tx z Y Tx Y

and a pseudo-natural transformation p: J= JSpn(T), whose component at
X is the span

y TX\_i
TN

TX TX

and we have thus defined a (bi)colax cocone

Spn(B) ;
\
Spn(T) ﬂp Spnt (IB)

-7

Spn(IB)
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with structural isomorphisms

Spn(IB) Spn(B)
\J \J
& ¥p Spar(B) ¥p Spnr(B)

5 5

Spn(B) Spn(B)

IR

and

Spn(B) Spn(BB)

spn(?) SP‘EJ\ Sp'ly \

<i lé/p Spnr(B) Spn(B) —> Spnr(B)

semly s ¥

SPH(IB) Spn(IB)

IR3

and & and m satisfy coherence axioms as for pseudo-algebras. This (bi)colax
cocone is universal, in the sense that there is a biequivalence

Ricat(Spny(B), A7) ~ Colax — cocones(Spn(T ), K)

essentially surjective on objects up to isomorphism, where Colax —
cocones(Spn(T), K) denotes the bicategory whose objects are (bi)colax
cocones (L: Spn(B) — 24", A, u, m) as above, morphisms are 2-cells 6: L= L'
together with an invertible modification 0/

Spn(B) L Spn(B)
P
Spn(7) fA K 2 sea(n) rfff, K
g
v/ 7
spn(B) L Spn(B)

compatible with the given #’s and m and 2-cells modifications between such
(’s compatible with the given modifications 04’s.> ||

The above Kleisli bicategory construction yields a biadjunction

L

Spn(B) __L _Spor (IB),)\
J

3 Such data correspond to colax cocone = pseudo-algebra, morphism = strong morphism of
pseudo-algebras.



REPRESENTABLE MULTICATEGORIES 223

where L acts as

d E © T id  Td TR T pgoTd TR Tc
Yy o Tz Tz Ty Ty

Tx Tx

Of course such homomorphisms of bicategories map monads in one to
the other. In particular L: Spny(B) — Spn(B) takes multicategories in B to
categories in B; the induced 2-functor L: . Zulticat(B) — %at(B) is none
other than the 2-functor F:.#ulticat — #on%at of Theorem 7.2. In the
other direction the 2-functor induced by J, J: €at(B) —» A ulticat(B) is the
inclusion taking a category to the multicategory whose only morphisms are
the linear ones, given in Example 2.2(3).
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