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An issue in the representation by a neural network of objects detected by its sensors is whether such 

representations are based at a single neural cell or require a distributed subnetwork. We perform an 

analysis near the sensor level of a simple geometric shape and show that given the appropriate math- 

ematical structure, representations can be both local and distributed. Moreover, as simulations demon- 

strate, using the proposed structures in neural network design leads to improved performance in object 

discrimination. 
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1. Introduction 

In this paper we apply a mathematical model to address the

issue of local versus distributed concept representation in neural

networks. Can single neural cells represent objects or events (here-

after we shall use the term “objects” for both) or do objects require

a population of cells? At one extreme, “local” means that only a

single cell is required to represent an object, and at the other ex-

treme “distributed” means that there is no single cell capable of

signifying an object’s presence. Is there a middle ground between

these two extremes? Another issue is of no less importance, since

the notion of representation inevitably leads to the question of

whether neural networks are capable of symbolic processing. “Rep-

resentation” implies some form of description of the objects repre-

sented by the structure and activity of a neural system, suggest-

ing the more specific term “concept representation”. This in turn

is suggestive of symbolic structures such as syntactic formulae. But

claiming that a neural network is capable of learning and manipu-

lating symbolic expressions begs the question of whether any neu-

ral network has the properties required for manipulating symbolic

representations. We mention this because the discussion of repre-

sentation involves symbols, such as in language or graphics. Due to

space limitations, however, we do not treat this second issue here.

An analysis of these problems—exclusively defining connectionist
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ystems as distributed, and the notion of representations as sym-

olic concepts—is presented in [1] , with a later review of localist

ersus distributed representations presented in [2] . 

.1. Is representation local or distributed? 

The notion that representations of perceived objects or situ-

tions are encoded uniquely by single neurons in the brain is

eferred to as the “grandmother cell” or “localist” view. The com-

lementary notion that representation requires the activity of a

ulti-cell population is known as the “distributed” or “population

oding” view. Establishing which of these views is correct has been

n issue in the related fields of neuroscience and neural network

omputer modeling. Some studies in neural science have provided

vidence for the representation of physical objects, visual scenes

nd other sensorial stimuli by individual neurons in the cerebral

ortex and associated areas such as the hippocampus [1–4] . Indi-

idual hippocampal neurons have been observed to fire in corre-

pondence with specific combinations of an animal’s behavior and

ocation in an environment [5] , which would seem to implicate

ingle-cell encoding within a network of alternative representa-

ions of behaviors-in-place. On the other hand, Huth et al. [6] have

ound evidence that representations of stimuli such as objects and

cenes occur in a continuum across the brain, such that entities

haring many properties are spaced closely together in the neu-

al tissue while dissimilar entities are represented at distant areas.

n this view, whole populations of cells in small brain regions are

equired for the representation of specific categories and, more-

ver, a population may represent more than one category, and the
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epresentations change in a continuous fashion as one transitions

cross a sheet of cortical tissue. A variant of this view has it that

he statistical properties of variations in activity across a cell pop-

lation constitute the representations of different entities [7] by

he population as a whole. Stansbury et al. have shown that nat-

ral scenes can be associated with individual voxels (hence, rel-

tively small cell populations) in visual cortex based upon object

o-occurrence statistics and voxel fMRI signals recorded when the

cenes are presented to subjects [8] . Their results suggest that mul-

iple scenes can be associated with a given voxel and also that the

rain exploits scene statistical properties at multiple levels of ab-

traction. 

In a recent survey of neural models, Bowers states [2] that con-

ectionists who favor the distributed view often regard the local-

st view as the extreme position that a single neuron exclusively

ncodes an observed instance of an object in some configuration

“my grandmother, knitting by the fire”), with no support from

dditional neural cells—the “Grandmother Cell view”. However, al-

hough there is much recent evidence for highly selective firing in

ome neurons in humans, there is no evidence for this extreme

iew. At the opposite extreme is the distributed connectionist net-

ork in which no cell represents symbolic information, that is, a

eaningful item of information that may be expressed in human-

nderstandable symbols. Only the activation of an entire subnet-

ork of cells represents a meaningful item in this view; the in-

ividual cells are sometimes said to be encoding “sub-symbolic”

nformation. 

Finally, there is a view that lies between the localist and dis-

ributed views, in which a single object or category is encoded by

 cell population, but the population acts as if it were a single cell.

his type of representation is distributed, but acts as a local rep-

esentation because the entire population is active when, and only

hen, the aforementioned object or category is being represented;

hus, it acts in a manner disjoint from the rest of the network and

an be characterized symbolically. Apparently, the evidence sup-

orts both the localist and distributed views of object and category

epresentation in the human brain. Indeed, some have suggested

hat population coding is really the interaction of local representa-

ions which provide inputs to a single cell that has a local repre-

entation that is based upon those of the other cells. Damasio in a

lassic paper proposed a model of the convergence across multiple

rain regions of representations at local sites to form more com-

lex multimodal or multi-featural representations further down-

tream in the processing of sensory data [9] . In [10] , Barsalou

roposed a detailed model combining representations recursively

nd proposed it as a neural network symbol system (the Percep-

ual Symbol System), emphasizing its cognitive representational

apacities. Neither of these proposals commits to one or the other

xtreme, local or distributed, but both have the flavor of an inter-

ediate position. Recent applications of text processing for docu-

ent ranking, language translation and other tasks harness local-

istributed artificial neural networks [11,12] . 

.2. The contents herein 

Our position lies within the intermediate view. In past writings,

e have introduced the Categorical Neural Semantic Theory (CNST)

see for example [13–15] ), a mathematical theory of the seman-

ics of neural structure and activity based upon category theory.

n the one hand, the CNST models a representation as local, rep-

esented by a single cell. However, this cell serves as a central site

f organization for the represented object’s separately-represented

omponents, and also as a unique indicator for the object. To ef-

ect this, the indicator cell interacts with an interconnected array

f cells which collectively provide the semantic details of the in-

icator cell’s representation. In this sense, the representation is
istributed as well as local. Tracing back through a hierarchy of

uch structures grounds these local-distributed representations at

he level of sensor, actuator or autonomous pattern-generating

ells depending upon the network’s functional capabilities. The re-

aining sections of this paper are dedicated to making this case

ith an example at the sensor level. The resulting neural structure

ill be seen as a system of representations that is both local and

istributed. 

The organization of the paper is as follows. In Section 2 we in-

roduce our main example and begin the discussion with local and

istributed neural structures. Section 3 deepens the analysis with

he mathematical considerations involved. Sections 4 and 5 explore

he main theme of this paper, showing how one of the category-

heoretic constructs used in the CNST, the colimit , addresses the

roblem by building complex representations as blended combina-

ions of simpler ones. This results in a type of structure that can be

sed for understanding an object as an organized structure, a par-

icular assembly of its components. We demonstrate the advantage

f this analysis through computer simulations. Section 6 provides

 discussion and the conclusion. 

. A neural vision system and its semantics 

.1. A single cell and concept representation 

Consider a neural network equipped with a vision sensor. The

esign goal for the neural network is simple: to discriminate a

articular kind of geometric object, a triangle, from other objects

urely based upon brightness stimuli detected by the sensor el-

ments, where each element supplies a pixel of the image. As a

aseline for analysis, the simplest possible neural network would

e a single neuron T. The sensor communicates with T through in-

ut connections emanating from the sensor elements. The recep-

ive field (RF) of T is the entire scope of the vision sensor. If T re-

eives an aggregate stimulus through its input connections whose

um exceeds a threshold value T becomes active, supposedly sig-

aling the presence of a triangle image in its RF. 

We use the term concept representation for our semantic anal-

sis of the neural network’s representational capability, our ability

o interrogate the activity of neural cells to formulate a descrip-

ion of the stimuli that cause the activity. Whether T can recognize

 stimulus as a triangle as opposed to other visual stimuli might

e considered a criterion for T representing the triangle concept.

ecognition requires the ability to distinguish a stimulus as a spe-

ific familiar object or situation, and this suggests some use by the

eural architecture of information implicit in the organization of

ts stimuli. Beyond recognition, a full representation requires the

bility of the neural network to infer properties of a stimulus such

s inferring that a particular arrangement of objects constitutes a

ore complex object. For example, a triangle has three angles and

hree sides joined in a specific arrangement. It is possible to recog-

ize such a structure implicitly through connection-weight adap-

ation by having been presented with closely similar as well as

ontrasting stimuli; to make greater use of a stimulus through, for

xample, a more explicit decoding or “parsing” of its constituents

nto objects and relations is another matter. Recall (as opposed to

ecognition) might be said to utilize the latter capability, with as-

ociation between items as a search tool. 

In fact, the semantic content of T’s representation is minimal

nd the concept we would use to express it reflects that. We

ight express it as “ θ > θ T ”, where θ is a number expressing

he brightness of the stimulus and θ T is an activation threshold

or T. The sensor for T might as well consist of a single photo-

ell aggregating the light from the visual field. Thus, we know two

hings: first, if T represents a concept it is certainly a local repre-

entation since T is the only neuron and second, this single neuron
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Fig. 1. The receptive fields of sensory neurons that detect the components of a tri- 

angle in the visual field. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Three shapes using correctly-located angles and sides that are not triangles. 

Fig. 3. An edge-detector cell, or contrast cell, with its sensory inputs. 
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represents only the simple concept of the brightness stimulus, not

a triangle. 

2.2. An initial multi-cell architecture 

To satisfy the design goal of the discrimination of a stimulus

object as a triangle, we can try adding more neurons to the neu-

ral network to separately and uniquely represent the components

of the desired triangle and signal their presence to T. If T has a

high enough activation threshold, the presence of all constituents

would be required to cause T to become active. In this way the

neural network would be a step closer to representing the con-

cept of a triangle because it is essentially parsing its inputs into

the components that make up a triangle. This of course assumes

that it can discriminate the components, or visual features, of the

triangle from other objects. 

An improved neural network design provides six “feature-

detector” neurons, three specialized for edges and three special-

ized for vertices or angles, 1 each with its own sensor element.

Fig. 1 shows a triangle whose sides each consist of a single edge.

The feature-detector RFs lie largely within the RF of the neuron

T, which now receives its input via connections emanating from

them. If these are binary with outputs of 0 or 1, the connection

weights are excitatory with unit strengths, and the neuron T has a

stimulus threshold value greater than 5 but less than 6, then using

a simple, rate-coded neuron model in which T sums its inputs and

tests the sum against its threshold T will be activated if and only

if all six of its inputs are active. 

Of course, there are several problems with this. First, the detec-

tion problem has been moved only a step back from T, for with-

out more structure in their input stimuli the feature-detectors are

responding only as single brightness stimuli. Second, merely con-

necting feature detectors as inputs to T says nothing about how the

features are arranged within the image, even if they did correctly

detect their intended features. A triangle-detector neuron T must

not only correctly detect and identify the six elements of a trian-

gle, it must also combine them in an arrangement that says “trian-

gle”. But as Fig. 2 shows, the representation is incorrect regardless

of the fact that the appropriate features are located in the RF of

T. This is to say nothing of the problems posed by environmental

contingencies such as mist and other sources of shape distortion, a

slight overlap with a nearby object, or a noisy image. 
1 Here, the terms “vertices” and “angles” are used interchangeably albeit an angle 

is the area between two lines meeting at a vertex. 
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. Semantics—going deeper 

.1. Edge detection 

Fig. 3 shows a hypothetical neural system for edge-detection,

he simplest problem to solve in discriminating between visual

hapes. This architecture consists of a cell e with an RF D e in

he sensor pixel array. This set has been subdivided into two re-

ions or subsets, D 

+ 
e and D 

−
e . Two of the potentially many pixels

shown as very small squares) from each region along with their

eighted connections to e are shown. The connections from the

ixels in D 

+ 
e to the edge-detector cell e are excitatory, indicated

y plus signs where they synapse upon e . The connections from

he pixels in D 

−
e to e are inhibitory, indicated by minus signs. The

esultant input sum processed by e is 

e = � j∈ D + e 
w j s j − � j∈ D −e w j s j (0 ≤ s j ≤ 1) , (1)

here the w j are unsigned connection weight magnitudes and the

 j are pixel brightness values, with 0 ≤ s j ≤ 1 . The upper bound of

nity is to avoid saturation. 

In the spirit of simplicity, assume for now that the signal func-

ion φe for e is a rectified linear function whose constant of pro-

ortionality is unity, 

e (θe ) = [ θe − θT ] + , (2)

here the cell’s activation threshold is θ T with θ T ≥ 0 and the

unction [ x ] + is defined as 

 x ] + = 

{
x, x > 0 

0 , otherwise . 

urther simplifying, let θT = 0 so that a net positive value in the

nput summation activates e . 

The edge detector functionality is to be such that if an image

lmost covers D 

+ 
e but shows up hardly at all in D 

−
e , e will be acti-

ated and emit a strong output signal, signaling an edge occurring

long the midline separating D 

+ 
e from D 

−
e . Fig. 3 illustrates this for
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Fig. 4. Angle detection based upon the overlapping RFs of two edge detectors. 
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Fig. 5. A putative architecture for angle detection using the outputs of two edge 

detectors. 

t  

r

a  

m  

r

 

t  

e  

t  

t  

t  

o

θ

H  

s  

 

t  

t  

b  

c  

o  

f  

o  

W  

i

 

w

θ

I  

t

[

R  

m  

θ

n image I (for ease of illustration, in this figure the shaded region

ontains the brightness stimuli while the clear region indicates an

bsence of stimuli). Of course, the balance of excitatory versus in-

ibitory inputs required to activate e can vary widely depending

pon the weights w j . We can simplify the analysis somewhat by

ssuming that there is little or no intrinsic bias toward any par-

icular set of pixels in the transmission of stimuli. Therefore, we

ssume that the magnitudes of the weights over D 

+ 
e are uniform

nd normalized, and the same for D 

−
e . The simplest type of nor-

alization is an � 1 -like summation with the value unity, where in

his case � j∈ D + e 
w j = 1 = � j∈ D −e w j . We also assume that both the

xcitatory and inhibitory regions have the same number of pixels

in the simulations of Section 5 this held only to an approxima-

ion). Given these assumptions, the edge-detector output will be

estricted within the range 

0 ≤ [ θe ] + ≤ 1 . 

n fact, if each pixel’s output value is a binary 0 or 1, merely sub-

racting the area covered by an image I within D 

−
e from that

ithin D 

+ 
e in an appropriately-scaled map of the visual field rep-

esents the value of the input sum θ e for I . 

Let us assume heretofore that the signal function for all cells

s 

(θ ) = [ θ ] + , 

s with e . This provides a baseline, making the simplest reason-

ble assumptions for the subsequent analysis. If we are successful

t deriving working architectures, nonzero thresholds and/or non-

inearities can be left as an option available for either “fine-tuning”

n artificial neural network or enhancing the realism of a biological

odel. 

.2. Vertex detection (angle detection) 

A simple design for vertex- or angle-detection cells can be at-

empted by combining edge-detection cells. Imagine two e -cells e

nd e ′ with overlapping RFs, with the midlines of the RFs meet-

ng at an angle at an intersection point on their circumferences as

hown in Fig. 4 . Set-theoretically, an angle in the Euclidean plane

s defined as the set of points between two rays emanating from

 vertex. Using pixels in place of mathematical points, the angle

s the intersection of the sets of excitatory pixels, D 

+ 
e ∩ D 

+ ′ , for

e 
wo edge detectors e and e ′ whose orientations represent the di-

ections of the two rays as shown in Fig. 4 . The midlines of D e 

nd D e ′ enclose the intersection D 

+ 
e ∩ D 

+ 
e ′ of excitatory pixels. For-

ally, the unbounded region extending this enclosed region to the

ight is the angle, indicated by shading in Fig. 4 . 

To detect the angle, the v -cell takes its input directly from the

wo e -cells (see Fig. 5 ). The two inputs from the e -cells to v are

xcitatory, effectively relaying the competition between the excita-

ory and inhibitory pixels that defines each e -cell’s activity. With

his design we intend that if e and e ′ are both sufficiently active,

he angle depicted in Fig. 4 has been detected at the shaded region,

therwise not. The input sum for v in terms of e and e ′ is 

v = w e [ θe ] + + w e ′ [ θe ′ ] + . (3) 

ere, w e and w e ′ are unsigned weight magnitudes. Assuming the

ame signal function as for e -cells, the v -cell produces signals

[ θv ] + based upon (2) . 

The cell v simply adds the inputs from its two e -cells and tests

he sum against zero, allowing a signal from either e or e ′ to ac-

ivate v . But this is clearly inadequate for angle detection, for a

alance of pixel activity in favor of either D 

+ 
e alone or D 

+ 
e ′ alone

ould be mistaken for an angle. The v -cell can respond to many

ther shapes as exemplified by the one in Fig. 6 . Therefore, to avoid

alse positives, either the threshold θ T, v must be greater than zero

r φ must be different for v , having some highly nonlinear form.

e need the v -cell output to be nonzero only if both of the e -cell

nputs to v are nonzero. 

For simplicity, suppose that the v -cell’s inputs have equal

eights, with w e = 1 / 2 = w e ′ in (3) . Then, 

v = 

1 

2 

[ θe ] + + 

1 

2 

[ θe ′ ] + . 

f φv had a threshold θ T ≥ 0 , an angle detection would require

hat θ v > θ T, v , requiring in turn that 

 θe ] + + [ θe ′ ] + > 2 θT, v . (4) 

ecalling that the e -cell outputs are bounded above by unity, we

ust have it that if for example [ θe ] + = 1 while [ θe ′ ] + = 0 , then

v ≤ θ T, v so that [ θv ] + = 0 . From (4) , this would imply 1 + 0 ≤
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Fig. 6. An image shape that is a poor match for an angle-detector. 
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2 θT, v , or 

θT, v ≥ 1 

2 

. 

With its threshold value in this range, activating v would require

that 

[ θe ] + + [ θe ′ ] + > 1 . (5)

Enforcing the shape control sufficient to ensure a reasonable ap-

proximation to the angle that v is supposed to represent requires

that θ T, v have a high value, and the question becomes one of

just how high this must be to force the image shape to be a rea-

sonable approximation to the specified angle. Alternatively, φedge 

could have a high threshold, but this is not a solution because

it would make edge detection difficult without really solving the

problem. The root of the problem is that the simple neural net-

work design so far proposed has no explicit mechanism for shape

control. Too much is being expected of φedge , φangle and the pa-

rameters θ T, e , θ T, v , w e , and w e ′ . 

4. Semantic analysis applied to neural network design 

The underlying problem with the architecture in the previous

section is that connecting e and e ′ to v in effect simply com-

bines the separate influences of the two sets D e and D e ′ , with

each set acting independently upon v . This ignores the fact that

the sets may have a nonempty intersection D e ∩ D e ′ in which each

pixel plays a dual role in its influence upon v since it acts sepa-

rately through e and e ′ . A part of this intersection is D 

+ 
e ∩ D 

+ 
e ′ ,

in which each pixel’s excitatory effect upon v is doubled when

both e and e ′ are active because as an element of D 

+ 
e it has an

excitatory effect upon e , and, hence, v through the excitatory con-

nection with weight w e , and as an element of D 

+ 
e ′ it also has an

additional excitatory effect upon v . On the other hand, an active

pixel in the region D 

+ 
e ∩ D 

−
e ′ has no influence when both e and

e ′ are active because as an element of D 

+ 
e it has an excitatory ef-

fect upon v but as an element of D 

−
e ′ it has an inhibitory effect

of equal magnitude upon v . This means that if the weights w e 

and w e ′ are equal the influence of the pixel upon v is effectively

cancelled to zero. A similar statement applies to a pixel that is a

member of D 

−
e ∩ D 

+ ′ . We can summarize this in the set-theoretic

e 
odel by stating that this architecture combines the two sets D e 

nd D e ′ in a disjoint union D e + D e ′ because it allows each pixel

n the intersection D e ∩ D e ′ to play two independent roles. The

inearity of φedge is not the problem; similar statements about the

ffects of the intersections would be true if φedge were nonlinear.

nd as previously suggested, forcing the form of φedge to help in

hape control for angle detection is an added burden upon its role

n edge detection. In summary, the expression D e + D e ′ does not

xpress the intended semantics of angle detection with the design

llustrated in Fig. 5 , but it does express something about what the

esign actually does . 

.1. Reconsidering the connectionist structure 

The previous example shows in mathematical detail that an ob-

ect, even one as simple as an edge over a small region, is more

han a mere collection of its parts: A proper description of it in-

ludes information about its structure, how its parts are joined to

omprise the whole. To this end, let us reformulate the inputs to

he v -cell to include the missing structural information. The re-

ulting input sum is meant to discriminate between angles and

on-angles without requiring the demanding adjustments to the

eural network signal functions of the preceding formulation. If

uccessful at detecting the desired angle, the use of thresholds

nd/or nonlinearities will be an option available for “fine-tuning”

he neural network, as previously proposed. 

Continuing with the rectified-linear signal functions, let all

hresholds be zero, θT = 0 . There are two cases to consider: 

• Case 1. Each e -cell has a net positive input and is therefore

active according to (2) . 

• Case 2. Only one of the e -cells, e say, is active. 

We first express the quantities θ e and θe ′ in (5) in

reater detail by expanding the summation quantities in terms

f the subregions D 

+ 
e ∩ D 

+ 
e ′ , D 

+ 
e ∩ D 

−
e ′ , D 

+ 
e ∩ D 

0 
e ′ , D 

−
e ∩ D 

+ 
e ′ , D 

−
e ∩

 

0 
e ′ , D 

−
e ∩ D 

−
e ′ , D 

0 
e ∩ D 

+ 
e ′ and D 

0 
e ∩ D 

−
e ′ . The notation for the subre-

ions of the intersection of RFs is as shown in Figs. 4 and 6 , but

ith the additional inclusion of D 

0 
e and D 

0 
e ′ , which are the regions

omplementary to D e and D e ′ , respectively, within D e ∪ D e ′ . As-

uming as before that there is no bias in favor of either e or e ′ so
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Fig. 7. A modified architecture for angle detection. 

Fig. 8. A colimit for a base diagram of sets and functions with an angle as colimit 

object. Here, the small circles are simply an aid for tracking the inputs from the 

u -cells. 
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hat w e = w e ′ , we replace (5) with the following: 

v = w e ( [ θe ] + + [ θe ′ ] + ) 

= w e 

(
[� j∈ D + e ∩ D + 

e ′ 
w j s j + � j∈ D + e ∩ D −

e ′ 
w j s j + � j∈ D + e ∩ D 0 

e ′ 
w j s j 

−� j∈ D −e ∩ D + 
e ′ 

w j s j − � j∈ D −e ∩ D 0 
e ′ 

w j s j − � j∈ D −e ∩ D −
e ′ 

w j s j ] + 

+[� j∈ D + e ∩ D + 
e ′ 

w j s j + � j∈ D −e ∩ D + 
e ′ 

w j s j + � j∈ D 0 e ∩ D + 
e ′ 

w j s j 

−� j∈ D + e ∩ D −
e ′ 

w j s j − � j∈ D 0 e ∩ D −
e ′ 

w j s j − � j∈ D −e ∩ D −
e ′ 

w j s j ] + 
)
, (6) 

here the s j are as usual the current activities of the pixels

nd the w j are the weights, normalized for each region D 

+ 
e 

r D 

−
e according to the equation � j∈ D + e 

w j = 1 = � j∈ D −e w j from

ection 3.1 . Assuming further a uniform weight distribution and

qual numbers of cells card (D 

+ 
e ) and card (D 

−
e ) in D 

+ 
e and D 

−
e 

ust for simplicity in this discussion, the weight values are w j =
1 

card (D + e ) 
= 

1 
card (D −e ) 

(again, this is an approximation and the simu-

ations use corrected weights). 

At this point, a change in notation will yield greater clarity. In a

eighted summation with weights w j of the activities s j of the

ixels represented by the elements of a set X , let us substitute

he expression �X for �j ∈ X w j s j . With this simplification, we can

ewrite (6) as 

v = w e 

(
[�D 

+ 
e ∩ D 

+ 
e ′ + �D 

+ 
e ∩ D 

−
e ′ + �D 

+ 
e ∩ D 

0 
e ′ 

−�D 

−
e ∩ D 

+ 
e ′ − �D 

−
e ∩ D 

0 
e ′ − �D 

−
e ∩ D 

−
e ′ ] + 

+ [�D 

+ 
e ∩ D 

+ 
e ′ + �D 

−
e ∩ D 

+ 
e ′ + �D 

0 
e ∩ D 

+ 
e ′ 

−�D 

+ 
e ∩ D 

−
e ′ − �D 

0 
e ∩ D 

−
e ′ − �D 

−
e ∩ D 

−
e ′ ] + 

)
. (6 

′ ) 

Notice that D 

−
e ∩ D 

−
e ′ = ∅ for angles of size not greater than

80 o , and, hence, its contribution to the summations is zero. Now

or Case 1: since both cells are active, we can drop the rectification

ymbols for the two signal functions, group like summation terms,

nd cancel like terms with opposite signs, yielding 

v = w e (2 · �D 

+ 
e ∩ D 

+ 
e ′ + �D 

+ 
e ∩ D 

0 
e ′ + �D 

0 
e ∩ D 

+ 
e ′ 

−�D 

−
e ∩ D 

0 
e ′ − �D 

0 
e ∩ D 

−
e ′ ) . (7) 

7) expresses in detail that in the disjoint union the effects of the

ixels in D 

+ 
e ∩ D 

+ 
e ′ are doubled and the effects of those in D 

+ 
e ∩

 

−
e ′ and D 

−
e ∩ D 

+ 
e ′ are cancelled out. As for Case 2: only one of the

ells is active, e say. Then, 

θv = w e (�D 

+ 
e ∩ D 

+ 
e ′ + �D 

+ 
e ∩ D 

−
e ′ + �D 

+ 
e ∩ D 

0 
e ′ 

−�D 

−
e ∩ D 

+ 
e ′ − �D 

−
e ∩ D 

0 
e ′ ) . (7 

′ ) 

7 ′ ) expresses in detail the effects of e acting alone upon v . 

.2. A change to the architecture 

Now consider the following change in the neural network de-

ign. A new type of cell called a u -cell is shown in Fig. 7 at a level

ntermediate between the pixels and the e -cells. The effect of the

ew architecture upon cell v in angle detection is illustrated in

ig. 8 . The inputs to the u -cells u 1 , u 2 and u 3 emanate directly

rom the pixels in their RFs—the two crescent-shaped regions and

he arrowhead region within D e and D e ′ —and are uniformly ex-

itatory. Input connections to the e -cells emanate from these new

ells and are excitatory or inhibitory as required. Thus, the RF D u 1 

f the cell u 1 is the pixel set D 

+ 
e ∩ D 

+ 
e ′ and the u 1 -cell supplies

xcitatory input to its e -cell targets. On the other hand, the RF

D u 2 of u 2 is D 

+ 
e ∩ D 

−
e ′ , where u 2 supplies excitatory input to the

 -cell and inhibitory input to the e ′ -cell. Similarly, the RF D u 3 of

 3 is D 

−
e ∩ D 

+ 
e ′ , supplying input to the e -cell and excitatory input

o the e ′ -cell. For now one may think of the pixels supplying the

emainder of the inputs to the e -cells, but see the last paragraph
f the following section. To simplify the presentation, the RF sets

uch as those in the diagram in Fig. 8 will hence forth be labeled

ith the cells whose RFs are the sets. For example, the label u 1 
ill used in place of D u 1 in the remaining figures, although not in

he text. 

As was noted in the last section, the three sets D 

+ 
e ∩ D 

+ 
e ′ , D 

+ 
e ∩

 

−
e ′ and D 

−
e ∩ D 

+ 
e ′ are represented twice in the disjoint union ar-

hitecture by the duplication of excitatory inputs from the cells

 and e ′ . However, now the u -cells are available and enable us

o add a modification. Through an additional set of exclusively in-

ibitory connections directly to the v -cell, the u -cells correct for

he disjoint representation by supplying the missing information

bout the intersection D e ∩ D e ′ . This increases the sensitivity of

he angle detector to shape distortions in Case 1 above by (1) al-

owing any shape distortions occurring in D 

+ 
e ∩ D 

−
e ′ and D 

−
e ∩ D 

+ 
e ′ 

o lower the activity of v and (2) further lowering the overall ac-

ivity of v by discounting for one copy of its positive input from

D 

+ 
e ∩ D 

+ ′ . It increases sensitivity in Case 2 by simply lowering the

e 
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activity of v . In both cases, the extra inhibitory input from the u -

cells in effect supplies a variable threshold for the v -cell. The an-

gle detector remains sensitive to shape distortions from inactive

pixels within D 

+ 
e ∩ D 

+ 
e ′ because there remains a net of one excita-

tory input per pixel from that region in the desired Case 1. Now,

however, each inactive pixel in this region has a greater relative

effect in lowering the activation level of v . For the other two in-

tersection regions, the effect of the inhibitory input to each e -cell

is doubled, again lowering the activation of v . In Case 2, the effects

are similar, and a significant amount of either an inappropriate im-

age, image distortion or noise can cause v to become inactive. As a

result, the new architecture makes nonlinear signal functions and

nonzero thresholds an option, not a necessity. 

4.3. A colimit architecture 

The formalization via sets illustrated in Fig. 8 enables an ex-

amination of the semantics of the new architecture illustrated in

Fig. 7 . This contrasts the functionality of the new architecture with

the disjoint union architecture illustrated in Fig. 5 . The shaded re-

gions indicate the excitatory inputs to each e -cell when it acts

alone as an edge detector, and the net excitatory input to the

angle-detector v -cell from the e and e ′ cells. Also acting upon

the v -cell are inhibitory inputs via direct pathways from the u -

cells. The formalization via sets does not convey the excitatory and

inhibitory natures of the connection pathways. It is for this reason

that Fig. 8 must be enhanced with shading to represent the regions

of net excitatory input to each cell, with white in the crescent-

shaped regions representing the regions of net inhibitory input.

Formally, the interplay of excitatory and inhibitory inputs is ex-

pressed in the input summations. The illustration with the shading

added provides a conceptual, semantic view of the functionality of

the architecture illustrated in Fig. 7 . 

In the mathematical discipline of category theory, Fig. 8 illus-

trates a diagram that defines a colimit . The sets are objects and the

functions which map pixels in one set to pixels in another are the

arrows, or morphisms , in a category . An introduction to category

theory is contained in several of our papers and references therein;

see for example [13–15] . The sets and functions of the diagram

are illustrated by the circular disks and the arrows joining them;

in the category of sets and functions, these morphisms are inclu-

sion functions representing the subset relation. The inclusions de-

fine D u 1 , D u 2 , D u 3 as subsets of D e and D e ′ and D u 1 , D u 2 , D u 3 , D e 

and D e ′ as subsets of D v . The smaller disks inside the disks rep-

resenting D e and D e ′ indicate the locations of D u 1 , D u 2 and D u 3 .

The edge-detector disks are shown inside D v as lightly-dashed cir-

cles containing the smaller disks which again locate D u 1 , D u 2 , D u 3 ,

which sets cover the intersection D e ∩ D e ′ . A separate disk for the

angle-detector v is superimposed over the union of the dashed

disks to emphasize that the result is an RF for a single angle-

detector cell, with its shaded “arrowhead” region illustrating the

intersection of the excitatory RF region in D e ∩ D e ′ . 
The entire figure shows a cone-like structure called a cocone

attached to the RFs inside the dashed-rectangle box, which en-

closes the base diagram of the colimit. The set D v together with

D u 1 , D u 2 , D u 3 and D e and D e ′ , and the arrows joining them, com-

prise the defining diagram of the colimit. The base diagram can be

thought of as a specification for constructing the “Colimit (join) v ”.

In the colimit construction, the union of D e and D e ′ is properly

expressed by blending them so that they are merged where they

share the images of the u -cell RFs that represent the three parts

of the intersection D e ∩ D e ′ . 
The claim that the colimit expresses the intersection of the two

edge-detector RFs correctly within the union follows from the fol-

lowing property of the cocone when combined with the base di-

agram, a property known as commutativity : choosing any one of
D u 1 , D u 2 or D u 3 and following all three pathways from that set

hrough the mapping arrows to D v results in one and the same

omposite function regardless of the pathway followed; that is, the

hree mappings given by tracing the three different pathways are

quivalent. One of the three pathways consists of a single arrow

apping the u -cell’s pixels directly into D v . The other two path-

ays map each of the u -cell’s pixels through D e and D e ′ and on

nto D v . In doing so, the base diagram arrows based at the u -cell

re composed with arrows from the cone-like structure. The three

athways, two of them forming the function compositions, yield

ne and the same function, the same function represented by the

ingle arrow directly from the u -cell to v . This states mathemati-

ally that each u -cell intersection region is represented only once

n the union of D e and D e ′ , for the commutativity guarantees that

ll pathways from any D u i to D v ( i ∈ {1, 2, 3} ) correspond to a sin-

le function. 

It is important at this point to defray a reasonable objection to

ur introduction of the u -cells as having such specialized small

Fs as D 

+ 
e ∩ D 

+ 
e ′ , D 

+ 
e ∩ D 

−
e ′ and D 

−
e ∩ D 

+ 
e ′ , the arrowhead- and

rescent-shaped regions. This would require specialized u -cells for

lending for practically every neural network structure that rep-

esents a colimit. In fact, our specialized u -cells are merely a

ross simplification for clarity in this discussion. The three u -cells

hown in Fig. 7 in actuality are substituting for many u -cells cov-

ring those regions. Collectively these provide the appropriate in-

uts to the e , e ′ and v cells. In fact, overlapping u -cells provide

 uniform covering of the entire visual space and supply excitatory

r inhibitory output as required, while receiving uniformly excita-

ory input from their RF pixels. Collectively, then, the u -cells obvi-

te the need for direct input from the pixels to cells such as e , e ′ 
nd v . Each u -cell has an RF in the form of a disc-shaped region,

nd clusters of u -cells’ RFs form the specialized regions such as

hose used in the example. Thus, specialized blending cells are not

equired for colimits at the sensor level. 

.4. The colimit as a local-distributed concept representation 

The colimit is one of the key categorical structures used in the

NST. Colimits exist for all diagrams, finite and infinite, in many

ategories based upon a theorem in category theory. Functors and

olimits are discussed in books on category theory (a comprehen-

ive formal treatment is given in [16] ; a more accessible source for

he non-mathematician is [17] ) and in some of our previous papers

see for example [13] ). 

We formalize a category of concepts as a category Concept of

heories expressed in a symbolic or formal logic and morphisms

etween these theories. A morphism or arrow m : T −→ S with

omain T and codomain S embeds the theory T into the theory

 as follows: first, it maps the symbols of T to either symbols or

ormulas of S . Second, the mapping is validity-preserving, meaning

hat the truth of a formula in T , transformed by the substitution

f new symbols or formulas for the symbols of T , is preserved in

ts transformed form in S . In a sense, the morphism m expresses

he fact that T is expressed as a sub-theory of S through its inclu-

ion within the symbolic expressions in S . For example, a concept

a theory) expressing the properties of an edge (which we illus-

rated in terms of pixel sets) is a part of the concept of an angle

or a side); if we let T be the concept that expresses the edge e

nd if S expresses the angle v , a morphism m : T −→ S expresses

ust how T is a part of S , or e is a part of v . But there is another

dge e ′ associated with v and, hence, another concept T ′ which

s embedded within S , and this is expressed through a different

heory morphism m 

′ : T ′ −→ S . 

Now notice that in the general case, the intersection of the pixel

ets expressed in T and T ′ might well be embedded separately in

 because each of the two morphisms m and m 

′ expresses only
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e

a  
he relationship of its domain, T or T ′ , to S . This is evident in

ur neural network example as the separate connections from the

dge-cells e and e ′ to the angle cell v , through which v receives

eparate input stimuli from e and e ′ . But e and e ′ have noth-

ng to do with each other except that their pixel sets contain the

ame subset, their intersection. Let the cell u represent this in-

ersection by virtue of the fact that it receives input from its pix-

ls. Then u is active when the appropriate combination of pixels

n e is active and, separately, u is active when e ′ is active, but

here is no intrinsic requirement that e and e ′ must be active

imultaneously. If we let U be a concept that represents u , we

an express the fact that u is a part of e by a theory morphism

n : U −→ T , and, separately, that u is a part of e ′ by a theory

orphism n ′ : U −→ T ′ . Separately, then, there exist two compo-

ition morphisms mapping the theory U into the angle theory S ,

m ◦ n : U −→ S and m 

′ ◦ n ′ : U −→ S . 

Notice that in general, it can happen that m ◦ n � = m 

′ ◦ n ′ . In

he edge and angle example, the two connection pathways from

 to v through e and e ′ are separate and, in general, will not

e active simultaneously. Moreover, when they are active simul-

aneously the pixel set of u is represented twice through excita-

ory connections described previously in our example. Thus it can-

ot be said that u is correctly represented as the intersection of

he sets of pixels of e and e ′ as seen in the activity of v . Note

hat this is an example of the fact that the separate concept em-

eddings of U within S through T and T ′ , m ◦ n : U −→ S and

m 

′ ◦ n ′ : U −→ S , are not equal in general. As a consequence, U

as two separate manifestations within S ; they have the same ba-

ic structure but different symbols and possibly some different for-

ula substitutions, expressing different parts of the theory S . 

To see this in the general case, consider two morphisms from

ne object c to another object a in a category C , f : c −→ a and

g : c −→ a . The two morphisms share the same domain c and

odomain a , but otherwise are not required to have anything in

ommon—they represent two relationships between c and a and,

ence, are not equal in the general case. An example in other cat-

gories are functions with domain c and codomain a in Set , the

ategory whose objects are sets and whose functions are mappings

rom one set to another such that each element of the domain has

 unique image in the codomain. Some other examples are cat-

gories of groups or rings in which the mappings are homomor-

hisms, categories of topological spaces in which the mappings are

ontinuous functions, and a category with the natural numbers 1,

, 3, ...as objects in which the morphisms are not mappings, but

ivisibility indicators | , where c | a if and only if c divides a with

o remainder, yielding another natural number. 

Now consider a diagram consisting of four morphisms h : c −→
 , k : c −→ b ′ , q : b −→ a and q ′ : b ′ −→ a . The four morphisms

an be pictured as arrows forming a diamond shape with the mor-

hisms as sides and the objects c , b , b ′ and a at the vertices. As

ith the morphisms in our theory category example, the arrows

long the two pathways from c to a have compositions, which

re arrows we shall call f and g , where f = q ◦ h : c −→ a and

g = q ′ ◦ k : c −→ a . In general, f and g are not equal. 

However, suppose the diamond-shaped diagram commutes: 

f = g . Then, the compositions would be one and the same mor-

hism with domain c and codomain a , q ◦ h = q ′ ◦ k . Let this

ingle morphism be � , q ◦ h = � = q ′ ◦ k : 
v  
That is, the diagram, were it to commute, would express the

ingle relationship � : c −→ a of c to a resulting from the two

ompositions q o h and q ′ -o k involving the objects b and b ′ as

ntermediates. A commutative diagram is one of the properties of

 colimit of b and b ′ along a shared object c , with colimit ob-

ect a . The other property of a colimit is that the cocone formed

y the morphisms q : b −→ a and q ′ : b ′ −→ a has the property of

nitiality . The practical consequence of initiality for our purposes

s that the commutative diagram expresses all there is to know

bout the relationship of c to a involving b and b ′ . Notice that

his depends upon the interaction of the morphisms h : c −→ b ,

k : c −→ b ′ , q : b −→ a and q ′ : b ′ −→ a ; this implies that colim-

ts are a very special case. It is a fact, however, that colimits arise

uite naturally in many categories, and in categories such as the

heory category Concept colimit theories can be constructed by

n algorithm. The notion of colimit for diamond-shaped diagrams

eneralizes to arbitrary diagrams which superimpose commutative

iamonds to form more complex diagrams. 

In the more general theory category example, suppose the di-

gram were to commute, m ◦ n = r = m 

′ ◦ n ′ , with r : U −→ S 

he single morphism derived from the diagram which maps U

nto S . If in addition to commuting the arrows m : T −→ S and

m 

′ : T ′ −→ S form an initial cocone for the diagram consisting of

n : U −→ T and n ′ : U −→ T ′ , then the diamond-shaped diagram

efines the theory S as a colimit of T and T ′ along the shared

ub-theory U . In other words, the union of T and T ′ to form S

ontains a single copy of U . 

In our earlier papers such as the one cited at the beginning

f this section we have defined neural categories for neural neu-

al networks at a given stage of connection-weight adaptation. We

lso define functors that map the theory category Concept into

he neural categories. Functors preserve compositional structure

nd, hence, they map commutative diagrams to commutative dia-

rams. Certain functors also preserve initiality and, hence, preserve

olimits. Based upon this discussion and the discussions of previ-

us sections (where concepts about structures formed over visual

ensors are illustrated with mappings of pixel sets), we assert that

imply combining objects does not properly represent them. The

ppropriate combination of objects requires blending them along

hared subobjects. This combined object is a colimit of its parts. 

It is possible to express the foregoing with more mathemati-

al rigor than used here. However, the purpose of this paper is to

each an audience concerned not with the deep mathematical de-

ail, but with the issue of local versus distributed representation in

eural networks. 

. Triangle detection 

A colimit can also use u -cells to blend three angles to make

 triangle. As mentioned in Section 3.2 and illustrated in Fig. 4 ,

n angle is defined set-theoretically as the set of points between

wo rays emanating from a common point. Using this definition, a

riangle is defined as the intersection of three angles whose rays

ntersect pairwise to form the sides. As with the angle colimits,

he mathematical set of points defining a triangle is represented

y a colimit that defines a composite of three properly-oriented

ngle-detectors. The angle orientations are determined by the re-

uirement that their sides be aligned. The sides in turn are formed

rom edge detectors, as many as required for the size of the tri-

ngle in the visual space. A construction for this using three edge-

etectors in addition to those forming the three angles is shown in

ig. 9 . 

The three angles are labelled v a , v b , and v c and the added

dges are labelled s ab , s bc , and s ca in Fig. 9 . The angles v a and v c 
re adjacent to side s ca . Thus, as concepts in the concept category,

 a and s ca are blended by a concept which we express as the in-
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Fig. 9. A triangle as a colimit formed by blending angles along common edges. Here, the small circles are simply an aid for tracking the inputs from the u -cells. 
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tersection of the RF of the cell representing v a , which we call cell

v a , and the RF of the immediately adjacent edge-cell of s ca (a side

such as s ca is expressed as a colimit of one, two or more colinear

edges). Similarly, the side s ca is blended with the angle v c at the

intersection of its edge adjacent to the angle v c with the angle v c 
itself. As with the blending of edges in an angle colimit, the cells in

the neural network represent the sides and angles and the blend-

ing regions, the latter via u -cells. Recall that the pixel inputs to

all u -cells are uniformly excitatory. The feedforward connections

between u -cells and their target v - and s -cells in the defining

diagram match the arrows in Fig. 9 ; however, these connections

are a mixture of excitatory and inhibitory connections. The rule

for determining which sign a connection has is as with the angle

colimit and its accompanying figure: excitatory u -cell connections

project to shaded regions in the RFs of their target cells and the

inhibitory connections project to the regions left blank in the fig-

ures. The feedforward connections from the v - and s -cells to the

t -cell, which also match the arrows in the figure, are excitatory.

The long-range connections projecting directly from the u -cells to

the t -cell are inhibitory, as are the direct projections from the u -

cells to the v - and s -cells (not shown, but see Section 5.1 ) in their

respective colimit defining diagrams. In fact, the same u -cells and

their projections to the edge-cells are re-used. The commutativities

of the different diagrams which use these connections is consistent

with this, for when the triangle colimit diagram is active, the dia-

grams for the three angles (and the side colimits as well) will also

be active. 

In the blending of s ca and v c , for example, excitatory and in-

hibitory connections project to those cells from the u -cell u 8 . The

cell u 8 also has an inhibitory connection projecting directly to the

triangle colimit cell t to enforce commutativity. This scheme is re-

peated for all angles and sides in the defining diagram for the tri-

angle. Maintaining our use of linear signal functions as a baseline

architectural feature, the net effect of the u -cells’ inhibitory feed-

forward projections to the t -cell is to subtract one copy of each

blending u -cell in the total input summation of the t -cell. This is

the same set-theoretic view posed in the discussion of the angle

neural structure to describe the manner in which the commutativ-

ity of the defining diagram ensures a correct representation of the
olimit object. Because the set intersection of the excitatory sub-

ets of the six RFs of v a , v b , v c , s ab , s bc , and s ca defines the triangle,

he colimit object t in the neural category is a formal representa-

ion of the triangle. 

The triangle detector simulations described in Section 5 show

ow the colimit t -cell architecture performs in comparison with

 disjoint union t -cell architecture. Both use the same v -cells to-

ether with additional edge detectors for the sides ( s -cells), but

he disjoint architecture for the t -cell does not include the colimit

 -cell’s blending cells and their accompanying connections. Based

pon a preliminary performance comparison, the angle and side

etector cells ( v and s cells) for both the disjoint and colimit tri-

ngle detectors are based solely upon the colimit architecture. Note

hat the triangle representation for the simulations contains multi-

le edge detectors along each side, separately blended as colimits

o form the sides. Shape distortions were created to test the trian-

le detectors in these simulations. 

Before proceeding, it is worth mentioning that the neural net-

ork computations in these simulations are feedforward only us-

ng predetermined connection-weight values and, hence, are of low

omplexity. From an input triangle image through the neural net-

ork layers which compute u , e , v and s cell activations and,

nally, the t -cell activation value, each cell computes the recti-

ed linear function of summed, connection-weighted inputs as its

utput through simple multiply-and-add operations as described

n the text (see Eqs. (1) and (2) and the subsequent discussion). 

.1. Triangle detector simulations 

.1.1. Situated triangle disjoint union and colimit networks 

We have carried out numerical simulations on artificial neural

etworks for both the disjoint union and colimit architectures to

uantify and compare their detection properties. The neural simu-

ation models were of low complexity in order to provide a clear

omparison of their design principles. Hence, the calculations in-

olve rate-coded neural cell outputs transmitted to neurons farther

long in a feedforward neural network (feedback was not consid-

red here because only a straightforward test of triangle image de-

ection was the object). The neuron response is a rectified linear
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Fig. 10. A design layout for the disjoint union triangle cell network. 

Fig. 11. Examples of receptive fields of diameter 13 pixels for edge cells tuned for several contrast directions. Dark circles represent excitatory weights while open ones 

represent inhibitory weights. In this example, each RF contains approximately 75 excitatory and 62 inhibitory connections from a total of 137 pixels. In all cases, excitatory 

and inhibitory RF subfields are independently normalized to +/ −1, respectively. 
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unction of its connection-weighted input sum as described in the

ext. The t -cell’s detection capability was tested by applying a sim-

le Heaviside function with a specified threshold level to its output

see Fig. 16 in the Results section). 

The stimulus-based activities of the cells transmitted through

he neural network’s weighted connections represent the angle,

ide and triangle colimit defining diagrams responding to a vari-

ty of visual images. The images are an array of numerical values

imulating the brightness values of the pixels in the focal plane of

 sensor, which we envision as a rectangular grid of photorecep-

or neurons. The neural cell outputs vary linearly as a function of

heir input stimuli from zero up to a maximum intensity at which

hey saturate, that is, reach an upper bound value. In this analysis

e arbitrarily assume the maximum to be unity. Fig. 3 illustrates a

egion of the focal plane that is centered on a vertical straight-line

dge of some object which is not quite perfect. 

The triangle cell t is tuned to detect a situated triangle, one

hich has specific angles and a specific size at a specific location

n the visual space. This is accomplished by combining the v and

 cell outputs of the situated side and angle detector colimit sub-

etworks for the desired triangle. This is illustrated for a disjoint

nion triangle concept in Fig. 10 where v a , v b and v c represent the

ngle-detector cells and s ab , s bc and s ca represent the side-detector

ells. A reading of the illustration from left to right suggests the

rocess by which the neural network deconstructs the triangle im-

ge: First it identifies its situated parts and then combines these to

orm the triangle representation. 

The side and angle cells are driven by subnetworks that com-

ine the outputs of edge detector cells. In the simulations, the

dge cells implement a symmetric difference quotient (to compute

mage intensity gradients). Fig. 11 shows examples of circular RF
 t  
eight patterns for edge cells that are tuned for maximum output

or four image contrast orientations. The diameter of the RF sets

he spatial scale at which the neuron reaches full sensitivity. Image

eatures smaller than the RF diameter in the excitatory half of the

F will produce decreased activation of the edge cell even if the

nhibitory half has no stimuli. The RFs of the side and angle cells

re also illustrated as disks in Fig. 10 , where the shaded region in

ach disk shows the represented angle (for v a , v b , v c ) or side (for

 ab , s bc , s ca ). As mentioned, the v and s cells are supported by sub-

etworks in the colimit configuration (see Fig. 7 ). 

Colimits for the sides of a triangle have not yet been described.

ike v -cells, s -cell colimit defining diagrams map to neural cat-

gory colimits, which correspond in a neural network to subnet-

orks in which the overlaps between adjacent e -cell RFs form

he u -cell RFs. For example, the total activation for cell s ab in

ig. 12 many be written as 

s ab 
= �4 

i =1 w s ab e i [ θe i ] + − �3 
j=1 w s ab u j [ θu j ] + (8) 

here w s ab e i 
= 1 / 4 in this example for side ab . In general, stimu-

us weights such as w s ab e i 
are chosen to normalize the total pri-

ary synaptic input to unity for maximum stimulus, assuming

ach input stimulus is limited by the value unity. Were disjoint

nion s -cells used, the value of w s ab u j 
would be set to zero. For

he colimit form, w s ab u j 
= w s ab e i 

(1 ≤ i ≤ 4 ; 1 ≤ j ≤ 3) to achieve

he blending function by subtracting the duplicate stimulus contri-

utions to the activation of s ab from the overlap in the e -cell RFs,

hich are also the u -cell RFs. This is the same strategy used ear-

ier in the neural network architecture for an angle colimit. 

As the object of the experiments was to evaluate the relative

erformance of disjoint union and colimit t -cells, both architec-

ures were tried. Fig. 10 illustrates the layout of the disjoint union



294 M.J. Healy, T.P. Caudell / Neurocomputing 314 (2018) 284–298 

Fig. 12. Details of the s - and v -cell RFs overlaid on a triangle image. The dashed 

circles are the borders of the edge-cell RFs that are blended to form them as col- 

imits. The small open circles within them indicate the centers of each edge cell’s 

RF. The e -cells e 0 . . . e 5 are oriented at 90 o , e 6 . . . e 9 are oriented at 135 o , and 

e 10 . . . e 13 are oriented at 45 o . The small filled circles indicate the centers of the 

u -cell RFs; one of these RFs is the solid outline surrounding u 0 . 
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simulations, and the colimit layout with blending u -cells is shown

in Fig. 12 . In Fig. 9 the blending regions are shown as the intersec-

tion of edge-cell RFs, with a shaded half-region to indicate exci-

tatory input to the target e -cells and a clear half-region for the

inhibitory inputs, and a separate u -cell is shown for each half-

region. For computational simplicity in the simulations, the pairs

of excitatory/inhibitory-input u -cells are consolidated into single

u -cells as shown in Fig. 12 . For example, u 0 here replaces the u 1 
and u 2 from Fig. 9 . For either the disjoint union or colimit version,

the total activation for the triangle cell many be written as, 

θt = w ts ([ θs ab 
] + + [ θs bc 

] + + [ θs ca 
] + ) + w tv ([ θv a ] + + [ θv b ] + + [ θv c ] + ) 

− w tu 0 , 4 ([ θu 0 ] + + [ θu 4 ] + ) − w tu 5 , 7 ([ θu 5 ] + 
+ [ θu 7 ] + ) − w tu 8 , 10 

([ θu 8 ] + + [ θu 10 
] + ) , (9)

where w ts = w tv = 

1 
6 in this example. The disjoint union version

requires the u-cell weights in (9) to be zero, w tu 0 , 4 = w tu 5 , 7 =
w tu 8 , 10 

= 0 . The selection of the weights for the colimit version

is more complicated because the u -cell activation potentials have

different cumulative weightings along three connection pathways

into the triangle cell, two excitatory pathways through the e -cells

whose overlaps they represent and the other a direct inhibitory

pathway synapsing upon the t -cell. For example, the cell u 0 has

the three paths: 

1. u 0 → v a → t , 

2. u 0 → s ab → t , and 

3. u 0 → t . 

with net weightings: 

1. w tv a u 0 = w tv w v a e 0 ≈ 0 . 167 × 0 . 5 ≈ 0 . 0833 , 

2. w ts ab u 0 
= w ts w s ab e 1 

≈ 0 . 167 × 0 . 25 ≈ 0 . 0417 , and 

3. w tu 0 . 

The weight value w tu 0 for the direct, inhibitory u 0 → t con-

nection requires a modelling decision brought about by the dif-

ferences between the cumulative weights along the two excitatory

pathways. Presumably, a biological system would determine the

weight values for the direct, inhibitory connection through long-

term potentiation of the synapse during adaptation. For the numer-

ical experiments reported here for our artificial neural network,

we choose to use the maximum of the two excitatory cumulative
eight magnitudes. Using this scheme, the u 0 → t blending weight

s calculated as 

 tu 0 = max (w tv a u 0 , w ts ab u 0 ) . (10)

n addition, because of this path dependent ambiguity in the

hoice of weight values affecting all of the direct connections to

he t -cell emanating from the u -cells, the numerical experiments

ake the liberty of exploring the effect of their variation on triangle

bject detection. 

.2. Results 

Two numerical experiments were performed. In these experi-

ents, we measured the performance of the network’s object de-

ection as the magnitude of the t -cell response for both high-

uality triangle images of the correct size and shape centered in

he RF of the t -cell, versus the response magnitude when the im-

ge is distorted. In the first experiment the triangle images were

entered in the t -cell RF but were successively distorted by noise,

egarded as random on-off pixel toggling in a black-and-white (1 –

) image. In the second experiment the triangle images were suc-

essively distorted through translations to the left, right, up, and

own in the t -cell RF. These translations could arise from abrupt,

et small, motions of the triangle object in the visual field, per-

aps due to sensor oscillations. A high-performing neural network

s one for which any distortion in an image reduces the t -cell’s re-

ponse magnitude in comparison with the response for no distor-

ion. Thus, the degree to which the network’s activity is reduced

s a function of object distortion gives a quantitative measure of

ts object detection capability. Functional relationships of this kind

ill be referred to as tuning curves to be consistent with the litera-

ure. The following two sections give the details of the experiments

nd their results. 

.2.1. Noise tuning curve numerical experiments 

To compute the noise tuning curve for the triangle cell t , we

timulated our artificial neural network triangle-detector with im-

ges centered in the RF of t . Each image consists of the same

34-by-734-pixel triangle corrupted with random noise. There are

any ways to model noise processes, but in the following simula-

ions we treat it as pixel noise. To simplify the examples given in

he discussion and also our simulations, we consider images hav-

ng binary-valued pixels. A binary value of 0 indicates no stimu-

us at that pixel and a value of 1 indicates a stimulus. In Fig. 13

 0 is shown as a diminutive pixel, a point centered on a white

ackground, whereas a 1 is shown as a black-filled square. A sim-

le noise model for binary images randomly toggles a pixel’s value

etween zero and one. The probability p of toggling any individ-

al pixel in an image will be referred to as the “noise level”; a

noise-free image” would be one in which no pixels are toggled,

p = 0 . 0 , resulting in a filled triangle of 1 s surrounded by a field

f 0 s. Fig. 13 shows examples of a single noise trial on a small

ertical-edge patch with two pixel toggle probabilities, p = 0 . 1 

nd p = 0 . 5 . 

To calculate a noise level tuning curve for the triangle-detection

ell t , we preformed a simplified Monte Carlo simulation over

 sample of pixel-toggled 0–1 images. We varied the noise level

pixel toggle probability) p over a discrete range of values, and at

ach p value the cell’s output was averaged over N trials. A trial

s defined as the stimulation of the cell by an image drawn from

ur noise model. We varied the noise level p from 0.0 to 0.5 in

ncrements of 0.005, a total 101 noise level values. At each noise

evel, we computed the average t -cell output value and standard

eviation over N = 500 trials. To explore the effect of blending

n the triangle cell defining diagram on triangle detection, we in-

roduce a triangle blending weight gain factor f and vary it while
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Fig. 13. A vertical-edge image with two pixel toggle probabilities, (a) p = 0 . 1 and (b) p = 0 . 5 . 

Fig. 14. Triangle noise level tuning curves. The numerical label on each curve dis- 

plays the triangle cell weight gain factor for that curve. The gain factors 0 and 1 

represent the triangle disjoint union (no blending) and colimit (blended) defining 

diagram configurations, respectively. Gain factors greater than 1 represent enhanced 

colimit configurations, where the u -cell to t -cell direct connection-weight values 

are magnified over those for the chosen, standard colimit values. Each point on the 

curves is the average of 500 trials. The averaged output standard deviations at the 

sample points on the curves are actually smaller than the vertical thickness of the 

curves as plotted here. 
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Fig. 15. Numerically computed density functions that give estimates of the proba- 

bility that the t -cell output will be in the neighborhood of the activation threshold, 

as a function of noise level and for each of the 6 blending weight gain factors. 
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epeating selected simulations (to be specified). For example, the

 0 → t blending weight will now be calculated as 

 tu 0 = f × max (w tv a u 0 , w ts ab u 0 ) (11) 

here f ≥ 0 . Setting the weight gain factor f = 0 produces the

isjoint union configuration (no blending), f = 1 produces a col-

mit configuration which serves as a standard, and f > 1 produces

n enhanced colimit configuration. It was thought not necessary

o try values between 0 and 1; in fact, only whole-number values

ere tried as shown in the figures. 

The tuning curve plots in Fig. 14 show the results of the Monte

arlo simulation. Each curve shows the triangle t -cell output aver-

ged over 500 trials as a function of noise level at a given weight

ain factor. The gain factor f varies from 0 to 5 in increments of

nity as shown by the curve labels. At each value of the weight

ain factor the t cell output is normalized so that it is unity at the

ero noise level. The reasoning here is that we wish to measure
he effect of the gain factor upon the variation in cell output in-

ependently of the output absolute magnitude. Note that the cell

utput varies almost linearly at each gain factor value, is higher

t lower noise levels, and decreases more rapidly with noise level

t the higher weight gain factor values. The steeper the curve, the

ower the highest noise level at which the t -cell’s weighted input

um would exceed the t -cell’s activation threshold and therefore

he more sensitive the cell’s noise discrimination. 

We conducted statistical tests on the significance of the differ-

nce in performance between the disjoint union and colimit t -

ell architectures in the noise tuning curve simulation experiments.

irst, note that as stated in the caption for Fig. 14 , the standard

eviation for the average normalized t -cell output as a function

f noise level and blending weight gain factors f ranging from 0

o 5 is smaller than the thickness of the plotted tuning curves.

or the subsequent analysis, we focused upon an arbitrarily cho-

en (but fairly demanding) t -cell detection threshold of 0.95 on

 scale from 0 to 1. Using the standard t -test, the difference in

hreshold crossing of the tuning curves at the threshold value 0.95

or f = 0 (disjoint union architecture) and f = 1 (our standard

olimit architecture) is statistically significant with p < 0.0 0 01 . To

ake the difference in noise discrimination clearer, we have com-

uted numerical density functions that are estimates of the prob-

bility that the t -cell output will be in the neighborhood of the

ctivation threshold 0.95, as a function of noise level and for each

f the 6 blending weight gain factors. See Fig. 15 . 
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Fig. 16. The mean noise level values p which, when exceeded, will cause the trian- 

gle cell output 500-trial average to drop below an output threshold of 0.95, plotted 

as a function of the triangle blending weight gain factor f . The vertical bars at the 

points represent the standard deviations of the level mean values. 

Table 1 

Summary of Experiment 1 results. These are the mean and standard deviation over 

the noise levels for the detection probability estimates plotted in Fig. 15 . Notice 

that the means shift to smaller values at the larger blending weight gain factors, 

corresponding to a greater sensitivity to noise (lower probability of t -cell activation 

at higher noise levels). 

Blending weight gain factor Detection mean Detection standard deviation 

0 0.020362 0.0 0 0553 

1 0.017279 0.0 0 0534 

2 0.014204 0.0 0 0542 

3 0.011138 0.0 0 0563 

4 0.008085 0.0 0 0547 

5 0.005039 0.0 0 0508 
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Analyzing the distributions for weight gain factor values f = 0 

and f = 1 in Fig. 15 , we observe a very small amount of over-

lap in their tails. The qualitative interpretation of this is as fol-

lows: the probability that the f = 0 (disjoint union architecture)

and the f = 1 (standard colimit architecture) triangle networks

can jointly exceed the discrimination threshold of 0.95 is extremely

small, and the colimit architecture will do this only within a lower

range of noise level values. The t -test quantifies this, yielding the

value p < 0.0 0 01. Table 1 further supports the conclusion. There-

fore we can safely state that the colimit architecture yields a more

sensitive discrimination in the presence of noise than does the dis-

joint union architecture. 

To quantify triangle detection under noisy conditions, we ap-

plied the detection threshold to the tuning curves, where a Heavi-

side step function transforms the t -cell 500-trial average output to

the value zero when below the threshold and to unity when above

the threshold at each noise level. The plot in Fig. 16 summarizes

the results from all of the tuning curves, showing the noise level

below which the t -cell’s output exceeds the 0.95 threshold value,

as a function of the weight gain factor f . On this curve, a lower

noise level value implies object discrimination with greater sen-

sitivity. This is because the t -cell output is a decreasing function

of noise level since image noise interferes with object detection.

Therefore, a t -cell which exceeds its detection threshold only for

noise magnitudes below a lower noise level is more sensitive than
 cell which exceeds its threshold for noise magnitudes below a

igher noise level. Fig. 16 illustrates this effect over the range of

eight gain factors investigated. 

All computations for the creation of the noisy images, the

imulations, and subsequent statistical analysis (results below)

ere performed on an Apple MacBook Pro running OS 10.13.3 at

.9 GHz. Approx 60 minutes were required to run all 6 × 101 ×
0 0 = 303,0 0 0 trials (the 6 f values, 101 noise levels, 500 neu-

al network simulations for each combination of f value and noise

evel). Each trial included the creation of a noisy image and the for-

ard propagation of the image data through the neural network.

he performance statistics (the average and standard deviation of

he t -cell output over 500 trials) were calculated at each combi-

ation of f value and noise level. The cumulative 60 minutes to

un the trials includes the 6 × 101 = 606 calculations of the per-

ormance statistics. 

.2.2. Translation tuning curve numerical experiments 

To compute the translation tuning curves for the triangle cell t ,

e stimulate the neural network with triangle images translated in

he i (vertical) and j (horizontal) directions, with ( j , i ) pixel coor-

inates measured with respect to a translation of (0, 0) (no trans-

ation) centered at the triangle cell’s RF. In order to measure solely

he effect of translation, these images are uncorrupted by noise or

ther distortions and therefore multiple trials per translated image

re not required. The tuning curve plots in Fig. 17 show the results

pon the t -cell output of triangle image shifts in the two direc-

ions as functions of translations of i and j pixels in the respec-

ive plots. As with the noise experiment, the gain u -cell-to t -cell

eight gain factor f varies from 0 to 5 in increments of unity. As

ith the noise curves, the t -cell output is normalized such that

he zero translation output is unity. 

As with the noise analysis above, we apply a detection thresh-

ld to the tuning curves. In this case, the tuning curves show the

ffect of translations of the triangle image from the standard posi-

ion centered in the t -cell’s RF. Again we summarize this effect

y applying a Heaviside step function to the t -cell output. The

eaviside function transforms the t -cell’s output to the value zero

hen below the threshold and to unity when above the threshold

t each translation along either the i (vertical) or j (horizontal)

irection. The plot in Fig. 18 summarizes the results from all of

he translation tuning curves, showing the translation at which the

ells output exceeds an arbitrary threshold of 0.95, as a function of

he weight gain factor f . Again, a lower value implies better object

iscrimination, in this case because the t -cell output is a decreas-

ng function of the i or j translation away from the center of the

F. Therefore, a t -cell which exceeds its detection threshold for

ranslations less than a lower value is more sensitive than a cell

hich exceeds its threshold for all translations less than a higher

alue. 

. Discussion and conclusion 

We have proposed that the representation of sensed or imag-

ned objects by a neural network lies in neural structures that are

oth local and distributed. A colimit has this type of structure: it

onsists of a network that forms a commutative diagram of inter-

onnected cells. That is, all of the cells in the structure are simul-

aneously active when and only when the presence of its repre-

ented object is evident. The diagram, called the defining diagram,

as a cell indicating the representation at the apex of a connec-

ionist cone-like structure, where the components, or constituents

r parts, of the represented object are in turn represented by cells

t the origins of the feedforward connections that define the cone.

An apical cell representing a disjoint union of a collection of

bjects also has a conelike structure with connections from its
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Fig. 17. Triangle cell translation tuning curves where the curve labels display the weight gain factors. Gain factors 0 and 1 represent the triangle disjoint union and colimit 

configurations, respectively. Gain factors greater that 1 represent enhanced colimit configurations. 

Fig. 18. The translation shifts which, when exceeded, will cause the triangle cell output to drop below an output threshold of 0.95, plotted as a function of the triangle 

blending weight gain factor f . 
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omponent-representing cells. However, a disjoint union does not

xpress the information about how the objects are combined; the

pical object representation is simply a collection of unrelated ob-

ects, with what would be their shared parts regarded differently

n each. It is difficult to see this as a local-distributed representa-

ion. 

As shown in Figs. 8 and 9 on the other hand, a colimit defin-

ng diagram has significant additional structure which gives it the

apability required to be a valid object representation. The signifi-

ance of this structure is in its activity states, which are instances

f a commutative diagram that expresses the blending of compo-

ent objects along shared subobjects to form a more complex ob-

ect. Thus, the defining diagram of a colimit contains not only the

epresentations of the colimit objects’s components, but also the

anner in which they are joined, or blended , in forming the col-

mit object. Our claim, then, is that an object representation by a

eural network is both local and distributed and this is a conse-

uence of the blending of component representations via colimits.

hile the sensed-object representation is distributed in a commu-

ative diagram of components and blending object representations,

t allows holistic access by virtue of its local structure, the colimit

ell at the apex. 

We suggest that the representations in biological neural net-

orks, at least in mammals and perhaps in birds, are at once lo-

al and distributed as described. Expressing object representation

ia colimits has at least three major advantages, both for the neu-
oscientist and for the neural network itself. First, it allows neu-

oscientists to parse the object representation to understand how

t is put together (in other words, to determine its full seman-

ics). Second, it confers upon the neural network the ability to both

anifest concept (or object) stability and to exploit parsed repre-

entations which are active in its working memory. Put another

ay, this mathematical model of local-distributed neural networks

xplicates the functional architecture of sensed- (or imagined-)

bject detection. It states exactly that specific neural structures

epresenting an object in terms of its component objects and their

ompositional relationships must be involved when the objects in

uestion are detected or are called up in mental imagery. Finally,

he simulations reveal a performance advantage for colimit neu-

al circuits. The simulated example of a triangle detector network

ith a colimit configuration exhibits superior discrimination over

he disjoint union network configuration for both the noise and

ranslation perturbations. We believe that these results begin to

xpose a deeper property of local-distributed object representa-

ions that relates to biological neural networks. Colimit networks

ave a greater complexity than the disjoint configuration because

f the inclusion of blending object representations enforced by the

ommutative diagram property. On the other hand, perhaps the ex-

ra biological cost of these more complex neural circuits is offset

y the fitness advantages of greater object discrimination. 

In the full theoretical analysis on which we base our assertions,

ther local-distributed object representations exist as limits, math-



298 M.J. Healy, T.P. Caudell / Neurocomputing 314 (2018) 284–298 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

B  

(  

s  

n  

s  

r

 

 

 

 

 

 

 

 

 

 

 

 

 

c  

n  

T  

i  

m  

o  

t

ematically the dual notion to colimits. Along with colimit forma-

tion during synaptic adaptation, defining successively more com-

plex concepts as neural processing progresses further downstream

from the sensor level, limits are formed by “pulling back” on con-

cept diagrams to form diagrams which represent abstractions. An

abstraction expresses the information common to different con-

cepts. In previous papers such as those mentioned, we have dis-

cussed both limits and colimits and have further discussed the

necessity of feedback connections operating in parallel with the

feedforward connections in their diagrams. 

We argue that colimits and limits serve as a local-distributed

knowledge system, formed adaptively, that expresses the sen-

sory and autonomously-synthesized information represented by

the structure and activity of a neural network. In the mammalian

brain, particularly in humans, a region called the medial tempo-

ral lobe (MTL) exists evidently at the apex of a hierarchy of rep-

resentations [18,19] . We hypothesize that colimits, limits and other

categorical constructs can be a significant aid in analyzing the hi-

erarchy of representation in the MTL as well as other brain regions.

We also argue that categorical constructs can be useful in bring-

ing mathematical rigor to the analysis and design of neural net-

works based upon the ability to express the structures needed for

concept representation. Ultimately, this can be useful in the design

of artificial neural networks capable of serving as artificial brains

for autonomous robots. Although it was not our intent to address

the practically of our methods for neural network design and anal-

ysis in this paper, we mention a selection of our previous work in

this regard. We have discussed neural design principles in [20,21] .

In [14] we present an application in hyperspectral imaging from

satellite data. 
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