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Abstra
t

The major 
ontributions of this thesis are in the areas of Geometry of Intera
tion

(GoI) and full 
ompleteness for models of linear logi
. Geometry of intera
tion was

introdu
ed by Girard in the late 80's. It provides a new semanti
s of 
omputation

that 
aptures the dynami
al aspe
ts of 
omputation; a feature whi
h is missing in

denotational semanti
s. Subsequently Abramsky and Jagadeesan introdu
ed a 
ate-

gori
al interpretation of this program using domain theoreti
al 
ategories. Re
ently

Abramsky introdu
ed a general 
ategori
al GoI 
onstru
tion whi
h leads to models of


omputation (
ombinatory algebras) based on GoI Situations that essentially 
onsist

of a tra
ed symmetri
 monoidal 
ategory with additional stru
ture.

In this thesis we develop this general programme in all details. We also prove

that this 
onstru
tion 
an be done in a more general framework, namely based on

symmetri
 monoidal 
losed 
ategories.

We also introdu
e a 
lass of 
ategories, 
alled unique de
omposition 
ategories

(UDC), that axiomatise the so-
alled parti
le-style GoI along with providing a 
om-

putational 
al
ulus. Unique de
omposition 
ategories are motivated by and generalise

the partially additive 
ategories of Manes and Arbib. These models are spe
ial 
ases

of the general 
onstru
tion whi
h 
apture an important 
lass of examples. They

provide us with data
ow-like 
omputational analysis.

We also establish 
onne
tions with the work of Girard/Danos/Regnier on dy-

nami
 algebras. This formalises the path-based approa
h to GoI, the so-
alled path-

semanti
s. The paths in proof-nets used in the work of Danos/Regnier 
orrespond to

morphisms in UDC-based models.
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Full 
ompleteness for models of linear logi
 was introdu
ed and studied by Abram-

sky and Jagadeesan. Full 
ompleteness establishes the tightest 
onne
tion between

syntax and semanti
s: it is 
ompleteness with respe
t to proofs instead of the tra-

ditional 
ompleteness with respe
t to provability. Re
ently Hyland and his student

Tan introdu
ed the double glueing method in Tan's PhD thesis. Tan's work provides

the �rst steps towards an axiomati
 approa
h to full 
ompleteness problems for linear

logi
.

In this thesis we 
onstru
t a 
lass of models for the multipli
ative fragment of

linear logi
 with the MIX rule, based on partially additive 
ategories together with

the Int 
onstru
tion of Joyal, Street and Verity and the double glueing 
onstru
tion.

We also prove that su
h models are fully 
omplete for the multipli
ative fragment of

linear logi
 with the MIX rule.

iv



A
knowledgements

I would like to thank my supervisor Philip S
ott with whom I had the pleasure

of working. His 
ontinuous help, en
ouragement and support during the last four

years have meant a great deal to me. He has also introdu
ed me to many great

mathemati
ians and s
ientists for whi
h I am very grateful.

I would like to express my deepest gratitude to Prakash Panangaden for his en-


ouragement and keen interest in my work and progress over the last four years. His

diversity of intelle
tual interests and in
isive mental energy have been a great sour
e

of stimulation and inspiration to me.

I would also like to thank Ri
hard Blute and Thierry Giordano for sharing their

knowledge and expertise with me during many helpful dis
ussions.

I would like to express my appre
iation to Samson Abramsky for introdu
ing me

to his analysis of Girard's GoI programme. He has thus provided me with a most

interesting resear
h subje
t.

Many thanks to the entire se
retarial sta� of the Department of Mathemati
s and

Statisti
s. I have always been delighted by their kindness and good humour.

I would like to thank my mother who has always kept me in her thoughts and

prayers.

It is so hard to �nd words strong enough to express my gratitude and thankfulness

to my wife Manijeh, the love of my life and my best friend. She has always been by

my side and has shared my happiness and sorrow during the many ups and downs

in the last 4 years. I will always treasure her for the long hours and sleepless nights

that she has spent listening to me talking about my work. Her numerous en
ouraging

words have kept me going at times when I felt I was at the end of my rope. I owe

v



this thesis to her belief in me, her patien
e and her never ending love and support.

The 
ommutative diagrams in this thesis are drawn using Paul Taylor's diagrams

ma
ro.

vi



Contents

Abstra
t iii

A
knowledgements v

1 Introdu
tion 1

1.1 Outline of Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Ba
kground 7

2.1 Tra
ed Monoidal Categories . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Int Constru
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 G Constru
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Linear Logi
 and its Categori
al Models . . . . . . . . . . . . . . . . 29

2.4.1 The Multipli
ative Fragment of Linear Logi
 . . . . . . . . . . 31

2.4.2 The Multipli
ative and Exponential Fragment of ILL . . . . . 33

2.4.3 Categori
al Models . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4.4 The MIX Rule . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3 Partially Additive Categories 39

3.1 Iteration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4 Unique De
omposition Categories 66

5 Geometry of Intera
tion 81

5.1 What is Girard's GoI? . . . . . . . . . . . . . . . . . . . . . . . . . . 81

vii



5.2 A Categori
al Implementation . . . . . . . . . . . . . . . . . . . . . . 85

5.3 General GoI Constru
tion . . . . . . . . . . . . . . . . . . . . . . . . 87

6 Linear Combinatory Algebras 89

6.1 Combinatory Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6.2 Weak Linear Categories . . . . . . . . . . . . . . . . . . . . . . . . . 93

6.3 General GoI Constru
tion . . . . . . . . . . . . . . . . . . . . . . . . 120

7 Parti
le-style Semanti
s 128

7.1 Combinators in UDCs: Data
ow View . . . . . . . . . . . . . . . . . 128

7.1.1 Sum-over-Paths: Data
ow Interpretation of Combinators . . . 129

8 Examples and Computations 145

8.1 PInj . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

8.2 Pfn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

8.3 Rel

+

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

8.4 Hilb

2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

8.5 SRel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

8.6 Some Computations . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

9 Dynami
 Algebras 160

10 Full Completeness 171

10.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

10.2 Fun
torial Polymorphism . . . . . . . . . . . . . . . . . . . . . . . . . 175

10.2.1 Dinatural Interpretation for MLL . . . . . . . . . . . . . . . . 175

10.3 Coheren
e and Free Monoidal Categories . . . . . . . . . . . . . . . . 178

10.3.1 The free 
ompa
t 
losed 
ategory . . . . . . . . . . . . . . . . 178

10.3.2 The free *-autonomous 
ategory . . . . . . . . . . . . . . . . . 181

10.4 A Double Glueing Constru
tion . . . . . . . . . . . . . . . . . . . . . 182

10.5 Approa
hing Full Completeness . . . . . . . . . . . . . . . . . . . . . 183

10.6 Full Completeness in GoI Models . . . . . . . . . . . . . . . . . . . . 185

10.6.1 Compa
t Closed Full Completeness . . . . . . . . . . . . . . . 186

viii



10.6.2 Full Completeness in GC . . . . . . . . . . . . . . . . . . . . . 197

11 Con
lusions and Further Work 201

A Diagrams for Tra
e Axioms 204

B Derivation of GoI Combinators 206

C Redu
tion to Normal Forms 227

Bibliography 239

ix



Chapter 1

Introdu
tion

Linear logi
 was invented by Girard in 1987. Linear logi
 is a 
onstru
tive and re-

sour
e sensitive logi
 whi
h is a re�nement of 
lassi
al and intuitionisti
 logi
. Girard

introdu
ed many novelties in
luding a graphi
al proof syntax and a wide range of

mathemati
al models. Linear logi
 has had many impa
ts on theoreti
al 
omputer

s
ien
e. These in
lude but are not limited to logi
 programming, database theory,

automated reasoning, semanti
s of programming languages, and program eÆ
ien
y.

Linear logi
 is the �rst attempt to solve the problem of parallelism at the logi
al

level. Sin
e its introdu
tion several mathemati
al models have been introdu
ed for

di�erent fragments of linear logi
 by Girard, Barr, Kleisli, R. Blute among others.

Several of these models are 
onstru
ted on the 
ategories of Bana
h spa
es (Girard,

Barr, Kleisli) and Topologi
al ve
tor spa
es (Blute & S
ott).

In the late 1980's Girard initiated his \Geometry of Intera
tion" (GoI) programme

in [46℄ and 
ontinued his investigation in a series of papers [47, 45, 48℄. The goal of

this programme was to provide a mathemati
al analysis of the 
ut elimination pro
ess

in linear logi
 proofs. This new interpretation repla
es graph-rewriting by an analysis

of information 
ow in proof-nets. From a 
omputational point of view this is the

analysis of �-redu
tion and has proved quite fruitful in the analysis of optimal redu
-

tion strategies for the �-
al
ulus. GoI has also brought forward a new perspe
tive

for the semanti
s of 
omputation whi
h pla
es it in a kind of \middle ground" be-

tween imperative/pro
edural, denotational/operational approa
hes to the semanti
s

1



CHAPTER 1. INTRODUCTION 2

of programming languages. This new view helps to model the 
omputational dynam-

i
s whi
h is absent in denotational semanti
s and manages to o�er a mathemati
al

analysis whi
h is la
king in operational semanti
s.

In Girard's terms, GoI provides a semanti
s free from the twin drawba
ks of

redu
tionism and subje
tivism. In his approa
h, Girard uses operator algebras

(spe
i�
ally, the C

�

-algebra of bounded linear operators on `

2

) to interpret mul-

tipli
atives, se
ond order quanti�ers and exponentials. Girard's exe
ution formula

EX(u; �) = (1 � �

2

)u(1 � �u)

�1

(1 � �

2

) gives the interpretation of the elimination

of 
uts (represented by �) in a proof represented by u. Termination of the normal-

ization/
ut elimination pro
ess is interpreted as the nilpoten
y of �u, and the part

u(1� �u)

�1

is the 
andidate for 
omputation.

In subsequent work, Danos and Regnier [33, 35, 36, 99℄ have applied the exe
ution

formula to proof nets and �-terms and presented the ideas in the GoI programme in

terms of properties of paths on proof nets and �-terms. Danos and Regnier's work

has thus helped to illustrate 
ut elimination as a pro
ess of information 
ow in proof

nets.

Abramsky and Jagadeesan gave an alternative implementation of the GoI pro-

gramme based on the 
ategory of domains, where the exe
ution formula was 
on-

stru
ted using the notion of feedba
k in data
ow networks [5℄. Subsequently Abram-

sky provided a 
ategori
al notion of geometry of intera
tion situation based on the


on
ept of tra
ed monoidal 
ategories with additional stru
ture. He showed how to

de�ne models of 
omputation (
ombinatory algebras) from a geometry of intera
tion

situation [2℄. We will dis
uss this programme, whi
h we 
all the Abramsky Pro-

gramme, in more detail in Chapter 6. Abramsky introdu
ed his programme in his

Siena le
ture notes [2℄. In his notes, the programme was sket
hed and worked out for

the spe
i�
 example of the 
ategory of sets and partial inje
tive fun
tions.

One of the most a
tive re
ent topi
s in theoreti
al 
omputer s
ien
e is the area

of full 
ompleteness theorems. Full 
ompleteness establishes the tightest 
onne
tion

between the logi
 and the model under 
onsideration: 
ompleteness at the level of

proofs (=programs) rather than just traditional 
ompleteness with respe
t to prov-

ability. This is deeply 
onne
ted to \Full Abstra
tion" theorems in programming
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language theory. From an algebrai
 point of view full 
ompleteness is related to fully-

faithful representation theorems for logi
al 
ategories (in our 
ase, to representation

theorems for various *-autonomous and tensor 
ategori
al models of linear logi
s.)

We dis
uss full 
ompleteness problem in more detail in Chapter 10.

In this thesis we aim at a
hieving the following goals:

� To develop Abramsky's Programme in all details and in its most general form.

More spe
i�
ally, we shall provide the proofs for the passage from a GoI Sit-

uation to a 
ombinatory algebra, as well as provide proofs for a more general


ase: the passage from symmetri
 monoidal 
losed 
ategories with additional

stru
ture to 
ombinatory algebras.

� To give an axiomatisation for the parti
le-style GoI, in the terminology of

[1℄. This will be a 
ategori
al setting whi
h provides us with a 
omputational

(data
ow, token-pushing) analysis of the GoI programme and a 
omputational


al
ulus. For this purpose, we introdu
e unique de
omposition 
ategories, a

generalisation of partially additive 
ategories of Manes and Arbib [90℄ whi
h

provide the ne
essary algebrai
 stru
ture for our purposes. Unique de
omposi-

tion 
ategories are tensor 
ategories endowed with an additive stru
ture.

� To give 
ategori
al models for GoI-based path-semanti
s of Danos and Regnier.

This amounts to de�ning 
ategori
al models for dynami
 algebras. In view of

su
h 
ategori
al models, a path in a proof net be
omes a morphism in the model


ategory.

� To 
onstru
t 
ategori
al models for the multipli
ative fragment of linear logi


based on our 
ategories, that is partially additive and unique de
omposition


ategories. More importantly to prove that su
h models are fully 
omplete.

In this way, we will have a whole new 
lass of models for the multipli
ative

fragment of linear logi
 whi
h are also tightly 
onne
ted to syntax of linear

logi
 in a non-trivial way (i.e., are fully 
omplete.)
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1.1 Outline of Thesis

The 
hapters of the thesis are organised as follows:

Chapter 2: Ba
kground

In this 
hapter we re
all symmetri
 monoidal 
losed, 
ompa
t 
losed and tra
ed

symmetri
 monoidal 
ategories together with some examples. We also prove a new

normal form theorem for arrows in tra
ed 
ategories. We also dis
uss two 
ompa
t


losure 
onstru
tions on tra
ed 
ategories, namely the Int 
onstru
tion of Joyal, Street

and Verity [67℄ and the G 
onstru
tion of Abramsky and prove that these yield iso-

morphi
 
ompa
t 
losed 
ategories. We next review di�erent fragments of linear logi


and dis
uss their 
ategori
al models.

Chapter 3: Partially Additive Categories

We re
all the partially additive 
ategories (PAC) of Manes and Arbib [90℄ together

with several examples. In parti
ular, we dis
uss the 
ategory SRel of measurable

spa
es and sto
hasti
 kernels and prove that it is a partially additive 
ategory. This

is followed by a dis
ussion of the dagger (iteration) operation in a PAC. We prove

that the dagger operation satis�es several important properties and show that every

PAC is 
anoni
ally tra
ed, where the tra
e is indu
ed by the dagger operation. We

also prove that the tra
e in a PAC is uniform.

Chapter 4: Unique De
omposition Categories

Unique De
omposition Categories (UDCs) are introdu
ed in this 
hapter. These


ategories are generalisations of PACs. We also dis
uss and prove important proper-

ties of su
h 
ategories, relate them to PACs and dis
uss the existen
e of tra
es. This

is followed by several examples that will be used later in the thesis.

Chapter 5: Geometry of Intera
tion

We review Girard's Geometry of Intera
tion (GoI) programme. We also dis
uss

Abramsky and Jagadeesan's [5℄ domain theoreti
al implementation of GoI. This is

followed by a detailed dis
ussion of Abramsky's programme, that is the 
onstru
tion of

models of 
omputation from a tra
ed 
ategory and more generally, from a symmetri


monoidal 
losed 
ategory.

Chapter 6: Linear Combinatory Algebras
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In this 
hapter we provide all the proofs ne
essary for the realisation of Abramsky's

Programme. This in
ludes the general 
ase of this programme based on symmetri


monoidal 
losed 
ategories and the spe
i�
 
ase of tra
ed monoidal 
ategories.

Chapter 7: Parti
le-style Semanti
s

In this 
hapter we work with UDCs that we introdu
ed in Chapter 4. We show

how to 
onstru
t a 
ombinatory algebra based on a tra
ed UDC. This will provide us

with an axiomatisation for the parti
le-style GoI.

Chapter 8: Examples

This 
hapter 
ontains several examples of GoI Situations based on tra
ed UDCs.

We give a detailed dis
ussion in the 
ase of the 
ategory of sets and partial inje
tive

fun
tions, in
luding the de�nition of 
ombinators as maps on the set of natural num-

bers. We also give examples of some 
omputations with 
ombinators in the 
ontext

of tra
ed UDCs to illustrate the 
omputational aspe
t of our model.

Chapter 9: Dynami
 Algebras

In this 
hapter we de�ne 
ategori
al models for dynami
 algebras whi
h we 
all

dynami
 situations. We 
onstru
t spe
i�
 examples of dynami
 situations and show

that Girard's original operator algebrai
 model of a dynami
 algebra [47℄ and Danos'

small model [33℄ are dynami
 situations obtained using the 
ategories Hilb

2

(Hilbert

spa
es and partial isometries indu
ed by partial inje
tive fun
tions) and PInj (sets

and partial inje
tive fun
tions) respe
tively.

Chapter 10: Full Completeness

In this 
hapter we give a review of the notion of full 
ompleteness in the 
ontext of


ategori
al models, together with a brief histori
al review of the relevant work in the

literature. We re
all fun
torial polymorphism whi
h will be our semanti
 setting in

this 
hapter. We also re
all the double glueing 
onstru
tion of Hyland and Tan [104℄

whi
h will be used to obtain models of linear logi
. The rest of the 
hapter 
ontains

the proof of full 
ompleteness of our models for the multipli
ative fragment of linear

logi
 with the MIX rule.

Chapter 11: Con
lusions and Further Work

Finally, this 
hapter 
ontains our 
on
luding remarks and a dis
ussion of possible

dire
tions for further study.
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Appendix A: Diagrams for Tra
e Axioms

Graphi
al representation of tra
e axioms.

Appendix B: Derivation of GoI Combinators

This appendix 
ontains the ne
essary diagrams and graphi
al 
al
ulus used to

obtain the de�nition of 
ombinators in a linear 
ombinatory algebra based on a GoI

Situation, from the general 
ase.

Appendix C: Redu
tion to Normal Forms

More diagrams illustrating the redu
tion of 
ombinators to their normal forms.



Chapter 2

Ba
kground

2.1 Tra
ed Monoidal Categories

In this se
tion we re
all the de�nitions of monoidal, 
ompa
t 
losed, *-autonomous

and tra
ed symmetri
 monoidal 
ategories and state some properties of tra
e and a

normal form theorem for arrows in tra
ed symmetri
 monoidal 
ategories whi
h are

new. We also dis
uss Abramsky's G 
onstru
tion and show that it is equivalent to the

Int 
onstru
tion of Joyal, Street and Verity in the 
ase of tra
ed symmetri
 monoidal


ategories.

Monoidal (tensor) 
ategories are found in the areas of logi
 [78, 86℄, mathemati
al

physi
s [41℄, quantum groups and knot theory [71℄, 
omputer s
ien
e [103℄, et
. Here

we re
all the basi
 de�nitions. For details and notation see [85℄.

De�nition 2.1.1 A monoidal 
ategory is a tuple (C ; I;
; �; �; �) 
onsisting of a 
at-

egory C , an obje
t I of C 
alled the unit, a bifun
tor 
 : C � C �! C (
alled the

tensor produ
t), and natural isomorphisms �; �; � with 
omponents

�

A;B;C

: A
 (B 
 C)

�

=

(A
 B)
 C �

A

: I 
 A

�

=

A �

A

: A
 I

�

=

A

su
h that the diagrams

7



CHAPTER 2. BACKGROUND 8

A
 (B 
 (C 
D))

�

-

(A
 B)
 (C 
D)

�

-

((A
 B)
 C)
D

A
 ((B 
 C)
D)

1

A


 �

?

�

-

(A
 (B 
 C))
D

�
 1

D

6

and

A
 (I 
 B)

�

-

(A
 I)
B

�

�

�

�

�

1

A


 �

R 	�

�

�

�

�

�
 1

B

A
 B


ommute.

A symmetri
 monoidal 
ategory is a monoidal 
ategory equipped with a natural

isomorphism � with 
omponents �

A;B

: A
 B �! B 
 A su
h that the diagram

A
 (B 
 C)

�

-

(A
B)
 C

�

-

C 
 (A
 B)

A
 (C 
 B)

1

A


 �

?

�

-

(A
 C)
 B

� 
 1

B

-

(C 
 A)
 B

�

?


ommutes and �

B;A

�

A;B

= 1

A
B

and �

A

= �

A

�

A;I

:

A monoidal 
ategory is stri
t when �

A;B;C

; �

A

; and �

A

are identities for all obje
ts

A;B; and C of C .

Familiar examples of symmetri
 monoidal 
ategories are the 
ategory Set of sets and

fun
tions, the 
ategory Top of topologi
al spa
es and 
ontinuous maps, the 
ategory

Ab of Abelian groups and group homomorphisms. For more examples see [85℄ and

[28℄.
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De�nition 2.1.2 A symmetri
 monoidal 
ategory C is 
losed i�, for ea
h obje
t B

in C , the fun
tor � 
 B : C �! C has a spe
i�ed right adjoint whi
h we denote by

B �Æ � : C �! C . Hen
e we have an isomorphism C (A 
 B;C)

�

=

C (A;B �Æ C)

whi
h is natural for all A and C in C .

Familiar examples in
lude the 
ategory Ve
 of ve
tor spa
es and linear transfor-

mations and Ab, et
., for more examples see [85, 28℄. Cartesian 
losed 
ategories

(CCCs) are important examples of 
losed 
ategories. CCCs have many appli
ations

in logi
, proof theory [78℄, topos theory [86℄ and they play a fundamental role in the

semanti
s of programming languages [103℄. Examples of CCCs in
lude the 
ategory

Set, the fun
tor 
ategory Set

C

op

of presheaves on C , the 
ategory Sh(X) of sheaves

on a topologi
al spa
e X.

The following de�nition of a 
ompa
t 
losed 
ategory is due to Kelly and Laplaza

[73℄.

De�nition 2.1.3 A 
ompa
t 
losed 
ategory is a symmetri
 monoidal 
ategory in

whi
h every obje
t A has a left dual A

�

, i.e. there exist a unit �

A

: I �! A
A

�

and

a 
ounit �

A

: A

�


 A �! I su
h that the following triangles 
ommute.

A

�

=

I 
 A

�

A


 1

A

-

A
 A

�


 A

�

�

�

�

�

1

A

R

A
 I

�

=

A

1

A


 �

A

?

A

�

�

=

A

�


 I

1

A

�


 �

A

-

A

�


 A
 A

�

�

�

�

�

�

1

A

�

R

I 
 A

�

�

=

A

�

�

A


 1

A

�

?
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Example 2.1.4

The 
ategory Rel of sets and relations is a 
ompa
t 
losed 
ategory. The tensor

produ
t is given by the 
artesian produ
t of sets and the tensor unit is the one

element set. A

�

= A for a set A and given R : A �! B, R

�

: B �! A is the 
onverse

relation. Unit and 
ounit of adjun
tion 
an be viewed as subsets of A � A and in

parti
ular they are the identity relation on A.

Example 2.1.5

The 
ategory FDVe
 of �nite dimensional ve
tor spa
es over a �eld k and linear

transformations is a 
ompa
t 
losed 
ategory. Tensor produ
t is given by the algebrai


tensor produ
t of ve
tor spa
es and the unit is the �eld k. V

�

is the set of linear

fun
tionals on V . Given a linear transformation f : V �! W , f

�

: W

�

�! V

�

is

de�ned by f

�

(g) = gf for g 2 W

�

. Given V with basis fe

i

g

n

i=1

and dual basis f"

j

g

n

j=1

for V

�

(i.e. "

j

(e

i

) = 1 if i = j and 0 otherwise), �

V

: k �! V 
 V

�

is given by

�

V

(1) =

n

X

i=1

e

i


 "

i

:

The 
ounit �

V

: V

�


 V �! k is given by

�

V

(� 
 v) = �(v):

We will en
ounter examples of 
ompa
t 
losed 
ategories 
onstru
ted by 
ertain 
om-

pa
t 
losure operator, later in the thesis.

De�nition 2.1.6 A *-autonomous 
ategory C is a symmetri
 monoidal 
ategory su
h

that there exists a full and faithful fun
tor (�)

?

: C

op

�! C with C (A 
B;C

?

)

�

=

�!

C (A; (B 
 C)

?

), de�ned and natural for all obje
ts A;B and C in C :

*-autonomous 
ategories were introdu
ed by Barr in [14℄. See also [15, 17℄. The

following result is folklore.
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Theorem 2.1.7 A *-autonomous 
ategory may be equivalently spe
i�ed as a sym-

metri
 monoidal 
losed 
ategory (C ;
; I;�Æ) with an obje
t ? (
alled the dualising

obje
t) su
h that the 
anoni
al morphism A �! (A �Æ?) �Æ? is an isomorphism,

for all obje
ts A in C .

Example 2.1.8

The 
ategory SL of 
omplete sup semilatti
es is *-autonomous. The obje
ts are


omplete latti
es and morphisms are order and sup preserving maps. Given obje
ts

X and Y , the homset SL (X; Y ) is itself a 
omplete latti
e with pointwise order and

sup. Let 2 be the two element latti
e, 0 < 1. Then any f

�

: X �! 2 satis�es

f

�

(x) =

8

<

:

0 if x � x

�

1 otherwise.

for some unique element x

�

in X (namely x

�

= supfxjf

�

(x) = 0g.) Thus there

is a bije
tion between elements x

�

in X and elements f

�

2SL (X; 2). Furthermore

if x

�

� x

�

then f

�

� f

�

. Therefore, SL (X; 2)

�

=

X

op

, the latti
e with the same

elements as X and the order reversed. Hen
e SL is *-autonomous with autonomous

stru
ture indu
ed by the hom fun
tor and dualising obje
t 2.

The examples Rel and FDVe
 we saw above are also *-autonomous. In fa
t,

Proposition 2.1.9 A 
ategory C = (C ;
; I; (�)

�

) is 
ompa
t 
losed i� it is *-

autonomous and (B 
 C)

�

�

=

B

�


 C

�

for all obje
ts B and C in C :

An interesting and important example of a *-autonomous 
ategory 
an be obtained

by 
onsidering the re
exive obje
ts in topologi
al ve
tor spa
es [14℄. More spe
i�
ally,


onsider the 
ategory TVe
 whose obje
ts are ve
tor spa
es equipped with linear

topologies, and whose morphisms are linear 
ontinuous maps. Barr showed that

TVe
 is a symmetri
 monoidal 
losed 
ategory, when V �Æ W is de�ned to be the

ve
tor spa
e of linear 
ontinuous maps, with pointwise 
onvergen
e topology. Let V

?

denote V �Æ k where k is the underlying �eld. Lefs
hetz proved that the embedding
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V �! V

??

is always a bije
tion, but need not be an isomorphism. Barr proved that

the full sub
ategory RTVe
 of re
exive obje
ts in TVe
 is a *-autonomous 
ategory.

For more examples of *-autonomous 
ategories see [15, 17, 24℄. Later in the thesis

we will see more examples of *-autonomous 
ategories that 
an be obtained from


ompa
t 
losed 
ategories using a double glueing 
onstru
tion (see Chapter 10.)

We 
ontinue by re
alling some more fa
ts on *-autonomous and 
ompa
t 
losed


ategories that will be of use later in the thesis. Our presentation here follows [104℄.

Theorem 2.1.10 Let C = (C ;
; I; (�)

?

) be a *-autonomous 
ategory. Then there

exists another bifun
tor

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....
.
.

.

.

.

.

.

.

.

.

.

.

.

.

............

: C � C �! C , 
alled the par produ
t, with unit ?, whi
h

is dual to the tensor produ
t in the sense of De Morgan. That is, there exist isomor-

phisms

(A
 B)

?

�

=

�! A

?

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
..
..

.

.

.

.

.

.

.

.

.

.

.

.

.

............

B

?

or equivalently

(A

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....
.
.

.

.

.

.

.

.

.

.

.

.

.

.

............

B)

?

�

=

�! A

?


B

?

;

de�ned and natural for all obje
ts A and B in C .

It follows easily that A

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....
.
.

.

.

.

.

.

.

.

.

.

.

.

.

............

B

�

=

A

?

�Æ B for all A, B in C .

Theorem 2.1.11 Let C be a *-autonomous 
ategory. Then C possesses weak dis-

tributivity natural transformations

w

L

ABC

: A
 (B

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

C) �! (A
 B)

.

.

.

.
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.
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.
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.

.

.
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.
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

C

w

R

ABC

: A
 (B

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....
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.
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.
.
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.

.
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.

.

.

.

.

.

............

C) �! (A
 C)

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

B

su
h that a number of 
oheren
e diagrams 
ommute.

A dis
ussion on weakly distributive 
ategories 
an be found in [31℄.

Theorem 2.1.12 (Co
kett and Seely[31℄) The notions of symmetri
 weakly dis-

tributive 
ategories with negation and *-autonomous 
ategories 
oin
ide.
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The term \with negation" means the addition of two families of maps

�

A

: I �! A

?

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....
.
.

.

.

.

.

.

.

.

.

.

.

.

.

............

A �

A

: A
 A

?

�!?

subje
t to a number of 
oheren
e equations.

Proposition 2.1.13 Let C = (C ;
; I; (�)

�

) be a 
ompa
t 
losed 
ategory. Then,

A

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....
.
.

.

.

.

.

.

.

.

.

.

.

.

.

............

B

�

=

A
 B for all obje
ts A and B in C and I

�

�

=

I.

De�nition 2.1.14 A monoidal fun
tor from a monoidal 
ategory C to a monoidal


ategory D is a triple (F; '; '

I

) where F : C �! D is a fun
tor, ' is a natural

transformation with 
omponents '

A;B

: FA
 FB �! F (A
 B) and '

I

: I �! FI

is a D -morphism su
h that the diagrams

FA
 (FB 
 FC)

1
 '

-

FA
 F (B 
 C)

'

-

F (A
 (B 
 C))

(FA
 FB)
 FC

�

?

'
 1

-

F (A
B)
 FC

'

-

F ((A
 B)
 C))

F�

?

and

I 
 FA

�

-

FA FA
 I

�

-

FA

FI 
 FA

'

I


 1

?

'

-

F (I 
 A)

F�

6

FA
 FI

1
 '

I

?

'

-

F (A
 I)

F�

6


ommute. A monoidal fun
tor is said to be strong when ' is a natural isomorphism

and '

I

is an isomorphism, and stri
t when ' and '

I

are identities. This means

essentially that F preserves the monoidal stru
ture on the nose.

A monoidal fun
tor F : C �! D with C and D symmetri
 monoidal 
ategories is
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symmetri
 if the following diagram 
ommutes:

FA
 FB

'

A;B

-

F (A
B)

FB 
 FA

�

FA;FB

?

'

B;A

-

F (B 
 A)

F�

A;B

?

A monoidal natural transformation m from (F; '; '

I

) to (G; ;  

I

) is a natural

transformation m : F =) G su
h that the following diagrams 
ommute:

FA
 FB

'

A;B

-

F (A
 B) I

'

I

-

FI

�

�

�

�

�

 

I

R

GA
GB

m

A


m

B

?

 

A;B

-

G(A
 B)

m

A
B

?

GI

m

I

?

A monoidal pointwise natural transformation is a family of maps m

A

: FA �! GA

su
h that the naturality diagram 
ommutes for morphisms of the form f : I �! A,

i.e. we have Gfm

I

= m

A

Ff , for f : I �! A, A an obje
t of C .

In the sequel and throughout the thesis, monoidal fun
tor will mean strong monoidal

fun
tor, unless expli
itly stated otherwise.

De�nition 2.1.15 A 
omonoid in a monoidal 
ategory C is a triple (C; e; d) with C

an obje
t of C and e : C �! I and d : C �! C 
 C morphisms in C su
h that the

following diagrams 
ommute:

C 
 C

�

d

C

d

-

C 
 C

C 
 (C 
 C)

1

C


 d

?

�

-

(C 
 C)
 C

d
 1

C

?

C

	�

�

�

�

�

�

�1

�

�

�

�

�

�

�1

R

I 
 C

�

e
 1

C

C 
 C

d

?

1

C


 e

-

C 
 I
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fm n

U2

Um

V1

V2

Vn

U1

Figure 1: Graphi
al Representation of f

UU

YX

f

WX ZYf g :
X,Y

X Y

W Zg

f

TrU (f)

Figure 2: I/O Interfa
es

The 
omonoid C is said to be 
ommutative i� C is symmetri
 monoidal and

C

d

-

C 
 C

�

�

�

�

�

d

R

C 
 C

�

?


ommutes.

For readability and without loss of generality we 
onsider stri
t monoidal 
ate-

gories. It is well known that every monoidal 
ategory is equivalent to a stri
t one [85℄.

This is in fa
t equivalent to Ma
 Lane's 
oheren
e theorem for monoidal 
ategories

(see [85℄, XI.3)

Notation: We introdu
e the following graphi
al notation: an arrow U

1


� � �
U

m

f

�!

V

1


 � � � 
 V

n

is represented as a box as in Figure 1. We sometimes emphasize the

I/O (Input/Output) interfa
e of a tensor or a tra
e using a dotted box as in Figure

2. We omit writing the labels on the lines when it is 
lear. Identity is represented by

a straight line and symmetry by 
rossed lines.

Joyal, Street and Verity [67℄ introdu
ed the notion of abstra
t tra
e on a balan
ed

monoidal 
ategory (a monoidal 
ategory with braidings and twists.) This tra
e 
an be
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interpreted in various 
ontexts where it 
ould be 
alled 
ontra
tion, feedba
k, Markov

tra
e or braid 
losure. The notion of tra
e is used to analyse the 
y
li
 stru
tures

en
ountered in mathemati
s and physi
s, most notably in knot theory. Sin
e their

introdu
tion, tra
ed monoidal 
ategories have found appli
ations in di�erent areas in


omputer s
ien
e, for example model theory of 
y
li
 lambda 
al
uli [59℄ and 
ate-

gori
al frameworks for the semanti
s of asyn
hronous 
ommuni
ation in networks of

parallel pro
esses [102℄. In this thesis we will see another example of the appli
ation

of tra
ed monoidal 
ategories to 
onstru
t 
ategori
al models for the analysis of in-

formation 
ow in proofs of linear logi
 (GoI). For the purposes of this thesis we will

be interested in tra
ed symmetri
 monoidal 
ase, that is we take the braiding to be

the symmetry.

De�nition 2.1.16 A tra
ed symmetri
 monoidal 
ategory is a symmetri
 monoidal


ategory (C ; I;
; �) with a family of fun
tions Tr

U

X;Y

: C (X 
U; Y 
U) �! C (X; Y )

pi
tured in Figure 2, 
alled a tra
e, subje
t to the following axioms:

� Natural in X, Tr

U

X;Y

(f)g = Tr

U

X

0

;Y

(f(g 
 1

U

)) where f : X 
 U �! Y 
 U ,

g : X

0

�! X,

� Natural in Y , gTr

U

X;Y

(f) = Tr

U

X;Y

0

((g 
 1

U

)f) where f : X 
 U �! Y 
 U ,

g : Y �! Y

0

,

� Dinatural in U , Tr

U

X;Y

((1

Y


 g)f) = Tr

U

0

X;Y

(f(1

X


 g)) where f : X 
 U �!

Y 
 U

0

, g : U

0

�! U ,

� Vanishing (I,II), Tr

I

X;Y

(f) = f and Tr

U
V

X;Y

(g) = Tr

U

X;Y

(Tr

V

X
U;Y
U

(g)) for

f : X 
 I �! Y 
 I and g : X 
 U 
 V �! Y 
 U 
 V ,

� Superposing,

Tr

U

X;Y

(f)
 g = Tr

U

X
W;Y
Z

((1

Y


 �

U;Z

)(f 
 g)(1

X


 �

W;U

))

for f : X 
 U �! Y 
 U and g : W �! Z,

� Yanking, Tr

U

U;U

(�

U;U

) = 1

U

.
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See Appendix A for a graphi
al representation of tra
e axioms.

A monoidal fun
tor F = (F; '; '

I

) : C �! D with C and D tra
ed symmetri


monoidal 
ategories is tra
ed if it is symmetri
 and satis�es

Tr

FU

FA;FB

('

�1

B;U

(Ff)'

A;U

) = F (Tr

U

A;B

(f))

where A
U

f

�! B 
U and FA
 FU

'

A;U

�! F (A
U)

Ff

�! F (B
U)

'

�1

B;U

�! FB
 FU:

In the 
ase of a stri
t fun
tor this means that F preserves the tra
e on the nose.

Example 2.1.17

1. The 
ategory Rel is tra
ed. Let R : X � U �! Y � U be a morphism in Rel.

Then Tr

U

X;Y

(R) : X �! Y is de�ned by: Tr

U

X;Y

(R)(x; y) = 9u:R(x; u; y; u).

2. The 
ategory FDVe
 is tra
ed. Given a linear transformation f : V 
U �!W
U

where U; V;W are ve
tor spa
es with bases fu

i

g; fv

j

g; fw

k

g. Tr

U

V;W

(f) : V �! W is

given by

Tr

U

V;W

(f)(v

i

) =

X

j;k

a

kj

ij

w

k

where f(v

i


 u

j

) =

X

k;m

a

km

ij

w

k


 u

m

:

This redu
es to the usual tra
e of f : U �! U when V and W are one dimensional.

3. Note that both Rel and FDve
 are 
ompa
t 
losed 
ategories. More generally,

every 
ompa
t 
losed 
ategory is 
anoni
ally tra
ed as follows [67℄: given f : A
U �!

B 
 U in a 
ompa
t 
losed 
ategory C ,

Tr

U

A;B

(f) =

A

1
 �

U

-

A
 U 
 U

�

f 
 1

U

�

-

B 
 U 
 U

�

1
 �

-

B 
 U

�


 U

1

U


 �

U

-

B

Proposition 2.1.18 The set of axioms for tra
ed symmetri
 monoidal 
ategories

given above is equivalent to one where superposing is repla
ed by the following axiom.

g 
 Tr

U

X;Y

(f) = Tr

U

W
X;Z
Y

(g 
 f)

for f : X 
 U �! Y 
 U and g :W �! Z .
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Proof. Let C be a symmetri
 monoidal 
ategory with a tra
e operator subje
t to

axioms naturality, dinaturality, vanishing and yanking. Then the following are equiv-

alent:

(1) Tr

U

X;Y

(f)
 g = Tr

U

X
W;Y
Z

((1

Y


 �

U;Z

)(f 
 g)(1

X


 �

W;U

))

(2) g 
 Tr

U

X;Y

(f) = Tr

U

W
X;Z
Y

(g 
 f)

for f : X 
 U �! Y 
 U and g : W �! Z. We will refer to (1) and (2) above as

Superposing axiom.

(1) =) (2):

g 
 Tr

U

X;Y

(f) = �

Y;Z

(Tr

U

X;Y

(f)
 g)�

W;X

= �

Y;Z

(Tr

U

X
W;Y
Z

((1

Y


 �

U;Z

)(f 
 g)(1

X


 �

W;U

)))�

W;X

= Tr

U

W
X;Z
Y

((�

Y;Z


 1

U

)(1

Y


 �

U;Z

)(f 
 g)(1

X


 �

W;U

)(�

W;X


 1

U

))

= Tr

U

W
X;Z
Y

((�

Y;Z


 1

U

)(1

Y


 �

U;Z

)(1

Y


 �

Z;U

)(�

Z;Y


 1

U

)(g 
 f)

(�

X;W


 1

U

)(1

X


 �

U;W

)(1

X


 �

W;U

)(�

W;X


 1

U

))

= Tr

U

W
X;Z
Y

(g 
 f):

(2) =) (1):

Tr

U

X;Y

(f)
 g = �

Z;Y

(g 
 Tr

U

X;Y

(f))�

X;W

= �

Z;Y

(Tr

U

W
X;Z
Y

(g 
 f))�

X;W

= Tr

U

X
W;Y
Z

((�

Z;Y


 1

U

)(g 
 f)(�

X;W


 1

U

))

= Tr

U

X
W;Y
Z

((�

Z;Y


 1

U

)(�

Y;Z


 1

U

)(1

Y


 �

U;Z

)(f 
 g)

(1

X


 �

W;U

)(�

W;X


 1

U

)(�

X;W


 1

U

))

= Tr

U

X
W;Y
Z

((1

Y


 �

U;Z

)(f 
 g)(1

X


 �

W;U

))
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Remark 2.1.19 Following [67℄ we will mainly use geometri
 proofs. Two-

dimensional reasoning is valid on the progressive parts of the diagrams be
ause of

the results of [66℄ for symmetri
 monoidal 
ategories. The reasoning in parts in-

volving tra
e is dedu
ed from the axioms of tra
e. With these provisos, geometri


reasoning is 
ompletely rigorous. Indeed, as remarked in [67℄, p. 450, \Algebrai


proofs 
an be 
onstru
ted from the geometri
 ones, but algebrai
 proofs seem only to

obfus
ate the intuition." As an example, we will give algebrai
 and geometri
 proofs

for the next proposition.

Proposition 2.1.20 (Generalized Yanking) Let C be a tra
ed symmetri
 monoidal


ategory. Let f : X �! Y and g : Y �! Z be given. Then

gf = Tr

Y

X;Z

(�

Y;Z

(f 
 g)):

Proof.

gf = g1

Y

f (1)

= gTr

Y

Y;Y

(�

Y;Y

)f (2)

= Tr

Y

Y;Z

((g 
 1

Y

)�

Y;Y

)f (3)

= Tr

Y

X;Z

((g 
 1

Y

)�

Y;Y

(f 
 1

Y

)) (4)

= Tr

Y

X;Z

(�

Y;Z

(1

Y


 g)(f 
 1

Y

)) (5)

= Tr

Y

X;Z

(�

Y;Z

(f 
 g)): (6)

Equations 1,2,3,4,5, and 6 respe
tively 
orrespond to the diagrams in Figure 3. For


larity, we draw 1

Y

as a straight line, omitting the box.

In parti
ular one 
an give an equivalent axiomatisation of tra
ed symmetri


monoidal 
ategories with Yanking repla
ed by Generalized Yanking.

Proposition 2.1.21 The set of axioms for tra
ed symmetri
 monoidal 
ategories

given above is equivalent to one where Yanking is repla
ed by the following axiom.
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1
Y

1
Y

1
Y

1
Y

1
Y

1
Y

f g

gf

X ZY Y

X Y Y Z

Y

Z
g

X
f

Y

Y

Y

f

f

g

g

X Y Z

Y

f gX Y

Y
Y

Y Z

Y

Y

X

Y

Z

Y

Y

Y

Z

Y

Y Z

Y

Figure 3: Graphi
al Proof of Proposition 2.1.20

Generalised yanking:

gf = Tr

Y

X;Z

(�

Y;Z

(f 
 g))

for f : X �! Y and g : Y �! Z .

Proof. Let C be a symmetri
 monoidal 
ategory with a tra
e operator subje
t to

axioms naturality, dinaturality, vanishing and superposing. Then the following are

equivalent:

(1) Tr

U

U;U

(�

U;U

) = 1

U



CHAPTER 2. BACKGROUND 21

(2) gf = Tr

Y

X;Z

(�

Y;Z

(f 
 g))

for f : X �! Y and g : Y �! Z.

(1) =) (2): Proposition 2.1.20.

(2) =) (1): Let X; Y; Z be U and f = g = 1

U

, then

Tr

U

U;U

(�

U;U

) = Tr

U

U;U

(�

U;U

(f 
 g)) = 1

U

We now give a normal form theorem for arrows in a tra
ed symmetri
 monoidal


ategory.

Theorem 2.1.22 Let C be a tra
ed symmetri
 monoidal 
ategory and T be a set of

arrows in C .Then, any expression E built from arrows in T using the tensor produ
t,


omposition, and tra
e 
an be represented as Tr(�F�) where F 
onsists of a tensor

produ
t of arrows in T and � and � are 
onstru
ted from symmetry and identity maps

using 
omposition and tensor (i.e., � and � are permutations.)

Proof. By indu
tion on the stru
ture of the expression E:

� Basis step : Let E = f : X �! Y in T . Then f = Tr

I

X;Y

(f):

� Let E = E

1


 E

2

with E

1

: X �! Y and E

2

: X

0

�! Y

0

, by indu
tive

hypothesis, E

1

= Tr

U

X;Y

(�

1

F

1

�

1

) and E

2

= Tr

U

0

X

0

;Y

0

(�

2

F

2

�

2

). Hen
e

E

1


 E

2

= Tr

U

X;Y

(�

1

F

1

�

1

)
 Tr

U

0

X

0

;Y

0

(�

2

F

2

�

2

)

= Tr

U

0

X
X

0

;Y
Y

0

(Tr

U

X;Y

(�

1

F

1

�

1

)
 (�

2

F

2

�

2

)) using Superposing,

= Tr

U

0

X
X

0

;Y
Y

0

(Tr

U

X
X

0


U

0

;Y
Y

0


U

0

((1

Y


 �

U;Y

0


U

0

)(�

1

F

1

�

1


 �

2

F

2

�

2

)

(1

X


 �

X

0


U

0

;U

))) using Superposing,
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= Tr

U

0


U

X
X

0

;Y
Y

0

((1

Y


�

U;Y

0


U

0

)(�

1

F

1

�

1


�

2

F

2

�

2

)(1

X


�

X

0


U

0

;U

)) using Vanishing II,

= Tr

U

0


U

X
X

0

;Y
Y

0

(�F�)

where � = (1

Y


�

U;Y

0


U

0

)(�

1


�

2

), F = F

1


F

2

and � = (�

1


�

2

)(1

X


�

X

0


U

0

;U

).

� Let E = E

2

E

1

: X �! Z where E

1

: X �! Y and E

2

: Y �! Z.

E = E

1

E

2

= Tr

Y

X;Z

(�

Y;Z

(E

1


 E

2

)) by Proposition 2.1.20,

= Tr

Y

X;Z

(�

Y;Z

Tr

U

X
Y;Y
Z

(�F�)) using previous part,

= Tr

Y

X;Z

(Tr

U

X
Y;Z
Y

((�

Y;Z


 1

U

)(�F�))) using Naturality,

= Tr

Y
U

X;Z

(�

0

F�) using Vanishing II:

where �

0

= (�

Y;Z


 1

U

)�:

� Let E = Tr

U

X;Y

(E

1

) for E

1

: X 
 U �! Y 
 U .

E = Tr

U

X;Y

(E

1

)

= Tr

U

X;Y

(Tr

U

0

X
U;Y
U

(�F�)) by indu
tive hypothesis

= Tr

U
U

0

X;Y

(�F�) using Vanishing II:

2.2 Int Constru
tion

The Int 
onstru
tion was introdu
ed by Joyal, Street and Verity in [67℄. It is used

to 
onstru
t a free tortile monoidal 
ategory from a given tra
ed balan
ed monoidal


ategory. In this thesis we will work with tra
ed symmetri
 monoidal 
ategories and

hen
e in this 
ase the main result of [67℄ reads as follows. Re
all from Example 2.1.15

that every 
ompa
t 
losed 
ategory is 
anoni
ally tra
ed, given f : A
U �! B
U

in a 
ompa
t 
losed 
ategory C ,

Tr

U

A;B

(f) =

A

1
 �

U

-

A
 U 
 U

�

f 
 1

U

�

-

B 
 U 
 U

�

1
 �

-

B 
 U

�


 U

1

U


 �

U

-

B
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and every monoidal full sub
ategory of a 
ompa
t 
losed 
ategory is tra
ed. Moreover,

every tra
ed symmetri
 monoidal 
ategory C arises in this way, that is it is a monoidal

full sub
ategory of a 
ompa
t 
losed 
ategory, namely Int C . Informally, Int C is the

\free 
ompa
t 
losure" of C . More formally:

Theorem 2.2.1 (Joyal, Street & Verity)

1

Suppose C is a tra
ed symmetri


monoidal 
ategory and D is a 
ompa
t 
losed 
ategory. Then there exists a 
om-

pa
t 
losed 
ategory Int C su
h that for all tra
ed monoidal fun
tors F : C �! D ,

there exists a symmetri
 monoidal fun
tor K : Int C �! D whi
h is unique up to

monoidal natural isomorphism with the property KN

�

=

F , where N : C �! Int C is

the full faithful in
lusion fun
tor.

We next pro
eed by re
alling the Int 
onstru
tion whi
h is motivated by the


onstru
tion of integers Z from natural numbers N and hen
e the name. Let C be a

tra
ed symmetri
 monoidal 
ategory. The 
ategory Int C is de�ned as follows:

� Obje
ts: Pairs of obje
ts from C , e.g. (A

+

; A

�

) where A

+

and A

�

are obje
ts

of C .

� Arrows: An arrow f : (A

+

; A

�

) �! (B

+

; B

�

) in Int C is f : A

+


 B

�

�!

B

+


 A

�

in C .

� Identity: 1

(A

+

;A

�

)

= 1

A

+


A

�

.

� Composition: Given f : (A

+

; A

�

) �! (B

+

; B

�

) and g : (B

+

; B

�

) �!

(C

+

; C

�

), gf : (A

+

; A

�

) �! (C

+

; C

�

) is given by:

gf = Tr

B

�

A

+


C

�

;C

+


A

�

((1

C

+


 �

B

�

;A

�

)(g
 1

A

�

)(1

B

+


 �

A

�

;C

�

)(f 
 1

C

�

) (1

A

+




�

C

�

;B

�

))

This 
an be represented graphi
ally as in Figure 4.

� Tensor: (A

+

; A

�

)
 (B

+

; B

�

) = (A

+


B

+

; B

�


A

�

) and for f : (A

+

; A

�

) �!

(B

+

; B

�

) and g : (C

+

; C

�

) �! (D

+

; D

�

), f 
 g is de�ned to be the following

1

Note that this is the version of the original theorem for the 
ase of symmetri
 monoidal


ategories.
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A+
B
+ C

+

C
-

-
B

A-

C
-

A-

A-

C
-

-
B

-
B

f g

Figure 4: Composition in Int C


omposite: A

+


 C

+


 D

�


 B

�

�
�

�! C

+


 A

+


 B

�


 D

�

1
f
1

�! C

+


 B

+




A

�


D

�

�
�

�! B

+


 C

+


D

�


 A

�

1
g
1

�! B

+


D

+


 C

�


 A

�

� Unit: (I; I).

Proposition 2.2.2 Let C be a tra
ed symmetri
 monoidal 
ategory , Int C is a 
om-

pa
t 
losed 
ategory. Moreover, N : C �! Int C with N(A) = (A; I) and N(f) = f

is a full and faithful embedding.

Proof. (Sket
h) This is just a spe
ialisation of the proof that appears in [67℄ and we

will not repeat it here. However we give the main morphisms of the 
losed stru
ture.

For any two obje
ts (A

+

; A

�

) and (B

+

; B

�

) in Int C ,

�

(A

+

;A

�

);(B

+

;B

�

)

=

def

�

A

+

;B

+


 �

A

�

;B

�

:

The left dual of (A

+

; A

�

), (A

+

; A

�

)

�

= (A

�

; A

+

). The unit is given by

�

(A

+

;A

�

)

: (I; I) �! (A

+

; A

�

)
 (A

+

; A

�

)

�

=

def

1

A

+


A

�

and 
ounit is

�

(A

+

;A

�

)

: (A

+

; A

�

)

�


 (A

+

; A

�

) �! (I; I) =

def

1

A

�


A

+

:

The internal homs are given by

(A

+

; A

�

) �Æ (B

+

; B

�

) = (B

+

; B

�

)
 (A

+

; A

�

)

�

= (B

+


 A

�

; A

+


 B

�

):
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2.3 G Constru
tion

In this se
tion we re
all Abramsky's G 
onstru
tion [1℄. It was pointed out in [1℄ that

this 
onstru
tion 
aptures the Geometry of Intera
tion 
onstru
tion for the multi-

pli
ative fragment of linear logi
 and that Girard's exe
ution formula 
orresponds to

the 
omposition in the G(C ) 
ategory. We will use this 
onstru
tion extensively in

the �rst part of the thesis. We will hen
e des
ribe this 
onstru
tion and show that it

is equivalent to the Int 
onstru
tion of the previous se
tion.

De�nition 2.3.1 (The Geometry of Intera
tion 
onstru
tion) Given a tra
ed sym-

metri
 monoidal 
ategory C we de�ne a new 
ategory G(C ), as follows:

� Obje
ts: Pairs of obje
ts from C , e.g. (A

+

; A

�

) where A

+

and A

�

are obje
ts

of C .

� Arrows: An arrow f : (A

+

; A

�

) �! (B

+

; B

�

) in G(C ) is f : A

+


 B

�

�!

A

�


 B

+

in C .

� Identity: 1

(A

+

;A

�

)

= �

A

+

;A

�

.

� Composition: Composition is given by symmetri
 feedba
k. Given f :

(A

+

; A

�

) �! (B

+

; B

�

) and g : (B

+

; B

�

) �! (C

+

; C

�

), gf : (A

+

; A

�

) �!

(C

+

; C

�

) is given by:

gf = Tr

B

�


B

+

A

+


C

�

;A

�


C

+

(�(f 
 g)�)

where

� = (1

A

+


 1

B

�


 �

C

�

;B

+

)(1

A

+


 �

C

�

;B

�


 1

B

+

)

� = (1

A

�


 1

C

+


 �

B

+

;B

�

)(1

A

�


 �

B

+

;C

+


 1

B

�

)(1

A

�


 1

B

+


 �

B

�

;C

+

):

This 
an be represented graphi
ally as in Figure 5. An informal pi
ture dis-

playing gf is also given below. This latter pi
ture (Figure 6) represents the

symmetri
 feedba
k.



CHAPTER 2. BACKGROUND 26

A
+

-
C

-
B

B
+

A
+

B
-

B
+

-
C

A
-

B
+

B
-

C
+

A
-

+
C

B
-

B
+

f

g

βα

Figure 5: Composition in G(C )

-
B

A-

B
+

+B
-

B

C
-

A+

C
+

g

f

Figure 6: Symmetri
 Feedba
k

� Tensor: (A

+

; A

�

)
 (B

+

; B

�

) = (A

+


B

+

; A

�


B

�

) and for f : (A

+

; A

�

) �!

(B

+

; B

�

) and g : (C

+

; C

�

) �! (D

+

; D

�

),

f 
 g = (1

A

�


 �

B

+

;C

�


 1

D

+

)(f 
 g)(1

A

+


 �

C

+

;B

�


 1

D

�

):

� Unit: (I; I).

Remark 2.3.2 We have given a de�nition for � and � above, however, any other

permutations A

+


C

�


B

�


B

+

�

=

�! A

+


B

�


B

+


C

�

and A

�


B

+


B

�


C

+

�

=

�!

A

�


C

+


B

�


B

+

for � and � respe
tively will yield the same result for gf due to


oheren
e.

Proposition 2.3.3 Let C be a tra
ed symmetri
 monoidal 
ategory. Then G(C ) de-

�ned as in De�nition 2.3.1 is a 
ompa
t 
losed 
ategory. Moreover, N : C �! G(C )

with N(A) = (A; I) and N(f) = f is a full and faithful embedding.

Proof. For any two obje
ts (A

+

; A

�

) and (B

+

; B

�

) in G(C ), �

(A

+

;A

�

);(B

+

;B

�

)

=

def

(1

A

�


 �

B

+

;B

�


 1

A

+

)(�

B

+

;A

�


 �

A

+

;B

�

)(1

B

+


 �

A

+

;A

�


 1

B

�

)(�

A

+

;B

+


 �

B

�

;A

�

): This

makes G(C ) into a symmetri
 monoidal 
ategory.
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The dual of (A

+

; A

�

) is given as (A

+

; A

�

)

�

= (A

�

; A

+

) where the unit

�

(A

+

;A

�

)

: (I; I) �! (A

+

; A

�

)
 (A

+

; A

�

)

�

=

def

�

A

�

;A

+

and 
ounit

�

(A

+

;A

�

)

: (A

+

; A

�

)

�


 (A

+

; A

�

) �! (I; I) =

def

�

A

�

;A

+

:

It is easily veri�ed that the unit and 
ounit are natural transformations and the

triangles of De�nition 2.1.3 
ommute. Hen
e G(C ) is a 
ompa
t 
losed 
ategory.

The internal homs are given as

(A

+

; A

�

) �Æ (B

+

; B

�

) = (B

+

; B

�

)
 (A

+

; A

�

)

�

= (B

+


 A

�

; B

�


 A

+

):

Proposition 2.3.4 Let C be a tra
ed symmetri
 monoidal 
ategory, then G(C )

�

=

Int C

Proof. De�ne the fun
tor F : G(C ) �! Int C as follows: F (A

+

; A

�

) = (A

+

; A

�

)

and F (f) = �

A

�

;B

+

f for f : (A

+

; A

�

) �! (B

+

; B

�

). F (1

(A

+

;A

�

)

) = F (�

A

+

;A

�

) =

�

A

�

;A

+

�

A

+

;A

�

= 1

A

+


A

�

= 1

F (A

+

;A

�

)

. The proof of F (gf) = F (g)F (f) is given in

Figure 7: both (a) and (b) redu
e to (
). F is a symmetri
 monoidal fun
tor with

' = 1

A

+


B

+


 �

A

�

;B

�

and '

I

= 1

I

. Moreover, F has an inverse G whi
h is the

identity on obje
ts and G(f) = �

B

+

;A

�

f for f : (A

+

; A

�

) �! (B

+

; B

�

) in Int C .

Notation: We write A� B(f; g) for A;B obje
ts of a 
ategory C and f : A �! B

and g : B �! A morphisms in C to mean that A is a retra
t of B i.e., gf = 1

A

:

Lemma 2.3.5

� Let A

+

�

=

B

+

and A

�

�

=

B

�

in C , then (A

+

; A

�

)

�

=

(B

+

; B

�

) in G(C ).

� If A

+

�B

+

(f

1

; g

1

) and A

�

�B

�

(f

2

; g

2

) in C , then (A

+

; A

�

)�(B

+

; B

�

)(�

B

+

;A

�

(f

1




g

2

); �

A

+

;B

�

(g

1


 f

2

)) in G(C ).
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(c)

F(g)F(f)

(b)

(a)

+

B
-

C
+

A
-

+
C

B

+

B

-
A

C
-

-

B

+
B

-
B

+
A

+
B

B
-

C

g

f

f

g

-

+

f

g

A

Figure 7: F (gf) = F (g)F (f)
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Proof. First we observe that if f : (A

+

; A

�

) �! (B

+

; B

�

) = �

B

+

;A

�

(f

1


 f

2

) and

g : (B

+

; B

�

) �! (C

+

; C

�

) = �

C

+

;B

�

(g

1


 g

2

), with f

1

: A

+

�! B

+

; f

2

: B

�

�!

A

�

; g

1

: B

+

�! C

+

and g

2

: C

�

�! B

�

, then 
omposition is given by

gf = �

C

+

;A

�

(g

1

f

1


 f

2

g

2

):

Suppose that f

1

: A

+

�

=

�! B

+

and g

2

: A

�

�

=

�! B

�

. De�ne f : (A

+

; A

�

) �! (B

+

; B

�

)

by f = �

B

+

;A

�

(f

1


 g

�1

2

) and g : (B

+

; B

�

) �! (A

+

; A

�

) by g = �

A

+

;B

�

(f

�1

1


 g

2

).

Then, gf = �

A

+

;A

�

(1

A

+


 1

A

�

) = �

A

+

;A

�

= 1

(A+;A

�

)

. Similarly fg = 1

(B

+

;B

�

)

and

hen
e (A

+

; A

�

)

�

=

(B

+

; B

�

).

Now suppose A

+

� B

+

(f

1

; g

1

) and A

�

� B

�

(f

2

; g

2

), de�ne f : (A

+

; A

�

) �!

(B

+

; B

�

) by f = �

B

+

;A

�

(f

1


 g

2

) and de�ne g : (B

+

; B

�

) �! (A

+

; A

�

) by g =

�

A

+

;B

�

(g

1


 f

2

). Then

gf = �

A

+

;A

�

(g

1

f

1


 g

2

f

2

)

= �

A

+

;A

�

(1

A

+


 1

A

�

)

= �

A

+

;A

�

= 1

(A

+

;A

�

)

Hen
e (A

+

; A

�

)� (B

+

; B

�

)(f; g):

2.4 Linear Logi
 and its Categori
al Models

Linear logi
 invented by Girard [44℄, is a re�nement of 
lassi
al and intuitionisti


logi
s. Linear logi
 is a 
onstru
tive and resour
e sensitive logi
. To see the resour
e

sensitivity of linear logi
 we need to dis
uss Gentzen's analysis of Hilbert's proof

theory [50, 103℄. Gentzen introdu
ed a fundamental reformulation of the syntax,


alled sequent 
al
ulus. A sequent is denoted by � ` �, where � and � are �nite

sequen
es (possibly empty) of formulas, for example,

A

1

; A

2

; � � � ; A

m

` B

1

; B

2

; � � � ; B

n

Gentzen also introdu
ed formal rules for generating sequents, the so-
alled derivable

sequents. Gentzen broke down the manipulation of logi
 into two 
lasses of rules
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applied to sequents: stru
tural rules and logi
al rules. Two of the stru
tural rules

that are important for our dis
ussion here are the 
ontra
tion and weakening rules:

(
ontra
tion)

�; A; A ` �

�; A ` �

� ` �; B; B

� ` �; B

(weakening)

� ` �

�; A ` �

� ` �

� ` �; B

Let's 
onsider intuitionisti
 sequents, i.e. those of the form A

1

; A

2

; � � � ; A

m

`

B with one 
on
lusion. We 
an give a fun
tional interpretation: view the sequent

as a fun
tion t(x

1

; x

2

; � � � ; x

m

) : B with arguments x

i

2 A

i

for all i = 1; � � � ; m.

Then, (
ontra
tion) 
an be interpreted as dupli
ating the arguments of a fun
tion,

i.e. setting two input variables equal and (weakening) is interpreted as introdu
ing

dummy variables. Yet another way of looking at these rules (reading from 
on
lusion

upward to hypothesis) is to view (
ontra
tion) as dupli
ation and (weakening) as

erasing.

In linear logi
 one is not allowed to dupli
ate or erase a formula (resour
e). Thus,

these rules are removed and as a 
onsequen
e we get two 
onjun
tions: tensor (
)

and with (&) and two disjun
tions: par (

.
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) and plus (�). These are grouped into

multipli
atives (
,
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, �Æ) and additives (�, &). There is also an involutive negation

(�)

?

whi
h relates these groups by De Morgan duality. The linear impli
ation above

(�Æ) is a de�ned multipli
ative 
onne
tive: A �Æ B =

def

A

?
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B. Linear impli
ation

represents real life (
ausal) impli
ation. That is, from A and A �Æ B we get B

(modus ponens) and A is no longer there; 
ompare this to impli
ation in mathemati
s

where from A and A ) B we get B and A is still true. To regain the power of

intuitionisti
 logi
, Girard introdu
ed a new 
onne
tive, the exponential 
onne
tive,

!. This indi
ates that weakening and 
ontra
tion 
an be applied to !A. In this way

we get ba
k these stru
tural rules in a 
ontrolled fashion. From a resour
e point of

view, a hypothesis !A 
an be reused arbitrarily. This gives a de
omposition of \)"

into more basi
 notions:

A) B = (!A) �Æ B:

Finally, 
lassi
al and intuitionisti
 logi
s 
an be faithfully translated into linear logi


[44, 105℄. For more on linear logi
 see the ex
ellent review [49℄.
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2.4.1 The Multipli
ative Fragment of Linear Logi


In this thesis we will be interested in the multipli
ative fragment of linear logi
 (MLL)

and the multipli
ative and exponential fragment of intuitionisti
 linear logi
 (MEILL).

Formulas in MLL are built from propositional atoms, �; �; : : : , their linear nega-

tions, �

?

; �

?

; � � � and the 
onstants (or units) 1 and ? by the 
onne
tives 
 and
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Finite sequen
es of formulas are denoted by 
apital Greek letters �;�; : : : . A literal

is either an atom or its linear negation. Noti
e that one 
an remove the (ex
hange)

rule (see below) and instead work with multisets of formulas.

Below we give the sequent 
al
ulus presentation for MLL. We will use one sided

sequents, that is sequents are of the form ` �, general sequents � ` � 
an be

mimi
ked as ` �

?

;�. This is a fundamental feature of linear negation: it transports

the formulas from one side of the sequent to the other side.

Identity/Negation

` �; �

?

(identity)

` �; A ` A

?

;�

` �;�

(
ut)

Stru
ture

` �

` �(�)

(ex
hange : � is a permutation of �)

Logi


` 1

(1)

` �

` �;?

(?)

` �; A ` B;�

` �; A
B;�

(
)

` �; A; B

` �; A
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)

There is a 
ut elimination pro
edure whi
h is Chur
h-Rosser and strongly normal-

ising for MLL without units. In parti
ular, any proof of a sequent in MLL without

units 
an be redu
ed to a unique 
ut-free proof of the same sequent [49℄.
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Girard introdu
ed proof nets [44℄ as a graphi
al representation of proofs. Proof

nets are the natural dedu
tion system for linear logi
. They provide a parallel syn-

tax in that they have multiple 
on
lusions and they suppress the 
ommuting rules in

sequent 
al
ulus. That is, the sequent 
al
ulus proofs that are equivalent by 
om-

muting rules are translated into a single proof net. Proof nets are de�ned using proof

stru
tures. A proof stru
ture is simply a graph with formula o

urren
es as verti
es.

The edges are built via links of the form

T

T

�

�

A

A

�

�

A B

A
 B

A B

A

.
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.
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B

�

��

�

A A

?

A A

?

Axiom link

Cut link

Tensor link Par link

However, not every proof stru
ture is a proof net. The 
orre
tness 
riterion to

pi
k the 
orre
t ones was given by Girard in [44℄ using the notion of a \trip" on a

proof stru
ture. Girard introdu
ed the notion of data
ow (a parti
le, information,

et
.) through a proof stru
ture. This view will be explored more fully in this thesis.

Girard's 
orre
tness 
riterion was simpli�ed by Danos and Regnier using swit
hings

[34℄.

A DR-swit
hing for a 
ut-free proof stru
ture is the assignment of left or right

to ea
h par link. Given a swit
hing S for a 
ut-free proof stru
ture we de�ne the

asso
iated graph to be the deletion of the par-edges not sele
ted by the swit
hing S.

Theorem 2.4.1 (Danos and Regnier) A 
ut-free proof stru
ture is a proof net i�

for every DR-swit
hing, the asso
iated DR-graph is a
y
li
 and 
onne
ted.

We also re
all the following important results due to Girard [44℄.

Theorem 2.4.2 (Girard) If � is a proof of ` � in the sequent 
al
ulus for MLL

then we 
an naturally asso
iate with it a proof net N(�) whose multiset of terminal

formulas is pre
isely �.



CHAPTER 2. BACKGROUND 33

Theorem 2.4.3 (Girard) If � is a proof net, then there exists a proof � in the

sequent 
al
ulus of MLL su
h that N(�) = �.

2.4.2 The Multipli
ative and Exponential Fragment of ILL

Formulas in MEILL are built from propositional atoms, �; �; : : : , and the 
onstant

(or unit) 1 by the 
onne
tives 
, �Æ and !. Finite sequen
es of formulas are denoted

by 
apital Greek letters �;�; : : : . Noti
e that one 
an remove the (ex
hange) rule

(see below) and instead use multisets of formulas. Below we give a sequent 
al
ulus

presentation for MEILL. Note that in the intuitionisti
 linear logi
, linear negation

is not a primitive 
onne
tive and we deal with sequents of the form � ` A for A a

single formula.

Identity

� ` �

(identity)

� ` A A;� ` B

�;� ` B

(
ut)

Stru
ture

� ` B

�(�) ` B

(ex
hange : � is a permutation of �)

Logi




CHAPTER 2. BACKGROUND 34

� ` A

�; 1 ` A

(L1)

` 1

(R1)

�; A; B ` C

�; A
 B ` C

(L
)

� ` A � ` B

�;� ` A
B

(R
)

� ` A �; B ` C

�;�; A �Æ B ` C

(L �Æ)

�; A ` B

� ` A �Æ B

(R �Æ)

!� ` A

!� `!A

(of
ourse)

� ` B

�; !A ` B

(weakening)

�; A ` B

�; !A ` B

(dereli
tion)

�; !A; !A ` B

�; !A ` B

(
ontra
tion)

2.4.3 Categori
al Models

In this se
tion we will re
all and dis
uss the 
ategori
al models of MLL and MEILL.

First let's 
onsider MLL. Seely [101℄ has shown that *-autonomous 
ategories are

models of MLL. Tensor and par are interpreted by tensor and par (dual of tensor) in

a *-autonomous 
ategory C . Linear negation 
orresponds to the involution on C and

a multiset � is interpreted as a par produ
t
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�. A sequent ` � is interpreted as a

morphism I �!
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�. Now let's look at this in more detail.

Suppose the propositional atoms in the logi
 are interpreted by the obje
ts in C .

The interpretation fun
tion � is de�ned indu
tively as:

1 = I; ? =?; �

?

= �

?

;

A
 B = A 
 B ;

A;B = A
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B ;

` A

1

; � � � ; A

n

= a morphism I �! A
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We now sket
h how the axioms and inferen
e rules are interpreted in a *-

autonomous 
ategory C .

The identity sequents ` �; �

?

are interpreted as morphisms I �! X
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X

?

where

X is the interpretation of �. These morphisms are obtained by transposition of the

identity on X, i.e. using the bije
tion C (I 
X;X)

�

=

C (I;X �Æ X).

The (1) rule is expressed by 1

I

and the (?) rule is expressed via 
omposition with

the inverse of the right unit isomorphism of
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The (
ut) rule is expressed by 
omposition. ` �; A = a morphism I �! (
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A

?

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
..
..

.

.

.

.

.

.

.

.

.

.

.

.

.

............

(

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

..
..

.

.

.

.

.

.

.

.

.

.

.

.

.

............

�) is equivalent to a morphism A �! (

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

..
..

.

.

.

.

.

.

.

.

.

.

.

.

.

............

�): Composing these two

morphisms gives a morphism (

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

�)

?

�! (

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

�), equivalent to I �! (

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

�)

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

(

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

�) =

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
..
..

.

.

.

.

.

.

.

.

.

.

.

.

.

............

(�;�):

The (ex
hange) rule is expressed through the symmetry and asso
iativity of the

par and tensor produ
ts in C .

The (
) rule is essentially taking the tensor produ
t of the morphisms (
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) rule does nothing.

Proposition 2.4.4 (Seely, [101℄) The above interpretation yields a sound model of

MLL in any *-autonomous 
ategory C . That is, the indu
ed interpretation of proofs is

preserved by 
ut-elimination: if � redu
es to �

0

(by 
ut-elimination) then � = �

0

as morphisms in C .

We will next re
all the 
ategori
al model for MEILL. This was �rst introdu
ed by

Seely [101℄. However it was later modi�ed by [18℄ and [19℄. We 
losely follow [30℄.

A 
ategori
al model of MEILL, whi
h we 
all a linear 
ategory, 
onsists of the

following data:

1. A symmetri
 monoidal 
losed 
ategory (C ; I;
;�Æ),

2. A symmetri
 (not ne
essarily strong) monoidal fun
tor (!; '; '

I

) : C �! C ,

3. Monoidal natural transformations:

(i) der :! =) id, where id is the identity fun
tor,
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(ii) Æ :! =)!!,

(iii) weak :! =) K

I

where K

I

is the 
onstant I fun
tor and

(iv) 
on :! =)!
!

su
h that

� (!; der; Æ) is a 
omonad.

� for ea
h obje
t A, the maps weak

A

and 
on

A

are maps of 
oalgebras.

� for ea
h obje
t A, the triple (!A;weak

A

; 
on

A

) is a 
ommutative 
omonoid.

� for ea
h obje
t A, the map Æ

A

is a map of 
ommutative 
omonoids.

Suppose that the propositional atoms are interpreted by obje
ts of C , the inter-

pretation fun
tion � is de�ned indu
tively as follows:

1 = I

A �Æ B = A �Æ B

A;B = A
B = A 
 B

!A =!( A )

A sequen
e � of formulas is interpreted as 
� and a sequent � ` A is interpreted

as a morphism 
� �! A (We use A, B instead of A and B :) Similarly to MLL,

we interpret axioms and inferen
e rules as generating arrows, as follows:

The identity sequents � ` � are interpreted by identity morphisms X �! X

where X is the interpretation of �.

The (
ut) rule is expressed by 
omposition: given the morphisms f : 
� �! A

and g : A
 (
�) �! B we get a morphism 
�
 (
�)

f
1

�! A
 (
�)

g

�! B:

The (ex
hange) rule is expressed using the symmetry and asso
iativity morphisms

of the tensor produ
t.
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The (R1) rule is just 1

I

and the (L1) rule is expressed by 
omposition with the

right unit isomorphism.

The (L
) rule does nothing. The (R
) rule is interpreted by taking the tensor

produ
t of the morphisms 
� �! A and 
� �! B.

The (L �Æ) rule is expressed using the morphisms f : 
� �! A and g : (
�) 


B �! C as follows:

(
�) 
 (
�) 
 (A �Æ B)

f
1

�! A 
 (
�) 
 (A �Æ B)

�
1

�! (
�) 
 A 
 (A �Æ

B)

1
�

�! (
�)
 (A �Æ B)
 A

1
ev

�! (
�)
 B

g

�! C

The (R �Æ) rule is just taking the transpose of the morphism (
�)
 A �! B.

The (of 
ourse) rule is expressed by using fun
toriality of ! and Æ (
omultipli
ation

natural transformation.) We demonstrate this for � = B;C the general 
ase follows

trivially. Given f : !B
!C �! A we get a morphism as follows:

!B
!C

Æ

B


Æ

C

�! !!B
!!C

'

�! !(!B
!C)

!f

�! !A

The (weakening) rule is expressed by 
omposition with weak

A

. Given f : 
� �!

B we get a morphism

(
�)
!A

1
weak

A

�! (
�)
 I

�

=

�! 
�

f

�! B

The (dereli
tion) rule is expressed by 
omposition with der

A

. Given f : (
�) 


A �! B we get a morphism

(
�)
!A

1
der

A

�! (
�)
 A

f

�! B

The (
ontra
tion) rule is expressed by 
omposition with 
on

A

. Given f :

(
�)
!A
!A �! B, we get a morphism

(
�)
!A

1

on

A

�! (
�)
!A
!A

f

�! B

Proposition 2.4.5 (Seely [101℄, Bierman [20℄) The above interpretation yields a

sound model of MEILL in any linear 
ategory. That is, the indu
ed interpretation of

proofs is preserved by 
ut-elimination.
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2.4.4 The MIX Rule

An interesting variant of MLL is obtained by adding the MIX rule,

` � ` �

` �;�

(MIX):

The MIX rule and its 
ategori
al interpretation are dis
ussed in [32℄. Our presen-

tation here follows [104℄.

The MIX rule 
an be spe
i�ed in several equivalent forms.

Proposition 2.4.6 (Co
kett & Seely [32℄) The equivalent forms of the MIX rule

are ?` 1 and A
B ` A

.
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B:

Fleury and Retor�e [38℄ provided a 
orre
tness 
riterion for proof nets in

MLL+MIX. Simply, the a
y
li
ity 
ondition remains and the 
onne
tedness 
ondi-

tion is removed. This �ts in ni
ely with the intuitive idea that an MLL proof net

asso
iated with ` � and an MLL proof net asso
iated with ` � 
an be juxtaposed to

yield an MLL+MIX proof net asso
iated with ` �;�:

A 
ategori
al model of MLL supports the MIX rule, if there exists a unary MIX

morphism m :?�! 1 su
h that the following diagram 
ommutes.

? 
 ?

	�

�

�

�

�

m
 1

?

�

�

�

�

�

1

?


m

R

1
 ?

�

=

?

1

?

-

?

�

=

? 
1

Given morphisms f : X �!? and g : Y �!?, we 
an 
onstru
t X 
 Y

f
g

�!?


 ?

~m

�!?, where ~m :? 
 ?�!? is the morphism in the diagram above. Further-

more, m indu
es the binary MIX morphisms z

AB

: A
 B �! A
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B, natural in A

and B as follows:

` A

?

; A ` B

?

; B

` A

?

; B

?

; A; B

(MIX)

` A

?
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); twi
e

A
 B ` A
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Chapter 3

Partially Additive Categories

In this 
hapter we re
all the de�nitions of partially additive monoids and 
ategories

enri
hed over su
h monoids, partially additive 
ategories. Partially additive 
ategories

were de�ned and used by Manes and Arbib to provide an algebrai
 semanti
s for

programming languages [90℄. Our interest in partially additive 
ategories is primarily

due to the fa
t that they provide a 
anoni
al method for �xed-point 
onstru
tion,

whi
h in turn yields 
anoni
al 
onstru
tions for tra
e and 
omposition in geometry

of intera
tion 
ategories.

De�nition 3.0.7 A partially additive monoid is a pair (M;�), where M is a

nonempty set and � is a partial fun
tion whi
h maps 
ountable families in M to

elements of M (we say that fx

i

g

i2I

is summable if

P

i2I

x

i

is de�ned)

1

subje
t to the

following axioms:

1. Partition-Asso
iativity Axiom. If fx

i

g

i2I

is a 
ountable family and if fI

j

g

j2J

is

a (
ountable) partition of I , then fx

i

g

i2I

is summable if and only if fx

i

g

i2I

j

is

summable for every j 2 J and

P

i2I

j

x

i

is summable for j 2 J . In that 
ase,

P

i2I

x

i

=

P

j2J

(

P

i2I

j

x

i

)

2. Unary Sum Axiom. Any family fx

i

g

i2I

in whi
h I is a singleton is summable

and

P

i2I

x

i

= x

j

if I = fjg.

1

Throughout, \
ountable" means �nite or denumerable. All index sets are 
ountable.

39
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3. Limit Axiom. If fx

i

g

i2I

is a 
ountable family and if fx

i

g

i2F

is summable for

every �nite subset F of I then fx

i

g

i2I

is summable.

We observe the following fa
ts about partially additive monoids:

(i) Axiom 1 implies that every subfamily of a summable family is summable. Sup-

pose fx

i

g

i2I

is summable and let K � I. Consider the partition I = I

1

[ I

2

where I

1

= K and I

2

= I � K, then by the partition-asso
iativity axiom,

P

i2K

x

i

is summable.

(ii) Axioms 1 and 2 imply that the empty family is summable. We denote

P

i2;

x

i

by 0, whi
h is an additive identity for summation. In fa
t, 0 is a 
ountable

additive identity. To see this, �rst note that I

j

= ; is allowed for any number

of j (�nite or denumerably in�nite). Now suppose fx

i

g

i2I

is a summable family

and J is any 
ountable set disjoint from I su
h that x

i

= 0 for all i 2 J . For

j 2 I [ J de�ne

I

j

=

8

<

:

fjg if j 2 I,

; if j 2 J:

Clearly fI

j

g

j2I[J

partitions I and by the partition-asso
iativity axiom

P

j2I[J

(

P

i2I

j

x

i

) exists and equals

P

i2I

x

i

but

P

i2I

j

x

i

= x

j

if j 2 I and is 0

if j 2 J and hen
e the result.

(iii) Axiom 1 implies the obvious equations of 
ommutativity and asso
iativity for

the sum (when de�ned). More generally,

P

i

x

'(i)

is de�ned for any permutation

' of I whenever

P

i

x

i

exists and

P

i

x

'(i)

=

P

i

x

i

; just 
onsider the partition

f'(j)g

j2I

.

(iv) In 
ase � is totally de�ned, (M;�

2

) forms an Abelian monoid, where �

2

is the

restri
tion of � to binary families, i.e. �

2

:M �M �!M:

(v) There are no additive inverses. Indeed, let fx

i

g

i2I

be a summable family with

P

i2I

x

i

= 0 and set y =

P

j2I�fig

x

j

for some i 2 I. Then, y + x

i

= 0 and

x

i

= x

i

+ (y + x

i

) + (y + x

i

) + � � � = (x

i

+ y) + (x

i

+ y) + � � � = 0. Thus, x

i

= 0
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for all i 2 I. This property has been 
alled the positivity property by Benson

and Manes [91℄.

We will also need to 
onsider partially additive monoids without requiring the limit

axiom. We 
all su
h stru
tures �-monoids. Su
h stru
tures have been 
onsidered by

Benson and Manes [91℄, where they are 
alled positive monoids. Kuro�s has also

studied su
h stru
tures in [75℄. Clearly, a partially additive monoid is a �-monoid.

All the properties mentioned above for partially additive monoids are also true for

�-monoids. We will further study su
h stru
tures in the next 
hapter.

A doubly indexed family f in a partially additive monoid M , f : I � J �! M ,

is denoted as ff

ij

g

i2I;j2J

or simply ff

ij

g if the index sets are 
lear from the


ontext. Su
h a family is summable i�

P

i2I

(

P

j2J

f

ij

) exists and in that 
ase

P

i;j

f

ij

=

P

i2I

(

P

j2J

f

ij

). It follows, using Axiom 1, that for a summable family

ff

ij

g,

P

i2I

(

P

j2J

f

ij

) =

P

j2J

(

P

i2I

f

ij

):

Here are some examples of partially additive monoids.

Example 3.0.8

1. M =PInj(X; Y ), the set of partial inje
tive fun
tions from X to Y . A family

ff

i

g

i2I

2PInj(X; Y ) is said to be summable i� Dom(f

i

) \ Dom(f

j

) = ; and

Codom(f

i

) \ Codom(f

j

) = ; for all i 6= j. In that 
ase, (

P

i

f

i

)(x) = f

j

(x) if

x 2 Dom(f

j

) for some j 2 I and unde�ned, otherwise.

2. M =Pfn(X; Y ), the set of partial fun
tions fromX to Y . A family ff

i

g

i2I

2M

is summable i� Dom(f

i

)\Dom(f

j

) = ; for all i 6= j. In that 
ase, (

P

i

f

i

)(x) =

f

j

(x) if x 2 Dom(f

j

) for some j 2 I and unde�ned, otherwise. We denote this

partially additive monoid by (Pfn(X; Y );�

di

).

3. Let M =Pfn(X; Y ) and de�ne a family ff

i

g

i2I

to be summable when f

i

(x) =

f

j

(x) for all x 2 Dom(f

i

) \ Dom(f

j

) and all i; j 2 I: We 
all su
h fami-

lies 
oherently overlapping partial fun
tions. This additive stru
ture is 
alled

the overlap sum and will be denoted by �

ov

. For a summable family ff

i

g,
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(

P

ov

f

i

)(x) = f

j

(x) if there exists a j 2 I su
h that x 2 Dom(f

j

) and un-

de�ned, otherwise. Noti
e that in sharp 
ontrast to the previous example the

overlap sum is 
ountably idempotent, i.e. for a family ff

i

g

i2I

with f

i

= f for

all i 2 I,

P

i2I

f

i

= f . However, 
learly su
h a family is not even summable in

the additive stru
ture given in the previous example.

4. M =Rel

+

(X; Y ), the set of relations from a set X to a set Y . Any family

fR

i

g

i2I

2Rel

+

(X; Y ) is summable with

P

i

R

i

=

S

i2I

R

i

:

5. A 
ountably 
omplete poset with � as supremum is a partially additive monoid

in whi
h all families are summable and the sum is 
ountably idempotent, that

is for x

i

= x for all i 2 I,

P

i2I

x

i

= x: A related nonexample is !-
omplete

posets with summable families de�ned as 
ountable 
hains and � as supremum.

For example, let x; y � z with x; y in
omparable, then x+(y+ z) is de�ned but

x+ y + z is not.

6. Let M be an !-
omplete poset satisfying 
ountable bounded 
ompleteness, that

is given a 
ountable subset D ofM , if D has an upper bound then it has a least

upper bound. Let the summable families be the bounded families and � be the

supremum. Then, (M;�) is a partially additive monoid. The additive identity

is of 
ourse sup(;):

7. Let M = [0; 1℄ and given fx

i

g

i2I

, de�ne

P

i

x

i

= min(S; 1) for I �nite, where S

is the usual sum in real numbers, and for I in�nite let

P

i

x

i

be the limit of the

net of �nite partial sums. (M;�) forms a partially additive monoid.

De�nition 3.0.9 The 
ategory of partially additive monoids, PAMon, has as ob-

je
ts partially additive monoids (M;�). Its arrows (M;�)

f

�! (M

0

;�

0

) are maps from

M to M

0

whi
h preserve the sum, in the sense that for all summable families fx

i

g

i2I

in M , ff(x

i

)g

i2I

is summable in M

0

and f(

P

i2I

x

i

) =

P

0

i2I

f(x

i

): Composition and

identities are inherited from Set.
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Note that �-monoids and additive maps also form a 
ategory whi
h we will denote

by �Mon.

Observe that the 
ategories PAMon and �Mon have �nite produ
ts: given

(M

1

;�

1

) and (M

2

;�

2

), their produ
t is (M

1

� M

2

;�) where

P

i2I

(x

i

; y

i

) =

(

P

1

x

i

;

P

2

y

i

) for all summable families f(x

i

; y

i

)g

i2I

in M

1

�M

2

. The zero obje
t 0

is (f0g;

P

) in whi
h all families are summable, with sum equal to 0. In parti
ular,

PAMon and �Mon are symmetri
 monoidal 
ategories with produ
t as the tensor.

We 
an also de�ne �nite 
oprodu
ts in PAMon and �Mon as follows: given

(M

1

;�

1

) and (M

2

;�

2

), their 
oprodu
t is (M;�) whereM =M

1

�f0g℄M

2

�f0g℄f0g,

i.e. M is the disjoint union of M

1

and M

2

with the 0 elements identi�ed.

A PAMon-
ategory C is a 
ategory enri
hed in PAMon; that is, the homsets are

enri
hed with an additive stru
ture su
h that 
omposition distributes over addition

from left and right. More spe
i�
ally, for all f : W �! X; h : Y �! Z and for all

summable families fg

i

g

i2I

in C (X; Y ), fg

i

fg

i2I

and fhg

i

g

i2I

are also summable and

(

P

i2I

g

i

)f =

P

i2I

g

i

f

h(

P

i2I

g

i

) =

P

i2I

hg

i

Note that su
h 
ategories have non-empty homsets and automati
ally have zero

morphisms, namely 0

XY

: X �! Y =

P

i2;

f

i

for f

i

2 C (X; Y ). Note that this

does not imply the existen
e of the zero obje
t; however existen
e of the initial or

terminal obje
t will guarantee the existen
e of the zero obje
t in the presen
e of zero

morphisms [90℄.

Notation: We will use + for the addition operation on the homsets. We use � for


oprodu
t and

~

� for biprodu
t.

De�nition 3.0.10 Let C be aPAMon-
ategory with 
ountable 
oprodu
ts

L

i2I

X

i

.

We de�ne the following:

(i) A 
ountable family ff

i

g

I

: Y �! X

i

is quasi summable i� the family fin

i

f

i

g

I

:

Y �!

L

i2I

X

i

is summable.



CHAPTER 3. PARTIALLY ADDITIVE CATEGORIES 44

(ii) Quasi proje
tions �

j

:

L

i2I

X

i

�! X

j

for all j 2 I are de�ned as follows:

�

j

in

k

= 1

X

j

if k = j and 0

X

k

X

j

otherwise. Note that �

j

exists for all j 2 I sin
e

C has zero morphisms.

De�nition 3.0.11 A partially additive 
ategory C is a PAMon-
ategory with 
ount-

able 
oprodu
ts whi
h satis�es the following axioms:

1. Compatible Sum Axiom: If ff

i

g

I

2 C (X; Y ) is a 
ountable family and there

exists f : X �! I:Y su
h that

X

f

-

I:Y

�

�

�

�

�

f

i

R

Y

�

i

?


ommutes (we say the f

i

are 
ompatible), then

P

i2I

f

i

exists.

2. Untying Axiom: If f+g : X �! Y exists then so does in

1

f+in

2

g : X �! Y+Y .

The dual of a partially additive 
ategory (PAC) is a PAMon-
ategory with 
ount-

able produ
ts whi
h satis�es the dual of the above axioms.

We will next review the main theorems of PACs, namely (i) the unique de
om-

position property, (ii) the existen
e of the iteration (dagger) operation, and (iii) the

uniqueness of the additive stru
ture.

Proposition 3.0.12 (Manes and Arbib) Given f : X �!

L

i2I

Y

i

in a partially

additive 
ategory. There exists a unique family f

i

: X �! Y

i

with f =

P

i2I

in

i

f

i

,

namely, f

i

= �

i

f .

Proof. [90℄, Proposition 15, page 80.
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Corollary 3.0.13 Given f :

L

j2J

X

j

�!

L

i2I

Y

i

in a partially additive 
ategory,

there exists a unique family ff

ij

g

i2I;j2J

: X

j

�! Y

i

with f =

P

i2I;j2J

in

i

f

ij

�

j

,

namely, f

ij

= �

i

fin

j

:

Proof. In any PAC,

P

i2I

in

i

�

i

exists and

P

i2I

in

i

�

i

= 1 :

L

i2I

X

i

�!

L

i2I

X

i

:

To see this, note that by the theorem above 1

L

I

X

i


an be uniquely written as 1 =

P

i2I

in

i

�

i

1 =

P

i2I

in

i

�

i

:

Now let f = 1

L

I

Y

i

f1

L

J

X

j

= (

P

i

in

i

�

i

)f(

P

j

in

j

�

j

) = (

P

i

in

i

�

i

f)(

P

j

in

j

�

j

) =

P

ij

in

i

�

i

fin

j

�

j

=

P

ij

in

i

f

ij

�

j

:

For uniqueness, suppose there is another family fg

kl

g

k2I;l2J

su
h that f =

P

kl

in

k

g

kl

�

l

. Then f

ij

= �

i

fin

j

=

P

kl

�

i

in

k

g

kl

�

l

in

j

= g

ij

for all i; j:

Based on this proposition, every morphism f :

L

J

X

j

�!

L

I

Y

i


an be repre-

sented by its 
omponents. When I and J are �nite, we will use the 
orresponding

matri
es to represent morphisms, for example f above with jIj = m and jJ j = n is

represented by an m� n matrix.

f =

2

6

6

4

f

11

: : : f

1n

.

.

.

.

.

.

.

.

.

f

m1

: : : f

mn

3

7

7

5

Given f :

L

K

X

k

�!

L

J

Y

j

and g :

L

J

Y

j

�!

L

I

Z

i

, let h = gf ,

then h

ik

= �

i

hin

k

= �

i

(gf)in

k

= �

i

g(

P

j2J

in

j

�

j

)fin

k

=

P

j2J

(�

i

gin

j

�

j

)fin

k

=

P

j2J

g

ij

�

j

fin

k

=

P

j2J

g

ij

f

jk

:

Therefore, the 
omposition of morphisms in a PAC with �nite 
oprodu
ts in their

domain and 
odomain 
orresponds to matrix multipli
ation of their matri
ial repre-

sentations.

Remark. Note that although any morphism f :

L

J

X

j

�!

L

I

Y

i


an be represented

by the unique family ff

ij

g

i2I;j2J

of its 
omponents, the 
onverse is not ne
essarily

true, that is to say given a family ff

ij

g there may not be a morphism f :

L

J

X

j

�!

L

I

Y

i

satisfying f =

P

ij

in

i

f

ij

�

j

. However, in 
ase su
h an f exists it will be unique.
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Theorem 3.0.14 (Manes and Arbib) Given a map f : X �! Y�X in a partially

additive 
ategory. The sum

f

y

=

P

1

n=0

f

1

f

n

2

: X �! Y

exists, where f

1

: X �! Y and f

2

: X �! X are the 
omponents of f .

Proof. See [90℄ Theorem 24, page 83.

f

y

is 
alled the iterate of f . We will look at the properties of iteration in more

detail. These properties will provide every PAC with a tra
e operator whi
h is indu
ed

by the iteration operation.

Theorem 3.0.15 (Manes and Arbib, [90℄) The addition operation of a partially

additive 
ategory is unique: If C is a partially additive 
ategory, then a family ff

i

g

i2I

in C (X; Y ) is summable i� it is 
ompatible. In that 
ase, the f : X �! I:Y with

�

i

f = f

i

is unique, and

P

f

i

= X

f

�! I:Y

�

�! Y , where � is de�ned by �in

i

= 1

Y

.

Proposition 3.0.16 Let C be a PAC and ff

i

g

i2I

: Y �! X

i

be a quasi summable

family. Then there exists a unique f : Y �!

L

i2I

X

i

su
h that the following diagram


ommutes:

L

i2I

X

i

�

i

-

X

i

�

�

�

�

�

f

i

�

Y

f

6

Proof. Let f =

P

j2I

in

j

f

j

: Y �!

L

i2I

X

i

. Then �

i

f = �

i

(

P

j2I

in

j

f

j

) =

P

j2I

�

i

in

j

f

j

= f

i

.

Suppose h : Y �!

L

i2I

X

i

is another morphism su
h that �

i

h = f

i

. h 
an be

uniquely written as h =

P

i2I

in

i

h

i

for h

i

: Y �! X

i

. Hen
e, we have h

i

= �

i

h = f

i

for all i 2 I, and therefore h = f , whi
h implies the desired result.
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Theorem 3.0.17 Let C be a 
ategory. C is a PAC with all families summable i� C

has 
ountable biprodu
ts.

Proof. Suppose C is a PAC, then it has 
ountable 
oprodu
ts

L

i2I

X

i

. We will

show that (

L

i2I

X

i

; f�

i

g

I

) is a produ
t. Given an obje
t Y and a family ff

i

g

i2I

in

C (Y;X

i

), let f =

P

i2I

in

i

f

i

: Y �!

L

i2I

X

i

. Note that f exists sin
e all families are

summable, thus ff

i

g is a quasi summable family. By Proposition 3.0.16, there exists

a unique morphism f =

P

i2I

in

i

f

i

: Y �!

L

i2I

X

i

su
h that �

i

f = f

i

. Also, note

that �

i

in

j

= Æ

ij

for all i and j by de�nition of quasi proje
tions and

P

I

in

i

�

i

= 1

L

I

X

i

(see the proof of Corollary 3.0.13.) Hen
e, C has 
ountable biprodu
ts. In parti
ular,

C is a semiadditive 
ategory.

Now let C be a 
ategory with 
ountable biprodu
ts. C has a zero obje
t and

hen
e families of zero morphisms. Given a family ff

i

g

I

of morphisms in C (X; Y )

with 
ountable I, de�ne

P

i2I

f

i

= r

Y

(

~

L

i2I

f

i

)�

X

where �

X

: X �! I:X and

r

Y

: I:Y �! Y are de�ned by: �

i

�

X

= 1

X

and r

Y

in

i

= 1

Y

for all i 2 I and

de�ne

P

i2;

f

i

= 0

XY

: Note that I:X and I:Y denote the biprodu
t of jIj 
opies

of X and Y respe
tively. This makes every homset C (X; Y ) into a 
ommutative

monoid with

P

i2;

f

i

as the additive identity. More generally, using the asso
iativity

and symmetry isomorphisms of biprodu
t, it follows that every homset C (X; Y ) is a

partially additive monoid with all families summable (see [85, 96℄ for similar proofs

in the 
ase of additive 
ategories.) Also, 
omposition distributes over addition.

As all families are summable, the 
ompatible sum and untying axioms are triv-

ially true. Quasi proje
tions are just the proje
tion morphisms of the biprodu
t and

�

i

in

i

= 1 and �

i

in

j

= 0 for i 6= j and

P

i2I

in

i

�

i

= 1

~

L

I

X

i

by de�nition of biprodu
t.

Here �

i

:

~

L

i2I

X

i

�! X

i

and in

i

: X

i

�!

~

L

i2I

X

i

:

De�nition 3.0.18 A fun
tor T : C �! D between two PACs is said to be additive

if T

X;Y

: C (X; Y ) �! D (TX; TY ) is a PAMon morphism for all obje
ts X; Y in

C . That is, for every summable family ff

i

g in C (X; Y ), fT

X;Y

(f

i

)g is summable in

D (TX; TY ) and T

X;Y

(

P

i

f

i

) =

P

i

T

X;Y

(f

i

).
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3.1 Iteration

By Theorem 3.0.14 we know that a morphism f : X �! Y �X in a PAC C indu
es

a morphism f

y

: X �! Y 
alled the iterate (or dagger) of f . Hen
e we 
an de�ne

a family of operations y

X;Y

: C (X; Y � X) �! C (X; Y ) whi
h to ea
h f asso
iates

its iterate f

y

(we also use the notation y

X;Y

(f).) We will show that this operation

indu
es a tra
e operator on C . Therefore we 
ontinue by studying some interesting

and useful properties of the dagger operation.

Lemma 3.1.1 Let C be a PAC and f : X �! Y � X a morphism in C . Also let

f

1

; f

2

and f

y

be as in Theorem 3.0.14. Then, the equation f

y

= f

y

f

2

+ f

1

holds.

Moreover, f

y

is a solution of the Elgot equation [1

Y

; �℄f = � where � : X �! Y .

Proof. Consider the equation

f

y

f

2

+ f

1

= (

P

1

n=0

f

1

f

n

2

)f

2

+ f

1

=

P

1

n=1

f

1

f

n

2

+ f

1

=

P

1

n=0

f

1

f

n

2

= f

y

[1

Y

; f

y

℄f = [1

Y

; f

y

℄(in

1

f

1

+ in

2

f

2

)

= [1

Y

; f

y

℄in

1

f

1

+ [1

Y

; f

y

℄in

2

f

2

= f

1

+ f

y

f

2

= f

y

:

We say that y satis�es the �xed-point identity, if [1

Y

; f

y

℄f = f

y

holds for all

f : X �! Y �X.

Lemma 3.1.2 (Star sum identity) Let C be a PAC and f; g : X �! X be mor-

phisms in C . Then,

P

n2!

(f + g)

n

, if it exists, is given by

P

n2!

(f + g)

n

=

X

q2!

(

X

m2!

g

m

)(

X

p2!

fg

p

)

q

:
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Proof. Observe that

P

n2!

(f+g)

n

= 1+f+g+ff+fg+gf+gg+fff+� � � , the sum

of all produ
ts of f 's and g's. We 
an view every term as either having no o

urren
e

of f or being the produ
t of arbitrary 
opies of g partitioned by o

urren
es of f . For

example, fffgg = f

3

g

2

= g

0

fg

0

fg

0

fg

2

, gg = g

2

with no o

urren
e of f and fff =

g

0

fg

0

fg

0

fg

0

. On the other hand, a typi
al term of

P

q2!

(

P

m2!

g

m

)(

P

p2!

fg

p

)

q

is g

j

(fg

i

1

)(fg

i

2

) � � � (fg

i

k

), a produ
t of g's partitioned by o

urren
es of f or no

o

urren
e of f , i.e. with q = 0.

The identity in Lemma 3.1.2 is 
alled the star sum identity in the theory of Kleene

algebras [21℄.

Proposition 3.1.3 Let C be a PAC, with y

X;Y

: C (X; Y �X) �! C (X; Y ). Then,

y satis�es the following properties:

� Naturality in Y

C (X; Y �X)

y

X;Y

-

C (X; Y )

C (X; Y

0

�X)

C (1

X

; f � 1

X

)

?

y

X;Y

0

-

C (X; Y

0

)

C (1

X

; f)

?

or in other words, for all h : X �! Y �X:

f y

X;Y

(h) = y

X;Y

0

((f � 1

X

)h) (7)

where f : Y �! Y

0

.

� Dinaturality in X
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C (X; Y �X)

y

X;Y

-

C (X; Y )

�

�

�

�

�

C (1

X

; 1

Y

� k)

�

C (X; Y � U) k : U ! X

�

�

�

�

�

C (k; 1

Y �U

)

R

C (U; Y � U)

y

U;Y

-

C (U; Y )

C (k; 1

Y

)

?

or in other words, for all h : X ! Y � U

(y

X;Y

((1

Y

� k)h))k = y

U;Y

(hk) : (8)

� Double dagger identity

C (X; Y �X �X)

y

X;Y�X

-

C (X; Y �X)

C (X; Y �X)

C (1

X

; 1

Y

�r

X

)

?

y

X;Y

-

C (X; Y )

y

X;Y

?

where r

X

= [1

X

; 1

X

℄ or in other words, for all h : X �! Y �X �X

y

X;Y

(y

X;Y�X

(h)) = y

X;Y

((1

Y

�r

X

)h): (9)

� Beki�
 Identity

Given f : Y �! X � Y � Z and g : Z �! X � Y � Z, de�ne h =

[1

X�Y

; y

Z;X�Y

(g)℄f : Y �! X � Y . We have

y

Y�Z;X

([f; g℄) = [1

X

; y

Y;X

(h)℄[in

X;Y

2

; y

Z;X�Y

(g)℄: (10)
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� Uniformity or fun
toriality [90, 7, 21℄

If

X

f

-

Y �X

X

0

h

?

g

-

Y

0

�X

0

k � h

?


ommutes then

X

f

y

-

Y

X

0

h

?

g

y

-

Y

0

k

?


om-

mutes too.

Proof. We will sometimes use f

y

instead of y(f).

1. Naturality in Y : Write h

1

: X �! Y and h

2

: X �! X for the 
omponents of h.

f y

X;Y

(h) = f(

P

n

h

1

h

n

2

)

=

P

n

(fh

1

)h

n

2

((f � 1

X

)h)

y

= ((f � 1

X

)(in

1

h

1

+ in

2

h

2

))

y

= ([in

1

f; in

2

1

X

℄(in

1

h

1

+ in

2

h

2

))

y

= ([in

1

f; in

2

1

X

℄in

1

h

1

+ [in

1

f; in

2

1

X

℄in

2

h

2

)

y

= (in

1

fh

1

+ in

2

h

2

)

y

=

P

n

(fh

1

)h

n

2

:

Hen
e the identity follows.

2. Dinaturality in X: Write h = in

1

h

1

+ in

2

h

2

for unique h

1

: X �! Y and

h

2

: X �! U .

(hk)

y

= ((in

1

h

1

+ in

2

h

2

)k)

y

= (in

1

h

1

k + in

2

h

2

k)

y

=

P

1

n=0

(h

1

k)(h

2

k)

n

:
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((1

Y

� k)h)

y

k = ((1

Y

� k)(in

1

h

1

+ in

2

h

2

))

y

k

= ([in

1

; in

2

k℄(in

1

h

1

+ in

2

h

2

))

y

k

= ([in

1

; in

2

k℄in

1

h

1

+ [in

1

; in

2

k℄in

2

h

2

)

y

k

= (in

1

h

1

+ in

2

kh

2

)

y

k

= (

P

1

n=0

h

1

(kh

2

)

n

)k

= (h

1

+ h

1

(kh

2

) + h

1

(kh

2

)(kh

2

) + � � � )k

= h

1

k + h

1

(kh

2

)k + h

1

(kh

2

)(kh

2

)k + � � �

= h

1

k + (h

1

k)(h

2

k) + (h

1

k)(h

2

k)

2

+ � � �

=

P

1

n=0

(h

1

k)(h

2

k)

n

Hen
e the identity follows.

3. Double dagger identity:

Using the matri
ial representation of h : X �! Y �X �X, we have (all indi
es

range over !):

y

X;Y�X

(h) =

P

n

"

h

1

h

2

#

h

n

3

and

y

X;Y

(y

X;Y�X

(h)) = y

X;Y

 "

P

n

h

1

h

n

3

P

n

h

2

h

n

3

#!

=

P

q

(

P

m

h

1

h

m

3

)(

P

p

h

2

h

p

3

)

q

:

On the other hand,

y

X;Y

((1

Y

� r

X

)h) = y

X;Y

0

B

B

�

"

1

Y

0 0

0 1

X

1

X

#

2

6

6

4

h

1

h

2

h

3

3

7

7

5

1

C

C

A

= y

 "

h

1

h

2

+ h

3

#!

=

P

n

h

1

(h

2

+ h

3

)

n

.

Finally,

P

n

h

1

(h

2

+ h

3

)

n

=

P

q

(

P

m

h

1

h

m

3

)(

P

p

h

2

h

p

3

)

q

by Lemma 3.1.2.

4. Beki�
 identity:

It is known that Beki�
 identity follows from the �xed-point, naturality, dinaturality

and double dagger identities [21℄. In [21℄, the Beki�
 identity is 
alled the pairing

identity.
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5. Uniformity:

First note that

(k � h)f = [in

1

k; in

2

h℄(in

1

f

1

+ in

2

f

2

)

= in

1

kf

1

+ in

2

hf

2

= gh

= (in

1

g

1

+ in

2

g

2

)h

= in

1

g

1

h+ in

2

g

2

h

Therefore, by uniqueness of de
omposition

kf

1

= g

1

h hf

2

= g

2

h (11)

kf

y

= k(

P

n

f

1

f

n

2

)

=

P

n

(kf

1

)f

n

2

=

P

n

(g

1

h)f

n

2

using equation (11)

g

y

h =

P

n

(g

1

g

n

2

)h

= g

1

h+ g

1

g

2

h + g

1

g

2

2

h+ � � �

= g

1

h+ g

1

hf

2

+ g

1

hf

2

2

+ g

1

hf

3

2

+ � � � using equation (11) repeatedly,

=

P

n

(g

1

h)f

n

2

Proposition 3.1.4 Every partially additive 
ategory is a tra
ed symmetri
 monoidal


ategory, where given f : X � U �! Y � U ,

Tr

U

X;Y

= f

11

+

P

n2!

f

12

f

n

22

f

21

and f

ij

are the 
omponents of f .
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Proof. Given f : X � U �! Y � U , let f

1

=

def

fin

X;U

1

: X �! Y � U and f

2

=

def

fin

X;U

2

: U �! Y � U . By Theorem 3.0.14, f

y

2

=

P

1

n=0

f

12

f

n

22

. Also, by Proposition

3.0.12, f

1


an be written as f

1

= in

1

f

11

+ in

2

f

21

. De�ne Tr

U

X;Y

(f) = [1

Y

; f

y

2

℄f

1

. Then

Tr

U

X;Y

(f) = [1

Y

; f

y

2

℄(in

1

f

11

+ in

2

f

21

) = f

11

+ (

P

1

n=0

f

12

f

n

22

)f

21

= f

11

+

P

1

n=0

f

12

f

n

22

f

21

:

We need to verify the axioms of tra
e:

1. Naturality in X:

Tr

U

X;Y

(f)g = Tr

U

X

0

;Y

(f(g � 1

U

)) where f : X � U �! Y � U; g : X

0

�! X. let

h = f(g � 1), then h

1

= hin

1

= f([in

1

g; in

2

℄)in

1

= fin

1

g = f

1

g: Also h

2

= hin

2

=

f([in

1

g; in

2

℄)in

2

= fin

2

= f

2

. Therefore, Tr

U

X

0

;Y

(h) = [1

Y

; h

y

2

℄h

1

= [1

Y

; f

y

2

℄f

1

g =

Tr

U

X;Y

(f)g:

2. Naturality in Y :

gTr

U

X;Y

(f) = Tr

U

X;Y

0

((g � 1

U

)f) where f : X � U �! Y � U; g : Y �! Y

0

. Let

h = (g � 1)f , then h

1

= hin

1

= [in

1

g; in

2

℄fin

1

= [in

1

g; in

2

℄f

1

and h

2

= hin

2

=

(g� 1)fin

2

= (g� 1)f

2

: Note that h

y

2

= ((g� 1)f

2

)

y

= gf

y

2

by the naturality property

of dagger. Therefore, Tr

U

X;Y

0

(h) = [1

Y

0

; h

y

2

℄h

1

= [1

Y

0

; gf

y

2

℄[in

1

g; in

2

℄f

1

= [g; gf

y

2

℄f

1

=

g[1

Y

; f

y

2

℄f

1

= gTr

U

X;Y

(f):

3. Dinaturality in U :

Tr

U

X;Y

((1

Y

� g)f) = Tr

U

0

X;Y

(f(1

X

� g)) where f : X � U �! Y � U

0

and g : U

0

�!

U . Let h = (1

Y

� g)f , then h

1

= [in

1

; gin

2

℄f

1

and h

2

= (1

Y

� g)fin

2

= (1

Y

�

g)f

2

: Therefore, Tr

U

X;Y

(h) = [1

Y

; h

y

2

℄h

1

= [1

Y

; ((1

Y

� g)f

2

)

y

℄[in

1

; gin

2

℄f

1

= [1

Y

; ((1

Y

�

g)f

2

)

y

g℄f

1

= [1

Y

; (f

2

g)

y

℄f

1

, by dinaturality property of dagger.

Now let l = f(1�g), then l

1

= f [in

1

; in

2

g℄in

1

= fin

1

= f

1

and l

2

= f(1

X

�g)in

2

=

f [in

1

; in

2

g℄in

2

= f

2

g. Hen
e, Tr(l) = [1; (f

2

g)

y

℄f

1

:

4.1. Vanishing I:

Tr

I

X;Y

(f) = f where f : X � I �! Y � I and I is the zero obje
t. We

use 0

IY

: I �! Y to denote the unique map (zero morphism) from I to Y .

Tr

I

X;Y

(f) = [1

Y

; 0

IY

℄fin

X;I

1

= [1

Y

; 0

IY

℄f1

X

= 1

Y

f = f:
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4.2 Vanishing II:

Tr

U�V

X;Y

(f) = Tr

U

X;Y

(Tr

V

X�U;Y�U

(f)) where f : X � U � V �! Y � U � V . We will

suppress the subs
ripts and simply write Tr

U

and Tr

V

instead. Note that Tr

V

(f) =

[1

Y�U

; (fin

X�U;V

2

)

y

℄fin

X�U;V

1

and Tr

U

(Tr

V

(f)) = [1

Y

; (Tr

V

(f)in

X;U

2

)

y

℄Tr

V

(f)in

X;U

1

.

On the other hand Tr

U�V

(f) = [1

Y

; (fin

X;U�V

2

)

y

℄fin

X;U�V

1

. Note that fin

X;U�V

2

:

U � V �! Y � U � V and hen
e 
an be expressed as [F;G℄ where:

F : U �! Y � U � V = fin

X;U�V

2

in

U;V

1

G : V �! Y � U � V = fin

X;U�V

2

in

U;V

2

= fin

X�U;V

2

Tr

U�V

(f) = [1

Y

; (fin

X;U�V

2

)

y

℄fin

X;U�V

1

= [1

Y

; [F;G℄

y

℄fin

X;U�V

1

= [1

Y

; [1

Y

; ([1

Y�U

; G

y

℄F )

y

℄[in

Y;U

2

; G

y

℄℄fin

X;U�V

1

using Beki�
 identity of dagger

= [1

Y

; ([1

Y�U

; G

y

℄F )

y

℄[1

Y�U

; G

y

℄fin

X;U�V

1

= [1

Y

; ([1

Y�U

; (fin

X�U;V

2

)

y

℄fin

X;U�V

2

in

U;V

1

)

y

℄[1

Y�U

; (fin

X�U;V

2

)

y

℄fin

X�U;V

1

in

X;U

1

= [1

Y

; ([1

Y�U

; (fin

X�U;V

2

)

y

℄fin

X;U�V

2

in

U;V

1

)

y

℄Tr

V

(f)in

X;U

1

= [1

Y

; ([1

Y�U

; (fin

X�U;V

2

)

y

℄fin

X�U;V

1

in

X;U

2

)

y

℄Tr

V

(f)in

X;U

1

= [1

Y

; (Tr

V

(f)in

X;U

2

)

y

℄Tr

V

(f)in

X;U

1

= Tr

U

(Tr

V

(f)):

5. Superposing:

Re
all from Proposition 2.1.18 that the superposing axiom is equivalent to the fol-

lowing in the presen
e of the other axioms: g � Tr

U

X;Y

(f) = Tr

U

W�X;Z�Y

(g � f)

where f : X � U �! Y � U and g : W �! Z. Let h = g � f , then

h

1

= hin

W�X;U

1

= g � fin

X;U

1

= g � f

1

. Also, h

y

2

= hin

W�X;U

2

= ((g � f)in

W�X;U

2

)

y

=
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(in

Z;Y

2

� 1

U

)fin

X;U

2

= (in

Z;Y

2

� 1

U

)f

2

:

T r

U

W�X;Z�Y

(g � f) = [1

Z�Y

; ((in

Z;Y

2

� 1

U

)f

2

)

y

℄(g � f

1

)

= [1

Z�Y

; in

Z;Y

2

f

y

2

℄(g � f

1

) by naturality property of dagger

= [1

Z

� 1

Y

; in

Z;Y

2

f

y

2

℄(g � f

1

)

= [[in

Z;Y

1

; in

Z;Y

2

℄; in

Z;Y

2

f

y

2

℄(g � f

1

)

= [in

Z;Y

1

; [in

Z;Y

2

; in

Z;Y

2

f

y

2

℄℄(g � f

1

)

= [in

Z;Y

1

g; in

Z;Y

2

[1

Y

; f

y

2

℄f

1

℄

= [in

Z;Y

1

g; in

Z;Y

2

Tr

U

X;Y

(f)℄

= g � Tr

U

X;Y

(f)

6. Yanking :

Tr

U

U;U

(�

U;U

) = 1

U

. �

1

= �in

1

and �

2

= �in

2

.

Therefore,

Tr

U

U;U

(�) = [1

U

; (�in

2

)

y

℄�in

1

= [(�in

2

)

y

; 1

U

℄in

1

= (�in

2

)

y

= [1

U

; (�in

2

)

y

℄�in

2

; using the �xed-point identity for dagger

= [(�in

2

)

y

; 1

U

℄in

2

= 1

U

:

Note that the proof given above does not use the additive stru
ture of the under-

lying 
ategory C . In parti
ular, we 
on
lude a more general theorem:

Theorem 3.1.5 Let C be a 
ategory with �nite 
oprodu
ts and have a dagger operator

(y) satisfying the �xed-point, naturality, dinaturality and double dagger identities (see

Proposition 3.1.3.) Then, C is a tra
ed symmetri
 monoidal 
ategory.
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A tra
e operator in a tra
ed symmetri
 monoidal 
ategory C is said to be uniform

[59℄ if for any h : U �! U

0

, f and g, whenever

X 
 U

f

-

Y 
 U

X 
 U

0

1

X


 h

?

g

-

Y 
 U

0

1

Y


 h

?


ommutes, then Tr

U

X;Y

(f) = Tr

U

0

X;Y

(g):

Proposition 3.1.6 The tra
e operator in a PAC is uniform.

Proof. Let f : X � U �! Y � U , g : X � U

0

�! Y � U

0

and h : U �! U

0

be morphisms in a PAC C su
h that (1

Y

� h)f = g(1

X

� h). We need to show

that Tr

U

X;Y

(f) = Tr

U

0

X;Y

(g). Re
all that Tr

U

X;Y

= [1; f

y

2

℄f

1

with f

1

= fin

X;U

1

and

f

2

= fin

X;U

2

and that the dagger operator in a PAC is uniform, see Proposition 3.1.3.

First observe that (1

Y

� h)f

1

= (1

Y

� h)fin

X;U

1

= g(1

X

� h)in

X;U

1

= gin

X;U

0

1

= g

1

and (1

Y

� h)f

2

= (1

Y

� h)fin

X;U

2

= g(1

X

� h)in

X;U

2

= gin

X;U

0

2

h = g

2

h. Therefore by

uniformity property of dagger it follows that f

y

2

= g

y

2

h.

Tr

U

X;Y

(f) = [1

Y

; f

y

2

℄f

1

= [1

Y

; g

y

2

h℄f

1

= [1

Y

; g

y

2

℄(1

Y

� h)f

1

= [1

Y

; g

y

2

℄g

1

= Tr

U

0

X;Y

(g):

We remark that we have not used the additive stru
ture of C in the proof of the

theorem above. Hen
e, we have a more general result.

Proposition 3.1.7 Let C be a 
ategory with �nite 
oprodu
ts and an iteration opera-

tor that satis�es the �xed-point, naturality, dinaturality, double dagger and uniformity

identities. Then, C is a tra
ed monoidal 
ategory with a uniform tra
e.
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Note that the uniformity property is not ne
essarily true in every tra
ed symmetri


monoidal 
ategory, for example it does not hold in Rel

�

. Hen
e, this gives a 
riterion

to distinguish between tra
e operators. The role played by the uniformity property

of tra
e remains to be seen! See also [102℄.

We 
lose this se
tion by 
ommenting on the dual of iteration operator on C

op

where C is a PAC. By dualising the arguments above about iteration (dagger) we

have the following:

Proposition 3.1.8 Let C be a PAC. Then C

op

has a �xed-point operator

Y

A;B

: C (A � B;B) �! C (A;B)

satisfying the following properties:

� Fixed-point identity

h < 1

A

;Y

A;B

(h) >= Y

A;B

(h)

for h : A� B �! B:

� Naturality in A

Y

A;B

(h)f = Y

A

0

;B

(h(f � 1

B

))

for f : A

0

�! A and h : A� B �! B.

� Dinaturality in B

Y

A;B

(kh) = kY

A;C

(h(1

A

� k))

for k : C �! B and h : A� B �! C.

� Diagonal property

Y

A;B

(Y

A�B;B

(h)) = Y

A;B

(h(1

A

��

B

))

for h : A� B � B �! B. Here �

B

=< 1

B

; 1

B

>.
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� Beki�


Y

A;B�C

(< f; g >) =< Y

A;B

(h);Y

A�B;C

(g) < 1

A

;Y

A;B

(h) >>

for f : A� B � C �! B and g : A�B � C �! C and where

h = f < 1

A�B

;Y

A�B;C

(g) >.

Fixed-points play a 
entral role in domain theory, where traditionally the least-

�xed-point operator for 
ontinuous endofun
tions on 
omplete partial orders is used

[93℄. Re
ently, there has been 
onsiderable interest in developing a more general

axiomati
 a

ount of the 
onstru
tions of domain theory [98℄. The axioms above

for a �xed-point operator are the axiomatisation of abstra
t �xed-point operator

introdu
ed by Plotkin and Simpson [98℄. For more on �xed-point and dagger operators

see [22, 21, 89℄.

Hasegawa in his PhD thesis [58℄, studies the 
orresponden
e between the tra
e and

�xed-point operators in a 
artesian 
ategory. The author of this thesis has proven

Theorem 3.1.5 in 
omplete ignoran
e of Hasegawa's work. In view of the results in

[58℄, we 
an state the following results whose proofs are simply obtained by dualising

the arguments of the respe
tive theorems for �xed-point identities given in [58℄.

Proposition 3.1.9 Let C be a 
ategory with �nite 
oprodu
ts and a tra
e operator.

Then C has a dagger operator satisfying the �xed-point, naturality, dinaturality and

double dagger identities.

Proof. Let f : X �! Y �X be given, we de�ne

f

y

=

def

Tr

X

X;Y

([f; f ℄):

As mentioned above the identities stated in the theorem 
an be obtained by dualising

the arguments for a �xed-point operator.

Finally in view of the results above we have a ni
e 
orresponden
e between dagger

and tra
e operators in 
ategories with �nite 
oprodu
ts.



CHAPTER 3. PARTIALLY ADDITIVE CATEGORIES 60

Proposition 3.1.10 Let C be a 
ategory with �nite 
oprodu
ts. There is a bije
tive


orresponden
e between the dagger and tra
e operators whenever either one exists.

Having established the 
onne
tion between the dagger and tra
e operators, it

be
omes interesting to know the uniqueness of tra
e operation on a given PAC. In

the 
ategories Pfn and Pfn

D

(see the next se
tion) there is a unique dagger operation

satisfying the Elgot equation (see [7℄ for a proof) and hen
e there is a unique tra
e

operator on these 
ategories.

3.2 Examples

1. Consider the 
ategory Pfn of sets and partial fun
tions. Re
all that a partial

fun
tion from X to Y is a fun
tion from Dom(f) � X to Y . Given f : X �! Y and

g : Y �! Z, gf : X �! Z is de�ned by

Dom(gf) = fx 2 Xjx 2 Dom(f); f(x) 2 Dom(g)g

(gf)(x) = g(f(x)) for x 2 Dom(gf):

The additive stru
ture was given in Example 3.0.8, the zero morphism 0

XY

:

X �! Y is the everywhere unde�ned partial fun
tion. Note that Dom(gf) �

Dom(f) and it easily follows that 
omposition distributes over sum. Pfn has 
ount-

able 
oprodu
ts given by disjoint union.

To verify the 
ompatible sum axiom, let ff

i

g

i2I

be a 
ompatible family in C (X; Y )

then Dom(f

i

) \ Dom(f

j

) = ; for all i 6= j. Suppose otherwise, then Dom(�

i

) \

Dom(�

j

) will be nonempty, sin
e f

i

= �

i

f and f

j

= �

j

f . However, Dom(�

i

) =

f(y; i)jy 2 Y g and Dom(�

j

) = f(y; j)jy 2 Y g with i 6= j. Hen
e ff

i

g

I

is summable.

Let f; g : X �! Y be summable, then Dom(in

1

f) \ Dom(in

2

g) � Dom(f) \

Dom(g) = ;. Therefore, in

1

f and in

2

g are summable. This verify the untying axiom.

A 
losely related example is the 
ategory Pfn

D

for a set D where obje
ts are sets

and a morphism fromX to Y is a partial fun
tion from X�D to Y �D. The additive

stru
ture is the same as in Pfn with disjoint union as the 
oprodu
t.
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The reader may be 
urious as to why we did not use the overlap sum stru
ture

on Pfn or Pfn

D

. The reason 
an be seen by re
alling the uniqueness of additive

stru
ture in a PAC; Theorem 3.0.15. More spe
i�
ally, the untying axiom fails for

overlap sum.

2. Consider the 
ategory Rel

+

of sets and binary relations. Given morphisms R :

X �! Y and S : Y �! Z the 
omposition SR : X �! Z is given by

(x; z) 2 SR i� 9y 2 Y:(x; y) 2 R and (y; z) 2 S:

1

X

= f(x; x)jx 2 Xg.

We have already de�ned the additive stru
ture for the homsets in Example 3.0.8.

Hen
e, for any X and Y , Rel

+

(X; Y ) is a partially additive monoid with all families

summable and the zero morphism is the empty relation (; � X�Y ). Note that Rel

+

has 
ountable 
oprodu
ts given by the disjoint union. Clearly 
omposition distributes

over sum and 
ompatibility and untying axioms are trivially true sin
e all families

are summable.

A 
losely related example is the 
ategory Rel

D

for a set D. Obje
ts are sets and

a morphism from X to Y is a relation from X �D to Y �D. The additive stru
ture

is as in Rel

+

.

3. The following example appears in [90℄ where it is 
alled FwR

(M;Æ;e)

and in [89℄

where it is 
alled Pfn

M

. We have 
hosen the latter notation. The obje
ts are sets and

an arrow from X to Y is a partial fun
tion from X �! Y �M , where (M; Æ; e) is a

monoid. If f(x) is de�ned and equals (y; a), then a 2M is interpreted as the reliability

[90℄ or the attribute of f [89℄. Given f : X �! Y and g : Y �! Z, Dom(gf) is

the same as in Pfn and if f(x) = (y; a) and g(y) = (z; b), then gf(x) = (z; ba).

1

X

(x) = (x; e).

The additive stru
ture is the same as inPfn. AlsoPfn

M

has 
ountable 
oprodu
ts

given by disjoint union. The ne
essary axioms of a PAC follow using similar arguments

as in the 
ase of Pfn.

5. Consider the 
ategory SL of 
omplete sup semilatti
es and order and sup preserving

maps. The additive stru
ture is given by sup operation (see Example 3.0.8(5).)

Note that SL has 
ountable biprodu
ts given by 
artesian produ
t of sets with
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pointwise ordering. Hen
e, by Theorem 3.0.17, SL is a PAC with all families

summable.

6. Consider the 
ategory SRel of sto
hasti
 relations with measurable spa
es (X;F

X

)

as obje
ts and sto
hasti
 kernels as arrows. An arrow f : (X;F

X

) �! (Y;F

Y

) is a

map f : X � F

Y

�! [0; 1℄ su
h that f(�; B) : X �! [0; 1℄ is a bounded measurable

fun
tion for �xed B 2 F

Y

and f(x; �) : F

Y

�! [0; 1℄ is a subprobability measure

(i.e., �-additive, set fun
tion, f(x; ;) = 0 and f(x; Y ) � 1). The identity morphism

1

X

: (X;F

X

) �! (X;F

X

) is 1

X

: X � F

X

�! [0; 1℄ and is de�ned by

1

X

(x;A) = Æ(x;A) =

(

1; if x 2 A;

0; if x 62 A:

For A �xed, Æ(x;A) is the 
hara
teristi
 fun
tion of A and for x �xed, Æ(x;A) is the

Dira
 distribution. Finally, 
omposition is de�ned as follows: given f : (X;F

X

) �!

(Y;F

Y

) and g : (Y;F

Y

) �! (Z;F

Z

), gf : (X;F

X

) �! (Z;F

Z

) is given by

gf(x; C) =

Z

Y

g(y; C) f(x; dy);

where we are using f(x; �) as the measure for the integration and the fun
tion being

integrated is the measurable fun
tion g(�; C).

This 
ategory is based on the work of Giry [52℄ and Lawvere [80℄. In fa
t SRel

is the Kleisli 
ategory of 
ertain fun
tor � over the 
ategory Mes of measurable

spa
es and measurable fun
tions. The 
ategory SRel was de�ned by Panangaden

[95℄ with slight modi�
ations on Giry's work. This 
ategory �rst appeared in [1℄.

SRel was proven to be a PAC jointly by Panangaden [95℄ and the author. It was

shown to be a tra
ed symmetri
 monoidal 
ategory dire
tly (without using partially

additive stru
ture) in [1℄. We will in
lude the proof of SRel being a PAC for the sake

of 
ompleteness, the reader 
an �nd more details on SRel and the measure theory

ba
kground in [95℄.

We will sometimes refer to obje
ts in SRel by their underlying sets, so we write

X for (X;F

X

).

Proposition 3.2.1 The 
ategory SRel has 
ountable 
oprodu
ts.
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Proof. Given a family f(X

i

;F

X

i

)g

i2I

of obje
ts in SRel, the 
oprodu
t (X;F

X

) is

de�ned as follows. The set X is the disjoint union of the X

i

. The �-�eld on X is

generated by the measurable sets of ea
h 
omponent. Thus, a measurable set in F

X

is of the form

U

i2I

A

i

, where A

i

2 F

X

i

for all i 2 I. The inje
tions in

i

: X

i

�! X are

in

i

(x;

U

k2I

A

k

) = Æ(x;A

i

). Given an obje
t (Y;F

Y

) and a family f

j

: X

j

�! Y with

j 2 I, the mediating morphism f : X �! Y is de�ned by f((x; i); B) = f

i

(x;B). We


he
k the required 
ommutativity

(fin

j

)(x;B) =

Z

X

f((x

0

; i); B)in

j

(x; d(x

0

; i))

=

Z

X

f((x

0

; i); B)Æ(x; d(x

0

; j))

=

Z

X

j

f

j

(x

0

; B)Æ(x; dx

0

); the integrals over X

k

for k 6= j are 0

= f

j

(x;B):

Suppose g : X �! Y is another morphism su
h that gin

j

= f

j

for all j 2 I.

Then,

f((x; j); B) = f

j

(x;B)

= gin

j

(x;B)

=

Z

X

g((x

0

; i); B)in

j

(x; d(x

0

; i))

=

Z

X

g((x

0

; i); B)Æ(x; d(x

0

; j))

=

Z

X

j

g

j

(x

0

; B)Æ(x; dx

0

)

= g

j

(x;B)

= g((x; j); B)

for all x 2 X and B 2 F

Y

. Thus, g = f .

A family ff

i

g

i2I

in SRel(X; Y ) is summable if

P

i

f

i

(x; Y ) � 1 for all x 2 X:
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In that 
ase, (

P

i

f

i

)(x;B) =

P

i

f

i

(x;B) where the latter is the usual sum of real

numbers. Partition-asso
iativity follows from the fa
t that all numbers are nonneg-

ative and hen
e we are dealing with absolute 
onvergen
e. The unary sum axiom is

trivially true. We need to verify the limit axiom.

Let ff

i

g

I

be a summable family in SRel(X; Y ) and suppose that all �nite sub-

families are summable. The sums

P

n

i=0

f

i

(x; Y ) are bounded by 1 for all x 2 X.

Now

P

1

i=0

f

i

(x; Y ) is the limit of the net of �nite partial sums all bounded by 1,

hen
e

P

1

i=0

f

i

(x; Y ) is bounded by 1 and

P

1

i=0

f

i

(x; Y ) exists. The distributivity of


omposition over sum follows from the monotone 
onvergen
e theorem [95℄.

We next de�ne the quasi proje
tions: �

j

:

L

I

X

i

�! X

j

is de�ned by

�

j

((x; k); A

j

) = Æ(x;A

j

) if k = j and 0 otherwise. The zero obje
t is (;;F

;

), be-


ause given (X;F

X

), f : (;;F

;

) �! (X;F

X

) is the unique empty fun
tion and

g : (X;F

X

) �! (;;F

;

) is the unique fun
tion su
h that g(x; ;) = 0 for all x 2 X.

The zero morphism 0

XY

: (X;F

X

) �! (Y;F

Y

) is de�ned by 0

XY

(x;B) = 0 for all

x 2 X and B 2 F

Y

.

We need to verify the 
ompatible sum and untying axioms. Let ff

i

g

I

be a 
om-

patible family in SRel(X; Y ),

P

i2I

f

i

(x; Y ) =

P

i2I

�

i

f(x; Y )

=

P

i2I

Z

I:Y

�

i

((y; k); Y )f(x; d(y; k))

=

P

i2I

Z

Y

Æ(y; Y )f(x; dy); integral is over the ith summand

=

P

i2I

f(x; in

i

(Y ))

= f(x; I:Y ); �-additivity of the measure f(x; :).

Here I:Y denotes the 
oprodu
t of jIj 
opies of Y . Now as f(x; I:Y ) � 1, we 
on
lude

that the family ff

i

g

I

is summable.

For the untying axiom, suppose f; g : X �! Y are summable,
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(in

1

f + in

2

g)(x; Y ℄ Y ) = in

1

f(x; Y ℄ Y ) + in

2

g(x; Y ℄ Y )

=

Z

Y

in

1

(y; Y ℄ Y )f(x; dy) +

Z

Y

in

2

(y; Y ℄ Y )g(x; dy)

=

Z

Y

Æ(y; Y )f(x; dy) +

Z

Y

Æ(y; Y )g(x; dy)

= f(x; Y ) + g(x; Y )

= (f + g)(x; Y ) � 1; sin
e f and g are summable.

Therefore, in

1

f and in

2

g are summable.

Thus we 
on
lude that

Proposition 3.2.2 The 
ategory SRel of measurable spa
es and sto
hasti
 kernels

is a PAC.



Chapter 4

Unique De
omposition Categories

In the previous 
hapter, we introdu
ed partially additive 
ategories and dis
ussed

several fa
ts about su
h 
ategories. In this 
hapter we generalise PACs into 
ategories

that we 
all unique de
omposition 
ategories (UDCs). Homsets in UDCs are also

enri
hed with a partial in�nitary operation �.

Some of the ideas used in the de�nition of UDCs 
an be tra
ed ba
k to early works

of Kuro�s [75℄. Unique de
omposition 
ategories 
arry the ne
essary algebrai
 stru
ture

to 
apture the main example of Geometry of Intera
tion, namely the 
ategory of sets

and partial inje
tive fun
tions, whi
h is not a partially additive 
ategory (see Example

4.0.15.)

As was pointed out in the previous 
hapter, �-monoids are the same as partially

additive monoids save for the limit axiom. Here is the formal de�nition.

De�nition 4.0.3 A �-monoid 
onsists of a pair (M;�) where M is a nonempty set

and � is a partial operation on the 
ountable families in M (we say that fx

i

g

i2I

is

summable if

P

i2I

x

i

is de�ned), subje
t to the following axioms:

1. Partition-Asso
iativity Axiom. If fx

i

g

i2I

is a 
ountable family and if fI

j

g

j2J

is

a (
ountable) partition of I , then fx

i

g

i2I

is summable if and only if fx

i

g

i2I

j

is

summable for every j 2 J and

P

i2I

j

x

i

is summable for j 2 J . In that 
ase,

P

i2I

x

i

=

P

j2J

(

P

i2I

j

x

i

)

66
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2. Unary Sum Axiom. Any family fx

i

g

i2I

in whi
h I is a singleton is summable

and

P

i2I

x

i

= x

j

if I = fjg.

Similar axiomatisations 
an be found in Bourbaki ([29℄, Chapter 3, Se
tion 5)

where in�nite sums for 
ommutative Hausdor� topologi
al groups are de�ned. Kuro�s

[75℄ also gives an axiomatisation of in�nite sums partially de�ned over sets, spe
i�
ally

homsets of 
ategories. Axiom II in [75℄ is the same as our �rst axiom. Higgs [61℄

uses similar axioms, however our �rst axiom 
orresponds to his se
ond and third

axioms and is stronger. We �rst en
ountered su
h stru
tures in the work of Manes

and Benson [91℄ where they are 
alled positive monoids.

All the properties that we dis
ussed for partially additive monoids in the previous


hapter are also true for �-monoids.

We have already seen that �-monoids form a symmetri
 monoidal 
ategory (with

produ
t as the tensor), 
alled �Mon.

A �Mon-
ategory C is a 
ategory enri
hed in �Mon, that is the homsets are

enri
hed with an additive stru
ture su
h that 
omposition distributes over addition

from left and right. Note that su
h 
ategories have non-empty homsets and automat-

i
ally have zero morphisms, namely 0

XY

: X �! Y =

P

i2;

f

i

for f

i

2 C (X; Y ). Note

that this does not imply the existen
e of the zero obje
t; however existen
e of the

initial or terminal obje
t will guarantee the existen
e of a zero obje
t in the presen
e

of zero morphisms.

Clearly, every partially additive monoid is a �-monoid. However, the 
onverse is

not true. Here are some examples:

Example 4.0.4

1. Let M be a poset satisfying 
ountable bounded 
ompleteness, that is given a


ountable subset D of M , if D has an upper bound then it has a least upper

bound. Let the summable families be the bounded families and � be the supre-

mum. Then, (M;�) is a �-monoid. The additive identity is of 
ourse sup(;):

Note that the limit axiom is not true in general: for example, 
onsider the fam-

ily x

1

� x

2

� � � � , an unbounded as
ending 
hain. Clearly all �nite subfamilies
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are bounded and hen
e summable, whereas the family itself is not. Therefore,

(M;�) is not a partially additive monoid.

2. Consider the set R

+

of all non-negative real numbers and de�ne

P

i2I

x

i

to be

the arithmeti
 sum for I �nite and the limit of the net of �nite partial sums

for I in�nite. The summable families are absolutely 
onvergent series. This

is another example of a �-monoid whi
h is not a partially additive monoid,

be
ause the limit axiom fails: just 
onsider the family fx

i

g

i2I

with I 
ountable

in�nite and x

i

= 1 for all i 2 I:

De�nition 4.0.5 A unique de
omposition 
ategory (UDC) C is a symmetri
 monoidal

�Mon-
ategory whi
h satis�es the following axiom

1

:

(A) For all j 2 I there are morphisms quasi inje
tion: �

j

: X

j

�! 


I

X

i

, and quasi

proje
tion: �

j

: 


I

X

i

�! X

j

, su
h that

1. �

k

�

j

= 1

X

j

if j = k and 0

X

j

X

k

otherwise.

2.

P

i2I

�

i

�

i

= 1




I

X

i

.

Proposition 4.0.6 (Matri
ial Representation) Given f : 


J

X

j

�! 


I

Y

i

in a

UDC with jIj = m and jJ j = n, there exists a unique family ff

ij

g

i2I;j2J

: X

j

�! Y

i

with f =

P

i2I;j2J

�

i

f

ij

�

j

, namely, f

ij

= �

i

f�

j

.

Proof. f = 1




I

Y

i

f1




J

X

j

= (

P

i

�

i

�

i

)f(

P

j

�

j

�

j

) = (

P

i

�

i

�

i

f)(

P

j

�

j

�

j

) =

P

ij

�

i

�

i

f�

j

�

j

=

P

ij

�

i

f

ij

�

j

: For uniqueness, suppose there is another family fg

kl

g

k2I;l2J

su
h that

f =

P

kl

�

k

g

kl

�

l

. Then, f

ij

= �

i

f�

j

=

P

kl

�

i

�

k

g

kl

�

l

�

j

= g

ij

for all i 2 I and j 2 J:

Based on this proposition, every morphism f : 


J

X

j

�! 


I

Y

i


an be represented

by its 
omponents. We will use the 
orresponding matri
es to represent morphisms,

for example f above (with jIj = m and jJ j = n) is represented by an m� n matrix.

f =

2

6

6

4

f

11

: : : f

1n

.

.

.

.

.

.

.

.

.

f

m1

: : : f

mn

3

7

7

5

1

We use the following notational 
onventions: I:X for X


I

, 


I

X

i

for 


i2I

X

i

and fX

i

g

I

for

fX

i

g

i2I

. All index sets are �nite when we dis
uss UDCs, unless expli
itly stated otherwise.
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Given f : 


K

X

k

�! 


J

Y

j

and g : 


J

Y

j

�! 


I

Z

i

, let h = gf , then h

ik

= �

i

h�

k

=

�

i

(gf)�

k

= �

i

g(

P

j2J

�

j

�

j

)f�

k

=

P

j2J

(�

i

g�

j

�

j

)f�

k

=

P

j2J

(g

ij

�

j

f�

k

) =

P

j2J

g

ij

f

jk

:

Therefore, the 
omposition of morphisms in a UDC 
orresponds to matrix multi-

pli
ation of their matri
ial representations.

Remark. Note that although any morphism f : 


J

X

j

�! 


I

Y

i


an be represented

by the unique family ff

ij

g of its 
omponents, the 
onverse is not ne
essarily true,

that is to say given a family ff

ij

g with I; J �nite there may not be a morphism

f : 


J

X

j

�! 


I

Y

i

satisfying f =

P

ij

�

i

f

ij

�

j

. However, in 
ase su
h an f exists it

will be unique.

De�nition 4.0.7 A fun
tor T : C �! D between two UDCs is said to be additive

if T

X;Y

: C (X; Y ) �! D (TX; TY ) is a �Mon morphism for all obje
ts X; Y in C .

That is, for every summable family ff

i

g

I

in C (X; Y ) with 
ountable I, fT

X;Y

(f

i

)g

I

is summable in D (TX; TY ) and T

X;Y

(

P

i

f

i

) =

P

i

T

X;Y

(f

i

).

Theorem 4.0.8 Let C be a 
ategory with 
ountable biprodu
ts, then C is a UDC

(with biprodu
t as tensor) in whi
h all families of morphisms are summable.

Proof. Let C be a 
ategory with 
ountable biprodu
ts. C has zero obje
t and hen
e

families of zero morphisms. Given a family ff

i

g

I

of morphisms in C (X; Y ) with


ountable I, de�ne

P

i2I

f

i

= r

Y

(

~

L

i2I

f

i

)�

X

where �

X

: X �! I:X and r

Y

:

I:Y �! Y are de�ned by: �

i

�

X

= 1

X

and r

Y

in

i

= 1

Y

for all i 2 I and

P

i2;

f

i

=

0

XY

: Here I:X and I:Y denote biprodu
t of jIj 
opies of X and Y respe
tively.

This makes every homset C (X; Y ) into a 
ommutative monoid with

P

i2;

f

i

as the

additive identity. More generally, using the asso
iativity and symmetry isomorphisms

of biprodu
t it follows that every homset C (X; Y ) is a �-monoid with all families

summable. Also, 
omposition distributes over addition.

We need to verify axiom A of De�nition 4.0.5. Given any family fX

i

g

I

in C , let

�

j

= in

j

and �

j

= �

j

for all j 2 I. Here in

j

and �

j

are the biprodu
t morphisms of

(

~

L

I

X

i

; f�

j

g

I

; fin

j

g

I

). By de�nition of biprodu
t we have �

k

in

j

= 1

X

j

if j = k and

0

X

j

X

k

else. We also have �

j

(

P

i2I

in

i

�

i

) = �

j

for all j 2 I and therefore

P

i2I

in

i

�

i

=

1

~

L

I

X

i

.
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Proposition 4.0.9 Let C be a UDC. If all �nite families of morphisms in C are

summable then C has �nite biprodu
ts.

Proof. Let C be a UDC with all �nite families summable. We show that given a

family fX

i

g

I

, (


I

X

i

; f�

j

g

I

) is a 
oprodu
t. Given any obje
t Y and a family ff

j

g

I

with f

j

: X

j

�! Y let f =

P

j2I

f

j

�

j

, f exists sin
e all �nite families are summable.

Also, f�

j

= (

P

j

f

j

�

j

)�

j

=

P

j

(f

j

�

j

�

j

) = f

j

for all j 2 I. Let h : 


I

X

i

�! Y be su
h

that h�

j

= f

j

for all j 2 I, there exists a unique family fh

j

g

j2I

with h

j

: X

j

�! Y

su
h that h =

P

j

h

j

�

j

. f

j

= h�

j

= h

j

for all j 2 I. Thus f = h and there exists a

unique f su
h that f�

j

= f

j

for all j 2 I.

Similarly, we show that given a family fX

i

g

I

, (


I

X

i

; f�

j

g

I

) is a produ
t. Given

any obje
t Y and a family ff

j

g

I

with f

j

: Y �! X

j

let f =

P

j2I

�

j

f

j

, f exists sin
e

all �nite families are summable. Also, �

j

f = �

j

(

P

j

�

j

f

j

) =

P

j

(�

j

�

j

f

j

) = f

j

for all

j 2 I. Let h : Y �! 


I

X

i

be su
h that �

j

h = f

j

for all j 2 I, there exists a unique

family fh

j

g

j2I

with h

j

: Y �! X

j

su
h that h =

P

j

�

j

h

j

. f

j

= �

j

h = h

j

for all j 2 I.

Thus f = h and there exists a unique f su
h that �

j

f = f

j

for all j 2 I.

Also �

k

�

j

= 1

X

j

if j = k and 0

X

j

X

k

otherwise and

P

i2I

�

i

�

i

= 1




I

X

i

, sin
e C is a

UDC. Therefore, (


I

X

i

; f�

j

g

I

; f�

j

g

I

) is a biprodu
t.

Lemma 4.0.10 Let C be a UDC and f : X 
 U �! X 
 U be given by

"

A B

C D

#

,

then

P

n2!

f

n

, if it exists, is given by

"

E F

G H

#

, where:

� E =

P

m2!

(A+

P

n2!

BD

n

C)

m

� G =

P

l2!

D

l

CE

� F =

P

l2!

EBD

l

� H =

P

l2!

D

l

+

P

p;q2!

D

p

CEBD

q

Proof. Let f be as in the statement of the lemma, then we 
an represent f as a

dire
ted graph where the verti
es are labelled by X and U and the edges are labelled

by the 
omponents of the matri
ial representation of f , see the �gure below.

With this representation, f

n


orresponds to the matrix that represents the paths

of length n between the verti
es in the graph and

P

n2!

f

n

is the sum over all paths

of length n for all n 2 !.
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The 
omponents of

P

n2!

f

n


an be obtained by simply following the edges on the

graph in the �gure below.

� X �! X; E =

P

m2!

(A +

P

n2!

BD

n

C)

m

� X �! U; G =

P

l2!

D

l

CE

� U �! X; F =

P

l2!

EBD

l

� U �! U; H =

P

l2!

D

l

+

P

p;q2!

D

p

CEBD

q

X U

A D

B

C

Figure 8: Graphi
al Representation of f

Proposition 4.0.11 (Exe
ution/Tra
e Formula) Let C be a unique de
omposi-

tion 
ategory su
h that for every X; Y; and U and f : X 
 U �! Y 
 U , the sum

f

11

+

P

1

n=0

f

12

f

n

22

f

21

exists, where f

ij

are the 
omponents of f . Then, C is tra
ed and

Tr

U

X;Y

(f) = f

11

+

P

1

n=0

f

12

f

n

22

f

21

:

Before pro
eeding to the proof of this proposition, let's look at some examples of

tra
e 
omputation. Let C be a tra
ed UDC and hen
e given any f : X
U �! Y 
U ,

Tr

U

X;Y

(f) exists. Consider the following examples:
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1. Let f : X 
 U �! Y 
 U be given by

"

g 0

h 0

#

. Then

Tr

U

X;Y

(f) = Tr

U

X;Y

 "

g 0

h 0

#!

= g +

P

n

00

n

h = g + 0h = g + 0 = g:

2. Let f : X 
 U �! Y 
 U be given by

"

g 0

0 h

#

. Then

Tr

U

X;Y

(f) = Tr

U

X;Y

 "

g 0

0 h

#!

= g +

P

n

0h

n

0 = g + 0 = g:

3. Let f : X 
 U �! Y 
 U be given by

"

0 g

h 0

#

. Then

Tr

U

X;Y

(f) = Tr

U

X;Y

 "

0 g

h 0

#!

= 0 +

P

n

g0

n

h = 0 + g1h = gh:

Proof.

1. Naturality in X:

Tr

U

X;Y

(f)g = Tr

U

X

0

;Y

(f(g 
 1

U

)) where f : X 
 U �! Y 
 U; g : X

0

�! X. We

rewrite this in matri
ial form, so we have f(g 
 1

U

) =

"

f

11

f

12

f

21

f

22

# "

g 0

0 1

#

:

Therefore, Tr

U

X

0

;Y

(f(g 
 1

U

)) = f

11

g +

P

n

f

12

(f

22

)

n

(f

21

g) whi
h is the same as

Tr

U

X;Y

(f)g.

2. Naturality in Y :

gTr

U

X;Y

(f) = Tr

U

X;Y

0

((g 
 1

U

)f) where f : X 
 U �! Y 
 U; g : Y �! Y

0

.

(g 
 1

U

)f =

"

g 0

0 1

# "

f

11

f

12

f

21

f

22

#

.

Therefore, Tr

U

X;Y

0

((g 
 1

U

)f) = gf

11

+

P

n

(gf

12

)(f

22

)

n

f

21

whi
h is the same as

gTr

U

X;Y

(f).

3. Dinaturality in U :
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Tr

U

X;Y

((1

Y


 g)f) = Tr

U

0

X;Y

(f(1

X


 g)) where f : X 
U �! Y 
U

0

and g : U

0

�! U .

(1

Y


 g)f =

"

f

11

f

12

gf

21

gf

22

#

and f(1

X


 g) =

"

f

11

f

12

g

f

21

f

22

g

#

:

Therefore, Tr

U

X;Y

((1

Y


g)f) = f

11

+

P

n

f

12

(gf

22

)

n

(gf

21

) = f

11

+

P

n

(f

12

g)(f

22

g)

n

f

21

=

Tr

U

0

X;Y

(f(1

X


 g)).

4.1. Vanishing I:

Tr

I

X;Y

(f) = f where f : X 
 I �! Y 
 I.

Tr

I

X;Y

(f) = Tr

I

X;Y

 "

f 0

IY

0

XI

1

I

#!

= f +

P

n

0

IY

1

n

I

0

XI

= f:

4.2 Vanishing II:

Tr

U
V

X;Y

(f) = Tr

U

X;Y

(Tr

V

X
U;Y
U

(f)) where f : X 
 U 
 V �! Y 
 U 
 V . Let f be

given by

2

6

6

4

L M N

P A B

Q C D

3

7

7

5

:

Then Tr

U

Tr

V

0

B

B

�

2

6

6

4

L M N

P A B

Q C D

3

7

7

5

1

C

C

A

= Tr

U

 "

L M

P A

#

+

P

n

"

N

B

#

D

n

h

Q C

i

!

= Tr

U

 "

L +

P

n

ND

n

Q M +

P

n

ND

n

C

P +

P

n

BD

n

Q A+

P

n

BD

n

C

#!

= L+

P

n

ND

n

Q+ (M +

P

n

ND

n

C)(

P

m

(A+

P

n

BD

n

C)

m

)(P +

P

n

BD

n

Q)

= L+

P

n

ND

n

Q+ (M +

P

n

ND

n

C)E(P +

P

n

BD

n

Q) for E as in Lemma 4.0.10

= L+

P

n

ND

n

Q+MEP+ME

P

n

BD

n

Q+

P

n

ND

n

CEP+

P

m

ND

m

CE

P

n

BD

n

Q

= L+MEP +

P

n

MEBD

n

Q+

P

n

ND

n

CEP +N(

P

n

D

n

+

P

m;n

D

m

CEBD

n

)Q

= L+MEP +MFQ +NGP +NHQ for E; F;G and H as in Lemma 4.0.10
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= L+

h

M N

i

"

E F

G H

#"

P

Q

#

= L+

P

n

h

M N

i

"

A B

C D

#

n

"

P

Q

#

= Tr

U
V

0

B

B

�

2

6

6

4

L M N

P A B

Q C D

3

7

7

5

1

C

C

A

= Tr

U
V

X;Y

(f):

5. Superposing :

g 
 Tr

U

X;Y

(f) = Tr

U

W
X;Z
Y

(g 
 f) where f : X 
 U �! Y 
 U and g : W �! Z.

Tr

U

W
X;Z
Y

(g
f) = Tr

U

W
X;Z
Y

0

B

B

�

2

6

6

4

g 0 0

0 f

11

f

12

0 f

21

f

22

3

7

7

5

1

C

C

A

=

"

g 0

0 f

11

#

+

P

n

"

0

f

12

#

f

n

22

h

0 f

21

i

=

"

g 0

0 f

11

+

P

n

f

12

f

n

22

f

21

#

=

"

g 0

0 Tr

U

X;Y

(f)

#

= g 
 Tr

U

X;Y

(f):

6. Yanking:

Tr

U

U;U

(�

U;U

) = Tr

U

U;U

 "

0 1

U

1

U

0

#!

= 1

U

.

Proposition 4.0.12 The tra
e operator in a tra
ed UDC is uniform.

Proof. Let f : X 
U �! Y 
U and g : X 
U

0

�! Y 
U

0

be two morphisms in C .

We have (1

Y


h)f = g(1

X


h). Thus,

"

1 0

0 h

#"

f

11

f

12

f

21

f

22

#

=

"

g

11

g

12

g

21

g

22

#"

1 0

0 h

#

Therefore, we have the following equalities:

f

11

= g

11

; f

12

= g

12

h; hf

21

= g

21

; hf

22

= g

22

h:
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Now

Tr

U

X;Y

(f) = f

11

+

P

n

f

12

f

n

22

f

21

= g

11

+

P

n

(g

12

h)f

n

22

f

21

; using the identities above,

= g

11

+ g

12

hf

21

+ g

12

hf

22

f

21

+ g

12

hf

2

22

f

21

+ � � �

= g

11

+ g

12

g

21

+ g

12

g

22

hf

21

+ g

12

g

2

22

hf

21

+ � � � ; using the identities above,

= g

11

+ g

12

g

21

+ g

12

g

22

g

21

+ g

12

g

2

22

g

21

+ � � � ; using the identities above,

= g

11

+

P

n

g

12

g

n

22

g

21

= Tr

U

0

X;Y

(g):

Proposition 4.0.13 Every PAC is a tra
ed UDC with 
oprodu
t as tensor.

Proof. Let C be a PAC. Let the tensor produ
t be 
oprodu
t and given a family

fX

i

g

I

in C 
hoose �

j

= in

j

and �

j

as de�ned in De�nition 3.0.10. Clearly C is a

�Mon enri
hed 
ategory sin
e every partially additive monoid is already a �-monoid.

To show that C is a UDC we need to verify axiom A of De�nition 4.0.5. Observe

that �

k

in

j

= 1

X

j

for j = k and 0 else by de�nition of �

k

and

P

i2I

in

i

�

i

= 1

L

I

X

i

by Corollary 3.0.13. Therefore, axiom A holds. Moreover, in every PAC the sum

f

11

+

P

n

f

12

f

n

22

f

21

exists for any f : X �U �! Y �U , where f

ij

are the 
omponents

of f . Hen
e by Proposition 4.0.11 C is a tra
ed UDC.

The 
ondition for the existen
e of a tra
e in a UDC 
an be signi�
antly simpli�ed

in the presen
e of the limit axiom.

Proposition 4.0.14 Let C be a UDC in whi
h every homset is a partially additive

monoid. If for every X; Y; U and f : X 
 U �! Y 
 U , the sum f

12

+ gf

22

exists

for every g : U �! Y and the sum f

11

+ h exists, where h =

P

1

n=0

f

12

f

n

22

f

21

, then

C is tra
ed with Tr(f) = f

11

+

P

1

n=0

f

12

f

n

22

f

21

. Here f

11

; f

12

; f

21

and f

22

are the


omponents of f .
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Proof. Note that f

12

is summable by the unary sum axiom. Given that f

12

+ gf

22

exists for all g : U �! Y , we let g = f

12

and hen
e f

12

+ f

12

f

22

exists. Next

let g = f

12

+ f

12

f

22

and hen
e f

12

+ f

12

f

22

+ f

12

f

2

22

exists. Pro
eeding in this way

we 
on
lude that the sum

P

n

k=0

f

12

f

k

22

exists for every n and hen
e, by the limit

axiom

P

1

n=0

f

12

f

n

22

exists. Note that h =

P

n

f

12

f

n

22

f

21

= (

P

n

f

12

f

n

22

)f

21

exists sin
e


omposition distributes over sum.

Finally, Tr

U

X;Y

(f) = f

11

+

P

n

f

12

f

n

22

f

21

= f

11

+h exists by hypothesis and therefore

C is tra
ed by Proposition 4.0.11.

As we saw above every PAC is a UDC and hen
e the PAC examples in the previous


hapter are also UDC examples. Below we give more examples of UDCs that are not

PACs.

Example 4.0.15

1. Consider the 
ategory PInj of sets and partial inje
tive fun
tions. De�ne X 


Y = X ℄ Y , note that this does not give a 
oprodu
t, indeed PInj does not

have 
oprodu
ts. The partially additive stru
ture is given in Example 3.0.8 in

the previous 
hapter. De�ne �

j

:

U

i2I

X

i

�! X

j

by �

j

(x; j) = x, and �

j

(x; i)

unde�ned for i 6= j. �

j

: X

j

�!

U

i2I

X

i

is de�ned by �

j

(x) = (x; j). It


an be easily seen that �

k

�

j

= 1

X

j

if j = k and 0

X

j

X

k

otherwise. Note that

Dom(�

i

�

i

) \ Dom(�

j

�

j

) = ; and Codom(�

i

�

i

) \ Codom(�

j

�

j

) = ; for i 6= j

and hen
e the family f�

i

�

i

g

i2I

is summable. Also, (

P

i

�

i

�

i

)((x; j)) = �

j

(x) =

(x; j) = 1

U

I

X

i

(x; j).

Given f : X ℄ U �! Y ℄ U in PInj we show that the sum f

11

+

P

n

f

12

f

n

22

f

21

exists. That is to say, the family of fun
tions appearing in the sum have pairwise

disjoint domains and 
odomains.

(i) Suppose x 2 Dom(f

11

)\Dom(f

12

f

j

22

f

21

) for some j 2 !, then f

11

(x) = y for

some y 2 Y and hen
e f((x; 1)) = (y; 1). On the other hand, f

12

f

j

22

f

21

(x) = y

0

for some y

0

2 Y and hen
e f

21

(x) = u for some u 2 U and therefore f((x; 1)) =

(u; 2), a 
ontradi
tion.
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Now let x 2 Dom(f

12

f

j

22

f

21

) \ Dom(f

12

f

k

22

f

21

) for k < j. Let f

21

(x) = u and

f

k

22

(u) = u

0

, then u

0

2 Dom(f

12

)\Dom(f

j�k

22

). Then f

12

(u

0

) = y for some y 2 Y

and sin
e j � k > 0, f

22

(u

0

) = u

00

for some u

00

2 U , hen
e f((u

0

; 2)) = (y; 1) and

f((u

0

; 2)) = (u

00

; 2), a 
ontradi
tion.

(ii) We next show that the maps have disjoint 
odomains by proving that

the inverse maps have disjoint domains. Consider �rst Dom(f

�1

11

) and

Dom(f

�1

21

f

�j

22

f

�1

12

) for some j 2 ! and suppose there exist a y 2 Dom(f

�1

11

) \

Dom(f

�1

21

f

�j

22

f

�1

12

), then f

11

(x) = y for some x 2 X and therefore f((x; 1)) =

(y; 1), also f

12

(u) = y for some u 2 U and hen
e f((u; 2)) = (y; 1) 
ontradi
ting

the inje
tivity of f .

Next 
onsider Dom(f

�1

21

f

�j

22

f

�1

12

) and Dom(f

�1

21

f

�k

22

f

�1

12

) for k < j and let there

be a y 2 Dom(f

�1

21

f

�j

22

f

�1

12

) \ Dom(f

�1

21

f

�k

22

f

�1

12

), and let u = f

�k

22

f

�1

12

(y),then

u 2 Dom(f

�1

21

)\Dom(f

�(j�k)

22

) and sin
e j�k > 0, u will also be in Dom(f

�1

22

).

Then, f

21

(x) = u and f

22

(u

0

) = u for some x 2 X and u

0

2 U , whi
h implies

f((u

0

; 2)) = (u; 2) and f((x; 1)) = (u; 2), 
ontradi
ting the inje
tivity of f .

Hen
e, Tr(f) exists.

2. Consider the 
ategory Pfn

ov

where the obje
ts and morphisms are the same as

in Pfn, but the additive stru
ture is given by the overlap sum (see Example

3.0.8.) As was noted in the previous 
hapter Pfn

ov

is not a partially additive


ategory, be
ause the untying axiom fails. However, Pfn

ov

is a UDC. The

tensor produ
t is the 
oprodu
t (given by disjoint union). Quasi inje
tions are

the inje
tion morphisms and quasi proje
tions are de�ned as in the 
ase of PInj.

Clearly, Axiom (A) holds. Moreover, Pfn

ov

is a tra
ed UDC. The existen
e of

the sum Tr(f) = f

11

+

P

n

f

12

f

n

22

f

21

for an f : X ℄ U �! Y ℄ U follows from

part (i) of the proof in the previous example.

3. Consider the 
ategory IRel of sets and inje
tive relations. Let the tensor be the

disjoint union of sets. Noti
e that this is not a 
oprodu
t in IRel. The additive

stru
ture is de�ned as follows. A family fR

i

g

I

in IRel(X; Y ) is summable if

Codom(R

i

) \ Codom(R

j

) = ; for all i 6= j. For a summable family fR

i

g

I

,
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P

i2I

R

i

= [

I

R

i

. This makes every homset into a �-monoid and 
omposi-

tion distributes over sum. For every i 2 I, �

i

: X

i

�!

U

I

X

i

is the rela-

tion �

i

= f(x; (x; i))jx 2 X

i

g and �

i

:

U

I

X

i

�! X

i

is given by the relation

�

i

= f((x; i); x)jx 2 X

i

g. Clearly, �

k

�

j

= 0 for j 6= k and 1

X

j

otherwise and

P

i2I

�

i

�

i

= 1

U

I

X

i

: Moreover, IRel is a tra
ed UDC. The existen
e of the sum

Tr(R) = R

11

+

P

n

R

12

R

n

22

R

21

for an R : X ℄ U �! Y ℄ U follows from part

(ii) of the proof in the 
ase of PInj above.

4. This example will provide the 
onne
tion to operator algebrai
 models. Given

a set X let `

2

(X) be the set of all 
omplex valued fun
tions a on X for whi
h

the (unordered) sum

P

x2X

ja(x)j

2

is �nite. `

2

(X) is a Hilbert spa
e and its

norm is given by jjajj = (

P

x2X

ja(x)j

2

)

1=2

and its inner produ
t is given by

< a; b >=

P

x2X

a(x)b(x) for a; b 2 `

2

(X) [68℄.

Barr observed that this 
onstru
tion 
an be made into a fun
tor, `

2

[16℄.

2

There

is a 
ontravariant faithful fun
tor `

2

:PInj

op

�!Hilb where Hilb is the 
ate-

gory whi
h has Hilbert spa
es as obje
ts and linear 
ontra
tions (norm � 1) as

morphisms. For a set X, `

2

(X) is de�ned as above and given f : X �! Y in

PInj, `

2

(f) : `

2

(Y ) �! `

2

(X) is de�ned by

`

2

(f)(b)(x) =

8

<

:

b(f(x)); if x 2 Dom(f);

0; otherwise.

Hen
e, this gives a 
orresponden
e between partial inje
tive fun
tions and par-

tial isometries on Hilbert spa
es (see also [48, 1℄.)

PInj(X; Y ) Hilb(`

2

(Y ); `

2

(X))

f `

2

(f)

partial inje
tive fun
tion partial isometry

total isometry

total and surje
tive unitary

X = Y and f is identity on Dom(f) proje
tion

2

Our presentation here is slightly di�erent from Barr's original one in [16℄.
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It 
an be shown that `

2

(X�Y )

�

=

`

2

(X)
`

2

(Y ), where 
 is the tensor produ
t

of Hilbert spa
es (see [68℄, page 142 for a proof.) Also `

2

(X℄Y )

�

=

`

2

(X)�`

2

(Y )

where � is the dire
t sum of Hilbert spa
es. To see this, let a 2 `

2

(X) and b 2

`

2

(Y ), de�ne q

a;b

: X℄Y �! C by q

a;b

(x; 1) = a(x) and q

a;b

(y; 2) = b(y), 
learly

q

a;b

2 `

2

(X ℄ Y ). The linear transformation U : `

2

(X ℄ Y ) �! `

2

(X)� `

2

(Y )

given by U(q

a;b

) = (a; b) is an isomorphism.

Consider the 
ategory Hilb

2

whose obje
ts are of the form `

2

(X) for a set X

and a morphism u : `

2

(X) �! `

2

(Y ) is of the form `

2

(f) for some partial

inje
tive fun
tion f : Y �! X (re
all `

2

is 
ontravariant.) Hen
e, Hilb

2

is a

sub
ategory of Hilb.

For `

2

(X) and `

2

(Y ) in Hilb

2

, the Hilbert spa
e tensor produ
t `

2

(X)
 `

2

(Y )

yields a tensor produ
t in Hilb

2

. This follows from the isomorphism `

2

(X) 


`

2

(Y )

�

=

`

2

(X � Y ) and the fa
t that X � Y is a tensor produ
t in PInj.

Similarly for `

2

(X) and `

2

(Y ) in Hilb

2

, the dire
t sum `

2

(X)� `

2

(Y ) yields a

tensor produ
t in Hilb

2

. This follows from the isomorphism `

2

(X) � `

2

(Y )

�

=

`

2

(X ℄Y ) and the fa
t that X ℄Y is a tensor produ
t in PInj. Noti
e however

that, although `

2

(X)�`

2

(Y ) is the dire
t sum (biprodu
t) of the Hilbert spa
es

`

2

(X) and `

2

(Y ) in Hilb, it is only a tensor produ
t in Hilb

2

, as otherwise this

would imply that X ℄ Y is the 
oprodu
t in PInj, a 
ontradi
tion.

The additive stru
ture on PInj makes Hilb

2

into a UDC as follows. We

take � as the tensor produ
t with unit `

2

(;). We de�ne a sum for operators

in Hilb

2

(`

2

(X); `

2

(Y )). Given a family f`

2

(f

i

)g

I

2Hilb

2

(`

2

(X); `

2

(Y )) with

ff

i

g

I

2PInj(Y;X), we say that f`

2

(f

i

)g is summable if ff

i

g is summable in

PInj and in that 
ase

P

i

`

2

(f

i

) =

def

`

2

(

P

i

f

i

): Clearly, this de�nition makes `

2

an additive fun
tor. Quasi inje
tions and proje
tions are the `

2

images of quasi

proje
tions and inje
tions in PInj. Clearly Axiom (A) holds.

Moreover, Hilb

2

is tra
ed. Given u : `

2

(X)� `

2

(U) �! `

2

(Y )� `

2

(U),

Tr(u) = `

2

(Tr

U

Y;X

(f))
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where u = `

2

(f) with f : Y ℄ U �! X ℄ U .



Chapter 5

Geometry of Intera
tion

Geometry of Intera
tion is a new kind of semanti
s of 
omputation free

from the twin drawba
ks of redu
tionism (whi
h leads to stati
 modelisa-

tion) and subje
tivism (whi
h leads to synta
ti
al abuses, in other terms,

bureau
ra
y.)

Jean-Yves Girard

In this 
hapter we will brie
y review Girard's Geometry of Intera
tion (GoI) pro-

gramme and the 
ategori
al implementation of it given by Abramsky and Jagadeesan

[5℄. We will be using the referen
es that we 
ite and our presentation 
losely follows

the original texts. We will next dis
uss Abramsky's general GoI Constru
tion that we


all Abramsky's Programme. It is this programme that we will develop in all details

in the next 
hapter.

5.1 What is Girard's GoI?

Girard introdu
ed the geometry of intera
tion programme in late 80's. The �rst

proposal for this programme appeared in [46℄. This was followed by a series of papers

[47, 45, 48℄ further investigating di�erent aspe
ts of this programme.

Geometry of intera
tion is a new kind of semanti
s. To realise what has been

a
hieved and how it di�ers from the extant approa
hes we need to look at more

81
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traditional forms of semanti
s.

Denotational semanti
s tries to �nd a model for formulas and proofs of logi
.

For example, in a 
ategori
al model [78℄, the formulas are denoted by obje
ts and

proofs by morphisms in a model 
ategory. However, the soundness of the model

means that the 
onvertibility of proofs with respe
t to the 
ut-elimination pro
ess is

represented by equations that hold true between morphisms. That is, if �, �

0

are

proofs of a sequent � ` A and if we have a redu
tion � � �

0

, (by 
ut-elimination),

then their interpretations � in any model 
ategory denote equal morphisms, i.e.

� = �

0

: � �! A : It is in this sense that denotational semanti
s is stati
.

Girard [46℄ gives a useful analogy with me
hani
s: the denotational approa
h to


omputation in 
omputer s
ien
e is analogous to stati
s in me
hani
s. The fa
t that

the denotational semanti
s is kept 
onstant during a 
omputation 
an be 
ompared

to the existen
e of stati
 invariants like mass in 
lassi
al me
hani
s. But the 
ore of

me
hani
s is dynami
s, where other invariants of a dynami
al nature, like energy play

a prominent role. It is the same with 
omputation: it is the dynami
s of 
omputation

that must be modeled in a mathemati
al form.

The 
losest to the idea of dynami
s is syntax, whi
h makes all the ne
essary

distin
tions of sense and is �nite. The standpoint that Girard takes against 
ontenting

oneself with syntax (subje
tivism) is the fa
t that it 
ontains irrelevant information.

This information is very often of a temporal nature. Thus the idea is to �nd out what

is hidden behind syntax, without going to denotational semanti
s and the answer

Girard proposes is

geometry of intera
tion.

Hen
e the motivation for this programme is to �nd out the geometri
al meaning

of the Hauptsatz [50℄, i.e. to �nd out what is hidden behind the synta
ti
al manipu-

lations it involves. For a fuller and mu
h more elaborate a

ount of the ideas above

see [46, 48℄.

The �rst implementation of this programme was given by Girard [47℄, based on

the C

�

-algebra of bounded linear operators on the spa
e `

2

of square summable se-

quen
es. More spe
i�
ally, to ea
h proof-as-program � of system F [43℄, (also known
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as polymorphi
 �-
al
ulus [100℄), one asso
iates a pair (u; �) of partial symmetries.

Here u represents the proof and is de�ned indu
tively following the rules of sequent


al
ulus and � represents the 
uts of the proof, i.e. dynami
s. The dynami
s is

introdu
ed as a way of eliminating � using the exe
ution formula:

EX(u; �) = (1� �

2

)u(1� �u)

�1

(1� �

2

):

This formula makes sense (
onverges) if �u is nilpotent, sin
e �u has unit norm.

Thus, the nilpoten
y of �u 
orresponds to strong normalisation.

We will give an example below, but before doing so we need to dis
uss the in-

terpretation of proofs in more detail. The presentation used is the usual sequent


al
ulus, however here one needs to keep tra
k of the 
uts already made. Therefore a

sequent is of the form ` [�℄;�, where � is the list of the 
uts that have been made

during the proof of ` �. A proof � of ` [�℄;� is represented by means of an operator

u in the C

�

-algebraM

2m+n

(B (`

2

)), where m;n are the number of formulas in � and

� respe
tively. Finally, the matrix � = (�

ij

) is de�ned by

�

2i;2i�1

= �

2i�1;2i

= 1 for i = 1; : : : ; m and all other entities are 0. Here is an example:

Consider the proof

` A;A

?

` A

?

; A

` [A℄; A

?

; A

where we have applied the 
ut rule to two instan
es of the axiom ` A;A

?

. The

interpretation of ` A;A

?

is given by the 2 by 2 symmetry matrix (here u

1

and u

2

)

and u is the interpretation of the 
ut rule on these sequents. Note that u represents

the sequent ` [A℄; A

?

; A and hen
e it is a 4 by 4 matrix: m = 1 and n = 2. Note also

that the exe
ution formula 
an be written as

EX(u; �) = (1� �

2

)(

P

1

n=0

u(�u)

n

)(1� �

2

):

For this example, we have u(�u)

2

= 0, the zero matrix. Finally, 
ut-elimination

applied to our example yields ` A;A

?

, whose denotation is obtained by removing the

�rst 2(=2m) rows and 
olumns of the matrix EX(u; �).
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u

1

= u

2

=

"

0 1

1 0

#

; u =

2

6

6

6

6

4

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

3

7

7

7

7

5

;

� =

2

6

6

6

6

4

0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0

3

7

7

7

7

5

; u+ u�u =

2

6

6

6

6

4

0 0 1 0

0 0 0 1

1 0 0 1

0 1 1 0

3

7

7

7

7

5

; u(�u)

2

= 0

EX(u; �) =

2

6

6

6

6

4

0 0 0 0

0 0 0 0

0 0 0 1

0 0 1 0

3

7

7

7

7

5

Girard proved the following soundness theorem for the GoI interpretation of sys-

tem F in the C

�

-algebrai
 setting.

Theorem 5.1.1 (Girard [47℄)

(i) If (u; �) is the interpretation of a proof � of a sequent ` [�℄;� then �u is

nilpotent.

(ii) If � does not use the symbols \?" or \9", and � is any 
ut-free proof of ` �

with interpretation v, obtained from � by using the standard Gentzen redu
tion

steps in any order, then EX(u; �) = v.

The GoI interpretation was extended to untyped �-
al
ulus by Danos in his PhD

thesis [33℄. Danos proved that in the 
lass of pure-nets, i.e. nets designed to represent

�-terms, (�u) is nilpotent i� the asso
iated pure-net represents a strongly normalising

term. Danos and Regnier further extended the GoI interpretation to de�ne a path-

semanti
s for proofs(=programs). The idea is that a proof net is represented by a set

of paths and the exe
ution formula is an invariant of redu
tion. We will dis
uss this

view in more detail in Chapter 9.

Hen
e the

nilpoten
y = strong normalisation
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orresponden
e was established for system F and �-terms. However, there were some

dis
on
erting issues left: the nilpoten
y 
ondition is not adapted to re
ursive pro-

gramming, neither is it in harmony with non-terminating algorithms. This issue was

addressed by Girard in [45℄. Consider the 
entral part of the exe
ution formula,

CP (u; �) = u(1� �u)

�1

whi
h represents the 
omputation. Girard realised that the most general solution to

the problem of existen
e of this term without asking for the nilpoten
y of (�u) is

to demand that it exist as an unbounded operator (in the sense of a 
losed densely

de�ned one.) One uses the weak topology on B (`

2

) whi
h is the topology of pointwise


onvergen
e, when `

2

is endowed with its own weak topology. Girard proposed the

notion of weak nilpoten
y, i.e. 
onvergen
e to 0 with respe
t to the weak topology on

B (`

2

). He proved that CP (u; �) makes sense as a densely de�ned unbounded operator

exa
tly when (�u) is weakly nilpotent and showed that �xed-point operators �a la ML

satisfy this property. Mala
aria and Regnier were able to prove the weak nilpoten
y

for the pure �-
al
ulus in [88℄. The proof is a 
orollary of the main result of that

paper stating that no 
y
li
 path in a pure net 
an be repeated 
onse
utively.

Finally in [48℄, Girard extended the geometry of intera
tion to the full 
ase in-


luding the additives and 
onstants. He also proved a nilpoten
y theorem for this

semanti
s and its soundness with respe
t to a slight modi�
ation of familiar sequent


al
ulus in the 
ase of exponential-free 
on
lusions.

In this thesis we will be interested in the multipli
ative and exponential fragments

of linear logi
 and hen
e will not further dis
uss the latter work. We 
ontinue our

review by dis
ussing the 
ategori
al implementation given for GoI by Abramsky and

Jagadeesan [5℄.

5.2 A Categori
al Implementation

Abramsky and Jagadeesan gave the �rst 
ategori
al realisation for GoI in [5℄. Their

formalisation is based on domain theory and arises from the 
onstru
tion of a 
ate-

gori
al model of linear logi
. The exe
ution formula is repla
ed by a least �xed-point
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operator, essentially a generalisation of Kahn's semanti
s for feedba
k in data
ow

networks [69, 70℄.

The 
onstru
tion in [5℄ uses sub
ategories of the 
ategory Predom of !-
omplete

posets and 
ontinuous maps, 
alled GI-
ategories, to 
onstru
t a model of linear logi
,

that is a *-autonomous 
ategory with produ
ts.

Next, a type-free GI-model is used to give an interpretation of geometry of inter-

a
tion. A type-free model 
onsists of an obje
t D in a GI-
ategory su
h that it is a

domain equipped with 
ertain retra
tions. The idea is to use this as a \universal do-

main", using the retra
tions to internalise the de�nitions of the linear proofs, with all

types denoted byD. One thus asso
iates to a proof � of ` [�℄;� aPredommorphism

f : D

2m+n

�! D

2m+n

. One de�nes the feedba
k formula, FB(f; �) : D

n

�! D

n

, by

FB(f; �)(~x) = �

0

f(f

0

(~x); ~x)

f

0

(~x) = Y [�~u:�(� � 1)f(~u; ~x)℄

where �(~u; ~x) = ~x, �

0

(~u; ~x) = ~u and Y is the familiar Tarski least �xed-point op-

erator. The permutation � : D

2m

�! D

2m

de�ned by �(x

1

; x

2

; � � � ; x

2m�1

; x

2m

) =

(x

2

; x

1

; � � � ; x

2m

; x

2m�1

) represents the 
uts. The feedba
k formula 
an be written as:

FB(f; �) = �(

W

k

f

(k)

), where f

(k)

: D

n

�! D

2m+n

is de�ned indu
tively by

f

(0)

=?

f

(k+1)

= (� � 1)f <�

0

f

(k)

; 1> :

The dynami
s of 
ut-elimination is modeled by the sequen
e of iterations to the �xed-

point, f

(0)

; f

(1)

; � � � and strong normalisation is represented by a �nite 
onvergen
e

property, f

(k)

= f

(k+1)

=

W

k2!

f

(k)

.

Finally we have the following theorem:

Theorem 5.2.1 (Abramsky & Jagadeesan [5℄) Let � be a proof of a sequent `

[�℄;� in se
ond order 
lassi
al linear logi
, with � = f: Then,
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1. If there are no o

urren
es of

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

either expli
itly in � or in any of the witnessing

formulas used in the existential quanti�er rule to introdu
e o

urren
es of 9 in

�-in parti
ular, if neither
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............

nor 9 o

urs in �-then if � redu
es to �

0

by any

sequen
e of 
ontra
tions, with �

0

= g, then FB(f; �

f

) = FB(g; �

g

). In

parti
ular, if �

0

is any 
ut-free proof obtained from � by 
ut-elimination, then

FB(f; �

f

) = g:

2. f has �nite 
onvergen
e property: (9k 2 !)[f

(k)

= f

(k+1)

℄:

5.3 General GoI Constru
tion

The ideas and te
hniques used in [5℄ and the notion of abstra
t tra
e and Int 
on-

stru
tion, introdu
ed by Joyal, Street and Verity [67℄, led to a more abstra
t for-

malisation of GoI data in the notion of GoI Situation introdu
ed by Abramsky in

[2℄. GoI Situations give an abstra
t embodiment of the essential ingredients of GoI

for the multipli
ative and exponential fragment. Furthermore, in his Siena le
ture

[2℄ Abramsky introdu
ed a General GoI Constru
tion, that we will 
all Abramsky's

programme. This program was sket
hed in [2℄ and worked out on the 
ategory PInj.

In this thesis (Chapter 6), we develop this program in full detail and generality. The

idea of this program is that a GoI Situation 
an be used to 
onstru
t models of


omputation, i.e. 
ombinatory algebras whi
h are models of untyped 
ombinatory

logi
. This 
onstru
tion �rst yields a stru
ture 
alled a Linear Combinatory Algebra

(LCA). It is then a short step to a 
ombinatory algebra. This 
onstru
tion 
an be

made in a more general 
ontext, namely one 
an start with a Weak Linear Category

(WLC), whi
h essentially 
onsists of a symmetri
 monoidal 
losed 
ategory together

with a symmetri
 monoidal fun
tor and some additional stru
ture. The beauty of

working with a GoI Situation at the basis of the program, is that the notion of tra
e


omes to play an important role in the model. It is used to de�ne the binary appli-


ation operator in the LCA. Below we give a s
hemati
 des
ription of Abramsky's

programme.
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Abramsky's Programme:

GoI Situation

G

#

Weak Linear Categories

G(C )(I; V )

#

Linear Combinatory Algebra

standardisation

#

Combinatory Algebra

quotienting

#

�-algebra



Chapter 6

Linear Combinatory Algebras

Abramsky in his 
ategori
al interpretation of Girard's Geometry of Intera
tion (GoI)

observed that the GoI programme was 
onstru
ting a Linear Combinatory Algebra

(LCA) (to be de�ned in this 
hapter). In the previous 
hapter, we outlined this

programme. In this 
hapter, we develop this programme in full detail and generality.

We start with a weak linear 
ategory and show how to 
onstru
t an LCA. A weak

linear 
ategory 
omes very 
lose to being a model of linear logi
, however we relax

some of the 
onditions and hen
e we get a weaker stru
ture. We will see that this is

exa
tly what we need to implement the GoI programme in a 
ategori
al setting. This


onstru
tion is quite general and indeed 
aptures the CA 
onstru
tion from a given

CCC [77, 9, 78℄.

We will next 
onsider WLCs that are 
onstru
ted using a GoI Situation whi
h es-

sentially 
onsists of a tra
ed symmetri
 monoidal 
ategory with some extra stru
ture.

It is pre
isely here that the 
onne
tion to Girard's exe
ution formula is established

and 
aptured by the tra
e operator in a tra
ed monoidal 
ategory. Subsequently, one


an 
onstru
t a CA, a model of untyped 
ombinatory logi
, from the given LCA.

This 
orresponds to the translation of intuitionisti
 logi
 into LL using !A �Æ B as

the translation of the intuitionisti
 impli
ation A) B.

This 
hapter is organised as follows: we �rst give a short review of 
ombinatory

logi
, next we re
all the de�nition of weak linear 
ategories and linear 
ombinatory

algebras. Next, we explain the 
onstru
tion of a linear 
ombinatory algebra from a

89
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weak linear 
ategory. In Se
tion 6.3, we fo
us on weak linear 
ategories that 
an be

obtained from a GoI Situation.

6.1 Combinatory Algebras

The presentation in this se
tion follows the texts by several authors [13, 77, 62, 56℄.

Combinatory logi
 (CL) was invented by S
h�on�nkel in 1924 and independently

by Curry in 1930. The idea was to provide a non-set-theoreti
al foundation for

mathemati
s based on the abstra
t notion of fun
tion and appli
ation, the same goal

that motivated Chur
h's invention of �-
al
ulus in the 30's. In 
ombinatory logi


there are no bound variables and hen
e the 
ompli
ations of �-
al
ulus are avoided.

Combinatory terms are built from a binary operation

.

(appli
ation), in�nitely many

variables and the 
onstants S, K and I. The terms built solely from 
onstants (no

variables) are 
alled 
ombinators. Originally Sh�on�nkel used S and K only and I

was de�ned as I = (S

.

K)

.

K. The equality relation on 
ombinatory terms is de�ned

as the least 
ongruen
e generated by the redu
tions: (

.

is asso
iated to the left)

S

.

x

.

y

.

z � (x

.

z)

.

(y

.

z)

K

.

x

.

y � x

I

.

x � x

The fundamental property of 
ombinatory logi
 is the so-
alled 
ombinatory 
om-

pleteness: given an arbitrary 
ombinatory term with free variables 
ontained in the

set fx

1

; x

2

; � � � ; x

n

g, denoted by M(~x), there exists a 
onstant term (
ombinator) F

su
h that:

F

.

~x =M(~x):

This says that every \polynomial" M(~x) 
an be written in the form F

.

~x for some


losed term F . In this sense fS;Kg forms a basis for 
ombinatory terms. In this

thesis we will use a di�erent basis for 
ombinatory terms that we dis
uss later.

To make the 
onne
tion with proof theory we will 
onsider typed 
ombinators.

There is a well-known 
onne
tion between simply-typed �-
al
ulus and the natural
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dedu
tion formulation of propositional intuitionisti
 logi
 
alled the Curry-Howard

isomorphism [63, 78℄. The Curry-Howard isomorphism establishes a 
orresponden
e:

proof $ �-term

formula $ type

normalisation $ �-redu
tion.

Similarly, the Curry-Howard isomorphism establishes a 
onne
tion between typed


ombinatory logi
 and Hilbert-style (as opposed to natural dedu
tion) formulations

of propositional intuitionisti
 logi
.

A proof in a Hilbert-style formulation of logi
 is a sequen
e of formulas ea
h

of whi
h is either an axiom or follows from previous formulas in the sequen
e by

the appli
ation of an inferen
e rule. The formula proved is the last element of the

sequen
e. Here we will 
onsider the impli
ational fragment of intuitionisti
 logi
.

There is only one inferen
e rule, namely modus ponens:

�) � �

�

MP

and there are two axiom s
hemes, whi
h are the prin
ipal types of the 
ombinators

S and K:

(S) : (�) (� ) 
))) ((�) �)) (�) 
)),

(K) : �) (� ) �)

Intuitively, we think of S and K as fun
tions and their types as determining

domain and 
odomain. For example, K : �) (� ) �) is the fun
tion su
h that for

any x 2 �; y 2 �, (K

.

x)

.

y = x:

Finally we have the following 
orresponden
e:

proof $ typed CL-term

modus ponens $ appli
ation operation

axioms $ the 
onstants K and S.

With the Curry-Howard isomorphism at hand we 
an identify the impli
ational

fragment of several substru
tural logi
s, in
luding of 
ourse linear logi
. We �rst
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introdu
e a di�erent basis (the original one used by Curry) and their prin
ipal types.

We will write xy for x

.

y and

.

is asso
iated to the left.

Ix � x identity

Bxyz � x(yz) 
omposition or 
ut

Cxyz � xzy ex
hange or 
ommutator

Wxy � xyy dupli
ation

Kxy � x dis
arding

The prin
ipal types for these 
ombinators are:

I : �) �

B : (� ) 
)) ((�) �)) (�) 
))

C : (� ) (�) 
))) (�) (� ) 
))

W : (�) (�) �))) (�) �)

K : �) (� ) �)

As noted above, the set fI; B; C;W;Kg forms another basis for 
ombinatory logi


terms. Hen
e, S is expressible in terms of these 
ombinators, indeed

S = B(B(BW )C)(BB):

A 
lose investigation of the types reveals the 
orresponden
e with Gentzen's se-

quent 
al
ulus formulation. In parti
ular, noti
e that W 
orresponds to the 
ontra
-

tion rule and K 
orresponds to the weakening rule (see Chapter 2.) Also a remark


on
erning resour
e manipulation is in order. Noti
e that the 
ombinators B,C and

I use ea
h of their arguments exa
tly on
e. K does not use one of its arguments (y

above) and W dupli
ates one of its arguments (y above). Therefore, it is natural to

expe
t that the 
ombinators B,C and I are linear 
ombinators (see the dis
ussion in

Chapter 2.)

Indeed, the 
ombinators B, C and I give a Hilbert-style axiomatisation of the

f�Æg fragment of intuitionisti
 linear logi
, the 
ombinators B, C and K give a

Hilbert-style axiomatisation of the f�Æg fragment of intuitionisti
 AÆne logi
 and

B;C; I;W give a Hilbert-style axiomatisation of impli
ational fragment of relevan
e
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logi
. Finally, B;C;K;W give a Hilbert-style axiomatisation of the impli
ational

fragment of intuitionisti
 logi
 [11, 105℄.

We 
lose this se
tion by dis
ussing the model theory of 
ombinatory logi
. Com-

binatory algebras (CA) are models of 
ombinatory logi
. A 
ombinatory algebra

(M;

.

; K; S) 
onsists of a set M together with a binary operation

.

on M and two

distinguished elements K and S of M su
h that:

(K

.

x)

.

y = x and ((S

.

x)

.

y)

.

z = (x

.

z)

.

(y

.

z)

for all x; y; z 2 M . Combinatory algebras are never asso
iative, never 
ommuta-

tive, never �nite and never re
ursive [13, 56℄. Nevertheless, they are interesting and

important stru
tures in theoreti
al 
omputer s
ien
e. A 
losely related stru
ture is

a �-algebra: a 
ombinatory algebra whi
h satis�es all provable equations of the �-


al
ulus. Not all 
ombinatory algebras are �-algebras. Curry showed that by adding

�ve extra axioms, that we 
all Curry axioms, to CL the resulting theory is equivalent

to the �-
al
ulus (see [13℄, Chapter 7 and [56℄, Chapter 4.) Hen
e one 
an get a

�-algebra from a 
ombinatory algebra via quotienting by these axioms.

6.2 Weak Linear Categories

In this se
tion we introdu
e Weak Linear Categories (WLC) and Linear Combinatory

Algebras (LCA) and 
onstru
t su
h algebras fromWLCs. We also show how to obtain

(standard) 
ombinatory algebras from linear ones. The latter 
orresponds to Girard's

translation of intuitionisti
 logi
 into linear logi
. We next 
onsider a spe
ial 
lass

of WLCs whi
h are obtained from tra
ed symmetri
 monoidal 
ategories using the G


onstru
tion of Abramsky whi
h we dis
ussed in Chapter 2.

De�nition 6.2.1 A Weak Linear Category (WLC) (C ; !) 
onsists of the following

data:

1. A symmetri
 monoidal 
losed 
ategory C ,

2. A symmetri
 (not ne
essarily strong) monoidal fun
tor ! : C �! C ,
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3. The following monoidal pointwise natural transformations (pointwise naturality

suÆ
es for the 
onstru
tion in Theorem 6.2.5):

(a) der :! =) Id (dereli
tion)

(b) Æ :! =)!! (
omultipli
ation)

(
) 
on :! =)!
! (
ontra
tion)

(d) weak :! =) K

I

(weakening, K

I

is the 
onstant I fun
tor)

Note that we do not require (!; der; Æ) form a 
omonad, nor that (!A;weak

A

; 
on

A

)

form a 
omonoid (
f. Chapter 2, linear 
ategories.)

De�nition 6.2.2 A re
exive obje
t in a WLC (C ; !) is an obje
t V of C with the

following retra
ts:

1. V �Æ V � V

2. !V � V

3. I � V

Sin
e 
artesian 
losed 
ategories (CCC) are symmetri
 monoidal 
losed 
ategories

(SMCC), all the usual domain theoreti
 
onstru
tions of re
exive obje
ts in CCCs

[78℄ also yield re
exive obje
ts in the WLC-sense, as follows:

Proposition 6.2.3 Let C be a CCC and V be a re
exive obje
t in C , i.e., V

V

� V .

Then (C ; Id) is a WLC and V is a re
exive obje
t in the WLC-sense.

Proof. Any CCC is an SMCC. Id is a symmetri
 monoidal fun
tor from C to itself

and the following are monoidal natural transformations:

1. der

A

= 1

A

2. Æ

A

= 1

A

3. 
on

A

=< 1

A

; 1

A

>

4. weak

A

= f : A �! T ; the unique map from A to terminal obje
t T .

It 
an be easily shown that V

V

� V implies T � V [9℄. Moreover, V �Æ V = V

V

� V ,

!V = Id(V ) = V � V and I = T � V and hen
e V is a re
exive obje
t in the WLC-

sense.
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De�nition 6.2.4 A Linear Combinatory Algebra (A;

.

;

!

) 
onsists of the following

data:

� An appli
ative stru
ture (A;

.

), i.e. a nonempty set A and a binary operation

.

on A.

� A unary operation

!

: A �! A

� Distinguished elements B;C; I;K;W;D; Æ; F of A,

satisfying the following identities (we asso
iate

.

to the left and write xy for x

.

y,

x

.

!

y = x

.

(

!

y), et
. ) for all variables x; y; z ranging over A.

1. Bxyz = x(yz) Composition, Cut

2. Cxyz = (xz)y Ex
hange

3. Ix = x Identity

4. Kx

!

y = x Weakening

5. Wx

!

y = x

!

y

!

y Contra
tion

6. Dx

!

y = xy Dereli
tion

7. Æ

!

x =

!!

x Comultipli
ation

8. F

!

x

!

y =

!

(xy) Monoidal Fun
toriality.

The prin
ipal types for the 
ombinators above are given as:

I : � �Æ �

B : (� �Æ 
) �Æ ((� �Æ �) �Æ (� �Æ 
))

C : (� �Æ (� �Æ 
)) �Æ (� �Æ (� �Æ 
))

K : � �Æ (!� �Æ �)

W : (!� �Æ (!� �Æ �)) �Æ (!� �Æ �)

Æ : !� �Æ!!�

D : (� �Æ �) �Æ (!� �Æ �)

F : !(� �Æ �) �Æ (!� �Æ!�)
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The typed linear 
ombinatory logi
 
orresponds to a Hilbert style axiomatisation

of the f!;�Æg fragment of intuitionisti
 linear logi
 [2℄,[11, 105℄, in the same way

that typed 
ombinatory logi
 gives a Hilbert style axiomatisation of the impli
ational

fragment of intuitionisti
 logi
 (see the dis
ussion in Se
tion 6.1.)

Let (C ; !) be a WLC and V be a re
exive obje
t in C with retra
ts V �Æ V �V (r; s)

and !V � V (p; q) where (r; s) and (p; q) are the retra
tion morphisms. We de�ne the

following operations on the set C (I; V ):

� Given f; g 2 C (I; V ), f

.

g = ev(sf 
 g)

� Given f 2 C (I; V ),

!

f = p !f '

I

where '

I

: I �!!I and ! = (!; '; '

I

).

Theorem 6.2.5 Let (C ; !) be a WLC and V be a re
exive obje
t in C with retra
ts

V �Æ V � V (r; s) and !V � V (p; q). Then (C (I; V );

.

;

!

) with

.

and

!

de�ned as above

is a linear 
ombinatory algebra.

Proof. Let C be a SMCC and ! = (!; '; '

I

), we �rst re
all some properties of the

evaluation map and transposition that we will be using. Given f : A
B �! C in C

we denote its transpose by �

A;C

(f) : A �! B �Æ C. � is natural in A and C, i.e.

�

A

0

;C

(h(f 
 1

B

)) = �

A;C

(h)f

�

A;C

0

(gh) = (1

B

�Æ g)�

A;C

(h)

for all h : A
 B �! C, f : A

0

�! A and g : C �! C

0

.

The evaluation map ev

A;B

: (A �Æ B) 
 A �! B has the universal property:

ev

A;B

(�(f)
1

A

) = f for f : C
A �! B and ev

A;B

(g
1

A

) = h for g : C �! A �Æ B.

Here h : C
A �! B is su
h that �(h) = g. ev

A;B

is also natural in B and dinatural

in A, i.e. The following diagrams 
ommute:

(A �Æ B)
 A

ev

A;B

-

B

B

f

�! B

0

(A �Æ B

0

)
 A

(1

A

�Æ f)
 1

A

?

ev

A;B

0

-

B

0

f

?
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(A �Æ B)
 A

ev

A;B

-

B

�

�

�

�

�

(f �Æ 1

B

)
 1

A

�

(A

0

�Æ B)
 A A

f

�! A

0

�

�

�

�

�

1

A

0

�ÆB


 f

R

(A

0

�Æ B)
 A

0

ev

A

0

;B

-

B

1

B

?

The prin
ipal types for the 
ombinators, given earlier in this se
tion, will guide

us in de�ning the 
ombinators.

Re
all that we have the following retra
tions: !V � V (p; q), V �Æ V � V (r; s) and

I � V .

We pro
eed with the de�nition of the 
ombinators. In ea
h 
ase, we �rst de�ne the


ombinator, next we give the diagrams ne
essary for the veri�
ation of the respe
tive

identity for the 
ombinator being de�ned

Identity Combinator I:

I =

def

I

�(1

V

)

�! V �Æ V

r

�! V

The following diagram 
ommutes for all x : I �! V :

(V �Æ V )
 V

ev

-

V

�

�

�

�

�

1

V

�

I 
 V = V

�(1

V

)
 1

V

6

I 
 I = I

1

I


 x

6

= x
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and therefore, I

.

x = ev(sI 
 x) = ev(�(1

V

)
 x) = x.

Weakening Combinator K:

K =

def

I

�

2

(k)

�! V �Æ (!V �Æ V )

1�Æ(q�Æ1)

�! V �Æ (V �Æ V )

1�Ær

�! V �Æ V

r

�! V

where k = 1

V


 weak

V

and weak

V

:!V �! I. The following diagrams 
ommute for

all x; y : I �! V :

(V �Æ (!V �Æ V ))
 V

ev

-

!V �Æ V

�

�

�

�

�

�

�

�

�

�(k)

3

I 
 V = V

�

2

(k)
 1

V

6

I 
 I

1
 x = x

6

(1)

(!V �Æ V )
!V

ev

-

V

I
!V =!V

�(k)x
 1

6

�

�1

(�(k)x) = h

-

V

1

6

I 
 I

1
!y'

I

6

x

-

V

1

6

(2)

(V �Æ V )
 V

ev

-

V

(V �Æ (!V �Æ V ))
 V

(1 �Æ �)
 1

6

ev

-

!V �Æ V

�

6

I 
 I

�

2

(k)
 x

6

=

-

I 
 I

�(k)x

6

(3)

� = r(q �Æ 1) in diagram (3) above, also diagram (3) uses diagram (1). To see the
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ommutativity of diagram (2) above, 
onsider

h = �

�1

(�(k)x)

= �

�1

(�(k(x
 1))) naturality of �

= k(x
 1)

= (1
 weak

V

)(x
 1) = (x
 weak

V

)

Hen
e

h(1
!y'

I

) = (x
 weak

V

!y'

I

)

= (x
 weak

I

'

I

) naturality of weak

= (x
 1

I

) weak is a monoidal natural transformation

= x:

Given x; y : I �! V , we have

K

.

x = ev(sK 
 x)

= ev((1 �Æ r(q �Æ 1))�

2

(k)
 x) sr = 1

= ev((1 �Æ �)�

2

(k)
 x) where � = r(q �Æ 1)

= ��(k)x diagram (3)

= r(q �Æ 1)�(k)x:

(K

.

x)

.

!

y = ev(s(K

.

x)


!

y)

= ev((q �Æ 1)�(k)x
 p!y'

I

) sr = 1

= ev(((q �Æ 1)
 1)(1
 p)(�(k)x
!y'

I

))

= ev(1
 q)(1
 p)(�(k)x
!y'

I

) dinaturality of ev

= ev(1
 qp)(�(k)x
!y'

I

)

= ev(�(k)x
!y'

I

) qp = 1

= x: diagram (2)
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Composition Combinator B:

B =

def

I

�

3

(b)

�! (V �Æ V ) �Æ ((V �Æ V ) �Æ (V �Æ V ))

s�Æ(s�Ær)

�! V �Æ (V �Æ V )

1�Ær

�!

V �Æ V

r

�! V

where b = (V �Æ V )
 (V �Æ V )
 V

1
ev

�! (V �Æ V )
 V

ev

�! V

The following diagrams 
ommute for all x; y; z : I �! V :

(V �Æ V ) �Æ ((V �Æ V ) �Æ (V �Æ V ))
 (V �Æ V )

ev

-

((V �Æ V ) �Æ (V �Æ V ))

I 
 (V �Æ V )

�

3

(b)
 1

6

=

-

I 
 (V �Æ V )

�

2

(b)

6

I 
 I

1
 sx

6

(1)

((V �Æ V ) �Æ (V �Æ V ))
 (V �Æ V )

ev

-

V �Æ V

I 
 (V �Æ V )

�

2

(b)sx
 1

6

=

-

I 
 (V �Æ V )

�

�1

(�

2

(b)sx) = h

1

6

I 
 I

1
 sy

6

(2)
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(V �Æ V )
 V

ev

-

V

�

�

�

�

�

h

2

= �

�1

(h

1

sy)

�

I 
 V

h

1

sy 
 1

6

I 
 I

1
 z

6

(3)

h

1

sy = �

�1

(�(�(b))sx)sy

= �

�1

(�(�(b)(sx
 1))sy naturality of �

= �(b)(sx
 1)sy

h

2

z = �

�1

(h

1

sy)z

= �

�1

(�(b)(sx
 1)sy)z

= �

�1

(�(b((sx
 1)sy 
 1))z naturality of �

= b((sx
 1)sy 
 1)z
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(V �Æ V )
 V

ev

-

V

((V �Æ V ) �Æ V )
 V

(s �Æ 1)
 1

6

V

s

�! V �Æ V

((V �Æ V ) �Æ V )
 (V �Æ V )

1
 s

?

ev

-

V

1

?

((V �Æ V ) �Æ ((V �Æ V ) �Æ (V �Æ V )))
 V �Æ V

(1 �Æ r(s �Æ r))
 1

6

ev

-

(V �Æ V ) �Æ (V �Æ V )

r(s �Æ r)

6

I

�

3

(b)
 sx

6

=

-

I

�

2

(b)sx

6

(4)
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(V �Æ V )
 V

ev

-

V

((V �Æ V ) �Æ V )
 V

(s �Æ 1)
 1

6

V

s

�! V �Æ V

((V �Æ V ) �Æ V )
 (V �Æ V )

1
 s

?

ev

-

V

1

?

((V �Æ V ) �Æ (V �Æ V ))
 (V �Æ V )

(1 �Æ r)
 1

6

ev

-

(V �Æ V )

r

6

I

�

2

(b)sx
 sy

6

=

-

I

h

1

sy

6

(5)

B

.

x = ev(sB 
 x)

= ev((s �Æ r(s �Æ r))�

3

b
 x) sr = 1

= ev((s �Æ 1)
 1)(1 �Æ r(s �Æ r)
 1)(�

3

(b)
 x)

= ev(1
 s)(1 �Æ r(s �Æ r)
 1)(�

3

(b)
 x) dinaturality of ev

= ev(1 �Æ r(s �Æ r)
 s)(�

3

(b)
 x)

= ev(1 �Æ r(s �Æ r)
 1)(1
 s)(�

3

(b)
 x)

= r(s �Æ r)ev(1
 s)(�

3

(b)
 x) diagram (4)

= r(s �Æ r)ev(�

3

(b)
 sx)

= r(s �Æ r)�

2

(b)sx diagram (1)
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B

.

x

.

y = (B

.

x)

.

y

= ev(s(B

.

x)
 y)

= ev((s �Æ r)�

2

(b)sx
 y) sr = 1

= ev((s �Æ 1)
 1)((1 �Æ r)
 1)(�

2

(b)sx
 y)

= ev(1
 s)((1 �Æ r)
 1)(�

2

(b)sx
 y) diagram (4)

= ev((1 �Æ r)
 s)(�

2

(b)sx
 y)

= ev((1 �Æ r)
 1)(1
 s)(�

2

(b)sx
 y)

= rev(1
 s)(�

2

(b)sx
 y) diagram (5)

= rev(�

2

(b)sx
 sy)

= rh

1

sy diagram (2)

= r�(b)(sx
 1)sy

B

.

x

.

y

.

z = (B

.

x

.

y)

.

z

= ev(s(B

.

x

.

y)
 z)

= ev(�(b)(sx
 1)sy 
 z) sr = 1

= ev(h

1

sy 
 z)

= h

2

z diagram (3)

= b((sx
 1)sy 
 1)z

= ev(1
 ev)((sx
 1)sy 
 1)z

= ev(1
 ev)((sx
 1)(1

I


 sy)
 1)(1

I


 z)

= ev(1
 ev)(sx
 sy 
 1)(1
 z)

= ev(1
 ev)(sx
 sy 
 z)

= ev(sx
 ev(sy 
 z))

= ev(sx
 y

.

z) de�nition of

.

= x

.

(y

.

z) de�nition of

.

Ex
hange Combinator C :

C =

def

I

�

3

(
)

�! (V �Æ (V �Æ V )) �Æ (V �Æ (V �Æ V ))

(1�Æs)�Æ(1�Ær)

�!
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(V �Æ V ) �Æ (V �Æ V )

s�Ær

�! V �Æ V

r

�! V

where 
 = (V �Æ (V �Æ V ))
 V 
 V

1
�

�! (V �Æ (V �Æ V ))
 V 
 V

ev
1

�!

(V �Æ V )
 V

ev

�! V

The following diagrams 
ommute for all x; y; z : I �! V :

((V �Æ (V �Æ V )) �Æ (V �Æ (V �Æ V )))
 (V �Æ (V �Æ V ))

ev

-

V �Æ (V �Æ V )

I 
 (V �Æ (V �Æ V ))

�

3

(
)
 1

6

�

2

(
)

-

V �Æ (V �Æ V )

1

6

I 
 I

1
 (1 �Æ s)sx

6

(1)

(V �Æ (V �Æ V ))
 V

ev

-

V �Æ V

I 
 V

�

2

(
)(1 �Æ s)sx
 1

6

h

1

= �

�1

(�

2

(
)(1 �Æ s)sx)

-

V �Æ V

1

6

I 
 I

1
 y

6

(2)

(V �Æ V )
 V

ev

-

V

�

�

�

�

�

h

2

= �

�1

(h

1

y)

�

I 
 V

h

1

y 
 1

6

I 
 I

1
 z

6

(3)
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(V �Æ V )
 V

ev

-

V

((V �Æ (V �Æ V )) �Æ V )
 V

((1 �Æ s)s �Æ 1)
 1

6

((V �Æ (V �Æ V )) �Æ V )
 (V �Æ (V �Æ V ))

1
 (1 �Æ s)s

?

ev

-

V

1

?

((V �Æ (V �Æ V )) �Æ (V �Æ (V �Æ V )))
 (V �Æ (V �Æ V ))

(1 �Æ (r(1 �Æ r)))
 1

6

ev

-

V �Æ (V �Æ V )

r(1 �Æ r)

6

(4)

(V �Æ V )
 V

ev

-

V

(V �Æ (V �Æ V ))
 V

(1 �Æ r)
 1

6

ev

-

V �Æ V

r

6

(5)

(V �Æ V )
 V

ev

-

V

(V �Æ (V �Æ V ))
 V

(1 �Æ s)
 1

?

ev

-

V �Æ V

s

?

(6)

h

1

y = �

�1

(�(�(
))(1 �Æ s)sx)y

= �

�1

(�(�(
)((1 �Æ s)sx
 1))y naturality of �

= �(
)((1 �Æ s)sx
 1)y

h

2

= �

�1

(h

1

y)

= �

�1

(�(
)((1 �Æ s)sx
 1)y)

= �

�1

(�(
(((1 �Æ s)sx
 1)y 
 1)) naturality of �

= 
(((1 �Æ s)sx
 1)y 
 1)
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C

.

x = ev(sC 
 x)

= ev(((1 �Æ s)s �Æ r(1 �Æ r))�

3

(
)
 x) sr = 1

= ev(((1 �Æ s)s �Æ 1)
 1)((1 �Æ r(1 �Æ r))
 1)(�

3

(
)
 x)

= ev(1
 (1 �Æ s)s)((1 �Æ r(1 �Æ r))
 1)(�

3

(
)
 x) diagram (4)

= ev((1 �Æ r(1 �Æ r))
 (1 �Æ s)s)(�

3

(
)
 x)

= ev((1 �Æ r(1 �Æ r))
 1)(1
 (1 �Æ s)s)(�

3

(
)
 x)

= r(1 �Æ r)ev(1
 (1 �Æ s)s)(�

3

(
)
 x) diagram (4)

= r(1 �Æ r)ev(�

3

(
)
 (1 �Æ s)sx)

= r(1 �Æ r)�

2

(
)(1 �Æ s)sx diagram (1)

C

.

x

.

y = (C

.

x)

.

y

= ev(s(C

.

x)
 y)

= ev((1 �Æ r)�

2

(
)(1 �Æ s)sx
 y) sr = 1

= ev((1 �Æ r)
 1)(�

2

(
)(1 �Æ s)sx
 y)

= rev(�

2

(
)(1 �Æ s)sx
 y) diagram (5)

= rh

1

y diagram (2)

= r�(
)((1 �Æ s)sx
 1)y

C

.

x

.

y

.

z = (C

.

x

.

y)

.

z

= ev(s(C

.

x

.

y)
 z)

= ev(�(
)((1 �Æ s)sx
 1)y 
 z) sr = 1

= h

2

z diagram (3)

= 
(((1 �Æ s)sx
 1)y 
 1)z
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= ev(ev 
 1)(1
 �)(((1 �Æ s)sx
 1)y 
 1)z de�nition of 


= ev(ev 
 1)(1
 �)(((1 �Æ s)sx
 1)(1

I


 y)
 1)(1

I


 z)

= ev(ev 
 1)(1
 �)((1 �Æ s)sx
 y 
 z)

= ev(ev 
 1)((1 �Æ s)sx
 �(y 
 z))

= ev(ev 
 1)((1 �Æ s)sx
 z 
 y)

= ev(ev((1 �Æ s)sx
 z)
 y)

= ev(sev(sx
 z)
 y) diagram (6)

= ev(s(x

.

z)
 y) de�nition of

.

= (x

.

z)

.

y de�nition of

.

Contra
tion Combinator W :

W =

def

I

�

2

(w)

�! (!V �Æ (!V �Æ V )) �Æ (!V �Æ V )

1�Æ(q�Æ1)

�! (!V �Æ (!V �Æ V )) �Æ

(V �Æ V )

(p�Æ(p�Æ1))�Æ1

�! (V �Æ (V �Æ V )) �Æ (V �Æ V )

(1�Æs)�Ær

�! (V �Æ V ) �Æ V

s�Æ1

�!

V �Æ V

r

�! V

where w = (!V �Æ (!V �Æ V ))
!V

1

on

V

�! (!V �Æ (!V �Æ V )) 
 (!V
!V )

ev
1

�!

(!V �Æ V )
!V

ev

�! V

(!V �Æ (!V �Æ V )) �Æ (!V �Æ V )
!V �Æ (!V �Æ V )

ev

-

!V �Æ V

I
!V �Æ (!V �Æ V )

�

2

(w)
 1

6

�(w)

-

!V �Æ V

1

6

I 
 I

1
 (p �Æ (p �Æ 1)s)sx

6

(1)
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(!V �Æ V )
!V

ev

-

V

I
!V

�(w)(p �Æ (p �Æ 1)s)sx
 1

6

h

-

V

1

6

I 
 I

1
!y'

I

6

(2)

h = �

�1

(�(w)(p �Æ (p �Æ 1)s)sx)

= �

�1

(�(w((p �Æ (p �Æ 1)s)sx
 1))) naturality of �

= w((p �Æ (p �Æ 1)s)sx
 1)

!I


on

I

-

!I
!I

I

'

I

6

=

-

I 
 I

'

I


 '

I

6

(3)
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(V �Æ V )
 V

ev

-

V

(!V �Æ (!V �Æ V ) �Æ V )
 V

((p �Æ (p �Æ 1)s)s �Æ 1)
 1

6

(!V �Æ (!V �Æ V ) �Æ V )
!V �Æ (!V �Æ V )

1
 (p �Æ (p �Æ 1)s)s

?

ev

-

V

1

?

((!V �Æ (!V �Æ V )) �Æ (!V �Æ V ))
!V �Æ (!V �Æ V )

(1 �Æ r(q �Æ 1))
 1

6

ev

-

!V �Æ V

r(q �Æ 1)

6

(4)

W

.

x = ev(sW 
 x)

= ev((p �Æ (p �Æ 1))(1 �Æ s)s �Æ r(q �Æ 1))�

2

(w)
 x) sr = 1

= ev((p �Æ (p �Æ 1)s)s �Æ r(q �Æ 1))�

2

(w)
 x)

= ev((p �Æ (p �Æ 1)s)s �Æ 1)(1 �Æ r(q �Æ 1))�

2

(w)
 x)

= ev((((p �Æ (p �Æ 1)s)s �Æ 1)
 1)((1 �Æ r(q �Æ 1))
 1)(�

2

(w)
 x)

= ev(1
 (p �Æ (p �Æ 1)s)s)(((1 �Æ r(q �Æ 1))
 1)(�

2

(w)
 x) diagram (4)

= ev((1 �Æ r(q �Æ 1))
 (p �Æ (p �Æ 1)s)s)(�

2

(w)
 x)

= ev((1 �Æ r(q �Æ 1))
 1)(1
 (p �Æ (p �Æ 1)s)s)(�

2

(w)
 x)

= r(q �Æ 1)ev(1
 (p �Æ (p �Æ 1)s)s)(�

2

(w)
 x) diagram(4)

= r(q �Æ 1)ev(�

2

(w)
 (p �Æ (p �Æ 1)s)sx)

= r(q �Æ 1)�(w)(p �Æ (p �Æ 1)s)sx diagram (1)
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W

.

x

.

!

y = (W

.

x)

.

!

y

= ev(s(W

.

x)


!

y)

= ev((q �Æ 1)�(w)(p �Æ (p �Æ 1)s)sx
 p!y'

I

) sr = 1

= ev(((q �Æ 1)
 1)(�(w)(p �Æ (p �Æ 1)s)sx
 p!y'

I

)

= ev(1
 q)(�(w)(p �Æ (p �Æ 1)s)sx
 p!y'

I

) dinaturality of ev

= ev(�(w)(p �Æ (p �Æ 1)s)sx
!y'

I

) qp = 1

= h!y'

I

diagram (2)

= w((p �Æ (p �Æ 1)s)sx
 1)!y'

I

= ev(ev 
 1)(1
 
on

V

)((p �Æ (p �Æ 1)s)sx
!y'

I

)

= ev(ev 
 1)((p �Æ (p �Æ 1)s)sx
 
on

V

(!y'

I

))

= ev(ev 
 1)((p �Æ (p �Æ 1)s)sx
 (!y
!y)
on

I

'

I

) naturality of 
on

= ev(ev((p �Æ (p �Æ 1)s)sx
 ((!y
!y)
on

I

'

I

))

= ev(ev((p �Æ (p �Æ 1)s)sx)
!y'

I

)
!y'

I

diagram (3)

= ev(ev((1 �Æ (p �Æ 1)s)
 1)((p �Æ 1)sx
 1)(1
!y'

I

))
!y'

I

)

= ev((p �Æ 1)sev((p �Æ 1)sx
 1)(1
!y'

I

))
!y'

I

) naturality of ev

= ev((p �Æ 1)sev((p �Æ 1)
 1)(sx
!y'

I

))
!y'

I

)

= ev((p �Æ 1)sev(1
 p)(sx
!y'

I

)
!y'

I

) dinaturality of ev

= ev((p �Æ 1)sev(sx
 p!y'

I

)
!y'

I

)

= ev((p �Æ 1)s(x

.

!

y)
!y'

I

) de�nition of

.

= ev(((p �Æ 1)
 1)(s(x

.

!

y)
!y'

I

))

= ev(1
 p)(s(x

.

!

y)
!y'

I

)) dinaturality of ev

= ev(s(x

.

!

y)
 p!y'

I

)

= x

.

!

y

.

!

y de�nition of

.

Comultipli
ation Combinator Æ :

Æ =

def

I

�(Æ

V

)

�! !V �Æ!!V

1�Æ!p

�! !V �Æ!V

q�Æp

�! V �Æ V

r

�! V where Æ

V

:

!V �!!!V is the 
omponent of dereli
tion monoidal natural transformation at V .
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(!V �Æ!!V )
!V

ev

-

!!V

I
!V

�(Æ

V

)
 1

6

Æ

V

-

!!V

1

6

I 
 I

!x'

I

6

(1)

(V �Æ V )
 V

ev

-

V

(!V �Æ V )
 V

(q �Æ 1)
 1

6

(!V �Æ V )
!V

1
 q

?

ev

-

V

1

?

(!V �Æ!!V )
!V

(1 �Æ p!p)
 1

6

ev

-

!!V

p!p

6

(2)

!V

Æ

V

-

!!V

!I

!x

6

Æ

I

-

!!I

!!x

6

I

'

I

6

=

-

I

!'

I

'

I

6

(3)

Æ

.

!

x = ev(sÆ 
 p!x'

I

)

= ev((q �Æ p!p)�(Æ

V

)
 p!x'

I

) sr = 1

= ev((q �Æ 1)
 1)((1 �Æ p!p)
 1)(�(Æ

V

)
 p!x'

I

)

= ev(1
 q)((1 �Æ p!p)
 1)(�(Æ

V

)
 p!x'

I

) diagram (2)

= ev((1 �Æ p!p)
 1)(1
 q)(�(Æ

V

)
 p!x'

I

)

= p!pev(1
 q)(�(Æ

V

)
 p!x'

I

) diagram (2)

= p!pev(�(Æ

V

)
!x'

I

) qp = 1

= p!pÆ

V

!x'

I

diagram (1)

= p!p!!xÆ

I

'

I

diagram (3)

= p!p!!x!'

I

'

I

diagram (3)

=

!!

x de�nition of

!

x

Dereli
tion Combinator D:

D =

def

I

�

2

(d)

�! (V �Æ V ) �Æ (!V �Æ V )

s�Æ(q�Æ1)

�! V �Æ (V �Æ V )

1�Ær

�! V �Æ V

r

�! V
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where d = (V �Æ V )
!V

1
der

V

�! (V �Æ V )
 V

ev

�! V:

((V �Æ V ) �Æ (!V �Æ V ))
 (V �Æ V )

ev

-

!V �Æ V

I 
 V �Æ V

�

2

(d)
 1

6

�(d)

-

!V �Æ V

1

6

I 
 I

1
 sx

6

(1)

(!V �Æ V )
!V

ev

-

V

I
!V

�(d)sx
 1

6

h = �

�1

(�(d)sx)

-

V

1

6

I 
 I

1
!y'

I

6

(2)

(V �Æ V )
 V

ev

-

V

((V �Æ V ) �Æ V )
 V

(s �Æ 1)
 1

6

((V �Æ V ) �Æ V )
 (V �Æ V )

1
 s

?

ev

-

V

1

?

((V �Æ V ) �Æ (!V �Æ V ))
 V �Æ V

(1 �Æ (r(q �Æ 1)))
 1

6

ev

-

!V �Æ V

r(q �Æ 1)

6

(3)

!V

der

V

-

V

!I

!y

6

der

I

-

I

y

6

I

'

I

6

=

-

I

1

6

(4)

h = �

�1

(�(d)sx)

= �

�1

(�(d(sx
 1))) naturality of �

= d(sx
 1)
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D

.

x = ev(sD 
 x)

= ev((s �Æ r(q �Æ 1))�

2

(d)
 x) sr = 1

= ev((1 �Æ r(q �Æ 1)
 1)((s �Æ 1)
 1)(�

2

(d)
 x)

= r(q �Æ 1)ev((s �Æ 1)
 1)(�

2

(d)
 x) diagram (3)

= r(q �Æ 1)ev(1
 s)(�

2

(d)
 x) diagram (3)

= r(q �Æ 1)ev(�

2

(d)
 sx)

= r(q �Æ 1)�(d)sx diagram (1)

D

.

x

.

!

y = (D

.

x)

.

!

y

= ev(s(D

.

x)
 p!y'

I

)

= ev((q �Æ 1)�(d)sx
 p!y'

I

) sr = 1

= ev((q �Æ 1)
 1)(�(d)sx
 p!y'

I

)

= ev(1
 q)(�(d)sx
 p!y'

I

) dinaturality of ev

= ev(�(d)sx
!y'

I

) qp = 1

= h!y'

I

diagram (2)

= d(sx
 1)!y'

I

= ev(1
 der

V

)(sx
 1)!y'

I

de�nition of d

= ev(sx
 der

V

)(1
!y'

I

)

= ev(sx
 der

V

!y'

I

)

= ev(sx
 yder

I

'

I

) diagram (4)

= ev(sx
 y) diagram (4)

= x

.

y de�nition of

.

Fun
toriality Combinator F :

F =

def

I

�

2

(f)

�! !(V �Æ V ) �Æ (!V �Æ!V )

!s�Æ(q�Æp)

�! !V �Æ (V �Æ V )

q�Æ1

�!

V �Æ (V �Æ V )

1�Ær

�! V �Æ V

r

�! V:
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where f = !(V �Æ V )
!V

'

�! !((V �Æ V )
 V )

!ev

�!!V

(!(V �Æ V ) �Æ (!V �Æ!V ))
!(V �Æ V )

ev

-

!V �Æ!V

I
!(V �Æ V )

�

2

(f)
 1

6

�(f)

-

!V �Æ!V

1

6

I 
 I

1
!s!x'

I

6

(1)

(!V �Æ!V )
!V

ev

-

!V

I
!V

�(f)!s!x'

I


 1

6

h

-

!V

1

6

I 
 I

1
!y'

I

6

(2)

h = �

�1

(�(f)!s!x'

I

)

= �

�1

(�(f(!s!x'

I


 1)))

= f(!s!x'

I


 1)



CHAPTER 6. LINEAR COMBINATORY ALGEBRAS 116

(V �Æ V )
 V

ev

-

V

(!(V �Æ V ) �Æ V )
 V

(!sq �Æ 1)
 1

6

(!(V �Æ V ) �Æ V )
!(V �Æ V )

1
!sq

?

ev

-

V

1

?

(!(V �Æ V ) �Æ (!V �Æ!V ))
!(V �Æ V )

(1 �Æ r(q �Æ p))
 1

6

ev

-

!V �Æ!V

r(q �Æ p)

6

(3)

I 
 I

=

-

I

!I
!I

'

I


 '

I

?

'

-

!(I 
 I)

'

I

?

(4)

F

.

!

x = ev(sF 
 p!x'

I

)

= ev((!sq �Æ r(q �Æ p))�

2

(f)
 p!x'

I

) sr = 1

= ev((!sq �Æ 1)
 1)((1 �Æ r(q �Æ p))
 1)(�

2

(f)
 p!x'

I

)

= ev(1
!sq)((1 �Æ r(q �Æ p))
 1)(�

2

(f)
 p!x'

I

) diagram (3)

= ev((1 �Æ r(q �Æ p))
 1)(1
!sq)(�

2

(f)
 p!x'

I

)

= r(q �Æ p)ev(�

2

(f)
!s!x'

I

) diagram (3)

= r(q �Æ p)�(f)!s!x'

I

diagram (1)

F

.

!

x

.

!

y = ev(s(F

.

!

x)


!

y)

= ev((q �Æ p)�(f)!s!x'

I


 p!y'

I

) sr = 1

= ev((1 �Æ p)
 1)((q �Æ 1)
 1)(�(f)!s!x'

I


 p!y'

I

)

= pev((q �Æ 1)
 1)(�(f)!s!x'

I


 p!y'

I

) naturality of ev
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= pev(1
 q)(�(f)!s!x'

I


 p!y'

I

) dinaturality of ev

= pev(�(f)!s!x'

I


!y'

I

) qp = 1

= ph!y'

I

diagram (2)

= pf(!s!x'

I


 1)(1
!y'

I

)

= p!ev'(!s!x'

I


 1)(1
!y'

I

) de�nition of f

= p!ev'(!(sx)'

I


 1)(1
!y'

I

) ! is a fun
tor

= p!ev'(!(sx)
!y)('

I


 '

I

)

= p!ev!(sx
 y)'('

I


 '

I

) ! is a monoidal fun
tor

= p!(ev(sx
 y))'('

I


 '

I

) ! is a fun
tor

= p!(ev(sx
 y))'

I

diagram (4)

=

!

(x

.

y) de�nition of

.

and

!

De�nition 6.2.6 A (Standard) Combinatory Algebra 
onsists of a pair (A;

.

s

), where

A is a nonempty set and

.

s

is a binary operation on A, and distinguished elements

B

s

; C

s

; I

s

; K

s

; and W

s

of A satisfying the following identities for all x; y; z variables

ranging over A:

1. B

s

.

s

x

.

s

y

.

s

z = x

.

s

(y

.

s

z)

2. C

s

.

s

x

.

s

y

.

s

z = (x

.

s

z)

.

s

y

3. I

s

.

s

x = x

4. K

s

.

s

x

.

s

y = x

5. W

s

.

s

x

.

s

y = x

.

s

y

.

s

y

It is more 
ommon in the literature to use 
ombinators K

s

and S

s

in the de�-

nition of a 
ombinatory algebra where S

s

.

s

x

.

s

y

.

s

z = (x

.

s

z)

.

s

(y

.

s

z). However, as we

dis
ussed in Se
tion 6.1, the set fB

s

; C

s

; I

s

; K

s

;W

s

g also forms a basis for the terms



CHAPTER 6. LINEAR COMBINATORY ALGEBRAS 118

of 
ombinatory logi
 and S

s


an be de�ned in terms of this basis elements, indeed

S

s

= B

s

.

s

(B

s

.

s

(B

s

.

s

W

s

)

.

s

C

s

)

.

s

(B

s

.

s

B

s

):

Let (A;

.

;

!

) be a linear 
ombinatory algebra. We de�ne a binary operation

.

s

on

A as follows: for �; � 2 A, �

.

s

� =

def

�

.

!

�:

1

Next 
onsider the following elements of

A.

1. B

s

=

def

C

.

(B

.

(B

.

B

.

B)

.

(D

.

I))

.

(C

.

((B

.

B)

.

F )

.

Æ)

2. C

s

=

def

D

.

C

3. I

s

=

def

D

.

I

4. K

s

=

def

D

.

K

5. W

s

=

def

D

.

W

Theorem 6.2.7 Let (A;

.

;

!

) be a linear 
ombinatory algebra. Then (A;

.

s

) with

.

s

and the elements B

s

; C

s

; I

s

; K

s

;W

s

as de�ned above is a 
ombinatory algebra.

Proof. We verify the ne
essary equations:

C

s

.

s

x

.

s

y

.

s

z = DC

!

x

!

y

!

z

= Cx

!

y

!

z

= (x

!

z)

!

y

= (x

.

s

z)

.

s

y

I

s

.

s

x = (DI)

!

x

= Ix

= x

K

s

.

s

x

.

s

y = DK

!

x

!

y

= Kx

!

y

= x

1

The same observation has been made by Girard (see [44℄, page 17.)
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B

s

.

s

x

.

s

y

.

s

z = C(B(BBB)(DI))(C((BB)FÆ)

!

x

!

y

!

z

= B(BBB)(DI)

!

x(C((BB)FÆ)

!

y

!

z

= BBB(DI

!

x)(C((BB)F )Æ)

!

y

!

z

= BBB(Ix)(C((BB)F )Æ)

!

y

!

z

= BBBx(C((BB)F )Æ)

!

y

!

z

= B(Bx)(C((BB)F )Æ)

!

y

!

z

= Bx(C((BB)F )Æ

!

y)

!

z

= x(C((BB)F )Æ

!

y

!

z)

= x((BB)F

!

yÆ

!

z)

= x(B(F

!

y)Æ

!

z)

= x(F

!

y(Æ

!

z))

= x(F

!

y(

!!

z))

= x(

!

(y

!

z))

= x

!

(y

.

s

z)

= x

.

s

(y

.

s

z)

W

s

.

s

x

.

s

y = DW

!

x

!

y

= Wx

!

y

= x

!

y

!

y

= x

.

s

y

.

s

y

We remark that in the 
ase of CCCs (see Proposition 6.2.3 above) the asso
iated

linear 
ombinatory algebra agrees with the (standard) 
ombinatory algebra stru
ture,

sin
e

x

.

s

y = x

.

!

y = x

.

y:
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6.3 General GoI Constru
tion

In this se
tion we will study an important 
lass of examples of WLCs whi
h are


onstru
ted using tra
ed symmetri
 monoidal 
ategories. This will relate the notion

of tra
e to 
omputation and will yield new models of untyped 
ombinatory logi


in
orporating the tra
e operator into the binary appli
ation operator in a 
ombinatory

algebra.

De�nition 6.3.1 A GoI Situation is a triple (C ; T; U) where:

1. C is a tra
ed symmetri
 monoidal 
ategory

2. T : C �! C is a tra
ed symmetri
 monoidal fun
tor with the following retra
-

tions:

(a) TT � T (e; e

0

) (Comultipli
ation)

(b) Id� T (l; l

0

) (Dereli
tion)

(
) T 
 T � T (
; 


0

) (Contra
tion)

(d) K

I

� T (w;w

0

) (Weakening). Here K

I

is the 
onstant I fun
tor.

Note that the retra
tion morphisms above are monoidal natural transforma-

tions.

3. U is an obje
t of C , 
alled a re
exive obje
t, with retra
tions:

(a) U 
 U � U (j; k)

(b) I � U

(
) TU � U (u; v)

Given a GoI Situation (C ; T; U) with U 
 U � U(j; k) and TU � U(u; v), where

(j; k) and (u; v) are the asso
iated retra
t pairs, 
onsider the homset G(C )(I; V )

where I = (I; I) and V = (U; U). Re
all that G is the 
ompa
t 
losure 
onstru
tion

we dis
ussed in Chapter 2. Note that by de�nition (sin
e we are in the stri
t 
ase)

G(C )(I; V ) = C (U; U).
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Theorem 6.3.2 Let (C ; T; U) be a GoI Situation, then (G(C )(I; V );

.

;

!

) is an LCA,

where V = (U; U), G(C )(I; V ) = C (U; U), f

.

g = Tr

U

U;U

((1

U


 g)(kfj)), and

!

f =

u(Tf)v for any f; g 2 C (U; U):

Proof. Note that G(C ) is a 
ompa
t 
losed 
ategory and hen
e it is symmetri


monoidal 
losed, see Proposition 2.3.3. Let T = (T;  ;  

I

), we de�ne the end-

ofun
tor ! : G(C ) �! G(C ) as follows: !(A

+

; A

�

) = (TA

+

; TA

�

) and given

f : (A

+

; A

�

) �! (B

+

; B

�

),

!f =

def

TA

+


 TB

�

�

=

�! T (A

+


 B

�

)

Tf

�! T (A

�


B

+

)

�

=

�! TA

�


 TB

+

:

It follows easily that ! is a symmetri
 monoidal fun
tor. Next, we de�ne the following

monoidal pointwise natural transformations:

� der

(A

+

;A

�

)

: !(A

+

; A

�

) �! (A

+

; A

�

) =

def

�

A

+

;TA

�

(l

0

A

+


 l

A

�

) where A �

TA (l

A

; l

0

A

);

� Æ

(A

+

;A

�

)

: !(A

+

; A

�

) �!!!(A

+

; A

�

) =

def

�

T

2

A

+

;TA

�

(e

0

A

+


 e

A

�

) where T

2

A �

TA (e

A

; e

0

A

);

� 
on

(A

+

;A

�

)

: !(A

+

; A

�

) �!!(A

+

; A

�

)
!(A

+

; A

�

) =

def

�

TA

+


TA

+

;TA

�

(


0

A

+


 


A

�

)

where TA
 TA� TA (


A

; 


0

A

);

� weak

(A

+

;A

�

)

: !(A

+

; A

�

) �! (I; I) =

def

�

I;TA

�

(w

0

A

+


 w

A

�

) where I �

TA (w

A

; w

0

A

):

With the de�nitions given above, (G(C ); !) is a WLC. Also, it follows (see Lemma

2.3.5) that V = (U; U) is a re
exive obje
t in G(C ) and hen
e by Theorem

6.2.5 (G(C )(I; V );

.

;

!

) is an LCA. Given f; g 2 G(C )(I; V ), f

.

g = ev(sf 
 g) =

ev(�

U
U;U

(k
 j)f 
 g) = Tr

U

U;U

((1
 g)(kfj)) see Figure 9 below. Also

!

f = p!f'

I

=

(�

U;TU

(u
v))( 

�1

Tf )(�

TI;I

 

I


 

�1

I

) = ( 

�1

I


u)( 

�1

Tf )( 

I


v) = u(Tf)v (see

Figure 10 below.) In the derivation of

!

f , we have used the following identities whi
h

are 
onsequen
es of T being a monoidal fun
tor and C a stri
t 
ategory.

 

I;U

( 

I


 v) = v; ( 

�1

I


 u) 

�1

I;U

= u
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fj k

U U

UU

f

j

k

U U

U

U

U

U

fj k

g
j kf

g

Figure 9: Derivation of f �g.

De�nitions of the 
ombinators follow from those given in the proof of Theorem

6.2.5. However, due to the importan
e of the 
lass of examples arising from a GoI

Situation we will in
lude the derivation of these de�nitions in our graphi
al 
al
ulus.

Here we will simply in
lude the diagrams for the 
ombinators. The details leading to

there de�nitions starting from the formulas given in Theorem 6.2.5 
an be found in

Appendix B.

Notation: We introdu
e as in Figure 1 the following graphi
al notation: (see Figure

11)

The 
ombinators are de�ned as follows:

1. I =

def

�
�, where

(a) � = j

(b) � = k

(
) 
 = �

U;U

: See Figure 12.
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I
ψ

I
ψ

I
ψ

I
ψ-1

I
ψ-1

-1ψ;T(f);ψ

I
ψ-1

-1ψ;T(f);ψ

-1ψ;T(f);ψ I
ψ-1

I
ψ

-1ψ;T(f);ψ
uv

I

TI

I

TI 

TI

TU

TI

TU

Tfv u

v

u

Figure 10: Derivation of !f .

2. B =

def

�
�, where

(a) � = j(j 
 1

U

)(j 
 j 
 j)

(b) � = (k 
 k 
 k)(k 
 1

U

)k

(
) 
 = the permutation � in Figure 13.

3. C =

def

�
�, where

(a) � = j(j 
 j)(j 
 1

U


 j 
 1

U

)

(b) � = (k 
 1

U


 k 
 1

U

)(k 
 k)k

(
) 
 = the permutation � in Figure 14.

4. K =

def

�
�, where

(a) � = j(j 
 1)
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U U U U

U

U

U U

U

Uj k

vu
TU TU

f

Figure 11: Graphi
al Representations

j

= ==

β γ α

k

Figure 12: Identity Combinator I

(b) � = (k 
 1)k

(
) 
 = �(1

U


f

K


1

U

), where f

K

= uw

U

w

0

U

v and � is the permutation given

in Figure 15.

5. W =

def

�
�, where

(a) � = j(1

U


 j)(j 
 j 
 1

U

)

(b) � = (k 
 k 
 1

U

)(1

U


 k)k

(
) 
 = �(1

U


 g

W


 1

U


 f

W

)(1
 1
 1
 �), where g

W

= (u
 u)


0

U

v; f

W

=

j

j

j

j

j

k

k

k

k

k

β
γ

α

π

Figure 13: Composition Combinator B
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j
j

j

k

k

k
j

j
k

k

β γ α

π

Figure 14: Ex
hange Combinator C

f
K

j

jk

k

β αγ

π

Figure 15: Weakening Combinator K

j

j

j

j

k

k

k

k

γ αβ

π

g
W

W
f

Figure 16: Contra
tion Combinator W
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j

j

j

k

k

k

π

β
γ

α

g
D

f
D

Figure 17: Dereli
tion Combinator D

jk

=

β

= =

γ α

g
δ

δ
f

Figure 18: Comultipli
ation Combinator Æ

u


U

(v 
 v), and � is the permutation given in Figure 16.

6. D =

def

�
�, where

(a) � = j(j 
 j)

(b) � = (k 
 k)k

(
) 
 = �(1

U


 g

D


 1

U


 f

D

), where f

D

= ul

U

, g

D

= l

0

U

v and � is the

permutation given in Figure 17

7. Æ =

def

�
�, where

(a) � = j

(b) � = k

(
) 
 = �

U;U

(f

Æ


 g

Æ

), where f

Æ

= ue

U

T (v)v and g

Æ

= uT (u)e

0

U

v: See Figure

18.

8. F =

def

�
�, where

(a) � = j(j 
 1

U

)
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(b) � = (k 
 1

U

)k

(
) 
 = �(f

F


g

F

), where f

F

= uT (j) 

U;U

(v
v), g

F

= (u
u) 

�1

U;U

T (k)v and

� is the permutation given in Figure 19.

g
F

f
F

j

jk

k

π

β
γ

α

Figure 19: Fun
toriality Combinator F

There exists an alternative proof of 
orre
tness for the 
ombinators in this 
ase

(not involving Theorem 6.2.5.) We 
an use the graphi
al 
al
ulus whi
h involves

the rules given by the axioms of tra
ed symmetri
 monoidal 
ategories, naturality of

symmetry morphisms and properties of morphisms used in the de�nition of 
ombina-

tors to show that 
ombinators satisfy their respe
tive equations. In this approa
h we


onsider ea
h 
ombinator as a morphism from U

n

�! U

n

where n is determined by

the type of the 
ombinator. We also represent variables in the same way. It is easier

to 
he
k the 
orre
tness of 
ombinators using su
h a representation. These are given

in Appendix C.



Chapter 7

Parti
le-style Semanti
s

In the previous 
hapter we studied WLCs that were 
onstru
ted from tra
ed symmet-

ri
 monoidal 
ategories using Abramsky's G 
onstru
tion. In this 
hapter we fo
us

on a spe
ial 
lass of tra
ed symmetri
 monoidal 
ategories, namely tra
ed unique

de
omposition 
ategories introdu
ed in Chapter 4. Su
h 
ategories provide us with a

data
ow-like interpretation and formalise the \parti
le-style" GoI in the terminology

of [1℄.

7.1 Combinators in UDCs: Data
ow View

As was shown in Chapter 6, linear 
ombinatory algebras 
an be 
onstru
ted using

tra
ed monoidal 
ategories. This relates the notion of tra
e to 
omputation and

yields new models of untyped 
ombinatory logi
, namely 
ombinatory algebras. In

this se
tion we show how to de�ne 
ombinators in a unique de
omposition 
ategory

and to 
onstru
t a linear 
ombinatory algebra from su
h a 
ategory.

Let C be a tra
ed UDC, T : C �! C an additive endofun
tor and U a re
exive

obje
t in C su
h that (C ; T; U) forms a GoI Situation. Consider the set C (U; U).

Re
all from the previous 
hapter that we de�ned the binary operation

.

and unary

operation

!

on C (U; U) as follows: given �; � 2 C (U; U), �

.

� = Tr

U

U;U

((1

U


 �)(k�j))

128



CHAPTER 7. PARTICLE-STYLE SEMANTICS 129

j
1

j
2

k
1

k
2

α

β

Figure 20: Binary Operation �

and

!

� = uT (�)v. In matri
ial form we have:

�

.

� = Tr

U

U;U

 "

1 0

0 �

#"

k

1

�j

1

k

1

�j

2

k

2

�j

1

k

2

�j

2

#!

= k

1

�j

1

+

X

n2!

k

1

�j

2

(�k

2

�j

2

)

n

(�k

2

�j

1

):

where j =

h

j

1

j

2

i

and k =

"

k

1

k

2

#

. This operation is represented diagrammati
ally

in Figure 20. Note that we have omitted the boxes for j

1

; j

2

; k

1

and k

2

in order not

to load the �gure. Re
all that kj = 1

U
U

and hen
e k

m

j

n

= 1

U

if m = n and 0

otherwise. We will next de�ne the 
ombinators.

7.1.1 Sum-over-Paths: Data
ow Interpretation of Combina-

tors

We explain the pro
ess of de�ning 
ombinators. We purposely use both diagrammati


order (f ; g) and algebrai
 order notation (gf). So (from above) j

n

; k

m

= 1

U

if m = n,

and 0 else.

Combinator I:

I must satisfy the equation I

.

x = x. We view the right hand side of this equation

as the required spe
i�
ation; the path from environment Env to x is labelled as 1

U

,

similarly the path from x to Env is labelled 1

U

(see Figure 21(b)). Note that we

think of Env as the obje
t U and the 
onne
tion from Env to x is thus a morphism

from U to U namely, 1

U

in this 
ase. On the other hand, we view the left hand side

of the equation I

.

x = x as the existing stru
ture (
ir
uitry). In this 
ir
uit the box

representing the 
ombinator I is initially empty and our goal is to design the internal


ir
uitry of I in su
h a way that we meet the required spe
i�
ation. We pro
eed as

follows (see Figure 21(a)): (1) A

ording to the required spe
i�
ation there must be a
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path from Env to x, hen
e we put a path with yet unknown label 1 through the box.

This provides us with the 
onne
tion from Env to x, namely the path labelled j

1

; 1; k

2

that will take us from Env to x. Now, the spe
i�
ation also requires that the label

of this path be 1

U

, hen
e the unknown label, 1, must be 
hosen is su
h a way that

j

1

; 1; k

2

= 1

U

, therefore 1 = k

1

; j

2

(using the equations above) (2) Similarly, a

ording

to the required spe
i�
ation there must be a path from x to Env and hen
e we put a

path labelled 2 through the box for I, thus we have the path labelled j

2

; 2; k

1

from x

to Env. Moreover, a

ording to the spe
i�
ation this path must have 1

U

as its label;

i.e., j

2

; 2; k

1

= 1

U

and hen
e 2 = k

2

; j

1

. This 
ompletes our design for the box I. We

have two paths inside the box in parallel with labels k

1

; j

2

and k

2

; j

1

. We 
ombine this

information in a sum whi
h we 
all sum-over-paths formula. Hen
e, I = k

1

; j

2

+k

2

; j

1

or with 
ategori
al order of 
omposition I = j

2

k

1

+ j

1

k

2

. The pro
edure of design


an be 
ompa
tly represented in a tabular form: here the �rst and se
ond 
olumns

represent the required spe
i�
ation read from the right hand side of the equation.

The third 
olumn represents the design inside the box with unknown labels (1 and

2). Finally the last 
olumn provides the last pie
e of information needed, that is the

unknown labels. These 
an be found by 
omparing the se
ond and third 
olumns.

Required Spe
i�
ation

Path Label Design Solution

Env �! x 1

U

j

1

; 1; k

2

1 = k

1

; j

2

x �! Env 1

U

j

2

; 2; k

1

2 = k

2

; j

1

We now verify the 
orre
tness of our design for I, namely we would like to verify

I

.

x = x with I = j

2

k

1

+ j

1

k

2

. We will use a data
ow (parti
le) argument for this

veri�
ation as follows: Suppose a parti
le 
oming from the environment (see Figure

21(a)) arrives at the left hand port of the box I. This would be on the path labeled

j

1

. Now there are two di�erent paths to 
hoose and only one must be 
hosen. Sin
e

the label of the path on whi
h the parti
le arrives is j

1

and noting that j

1

; k

2

= 0

(representing a dis
onne
tion) and j

1

; k

1

= 1

U

(representing 
onne
tivity with label

1

U

), our parti
le will 
hoose path 1 (inside the box), labelled k

1

; j

2

and hen
e will

arrive at the right hand port of the box with a label j

1

; k

1

; j

2

= j

2

. At this point the
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x

1
U

1
U

x

I

2

1

(b)

(a)

1
j

2

1

2j k

k

Figure 21: Combinator I

parti
le is fa
ed with another 
hoi
e, namely one between paths labelled k

1

and k

2

respe
tively. However, as the parti
le has arrived at this point with a label j

2

and

sin
e j

2

; k

1

= 0 represents la
k of 
onne
tivity, the path labelled k

2

will be 
hosen

taking the parti
le to the entry of box x. The label of the path from Env to x that the

parti
le has taken is j

1

; k

1

; j

2

; k

2

= 1

U

as we expe
t from the required spe
i�
ation,

(see Figure 21(b)). Our parti
le now passes through x and �nds itself on the exit port

of x and following the path from there leading to the box for I arrives on
e again at

the left port of the box for I, fa
ed with two 
hoi
es. This time it 
hooses path 2

labelled k

2

; j

1

be
ause j

2

; k

1

= 0 represents a dis
onne
tion and j

2

; k

2

= 1

U

. This way

the parti
le arrives at the right port of the box with a label j

2

; k

2

; j

1

= j

1

. This time

the way to go will be via the path labelled k

1

whi
h will lead the parti
le to Env with

a label j

1

; k

1

= 1

U

, also in agreement with the required spe
i�
ation. This 
ompletes

our veri�
ation pro
ess and establishes the 
orre
tness of our design.

Combinator K:

K must satisfy the equation K

.

x

.

!

y = x. Viewing the right hand side of this equation

as the required spe
i�
ation for the design of K and the left hand side of the equation

as the given 
ir
uitry with box K to be designed, we obtain the following information.
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k
2

k
2

k
1k

1

j
2

j
2

j
1

j
1

! y

x
2

1

K

(a)

x

(b)

Figure 22: Combinator K

Required Spe
i�
ation

Path Label Design Solution

Env �! x 1

U

j

1

; j

1

; 1; k

2

1 = k

1

; k

1

; j

2

x �! Env 1

U

j

2

; 2; k

1

; k

1

2 = k

2

; j

1

; j

1

Using reasoning similar to the 
ase of 
ombinator I, we �nd that K = j

2

k

2

1

+ j

2

1

k

2

.

We verify the equation of K by following a parti
le 
oming from Env through the

box; su
h a parti
le will ne
essarily follow the path labelled j

1

; j

1

and will 
hoose

path 1, labelled k

1

; k

1

; j

2

, be
ause j

1

; k

2

= 0 and j

1

; k

1

= 1

U

, at this point the parti
le

arrives at the jun
tion of k

1

and k

2

and sin
e j

2

; k

2

= 1

U

and j

2

; k

1

= 0, it will


hoose the path labelled by k

2

leading to x. This results in a path with the label

j

1

; j

1

; k

1

; k

1

; j

2

; k

2

= 1

U

yielding the desired spe
i�
ation for the path from Env to

x. Upon exiting the box x the parti
le arrives on the path labelled by j

2

and by the

same reasoning 
hooses path 2 and subsequently k

1

; k

1

, exiting to environment, the

resulting label being j

2

; k

2

; j

1

; j

1

; k

1

; k

1

= 1

U

as required by the spe
i�
ation.

Combinator B:

B must satisfy the equation B

.

x

.

y

.

z = x

.

(y

.

z). Pro
eeding as in the previous 
ases:
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Required Spe
i�
ation

Path Label Design Solution

Env �! x j

1

j

1

; j

1

; j

1

; 1; k

2

1 = k

1

; k

1

; k

1

; j

1

; j

2

x �! y k

2

; j

1

j

2

; 2; k

1

; k

2

2 = k

2

; k

2

; j

1

; j

2

; j

1

y �! z k

2

j

2

; j

1

; 3; k

1

; k

1

; k

2

3 = k

1

; k

2

; k

2

; j

2

; j

1

; j

1

z �! y j

2

j

2

; j

1

; j

1

; 4; k

1

; k

2

4 = k

1

; k

1

; k

2

; j

2

; j

2

; j

1

y �! x k

1

; j

2

j

2

; j

1

; 5; k

2

5 = k

1

; k

2

; k

1

; j

2

; j

2

x �! Env k

1

j

2

; 6; k

1

; k

1

; k

1

6 = k

2

; k

1

; j

1

; j

1

; j

1

j
1

j
1 j

1

j
2

j
2

j
2

k
1

k
1

k
1

k
2

k
2

k
2

j
1

j
2 j

1

k
2

j
2

k
1

k
1

k
2

z

y

x

6
5

3

4

2
1

B

z
y

x

(a)

(b)

Figure 23: Combinator B

Hen
e B = j

2

j

1

k

3

1

+ j

1

j

2

j

1

k

2

2

+ j

2

1

j

2

k

2

2

k

1

+ j

1

j

2

2

k

2

k

2

1

+ j

2

2

k

1

k

2

k

1

+ j

3

1

k

1

k

2

:

A parti
le 
oming from Env will follow the path j

1

; j

1

; j

1

and hen
e will 
hoose

path 1 in the box whi
h will lead it to x with label j

1

; j

1

; j

1

; k

1

; k

1

; k

1

; j

1

; j

2

; k

2

= j

1

as expe
ted. Similarly a parti
le leaving x will 
hoose path 2 whi
h will lead to y

with label j

2

; k

2

; k

2

; j

1

; j

2

; j

1

; k

1

; k

2

= k

2

; j

1

whi
h agrees with the spe
i�
ation. The

veri�
ation of the 
orre
tness for the remaining paths is exa
tly similar to these

arguments.
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Combinator C:

C must satisfy the equation C

.

x

.

y

.

z = x

.

z

.

y. Pro
eeding as in the previous 
ases:

Required Spe
i�
ation

Path Label Design Solution

Env �! x j

1

; j

1

j

1

; j

1

; j

1

; 1; k

2

1 = k

1

; k

1

; k

1

; j

1

; j

1

; j

2

x �! y k

1

; k

2

j

2

; 2; k

1

; k

2

2 = k

2

; k

1

; k

2

; j

2

; j

1

x �! z k

2

j

2

; 3; k

1

; k

1

; k

2

3 = k

2

; k

2

; j

2

; j

1

; j

1

z �! x j

2

j

2

; j

1

; j

1

; 4; k

2

4 = k

1

; k

1

; k

2

; j

2

; j

2

y �! x j

2

; j

1

j

2

; j

1

; 5; k

2

5 = k

1

; k

2

; j

2

; j

1

; j

2

x �! Env k

1

; k

1

j

2

; 6; k

1

; k

1

; k

1

6 = k

2

; k

1

; k

1

; j

1

; j

1

; j

1

j
1 j

1 j
1j

2 j
2

j
2

k
1

k
1

k
1

k
2k

2
k

2

j
1

j
1

j
2

j
2

k
1

k
1

k
2

k
2

y
z

x

y

z

x

(b)

(a)

6
5
4
3
2
1

C

Figure 24: Combinator C

Hen
e C = j

2

j

2

1

k

3

1

+ j

1

j

2

k

2

k

1

k

2

+ j

2

1

j

2

k

2

2

+ j

2

2

k

2

k

2

1

+ j

2

j

1

j

2

k

2

k

1

+ j

3

1

k

2

1

k

2

.

The veri�
ation pro
ess is analogues to the 
ase of 
ombinator B.

Combinator W :

W must satisfy the equation W

.

x

.

!

y = x

.

!

y

.

!

y. Pro
eeding as in the previous 
ases:
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Required Spe
i�
ation

Path Label Design Solution

Env �! x j

1

; j

1

j

1

; j

1

; 1; k

2

1 = k

1

; k

1

; j

1

; j

1

; j

2

x �!

!

y (�rst 
opy) k

2

; f

W1

j

2

; 2; k

1

; k

2

2 = k

2

; k

2

; f

W1

; j

2

; j

1

x �!

!

y (se
ond 
opy) k

1

; k

2

; f

W2

j

2

; 3; k

1

; k

2

3 = k

2

; k

1

; k

2

; f

W2

; j

2

; j

1

!

y (�rst 
opy) �! x g

W1

; j

2

j

2

; j

1

; 4; k

2

4 = k

1

; k

2

; g

W1

; j

2

; j

2

!

y (se
ond 
opy) �! x g

W2

; j

2

; j

1

j

2

; j

1

; 5; k

2

5 = k

1

; k

2

; g

W2

; j

2

; j

1

; j

2

x �! Env k

1

; k

1

j

2

; 6; k

1

; k

1

6 = k

2

; k

1

; k

1

; j

1

; j

1

The �rst 
opy of

!

y is the one on the left in Figure 25(b). Hen
e

W = j

2

j

2

1

k

2

1

+ j

1

j

2

f

W1

k

2

2

+ j

1

j

2

f

W2

k

2

k

1

k

2

+ j

2

2

g

W1

k

2

k

1

+ j

2

j

1

j

2

g

W2

k

2

k

1

+ j

2

1

k

2

1

k

2

:

Where f

W1

= u


U

(v
v)�

1

; f

W2

= u


U

(v
v)�

2

, g

W1

= �

1

(u
u)


0

U

v, and g

W2

= �

2

(u


u)


0

U

v. The veri�
ation is done similarly to the previous two 
ases. However, noti
e

that we have repla
ed the

!

y's in the spe
i�
ation by f

W1

;

!

y; g

W1

and f

W2

;

!

y; g

W2

.

This has been done in order to distinguish between the two 
opies of

!

y. However,

we need to justify this en
oding. Indeed we have:

g

W1

!

yf

W1

= �

1

(u
 u)


0

U

vuT (y)vu


U

(v 
 v)�

1

= �

1

(u
 u)


0

U

T (y)


U

(v 
 v)�

1

= �

1

(u
 u)


0

U




U

(Ty 
 Ty)(v 
 v)�

1

naturality of 


U

= �

1

(u
 u)(Ty 
 Ty)(v 
 v)�

1

= uTyv

=

!

y

Similarly g

W2

!

yf

W2

=

!

y.

Combinator D:

D must satisfy the equation D

.

x

.

!

y = x

.

y. We pro
eed as in the previous 
ases,

however noti
e that in de�ning the spe
i�
ation for 
ombinator D we have repla
ed

y by f

D

;

!

y; g

D

, where f

D

= ul

U

and g

D

= l

0

U

v. First, note that y = f

D

;

!

y; g

D

as

elements in C (U; U).
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j
1

j
1

k
1

k
1

k
2

k
2

! y

j
1

j
1

j
2

j
2 k

2

k
2

k
1

k
1

j
2

j
2

! y

! y
f
W1

f
W2 W2

g

W1
g

(b)

x

x

(a)

6
5

4
3
2
1

W

Figure 25: Combinator W

g

D

!

yf

D

= l

0

U

vuT (y)vul

U

= l

0

U

T (y)l

U

= l

0

U

l

U

y; naturality of l

U

= y

We use this parti
ular 
oding be
ause the required spe
i�
ation (right hand side

of the equation for D) is given in terms of y, whereas we are only given

!

y for our

design (see Figure 26(a).) Intuitively, we 
an think of

!

y as in�nitely many 
opies of

y and the 
oding here 
hooses a single 
opy out of the in�nitely many given 
opies of

y.

Required Spe
i�
ation

Path Label Design Solution

Env �! x j

1

j

1

; j

1

; 1; k

2

1 = k

1

; k

1

; j

1

; j

2

x �!

!

y k

2

; f

D

j

2

; 2; k

1

; k

2

2 = k

2

; k

2

; f

D

; j

2

; j

1

!

y �! x g

D

; j

2

j

2

; j

1

; 3; k

2

3 = k

1

; k

2

; g

D

; j

2

; j

2

x �! Env k

1

j

2

; 4; k

1

; k

1

4 = k

2

; k

1

; j

1

; j

1
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! y

f
D

g
D

! y

j
1

j
1

j
1

j
2

j
2

k
1

k
1

k
2

k
2

k
1

k
2

j
2

x

x

(a)

(b)

1
2

3
4

D

Figure 26: Combinator D

Hen
e D = j

2

j

1

k

2

1

+ j

1

j

2

f

D

k

2

2

+ j

2

2

g

D

k

2

k

1

+ j

2

1

k

1

k

2

: where f

D

= ul

U

; g

D

= l

0

U

v. The

veri�
ation is similar to the previous 
ases.

Combinator Æ:

Æ must satisfy the equation Æ

.

!

x =

!!

x. As in the previous 
ase we need to explain

the way we have found the spe
i�
ation used here. We have repla
ed

!!

x by f

Æ

;

!

x; g

Æ

be
ause we have to get

!!

x, using

!

x whi
h is given. Here f

Æ

= ue

U

T (v)v and g

Æ

=

uT (u)e

0

U

v. Also note that

!!

x = f

Æ

;

!

x; g

Æ

as morphisms in C (U; U).
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g

Æ

!

xf

Æ

= uT (u)e

0

U

vuT (x)vue

U

T (v)v

= uT (u)e

0

U

T (x)e

U

T (v)v

= uT (u)e

0

U

e

U

T (T (x))T (v)v naturality of e

U

= uT (u)T (T (x))T (v)v

= uT (uT (x)v)v

= uT (

!

x)v

=

!!

x

Required Spe
i�
ation

Path Label Design Solution

Env �!

!

x f

Æ

j

1

; 1; k

2

1 = k

1

; f

Æ

; j

2

!

x �! Env g

Æ

j

2

; 2; k

1

2 = k

2

; g

Æ

; j

1

! x

! x
δ

f g
δ

δ

2

1

(a)

(b)

1

2 2
k

1
k

j

j

Figure 27: Combinator Æ

Hen
e Æ = j

2

f

Æ

k

1

+ j

1

g

Æ

k

2

where f

Æ

= ue

U

T (v)v; g

Æ

= uT (u)e

0

U

v. The veri�
ation

is similar to the previous 
ases.
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Combinator F:

F must satisfy the equation F

.

!

x

.

!

y =

!

(x

.

y). Noti
e that we need to evaluate

!

(x

.

y)

and express it in terms of

!

x and

!

y as these are the given morphisms for our design.

Hen
e, we pro
eed as follows:

!

(x

.

y) = uT (x

.

y)v

= uT (Tr((1
 y)(kxj)))v

= uTr( 

�1

T ((1
 y)(kxj)) )v T is tra
ed

= uTr( 

�1

T (1
 y)T (kxj) )v

= uTr( 

�1

 (T (1)
 T (y)) 

�1

T (kxj) )v T is monoidal

= uTr((1

TU


 T (y)) 

�1

T (kxj) )v

= Tr((u
 T (y)) 

�1

T (k)T (x)T (j) (v 
 1

TU

)) naturality of Tr

= Tr((u
 vuT (y)vu) 

�1

T (k)vuT (x)vuT (j) (v 
 1))

= Tr((u
 v

!

yu) 

�1

T (k)v

!

xuT (j) (v 
 1))

= Tr((1

U


 v)(1

U




!

y)(u
 u) 

�1

T (k)v

!

xuT (j) (v 
 1))

= Tr((1

U




!

y)(u
 u) 

�1

T (k)v

!

xuT (j) (v 
 v)) dinaturality of Tr

= Tr((1


!

y)(g

F

!

xf

F

))

where f

F

= uT (j) (v 
 v), g

F

= (u 
 u) 

�1

T (k)v and T = (T;  ;  

I

). Also, f

F1

=

f

F

�

1

, f

F2

= f

F

�

2

, g

F1

= �

1

g

F

and g

F2

= �

2

g

F

. (see Figure 28(b).)

Pro
eeding as in the previous 
ases:

Required Spe
i�
ation

Path Label Design Solution

Env �!

!

x f

F1

j

1

; j

1

; 1; k

2

1 = k

1

; k

1

; f

F1

; j

2

!

x �!

!

y g

F2

j

2

; 2; k

1

; k

2

2 = k

2

; g

F2

; j

2

; j

1

!

y �!

!

x f

F2

j

2

; j

1

; 3; k

2

3 = k

1

; k

2

; f

F2

; j

2

!

x �! Env g

F1

j

2

; 4; k

1

; k

1

4 = k

2

; g

F1

; j

1

; j

1
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y!

y!

! x

! x

f
F1

f
F2

g
F1

g
F2

2

F

1

4

3

(a)

1

1
j

2

2

1

2

1

2

j

j

j

k

k

k

k

(b)

Figure 28: Combinator F

Hen
e F = j

2

f

F1

k

2

1

+ j

1

j

2

g

F2

k

2

+ j

2

f

F2

k

2

k

1

+ j

2

1

g

F1

k

2

.

The veri�
ation is similar to the previous 
ases.

Theorem 7.1.1 Let C be a UDC, T an additive endofun
tor on C and U an ob-

je
t in C su
h that (C ; T; U) is a GoI Situation. Let the distinguished elements

I; B; C;K;W; Æ;D; F of C (U; U) be as de�ned above. Then

1. (C (U; U);

.

;

!

) is an LCA.

2. Combinators respe
t the data
ow (parti
le) semanti
s above.

Proof. The veri�
ation pro
edure given above 
onstitutes a proof. However, we need

to show that the de�ning terms for 
ombinators (the sums) a
tually exist. This is

a
hieved using the 
orresponden
e of su
h sums to morphisms in the model 
ategory.

Below, we give a 
omplete proof for this theorem by showing that the de�nitions given

for 
ombinators in Se
tion 3 of Chapter 6 redu
e to the sums that we have derived

above.
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1. Combinator I:

I = j�k

=

h

j

1

j

2

i

"

0 1

1 0

#"

k

1

k

2

#

= j

2

k

1

+ j

1

k

2

2. Combinator K:

K = j(j 
 1)�(1
 f

K


 1)(k 
 1)k

=

h

j

1

j

2

i

"

j

1

j

2

0

0 0 1

#

2

6

6

4

0 0 1

0 f

K

0

1 0 0

3

7

7

5

2

6

6

4

k

1

0

k

2

0

0 1

3

7

7

5

"

k

1

k

2

#

= j

2

k

2

1

+ j

1

j

2

f

K

k

2

k

1

+ j

2

1

k

2

= j

2

k

2

1

+ j

2

1

k

2

.

Note that f

K

= uw

U

w

0

U

v and w

U

: I �! TU = 0

I;TU

. This follows from the

naturality of w

U

and additivity of T : w

U

= w

U

1

I

= T (0

UU

)w

U

= 0

TU;TU

w

U

= 0

I;TU

.

Therefore f

K

= 0

UU

.

3. Combinator B:

B = j(j 
 1)(j 
 j 
 j)�(k 
 k 
 k)(k 
 1)k

=

h

j

1

j

2

i

"

j

1

j

2

0

0 0 1

#

2

6

6

4

j

1

j

2

0 0 0 0

0 0 j

1

j

2

0 0

0 0 0 0 j

1

j

2

3

7

7

5

�(k 
 k 
 k)(k 
 1)k
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=

h

j

3

1

j

2

1

j

2

j

1

j

2

j

1

j

1

j

2

2

j

2

j

1

j

2

2

i

2

6

6

6

6

6

6

6

6

6

6

4

0 0 0 0 1 0

0 0 0 1 0 0

0 0 0 0 0 1

0 1 0 0 0 0

1 0 0 0 0 0

0 0 1 0 0 0

3

7

7

7

7

7

7

7

7

7

7

5

(k 
 k 
 k)(k 
 1)k

=

h

j

3

1

j

1

j

2

2

j

2

2

j

2

1

j

2

j

3

1

j

1

j

2

j

1

i

2

6

6

6

6

6

6

6

6

6

6

4

k

1

0 0

k

2

0 0

0 k

1

0

0 k

2

0

0 0 k

1

0 0 k

2

3

7

7

7

7

7

7

7

7

7

7

5

2

6

6

4

k

1

0

k

2

0

0 1

3

7

7

5

"

k

1

k

2

#

= j

2

j

1

k

3

1

+ j

1

j

2

2

k

2

k

2

1

+ j

2

2

k

1

k

2

k

1

+ j

2

1

j

2

k

2

2

k

1

+ j

3

1

k

1

k

2

+ j

1

j

2

j

1

k

2

2

.

4. Combinator C:

C = j(j 
 j)(j 
 1
 j 
 1)�(k 
 1
 k 
 1)(k 
 k)k

=

h

j

1

j

2

i

"

j

1

j

2

0 0

0 0 j

1

j

2

#

2

6

6

6

6

4

j

1

j

2

0 0 0 0

0 0 1 0 0 0

0 0 0 j

1

j

2

0

0 0 0 0 0 1

3

7

7

7

7

5

�(k 
 1
 k 
 1)(k 
 k)k

=

h

j

3

1

j

2

1

j

2

j

1

j

2

j

2

j

2

1

j

2

j

1

j

2

j

2

2

i

2

6

6

6

6

6

6

6

6

6

6

4

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 1 0

1 0 0 0 0 0

0 0 1 0 0 0

0 1 0 0 0 0

3

7

7

7

7

7

7

7

7

7

7

5

(k
 1
 k
 1)(k
 k)k
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=

h

j

2

j

2

1

j

2

2

j

2

j

1

j

2

j

3

1

j

1

j

2

j

2

1

j

2

i

2

6

6

6

6

6

6

6

6

6

6

4

k

1

0 0 0

k

2

0 0 0

0 1 0 0

0 0 k

1

0

0 0 k

2

0

0 0 0 1

3

7

7

7

7

7

7

7

7

7

7

5

2

6

6

6

6

4

k

1

0

k

2

0

0 k

1

0 k

2

3

7

7

7

7

5

"

k

1

k

2

#

= j

2

j

1

k

3

1

+ j

2

2

k

2

k

2

1

+ j

2

j

1

j

2

k

2

k

1

+ j

3

1

k

2

1

k

2

+ j

1

j

2

k

2

k

1

k

2

+ j

2

1

j

2

k

2

2

:

5. Combinator W :

W = j(1
 j)(j 
 j 
 1)�(1
 g

W


 1
 f

W

)(1
 1
 1
 �)(k 
 k 
 1)(1
 k)k

=

h

j

1

j

2

i

"

1 0 0

0 j

1

j

2

#

2

6

6

4

j

1

j

2

0 0 0

0 0 j

1

j

2

0

0 0 0 0 1

3

7

7

5

�(1
 g

W


 1
 f

W

)(1
 1
 1
 �)

(k 
 k 
 1)(1
 k)k

=

h

j

2

1

j

2

j

2

j

2

j

2

1

j

2

j

1

j

2

j

2

2

i

2

6

6

6

6

6

6

6

4

0 0 1 0 0

0 0 0 f

W2

f

W1

1 0 0 0 0

0 g

W2

0 0 0

0 g

W1

0 0 0

3

7

7

7

7

7

7

7

5

(k 
 k 
 1)(1
 k)k

=

h

j

2

j

2

1

j

2

j

1

j

2

g

W2

+ j

2

2

g

W1

j

2

1

j

1

j

2

f

W2

j

1

j

2

f

W1

i

2

6

6

6

6

6

6

6

4

k

1

0 0

k

2

0 0

0 k

1

0

0 k

2

0

0 0 1

3

7

7

7

7

7

7

7

5

2

6

6

4

1 0

0 k

1

0 k

2

3

7

7

5

"

k

1

k

2

#

= j

2

j

2

1

k

2

1

+ j

2

j

1

j

2

g

W2

k

2

k

1

+ j

2

2

g

W1

k

2

k

1

+ j

2

1

k

2

1

k

2

+ j

1

j

2

f

W2

k

2

k

1

k

2

+ j

1

j

2

f

W1

k

2

2

:

6. Combinator D:

D = j(j 
 j)�(1
 g

D


 1
 f

D

)(k 
 k)k
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=

h

j

1

j

2

i

"

j

1

j

2

0 0

0 0 j

1

j

2

#

2

6

6

6

6

4

0 0 1 0

0 0 0 f

D

1 0 0 0

0 g

D

0 0

3

7

7

7

7

5

2

6

6

6

6

4

k

1

0

k

2

0

0 k

1

0 k

2

3

7

7

7

7

5

"

k

1

k

2

#

= j

2

j

1

k

2

1

+ j

2

2

g

D

k

2

k

1

+ j

2

1

k

1

k

2

+ j

1

j

2

f

D

k

2

2

:

7. Combinator Æ:

Æ = j�

U;U

(f

Æ


 g

Æ

)k

=

h

j

1

j

2

i

"

0 g

Æ

f

Æ

0

#"

k

1

k

2

#

= j

2

f

Æ

k

1

+ j

1

g

Æ

k

2

:

8. Combinator F :

F = j(j 
 1)�(f

F


 g

F

)(k 
 1)k

=

h

j

1

j

2

i

"

j

1

j

2

0

0 0 1

#

2

6

6

4

0 0 g

F1

0 0 g

F2

f

F1

f

F2

0

3

7

7

5

2

6

6

4

k

1

0

k

2

0

0 1

3

7

7

5

"

k

1

k

2

#

= j

2

f

F1

k

2

1

+ j

2

f

F2

k

2

k

1

+ j

2

1

g

F1

k

2

+ j

1

j

2

g

F2

k

2

:



Chapter 8

Examples and Computations

In this 
hapter we 
onsider various examples of GoI Situations formed by tra
ed

UDCs, in parti
ular, we give detailed dis
ussion for the 
ategories PInj, Hilb

2

and

SRel. We will also investigate the 
ombinators in these 
ategories. In Se
tion 6

we give two examples of 
omputations with 
ombinators using the algebrai
 (ma-

tri
ial) ma
hinery that we dis
ussed in Chapter 7. We also dis
uss Abramsky and

Jagadeesan's work on GoI [5℄ and relate it to a GoI Situation, based on the 
ategory

of domains. N and C denote the set of natural and 
omplex numbers respe
tively.

8.1 PInj

Consider the 
ategory PInj of sets and partial inje
tive fun
tions. We have already

seen thatPInj is a tra
ed UDC. We will show that (PInj;N��;N ) is a GoI Situation.

Lemma 8.1.1 Let C be a tra
ed UDC and T : C �! C be an additive fun
tor. Then,

T is tra
ed.

Proof. Let f : X 
 U �! Y 
 U be a morphism in C , then Tr

U

X;Y

(f) = f

11

+

145
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P

n2!

f

12

f

n

22

f

21

. Let T = (T;  ;  

I

) and g =  

�1

Y;U

T (f) 

X;U

. Then,

g

11

= �

TY;TU

1

g�

TX;TU

1

= T (�

Y;U

1

) 

Y;U

g 

�1

X;U

T (�

X;U

1

)

= T (�

Y;U

1

) 

Y;U

 

�1

Y;U

T (f) 

X;U

 

�1

X;U

T (�

X;U

1

)

= T (�

Y;U

1

f�

X;U

1

)

= T (f

11

):

Similarly, we have g

12

= T (f

12

); g

21

= T (f

21

), and g

22

= T (f

22

):

T (Tr

U

X;Y

(f)) = T (f

11

+

P

n2!

f

12

f

n

22

f

21

)

= T (f

11

) +

P

n2!

T (f

12

)T (f

22

)

n

T (f

21

); T is additive

= g

11

+

P

n2!

g

12

g

n

22

g

21

= Tr

TU

TX;TY

( 

�1

Y;U

T (f) 

X;U

):

Therefore, T is tra
ed.

Proposition 8.1.2 (PInj;N ��;N) is a GoI Situation.

Proof. Re
all from Chapter 4 that PInj is tra
ed symmetri
 monoidal 
ategory.

The tensor produ
t is taken to be the disjoint union of sets with ; as the unit.

Clearly T = N � �, with T = (T;  ;  

I

), is a symmetri
 monoidal fun
tor where

 

X;Y

: N � X ℄ N � Y �! N � (X ℄ Y ) is given by (1; (n; x)) 7! (n; (1; x)) and

(2; (n; y)) 7! (n; (2; y)) and it has an inverse de�ned by: (n; (1; x)) 7! (1; (n; x)) and

(n; (2; y)) 7! (2; (n; y)). Also,  

I

: ; �! N � ; given by 1

;

is 
learly an isomorphism.

We need to show that T is additive. Let ff

i

g

i2I

be a summable family in PInj (X; Y ),

then

(1

N

�

P

I

f

i

)(n; x) =

8

<

:

(n; f

j

(x)); if there exists a j 2 I su
h that x 2 Dom(f

j

);

unde�ned; else.

but this is exa
tly the de�nition of (

P

I

(1

N

� f

i

))(n; x) for all (n; x) 2 N �X. There-

fore, N�� is an additive fun
tor and thus, by Lemma 8.1.1 it is also tra
ed. In other

words, given f : X℄U �! Y ℄U we have 1

N

�Tr

U

X;Y

(f) = Tr

N�U

N�X;N�Y

( 

�1

(1

N

�f) ).

We show that N is a re
exive obje
t.
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� N ℄N �N (j; k) is given as follows: j : N ℄N �! N ; j(1; n) = 2n; j(2; n) = 2n+1

and k : N �! N ℄ N ; k(n) = (1; n=2) for n even, and (2; (n� 1)=2) for n odd.

Clearly kj = 1

N℄N

: De�ne j

1

= j�

1

; j

2

= j�

2

, k

1

= �

1

k, k

2

= �

2

k where �

i

and �

i

are as de�ned in Example 4.0.15.

� ;� N using the empty partial fun
tion as the retra
t morphisms.

� N � N � N(u; v) is de�ned as: u(m;n) =<m; n>=

(m+n+1)(m+n)

2

+ n (Cantor

surje
tive pairing) and v as its inverse, v(n) = (n

1

; n

2

) with <n

1

; n

2

>= n.

Clearly, vu = 1

N�N

.

We next de�ne the ne
essary monoidal natural transformations.

� N � (N �X)

e

X

�! N �X and N �X

e

0

X

�! N � (N �X)

N � (N � X)

e

X

�! N � X is de�ned by, e

X

(n

1

; (n

2

; x)) = (<n

1

; n

2

>; x). Given

f : X �! Y , (1

N

� f)e

X

((n

1

; (n

2

; x)) = (<n

1

; n

2

>; f(x)) = e

Y

(1

N

� (1

N

�

f)(n

1

; (n

2

; x)) for all n

1

; n

2

2 N and x 2 X proving the naturality of e

X

.

e

0

X

(n; x) = (n

1

; (n

2

; x)) where <n

1

; n

2

>= n. e

0

X

e

X

(n

1

; (n

2

; x)) = e

0

X

(<n

1

; n

2

>

; x) = (n

1

; (n

2

; x)) for all n

1

; n

2

2 N and x 2 X.

� X

l

X

�! N �X and N �X

l

0

X

�! X

l

X

(x) = (n

0

; x) for a �xed n

0

2 N . Given f : X �! Y , (1

N

� f)l

X

(x) =

(n

0

; f(x)) = l

Y

f(x) for any x 2 X, proving the naturality of l

X

.

l

0

X

(n; x) =

8

<

:

x; if n = n

0

;

unde�ned, else.

l

0

X

l

X

(x) = l

0

X

(n

0

; x) = x for all x 2 X.

� (N �X) ℄ (N �X)




X

�! N �X and N �X




0

X

�! (N �X) ℄ (N �X).




X

=

8

<

:

(1; (n; x)) 7! (2n; x)

(2; (n; x)) 7! (2n+ 1; x)

Given f : X �! Y , (1

N

� f)


X

(1; (n; x)) = (2n; f(x)) = 


Y

(1

N

� f ℄ 1

N

�

f)(1; (n; x)) for all n 2 N and x 2 X. Similarly (1

N

� f)


X

(2; (n; x)) = (2n +
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1; f(x)) = 


Y

(1

N

� f ℄ 1

N

� f)(2; (n; x)) for all n 2 N and x 2 X, proving the

naturality of 


X

.




0

X

(n; x) =

8

<

:

(1; (n=2; x)); if n is even;

(2; ((n� 1)=2; x); if n is odd.

Finally, 


0

X




X

(1; (n; x)) = 


0

X

(2n; x) = (1; (n; x)) and 


0

X




X

(2; (n; x)) = 


0

X

(2n+

1; x) = (2; (n; x)).

� ;

w

X

�! N �X and N �X

w

0

X

�! ;.

Let w

X

and w

0

X

both be the empty partial fun
tion. Clearly for any f : X �!

Y , (1

N

� f)w

X

= w

0

X

1

;

, proving the naturality of w

X

. w

0

X

w

X

= 1

;

.

Note that the 
ombinators are elements of PInj (N ;N ). We use n

k

� n

0

to denote

n � n

0

(mod k): More expli
itly we have :

� Re
all that I = j

2

k

1

+ j

1

k

2

. Hen
e, I(n) = n + 1 for n even and n � 1 for n

odd. Note that I is a total fun
tion.

� K = j

2

k

2

1

+ j

2

1

k

2

. Hen
e, K(n) = n=2 + 1 if n

4

� 0, 2n � 2 if n is odd and

unde�ned else. Therefore K is a partial fun
tion and this partiality intuitively


orresponds to the information erasing feature of K as a 
ombinator: (sin
e

Kx

!

y = x,

!

y is \lost".)

� B = j

2

j

1

k

3

1

+ j

3

1

k

1

k

2

+ j

2

2

k

1

k

2

k

1

+ j

1

j

2

j

1

k

2

2

+ j

2

1

j

2

k

2

2

k

1

+ j

1

j

2

2

k

2

k

2

1

.

B(n) =

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

n=2 + 1 if n

8

� 0,

2(n� 1) if n

4

� 1,

n=2 + 2 if n

8

� 2,

2n� 4 if n

4

� 3,

n� 2 if n

8

� 6,

n+ 2 if n

8

� 4.

Note that B is a total fun
tion.



CHAPTER 8. EXAMPLES AND COMPUTATIONS 149

� C = j

2

j

2

1

k

3

1

+ j

3

1

k

2

1

k

2

+ j

1

j

2

k

2

k

1

k

2

+ j

2

j

1

j

2

k

2

k

1

+ j

2

1

j

2

k

2

2

+ j

2

2

k

2

k

2

1

.

C(n) =

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

n + 1 if n

8

� 0,

n� 1 if n

8

� 1,

(n� 1)=2 if n

8

� 5,

2n+ 1 if n

4

� 2,

2(n� 1) if n

4

� 3,

n=2 + 1 if n

8

� 4.

Note that C is a total fun
tion.

� W = j

2

j

2

1

k

2

1

+ j

1

j

2

f

W1

k

2

2

+ j

1

j

2

f

W2

k

2

k

1

k

2

+ j

2

2

g

W1

k

2

k

1

+ j

2

j

1

j

2

g

W2

k

2

k

1

+ j

2

1

k

2

1

k

2

,

where f

W1

= u


U

(v 
 v)�

1

; f

W2

= u


U

(v 
 v)�

2

, g

W1

= �

1

(u 
 u)


0

U

v, and

g

W2

= �

2

(u
 u)


0

U

v. Therefore, the maps f

Wi

; g

Wi

for i = 1; 2 are given by:

f

W1

(n) =<2n

1

; n

2

>,

f

W2

(n) =<2n

1

+ 1; n

2

>,

g

W1

(n) =<n

1

=2; n

2

> if n

1

is even, and unde�ned else, and

g

W2

(n) =<(n

1

� 1)=2; n

2

> for n

1

odd and unde�ned else.

Here n =<n

1

; n

2

>.

W (n) =

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

2n + 1 if n

4

� 0;

4(<m

1

=2; m

2

>) + 3 if n

4

� 2, m

1

even, (n� 2)=4 =<m

1

; m

2

>;

8(<(m

1

� 1)=2; m

2

>) + 5 if n

4

� 2, m

1

odd, (n� 2)=4 =<m

1

; m

2

>;

(n� 1)=2 if n

8

� 1;

4(<2m

1

+ 1; m

2

>) + 2 if n

8

� 5, (n� 5)=8 =<m

1

; m

2

>;

4(<2m

1

; m

2

>) + 2 if n

4

� 3, (n� 3)=4 =<m

1

; m

2

>:

Note that W is a total fun
tion.

� D = j

2

j

1

k

2

1

+ j

2

1

k

1

k

2

+ j

1

j

2

f

D

k

2

2

+ j

2

2

g

D

k

2

k

1

where f

D

= ul

U

; g

D

= l

0

U

v. Fix a
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natural number n

0

, then f

D

(n) =<n

0

; n> and

g

D

(n) =

8

<

:

n

2

; if n

1

= n

0

;

unde�ned, else.

where n =<n

1

; n

2

> :

D(n) =

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

n+ 1 if n

4

� 0,

n� 1 if n

4

� 1,

4(<n

0

; (n� 3)=4>) + 2 if n

4

� 3,

4m

2

+ 3 if n

4

� 2, m

1

= n

0

, (n� 2)=4 =<m

1

; m

2

>,

unde�ned otherwise.

Note that D is a partial fun
tion. Re
all that D as a 
ombinator behaves

a

ording to D

.

x

.

!

y = x

.

y, that is intuitively it 
hooses a single 
opy of y from

the given in�nitely many 
opies of y. We 
an think of this as erasing all the

other 
opies and hen
e the partiality in its de�nition (as a fun
tion on natural

numbers.)

� Æ = j

2

f

Æ

k

1

+ j

1

g

Æ

k

2

where f

Æ

= ue

U

T (v)v; g

Æ

= uT (u)e

0

U

v. Therefore

f

Æ

(<n

1

; <m

1

; m

2

>>) =<<n

1

; m

1

>;m

2

> and

g

Æ

(<<m

1

; m

2

>; n

2

>) =<m

1

; <m

2

; n

2

>>.

Æ(n) =

8

<

:

2(<<n

1

; m

1

>;m

2

>) + 1 if n even, n=2 =<n

1

; <m

1

; m

2

>>,

2(<m

1

; <m

2

; n

2

>>) if n odd, (n� 1)=2 =<<m

1

; m

2

>; n

2

> :

Note that Æ is a total fun
tion.

� F = j

2

f

F1

k

2

1

+ j

2

1

g

F1

k

2

+ j

1

j

2

g

F2

k

2

+ j

2

f

F2

k

2

k

1

where f

F

= uT (j) (v 
 v),

g

F

= (u 
 u) 

�1

T (k)v and T = (T;  ;  

I

). Also, f

F1

= f

F

�

1

, f

F2

= f

F

�

2

,

g

F1

= �

1

g

F

and g

F2

= �

2

g

F

.
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f

F1

(<n

1

; n

2

>) =<n

1

; 2n

2

>,

f

F2

(<n

1

; n

2

>) =<n

1

; 2n

2

+ 1>,

g

F1

(<n

1

; n

2

>) =

8

<

:

<n

1

; n

2

=2> if n

2

is even,

unde�ned; else.

g

F2

(<n

1

; n

2

>) =

8

<

:

<n

1

; (n

2

� 1)=2> if n

2

is odd,

unde�ned else.

F (n) =

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

2(<m

1

; 2m

2

>) + 1 if n

4

� 0, n=4 =<m

1

; m

2

>,

2(<m

1

; 2m

2

+ 1>) + 1 if n

4

� 0, (n� 2)=4 =<m

1

; m

2

>,

4(<m

1

; m

2

=2>) if n odd, m

2

even, (n� 1)=2 =<m

1

; m

2

>

4(<m

1

; (m

2

� 1)=2>) + 2 if n odd, m

2

odd, (n� 1)=2 =<m

1

; m

2

>

Note that F is a total fun
tion.

8.2 Pfn

Re
all that Pfn is a PAC and hen
e is a tra
ed UDC. The tra
e formula for Pfn is

the standard sum form as for PInj. Clearly N �� is an additive and hen
e a tra
ed

fun
tor. Note that the morphisms used in the previous example are partial inje
tive

fun
tions, hen
e partial fun
tions. In view of this we have:

Proposition 8.2.1 (Pfn;N ��;N) is a GoI Situation.

The 
ombinators are de�ned as in the 
ase of PInj.

8.3 Rel

+

Re
all that the 
ategory Rel

+

of sets and binary relations is a PAC and hen
e a

tra
ed UDC. Tra
e is given by the standard sum. Also, N � � is an additive and
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hen
e a tra
ed fun
tor. The morphisms used in the 
ase of PInj are partial inje
tive

fun
tions and hen
e in parti
ular they are relations. Thus we have:

Proposition 8.3.1 (Rel

+

;N ��;N) is a GoI Situation.

The 
ombinators are the same as in the 
ase of PInj.

8.4 Hilb

2

Re
all from Chapter 4 that Hilb

2

is a tra
ed UDC with tra
e given by the standard

sum formula. The tensor produ
t is the dire
t sum of Hilbert spa
es. However, re
all

that this operation is not a biprodu
t (or 
oprodu
t) in the 
ategory Hilb

2

. With

this proviso we keep using the notation � for this tensor produ
t. In view of the


ontravariant fun
tor `

2

we have the following result. Let `

2

denote the spa
e `

2

(N).

Re
all that this is the Hilbert spa
e of square summable sequen
es.

Proposition 8.4.1 (Hilb

2

; `

2


�; `

2

) is a GoI Situation.

Proof. Clearly the fun
tor `

2


� :Hilb

2

�! Hilb

2

is a symmetri
 monoidal fun
tor.

Also, observe that `

2


 `

2

(X)

�

=

`

2

(N �X) and 1

`

2


 `

2

(f)

�

=

`

2

(1

N

� f). Moreover,

`

2


 � is an additive and hen
e a tra
ed fun
tor. This follows from the fa
t that

N �� is an additive symmetri
 monoidal endofun
tor on PInj.

Also, we have that `

2

� `

2

�

=

`

2

(N ℄N )� `

2

(N) (`

2

(k); `

2

(j)), f0g = `

2

(;)� `

2

, and

�nally `

2


 `

2

�

=

`

2

(N � N) � `

2

(N) (`

2

(v); `

2

(u)) for j; k; u; v as in Se
tion 8.1. This

proves that `

2

is a re
exive obje
t in Hilb

2

.

As for the monoidal natural transformations:

� `

2


 (`

2


 `

2

(X))� `

2


 `

2

(X) (`

2

(e

0

X

); `

2

(e

X

)) for e

X

; e

0

X

as in Se
tion 8.1.

� `

2

(X)� `

2


 `

2

(X) (`

2

(l

0

X

); `

2

(l

X

)) for l

X

; l

0

X

as in Se
tion 8.1.

� (`

2


 `

2

(X))� (`

2


 `

2

(X))� `

2


 `

2

(X) (`

2

(


0

X

); `

2

(


X

)) for 


X

; 


0

X

as in Se
tion

8.1.

� f0g� `

2


 `

2

(X) (`

2

(w

0

X

); `

2

(w

X

)) for w

X

; w

0

X

as in Se
tion 8.1
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The naturality of the morphisms above follows from the underlying stru
ture of PInj

and fun
toriality of `

2

.

The 
ombinators are simply the `

2

images of those given in Se
tion 8.1.

Remark 8.4.2 The GoI Situation (Hilb

2

; `

2


�; `

2

) 
aptures the operator algebrai


setting used by Girard in [47℄ (see Se
tion I in [47℄.) However, there is an important

di�eren
e between our exe
ution (tra
e) formula and Girard's exe
ution formula.

Re
all that Girard's exe
ution formula

EX(u; �) = (1� �

2

)

P

1

n=0

u(�u)

n

(1� �

2

)

is a sum that may or may not 
onverge: it 
onverges whenever (�u) is a nilpotent

operator. Also, re
all from Chapter 5 that strong normalisation was interpreted by

nilpoten
y. On the other hand, our tra
e formula

Tr(f) = f

11

+

P

n

f

12

f

n

22

f

21

always exists. Therefore, the nilpoten
y 
riterion should be repla
ed by a di�erent

property that will make sense for the latter formula. The author strongly believes in

the 
onje
ture:

strong normalisation = �nite sum

The proof of this 
onje
ture and further resear
h into using this 
riterion to distinguish

the strongly normalising terms of untyped lambda 
al
ulus will be undertaken in a

future work.

8.5 SRel

The 
ategory SRel of sto
hasti
 relations is another example of a PAC and hen
e it

is a tra
ed UDC. The tra
e formula is given by the standard sum.

We de�ne T :SRel�!SRel as T (X;F

X

) = (N � X;F

N�X

) where F

N�X

is

the �-�eld on X ℄ X ℄ X � � � (! 
opies). For a given f : (X;F

X

) �! (Y;F

Y

),



CHAPTER 8. EXAMPLES AND COMPUTATIONS 154

Tf((n; x);

U

i2!

B

i

) = f(x;B

n

). Let U = N

1

with the Baire metri
 whi
h indu
es a

topology on N

1

whi
h 
orresponds to the produ
t topology obtained from N with

dis
rete topology. The following proposition is due to P. Panangaden and the author.

Proposition 8.5.1 (SRel; T;N

1

) is a GoI situation.

Proof. We show that T as de�ned above is an additive and hen
e a tra
ed symmetri


monoidal fun
tor. First, observe that T = (T;  ;  

I

) is a monoidal fun
tor with

 

X;Y

: ((N �X) ℄ (N � Y );F

(N�X)℄(N�Y )

) �! (N � (X ℄ Y );F

N�(X℄Y )

) given by

 

X;Y

((1; (n; x));

U

i2!

(A

i

℄ B

i

)) = Æ(x;A

n

) and

 

X;Y

((2; (n; y));

U

i2!

(A

i

℄B

i

) = Æ(y; B

n

).

Also,  

�1

X;Y

((n; (1; x)); (

U

i2!

A

i

)℄(

U

i2!

B

i

)) = Æ(x;A

n

) and  

�1

X;Y

((n; (2; y)); (

U

i2!

A

i

)℄

(

U

i2!

B

i

)) = Æ(y; B

n

):

Finally,  

I

= 1

I

.

Given a summable family ff

i

g

i2I

2 SRel (X; Y ),

P

I

Tf

i

((n; x);N � Y ) =

P

I

f

i

(x; Y ) � 1 sin
e ff

i

g is summable, and hen
e fTf

i

g is summable.

(

P

I

Tf

i

)((n; x);

U

i2!

B

i

) =

P

I

Tf

i

((n; x);

U

i2!

B

i

)

=

P

I

f

i

(x;B

n

)

= (

P

I

f

i

)(x;B

n

)

= T (

P

I

f

i

)((n; x);

U

i2!

B

i

)

Hen
e, T is an additive and by Lemma 8.1.1, a tra
ed fun
tor. We next show that

N

1

is a re
exive obje
t. We will denote the obje
ts in SRel by their �rst 
omponents

only in order not to overload the notation.

� N

1

℄ N

1

� N

1

(j; k)

Consider the maps j : N

1

℄ N

1

�! N

1

de�ned by j((1; ~n); A) = Æ(0:~n; A),

j((2; ~n); A) = Æ(1:~n; A) and k : N

1

�! N

1

℄ N

1

de�ned by

k(~n; A

1

℄ A

2

) =

8

>

>

>

<

>

>

>

:

Æ(~n

0

; A

1

); if ~n = 0:~n

0

;

Æ(~n

0

; A

2

); if ~n = 1:~n

0

;

0; else.
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kj((1; ~n); A

1

℄ A

2

) =

Z

N

1

k(~n

0

; A

1

℄ A

2

)j((1; ~n); d~n

0

)

=

Z

N

1

k(~n

0

; A

1

℄ A

2

)Æ(0:~n; d~n

0

)

= k(0:~n; A

1

℄ A

2

)

= Æ(~n; A

1

)

= 1

N

1

℄N

1

((1; ~n); A

1

℄ A

2

)

Similarly, kj((2; ~n); A

1

℄ A

2

) = Æ(~n; A

2

) = 1

N

1

℄N

1

((2; ~n); A

1

℄ A

2

):

� ;� N

1

, as (;;F

;

) is the zero obje
t.

� N � N

1

�! N

1

(u; v)

u is de�ned by u((i; ~n); A) = Æ(i:~n; A) and v : N

1

�! N � N

1

by

v(i:~n;

U

i2!

A

i

) = Æ(~n; A

i

):

vu((i; ~n);

U

i2!

A

i

) =

Z

N

1

v(~n

0

;

U

i2!

A

i

)u((i; ~n); d~n

0

)

=

Z

N

1

v(~n

0

;

U

i2!

A

i

)Æ(i:~n; d~n

0

)

= v(i:~n;

U

i2!

A

i

)

= Æ(~n; A

i

)

= 1

N�N

1

((i; ~n);

U

i2!

A

i

):

Next we 
onsider the monoidal natural transformations.

� N � (N �X)� N �X (e

X

; e

0

X

)

e

X

((n

1

; (n

2

; x));

U

i2!

A

i

) = Æ(x;A

<n

1

;n

2

>

) and e

0

X

((n; x);

U

i

(

U

j

A

ij

)) = Æ(x;A

n

1

n

2

)
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where n =<n

1

; n

2

>.

e

0

X

e

X

((n

1

; (n

2

; x));

U

ij

A

ij

) =

Z

N�X

e

0

X

((n; x

0

);

U

ij

A

ij

)e

X

((n

1

; (n

2

; x)); d(n; x

0

))

=

Z

N�X

e

0

X

((n; x

0

);

U

ij

A

ij

)Æ(x; d(<n

1

; n

2

>; x

0

))

= e

0

X

((<n

1

; n

2

>; x);

U

ij

A

ij

)

= Æ(x;A

n

1

n

2

)

= 1

N�(N�X)

((n

1

; (n

2

; x));

U

ij

A

ij

)

� X � N �X (l

X

; l

0

X

)

l

X

(x;

U

i

A

i

) = Æ(x;A

n

0

) for a �xed n

0

2 N and l

0

X

((n; x); A) = Æ(x;A), if n = n

0

and 0, otherwise.

l

0

X

l

X

(x;A) =

Z

N�X

l

0

X

((n; x

0

); A)l

X

(x; d(n; x

0

))

=

Z

N�X

l

0

X

((n; x

0

); A)Æ(x; d(n

0

; x

0

))

= l

0

X

((n

0

; x); A)

= Æ(x;A)

= 1

X

(x;A):

� N �X ℄ N �X � N �X (


X

; 


0

X

)




X

((1; (n; x));

U

i2!

A

i

) = Æ(x;A

2n

), 


X

((2; (n; x));

U

i

A

i

) = Æ(x;A

2n+1

) and




0

X

((n; x); (

U

i

A

i

) ℄ (

U

i

B

i

)) =

8

<

:

Æ(x;A

n=2

); if n is even;

Æ(x;B

(n�1)=2

); if n is odd.




0

X




X

((1; (n; x)); (

U

i

A

i

) ℄ (

U

i

B

i

))

=

R

N�X




0

X

((n

0

; x

0

); (

U

i

A

i

) ℄ (

U

i

B

i

))


X

((1; (n; x)); d(n

0

; x

0

))

=

R

N�X




0

X

((n

0

; x

0

); (

U

i

A

i

) ℄ (

U

i

B

i

))Æ(x; d(2n; x

0

))

= 


0

X

((2n; x); (

U

i

A

i

) ℄ (

U

i

B

i

)))
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= Æ(x;A

n

)

= 1

(N�X)℄(N�X)

((1; (n; x)); (

U

i

A

i

) ℄ (

U

i

B

i

))

Similarly, 


0

X




X

((2; (n; x)); (

U

i

A

i

) ℄ (

U

i

B

i

)) = Æ(x;B

n

)

Therefore, 


0

X




X

= 1

(N�X)℄(N�X)

:

� ;� N �X (w

X

; w

0

X

)

w

X

is the empty fun
tion and w

0

X

((n; x); ;) = 0. Clearly w

0

X

w

X

= 1

(;;F

;

)

:

We show that e

X

is natural in X. Let f : X �! Y ,

(Tf)e

X

((n

1

; (n

2

; x));

U

i2!

B

i

)

=

R

N�X

Tf((n

0

; x

0

);

U

i

B

i

)e

X

((n

1

; (n

2

; x)); d(n

0

; x

0

))

=

R

N�X

Tf((n

0

; x

0

);

U

i

B

i

)Æ(x; d(<n

1

; n

2

>; x

0

))

= Tf((<n

1

; n

2

>; x);

U

i

B

i

)

= f(x;B

<n

1

;n

2

>

)

e

Y

(T (Tf))((n

1

; (n

2

; x));

U

i

B

i

)

=

R

N�(N�Y )

e

Y

((n

0

1

; (n

0

2

; y));

U

i

B

i

)T (Tf)((n

1

; (n

2

; x)); d(n

0

1

; (n

0

2

; y))

=

R

N�(N�Y )

e

Y

((n

0

1

; (n

0

2

; y));

U

i

B

i

)f(x; d(n

1

; (n

2

; y)))

=

R

N�(N�Y )

Æ(y; B

<n

0

1

;n

0

2

>

)f(x; d(n

1

; (n

2

; y)))

= f(x;B

<n

1

;n

2

>

)

Therefore, (Tf)e

X

= e

Y

(T (Tf)) for all f : X �! Y . The naturality of l

X

; 


X

and

w

X

follow in a similar way.

8.6 Some Computations

We 
onsider two examples of 
omputations involving the 
ombinators C and K.
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Example 8.6.1

Suppose we would like to evaluate K

.

x

.

!

y. We �rst 
onsider

kKj =

"

k

1

k

2

#

h

j

2

k

2

1

+ j

2

1

k

2

i h

j

1

j

2

i

=

"

0 j

1

k

1

0

#

.

K

.

x = Tr

 "

1 0

0 x

#"

0 j

1

k

1

0

#!

= Tr

 "

0 j

1

xk

1

0

#!

= 0 +

P

1

n=0

j

1

0

n

(xk

1

) = j

1

xk

1

.

Next 
onsider k(K

.

x)j =

"

k

1

k

2

#

h

j

1

xk

1

i h

j

1

j

2

i

=

"

x 0

0 0

#

:

K

.

x

.

!

y = (K

.

x)

.

!

y = Tr

 "

1 0

0

!

y

#"

x 0

0 0

#!

= Tr

 "

x 0

0 0

#!

= x + 0 = x.

Example 8.6.2

We next evaluate C

.

K

.

K.

kCj =

"

0 j

2

1

k

2

1

+ j

2

k

2

k

1

+ j

1

j

2

k

2

j

2

1

k

2

1

+ j

1

j

2

k

2

+ j

2

k

2

k

1

0

#

.

C

.

K = Tr

 "

1 0

0 K

#"

0 j

2

1

k

2

1

+ j

2

k

2

k

1

+ j

1

j

2

k

2

j

2

1

k

2

1

+ j

1

j

2

k

2

+ j

2

k

2

k

1

0

#!

= j

2

1

k

2

k

1

+ j

1

j

2

k

2

1

.

Therefore, k(C

.

K)j =

"

j

1

k

2

+ j

2

k

1

0

0 0

#

.

(C

.

K)

.

K = Tr

 "

1 0

0 K

#"

j

1

k

2

+ j

2

k

1

0

0 0

#!

= j

1

k

2

+ j

2

k

1

= I.
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We 
lose this se
tion by a dis
ussion of Abramsky & Jagadeesan's 
onstru
tion

in [5℄. The 
onstru
tion in [5℄ uses sub
ategories of the 
ategory Predom of !-


omplete posets and 
ontinuous maps, 
alled GI-
ategories, to 
onstru
t a model of

linear logi
, that is a *-autonomous 
ategory with produ
ts. Also one de�nes a fun
tor

T

D

:Dom�!Dom, by T

D

(E) = (D + 1 + (E � E))

?

. Here Dom is the 
ategory

of domains and 
ontinuous maps, ((�)

?

; up; �; t) is Moggi's [94℄ strong monad of

lifting and 1 = f?g is the terminal obje
t in Dom. For every D, the fun
tor T

D

has an initial algebra (hen
e a �xed-obje
t) whi
h is denoted by (T D; fold

D

) where

fold

D

: (D + 1 + (T D � T D))

?

�! T D is an isomorphism whose inverse, we 
all

unfold

D

.

Next, a type-free GI-model is used to give an interpretation of geometry of inter-

a
tion. A type-free model 
onsists of an obje
t D in a GI-
ategory su
h that it is a

domain and satis�es some retra
tions analogues to those in De�nition 6.3.1 (3).

This 
onstru
tion does not �t into a tra
ed UDC based model. Noti
e also, that

although the 
ategory Dom is a tra
ed symmetri
 monoidal 
ategory, the tra
e is not

of the 
anoni
al form used in tra
ed UDCs; rather, it is indu
ed by the �xed-point

operator in Dom. However, we 
an show that (Dom; T;D) forms a GoI Situation,

whereD is a type-free GI-model and T :Dom�!Dom is de�ned by T (A) = T A, that

is it sends a domain A to the �xed-obje
t T A of the fun
tor T

A

. Given f : A �! B,

T (f) = fold

B

Æ (f + 1 + (' � '))

?

Æ unfold

A

where ' is the unique map from

(T A; fold

A

) to (T B; Æ) (re
all that (T A; fold

A

) is an initial algebra.)

The ne
essary retra
tions are given in [5℄ (see pages 66 and 68.) We just need to

prove TT � T (e; e

0

) (Comultipli
ation).

De�ne e

A

: TT (A) �! T (A) = �Æ[1;?;?℄

?

Æunfold and e

0

A

: T (A) �! TT (A) =

fold Æ up Æ in

1

where ((�)

?

; up; �; t) is Moggi's strong monad of lifting and given a

domain A, �

A

: A

?

�! A is its stru
ture map. It follows easily that e

A

is natural in

A and e

0

A

e

A

= 1:



Chapter 9

Dynami
 Algebras

In this 
hapter we present a 
ategori
al model for dynami
 algebras and show that

Girard's operator algebrai
 model in [47℄ and the small model introdu
ed by Danos

in [33℄ 
an be obtained as instan
es of this general 
ategori
al model.

Dynami
 algebras were introdu
ed by Danos in his PhD thesis [33℄. These are

algebrai
 stru
tures whi
h form the basis for a path-semanti
s of linear logi
. The

idea in path-semanti
s is to asso
iate weights from a dynami
 algebra, with every path

on a proof net. Thus one 
an view a proof net as a set of paths. The 
omputation

of a proof net is represented by the exe
ution formula whi
h takes the form of a sum

over all \good" paths. The idea is that the exe
ution formula is an \invariant" of


omputation and hen
e the \good" paths are those that survive the 
ut-elimination

pro
ess. For exa
t de�nitions and details see [36℄ and [8℄.

The equational theory of dynami
 algebras gives a notion of normal form for paths.

The 
ut elimination pro
edure 
an then be represented by rewriting rules for the paths

that are di
tated by the equations of the dynami
 algebra. The interesting aspe
t

of this new view is that ea
h path 
an be redu
ed to its normal form independently

of all the other paths: an asyn
hronous redu
tion. The redu
tion pro
edure also

has the property of being lo
al: the rewrite rules of the algebra only a�e
t the part

of the path that is being redu
ed. This leads to a lo
al and asyn
hronous devi
e

that 
an be implemented [84℄. An appli
ation of this methodology to �-redu
tion

is given in [35℄. Essentially, then �-redu
tion is de
omposed into parallel, lo
al and

160
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asyn
hronous mi
ros
opi
 redu
tion steps. There has been ample amount of work

on this issue by Danos and Regnier, for example see [99, 35, 36℄ and [88℄ and the

referen
es therein. Ma
kie, in his thesis [84℄ applies these ideas to develop a basis for

eÆ
ient, 
orre
t implementation of fun
tional programming languages.

We would also like to mention the 
onne
tions with optimal redu
tion strategies in

�-
al
ulus. In 1980, Jean-Ja
ques L�evy [81℄ introdu
ed a notion of optimal redu
tion

for the �-
al
ulus. The idea was to use the least number of �-redu
tions in normalising

a �-term. The algorithm to implement su
h an optimal redu
tion 
ame only 10 years

later in the work of Lamping [79℄ and Kathail [72℄. The work of Gonthier, Abadi and

L�evy [53℄ establishes an interesting 
onne
tion between optimal redu
tion and the

Geometry of Intera
tion by observing the strong relation between Lamping's sharing


ombinators and the notion of path 
omputation in the GoI.

As mentioned earlier the �rst model of a dynami
 algebra, 
alled �

�

was given by

Girard [47℄.

1

In fa
t, Girard's original implementation of GoI programme was based

on the C

�

-algebra B (`

2

) of bounded linear operators on the Hilbert spa
e `

2

. He also

de�ned an abstra
t C

�

-algebra, �

�

using 
ontinuous step fun
tions on the Cantor


ontinuum. More spe
i�
ally, these are fun
tions from the Cantor spa
e f0; 1g

N

with

the produ
t topology to a �nite set with the dis
rete topology. However, it is shown

in [47℄ that one 
an represent this C

�

-algebra as a subalgebra of B (`

2

), namely those

partial isometries that are indu
ed by partial inje
tive fun
tions, i.e. of the form

`

2

(f) with a partial inje
tive f in our terminology. This follows from the Gelfand-

Naimark representation theorem [40℄ whi
h states that any C

�

-algebra 
an be realised

as a C

�

-subalgebra of B (H) for some Hilbert spa
e H. We will 
onsider the original

B (`

2

)-based model and show that it follows from our 
ategori
al model.

The de�nition of dynami
 algebra given below follows [84, 33℄.

De�nition 9.0.3 A Dynami
 Algebra, denoted by �

�

, is a single sorted �-algebra

(L;�). We write x and y for the variables, and 0; 1; p; q; r; s; t; d 2 � are the 
onstants

of the theory. There is an asso
iative multipli
ation operator

.

: L � L �! L, (we

write xy for x

.

y), whi
h has unit 1 and absorbing element 0. The theory is equipped

1

We will use this notation for a dynami
 algebra in general.
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with an involution � : L �! L and an exponential operator ! : L �! L. The following

equations de�ne the properties that we require.

0

�

=!(0) = 0 1

�

=!(1) = 1

0x = x0 = 0 1x = x1 = x

!(x)

�

=!(x

�

) (xy)

�

= y

�

x

�

(x

�

)

�

= x !(x)!(y) =!(xy)

Annihilation There are six 
onstants to 
onsider: p and q are the multipli
ative


oeÆ
ients, r and s are the 
ontra
tion 
oeÆ
ients, d is the dereli
tion 
oeÆ
ient,

and t is the side door 
oeÆ
ient. The following are the annihilation equations:

p

�

p = q

�

q = 1 q

�

p = p

�

q = 0

r

�

r = s

�

s = 1 s

�

r = r

�

s = 0

d

�

d = 1 t

�

t = 1

Communi
ationThe exponential 
oeÆ
ients (r; s; t; d) intera
t with the exponential

operator in the following manner.

!(x)r = r!(x) !(x)s = s!(x)

!(x)t = t!!(x) !(x)d = dx

The terms built out of this theory are 
alled monomials. To write polynomials we

need the notion of a sum of monomials. We denote this formal sum by + and give

the equations for it.

x + y = y + x x+ 0 = x

(x+ y)z = (xz + yz) z(x + y) = (zx + zy)

(x + y)

�

= x

�

+ y

�

!(x + y) =!x+!y

De�nition 9.0.4 A dynami
 situation S is a tuple (C ; T; U; (�)

�

) where

1. C is a tra
ed UDC,

2. T : C �! C is an additive fun
tor,
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3. (�)

�

: C

op

�! C is an additive fun
tor whi
h is stri
tly involutive and the

identity on obje
ts,

2

4. U is an obje
t of C ,

su
h that the following 
onditions hold:

� (C ; T; U) forms a GoI Situation, with all the retra
tions of the form (f; f

�

),

� TU

�

=

U ,

� T (�)

�

= (�)

�

T and �

�

i

= �

i

for all i 2 I and �nite set I.

3

Theorem 9.0.5 A dynami
 situation S is a (sound) model of �

�

.

Proof. We let the 
arrier of the model be C (U; U). The 
onstants of �

�

are interpreted

as follows: (see De�nition 6.3.1, Chapter 6 for the morphisms used below)

0 = 0

UU

where 0

UU

is the zero morphism of the �-Monoid C (U; U), 1 = 1

U

,

p = j

1

, q = j

2

, r = u


U

�

1

v, s = u


U

�

2

v, t = ue

U

T (v)v, d = ul

U

.

x

.

y = x y , x

�

= x

�

, !x = uT ( x )v and the formal sum is interpreted

by the sum on the homset C (U; U).

We next verify the equations. Let u : TU

�

=

�! U and v denote its inverse. In the

following, to simplify the notation we will use the 
onvention of denoting x by x.

0

�

= 0, additivity of (�)

�

fun
tor.

!(0) = uT (0)v = 0, additivity of T .

1

�

= 1, fun
toriality of (�)

�

.

!(1) = uT (1)v = uv = 1, fun
toriality of T and TU

�

=

U .

0x = x0 = 0, 0 is the zero morphism.

1x = x1 = x, 1 is the identity morphism.

!(x)

�

= (uT (x)v)

�

= v

�

T (x)

�

u

�

= uT (x

�

)v =!(x

�

), note that T is a *-fun
tor and

uv = 1

U

and therefore u

�

= v and v

�

= u.

(xy)

�

= y

�

x

�

, (�)

�

is a 
ontravariant fun
tor.

2

A 
ategory C with su
h a fun
tor is known as a *-
ategory [42, 3℄.

3

Su
h a fun
tor T is 
alled a *-fun
tor [42℄.
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(x

�

)

�

= x, (�)

�

is an involutive fun
tor.

!x!y = uT (x)vuT (y)v = uT (xy)v =!(xy), TU

�

=

U and T is a fun
tor.

The annihilation equations:

p

�

p = j

�

1

j

1

= k

1

j

1

= 1, kj = 1

U
U

and hen
e k

1

j

1

= 1

U

and j

�

1

= k

1

.

q

�

q = j

�

2

j

2

= k

2

j

2

= 1, kj = 1

U
U

and hen
e k

2

j

2

= 1

U

and j

�

2

= k

2

.

q

�

p = j

�

2

j

1

= k

2

j

1

= 0, kj = 1

U
U

and hen
e k

2

j

1

= 0.

p

�

q = j

�

1

j

2

= k

1

j

2

= 0, kj = 1

U
U

and hen
e k

1

j

2

= 0.

r

�

r = (u


U

�

1

v)

�

(u


U

�

1

v) = (v

�

�

�

1




�

U

u

�

)(u


U

�

1

v) = u�

1




0

U

vu


U

�

1

v = 1, �

�

1

= �

1

,




0

U




U

= 1, and hen
e 


�

U

= 


0

U

.

s

�

s = (u


U

�

2

v)

�

(u


U

�

2

v) = (v

�

�

�

2




�

U

u

�

)(u


U

�

2

v) = u�

2




0

U

vu


U

�

2

v = 1, �

�

2

= �

2

.

s

�

r = (u


U

�

2

v)

�

(u


U

�

1

v) = u�

2




0

U

vu


U

�

1

v = 0, note that �

2

�

1

= 0 by de�nition.

r

�

s = (u


U

�

1

v)

�

(u


U

�

2

v) = u�

1




0

U

vu


U

�

2

v = 0, note that �

1

�

2

= 0 by de�nition.

d

�

d = (ul

U

)

�

(ul

U

) = l

0

U

vul

U

= 1, l

0

U

l

U

= 1 and hen
e l

�

U

= l

0

U

.

t

�

t = (ue

U

T (v)v)

�

(ue

U

T (v)v) = uT (u)e

0

U

vue

U

T (v)v = 1, e

0

U

e

U

= 1 and hen
e

e

�

U

= e

0

U

.

The 
ommuni
ation equations:

!(x)r = uT (x)vu


U

�

1

v

= u


U

(T (x)
 T (x))�

1

v; naturality of 


U

= u


U

�

1

T (x)v; using the equation (T (x)
 T (x))�

1

= �

1

T (x)

= (u


U

�

1

v)(uT (x)v); vu = 1

= r!(x):
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!(x)s = uT (x)vu


U

�

2

v

= u


U

(T (x)
 T (x))�

2

v; naturality of 


U

= u


U

�

2

T (x)v; using the equation (T (x)
 T (x))�

2

= �

2

T (x)

= (u


U

�

2

v)(uT (x)v); vu = 1

= s!(x):

!(x)t = uT (x)vue

U

T (v)v

= ue

U

T (T (x))T (v)v; naturality of e

U

= (ue

U

T (v)v)(uT (u)T (T (x))T (v)v); vu = 1

= tuT (uT (x)v)v

= tuT (!x)v

= t!!x:

!(x)d = uT (x)vul

U

= uT (x)l

U

= ul

U

x; naturality of l

U

,

= dx:

x + y = y + x, sum is 
ommutative.

x + 0 = x, zero morphism is the neutral element of sum.

(x+y)z = (xz+yz) and z(x+y) = (zx+ zy), 
omposition distributes over sum from

left and right.

(x + y)

�

= x

�

+ y

�

, (�)

�

is an additive fun
tor.

!(x + y) = uT (x+ y)v = (uT (x)v)(uT (y)v) =!x!y, T is an additive fun
tor.

Note that the formal sum in a dynami
 algebra gets interpreted by a partial sum.

However, this is enough in all the appli
ations as demonstrated in the 
ase of the

small model in [88, 36℄.

The model dis
ussed in the following proposition is known as the small model.

See [33, 99℄ for a dis
ussion of the small model.
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Proposition 9.0.6 (PInj;N ��;N ; (�)

�1

) is a dynami
 situation.

Proof. We have already seen that PInj is a tra
ed UDC and N � � is an additive

fun
tor. Also in the previous 
hapter we showed that (PInj,N � �;N) is a GoI

Situation. The retra
tion morphisms u; v used in N�N�N are a
tually isomorphisms.

Note that (�)

�1

is identity on obje
ts and f

�1

is de�ned by

f

�1

(y) = x i� f(x) = y

for f : X �! Y . Clearly it is involutive. Let ff

i

g

I

be a summable family in

PInj (X; Y ), note that the f

i

have pairwise disjoint domain and 
odomain and hen
e

f

�1

i

will have pairwise disjoint domain and 
odomain and hen
e ff

�1

i

g is a summable

family in PInj (Y;X). Next, (

P

I

f

i

)

�1

(y) = x i� (

P

I

f

i

)(x) = y i� there exists

a j 2 I su
h that f

j

(x) = y i� there exists a j 2 I su
h that f

�1

j

(y) = x i�

(

P

I

f

�1

i

)(y) = x, for all y 2 Y and hen
e (�)

�1

is an additive fun
tor.

Also, given f : X �! Y , (1

N

� f)

�1

(n; y) = (n

0

; x) i� (1

N

� f)(n

0

; x) = (n; y) i�

n = n

0

and f(x) = y i� n = n

0

and f

�1

(y) = x i� (1

N

� f

�1

)(n; y) = (n

0

; x) for all

n 2 N and y 2 Y . Hen
e N �� is a *-fun
tor.

Finally, let X � Y (f; g), then f

�1

(y) = x i� f(x) = y i� g(y) = g(f(x)) = x, for

all y 2 Y , therefore f

�1

= g. We have thus proved something stronger than we need,

namely that all retra
tions are of the form (f; f

�1

).

By using Hilb

2

as the underlying 
ategory, the fun
tor `

2

and taking the (�)

�

to

be the adjoint operation we get the following result.

Proposition 9.0.7 (Hilb

2

; `

2

(N) 
�; `

2

(N); (�)

�

) is a dynami
 situation.

Proof. We have already seen thatHilb

2

is a tra
ed UDC and `

2

(N)
� is an additive

fun
tor. Also in the previous 
hapter we showed that (Hilb

2

; `

2

(N)
�; `

2

(N)) is a GoI

Situation. The retra
tion morphisms u; v used in `

2

(N) 
 `

2

(N) � `

2

(N) are a
tually

isomorphisms. Re
all that given f : H �! K a bounded linear map between Hilbert

spa
es H and K, f

�

: K �! H is the unique map de�ned by:

<f

�

(x); y>=<x; f(y)>
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for x 2 K and y 2 H.

Note that (�)

�

is identity on obje
ts and stri
tly involutive. We will show that

given `

2

(f) : `

2

(Y ) �! `

2

(X), `

2

(f)

�

= `

2

(f

�1

) for f : X �! Y a partial inje
tive

fun
tion.

<`

2

(f

�1

)a; b> =

X

y2Y

`

2

(f

�1

)(a)(y):b(y)

=

X

y2Y

a(f

�1

(y)):b(y)

=

X

x2X

a(x):b(f(x))

=

X

x2X

a(x):`

2

(f)(b)(x)

= <a; `

2

(f)(b)>

for a 2 `

2

(X) and b 2 `

2

(Y ).

Additivity of (�)

�

follows from the additivity of `

2

whi
h was established in Chap-

ter 4.

It is a standard result in Hilbert spa
e theory that 1

�

H

= 1

H

and (f
g)

�

= f

�


g

�

for f : H �! K and g : H

0

�! K

0

and H;K;H

0

; K

0

Hilbert spa
es. Therefore, given

`

2

(f) : `

2

(X) �! `

2

(Y ), T (`

2

(f)

�

) = 1

`

2

(N)


 `

2

(f)

�

= (1

`

2

(N)


 `

2

(f))

�

= T (`

2

(f))

�

.

Hen
e `

2

(N) 
� is a *-fun
tor.

Finally, let `

2

(X)� `

2

(Y ) (`

2

(f); `

2

(g)), then `

2

(g)`

2

(f) = 1 and hen
e fg = 1

X

,

sin
e `

2

is a faithful fun
tor. By the result in the previous example, f

�1

= g, and

therefore `

2

(f)

�

= `

2

(f

�1

) = `

2

(g).

Note that the latter result also holds in Hilb, that is if gf = 1

H

for f : H �! K

and g : K �! H, then f is an isometri
 embedding and g = f

�

. See [16℄ for a

proof.

This model 
orresponds to Girard's original operator algebrai
 model, �

�

, for a

dynami
 algebra presented in [47℄.

Proposition 9.0.8 (Rel

+

;N ��;N ; (�)

�1

) is a dynami
 situation.
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Proof. We have already seen that Rel

+

is a tra
ed UDC and N � � is an additive

fun
tor. Also in the previous 
hapter we showed that (Rel

+

;N � �;N) is a GoI

Situation. The retra
tion morphisms u; v used in N�N�N are a
tually isomorphisms.

Note that (�)

�1

is identity on obje
ts and R

�1

is de�ned by

(y; x) 2 R

�1

i� (x; y) 2 R

for R : X �! Y . Clearly it is involutive. Let fR

i

g

I

be a summable family in

Rel

+

(X; Y ), all families in Rel

+

are summable hen
e, fR

�1

i

g

I

is a summable family.

Also, (y; x) 2 ([

I

R

i

)

�1

i� (x; y) 2 [

I

R

i

i� there exists j 2 I su
h that (x; y) 2 R

j

i�

(y; x) 2 R

�1

j

i� (y; x) 2 [

I

R

�1

i

Hen
e (�)

�1

is an additive fun
tor.

Also given R : X �! Y , (n; y; n

0

; x) 2 (1

N

� R)

�1

i� (n

0

; x; n; y) 2 1

N

� R i�

n = n

0

and (x; y) 2 R i� n = n

0

and (y; x) 2 R

�1

i� (n; y; n

0

; x) 2 1

N

� R

�1

for all

n; n

0

2 N , x 2 X and y 2 Y . Hen
e (�)

�1

is a *-fun
tor.

Note that it is not true in general that given a retra
tion X �Y (R; S), R

�1

= S.

In fa
t S � R

�1

. Nevertheless, it will be the 
ase whenever R and S are partial

inje
tive fun
tions. Hen
e we 
an use the morphisms as in the 
ase of PInj for the

retra
tions in the GoI Situation. In fa
t, we used these morphisms in showing that

(Rel

+

;N � �;N) is a GoI Situation in the previous 
hapter. Also, note that quasi

inje
tions and proje
tions in Rel

+

are partial inje
tive fun
tions too.

We en
ounter examples (see below) whi
h have the stru
ture of a dynami
 situ-

ation, save for the existen
e of a 
ontravariant fun
tor (�)

�

. It turns out that su
h

examples are also models of a dynami
 algebra. However, in these examples we ex-

pli
itly de�ne an operation (�)

�

, a partial operation on the set of morphisms in the


ategory C whi
h will be used to interpret (�)

�

. In the rest of this se
tion we de�ne

su
h stru
tures that we 
all weak dynami
 situations and give two examples.

De�nition 9.0.9 A weak dynami
 situation S is a tuple (C ; T; U) where

1. C is a tra
ed UDC,

2. T : C �! C is an additive fun
tor,
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3. U is an obje
t of C ,

su
h that the following 
onditions hold:

� (C ; T; U) forms a GoI Situation,

� TU

�

=

U .

Proposition 9.0.10 A weak dynami
 situation S is a model of �

�

.

Proof. Consider the set S = f0

UU

; 1

U

; �

1

; �

2

; �

1

; �

2

; j

1

; j

2

; k

1

; k

2

; u; v; e

U

; e

0

U

; l

U

; l

0

U

; 


U

; 


0

U

g.

�

i

: TU �! TU 
 TU (i = 1; 2), �

i

: TU 
 TU �! TU (i = 1; 2) and the rest of the

elements in S are the retra
tion morphisms of the given GoI Situation. We de�ne an

operation (�)

�

on the elements of S, as follows: 0

�

UU

= 0

UU

; 1

�

U

= 1

U

; �

�

1

= �

1

; �

�

2

=

�

2

; �

�

1

= �

1

; �

�

2

= �

2

; j

�

1

= k

1

, j

�

2

= k

2

; k

�

1

= j

1

; k

�

2

= j

2

; u

�

= v; v

�

= u; e

�

U

= e

0

U

; (e

0

U

)

�

=

e

U

, l

�

U

= l

0

U

; (l

0

U

)

�

= l

U

; 


�

U

= 


0

U

and (


0

U

)

�

= 


U

. Clearly (f

�

)

�

= f for every f 2 S.

The operation (�)

�


an be extended to terms (�nite words) generated on S using the


omposition operation, by an indu
tive de�nition: (�f)

�

= f

�

�

�

for any term � and

any f 2 S. We also de�ne T (f)

�

= T (f

�

) for all f 2 S and (�+�)

�

= �

�

+ �

�

for all

terms � and � provided all the sums exist.

The fun
tion � is de�ned as in the proof of Proposition 9.0.5, for all the 
on-

stants and the binary operation

.

, and !. We de�ne x

�

= x

�

. It follows that

0

�

= 0

UU

; 1

�

= 1

U

, et
. as in the proof of Proposition 9.0.5. Note that x is a

morphism in C built from the elements in the set S.

To 
omplete the proof, we need to show that the relevant identities hold.

� 0

�

= 0

�

= 0

�

UU

= 0

UU

= 0 ,

� 1

�

= 1

�

= 1

�

U

= 1

U

= 1 ,

� (x

�

)

�

= x and (xy)

�

= y

�

x

�

follow from the de�nition of (�)

�

.

� !(x)

�

= (uT ( x )v)

�

= v

�

T ( x

�

)u

�

= uT ( x

�

)v = !(x

�

) ,

� The annihilation equations hold, the proof is the same as in Proposition 9.0.5.

� Finally, (x+ y)

�

= ( x + y )

�

= ( x + y )

�

= x

�

+ y

�

= x

�

+ y

�

.
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Proposition 9.0.11 (Pfn;N ��;N) is a weak dynami
 situation.

Proof. We know that Pfn is a PAC and hen
e a tra
ed UDC and that T = N � �

is an additive fun
tor.

We have also seen that (Pfn;N ��;N) is a GoI Situation, in Chapter 8. We use

the same retra
tion morphisms as those in Chapter 8. We also have N � N

�

=

N ,

Cantor surje
tive pairing.

Let T :SRel�!SRel be as in Se
tion 8.5.

Proposition 9.0.12 (SRel; T;N

1

) is a weak dynami
 situation.

Proof. We know that SRel is a PAC and hen
e a tra
ed UDC and that T is an

additive fun
tor.

We have also seen that (SRel; T;N

1

) is a GoI Situation. We use the same retra
-

tion morphisms as in Se
tion 8.5. We need to show that TN

1

�

=

N

1

.

Re
all that u : N � N

1

�! N

1

was de�ned by u((i; ~n); A) = Æ(i:~n; A) and

v(i:~n;

U

i2!

A

i

) = Æ(~n; A

i

). We have already seen in Chapter 8 that vu = 1

N�N

1

.

uv(i:~n; A) =

Z

N�N

1

u((l; ~n

0

); A)v(i:~n; d(l; ~n

0

))

=

Z

N�N

1

u((l; ~n

0

); A)Æ(~n; d(i; ~n

0

))

= u((i; ~n); A)

= Æ(i:~n; A)

= 1

N

1

(i:~n; A)

Therefore TN

1

�

=

N

1

.



Chapter 10

Full Completeness

In this 
hapter we 
onstru
t a new 
lass of models for the multipli
ative fragment of

linear logi
. These models are 
onstru
ted on partially additive 
ategories using the

Int 
onstru
tion of Joyal, Street and Verity and the double glueing 
onstru
tion of

Hyland and Tan. We prove full 
ompleteness for these models. We �rst dis
uss brie
y

the full 
ompleteness problem and give a short histori
al a

ount on the relevant work

in the literature.

10.1 Introdu
tion

Completeness theorems establish 
onne
tions between syntax and semanti
s of a logi
.

Traditional 
ompleteness theorems are with respe
t to provability, whereas full 
om-

pleteness is with respe
t to proofs. This 
an be best explained in a 
ategori
al model

[78℄. Let M be a 
ategori
al model of the formulas and proofs of a logi
 L. This

means that M is a 
ategory with an appropriate stru
ture su
h that formulas of L

are interpreted as obje
ts in M and proofs � in L of entailments A ` B are inter-

preted by morphisms � : A �! B . Finally 
onvertibility of proofs in L with

respe
t to 
ut-elimination is soundly modeled by the equations between morphisms

holding in M . Traditional 
ompleteness theorems assert that M ( A ; B ) 6= ; im-

plies A ` B is provable in the logi
 L (= truth implies provability.) Let's see this

point in more detail. As is well known, all traditional semanti
s (Tarski, Kripke,

171
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et
.) �t into the 
ategori
al logi
 framework [87℄. Formulas are interpreted in the

subobje
t latti
es in a model 
ategory M: we assume that subobje
t latti
es have

suÆ
ient stru
ture to interpret the formulas of the logi
 L in the sense of [87℄. By the

soundness theorem, provability gets interpreted as \�", i.e. if A ` B is provable is L

then A

M

� B

M

in the appropriate subobje
t latti
e. Conversely, 
ompleteness

says that if for all models M, A

M

� B

M

then A ` B is provable in L. View-

ing the subobje
t latti
es as trivial (posetal) 
ategories M , A

M

� B

M

means

M ( A ; B ) 6= ;: Thus, the 
ompleteness theorem reads as: if for all models M ,

M ( A ; B ) 6= ;, then A ` B is provable in L.

Re
all from [78℄ that the formulas of L are obje
ts in the free 
ategory F on L

and morphisms are equivalen
e 
lasses of proofs. Also, let's 
on�ne our attention

to a single model M . We say that M is 
omplete for L if the unique free fun
tor

(with respe
t to interpretation of the generators) � : F �! M is weakly full.

Re
all from [57℄ that � is weakly full if M ( A ; B ) 6= ;, then F(A;B) 6= ;

(i.e. A ` B is provable in L.) This version of 
ompleteness arose in L�au
hli's study

of Kripke semanti
s. Note that there is no fun
torial relation established at this

level. The notion of full 
ompleteness establishes su
h a fun
torial 
onne
tion [103,

26℄. We say that M is fully 
omplete for L if for all formulas A, B of L, every

morphism f in M ( A ; B ) is the denotation of some proof � of A ` B in L:

f = � . This amounts to asking that the unique free fun
tor (with respe
t to any

interpretation of the generators) � : F �! M be full. Here F is the free 
ategory

generated by the logi
 L. Thus, full 
ompleteness establishes a tight 
onne
tion

between syntax and semanti
s 
ompared to 
ompleteness. This 
onne
tion 
an be

made even stronger by requiring that the fun
tor � be faithful too. In other word,

a full faithful 
ompleteness theorem asserts that every morphism in M ( A ; B )

is the denotation of a unique proof of A ` B. It is pointed out in [4℄, that the

idea is related to representation theorems in 
ategory theory [39℄, to full abstra
tion

theorems in programming language semanti
s [92, 97℄ and to studies of parametri


polymorphism [12, 65℄.

The term \full 
ompleteness" was 
oined by Abramsky and Jagadeesan in [4℄

where they also proved full 
ompleteness for a game semanti
s of Multipli
ative Linear
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Logi
 with the MIX rule (MLL + MIX). This was followed by a series of papers whi
h

established full 
ompleteness results for a variety of models with respe
t to various

versions of MLL [64, 26, 27, 82, 83℄. Re
ently Abramsky and Mellies [6℄ introdu
ed a

new 
on
urrent form of game semanti
s for linear logi
 and proved a full 
ompleteness

theorem for Multipli
ative-Additive Linear Logi
 for this semanti
s. In this thesis

we will be mainly 
on
erned with MLL and hen
e we will not further dis
uss this

latter work. However, we will give more detailed dis
ussion of the work on MLL full


ompleteness theorems.

The idea that dinatural transformations 
ould provide a semanti
s for proofs of a

logi
al system was �rst introdu
ed in [12℄ in the programme 
alled \fun
torial poly-

morphism" (see below). In this setting a formula is interpreted by a multivariant

fun
tor: this is be
ause atomi
 propositions 
an o

ur both positively and negatively

(e.g A

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

A

?

.) A dinatural transformation between multivariant fun
tors provides the

interpretation for proofs. The problem with dinatural transformations is that they

do not 
ompose in general to give a dinatural transformation (more on this below).

Girard, S
edrov and P. S
ott [51℄ showed that a dinatural interpretation in the frame-

work of 
artesian 
losed 
ategories is sound with respe
t to intuitionisti
 logi
 without

the 
ut rule. Based on these ideas and results R. Blute and P. S
ott [26℄ proved a

full 
ompleteness theorem for MLL + MIX using the *-autonomous 
ategory RTVe


of re
exive topologi
al ve
tor spa
es. Moreover, as a natural extension of this work

they proved a full 
ompleteness theorem for the multipli
ative fragment of a variant

of non
ommutative linear logi
, Yetter's 
y
li
 linear logi
 (CyLL) with the MIX rule

[27℄. Hamano [54℄ has also proven a full 
ompleteness proof for MLL+MIX in the

*-autonomous 
ategory of topologi
al ve
tor spa
es. He has been able to eliminate

the use of dinatural transformations and instead use a denotational semanti
s based

on the notion of \ Z-invarian
e". See also [55℄.

There has also been a 
onsiderable body of work on full 
ompleteness theorems

for MLL in *-autonomous 
ategories 
onstru
ted from 
ompa
t 
losed or symmetri


monoidal 
losed 
ategories. Devarajan, Hughes, Plotkin and Pratt [37℄ prove a full


ompleteness theorem for MLL without MIX interpreted over binary logi
al transfor-

mations of Chu spa
es over a two-letter alphabet Chu(Set; 2). The Chu 
onstru
tion
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[14℄, yields a *-autonomous 
ategory from a given symmetri
 monoidal 
losed 
ate-

gory.

Another important approa
h to full 
ompleteness theorems was introdu
ed in

Tan's PhD thesis [104℄ (summarised in Se
tion 10.4 below.) Hyland and Tan in-

trodu
ed the double glueing 
onstru
tion whi
h given a 
ompa
t 
losed 
ategory

C 
onstru
ts a *-autonomous 
ategory GC . The setting is the proofs as dinatural

transformations paradigm. This work is espe
ially important as it has initiated a

systemati
 approa
h to the full 
ompleteness theorems for su
h 
ategori
al models.

Expli
itly, Tan de�nes a 
ompa
t 
losed full 
ompleteness and tries to redu
e the full


ompleteness problem for GC to 
ompa
t 
losed full 
ompleteness for C . The lifting

of 
ompa
t 
losed full 
ompleteness to GC establishes the desired full 
ompleteness

result. Tan studies several examples: Rel

�

, FDVe
, a 
ategory of Conway games and

topologi
al ve
tor spa
es. She proves full 
ompleteness for MLL + MIX in these 
at-

egories (with the ex
eption of Rel

�

where she has the result for MLL without MIX).

However, the passage from 
ompa
t 
losed full 
ompleteness to full 
ompleteness of

GC is not 
ompletely algorithmi
, that is ea
h 
ase requires a di�erent treatment.

In this 
hapter, we will 
onstru
t 
ategori
al models for MLL+MIX based on

partially additive 
ategories and prove full 
ompleteness theorems for su
h models.

The semanti
 setting we will be using is the fun
torial polymorphism of [12℄. We

approa
h the full 
ompleteness problem in the framework provided by Hyland and

Tan that we explained brie
y above.

More expli
itly, we start with a partially additive 
ategory C and use the Int


onstru
tion of Joyal, Street and Verity (equivalently the Geometry of Intera
tion


onstru
tion G of Abramsky) that we dis
ussed in Chapter 2 to get a 
ompa
t 
losed


ategory Int C . We next prove 
ompa
t 
losed full 
ompleteness for this 
ategory.

Finally, applying the double glueing 
onstru
tion of Hyland and Tan, we 
onstru
t

a *-autonomous 
ategory G(Int C ), whi
h is a model of MLL + MIX. Finally, we

prove full 
ompleteness for MLL + MIX in G(Int C ) by lifting 
ompa
t 
losed full


ompleteness in Int C . This approa
h works for all partially additive 
ategories in a

uniform way. Also, we show that we get full 
ompleteness in tra
ed unique de
ompo-

sition 
ategories. In this thesis we will only be 
on
erned with full 
ompleteness for
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unit-free formulas.

We 
ontinue by dis
ussing the fun
torial polymorphism setting whi
h we will use

as our semanti
 setting.

10.2 Fun
torial Polymorphism

Fun
torial polymorphismwill be the semanti
 setting we use in our 
ategori
al models.

Fun
torial polymorphism introdu
ed in [12℄, provides a general 
ategori
al framework

for parametri
 polymorphi
 lambda 
al
ulus. In this setting, types are represented

by multivariant fun
tors and terms by 
ertain multivariant, i.e. dinatural transforma-

tions. This permits handling su
h fundamental issues as : (i) simultaneous 
o- and


ontravariant (i.e, positive and negative) o

urren
es of type variables in type expres-

sions, and (ii) uniformity of algorithms intrinsi
 to polymorphi
 terms. The theory

was extended to linear logi
 in [23℄ and examined further in [51, 83℄. Appli
ations of

this framework for proving full 
ompleteness theorems for fragments of linear logi



an be found in [26, 27, 55, 37, 6, 104℄. The fundamental problem in this framework is

that dinatural transformations do not 
ompose in general [26, 6℄, however the dinats


orresponding to proofs do 
ompose.

10.2.1 Dinatural Interpretation for MLL

De�nition 10.2.1 Let C be a 
ategory and F;G : C

n

� (C

op

)

n

�! C be mul-

tivariant fun
tors. We write X for the list X

1

; X

2

; � � � ; X

n

. A dinatural trans-

formation � : F

::

�! G is a family of C -morphisms � = f�

X

: F (X;X) �!
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G(X;X)jX a list of obje
ts in C g satisfying (for all f

i

: X

i

�! Y

i

):

F (X;X)

�

X

-

G(X;X)

�

�

�

�

�

F (1

X

; f)

� �

�

�

�

�

F (f; 1

X

)

R

F (X; Y ) G(Y ;X)

�

�

�

�

�

F (f; 1

Y

)

R �

�

�

�

�

G(1

Y

; f)

�

F (Y ; Y )

�

Y

-

G(Y ; Y )

As was dis
ussed in Chapter 2, a model of MLL 
onsists of a *-autonomous 
ate-

gory C . Following the methods of fun
torial polymorphism, we interpret formulas of

MLL as multivariant fun
tors over su
h a 
ategory C , using the operations

(F 
G)(A;B) = F (A;B)
G(A;B)

F

?

(A;B) = (F (B;A))

?

on n-ary multivariant fun
tors F;G : C

n

� (C

op

)

n

�! C . Here A and B are lists of

obje
ts in C that o

ur 
o- and 
ontravariantly respe
tively.

Next we give the interpretation for formulas of MLL.

Let '(�

1

; � � � ; �

n

) be an MLL formula built from the literals �

1

; � � � ; �

n

and

�

?

1

; � � � ; �

?

n

. To ea
h su
h formula we asso
iate its interpretation '(�

1

; � � � ; �

n

) :

C

n

� (C

op

)

n

�! C as follows:

1. If '(�

1

; � � � ; �

n

) � �

i

, then ' (A;B) = A

i

, the 
ovariant proje
tion fun
tor

onto the ith 
omponent of A. We denote this fun
tor by �

i

.

2. If '(�

1

; � � � ; �

n

) � �

?

i

, then ' (A;B) = B

?

i

, the linear negation of the 
on-

travariant proje
tion onto the ith 
omponent of B, denoted �

?

i

.

3. If ' = '

1


 '

2

, then ' = '

1


 '

2
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4. If ' = '

?

1

, then ' = '

1

?

.

The 
onne
tive

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.
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.

.

.

.

.

.

..
..
..

.

.

.

.

.

.

.

.

.

.

.

.

.

............

is de�ned by De Morgan duality. For example,

�

1

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
..
..

.

.

.

.

.

.

.

.

.

.

.

.

.

............

�

2

(A

1

A

2

; B

1

B

2

) = (�

?

1


 �

?

2

)

?

(A

1

A

2

; B

1

B

2

)

=

�

�

?

1


 �

?

2

(B

1

B

2

; A

1

A

2

)

�

?

=

�

�

?

1

(B

1

B

2

; A

1

A

2

)
 �

?

2

(B

1

B

2

; A

1

A

2

)

�

?

=

�

�

?

1

(B

1

B

2

; A

1

A

2

)
 �

?

2

(B

1

B

2

; A

1

A

2

)

�

?

= (A

?

1


 A

?

2

)

?

= A

1

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
.
.
.
.

.

.

.

.

.

.

.

.

.

.

.

............

A

2

= �

1

(A

1

A

2

; B

1

B

2

)

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

....
.
.

.

.

.

.

.

.

.

.

.

.

.

.

............

�

2

(A

1

A

2

; B

1

B

2

)

We say that a fun
tor is de�nable if it is the interpretation of a formula in the logi


or equivalently it is an interpretation of an obje
t in the free 
ategory representing the

logi
. A proof � of ` � is interpreted as a dinatural transformation from the 
onstant

1 fun
tor, K

1

, to the multivariant fun
tor � similarly to the interpretation in

Chapter 2.

In a

ordan
e with our de�nition of interpretation as a fun
tor from the free


ategory (free *-autonomous 
ategory in our 
ase) to the model 
ategory we note the

following remarks.

Remark 10.2.2 A formula '(�

1

; � � � ; �

n

) in MLL is an obje
t F (X) = F (X

1

; � � � ; X

n

)

in the free *-autonomous 
ategory F

�

(fX

1

; � � � ; X

n

g) generated on n obje
ts (see Se
-

tion 3 below). F (X) is built from X

1

; � � � ; X

n

and X

?

1

; � � � ; X

?

n

using tensor and par

produ
ts.

1

A proof � of ` '(�

1

; � � � ; �

n

) in MLL is a morphism from the unit of

tensor, 1, to the obje
t F (X) in F

�

(fX

1

; � � � ; X

n

g) (see Se
tion 3 below.)

Remark 10.2.3 As explained above we interpret formulas of MLL as multivariant

fun
tors and the proofs as dinatural transformations. However, multivariant fun
-

tors and dinatural transformations do not form a 
ategory, simply be
ause dinatural

1

We sometimes use F (X;X) to denote F (X), in parti
ular when we want to emphasize the

fun
toriality of F .
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transformations do not in general 
ompose to give dinatural transformations. How-

ever, those dinaturals that are denotations of 
ut-free proofs in MLL do 
ompose, as

�rst shown in Girard, S
edrov, S
ott [51℄, see also [23℄.

Ironi
ally, this is the full 
ompleteness theorem that we are trying to prove. More-

over, full 
ompleteness also establishes the fa
t that the de�nable multivariant fun
-

tors and dinatural transformations form a *-autonomous 
ategory [23℄. Therefore,

nothing in lost by using one sided sequents instead of two sided ones that are used,

for example in [83℄.

10.3 Coheren
e and Free Monoidal Categories

Re
all that a full 
ompleteness theorem asserts that a given morphism in the model


ategory is the denotation of a proof of the 
orresponding formula. In other words,

that su
h a morphism is the denotation of a 
ertain morphism in the free 
ategory

representing the logi
. We therefore need a des
ription of the morphisms in a spe
i�ed

free 
ategory. This is known as \the 
oheren
e problem" [25℄. More pre
isely, the

logi
al approa
h to 
oheren
e initiated by Lambek in [76℄ via the equivalen
e between

the dedu
tions in a dedu
tive system and morphisms in a free 
ategory, 
an be used

to des
ribe morphisms in a free 
ategory. For example, a morphism in the free *-

autonomous 
ategory (without units), 
an be interpreted as a proof-net [23℄. As proof

nets are graphs satisfying a 
orre
tness 
riterion, they may be used to determine the

existen
e of morphisms in various free monoidal 
ategories [25℄. We will be dealing

with 
ompa
t 
losed and *-autonomous 
ategories. Hen
e, we next dis
uss the free


ompa
t 
losed and *-autonomous 
ategories generated on a set of obje
ts. The

presentation in this se
tion follows [104℄.

10.3.1 The free 
ompa
t 
losed 
ategory

The des
ription of the free 
ompa
t 
losed 
ategory on a given 
ategory was given

by Kelly and Laplaza [73℄. In this se
tion we will look at the free 
ompa
t 
losed


ategory F(A) on a given dis
rete 
ategory: a set of obje
ts A.
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The obje
ts of F(A) are de�ned as follows:

� All obje
ts in A are obje
ts in F(A),

� I is an obje
t in F(A),

� If A is an obje
t in F(A), then there is an obje
t A

�

in F(A),

� If A and B are obje
ts in F(A), then there is an obje
t A
B in F(A).

In addition to 
ategori
al stru
ture, we require asso
iativity morphisms,

�

ABC

: A
 (B 
 C) �! (A
 B)
 C; �

�1

ABC

: (A
 B)
 C �! A
 (B 
 C);

morphisms for the unit I,

�

A

: A
 I �! A; �

�1

A

: A �! A
 I;

a symmetry morphism

�

AB

: A
 B �! B 
 A;

and unit and 
ounit morphisms

�

A

: I �! A
 A

�

; �

A

: A

�


 A �! I;

for all obje
ts A;B and C in F(A). We also require that given f : A �! B and

g : C �! D in F(A), there is a morphism f 
 g : A 
 C �! B 
 D. Finally, we

assert all naturality and 
oheren
e equations ne
essary for 
ompa
t 
losed stru
ture.

We will need the following de�nition.

De�nition 10.3.1 For any obje
t A in a tra
ed symmetri
 monoidal 
ategory C we

de�ne the dimension of A to be the endomorphism

dim(A) = Tr

A

I;I

(1

I


 1

A

) : I �! I
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Tan gives a de�nition for the dimension of an obje
t in a 
ompa
t 
losed 
ate-

gory. Our de�nition is more general and in
ludes Tan's de�nition: a 
ompa
t 
losed


ategory is a tra
ed symmetri
 monoidal 
ategory. For a 
ompa
t 
losed 
ategory we

have:

dim(A) : I

�

A

�! A
 A

�

�

A;A

�

�! A

�


 A

�

A

�! I:

In Rel

�

, dim(;) = 0

I

, the empty relation, and dim(A) = 1

I

for all A 6= ;. In

FDVe
, dim(V ) is the dimension of the ve
tor spa
e V . In a partially additive


ategory, dim(A) = 1

I

= 0

I

for all A, sin
e I is the zero obje
t. An obje
t A with

dim(A) = 1

I

is said to have trivial dimension. So in a PAC all obje
ts have trivial

dimensions. The Kelly-Ma
 Lane graph [74℄ of dim(A), for A in a 
ompa
t 
losed


ategory is a \loop" passing through A and A

�

.

We now des
ribe the morphisms in the free 
ompa
t 
losed 
ategory F(A). For

this purpose let F

1

(A) be the free 
ompa
t 
losed 
ategory generated on a set of

obje
ts A = fA

1

; � � � ; A

n

g with trivial dimension. Now suppose F (A

1

; � � � ; A

n

) and

G(A

1

; � � � ; A

n

) are obje
ts in F

1

(A) built from A

1

; � � �A

n

, A

�

1

; � � � ; A

�

n

, 
alled literals

using 
.

A morphism in F

1

(A) from F (A

1

; � � � ; A

n

) to G(A

1

; � � � ; A

n

) is des
ribed by pair-

ing the o

urren
es of literals in the obje
ts (formulas) F and G as follows:

� Ea
h literal o

urren
e is paired with pre
isely one other literal o

urren
e,

� An o

urren
e of A

i

(in F , say) may be paired with either an o

urren
e of A

�

i

in the same formula (F ), or with another o

urren
e of A

i

in the other formula

(G),

� An o

urren
e of A

�

i

may be paired with either an o

urren
e of A

i

in the same

formula, or with another o

urren
e of A

�

i

in the other formula.

Su
h identi�
ations are just pre or post 
ompositions with unit and 
ounit mor-

phisms. For more details see [104℄. Also noti
e that there are no \loops" in su
h

morphisms be
ause all the generating obje
ts have trivial dimension.
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Now a morphism F (A

1

; � � � ; A

n

) �! G(A

1

; � � � ; A

n

) in F(A) is a morphisms in

F

1

(A) tensored with �nitely many maps of the form dim(A

i

) : I �! I.

The idea is that to 
onstru
t a morphism in a free 
ompa
t 
losed 
ategory, we

�rst ignore all the loops (by working with obje
ts with trivial dimension) and form

all possible basi
 morphisms and next we add the loops to them (tensoring with

dim(A

i

).)

10.3.2 The free *-autonomous 
ategory

The des
ription of the free *-autonomous 
ategory F

�

(A) on a set of obje
ts A is

formulated in a tensor-par setting.

Given a set of obje
ts A, the obje
ts of F

�

(A) are de�ned as follows:

� All obje
ts in A are obje
ts in F

�

(A),

� 1 is an obje
t in F

�

(A),

� If A is an obje
t in F

�

(A), then there exists an obje
t A

?

in F

�

(A),

� If A and B are obje
ts in F

�

(A), then there exist obje
ts A
B and A

.

.

.

.

.

..
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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.

.

.

.

.

.

.
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.
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.

.
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.

.
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.

.

.

....
.
.

.

.

.

.

.

.

.

.

.

.

.

.

............

B in

F

�

(A).

We also require the asso
iativity, left and right unit and symmetry morphisms, the

two weak distribution natural transformations w

L

and w

R

and the negation families �

and � (see Chapter 2). We assert the fun
toriality of tensor and par, and all naturality

and 
oheren
e 
onditions ne
essary for a *-autonomous stru
ture.

Let F (X) = F (X

1

; � � � ; X

n

) be a unit-free obje
t built from X

1

; � � � ; X

n

and

X

?

1

; � � � ; X

?

n

by tensor and par 
onne
tives. F (X) 
orresponds to a formula in MLL

and a proof ` F (X) in MLL has a 
ategori
al interpretation in F

�

(X) as a morphism

1 �! F (X) and 
onversely a morphism 1 �! F (X) in F

�

(X) is the 
ategori
al

representation of a proof of ` F (X) in MLL. Therefore, MLL proof nets 
an be

regarded as a graphi
al des
ription of morphisms in the free *-autonomous 
ategory

[23℄.
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Finally, note that the free *-autonomous 
ategory supporting the MIX rule merely

requires the addition of the unary MIX morphism m :?�! 1 and the ne
essary


oheren
e equations (see Chapter 2.)

10.4 A Double Glueing Constru
tion

The double glueing 
onstru
tion we re
all here is due to Tan and Hyland. Given a


ompa
t 
losed 
ategory, this 
onstru
tion produ
es a *-autonomous 
ategory whi
h

makes distin
tion between tensor and par produ
ts. The motivation for this 
on-

stru
tion lies in the work of Loader [82℄ on Linear Logi
al Predi
ates (LLP). See also

Hasegawa [60℄ for a more abstra
t treatment and generalisations of glueing 
onstru
-

tion.

The presentation here follows [104℄.

Let C = (C ;
; I; (�)

�

) be a 
ompa
t 
losed 
ategory. Let H denote the 
ovariant

hom fun
tor C (I;�) : C �! Set and K denote the 
ontravariant fun
tor C (�; I)

�

=

C (I; (�)

�

) : C

op

�! Set.

De�ne a new 
ategory, GC the glueing 
ategory of C , whose obje
ts are triples

A = (jAj;A

s

;A

t

) where

� jAj is an obje
t of C

� A

s

� H(jAj) = C (I; A), is a set of points of A,

� A

t

� K(jAj) = C (A; I)

�

=

C (I; A

�

) is a set of 
opoints of A.

A morphism f : A �! B in GC is a morphism f : jAj �! jBj in C su
h that

Hf : A

s

�! B

s

and Kf : B

t

�! A

t

. Given f : A �! B and g : B �! C in GC ,

the 
omposite gf : jAj �! jCj is indu
ed by the morphism gf in C . The identity

morphism on A is given by the identity morphism on jAj in C .

We will denote the underlying obje
t of A by A, et
. Given obje
ts A and B we

de�ne the tensor produ
t as follows:

� j A 
 B j= A
 B
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� (A
 B)

s

= f� 
 � j � 2 A

s

; � 2 B

s

g,

� (A
 B)

t

= GC (A;B

?

):

where given A, A

?

= (A

�

;A

t

;A

s

). We de�ne A �Æ B = (A
B

?

)

?

and A

.

.
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.
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.

.

.

.

.

.

.

.
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............

B =

(A

?


 B

?

)

?

.

Proposition 10.4.1 (Tan) For any 
ompa
t 
losed 
ategory C , GC is a *-

autonomous 
ategory with tensor 
 as above and unit 1 = (I; fid

I

g; C (I; I)).

Remark 10.4.2 Note that GC is a nontrivial 
ategori
al model of MLL. That is,

the tensor and par produ
ts are always distin
t. For example, (I; ;; ;) 
 (I; ;; ;) =

(I; ;; C (I; I)) while (I; ;; ;)

.
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............

(I; ;; ;) = (I; C (I; I); ;):

Proposition 10.4.3 (Tan) GC supports the MIX rule i� C (I; I) = f1

I

g.

In a logi
al setting one 
an think of an obje
t A, as an obje
t A in C together

with a 
olle
tion of proofs of A (the 
olle
tion A

s

) and a 
olle
tion of disproofs or

refutations of A (the 
olle
tion A

t

.)

Proposition 10.4.4 (Tan) The forgetful fun
tor U : GC �! C preserves the *-

autonomous stru
ture of GC . Furthermore, it has a right adjoint R : C �! GC ,

spe
i�ed by RA = (A; C (I; A); ;) and a left adjoint L : C �! GC , spe
i�ed by

LA = (A; ;; C (I; A

�

)):

10.5 Approa
hing Full Completeness

Based on our earlier dis
ussion, the full 
ompleteness problem for MLL in our set-

ting amounts to the following: Given a *-autonomous 
ategory C and a dinatural

transformation � : K

1

�! F where 1 is the unit of tensor and F is a de�nable

multivariant fun
tor, we would like to prove that � is indu
ed by (is a denotation

of) a morphism 1 �! F (X;X) in the free *-autonomous 
ategory on n obje
ts

fX

1

; � � � ; X

n

g. We will be working with unit-free formulas and thus su
h a morphism

is des
ribed by the proof net of the formula F .
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The novelties in Tan's thesis in
luded the approa
h to this problem using model

*-autonomous 
ategories whi
h are the glueing of 
ompa
t 
losed 
ategories. That is,

GC with C a 
ompa
t 
losed 
ategory. Now, there is a forgetful fun
tor U : GC �!

C as we saw in the previous se
tion. The idea is that a dinatural transformation

� : K

1

�! F in GC indu
es a dinatural transformation U� : K

I

�! UF in the

underlying 
ompa
t 
losed 
ategory C and is 
ompletely determined by it. Note that

UF simply 
onsists of tensor produ
ts. Then, Tan de�nes full 
ompleteness for a


ompa
t 
losed 
ategory, in the same way, that is a dinatural K

I

�! F must be the

denotation of a morphism I �! F (X;X) in the free 
ompa
t 
losed 
ategory on n

obje
ts (formal de�nition to be given later.) Now suppose one 
an prove 
ompa
t


losed full 
ompleteness of C . Then proving full 
ompleteness of GC will be just the

lifting of this result to the level of GC . Therefore, the full 
ompleteness problem for

a 
ertain 
lass of *-autonomous 
ategories (those that are glueings of 
ompa
t 
losed


ategories) is redu
ed to:

1. Proving full 
ompleteness for the underlying 
ompa
t 
losed 
ategory,

2. Lifting the result to the *-autonomous 
ategory.

We pro
eed by reviewing the ne
essary formal de�nitions and theorems from [104℄.

De�nition 10.5.1 Let C be a 
ompa
t 
losed 
ategory. Then C satis�es 
ompa
t


losed full 
ompleteness if every dinatural transformation � : K

I

�! F (with

F : C

n

� (C

op

)

n

�! C ), is indu
ed by a morphism I �! F (X;X) in the free


ompa
t 
losed 
ategory on n obje
ts X

1

; � � � ; X

n

.

Here is a useful observation about dinatural transformations in 
ompa
t 
losed


ategories.

Proposition 10.5.2 (Tan) Let C be a 
ompa
t 
losed 
ategory, let F : C

n

�

(C

op

)

n

�! C be a multivariant fun
tor su
h that

F (A;A)

�

=

A

�

1


 � � � 
 A

�

l


 A

�

�

1


 � � � 
 A

�

�

m

;
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(where �

i

; �

i

2 f1; : : : ; ng for all i) and let � be a 
olle
tion of morphisms �

A

: I �!

F (A;A) in C . De�ne F

�

(A) = A

�

1


 � � � 
 A

�

m

and F

+

(A) = A

�

1


 � � � 
 A

�

l

, so

that ea
h �

A

is 
anoni
ally equivalent to a morphism ~�

A

: F

�

(A) �! F

+

(A).

Then, � is a dinatural transformation in C i� ~� is a natural transformation in C .

In view of this observation we 
an rede�ne 
ompa
t 
losed full 
ompleteness as:

A 
ompa
t 
losed 
ategory C satis�es 
ompa
t 
losed full 
ompleteness

if every natural transformation F

�

�! F

+

(with F

�

; F

+

:

C

n

�! C ), is indu
ed by a morphism F

�

(X) �! F

+

(X) in the free


ompa
t 
losed 
ategory on n obje
ts.

Finally we need the essential result that will be used in lifting the full 
ompleteness

of C to GC .

Theorem 10.5.3 (Tan) Suppose that we have a multivariant fun
tor F : (GC )

n




(GC

op

)

n

�! GC , su
h that � : K

1

�! F is a dinatural transformation in GC .

If A

1

; : : : ;A

n

;B

1

; : : : ;B

n

, obje
ts in GC are su
h that UA

i

= UB

i

for all i, then

U�

A

= U�

B

:

This theorem tells us that if � is a dinatural transformation then all morphisms

�

A

with identi
al obje
ts UA

i

are 
ompletely determined by the same underlying

arrow in C , independent of the 
hoi
e of the sets (A

i

)

s

and (A

i

)

t

. So, the dinatural

transformation � in GC is 
ompletely determined by the dinatural transformation

U� in C .

10.6 Full Completeness in GoI Models

We have used tra
ed UDCs to provide a 
ategori
al model for the GoI interpretation.

In this se
tion we use PACs to 
onstru
t models of MLL. Re
all that PACs are

tra
ed UDCs, in parti
ular they are tra
ed symmetri
 monoidal 
ategories. For any

PAC D , Int D is a 
ompa
t 
losed 
ategory and hen
e G(Int D ) is a *-autonomous


ategory. In this way we get a 
lass of models for MLL+MIX. We will show that
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these models are fully 
omplete for MLL+MIX. Our models support the MIX rule:

Int D (I; I) = Int D ((I; I); (I; I)) = D (I; I) = f1

I

g, then use Proposition 10.4.3.

Hereafter, D denotes a PAC and C denotes Int D .

10.6.1 Compa
t Closed Full Completeness

De�nition 10.6.1 A sequent � is balan
ed if ea
h propositional atom � o

urs the

same number of times as does its linear negation �

?

.

The length of a sequent � is the number of o

urren
es of literals in �.

If � has length p, then we 
an speak of the position where ea
h literal o

urs,

numbered 1 to p. If � is balan
ed, and hen
e p is even, then we 
an spe
ify the axiom

links of a 
ut-free proof stru
ture asso
iated with � by a map ' : f1; � � � ; pg �!

f1; � � � ; pg su
h that

� '(i) 6= i for all i, ' is �xed-point-free,

� if a propositional atom � o

urs in position i, then there is an o

urren
e of �

?

in position '(i),

� '

2

(i) = i for all i, ' is an involution.

Thus a 
ut-free proof stru
ture 
an be spe
i�ed as (�; '), where � is a balan
ed

sequent of length p and ' is a �xed-point-free involution on f1; � � � ; pg spe
ifying the

axiom links.

Let F (X;X) be a formula of length p generated by X

1

; : : :X

n

, X

�

1

: : :X

�

n

using


. As we saw earlier in this 
hapter, F (X;X) indu
es a multivariant fun
tor F :

C

n

� (C

op

)

n

�! C , whi
h we will refer to as F . Also let � : K

I

�! F be a dinatural

transformation from 
onstant I fun
tor to F . We 
an 
anoni
ally transform � into a

natural transformation ~� : F

�

�! F

+

(see Se
tion 4). Suppose that the 
omponent

of � at A is given by �

A

: I �! F (A;A) where F (A;A) = A

�

1

�

1


 � � �
 A

�

p

�

p

with

�

i

2 f1; � � � ; ng and �

i

2 f1; �g, (A

1

i

is read as A

i

). Also let N = fij�

i

= �g and

P = fij�

i

= 1g. The 
omponent of ~� at A is of the form ~�

A

: F

�

(A) �! F

+

(A)
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where

F

�

(A) = A

�

1


 � � � 
 A

�

m

F

+

(A) = A

�

1


 � � � 
 A

�

l

with �

i

; �

i

2 f1; 2; � � � ; ng. Therefore jN j = m and jP j = l.

Lemma 10.6.2 Let ~� : F

�

�! F

+

be a natural transformation as above. Then ea
h

type variable that o

urs in F

�

must also o

ur in F

+

.

Proof. Suppose A

i

o

urs k > 0 times in F

�

(A) and does not o

ur in F

+

(A). That

is, there exist i

1

; i

2

; : : : ; i

k

for some k � m su
h that �

i

1

= �

i

2

= : : : = �

i

k

= i for

some i 2 f1; � � � ; ng. By instantiating ~� at I � � � IA

i

I � � � I and I � � � IB

i

I � � � I, we get

that the following diagram must 
ommute for all f : A

i

�! B

i

.

k

z }| {

A

i


 � � � 
 A

i

~�

A

-

I

B

i


 � � � 
B

i

| {z }

k

f 
 � � � 
 f

?

~�

B

-

I

1

I

?

Hen
e, ~�

A

= ~�

B

(f 
 � � � 
 f). Here ~�

B

(f 
 � � � 
 f) = Tr




k

B

�

i

M , (


k

A denotes the

tensor produ
t of k 
opies of A), where M is given below and A

i

= (A

+

i

; A

�

i

) and

B

i

= (B

+

i

; B

�

i

).

A

+

i

� � � A

+

i

B

�

i

� � � B

�

i

f

21

f

22

A

�

i

0

.

.

.

0 0

.

.

.

0

.

.

.

f

21

f

22

A

�

i

~�

1;1

f

11

� � � ~�

1;k

f

11

~�

1;k

f

12

� � � ~�

1;1

f

12

B

�

i

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

~�

k;1

f

11

� � � ~�

k;k

f

11

~�

k;k

f

12

� � � ~�

k;1

f

12

B

�

i

Let f be the morphism with all 
omponents zero, i.e. f

ij

= 0 for i; j = 1; 2. Then

we 
on
lude that ~�

A

= 0 where 0 is the zero matrix. Now, sin
e ~�

A

= ~�

B

(f
� � �
f)
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for all f : A

i

�! B

i

, we 
on
lude that f

21

= 0, 
ontradi
ting the fa
t that ~� is a

natural transformation. The 
ase of k o

urren
es of A

i

in F

+

(A) and zero o

urren
e

in F

�

(A) is 
ompletely symmetri
.

Lemma 10.6.3 Let ~� : F

�

�! F

+

be a natural transformation as above. Then ea
h

type variable that o

urs in F

�

must also o

ur in F

+

with the same multipli
ity.

Proof. Suppose A

i

o

urs k times in F

�

(A) and 0 < s < k times in F

+

(A). That

is, there exist i

1

; i

2

; : : : ; i

k

for some k � m su
h that �

i

1

= �

i

2

= : : : = �

i

k

= i.

Also suppose that there exist j

1

; j

2

; : : : ; j

s

su
h that �

j

1

= �

j

2

= : : : = �

j

s

= i. By

instantiating ~� at I � � � IA

i

I � � � I and I � � � IB

i

I � � � I we get that the following diagram

must 
ommute for all f : A

i

�! B

i

.

k

z }| {

A

i


 � � � 
 A

i

~�

A

-

s

z }| {

A

i


 � � � 
 A

i

B

i


 � � � 
 B

i

| {z }

k

f 
 � � � 
 f

?

~�

B

-

B

i


 � � � 
B

i

| {z }

s

f 
 � � � 
 f

?

Here (f 
� � �
 f)~�

A

= Tr




s

A

�

i

M and ~�

B

(f 
� � �
 f) = Tr




k

B

�

i

M

0

with matri
es

M and M

0

given below. Note that ~�

A

and ~�

B

have the same 
omponents as ~� is a

natural transformation.
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M :

A

+

i

� � � A

+

i

B

�

i

� � � B

�

i

A

�

i

� � � A

�

i

f

11

~�

1;1

� � � f

11

~�

1;k

f

12

f

11

~�

1;k+1

� � � f

11

~�

1;k+s

B

+

i

.

.

.

.

.

. 0

.

.

.

0

.

.

.

.

.

.

.

.

.

f

11

~�

s;1

� � � f

11

~�

s;k

f

12

f

11

~�

s;k+1

� � � f

11

~�

s;k+s

B

+

i

~�

s+1;1

� � � ~�

s+1;k

~�

s+1;k+1

� � � ~�

s+1;k+s

A

�

i

.

.

.

.

.

. 0

.

.

.

.

.

.

.

.

.

~�

s+k;1

� � � ~�

s+k;k

~�

s+k;k+1

� � � ~�

s+k;k+s

A

�

i

f

21

~�

s;1

� � � f

21

~�

s;k

f

22

f

21

~�

s;k+1

� � � f

21

~�

s;k+s

A

�

i

.

.

.

.

.

. 0

.

.

.

0

.

.

.

.

.

.

.

.

.

f

21

~�

1;1

� � � f

21

~�

1;k

f

22

f

21

~�

1;k+1

� � � f

21

~�

1;k+s

A

�

i

M

0

:

A

+

i

� � � A

+

i

B

�

i

� � � B

�

i

B

�

i

� � � B

�

i

~�

1;1

f

11

� � � ~�

1;k

f

11

~�

1;k+1

� � � ~�

1;k+s

~�

1;k

f

12

� � � ~�

1;1

f

12

B

+

i

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

~�

s;1

f

11

� � � ~�

s;k

f

11

~�

s;k+1

� � � ~�

s;k+s

~�

s;k

f

12

� � � ~�

s;1

f

12

B

+

i

f

21

f

22

A

�

i

0

.

.

.

0 0 0

.

.

.

0

.

.

.

f

21

f

22

A

�

i

~�

s+1;1

f

11

� � � ~�

s+1;k

f

11

~�

s+1;k+1

� � � ~�

s+1;k+s

~�

s+1;k

f

12

� � � ~�

s+1;1

f

12

B

�

i

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

~�

s+k;1

f

11

� � � ~�

s+k;k

f

11

~�

s+k;k+1

� � � ~�

s+k;k+s

~�

s+k;k

f

12

� � � ~�

s+k;1

f

12

B

�

i

Let f be the morphism with all 
omponents zero, then from the equation TrM =

TrM

0

above with

M =

2

6

6

4

0 0 0

B

4

0 B

6

0 0 0

3

7

7

5

M

0

=

2

6

6

4

0 B

0

2

0

0 0 0

0 B

0

8

0

3

7

7

5

we get B

4

= 0 and B

0

2

= 0 and hen
e ~�

A

is of the form

"

C

1

0

ss

0

kk

C

4

#

where
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C

1

=

2

6

6

6

6

6

4

~�

1;1

~�

1;2

� � � ~�

1;k

.

.

.

.

.

. � � �

.

.

.

~�

s�1;1

~�

s�1;2

� � � ~�

s�1;k

~�

s;1

~�

s;2

� � � ~�

s;k

3

7

7

7

7

7

5

and C

4

=

2

6

6

6

6

6

4

~�

s+1;k+1

~�

s+1;k+2

� � � ~�

s+1;k+s

~�

s+2;k+1

~�

s+2;k+2

� � � ~�

s+2;k+s

.

.

.

.

.

. � � �

.

.

.

~�

s+k;k+1

~�

s+k;k+2

� � � ~�

s+k;k+s

3

7

7

7

7

7

5

Note that A

i

= (A

+

i

; A

�

i

) and B

i

= (B

+

i

; B

�

i

) for A

+

i

; A

�

i

; B

+

i

and B

�

i

obje
ts in

D . Now let A

+

i

= A

�

i

and B

+

i

= B

�

i

and f be the twist, that is f

11

= f

22

= 0 and

f

12

= f

21

= 1. We get the following equations from Tr(M) = Tr(M

0

):

~�

s+1;k+1

~�

s;1

+ � � �+ ~�

s+1;k+s

~�

1;1

= 0

.

.

.

.

.

.

~�

s+1;k+1

~�

s;k�1

+ � � �+ ~�

s+1;k+s

~�

1;k�1

= 0

~�

s+1;k+1

~�

s;k

+ � � �+ ~�

s+1;k+s

~�

1;k

= 1

.

.

.

.

.

.

~�

s+k;k+1

~�

s;1

+ � � �+ ~�

s+k;k+s

~�

1;1

= 1

.

.

.

.

.

.

~�

s+k;k+1

~�

s;k

+ � � �+ ~�

s+k;k+s

~�

1;k

= 0

We 
an express these equations in a matri
ial form whi
h we will 
all a (k; s)-

system:

N

k�s

N

0

s�k

=

2

6

6

6

6

6

4

~�

s+1;k+1

~�

s+1;k+2

� � � ~�

s+1;k+s

~�

s+2;k+1

~�

s+2;k+2

� � � ~�

s+2;k+s

.

.

.

.

.

. � � �

.

.

.

~�

s+k;k+1

~�

s+k;k+2

� � � ~�

s+k;k+s

3

7

7

7

7

7

5

2

6

6

6

6

6

4

~�

s;1

~�

s;2

� � � ~�

s;k

~�

s�1;1

~�

s�1;2

� � � ~�

s�1;k

.

.

.

.

.

. � � �

.

.

.

~�

1;1

~�

1;2

� � � ~�

1;k

3

7

7

7

7

7

5

= antidiag(1; � � � ; 1)

In other words R

N

i

C

N

0

j

= 1 for j = k � i+ 1 and 0 else, for i = 1; � � � ; k. We use R

N

i

and C

N

j

to denote the ith row and the jth 
olumn of N respe
tively.

This gives us k�k equations ea
h having s summands. Solutions to su
h equations

if they exist are 0 or 1 be
ause the instantiation of ~� at I � � � I yields matri
es with
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entries in D (I; I) = f1

I

g = f0

I

g. Instantiation at other obje
ts will distinguish

between 0's and 1's. We will prove by indu
tion that this system of equations is

in
onsistent. First, 
onsider a (2; 1)-system, that is k = 2 and s = 1. Then we will

have the following set of equations:

~�

2;3

~�

1;1

= 0

~�

3;3

~�

1;2

= 0

~�

2;3

~�

1;2

= 1

~�

3;3

~�

1;1

= 1

Clearly this set of equations is in
onsistent sin
e from the third and the fourth

equations, we 
on
lude that ~�

2;3

= ~�

1;2

= ~�

1;1

= ~�

3;3

= 1 
ontradi
ting the �rst and

the se
ond equations. We refer to these equations as the Base System and we say

that the tuple (~�

1;1

; ~�

1;2

; ~�

2;3

; ~�

3;3

) satis�es the Base System.

Consider a (k; 1)-system with k > 1. These systems form the basis step of the

indu
tion. The equations are given by:

2

6

6

6

6

6

4

~�

s+1;k+1

~�

s+2;k+1

.

.

.

~�

s+k;k+1

3

7

7

7

7

7

5

h

~�

s;1

~�

s;2

� � � ~�

s;k

i

= antidiag(1; 1; � � � ; 1)

Therefore, we get ~�

s+1;k+1

~�

s;k

= 1; ~�

s+2;k+1

~�

s;k�1

= 1; ~�

s+1;k+1

~�

s;k�1

= 0 and

~�

s+2;k+1

~�

s;k

= 0 and hen
e (~�

s;k�1

; ~�

s;k

; ~�

s+1;k+1

; ~�

s+2;k+1

) satis�es the base system

and hen
e the (k; 1)-system is in
onsistent for all k > 1.

Now 
onsider a general (k; s)-system with k > s and s > 1. There are k equations

with RHS equal to 1. Consider the equation R

N

1

C

N

0

k

= 1, more expli
itly

~�

s+1;k+1

~�

s;k

+ ~�

s+1;k+2

~�

s�1;k

+ � � �+ ~�

s+1;k+s

~�

1;k

= 1

we will prove that none of the s summands in this equation 
an be 1 and hen
e they

are all zero but then we get 0 + 0 + � � � + 0 = 0 = 1 a 
ontradi
tion and hen
e
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the (k; s)-system will be in
onsistent. Suppose ~�

s+1;k+t

~�

s�t+1;k

= 1 for an arbitrary

t 2 f1; � � � ; sg, we show that ~�

s+j;k+t

~�

s�t+1;k�j+1

= 0 for all j = 2; � � � ; k. Let

~�

s+j;k+t

~�

s�t+1;k�j+1

= 1 for some j 2 f2; � � � ; kg, then using equations R

N

1

C

N

0

k�j+1

=

0 and R

N

j

C

N

0

k

= 0 we have ~�

s+1;k+t

~�

s�t+1;k�j+1

= 0 and ~�

s+j;k+t

~�

s�t+1;k

= 0 and

therefore the tuple (~�

s�t+1;k�j+1

; ~�

s�t+1;k

; ~�

s+1;k+t

; ~�

s+j;k+t

) satis�es the base system.

Removing R

N

1

and C

N

t

from matrix N and R

N

0

t

and C

N

0

k

from matrix N

0

we get two

new matri
es L

k

0

�s

0

and L

0

s

0

�k

0

where k

0

= k� 1 and s

0

= s� 1. Note that R

L

i

C

L

0

j

= 1

for j = k

0

� i + 1 and 0 else, for i = 1; � � � ; k

0

, be
ause R

N

i+1

C

N

0

j

= 1 for j = k � i

and 0 else, for i = 1; � � � ; k � 1, thus L and L

0

form a (k � 1; s� 1)-system whi
h by

indu
tion hypothesis is in
onsistent and hen
e we 
on
lude that ~�

s+1;k+t

~�

s�t+1;k

= 0.

As t was 
hosen arbitrarily we 
on
lude that all the summands in the equation R

N

1

C

N

0

k

are zero. The 
ase of 0 < k < s is 
ompletely symmetri
.

Proposition 10.6.4 Let F (X;X) be an MLL formula of length p generated by

X

1

; : : :X

n

, X

�

1

: : :X

�

n

using 
. Let F : C

n

� (C

op

)

n

�! C be the indu
ed mul-

tivariant fun
tor on C . If � : K

I

�! F is a dinatural transformation, then F is

balan
ed.

Proof. In Lemma 10.6.2 above we have proven that every propositional atom o

ur-

ring on one side also o

urs on the other side. Also in Lemma 10.6.3 we have shown

that the multipli
ity of o

urren
es of any propositional atom must be the same on

both sides. Hen
e it follows that F is balan
ed.

Theorem 10.6.5 ~� : F

�

�! F

+

is a permutation on the tensor fa
tors, i.e. ~�

A

:

F

�

(A) �! F

+

(A) is of the form

"

B

1

0

0 B

4

#

where B

1

and B

4

are permutation

matri
es and B

4

= B

t

1

and the permutation Æ 2 S

m

indu
ed by B

1

satis�es �

i

= �

Æ(i)

for i = 1; � � � ; m. Here (�)

t

denotes matrix transposition obtained by re
e
tion a
ross

antidiagonal elements.

Proof. Let ~� : F

�

�! F

+

be a natural transformation in C , that is the following

diagram 
ommutes:
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A

�

1


 � � � 
 A

�

m

~�

A

-

A

�

1


 � � � 
 A

�

m

B

�

1


 � � � 
 B

�

m

f

�

1


 � � � 
 f

�

m

?

~�

B

-

B

�

1


 � � � 
B

�

m

f

�

1


 � � � 
 f

�

m

?

Hen
e, we have Tr

A

�

�

m


���
A

�

�

1

(M) = (f

�

1


 � � � 
 f

�

m

)~�

A

= ~�

B

(f

�

1


 � � � 
 f

�

m

) =

Tr

B

�

�

m


���
B

�

�

1

(M

0

) where M and M

0

are given below.

M :

A

+

�

1

� � � A

+

�

m

B

�

�

m

� � � B

�

�

1

A

�

�

m

� � � A

�

�

1

f

�

1

11

~�

1;1

� � � f

�

1

11

~�

1;m

f

�

1

12

f

�

1

11

~�

1;m+1

� � � f

�

1

11

~�

1;2m

B

+

�

1

.

.

.

.

.

. 0

.

.

.

0

.

.

.

.

.

.

.

.

.

f

�

m

11

~�

m;1

� � � f

�

m

11

~�

m;m

f

�

m

12

f

�

m

11

~�

m;m+1

� � � f

�

m

11

~�

m;2m

B

+

�

m

~�

m+1;1

� � � ~�

m+1;m

~�

m+1;m+1

� � � ~�

m+1;2m

A

�

�

m

.

.

.

.

.

. 0

.

.

.

.

.

.

.

.

.

~�

2m;1

� � � ~�

2m;m

~�

2m;m+1

� � � ~�

2m;2m

A

�

�

1

f

�

m

21

~�

m;1

� � � f

�

m

21

~�

m;m

f

�

m

22

f

�

m

21

~�

m;m+1

� � � f

�

m

21

~�

m;2m

A

�

�

m

.

.

.

.

.

. 0

.

.

.

0

.

.

.

.

.

.

.

.

.

f

�

1

21

~�

1;1

� � � f

�

1

21

~�

1;m

f

�

1

22

f

�

1

21

~�

1;m+1

� � � f

�

1

21

~�

1;2m

A

�

�

1

M

0

:

A

+

�

1

� � � A

+

�

m

B

�

�

m

� � � B

�

�

1

B

�

�

m

� � � B

�

�

1

~�

1;1

f

�

1

11

� � � ~�

1;m

f

�

m

11

~�

1;m+1

� � � ~�

1;2m

~�

1;m

f

�

m

12

� � � ~�

1;1

f

�

1

12

B

+

�

1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

~�

m;1

f

�

1

11

� � � ~�

m;m

f

�

m

11

~�

m;m+1

� � � ~�

m;2m

~�

m;m

f

�

m

12

� � � ~�

m;1

f

�

1

12

B

+

�

m

f

�

m

21

f

�

m

22

A

�

�

m

0

.

.

.

0 0 0

.

.

.

0

.

.

.

f

�

1

21

f

�

1

22

A

�

�

1

~�

m+1;1

f

�

1

11

� � � ~�

m+1;m

f

�

m

11

~�

m+1;m+1

� � � ~�

m+1;2m

~�

m+1;m

f

�

m

12

� � � ~�

m+1;1

f

�

1

12

B

�

�

m

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

~�

2m;1

f

�

1

11

� � � ~�

2m;m

f

�

m

11

~�

2m;m+1

� � � ~�

2m;2m

~�

2m;m

f

�

m

12

� � � ~�

2m;1

f

�

1

12

B

�

�

1
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By instantiating at f

�

i

kl

= f

�

i

kl

= 0 for k; l = 1; 2 for all i = 1; � � � ; m and using

Tr(M) = Tr(M

0

), we 
on
lude that ~�

A

is of the form:

"

B

1

0

0 B

4

#

where

B

1

=

A

+

�

1

A

+

�

2

� � � A

+

�

m

~�

1;1

~�

1;2

� � � ~�

1;m

A

+

�

1

~�

2;1

~�

2;2

� � � ~�

2;m

A

+

�

2

.

.

.

.

.

. � � �

.

.

.

.

.

.

~�

m;1

~�

m;2

� � � ~�

m;m

A

+

�

m

B

4

=

A

�

�

m

A

�

�

m�1

� � � A

�

�

1

~�

m+1;m+1

~�

m+1;m+2

� � � ~�

m+1;2m

A

�

�

m

~�

m+2;m+1

~�

m+2;m+2

� � � ~�

m+2;2m

A

�

�

m�1

.

.

.

.

.

. � � �

.

.

.

.

.

.

~�

2m;m+1

~�

2m;m+2

� � � ~�

2m;2m

A

�

�

1

Next, let A

+

�

i

= A

�

�

i

and B

+

�

i

= B

�

�

i

and f

�

i

be the twist, i.e. f

�

i

11

= f

�

i

22

= 0 and

f

�

i

12

= f

�

i

21

= 1 for all i = 1; � � � ; m. Similarly for A

�

i

; B

�

i

and f

�

i

for i = 1; � � � ; m.

We get the following system of equations:

System I:

NN

0

=

2

6

6

6

6

6

4

~�

1;m

� � � ~�

1;1

~�

2;m

� � � ~�

2;1

.

.

. � � �

.

.

.

~�

m;m

� � � ~�

m;1

3

7

7

7

7

7

5

2

6

6

6

6

6

4

~�

m+1;m+1

� � � ~�

m+1;2m

~�

m+2;m+1

� � � ~�

m+2;2m

.

.

. � � �

.

.

.

~�

2m;m+1

� � � ~�

2m;2m

3

7

7

7

7

7

5

= antidiag(1; 1; � � � ; 1)

that is, we have R

N

i

C

N

0

j

= 1 for j = m� i+ 1 and 0 else, for i = 1; � � � ; m.

System II:
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PP

0

=

2

6

6

6

6

6

4

~�

m+1;m+1

� � � ~�

m+1;2m

~�

m+2;m+1

� � � ~�

m+2;2m

.

.

. � � �

.

.

.

~�

2m;m+1

� � � ~�

2m;2m

3

7

7

7

7

7

5

2

6

6

6

6

6

4

~�

m;1

� � � ~�

m;m

~�

m�1;1

� � � ~�

m�1;m

.

.

. � � �

.

.

.

~�

1;1

� � � ~�

1;m

3

7

7

7

7

7

5

= antidiag(1; 1; � � � ; 1)

that is R

P

i

C

P

0

j

= 1 for j = m� i + 1 and 0 else, for i = 1; � � � ; m.

The rest of the proof 
onsists of several steps:

Step 1: We show that B

4

= B

t

1

, that is, ~�

i;j

= ~�

2m+1�j;2m+1�i

for i; j = m+ 1; m+

2; � � � ; 2m. Note that (�)

t

denotes the matrix transposition whi
h is obtained by

re
e
tion a
ross the antidiagonal entries.

� 
ase 1: ~�

i;j

= 1; ~�

2m+1�j;2m+1�i

= 0. Note that R

P

j�m

C

P

0

k

= 0 for all k = 1; � � � ; m,

k 6= 2m � j + 1. ~�

i;j

= 1 implies that ~�

2m�j+1;k

= 0 for k 6= 2m � i + 1, however

~�

2m�j+1;2m�i+1

= 0 is given. Therefore, R

P

0

j�m

= 0 and R

N

2m�j+1

= R

P

0

j�m

= 0 giving

R

N

2m�j+1

C

N

0

j�m

= 0, a 
ontradi
tion.

� 
ase 2: ~�

i;j

= 0; ~�

2m+1�j;2m+1�i

= 1. Note thatR

N

2m�i+1

C

N

0

k

= 0 for all k = 1; � � � ; m,

k 6= i �m. ~�

2m�j+1;2m�i+1

= 1 implies ~�

i;k

= 0 for all k 6= j, but ~�

i;j

= 0 is given,

hen
e R

N

0

i�m

= 0, and R

P

i�m

= R

N

0

i�m

= 0 giving R

P

i�m

C

P

0

2m�i+1

= 0, a 
ontradi
tion.

Hen
e B

4

= B

t

1

.

Step 2: There are no all-zero rows or 
olumns in B

1

or B

4

.

The ith row of B

1

is equal to R

N

i

in reverse order, hen
e it 
annot be all zero

sin
e R

N

i

C

N

0

m�i+1

= 1. Also the jth 
olumn of B

1

is equal to C

P

0

j

in reverse order and

hen
e it 
annot be all zero sin
e R

P

m+1�j

C

P

0

j

= 1.

The statement is trivially true for B

4

as B

4

= B

t

1

.

Step 3: In B

1

and B

4

every row and 
olumn has exa
tly one 1. Suppose any two

elements on the ith row of B

1

are 1; ~�

i;j

= ~�

i;k

= 1 for k 6= j with i; j; k 2 f1; � � � ; mg.

The ith row of B

1

= R

P

0

m�i+1

and hen
e C

P

m�i+1

= 0. For example, suppose ~�

1;1

=

~�

1;m

= 1, then using system II we see that all the elements on the last 
olumn of P

are zero by just using the fa
t that ~�

1;1

= 1. Also ~�

2m;2m

= 0 be
ause ~�

1;m

= 1. Note

that C

P

m�i+1

= C

B

4

m�i+1

= 0, a 
ontradi
tion.

Also let any two elements on the jth 
olumn of B

1

be both 1; ~�

i;j

= ~�

k;j

= 1

for i 6= k with i; j; k 2 f1; � � � ; mg. The jth 
olumn of B

1

= C

N

m�j+1

and hen
e
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R

N

0

m�j+1

= 0, and as R

B

4

m�j+1

= R

N

0

m�j+1

, we get a 
ontradi
tion.

As B

4

= B

t

1

, the statement follows for B

4

.

Therefore, B

1

and B

4

are permutation matri
es. Let Æ 2 S

m

be the permutation

indu
ed by B

1

, that is Æ(i) = j i� ~�

i;j

= 1. Then we have ~�

i;j

: A

+

�

j

�! A

+

�

i

= 1 and

~�

2m+1�j;2m+1�i

: A

�

�

i

�! A

�

�

j

= 1 and thus A

�

Æ(i)

= A

�

j

= (A

+

�

j

; A

�

�

j

) = (A

+

�

i

; A

�

�

i

) =

A

�

i

for all i = 1; � � � ; m.

We 
an view the natural transformation ~�

A

: F

�

(A) �! F

+

(A) as mat
hing A

�

Æ(i)

to A

�

i

for all i = 1; � � � ; m. Hen
e we have:

Corollary 10.6.6 (Full Completeness in C ) Every natural transformation ~� :

F

�

�! F

+

in C is indu
ed by a unique morphism F

�

(X) �! F

+

(X) in the free


ompa
t 
losed 
ategory on n obje
ts X

1

; � � � ; X

n

with trivial dimension.

Note that all obje
ts in C have trivial dimension, i.e. dim(A) = 1

I

for all obje
ts

A in C , sin
e C (I; I) = D (I; I) = f1

I

g. Therefore, the restri
tion on dimension 
an

be removed: it is tensoring with �nitely many 1

I

maps, whi
h have no e�e
t. Thus

Corollary 10.6.7 (Full Completeness in C ) Every natural transformation ~� :

F

�

�! F

+

in C is indu
ed by a morphism F

�

(X) �! F

+

(X) in the free 
om-

pa
t 
losed 
ategory on n obje
ts X

1

; � � � ; X

n

.

Note that this is a weaker result than Corollary 10.6.6, be
ause we lose uniqueness.

Theorem 10.6.8 Suppose that � is a dinatural transformation in C from K

I

to the

multivariant fun
tor F . Then there exists a �xed-point-free involution ' on f1; � � � ; pg

su
h that �

'(i)

= �

i

; �

'(i)

6= �

i

.

Proof. The permutation Æ asso
iated with the natural transformation ~� identi�es

o

urren
es of A

�

i

in F

�

(A) with o

urren
es of A

�

i

in F

+

(A). We will use Æ to

de�ne the permutation ' on f1; � � � ; pg whi
h will be asso
iated with the dinatural

transformation �. By a previous theorem we know that F is balan
ed. Write N =
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fi

1

; i

2

; � � � ; i

m

g and P = fj

1

; � � � ; j

m

g where N = fij�

i

= �g and P = fij�

i

= 1g,

that is N and P 
ontain the indi
es of the negative and positive o

urren
es of

propositional atoms respe
tively. Note that N and P have the same 
ardinality

be
ause F is balan
ed. Also assume that �

i

k

= �

k

and �

j

k

= �

k

for k = 1; � � � ; m.

Re
all that Æ 2 S

m

, the permutation indu
ed by ~�, mat
hes A

�

Æ(k)

to A

�

k

, thus

�

i

Æ(k)

= �

j

k

and similarly, �

j

Æ

�1

(k)

= �

i

k

, for all k = 1; � � � ; m.

De�ne '(i

k

) = j

Æ

�1

(k)

and '(j

k

) = i

Æ(k)

for all k = 1; � � � ; m. Then

'

2

(i

k

) = '(j

Æ

�1

(k)

) = i

k

; '

2

(j

k

) = '(i

Æ(k)

) = j

k

for all k, hen
e ' is an involution. Also, ' maps N to P and vi
e versa, and so

�

'(i)

6= �

i

. Finally, �

'(i

k

)

= �

j

Æ

�1

(k)

= �

i

k

and �

'(j

k

)

= �

i

Æ(k)

= �

j

k

for all k = 1; � � � ; m.

In view of this theorem we see that � determines a unique set of axiom links

and hen
e a unique MLL proof stru
ture for the formula F . In the next se
tion we

will show that this proof stru
ture is indeed a proof net. That is, we need to 
he
k

the Danos-Regnier 
orre
tness 
riterion. However, as C (I; I) = D (I; I) = f1

I

g, GC

satis�es the MIX rule and hen
e we need only 
he
k the a
y
li
ity 
ondition.

10.6.2 Full Completeness in GC

Given a dinatural transformation � : K

1

�! F in GC , we have the spe
i�
ation

of a unique proof stru
ture be
ause we have the formula F and the axiom links are

given by the �xed-point free involution ' indu
ed by the dinatural transformation

U� in the underlying 
ompa
t 
losed 
ategory C = Int(D ). We show that this proof

stru
ture is indeed a proof net. For this purpose we only need to prove a
y
li
ity as

our 
ategory GC satis�es the MIX rule.

Lemma 10.6.9 Let F (X;X) = F

1

(X;X)
F

2

(X;X) be an obje
t in the free 
ompa
t


losed 
ategory on n obje
ts X

1

; � � � ; X

n

with trivial dimension and � : I �! F (X;X)

be a morphism. Suppose also that the indu
ed �xed-point free involution ' does not

make a mat
hing between formulas in F

1

and those in F

2

, then � = �

1


 �

2

where

�

1

: I �! F

1

(X;X) and �

2

: I �! F

2

(X;X).
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Proof. � indu
es a �xed-point-free involution ' on F (X;X) whi
h 
onsists of a pair

('

1

; '

2

) of �xed-point-free involutions on F

1

(X;X) and F

2

(X;X) respe
tively and

hen
e there are unique morphisms �

1

: I �! F

1

(X;X) and �

2

: I �! F

2

(X;X)

whi
h 
orrespond to '

1

and '

2

respe
tively. Therefore, �

1


 �

2

is a morphism in

the free 
ategory 
orresponding to ', however su
h a morphism is unique and hen
e

� = �

1


 �

2

.

Theorem 10.6.10 (A
y
li
ity) Suppose that � is a dinatural transformation in

GC from the 
onstant fun
tor K

1

to F . Consider the unique proof stru
ture as-

so
iated with �. Then for any DR-swit
hing, the asso
iated DR-graph is a
y
li
.

Proof. Suppose that for a 
ertain DR-swit
hing, the asso
iated DR-graph 
ontains a


y
le. Express the shortest 
y
le as lower 
onne
ted pairs (a

1

; b

1

); � � � ; (a

r

; b

r

) where

'(b

i

) = a

i+1

for all i 2 Z

r

. Re
all that a lower 
onne
ted pair in a proof stru
ture is

a pair of formulas that are 
onne
ted with paths not traversing any axiom links [82,

83℄. Using the weak distributivity natural transformations, binary MIX morphisms

and asso
iativity and 
ommutativity natural transformations for par and tensor we

transform the given dinatural transformation � into ~� : K

1

�!

~

F su
h that the 
y
le

is preserved, where ~�

A

: 1 �!

~

F (A;A) and

~

F (A;A) = �

A

.
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.
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(A

�

a

r

�

a

r


A

�

b

r

�

b

r

)

The pro
edure is as follows (see also [104℄ and [4℄):

� If a fragment of F has the form A
(B
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.
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C), and A and B are lower 
onne
ted,

then the swit
hing must have assigned left to the par-link in question. In this


ase, we 
ompose � with a natural transformation built from w

L

ABC

,

� If A and C are lower 
onne
ted, then the swit
hing must have assigned right to

the par-link. In this 
ase, we 
ompose with a natural transformation built from

w

R

ABC

,

� We apply binary MIX, 
ommutativity and asso
iativity, whenever ne
essary to

separate out ea
h lower 
onne
ted pair.
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Consider the test obje
t A = (A; f0

A

�

A

+

g; f0

A

+

A

�

g) where A = (A

+

; A

�

) 6= (I; I)

and A

+

= A

�

. Hen
e A

?

= A. Put A

i

= A for i = 1; � � � ; n. In what follows there

is no need to put �

�

supers
ripts as A = A

?

, however we have in
luded these for


larity.

Noti
e that U( ~�

A

) = f

1


 f

2

,

f

1

: I �! �

A

and f

2

: I �! (A

�

a

1


 A

�

b

1

)
 � � � 
 (A

�

a

r


 A

�

b

r

)

be
ause the part in

~

F (A;A) 
onsisting of par produ
t of tensored pairs is 
losed

under the axiom link mat
hings indu
ed by any dinatural transformation. Therefore,

we have that f

2

must lift to a morphism in GC from 1 to (A

�

a

1


 A

�

b

1

)
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2
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(A

�

a

r


A

�

b

r

))

s

=

((A

�

a

1


A

�

b

1

)

?


 � � � 
 (A

�

a

r


A

�

b

r

)

?

)

t

=

GC ((A

�

a

1


A

�

b

1

)

?


 � � � 
 (A

�

a

r�1


A

�

b

r�1

)

?

; (A

�

a

r


A

�

b

r

))

Now 
onsider ((A

�

a

1


A

�

b

1

)

?


� � �
 (A

�

a

r�1


A

�

b

r�1

)

?

)

s

= f�

1


� � �
�

r�1

j �

i

2

(A

�

a

i


A

�

a

i

)

?

s

g.

Noti
e that (A

�

a

i


A

�

b

i

)

?

s

= (A

�

a

i


A

�

b

i

)

t

= GC (A;A) and hen
e 1

A

2 (A

�

a

i




A

�

b

i

)

?

s

and therefore 1

A


 � � � 
 1

A

| {z }

r�1 times

2 ((A

�

a

1


A

�

b

1

)

?


 � � � 
 (A

�

a

r�1


A

�

b

r�1

)

?

)

s

On the other hand, (A

�

a

r


A

�

b

r

)

s

= f0g:

Now by de�nition, f

2

Æ � 2 (A

�

a

r


 A

�

b

r

)

s

= f0g for all � 2 ((A

�

a

1


 A

�

b

1

)

?




� � �
 (A

�

a

r�1


A

�

b

r�1

)

?

)

s

and hen
e f

2

= 0 whi
h yields a 
ontradi
tion be
ause su
h

a morphism 
annot indu
e any axiom links.

Thus assuming the existen
e of a 
y
le in the proof stru
ture and hen
e ~� we have

obtained a 
ontradi
tion and hen
e a dinatural transformation like ~� 
annot exist and

therefore the proof stru
ture 
ontains no 
y
les.

Theorem 10.6.11 (Full 
ompleteness in GC ) Every dinatural transformation in

GC from the 
onstant fun
tor K

1

to the multivariant fun
tor F is the denotation

of a unique 
ut-free proof in MLL of the formula F , and is therefore indu
ed by a
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unique morphism 1 �! F (X;X) in the free *-autonomous 
ategory on n obje
ts

X

1

; X

2

; � � � ; X

n

.

The te
hniques that we have used in the proof of the last theorem are general

enough to 
over the 
ase where D is a tra
ed UDC. Observe that D (I; I) = f1

I

g in any

UDC D . Note that by 
oheren
e axioms we have �

I

= �

I

and hen
e [1

I

; 0

I

℄ = [0

I

; 1

I

℄

and thus 0

I

= 1

I

. This also implies that I is a zero obje
t. Thus we have:

Theorem 10.6.12 Let D be a tra
ed UDC. Then, every dinatural transformation in

GInt(D ) from the 
onstant fun
tor K

1

to the multivariant fun
tor F is the denotation

of a unique 
ut-free proof in MLL of the formula F , and is therefore indu
ed by a

unique morphism 1 �! F (X;X) in the free *-autonomous 
ategory on n obje
ts

X

1

; X

2

; � � � ; X

n

.

Hen
e, in parti
ular, we have full 
ompleteness for MLL+MIX in the *-

autonomous 
ategories 
onstru
ted from PInj and Hilb

2

.

We 
on
lude this 
hapter by stating a negative result for the 
lass of 
ategoriesGC

with C = Int(D ) and D a PAC. Suppose we 
hoose to use the traditional 
ategori
al

semanti
s framework [78℄. That is, formulas of MLL are obje
ts in GC and proofs

are morphisms. Then we show that GC fails to be fully 
omplete for MLL.

Theorem 10.6.13 Let D be a PAC and C = Int(D ), interpret the formulas of MLL

as obje
ts in GC and the proofs as morphisms. Then, GC is not fully 
omplete for

MLL.

Proof. Let A = (A;A

s

;A

t

) be an obje
t in GC with A = (A

+

; A

�

) and A

+

= A

�

.

Also, let A

s

= A

t

= f1

A

+

g. Note that A
A

?

is not an MLL provable formula. We

show that there exists a map f : 1 �! A 
 A

?

. Let f : I �! A 
 A

�

be 1

A

+


A

+

.

Re
all that 1

s

= f1

I

g and therefore f� = f 2 (A
A

?

)

s

for all � 2 1

s

. Re
all that

(A
A

?

)

t

= GC (A;A) and hen
e (A
A

?

)

t

6= ;. To 
on
lude the proof, we need to

show that �f = 1

I

for all � 2 (A
A

?

)

t

, but �f : I �! I in C and C (I; I) = f1

I

g,

therefore �f = 1

I

and thus �f 2 1

t

for all � 2 (A
A

?

)

t

.



Chapter 11

Con
lusions and Further Work

In this thesis we studied Girard's GoI programme �a la Abramsky and showed how

to 
onstru
t models of 
omputation (
ombinatory algebras) based on a GoI Situa-

tion. We also showed that the 
onstru
tion 
an be generalised to obtain 
ombinatory

algebras from a weak linear 
ategory.

The 
ombinatory algebras we obtain in this way are highly intensional and further

resear
h is required in the dire
tion of extensional re
e
tions of these models by


onsidering the type stru
ture (of modest sets or partial equivalen
e relations) they

indu
e. This line of resear
h is important for theoreti
al 
omputer s
ien
e in that

it provides models of �ne-stru
tural features of 
omputation and optimal redu
tion

strategies for �-
al
ulus.

In parti
ular, we studied the data
ow 
omputational aspe
ts of Abramsky's pro-

gramme. We showed that UDCs are a suitable 
ategori
al framework for su
h a


omputational analysis. Furthermore, su
h 
ategories were used to 
onstru
t 
ate-

gori
al models of dynami
 algebras. This way we have the means of analysing the

dynami
s of information 
ow in proof nets in a 
ategori
al setting. We also showed

that Danos' small model and Girard's operator algebrai
 models are instan
es of

dynami
 situations.

The geometry of intera
tion provides a suitable semanti
 basis for explaining and

improving Lamping's optimal graph-redu
tion implementation of the �-
al
ulus. The

201
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onne
tions have been explained in [53℄. The investigation of 
onne
tions and rela-

tions between optimal redu
tion strategies and geometry of intera
tion o�ers ideas for

eÆ
ient and 
orre
t implementations. An ex
iting resear
h dire
tion is the appli
ation

of the ideas in this thesis to the analysis of optimal redu
tion strategies. In parti
ular

re
ent work of Asperti and Mairson [10℄ o�ers interesting examples amenable to the

token pushing analysis developed in this thesis. We intend to examine this further in

future resear
h work.

An important issue is to relate the nilpoten
y 
riterion in Girard's formulation

to properties of sums that we obtain in our UDC-based models. We expe
t to get a


hara
terisation for strongly normalising terms of untyped lambda 
al
ulus.

We intend to further study the models of linear logi
 and implementations of

GoI based on 
ategories that appear in fun
tional analysis, for example 
ategories

of Bana
h spa
es su
h as Ban

1

of real Bana
h spa
es and linear maps with norm

less than or equal to 1 and Ban

1

of real Bana
h spa
es and linear bounded maps.

This would help to provide a fun
tional analyti
 analysis of 
ombinators in parti
ular

and �-redu
tion in general and to deepen our understanding of 
ut elimination/proof

normalisation pro
esses by making use of te
hniques and stru
tures in the theory of

operator algebras. In parti
ular the ideas used in the 
onstru
tion of Hilb

2


an be

generalised using the theory of �elds of Hilbert spa
es.

More interestingly, we en
ounter a partial tra
e operator [3℄ for Hilb. The ex-

isten
e 
onditions for tra
e when related to the properties of �-terms is expe
ted to

shed new light on the mathemati
al analysis of �-redu
tion.

Another one of the models that I study in my thesis, namely SRel, establishes

a 
onne
tion with probabilisti
 networks. The study of feedba
k in probabilisti


networks has many potential appli
ations in queueing and network theory. Also su
h

models provide a 
ontinuous semanti
s for programming in 
ontrast to many extant

dis
rete models.

Another important dire
tion is iteration theories, more spe
i�
ally we have used

partially additive 
ategories as the main 
ategori
al models. We also showed that

PACs possess an iteration operation whi
h is used to de�ne a tra
e operator. There

are therefore several 
onne
tions to iteration theories that 
an yield new appli
ations
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for iteration theories on the one hand and on the other hand the extensive and well

developed literature on iteration theories 
an enri
h our understanding of geometry

of intera
tion, Kleene *-algebras, et
.

Finally, we showed how to 
onstru
t models of MLL, i.e. *-autonomous 
ategories

based on PACs. We made use of the Int and double glueing 
onstru
tions to get su
h

models. We also proved that su
h models are fully 
omplete for MLL+MIX.

A major problem is to extend full 
ompleteness to di�erent fragments of linear

logi
 (e.g. additives, exponentials.) Game-theoreti
al models have re
ently be
ome a

major tool in this area. We intend to unify these models with the ones studied in this

thesis. Current results by several resear
h groups around the world appear amenable

to an abstra
t and axiomati
 approa
h whi
h is yet to be developed. First steps

towards su
h an approa
h were taken by Hyland, Abramsky and their 
olleagues

and students. Re
ently Abramsky and Mellies announ
ed a novel game-theoreti


full 
ompleteness result for the multipli
ative and additive fragment of linear logi
.

Current work aims to give new non-game-theoreti
 fully 
omplete models.



Appendix A

Diagrams for Tra
e Axioms

X’ X’

1
U

f f
g g

U U

YY

UU

X X

U

Figure 29: Naturality in X

1
U

f
g

U U

Y’X Y

U

f

X Y

U U

Y’g

Figure 30: Naturality in Y

1
Y

f

U

YX

U

X

U

Y

g

Y

U’

f
g

X

U’U’

1
X

Figure 31: Dinaturality in U
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ff

X Y

I I

X Y

Figure 32: Vanishing I

gg

VUVU V V

X Y

U U

YX

Figure 33: Vanishing II

f

g

U U

W

X

Z

Y

g

f

W Z

X Y

U U

Figure 34: Superposing (see Proposition 2.1.18)

U U

UU

U U

Figure 35: Yanking



Appendix B

Derivation of GoI Combinators

We give a brief summary of our graphi
al notation in Figure 36. In this �gure:

(i) identity morphism, 1

X

(ii) symmetry morphism, �

XY

(iii) tensor produ
t, f 
 g : X 
X

0

�! Y 
 Y

0

(iv) tra
e, Tr

U

X;Y

(f) : X �! Y

(v) 
omposition, gf : (X

+

; X

�

) �! (Z

+

; Z

�

), where f : (X

+

; X

�

) �! (Y

+

; Y

�

)

and g : (Y

+

; Y

�

) �! (Z

+

; Z

�

)

(vi) transposition, �(f) : (X

+

; X

�

) �! (Y

+

; Y

�

) �Æ (Z

+

; Z

�

), where f :

(X

+

; X

�

)
 (Y

+

; Y

�

) �! (Z

+

; Z

�

)

(v) evaluation, ev : ((Y

+

; Y

�

) �Æ (Z

+

; Z

�

))
 (Y

+

; Y

�

) �! (Z

+

; Z

�

)
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Y
+Y -

Y -
Y

+

X
+

Z
+

X-

Z -

X
+

Z -

Y
+

X-

Z
+

Y -

Y
+

Z -

Y -

Z
+

Y -

Y
+

Z -

Z
+

X X

X

Y

Y

X

(ii)

f

gX’

X Y

Y’

fX Y

U U

(iv)(iii)

(i)

f

g

f

(v)(vi)

(vii)

Figure 36: Summary of the graphi
al notation

In the �gures for the 
ombinators, an arrow between two �gures means that the

�gure on the left is redu
ed to the one on the right using the rules of the graphi
al


al
ulus. The 
aptions for all diagrams are given below.

� Combinator I, r�(1

V

)

� Combinator B

(i) b = ev(1
 ev)

(ii) �

3

(b)

(iii) r(1 �Æ r)(s �Æ (s �Æ r))�

3

(b)
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� Combinator C

(i) (ev 
 1)(1
 �)

(ii) 
 = ev(ev 
 1)(1
 �)

(iii) �

3

(
)

(iv) r(s �Æ r)((1 �Æ s) �Æ (1 �Æ r))�

3

(
)

� Combinator K

(i) k = 1

V


 weak

V

(ii) �

2

(k)

(iii) (1 �Æ (q �Æ 1))�

2

(k), f

K

= uw

U

w

0

U

v

(iv) r(1 �Æ r)(1 �Æ (q �Æ 1))�

2

(k)

� Combinator W

(i) w = ev(ev 
 1)(1
 
on

V

)

(ii) �

2

(w)

(iii) ((p �Æ (p �Æ 1)) �Æ 1)(1 �Æ (q �Æ 1))�

2

(w),

f

W

= u


U

(v 
 v), g

W

= (u
 u)


0

U

v

(iv) ((1 �Æ s) �Æ r)((p �Æ (p �Æ 1)) �Æ 1)(1 �Æ (q �Æ 1))�

2

(w)

(v) r(s �Æ 1)((1 �Æ s) �Æ r)((p �Æ (p �Æ 1)) �Æ 1)(1 �Æ (q �Æ 1))�

2

(w)

� Combinator D

(i) d = ev(1
 der

V

)

(ii) �

2

(d)

(iii) r(1 �Æ r)(s �Æ (q �Æ 1))�

2

(d), f

D

= ul

U

, g

D

= l

0

U

v

� Combinator Æ

(i) (1 �Æ!p)�(Æ

V

)
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(ii) (q �Æ p)(1 �Æ!p)�(Æ

V

), f

Æ

= ue

U

T (v)v, g

Æ

= uT (u)e

0

U

v

(iii) r(q �Æ p)(1 �Æ!p)�(Æ

V

)

� Combinator F

(i) f =!ev'

(ii) �

2

(f)

(iii) (!s �Æ (q �Æ p))�

2

(f)

(iv) (q �Æ 1)(!s �Æ (q �Æ p))�

2

(f),

f

F

= uT (j) 

U;U

(v 
 v), g

F

= (u
 u) 

�1

U;U

T (k)v

(v) r(1 �Æ r)(q �Æ 1)(!s �Æ (q �Æ p))�

2

(f)

U

U

U

U

U

U

U

U

j

k

k j

Figure 37: Combinator I
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U

U

U

U
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U

U

U

U

U

U

U

U
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U

U
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U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

(i)

(ii)

Figure 38: Combinator B



APPENDIX B. DERIVATION OF GOI COMBINATORS 211

U

U

U

U

U

U

U

U

U

U

U

U

j

j

j

j

j

k

kk

k
k

j

j

j

j

j

k

k

k

k

k

(iii)

Figure 39: Combinator B
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U

U

U
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U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U
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U

U

U

U

U
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U
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U

U

U

U

U

U

U

U

U

U

U

U

U

U

U
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U

U

U

U

(i)

Figure 40: Combinator C
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U
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U
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Figure 41: Combinator C
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j
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Figure 42: Combinator C
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Figure 43: Combinator K
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Figure 44: Combinator K
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Figure 45: Combinator W
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Figure 46: Combinator W
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Figure 47: Combinator W
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Figure 48: Combinator W
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Figure 49: Combinator D
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Figure 50: Combinator D
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Figure 51: Combinator Æ
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Figure 52: Combinator Æ
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Figure 53: Combinator F
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Figure 54: Combinator F
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Figure 55: Combinator F
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Redu
tion to Normal Forms

Re
all the equations for the 
ombinators:

I

.

x = x:

B

.

x

.

y

.

z = x

.

(y

.

z).

C

.

x

.

y

.

z = x

.

z

.

y.

W

.

x

.

!

y = x

.

!

y

.

!

y.

D

.

x

.

!

y = x

.

y.

Æ

.

!

x =

!!

x.

F

.

!

x

.

!

y =

!

(x

.

y).

xx reduces to 

Figure 56: Identity Combinator I
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z

x

z

y

x

y
reduces to 

Figure 57: Composition Combinator B

z
x

z

y

x

y
reduces to

Figure 58: Ex
hange Combinator C

f
K

x

x

y

reduces to

!

Figure 59: Weakening Combinator K

g
W

f
W

y

x

y

x y
reduces to

!

!

!

Figure 60: Contra
tion Combinator W
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f
D

g
D

y
x

y

x
reduces to 

!

Figure 61: Dereli
tion Combinator D

f
δ

g
δ x

x
! reduces to !!

Figure 62: Comultipli
ation Combinator Æ

g
F

f
F

(x.y)

x

y

reduces to 

!

!

!

Figure 63: Fun
toriality Combinator F
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