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Abstract. We introduce the combinatorial notion of heaps of pieces,
which gives a geometric interpretation of the Cartier-Foata’s commuta-
tion monoid. This theory wunifies and simplifies many other works in
Combinatorics : bijective proofs in matrix algebra (MacMahon Master
theorem, inversion matrix formula, Jacobi identity, Cayley-Hamilton
theorem) , combinatorial theory for general (formal) orthogonal
polynomials, reciprocal of Rogers-Ramanujan identities, graph theory
(matching and chromatic polynomials). Heaps may bring new fight on

classical subjects as poset theory. They are related to other fields as
Theoretical Computer Science (paralleiism) and Statistical! Physics
(directed animals problem, lattice gas model with hard-core
interactions). Complete proofs and definitions are given in sections 2,
3,4,5. Other sections give a summary of possible applications of heaps.

1. introduction

Following some work of Foata [241 on combinatorial properties

of rearrangements of sequences, Cartier and Foata [8] introduced in
1969 the monoids generated by an alphabet A with relations ab = ba, for
all pairs of letters a,b of A such that (a,b) € C, where C is a fixed

subset of A x A. The basic properties of these monoids, especially the
so-called flow monoid and rearrangement monoid, appear nowadays to be a
classical model in combinatorics (see for example the corresponding
chapters of the books of Lallement 1[39]1 or Lothaire [401). These
monoids are sometimes called free partially abelian monoids. For short,

we propose to call them commutation monoids.
This model has been used to prove combinatorially (i.e. with
bijections) some classical formulae of matrix aigebra : the celebrated

MacMahon Master theorem in Cartier-Foata ({91, the inversion matrix
formula in Foata [261 and the Jacobi identity in Foata [27]. More

recently, Gessel [301 has shown how to deduce, from the commutation
monoid model, Staniey’s relation between chromatic poliynomials and
acyclic orientations of graphs. Very recentl!y, a new active area of

research has grown up in Theoretical Computer Science, using commuta-
tion monoids as an algebraic and combinatorial model for parallelism
problems and concurrency access to data bases, see §10 below.
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Iin this paper, we introduce another model : the notion of heaps
of pieces. This model will appear to be equivalent to the commutation
monoid model. At the beginning, the reader may have certain doubts
about the interest of presenting this new version of the commutation
monoid with heaps of pieces. These doubts will probably be reinforced
after reading the abstract definitions 2.1,2.4, 2.5 and 2.7 below where
the heaps mode!l seems more complicated than the commutation monoid.

Once the reader has overpassed these abstract preliminaries,
heaps give a powerful “geometric” wvisualization of the commutation
monocids. Many basic lemmas and bijections become really simple. The
heaps model appears to be related to other domains, as for example
Statistical Physics, although the refationship with commutation monoids
was not obvious. Using the heaps model, we have solved combinatorially
some open qguestions about the directed animals model introduced by
physicists in 1382 (see a survey in Viennot [471).

Now we give with an example an intuitive introduction to the
notion of heaps. Suppose we have an 8 x 8 chessboard and some dimers.
Each dimer is a piece of wood which can cover two consecutive cells of
the <chessboard. Suppose we put the dimers, one by one, on the
chessboard. FEach time, one choose a "geographical position” for the

next dimer (i.e. two consecutive cells of the chessboard). Then the
dimer is put wvertically above this poesition and lowered until it
touches the chessboard, covering the two cells of the <chosen geogra-
phical .posgition, or until it touches one (or two} other dimers
previougly placed. Placing the new dimer under other dimers is not
allowed. In other words, it must be possible to remove the dimers one
by one, whithout moving the other dimers, as in the game called
"Mikado". What is seen on the chessboard is the vigualization of the
mathematical notion of heaps of dimers, (see Fig. 1).

When we consider such

heaps of dimers, we thus forget
some informations about the exact
order of placements of the
dimers. For example, between the
two dimers @ and ¥ of figure 1,
one cannot tell which one was
placed first. Nevertheless,
locking this same figure, one can
say that the dimer & was put

before the dimer ga. In other

words, we define the relation wmgs

iff it is impossible to remove

Fig.1. Heap of dimers the dimer o from the heap

(or equivalence class of =& whithout removing the dimer B.
commutation monoid) The retlation ¢ is a partial order
relation. A heap will be a poset

(partially order set) satisfying certain axioms relating the order
relation g , <called "to be above", and another relation called
concurrency relation. Here this retation is defined on the set of
"geographical positions” for dimers (there are 2x8x7=112 such
positions).Two positions are concurrent jff they have one (or two)

cells in common.
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[f we take as alphabet the get A of the 112 posgsible

“geographical positions” for dimers on the chessboard, & word w of
letters in A is an encoding of the placements of the dimers of the heap
(remembering the order of placements). Forgetting this exact order

corresponds to consider the word w up to the commutations ab = ba ,
where the geographical positions a and b are disjoint (i.e. not in
concurrence}. The heap of dimers is exactly the geometric visualization
of the equivalence class of the word w in the corresponding commutation
monoid.

This paper is the first of a series devoted to the theory of
heaps and its various applications. It contains two parts. In sections
2,3,4,5 we give the basic definitions and lemmas of the theory, with
complete proofs. Sections 6,7,8,8,10 present a summary of the other
papers [153,0171,(501,1(51) and related works.

Heaps are defined in 82, together with the heap monoid H(P,®)
related to a set of basic pieces P equipped with a concurrency
relation.

in 83, we show the equivaience between the heap monoids and the
commutation monoids.

in 84, we show that every heap monoid can be realized with a
concurrency relation analogous to the one described above with dimers.
Basic pieces are subsets of a set, each of these subsets being equipped
with a «certain combinatorial structure. We also show that every posset

can be “realized” as a heap of pieces. This section is just a
preliminary step of a promising area of research : studying posets
theory with the heaps point of view, in particular realizations of

family of posets as a family of heaps H(P,®).

Basic lemmas about heaps generating functions are given in §5:
inversion lemma (in fact the equivalent of the MObius function of the
commutation monoid, defined by Cartier, Foata [91), heaps with given
maximal pieces and the logarithmic property "log{heap)=pyramid”. A
pyramid is a heap having only one maximal piece (as in figure 1).

After the work of Cartier, Foata [891 and Foata [283,[2731 giving
combinatorial proof of <classical matrix aligebra theorems, and also
works of Jackson [361, Straubing [461 and simpiifications of Zeilberger
[511, we present in Dulucg, Viennot [181 an ultimate step, unifying all
these bijections as simple consequences of a few basic properties of
heaps. A summary is given in 8§6.

After Flajolet [221, the author has proposed in [471 (survey in
£481) a combinatorial theory of formal orthogonal polynomials with
weighted paths. Some part of this theory can be simplified and
reinterpreted with heaps of pieces. This is summarized in §7. Closely
related is a property of Andrews [2] about the "reciprocal™ of the
famous Rogers—Ramanujan identities. Andrew s interpretation can also be
deduced from heaps basic properties.
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In 88 we give some relations between heaps and graph theory
chromatic polynomials and acyclic orientations of graphs from Gessel
[30] and a summary of Desainte-Catherine, Viennot [15] relating heaps
and matching polynomials of graphs. Godsil’s tree-like paths [311 fit
very well with the heaps model.

In 89 we present a brief summary of Viennot [501,[51] giving

two applications of heaps theory in statistical physics : the
combinatorial sofution of the directed animal problem and a combina-
torial interpretation of the density of a gas with hard-core

interactions.

In §10, we give a flavor of the connections with parailelism
problems in Theoretical Computer Science.

2. Basic terminology for heaps

Let P be a set equipped with a symmetric and a reflexive binary
relation € (i.e. a®¥b &=+ b®¥a and a¥a for every a,b € P). The elements of
P are called basic pieces. The relation € is called the concurrency
relation.

Definition 2.1. A labeled heap with pieces in P is a triple (E,g,€)
where (E,¢) is a8 finite poset (i.e., partially ordered set} with order
relation denoted by g and ¢ is amap € @ £E » P satisfying the two
following conditions

(i} for every o,s8€E such that e(a}) € ¢&{8), then & and B are
comparable (i.e @gB or BLR).

(ii} for every w,s€E such that @< and B covers & (i.e. G¥YEB = ¥=o
or ¥=p) then e(g) € £ (B) .

The elements of E will be called pieces. When ags, we will say
that the piece p is above the piece .

Remark that P is not necessarily finite but it is important to
set down that all the heaps we consider in this theory are finite.

Examplie 2.2, Let B = [0,81 x [0,B1. A cel!l (or elementary square) is
the set of points (x,y) of B such that i<x<i+1, j<y<j+1 for certain i,
j of [0,71. The set P of basic pieces is the set of subsets of B formed
by the union of two cells joined by an edge. The concurrency relation €
is defined by a¥b iff anb # . A heap E with pieces in P was visualized
on Fig.1.

Here the map € is the projection associating to each dimer of
the heap its ‘"geographical position”, i.e. an element of P (see the
heuristic introduction in §1).
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Example 2.3. Let P = 2 be the set of integers . The concurrency
relation € igs defined by : i€ Pff |j—i|<1 for i,j€EP. The poset E
is defined on Fig.2 by
its Hasse diagram,
(i.e. an edge goes
upward from @ to g iff
@ covers @). The map €
is defined on Fig.2 by:
for o€E Ilying on the
vertical line x=i, then
€ {m)=i.

The reader will verify
; : : : that the axioms (i) and
o 1 2 5 . 5t M (ii) are satisfied.

Fig.2. A heap of pieces.
Equivalent definitions for heaps

a} Conditions (i) and (ii) can be replaced by (i) and (ii*) where (ii’)
is the following condition

for every «,p€E with egp, there exists a seguence ®=®ig...
(ii”) o= of pieces of E such that e(m;) € e(&i+1) for every i,
1€i<k.

b) A second formulation is (i) and (ii") where (ii") is the following
condition

the order relation g is the +transitive closure of the
(ii™) relation € defined by : for ®,B€E, & €p iff agp and s (a) €
e(p).

c) A third formulation is the following. Let €: E » P be a map of the
set E in P. Let G(E,e;®¥) be the graph which vertices are the elements
of E and with an edge between g and g iff e(e) € e(8). Then defining an
order relation g on E such that (E,g,e) satisfies conditions (i) and
(i), is nothing but defining an acyciic orientation of the graph
G(E,e,®) (i.e. an orientation of each edge such that the graph does not
centain cycles).

Subheap. Let (E,g,e) be a heap and F a subset of E. Let ¢’ be the
restriction of € to F. Let & be the relation defined on F by ¢ & g iff
egp and eg(e¢) € e(p). Let g be the transitive closure of & Then
(F,g&’ ,6”) is called a subheap.

Definition 2.4, Let (E,<.e) and (B’ ,g’ ,e’) be two heaps of pieces in P
with the same concurrency reltation €. We say that they are isomorphic
iff there wexists a bijection g:E =« E’ which is a poset isomorphism
(i.e. wgp in E iff p(x)g’p(B) in E’), and such that e=¢’owp.
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Definition 2.5. A heap of pieces (in French : empilement de piéces) in
P with concurrency relation € is =& labeled heap (definition 2.1)
defined up to a heap isomorphism {or equivalence c¢lass, for
isomorphism, of labeled heaps).

In  the followirg, a heap will be denoted by one of its
representative (E,g,&8) or E for short. We will sometimes use the
notation E = (E,g,6). We will again say that the elements of £ are
pieces, and call the order relation g as “to be above". The set of all

finite heaps with pieces in P and concurrency refation € is denoted by
H{P,®) .

Lemma 2.6. Any automorphism p of a labeied heap (E,g<,e) lg trivial
(i.e. is the ideptity map of E).

Proof. For any basic piece a€P, ¢ l(a) is a finite chain of E (from (i)
and the reflexivity of € . The relation g=gop implies that p preserves
this chain. As it is @& poset automorphism, we deduce that @ is the
identity map.

Let ap, be the number of heapsof H{P,€) having n pieces. From
lemma 2.6, we deduce that the number b, of labeled heaps, with set of
labels any set of n elements as for example E = {1,2,...,n}, is
bp=n'ay. When enumerating heaps f{resp.labeled heaps) we wil! use the
ordinary {resp. exponential) generating function £ ayt" (resp. &£ bn
tn/n”. n0 nyo

in fact, tabeled heaps are an examplie of Jovyal’s species [381].
Heaps are the corresponding type of species.

Definition 2,7. Let E and F be two heaps of H(P,®). the product HzEGF
(or superposition of F over E) is the heap H defined by the following
if E = (E,g,e) , F = (F,g,68”), H = (H,g,e"), then
E F H
(i) H=E+F (disjoint union of E and F)

(ii) & is the unique map g£":H-P which restriction to E (resp. F)
is & (resp. g').

(iii) the order relation g is the transitive <closure of the
H

following retation ® for g,p € H, @ & g iff
&,8 € E and m%s

or - #;8 € F and og8
F
or ~ ®€bE,pE€F and e(x)€ ¢’ (B).
Remark that E and F are subheaps of E®F.
Such a definition is compatible with isomorphisms and thus is
well defined on the set H(P,€) of heaps.
This product of heaps is associative and H(P,®) is a monoid,

calied the heap monoid, which neutral element is the empty heap denoted
by #
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An element o of P will be identified with a heap reduced to a
single piece. The heap E®az is said to be obtained by adding (or
putting) the (basic) piece ® above the heap E. Any heap E is a product
(in general in several different ways) of its (basic) pieces. Remark
that for any two basic pieces.

(1) ®,B€EP, xep=peg iff o f a8 (i.e. ® and B are not in concurrency).

The product of heaps is a left and right simp/ifiable product,
that is : E®OF=zEeF’ = F=F’ and E®F=E’eF = E=E>. |f Eeg=F, for w€P and
E,FEH(P,®), we will say that E is obtained by deleting the piece & from
the top of the heap F.

Definition 2.8, A trivial heap is a heap such that the order relation g
is triviat, that is no pieces are above another.

We will denote by T(P,®€) the set of trivial heaps of H(P,®) . If
the concurrency relation € is“emptfz every heap is trivial and the heap
monoid H{P,®) is isomorphic to the free commutative monoid generated by
P.

Lemma 2.9. Any heap FE € H(P,¥) can be written in a unigue wgy &6 a
product of trivial heaps E = T39...0T, satisfying the condition

(2) for any 1gj<p, any pieces of T;4+1 1s above a piece of T;

It suffices to take Ty as the subheap formed by the minimum
elements of E. Then one can write E = 7;0FE,. Repeating recursively this
factorization, we get the unique factorization satisfying (2).

This factorization c¢an be characterized in another way. |t is
the wunigue factorization into a product of trivial heaps, each factor
having maximum cardinality.

3. The Cartier~-Foata commutation monoid

Let A be a set and A be the free monoid generated by A, that
is the set of words uZajag...ap with letters ay in the set A {(called
alphabet), together with the multiplicative law concatenation of two
words 1 u=ay..ap and v={p..44, uviay..apbi..bgq. The empty word is
denoted by e.

Let C be a symmetric and antireflexive refation on A (i.e. aa
for every agA).

Definition 3.1. The commutation monoid Co{A,C) is the gquotient of the
free monoid by the <congruence =, generated by the (commutation}
relations

(3) for every a,b € A with a C b, then ab =@, ba.

The words u and v are equivalent iff one can transform u into v
by a sequence of transpositions of two consgecutive letters a and b such
that & C b. The monoids Cof{A,C), introduced by Cartier and Fcata [81,
are also called free partialiy abelian monoids.
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We suppose that the alphabet A is the set P of basic pieces
equipped with the concurrency relation €. Let C = € be the compliementa-
ry relation (i.e. aCb iff a f b). We are going to show that the heap
monoid H(P,€) is a commutation monoid isomorphic to Co(P,C).

We define the map p : P* - H(P,®) by the relation
(4) for w = gi®g...8n€PY , p(W) = ®19%20...08,€H (P,€).

'n other words g is the unique morphism (of monoids) such that
for ®€P, p(®) is the heap identified with the basic piece ®.

Let (E,g) be a poset having n elements. A natural labeling of
the poset (E,g) is a bijection f : E » [nl1={1,2,...,n} such that

(5) for every x,8 € £, g8 3 f(x) <f(8).

Another equivalent definition is the so-cailed /inear extension
of & poset.

Lemma 3.2. Let (E,<,&) be a heap of H(P,€). For u = @y...6n € 9" (E),
tet A{u) = f be the {abeling f:E-Inl defined by e (F- i)y = ®i. Lhe map
by is a bijection between the set of words m'l(E) and the set Z(E)

of natural tabelings of E.

Proof. a) From the definition 2.7 of the product of heaps, the heap E =

%X10629...06, s obtained by adding vertices sy1,82,...8y 10 the empty
heap, with the map & defined by £(s;) = @i, and the order relation g
defined by

(8) € is the transitive closure of the refation & defined by s; & sj
iff igj and & € @;.

Thus the map f=x(®y..&,) defined by f(sj) = i is & natural labeling of
E.

b) Conversely, let f: E - [n] be a natural labeling of E. Let
ty=f 1 (i) € E (Igign) and p3;Te(t;). Let F be the heap Fop(Ri...Bn). We
can identify the vertices of the two heaps E and F. We show that these

heaps are igsomorphic. If s % t, then from heap axiom (ii’), there
exists a sequence tilz ] % . %tik: t of vertices of £ such that for
P, 1<k, tig € ti}+1' As the map t;=»i is a natural labeling of E, then
i1€-..€gigx. From the definition of the product g1982® ... @8, , we

deduce ti ? tij . and thus s ¢ t. The heaps E and F are isomorphic and
i + ¥

B10...0p, € p 1 (E).

Combining a) and b) the map X is a surjection from p ' (E) onto
Z((E). As it is obviously an injection, the lemma is proved.
a
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Lemma 3,3. Ffor every heap E € H(P,®), the set of words o ' (E) is an

equivalence class for the commutation relation =..

Proof. a) If @« and g are two basic pieces not in concurrency, the two
heaps ®®g and pox are trivial (definition 2.8.) . Thus xep=gog.
For u,v € P*, we deduce that u =¢ v impliies pi{u) = p{v).

b) Conversely et wu=my...®, and v=py...pp be two words such
that @(&y...%,)=p(B1...Bn) is the heap E. As in the proof a) of iemma
3.2, let sy,...,sp be the vertices of E = (E,g,6) with & (sj)=ay. From
(8) , the vertex sy of E is minimal (for ) iff no pieces ®j, I1gj<i are
in concurrency with ®&;j, that is o3 commutes with all the letters
located at its left in the word u = @y..8,. We can write u =¢ u1u1 3
where wuy is the word containing all the letters (commuting two by two)

of u corresponding to minimal elements of E.

Similarly, we can write v =¢ vlvl , where vy is the word
containing ati the letters {(commuting two by two) of v corresponding to
minimal etements of E.

Thus uy; =¢ vy and u(u1)=p(v1) is the subheap Ej; obtained from E
by deleting al! its minimal elements (see lemma 2.9).

By a recurrence on the common length of the words u and v, we
deduce that u and v are equivalent modulo =g

o]

Combining temmas 3.2 and 3.3, we deduce

Proposition 3.4. Let H(P,€®) be a heap monoid with pieces in P and

concurrency relation € Let C be the complementary relation of €.
The morphism of monoid ' p* H(P,€) defined by (4} induces an
isomorphism 9 between the monoid H(P,€) and the commutation monoid

Co (P,C).

It may be useful to restate the definition of this isomorphism
p:Co(P,C) =+ H(P,®), together with its main properties coming from the
proof of lemmas 3.2 and 3.3.

a) Let G be an element of Co(P,C).Choose any representative
U=®i1®e...8%, o©f this class of words. Then the heap p(u)-x19xg®...0%x, i8S

independent of the choice of u€l and will be denoted by @ (G).

b) Conversely, if £E = (E,g,g) is a heap of H(P,®), taking any
natural labeling f: E -+ {nl of the poset (E,g), we define a word
U=Uq...uUy with uize(f-l(i)).Let U be the equivalence class of u for s=g.

Then the map E - U is the reverse bijection of the bijection
p:Co(P,C) -» H(P,®).

¢) Let U be a commutative class of Co(P,C) and u=gyj...&, be one
of its representants. We define a poset ([nl,g) in the following way.
The vertices are the integers 1,2,..,n. The order relation ¢ is defined
by the following relation

{(7) igj iff there exists a sequence 1giq=i<...<ig~jgn such that the

letters ®;y and ®; do not commute (for 1gj<k).
j i+l
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Defining the map €: [n] » P by €(i)=®;, we have now a labeled

heap E(u) = (I[nl,g,e) which is a representant of the heap @ (u). This
fabeling f of the vertices of p(u) by the integers 1,2,...,n is a
natural ltabeling. The map u - f is a bijection between the words of the
equivalence class u and the natural labelings (or linear extensions) of

the poset underlying the heap i (0).

Remark that the order relation defined by (7) is the transitive
clogure of the relation defined by Cori and Métivier from the directed
graph denoted by T{u) in [12]1. Also, 1o give the labeled heap E(u) =
(Inl,g,e) is equivalent to give the so-called “dependency graph’” of the
word u introduced by Perrin in [437.

| f we restate lemma 2.9 in terms of commutation monoids,
we get the classical property (see Cartier, Foata [91)

Corollary 3.5. Let u be a word of P* and Co(P,C) be a commutation
monoid. Then U can be written in a unigque way G:ﬁl..ﬁp where each uj
is a block of letters commuting two by two, and for each pair of
consecutive blocks wujuj+r, any letter of uj4+; does not commute with at
least a letter of uj.

This wunique factorization is calied the normal form of u in
{431 and V-~factorization in Cartier-Foata [8]. In fact this coroilary
also comes from part b) of the proof of lemma 3.3.

4. Graphs, Heaps and Posets

Let P and B be two sets and let w:P- #(B) be a map from P into
the set of non emply subsets of B. We define the concurrency relation €
by the relation.

(8) for a,b € P, a®€b iff w(a) nnib) # & .

in this fundamental example of heaps, the heap monoid H(P,®)
will also be denoted by H(P,n,B). The set B is called the basis. The
subset m(a) is called the support of the basic piece a € P.

Let E = (E,g,e) be a heap of H(P,n,B) and ® € £ be a piece of
E. The subset mo€ (of) will also be called the support of the piece w. ¥We
say that two pieces m,8 € E (resp. basic pieces a,b € P) are disjoint
if their support are disjoint. In the contrary, that is € {(®) € e (B)
(resp. a € b) they are said to be intersecting. Two heaps £ and F are
said to be intersecting iff one piece of E intersects one piece of F.

Example 4.1. Let B = 2 and P be the set of dimers, that is the set of
subsets of the form {i,i+1}, i€2 . We define 1 as the restriction to P
of the identity map of #(B).The heap displayed on Fig.3 is" isomorphic”
to the heap of Fig.2. {(here the term “"isomorphic¢”™ would be an extension
of definition 2.4 to the case of two heaps with different set of basic¢
pieces, see below just before remark 4.4).
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Fig.3. A heap of dimers on 2.

Exampie 4.2. lLet B = [0,8] x [0,8] and P as in example 2.2. Let 71 be
the restriction to P of the identity map of #(B). Heaps of H(P,n,B)
were considered in example 2.2 and are visualized on Fig.1 of the
introduction.

In fact, any heap monoid H(P,®€) can be identified with a heap
monoid H(Q,m,B). For that, we need the following definition.

Definition 4.3. Let € be a concurrency relation (i.e. symmetric and
reflexive) on the set P. The concurrency graph is the graph G(€) with
vertices in P and with edges {a,b} € A iff a € b and a # b.

Let B = PuUA. For each a € P, we define the subset N(a) of B by

(9) ufa) = {ar u {{a,br€eAr.

The map Ju is a bijection between P and a(P)=0. Now a € b iff

u(a)nu(b) F ® . Let T be the restriction to Q of the identity map of
F(B) .
Any heap (E,;g,e) € H(P,®) 3
is "isomorphic” to a heap (E’,g,&) of E w—3 P
H(Q,n,B), i.e. there exists a poset |
isomorphism g:E - E’ and a bijection P M
M P > Q preserving” the concurrency 4 {
relations of P and Q, such that the £’ > Q > F(B) .
following diagram is commutative e’ 4]

Remark 4.4, The construction of the map p defined by (8) is related to
the so-catled [tine graph (or median graph) of the concurrency graph
G(¥) .

If the graph G(%®) is represented by points of re joined by
segments, then one «can represent u{a) as the set of points formed by
the wvertex a and the middlie of the edges containing this vertex a. The
pieces look like starfishes (see Fig.4).
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The monoid H{Q,nw,B) constructed above from P and € will be
called a starfish monoid.

Proposition 4.8, Every heap monoid is isomorphic to a starfish monoid.

Concurrency graph

/o

Fig.4. A heap of starfishes.

Proposition 4.6, Every poset (E,g) can be represented as the underlving
poset of a heap (E,g,€).

For the proof of this proposition, we need the following
definitions.

Let (E,g) be a poset and # = (Cji) je1 be a family of chains. We
say that & strongly covers E iff, for every pair @, of elements of E
such that 8 covers @ (i.e. @ and p are connected by an edge in the
Hasse diagram of E), then there exists a chain C; of & containing both
® and p

Let # = (Ci)ier be such a family {always exists). We take as
basis the set B=1.The basic pieces are the subsets of I and m is the
identity of P = #(I). We define the map ¢ : E — P by g()={i€]l,x€C;}.
The concurrency relation € is defined by (8).

The triple (E,g,e) satisfies condition (i) of definition2l of
tabeled heap : if x,B€E, e{(x)€ e(p) implies that ® and g belongs to a
same chain €3 of &. Condition (ii) of definition2l follows from the
strongly covering property. [n]

it would be interesting to represent some known families of
posets as families of heaps H(P,n,B). Is it possible to give a poset
characterization of the posets underiying heaps of a given heaps monoid
Many questions arise about representations of posets with heaps. Here

we will mainly be interested in heaps as a tool! for combinatorial
enumeration and combinatorial interpretation of classical results or
identities. Nevertheless we will mention the following property.

Let E = (E,g,e) be a heap of H(P,m,B). For x€B, the fiber of E
over x ig the set defined by

(10} Fx(E) = {® € E, x € woe ()}
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Such fibers are chains. The family (F¢(E)}>xep strongly covers
the poset (E,g).

The minimum cardinality of the basis set B such that the poset
(E,g) is realized as a heap of H(P,n,B) is the minimum number of chains
strongly covering E. This number is not less that the minimum number of
chains covering E. This last number is more classical in poset theory
and, from Dilworth’s theorem is known to be equal to the maximum
cardinality of antichains of E (set of elements two by two
incomparable}.

ki

The reader may ask the interest of introducing the map P — #(B)
instead of simply introducing the basic pieces as subsets of B. We will
need basic pieces where a combinatorial structure is defined on their
support. An important example will be heaps of cycles. Here P is the
set of all cycles of B (in the sense of cycle of permutation : that is
a circular permutation on a subset of B). The map mn associates to a
cycle its underlying set of vertices. An example is displayed on Fig.5.
The order ¢ between the cycles is defined by the fibers (corresponding
to the vertical lines).

Fig.5. A heap of cycles on M.

5. Heap Generating functions

lLet H(P,€¢) be a heap monoid with basic pieces in P and
concurrency relation €. Let KII[X]1] be the algebra of formal power
series with variables in a set X (not necessarily finite) and with
coefficients in the commutative ring K. We define a valuation (or
weight function) as a map v : P — KI[[X]] which associates to every
basic piece o€EP a power seriesv(®) having no constant term. This last

condition is necessary for the summability of heaps generating
functions. In general, most examples of the theory will be such that
vi{a) is a monomial! in variables from X.

The valuation (or weight) v (E) o1 & heap E=(E,gL,e) is the
product of the valuations of its pieces v(E) = Uzv(e(m))-
X €

In all this work, we suppose that the valuation v satisfies the
following condition
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for every monomial M in the variables X, there exists a finite
(11) number of heaps E of H(P,€) such that the coefficient of p in
the seriesv(E) is # 0.

This condition, which is satisfied when the set P of basic

pieces is finite, implies the summability of the heaps generating
function & v(E).
EEH(P,§)

Proposition 5.1. (Inversion lemma) Let H(P,¥) be a heap monoid with a
valuation v satisfying (11). The generating function of the weighted

heaps of H{(P,¥) is given by

1

(12) E v(E) = s
Il

EEH (P, ®) ) -1 v(F)

FET (P,®)

where T(P,€) denotes the set of trivial heaps (definition 2.8).

The identity (12) is equivalent to the identity

¥
(13) > 1 vE) V) =1,

(E,F)
where the summation is over all pairs (E,F) of HT=H(P,€) x T(P.®€).

Let M(E,F) be the set of pieces formed by the pieces of F and
the maxima! pieces of E which are not in concurrence with pieces of F.
Let L be a non-empty trivial heap. In the summation (13), we select
only pairs (E,F) such that M(E,F) = L. We can write L=lj0Lg with
E=ZE4®L1 and F=Lg (see Fig.€6). Thus, we have the identity

{F fLal
é -1 v(E)YV(F) = v(bL) Z v (Ey) E (-1) s

(E,F)eHT Eq Li,Lo€T(P,®)
M{(E,F)=L L=Li0bLg

where the - first summation of the right hand-side is over heaps
E,€H(P,®€) such that al! their maximal pieces are in concurrence with at
feast a piece of L. The second summation of the right-hand side is 0.

Thus, the only non-vanishing term in (13) is the pair corres-

ponding to M(E,F) = g , that is E=-g, F=g. |ts weight is 1.
]
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Remark &5.2. !f the reader prefers a proof with bijections, it would be
possible to define a sign-reversing involution on the set HT. The idea
is simply to "transfer™ a piece & of F on the top of E, or vice-versa
{see Fig.6). We totally order the set P of basic pieces. For & pair
(E,FYEHT, (E,F) # (#.#),we take the smallest piece & of M(E,F}. If & is
a piece of E, then E-Es®x and we define ¥(E,F)=(E;,&@F). If & is a
piece of F, then F = Fyem (=a®F;) and we define Y(E,F)=(Eea&,F;). The
map Y(E,F) —> ({(E’” ,F") is an involution such that
CHFvEIVE) = -0 T vE) V).

trivial
heap F

prece of M(E,F)

E maximafl piece of £ not in M(E,F)

The concurrency retation € 15 the intersection refation

Fig.6. Proof of proposition 5.1.

in term of commutation monoid, refation (12) is nothing but
expressing the Mdbius function of that monoid {(see theorem 2.4 of
Cartier, Foata [91). Mobius inversion of posets is a classical chapter
of Combinatorics which has been popularized by Rota [421. Content,
Lemay, Leroux [11] present a synthesis of Rota and Cartier—-Foata’s
Mébius inversion. We give the following extension, which generalizes a
proposition of Desainte-Catherine [14], [15].

Proposition 5.3. Let H(P,®¥) be a heap monoid with a valuation v satis-
fying (11)y. Let ™M be a set of basic pieces of P. The generating
function of weighted heaps of H(P,®) such that the maximal pieces are

in M is given by. -

N
(14) é v(E) = —, with
D

EEH (P,®)
Maximal pieces M

IFl il
b= > (=13 v (F} and N = E -1 v{F).

FET (P,€¥) FET {(P\M,®)
where T{(P,®¥) denotes the set of frivial heaps (definition 2.8).
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It would be possible to define a sign-reversing involution as
in remark 5.2 transfering a piece ® from E to F, by taking M(E,F) as
the set of minimal pieces of E, not in concurrence with any pieces of
F, together with the set of pieces of F which are in M or in
concurrence with at least one piece of E. The pairs corresponding to
M(E,F) = g are the pairs involved in the summation for N.

A simpler proof, as suggested by A.Joyal, is to apply
proposition 5.1 and the following lemma.

fenma 5.4, let M ¢ P and E € H(P,®) . Then the heap £ has a wunigu
factorization £ = Ej®Eg where E; is a heap with maximal pieces in M an
Eg is & heap with pieces not in M.

[o N [vs]

The power serie D appearing as the denominator of generating
function (12) and (14) plays an important role in heaps theory. We wil
call this power serie the exclusion power serie for the pieces P and
concurrency relation € (and the wvaluation v}, or for short the
exclusion serie of the heap monoid. We will denote it by D or D(P,®) or
D(P,€,v). If P is finite, D is a polynomial, the exclusion polynomial.

Example 5.5. Let A = (a;;) be an nxn matrix. Let B = [nl, P be the set
of c¢cycies on B and m : P — #(B) the map associating to a cycie its
underiying set. The concurrency relation is defined by (8). The
valuation of the cycle ¥=(x;...xp} is the product A®a, x --8x x 8x %
2 m-1 m m 1

The letters X and ajj can be considered as formal variables in X. Then
it is aimost the definition of the determinant to say that D(P,€) =
det (1 -2A) .

Thus the characteristic polynomial of the matrix A can be
considered as the reciprocal of an exclusion polynomial.

Example 5.6. Let B = M be the basis and P be the set of monomers {i},
i30 and dimers {i,i+1),i »0, with concurrency relation the intersection
relation as in §4.

Let {bg¥xzo @and {xxrky1 be two sequences of the ring K. The
monomer {i}, i » 0 is weighted bix. The dimer {i=-1,i}, i » 1, is

weighted xlxz‘

If we restrict the basis to be B, = [0,n-11, with pieces in By,
et Pp(x) be the corresponding exclusion polynomial. These polynomials
satisfy the three-terms linear recurrence relation

(15) Pan+1 (X)) = (x-bn) Ppi(x) = Ap Pn-1(x}, with Pe(x)=1, Pi(x)=x-bp.

From Favard’s theorem the sequence {Pa(X)¥nyo is a2 sequence of
formal orthogona! polynomiats and conversely,any orthogonal polynomials
are obtained this way. (see for example Chihara {101, Viennot [471).

Example 5.7. Let G = (V,A) be a graph with vertices in V and edges in
A. Let P = A with concurrency relation € be the intersection relation.
The weight of an edge is x2. Then the matching polynomial of the graph
G (see for example {[201,0321,1351) is the reciprocal of the
corresponding exclusion polynomial.
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Exampie 8.8, Let G = (V,A) be a graph with vertices in V and edges in
A. The set of basic pieces ig P=V with concurrency relation € defined

by : a®aand a €b (ff {a,b} € A (i.e. G is the concurrency graph of
€. Each vertex is weighted x. We propose to cal!l the corresponding
exclusion polynomial the independency polynomial of the graph G. It is
less classical than the matching polynomial, but it appears in some
statistical mechanics models {(see below §9,b). In fact, up to a change

of variable, the matching polynomia! of the graph G is the independency
clynomial of its so~called !ine graph

We interpret below the logarithm of the generating function of
weighted heaps. We suppose that the ring K is the field § of rational
numbers. We need the following definition.

Definition 5.9, A pyramid is a heap having a unique maximal piece.

Proposition 5.10. Let H(P,€) be a heap monoid with a valuation vV
satisfving (11). Then

v{F)
(186) log ) v (E) =Z ,
IFi

EEH(P,®) F

where the second summation is over. all pyramids of H(P,€).

Condition (11) implies the summability of both sides of
identity (18).

Here we work with exponential generating function, that is
labeled heaps
v (E)
g v {E) é > nt
nt
E€H (P,¥) 30 JEf=n

This generating function is the exponential generating function
for iabeled {(by 1,2,...,n) weighted heaps. We decompose such heaps E
into pyramids in the following way

We select the piece oy of E with minimal label (i.e. 1). Let E;
be the subheap formed by all the pieces below oy (order ideal}). E; is a
pyramid and in fact E can be factorized E= EIGE;. Another way to define
Eqy is to say that there exists a unique factorization E= E1®E1 such that
Ey is a pyramid with maximal piece ®y. We select the piece mg of E1
with minimal label and get a factorization E—E1®E20E2 . Recursively we
have a factorization of the heap E into a product of labeled pyramids
with the propertiy

(17) the piece with minimal label is the maximal piece of the pyramid.
Conversely, from the set {Eq,...,Ex} of such pyramids, one can

reconstruct E by taking their product in the increasing order of the
label of their maximal element.
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In the context of species of Joyal [381, or of Foata’s "composé

partitionnel™ {251, a heap is an Tassembly” of labeled pyramids
satisfying (17). Their exponentiel generating function is the right-
hand side of (16) . The proposition c¢omes from standard result on

assembly of species or on “composé partitionnel™. [m]

[ —
AR
G ——
s v v

heap assembly of pyramids
Fig.7. log(heap) = pyramid.

In the next sections, we give a summary of the possible
applications of heaps theory to enumerative and interpretative
combinatorics. This will be done in details in the papers
[151,0[181,0501,[511.

6. Flow monoid and combinatorial proofs in |linear algebra
(summary of [181)

We use the notations of §4. The basis is B. The set of basic
pieces is P = B x B. The projection n : P — #(B) is defined by

(18) for any (s,t) ¢ P=Bx B , nn(s,t) = s.

Definition 6.1. The flow monoid is the heap monoid F (B)=H(P,n,B)
defined by (18).

This corresponds to the fiow monoid introduced by Cartier,
Foata [91 : the edges (s,t) and (s’ ,t’) commute iff s # s’.

The heaps of H(P,n,B) are called fiows. Such a filow E is
defined by its fibers. The fiber Fg(E) over s € B is isomorphic to a
word of Bz with Bg = 48¥ x B . In fact there is no order relation
between two elements of distinct fibers and the flow monoid is
isomorphic to a direct product of free monoids H(P,m,B)x~ T B§ (see
Fig.8). s€B

PDefinition 6.2. A rearrangement is a flow E=(E,g,€) of H(P,n,B} such
that for every g € B, the fiber Fg(E}) defined by (10) satisfies

(19) IFg(EY ] = 14{x€E, €{(&) = (t,s)}}
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In other words the number of edges (t,s) of E coming in s is
the same as the number of edges (s,t) starting from s.

The rearrangements form a submonoid R{(B) of the flow monoid

F(B).
O/?Q/
" o
AN G o} o
Fig.8. A flow.

The two following propositions are typical examples of
bijections transforming a heap into another heap of bigger pieces
cbtained by "gluing” the smal!l pieces {(or conversely "breaking" pieces

into smalier pieces).

A path w of B is any sequence w=(Sp,S1,...,5n) of points of B.
We consider the heap monoid SPCy(B) = H(Q,w,B) which pieces Q are
cyctes (Cy) on B or self-avoiding paths (SP) on B (i.e. no two vertices
appear twice in @} and the projection § is the map associating to a
piece its underliying set of vertices of B. A path w can be identified
with the flow (s¢,81)©(S1,82)})® ... ©(8p-1,Sn), {(product of heaps).

A cycle ¥ = (Sy,...,Sa)} (see the definition at the end of §4
and also see example 5.5) can be identified with the rearrangement
(51,82)®...@(53-1,8n)®(5n,51). The submonoid Cy{(B) of SPCy(B) is formed
by heaps of cycles.

Proposition 6.3. Let u,v € B. There exists a bijection between paths w
of B going from u to v and pyramids F of SPCy(B) such that all pieces
are cycles of B, except ithe maximal piece, which is a self-avoiding
path 1 going from wu to v. This bijection ig guch that the number of
edges (s,t) 1in w (or elementary steps) in the same ag the number of

edges (s,t) contained in the cycles and the paths m of the pyramid E.

This bijection s wparticularly usefult for the enumeration of
certain families of heaps (see below the directed animal problem).

Proposition 6.4. There exists an igomorphism of monoids ¥:Cy (B)—R(B)
between 1he heap monoid of cycies and the heap monoid of rearran-
gements., Moreover, for any s,t€B, ¥ preserves the number of edges (s,1)
in each heap.
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Each bijection of propositions 6.3 and 6.4 is obtained by
“breaking” the heap of <cycles (and self-avoiding path) into its
elementary components : the edges (s,t) considered as elements of the
flow monoid.

Combining the above propositions with the propositions of §5
gives combinatorial proofs of classical identities in linear algebra
(see [91,0261,[271,0361,[461,[521).

X1 Y1
Let A = (ajj) be an n x n matrix and X :[ . ],Y = [ . ]:AX.
X Yn
Paths and cycles are weighted as in example 5.5 by

v(w) = v(s0,81) ... v{(Sn-1,8a) and vi{i,j) = ajj-
o1 ®n
Corollary 6.5. (MacMahon Master theorem). The coefficient of X1 ... Xp
in the forma! serie 1/det(I-AX) is the same as the coefficient of
[ 31 On X1 &n
Xy -.. X in the polynomial ¥1 ...¥n
This is a combination of proposition 5.1, example 5.5 and

proposition 6.4.

Corollary 6.6. (!nversion matrix formula) The term (i
matrix (1-A)"' s Nijj/det (1-A) where Njj; is the
adjoint matrix (cofactor).

f the inverse

i)
term (j,i) of the

b]

This is a combination of proposition 5.3, example 5.5 (together
with a companion formula for the cofactor) and proposition 6.3.

Corollary 6.7. (Jacobi identity)
1
(20) —————— = exp (Tr (tog (1-A} "1)).
det (1-A)

This identity comes from a combination of proposition 5.1,
example 5.5 and proposition 5.3 (in a slightly more general version).

Also, Cayley-Hamilton theorem <can be obtained by wusing a
slightly more general form of the identity (14) of proposition 5.3.

7. Orthogonal polynomials

Any sequence {Pp(X})}p >0 of (formal) orthogonal polynomials
appears as the sequence of reciprocal of the exclusion polynomials of
weighted monomers and dimers on the segment [0,n-1] (see example 5.6).

A combinatorial theory of classical properties valid for any
sequences of orthogonal polynomials has been made by Viennot [471],
following work of Flajolet [22]1. This combinatoriat theory is written
in terms of <certain weighted paths {(called Dyck and Motzkin paths).
Some of the bijective proofs can be simplified by using heaps termino-
logy. The Dyck (resp. Motzkin) paths are transformed (by proposition
6.3) into pyramids of dimers (resp. monomers and dimers) on B = N.
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The main property is the following. Let Php{x) be the sequence
of polynomials defined by the recurrence (15) and H{P,nw,B) be the heap
monoid of monomers and dimers on B = M, weighted by the sequences
{byrlkso and {Ayrxypi of elements of the ring K as in example 5.6.

Let np be the sequence defined by
(21) Hn = % v (F),

where the summation is over all weighted pyramids of m monomers and d
dimers such that n = m+2d and such that the maximal piece contains the
value 0 (i.e. this maximal piece is either (0} or {0,1}), see Fig.8.)

Let f be the unigque linear functional f:K{x] —» K such that
f(x™ = un (n»0).Suppose that AM#0 (k1) and that K has no zero divisors.

Proposition 7.1 - The polynomials Pp(x) defined by the three-terms
ifinear recurrence (15) are orthogona! with respect 1o the seguence of
moments Mp defiped by (21}, that is

(22} f(PxPy) = 0 if k # 1 and f(Pﬁ) 2 0, for every k,130.

The proof follows from the same generalization of identity (14}
of proposition 5.3 mentioned at the end of §6 about a bijective proof
of Cayliey-Hamilton theorem.

O—=0 O OO O
Orthogonal polynomial Py, (x)

O-20

C}miL{D
O—0 OO0 ;

C)Dl @ba Moment M, with n=m+2d
Oo—0O O0—0
O O—O0 O—20
o On © OO0
OO0 0} Oo—0

e O—0
5 B 3 7 Qbs 3 B 5

Fig.9. Orthogonal polynomials and moments interpretated as
exclusion poiynomials and pyramids of monomers—-dimers.

Many other properties of general {i.e. formal) orthogonal
polynomials c¢an be deduced from heaps basic lemmas. In particular the
Jacobi continued fraction expansion (corresponding to Flajolet’s

theorem about weighted Motzkin paths) here becomes a simpie consequence
of a decomposition temma about the pyramids interpretating gy, into
other pyramids. This decomposition s the analog, for ordinary
generating functions, of the decomposition given in the-proof of
proposition 5.10 with exponential generating functions.
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Corolallary 7.2. With the above notation (21} .,

1
(23) E gpth = ———
T-bgt - ngqt?

n30

The convergents of the continued fraction (23) are nothing but
the generating functions of the pyramids interpretating Mp and bounded
on the segment [O0,nl. Thus, applying proposition 5.3, these convergents
are

(24) SPR(t) / Prsp (1),

where Parap{(t) is the reciprocal t®¥ 3P, (1/1) of Ppyi{t) and §P,(t)is
the exclusion polynomial for heaps of monomers and dimers on [0,n] not
containing the wvalue 0, that is the pth orthogonal polynomial corres—
ponding to the "shifted" valuations b; = bystr A; B S M

If we take byp=0 and Mg = ~qk, then we get the exclugion power
serie D(P,®). We are in the case of an infinite set of pieces and (11)
is setisfied. Taking the basis B = N , the exclusion power serie D(q)
is the left hand-side of the famous (first) Rogers-Ramanujan identity
(see for example Andrews [11)

2
n 1

g
(25) 1+ g = F[T
(1-9) (1-g%) ... (1-g™  n30  (1-¢***1) (1-¢°"*%)

n1l

The 1eft hand side of the second Rogers—~Ramanujan identity

2
qn +n 1
(26} 1+ E B F[T
(1-a) (i-a) ... (1-g™  np0  (1-g®**%) (1-q°™*3)
npl
can be interpretated as the exclusion power serie N(q) for weighted
trivial heaps of dimers (with valuation »y = —qk) not containing O.
Proposition 5.1 and 5.3 gives interpretations of the generating
functions 1/D(q) and N (qg)/D(q) , respectively in terms of heaps and

moments pyramids. We can easily deduce Andrews’s interpretations [2]
with quasi-partitions.
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8. Heaps and algebraic graph theory
a) Matching poiynomials of graphs (summary of [151])

Let G be a graph. The matching polynomial of G is the
reciprocal of the exclusion polynomiai D(G;x) defined in example 5.7
pieces are dimers on G (i.e. edges) weighted by x2. Several work has
been done on these polynomials, in relation with physics and chemistry,

see for example [201,(311,0321,035].

Proposition 5.1 and 5.3 give combinatorial interpretation of
the coefficients of the power series 1/D(G;x) and D(G\M;x)/D(G;x) where
G\M denotes the graph obtained by deleting from G the set of edges M
(resp. set of vertices M).

If M is the set of edges containing a vertex s, then
D (G\M; x) /D (G; x) is the generating function for the so-calied tree-/ike
paths introduced by Godsil! [31] in order to give a nice proof of the
fact that the roots of matching polynomials are real numbers (Heilmann,

Lieb [351). In Desainte-Catherine, Viennot [15] we deduce bijectively
Godsil’s result and give some generalizations.
Remark that tree-like paths correspond exactly (via the

bijection of proposition 6.3) to pyramids with the restriction that all
the cycles have length 2.Such cycles can be identified with dimers of G

b) Chromatic polynomials and acyclic orientations of graphs
(from Gessel [301)

Let G be a finite graph with n wvertices, ¥(G;x) be the
chromatic polynomial of G and &(G) be the number of acycl/ic orienta-
tions of G.In [45]1 Stanley has proved the following identity.

(27) ¥(G;-1) = (-1 x(Q).
Gessel {30] has given a nice proof of this identity, using the
commutation monoid. Here we just sketch the idea of his proof,

translated in terms of heaps.

Let G = (S,A) with set of vertices S (resp. edges A). Let € be
the concurrency relation such that G is its concurrency graph (see 84).
Let E be a heap of H(S,€). For k » 1, we denote by sy (E) the number of
factorizations of E in the form E = Ty® ...@Tg where each T; is a
non—-empty trivial heap {(remark that condition (2) of lemma 2.9 is not
necessarily satisfied). Let v be a valuation on the heap monoid H(S,®)
as in &§5. A heap E is called /inear (resp. covering) iff each basic
piece appears at most (resp. at least) once in E. A linear and covering
heap E is a product (in H(S,®€)) of all the basic pieces S. Let LC(S,®)
be the set of such heaps. We have the relation

4
(28) ¥ (Gjx) = > — > By (BE) [x (x-1) ... (x-k+1),
k!

k30 EELC (S,®)



which leads us
graph G.

(29)

' {G; x)

We have

(30)

where
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to introduce the compiete chromatic power serie of the

’
:E —_— > Br (EIV(EY | x{x=1)...{x-k+1}).
k!

k30 EEH (5,®)

E 8r{E) v(E) t¥ = | 1 - ¢t Z v (F) ,

E, k30 F

restricted to
proposition 5.1,

(31)

non-empty trivial heaps. From

relation

(12)

the first summation is over all heaps E€H (S,¥) and the second is

of

we deduce (a bijective proof would alspo be possibie)

r(;-1) = (" > v (E)

EEH(S,®)

The restriction to !inear and covering heaps gives (2

Heaps and Statistical Physics

7).

a) The directed animal problem (summary of Viennot [501)

In 1982, physicis

ts have

introduced

and studied the following problem.

siN points of M X M s

N idth and any point

N using elementary

’ East. The point (

, source point a

4 by its width and

Lebgth of the sma

perpendicular to

directed animals

Fig.10. A directed animal, tributed, let 4y
one source point, average width
square lattice.

A directed animal is

uch that

a set A of
(0,0) € A

(x,y) of A can be

steps

in A,
North
0,0) is calied
nd North-East
P called priviligied direction.
size of the animal A is described
size

length (i.e.

ltest

N reached by a path going from {(0,0)
to (x,y),. with vertices

and
or
the
is
The

rectangle
containing A with edges parallel

or

the priviligied
direction). Let ap be the number of
points.
Considering these animals equidis~

with

(resp.
(resp.

La) be the

length}.
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Physicists expect the following asymptotic behaviour

(32) ap ~ p* 0”8, 4, A oY%, Lo ~ nY%.

The constants &, 1 and y, are called critical exponents. Such
numbers are of particular importance in the models for phase
transitions and critical phenomena.

A surprising fact is that very simplie exact formulase exist for
ap and 4y from which one get immediately u=3, 8= py, = 1/2. After many
other works (for a survey see [49]1) , physics solutions are given by
Dhar 163, (171 and Hakim, Nadal (341 following Nadal, Derrida,
Vannimenus {41]

A complete combinatorial solution (for a, and {£,) can be given
by using heaps basic properties and a bijection between directed
animals (with one source point) and certain pyramids of dimers on 2.
This is done in [501, where some conjectures of Dhar [16] are proved. A

survey of the directed animal mode!l, with both physics and
combinatorial solutions, and relationship with other problems and
models, is given in Viennot {491 . The case of directed animals on a
trianguiar lattice is easier. A  T"brute force” bijection between
directed animais and certain paths has been given by Gouyou-Beauchamps,
Viennot ([331 . This bijection is the same as the one obtained using
heaps.

in the physics solution, Nadal,

! Derrida, Vannimenus [411, Hakim,
Nadal [341 consider directed animals

on a bounded strip : several source

points are now possibie (see Fig.

11). The borders may be identified

" (circular strip). Using transition
matrices acting on a space of spins,
they give a formula for the number
of such animals with given source

¢~4r

points. This formuia is easily
obtained from the generating
function of such animals, which is a
P rational serije N(t)y/D(t). The

potynomials N{t} and D (%) can be

deduced from 87 and proposition 5.3,

using Tchebycheff polynomials first

Fig.11. Directed animals kind (circular strip) and second
on a bounded strip kind (bounded strip).

The problem of the existence and determination of the exponent
1533 still open. 1t is conjectured {411 to be 8/11
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b) Combinatorial interpretation of the density of a gas with
hard-core interactions (summary of Viennot [511)

Here we use propositions 5.1 and 5.10 in the case of the
independency polynomials of exampie 5.8. The heaps model put some light
on the so-called "thermodynamic limit” of the independency polynomials.
We obtain a combinatorial interpretation of the partition function 7(t)
{on an infinite lattice) and of the density

(33) p(t)= t d/dt log Z(t).
In fact,
(34) ~p(-t) = % apt™,
nz0

where the a, are positive integers enumerating certain pyramids.

Using statistical mechanics technigues, Baxter has recently
solved [81 the famous hard hexagon model. This mode! has a phase
transition for the “activity" tc:(il+5V§)/2. For O<t<t,, the partition
fonction Z(t) is given by the following system of equations

Let Ry (q) (resp. Ryy(q)) be the teft hand-side of the first

(resp. second) Rogers—-Ramanujan identity (25) {resp. (268)). The
partition fonction Z(t) is obtained by eliminating g between the two
following equations

Rip(a)y5
(35} t = -q {—————J 5

Ry (a)

Sn) 2

rTT(1_q6n+2)($_q6n+3)2(1_q6n+4)(1_q5+1)2(1—q5n+4) (1-g

30 (1-g8m*ly (1-BP+5) (1.qB0) 2 (1_g5n+2)3 (1_5n+3y3

From heaps basic lemmas, we
deduce that the coefficient ay
defined by equations (33),
(34) , (35)and (36) is the number
of pyramids of hexagons on a
trianguiar lattice, formed with
n hexagons, as shown on Fig.12.
It would be of great interest
to prove directly the equations
enumerating such pyramids of
hexagons, without using
Baxter’s solution (which has
nothing to do with heaps of
pieces). Also the combinatorics
of heaps proves the equivalence

between directed animals

probliems and hard-core gas

Fig.12. A pyramid of hexagons modet, as shown recently by
interpretating the density of the Dhar [171 using physics

gas in the hard hexagon model. arguments.
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10. Heaps and parallelism in Computer Science

Finally, commutation monoids have recently appeared in
Theoretical Computer Science as a model for parallelism and concurrent
access to databases. This is an active and promising area of research
and a meeting on this subject took place in Paris, March 1985, and
another is planned in 1986.

A database is a set of objects called entities. A transaction
is any sequence of atomic actions operating on the entities. Several
transactions can access concurrently to the same database. An action is
identified with a letter and a transaction with a word. Commutations
are defined on these letters, describing the possible concurrency
access to the database. The model can be developped from an algebraic
point of view (rational and recognizabie languages in this monoid,...)
in analogy with the free monoid case (see for example
[71,0121,0131,0191,1233,1421). Another direction introduced by Frangon
[281,1291 and Arques et al.[41,[5]1 is combinatorial. This direction,
following some ideas of Papadimitriou ([42] and related papers) allows
the comparison of the performances of concurrency control algorithms
with the computation of the cost of serialization of an execution or
with the determination of Frangon’s paralielism ratio, frequency of
deadiocked executions,etc... These problems c¢an be reduced to the
asymptotic enumeration of certain sets of commutation classes, or
enumeration of words in these classes.

The heap monoid model may bring other ideas about these
questions. First of all, replacing the alphabet {(which letters are a
coding of the atomic actions) by a set of basic pieces P, equipped with
a basis B and a projection map 7: P -» #(B) can be closer to concurrency
considerations. For example one can consider the basis B toc be the set
of entities. An atomic action, symbolized by the basic piece ®€P, will
operates on the subset m(®)cB of entities. This atomic action, exactiy
as the basic piece, is a certain "structure” on the support s (x). The
concurrency relation of §4 will corresponds to atomic actions having
access to common entities. Under this model, two actions will commute
iff they operate on disjoint subsets of entities.

Another idea is to use heaps of pieces as a new data structure
in Computer Science. This structure appears as a generalization of the
binary tree structure {(which is a poset and thus can be “realized” as a
heap) and the structure formed by several independant stacks. One can
implement the heap data structure by its fibers, or by defining /inks
between a piece ® and the pieces g which are covered by w. This data
structure would be of particular advantage in parallel algorithms,

in conciusion, one of the interest of the heaps formulation is
to reiate some problems coming from completely different fields, as for
example the detsrmination of the critical exponents of the directed
animals problem in Statistical Physics and the computation of Frangon’s
ratio of paralleiism. Both are equivalent to asymptotic enumeration of
certains heaps. Some problems are equivalent to enumerate the number of
words in a commutation class (as for example "aggregats” problems in
Statistical Physics). From §3, this is equivalent to enumerate |inear
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extensions of a given poset. Thig problem is well~known in poset
theory and expliicit formulae exist only in certain particular cases
(standard VYoung tableaux, standard shifted Young tableaux, trees,...).

Of course, the difficulty of the problem remains the same in both
points of view, but the spatial intuition, the powerful basic heaps
lemmas and the connections made between different domains may be useful
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