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Abstract. The tensor product of props was defined by Hack-
ney and Robertson as an extension of the Boardman—Vogt
product of operads to more general monoidal theories. The-
ories that factor as tensor products include the theory of
commutative monoids and the theory of bialgebras. We
give a topological interpretation (and vast generalisation)
of this construction as a low-dimensional projection of a
“smash product of pointed directed spaces”. Here directed
spaces are embodied by combinatorial structures called dia-
grammatic sets, while Gray products replace cartesian prod-
ucts. The correspondence is mediated by a web of adjunc-
tions relating diagrammatic sets, pros, probs, props, and
Gray-categories. The untruncated smash product applies
to higher-dimensional theories and systematically produces
higher-dimensional coherence cells.
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INTRODUCTION

In a categorical tradition of universal algebra dating back to F. William Law-
vere’s thesis [Law63], algebraic theories are embodied by cartesian monoidal
categories whose objects are freely generated from a set of sorts. Models of the
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theory, embodied by strong monoidal functors, may live in an arbitrary carte-
sian monoidal category: we specialise to the category of sets and functions to
recover the classical notion.

Following this fundamental shift in perspective, and considering that carte-
sianness of a monoidal structure can be defined equationally [Fox76], it is a
relatively small step to consider more general monoidal theories whose models
live in arbitrary monoidal categories.

Monoidal theories are embodied by structures called pros [ML65].} Interme-
diate between monoidal theories and algebraic theories, there are braided and
symmetric monoidal theories, embodied respectively by probs and props. The
familiar term-algebraic calculus is inadequate for these generalised theories,
and is commonly replaced with a calculus of string diagrams [Sel10].

Given theories T" and S, a common occurrence is a mathematical object
having both a structure of T-model and of S-model, satisfying some compat-
ibility condition. For example, a bimodule is both a left and a right module,
in such a way that the left and right actions commute. A natural question is:
can we systematically compose theories, so that a model of the composite of
T and S is an object with compatible T" and S-model structures?

In a line of work that has been attracting attention in theoretical computer
science [BSZ14, BSZ18], composition of monoidal theories is mediated by dis-
tributive laws which specify a factorisation system between operations of T'
and S, as described by Steve Lack [Lac04].

A less flexible, yet more uniform composition is the tensor product, which
applies to all props and does not require additional data. The tensor product
of props was defined and studied by Philip Hackney and Marcy Robertson
[HR15],%> who also proved that it extends, in a precise sense, the product of
symmetric operads introduced by J. M. Boardman and R. M. Vogt [BV06].

Some intuition about the tensor product may be gained as follows. If M
is a symmetric monoidal category, the category of T-models in M inherits a
symmetric monoidal structure: to compose two models, we “run their opera-
tions in parallel”, using the symmetric structure of M to rearrange inputs and
outputs as needed. The data of a model in M of the tensor product T'®s S is
equivalent to the data of an S-model in the category of T-models in M.

As remarked in [Lac04, §4.2], there is something mysterious about the réle of
symmetric braidings in the composition of monoidal theories. From a certain

'In some sources, the term pro or PRO is reserved for a one-sorted theory, and the
multi-sorted variant is called a coloured pro.

2 Although its possibility was noticed earlier by John C. Baez [Bae06]. This is also a nice
survey of the relations between pros, probs, props, and algebraic theories.
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perspective, a symmetric braiding is just another operation in a pro, yet it
plays an inescapable structural réle in the tensor product.

Consider the theories of monoids and comonoids. These are planar monoidal
theories, naturally embodied by a pro: in the corresponding prop, symmetric
braidings are added freely, so that models in the sense of props are equivalent
to models in the sense of pros. Nevertheless, their tensor product — the theory
of bialgebras — features the non-planar equation

= (1)

where the symmetric braiding in the left-hand side cannot clearly be attributed
to either factor.

In particular, the tensor product of props does not restrict to a monoidal
structure on pros. At most, as shown in Section 5.1, we can define an “exter-
nal” tensor product which takes two pros and returns a prob, from which we
can then universally reconstruct the tensor product of props.

A few years ago, we noticed that equation (1) admits the following topo-
logical interpretation.? Take the string diagrams corresponding to monoid
multiplication and comonoid comultiplication, and extend them along per-
pendicular directions in the plane so that they form branching surfaces:

Intersect the two branching surfaces and “slide” one past another along the
vertical axis. As one branching slides past the other branching, the intersection
— a “string diagram in 3-dimensional space” — evolves as in the following

T

The two sides of (1) arise as planar projections of the two sides of (2).

figure:

3 A similar observation was made, around the same time, by J. Scott Carter [Carl8].
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This interpretation extends to all “compatibility” equations in the tensor
product of props, and recasts the tensor product as a dimension-raising con-
struction: given planar diagrams, it produces equations of 3-dimensional dia-
grams. This solves our conundrum about symmetric braidings: they are absent
in the 3-dimensional picture, and only appear in the 2-dimensional picture as
an artefact of planar projection.

What is going on? As we first detailed in [Had17, Section 2.3|, the correct
interpretation of (2) is that it arises from a smash product of pointed directed
spaces, in a sense that we will soon explain. To make this precise, we needed a
framework for diagrammatic reasoning in weak higher categories of arbitrary
dimension, which was not available at the time. We have since developed a
suitable foundation: the theory of diagrammatic sets [Had20b].

The aim of this article is the statement and proof of Theorem 5.29: the “ex-
ternal” tensor product of pros factors functorially through the smash product
of pointed diagrammatic sets. Through this result, we can attribute a pre-
cise meaning to our earlier statements, such as the assertion that equation
(1) arises from (2). On our way, we develop a great deal of combinatorics in
order to relate diagrammatic sets, pros, and probs via a web of adjunctions
involving a few “ancillary” higher structures.

We see this result not as an end point, but as opening. Far from being just
a reinterpretation, our smash product is a vast generalisation of the tensor
product of props, and transitively of the Boardman—Vogt product of operads.

Indeed, pointed diagrammatic sets can embody higher-dimensional theories
with non-invertible generators in arbitrarily high dimension.* From these, the
smash product generates non-invertible higher-dimensional cells rather than
equations. Already when applied to 3-dimensional presentations of monoidal
theories [Mim14], this construction produces interesting coherence cells up to
dimension 6, of the kind that is typically constructed with methods of rewriting
theory such as the computation of critical pairs.

Momnoidal theories, directed spaces, and diagrammatic sets

The connection between monoidal theories and directed spaces is founded on
four conceptual leaps. The first leap, as mentioned, is Lawvere’s realisation
that monoidal categories can embody algebraic theories.

The second is John C. Baez and James Dolan’s periodic table of n-categories,
by which a monoidal category is equivalent to a bicategory with a single 0-cell,
but a braided monoidal category is equivalent to a tricategory with a single

4As opposed to structures used in homotopical algebra, such as co-operads, that embody
theories with invertible higher data.
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0-cell and 1-cell [BD95]. A variant of this result implies that a pro is a special
kind of 2-category, while a prob is a special kind of Gray-category, a semistrict
notion of tricategory [GPS95]. This matches the intuition that tensoring pros
to obtain a prob is dimension-raising.

The third is Alexander Grothendieck’s homotopy hypothesis, that “spaces”,
more precisely homotopy types, are modelled in a precise combinatorial sense
by higher groupoids. In models where higher groupoids are higher categories
whose cells are all invertible in a weak sense, this leaves open the possibility
of interpreting higher categories as “spaces of directed cells”.

The fourth and final leap is Albert Burroni’s observation that various notions
of presentations by generators and relations, or rewrite systems, can be unified
as presentations of “cell complexes in a category of higher categories”, a notion
of directed space with combinatorial structure [Bur93].

Following the sequence, we can reinterpret a monoidal theory with its set
of sorts as a kind of directed 2-dimensional space containing a 1-dimensional
cell complex. A braided monoidal theory is the same thing one dimension up.

These spaces are canonically pointed with the unique 0-cell in the cell com-
plex structure. It is natural, at this point, to wonder about a directed coun-
terpart of the classical smash product of pointed spaces. The correct gener-
alisation replaces the cartesian product of spaces with a version of the Gray
product [Ste04].

In [Hadl7, Section 2.3, we considered smash products in the context of
Burroni and Ross Street’s theory of polygraphs, based on strict w-categories.
This had the advantage that a theory of Gray products had already been
developed [AM20], and that we could identify a pro directly with a pointed
2-category. However, in this context the smash product of pros produces
a strict 3-category equivalent not to a braided monoidal category, but to a
highly degenerate commutative monoidal category.’

In [Had20b], based on an abandoned idea of Mikhail M. Kapranov and
Vladimir V. Voevodsky, we developed the theory of diagrammatic sets as an
alternative to polygraphs that would avoid this pitfall and support rewriting
and diagrammatic reasoning in weak higher categories.

While the model of a directed cell in a polygraph is algebraic, diagrammatic
sets adopt a combinatorial model. Roughly, a model of a directed n-cell is
the face poset of a regular CW-decomposition of the topological closed n-ball,
together with an orientation subdividing the boundary of each cell into an
input and output half, in such a way that the input and output half are also

5This is connected to the known failure of the homotopy hypothesis for strict w-categories,
see [Sim09, Chapter 4].
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face posets of regular CW-balls, and their orientations determine a composable
pasting diagram in a strict w-category. Common higher-categorical shapes
such as oriented simplices and cubes, and even less common ones such as
positive opetopes [Zaw17] appear as special cases.

A pleasant outcome of the transition to the combinatorial setup is that Gray
products and smash products are much easier to define and compute. On the
other hand, the identification of pros or probs with certain pointed diagram-
matic sets is non-trivial. The technical core of this article is the definition
of a full and faithful diagrammatic nerve of pros (Section 4.1), and then of a
non-trivial realisation functor of diagrammatic sets in Gray-categories (Sec-
tion 4.2), which allows us to recover the tensor product of two pros as the
realisation of the smash product of their nerves.%

Diagrammatic sets are related to (compactly generated Hausdorff) spaces
by a nerve-realisation pair [Had20b, Section 8.3], where the nerve actualises a
version of the homotopy hypothesis. As detailed in Section 5.2, the geomet-
ric realisation sends Gray products to cartesian products, so it sends smash
products to smash products.

Altogether, our results amount to the surprising fact that the tensor product
of pros and the smash product of pointed spaces are two facets of the same
construction.

Related work

We have already paid tribute to our main influences on the conceptual side.
On the other hand, this article is technically most indebted to three sources.

The first is Hackney and Robertson’s article [HR15]: beyond the fact that
they introduced the tensor product of props, our proofs in Section 2 that cer-
tain categories of pros and probs have small limits and colimits are essentially
lifted from their work on the category of props, with minor tweaks.

The second is John Power’s work on pasting diagrams [Pow91]. While our
formalisation of diagrams is based on Richard Steiner’s combinatorial frame-
work [Ste93], an analogue of Power’s domain replacement condition turns out
to be key to the constructions of Section 4, and the technical Section 3 is
devoted to showing that it holds for all our 3-dimensional diagrams.

In particular, our Theorem 3.25 is roughly equivalent in meaning to [Pow91,
Theorem 4.14]. Interestingly, Power’s topological setup seems to have com-
pletely different strengths and weaknesses compared to our combinatorial
setup: when translating Power’s proofs, we discovered that every single non-

SMore precisely, of their nerves with an orientation reversal in the second factor, as
explained in Section 5.3.
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trivial step in his proofs followed easily from our definitions, whereas the triv-
ial steps would require non-trivial proofs, as in Proposition 3.22. No formal
comparison has been made, to our knowledge, between Steiner’s and Power’s
theory, so we think it is justified to consider our results original.

The third is Simon Forest and Samuel Mimram’s article on the rewriting
theory of Gray-categories [FM18]. Not only we learned from them a convenient
axiomatisation of Gray-categories, but the construction of Section 4.2 draws
directly on their ideas and results and can be seen as a continuation of their
work, showing that every diagrammatic set presents a Gray-category.

Structure of the article

Notation: say that I use diagrammatic order for morphism composition (but
not for functors).

Outlook and open problems

Mention the extension of the “realisation in Gray-categories” to associative

n-categories.

1. SOME HIGHER STRUCTURES

1.1.  Directed complezres and diagrammatic sets

We quickly go through the main definitions, and refer the reader to [Had20b]
for an in-depth development.

1.1 (Graded poset). Let P be a finite poset with order relation <. For all
elements x,y € P, we say that y covers x if x < y and, for all ¥/ € X, if
r <y <ytheny =y.

The Hasse diagram of P is the finite directed graph S P with 7Py = P
as set of vertices and P, := {y — x | y covers x} as set of edges.

Let P, be P extended with a least element 1. We say that P is graded if,
for all € P, all directed paths from = to | in P, have the same length.
If this length is n + 1, we let dim(z) := n be the dimension of x.

1.2 (Closed and pure subsets). Let P be a poset and U C P. The closure of
U is the subset clU == {x € P |3y € U x < y} of P. We say that U is closed
it U =clU.

Suppose P is graded and U C P is closed. Then U is graded with the partial
order inherited from P. The dimension dim(U) of U is max{dim(z) | z € U}
if U is inhabited, —1 otherwise. In particular, dim(cl{z}) = dim(z).

We say that U is pure if its maximal elements all have dimension dim(U).
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1.3 (Oriented graded poset). An orientation on a finite poset P is an edge-
labelling o: P — {+, —} of its Hasse diagram.
An oriented graded poset is a finite graded poset with an orientation.

1.4. We will often let variables a, 8 range implicitly over {+, —}.

1.5 (Boundaries). Let P be an oriented graded poset and U C P a closed
subset. Then U inherits an orientation from P by restriction.
For all o € {+,—} and n € N, we define

AU = {z € U | dim(z) =n and if y € U covers z, then o(y — x) = a},
OnU =cl(ASU)U{zx € U |for all y € U, if z <y, then dim(y) < n},
AU =ATUUAU, o,U =0 U uo, U.

We call 9, U the input n-boundary, and d,"U the output n-boundary of U.

If U is (n + 1)-dimensional, we write A®U = A%U and 0°U := 05U. For
each x € P, we write A%z := Af%cl{z} and 05z = 9%cl{x}.

1.6 (Atoms and molecules). Let P be an oriented graded poset. We define
a family of closed subsets of P, the molecules of P, by induction on proper
subsets. If U is a closed subset of P, then U is a molecule if either

e U has a greatest element, in which case we call it an atom, or

o there exist molecules U; and Us, both properly contained in U, and n € N
such that Uy N Uy = 9;F Uy = 9, Uy and U = Uy U Us.

We define C to be the smallest partial order relation such that, if U; and Us
are molecules and Uy N Uy = 9,7 U;y = 9, Us, then Uy, Uy C Uy U Us.

We say n-molecule for an n-dimensional molecule. We say that P itself is a
molecule if P C P is a molecule.

1.7 (Spherical boundary). An n-molecule U in an oriented graded poset has
spherical boundary if, for all k < n,

oUNO U =0, ,U.
1.8 (Regular directed complex). An oriented graded poset P is a regular
directed complez if, for all z € P and «, 8 € {4, -},
1. cl{x} has spherical boundary,

2. 0%z is a molecule, and

3. 0%(0%x) = 0%_yx if n == dim(z) > 1.
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A map f: P — Q of regular directed complexes is a function of their under-
lying sets that satisfies

O f(x) = f(9,x)
forall z € P, n € N, and a € {+,—}. We call an injective map an inclusion.
With their maps, regular directed complexes form a category DCpx™~.

1.9 (Regular molecule). A regular molecule is a molecule in a regular directed
complex.

By [Had20b, Proposition 1.38], if two regular molecules are isomorphic in
DCpx”, they are isomorphic in a unique way. As customary in these situa-
tions, we will treat isomorphic regular molecules as “equal” under appropriate
circumstances.

1.10 (Globe). For each n € N, let O™ be the poset with a pair of elements
kT, k™ for each k < n and a greatest element n, with the partial order defined
by j¢ < kP if and only if j < k. This is a graded poset, with dim(n) = n and
dim(k®) = k for all & < n.

With the orientation o(y — k) := « if y covers k%, O™ becomes a regular
directed complex, in particular a regular atom. We call O™ the n-globe.

1.11 (Pasting of molecules). Let Uy, Us be regular molecules and suppose
that 8,;"U1 and 9, Uz are isomorphic in DCpx”™. Given an isomorphic copy
V' of the two, there is a unique span of inclusions V' < Uy and V' < Us whose
images are, respectively, 8,":(]1 and 0, Uz. We let Uy #, Uz be the pushout

V —— Uy

L=l

U ——— Uy #, U

in DCpxR. Then U; #;, Us is a regular molecule, decomposing as U; UUsy with
UiNU;y = E),le = 8k_U2.

1.12 (— = — construction). Let U,V be regular n-molecules with spherical
boundary such that 9*U is isomorphic to 0V for all a € {+, —}.

Form the pushout U UV of the span of inclusions U — U, 0U — V whose
images are QU and 9V, respectively. We define U = V to be the oriented
graded poset obtained from U UV by adjoining a greatest element T with
O~T:=Uand 8" T := V. Then U = V is an (n + 1)-dimensional atom with
spherical boundary.

1.13 ((—) construction). Let U be a regular molecule with spherical boundary.
Then 0~U = 91U is defined, and we denote it by (U).
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1.14. There is a unique 0-atom, namely, the 0-globe 1 := O°, which is also
the terminal object of DCpx™.
We define a sequence {1, },>0 of 1-molecules by

I, = O, I, := I, 1#0 0" for n > 1.

Every regular 1-molecule is of the form I,, for some n > 0.

For each pair n,m > 0, let Uy, ., := (I, = Ip,). Every regular 2-atom is of
the form U, ,, for some n,m > 0. Regular 2-molecules are then generated by
I1 and the U, ,, under the pasting operations #, #; .

1.15 (Diagrammatic set). We write © for a skeleton of the full subcategory
of DCpx™ on the atoms of every dimension.

A diagrammatic set is a presheaf on ®. Diagrammatic sets and their mor-
phisms of presheaves form a category ©Set.

Comment 1.16. The definition in [Had20b] is relative to a fixed “convenient”
class of molecules; for simplicity, here we pick the class of all molecules with
spherical boundary.

1.17. We identify © with a full subcategory ® < ®Set via the Yoneda em-
bedding. With this identification, we use morphisms in ®Set as our notation
for both elements and structural operations of a diagrammatic set X:

e x € X(U) becomes z: U — X, and
o foreachmap f: V = U in ©, X(f)(z) € X(V) becomes f;z: V — X.

As described in [Had20b, §4.4], the embedding ® — ®Set extends to an
embedding DCpx” — ®Set.

1.18 (Diagrams and cells). Let X be a diagrammatic set and U a molecule
in DCpx”®. A diagram of shape U in X is a morphism z: U — X. It is
composable if U has spherical boundary and a cell if U is an atom. For all
n € N, we say that x is n-diagram or an n-cell when dim(U) = n.

Given an inclusion ¢: V' — U of molecules, we write x|y for the dia-
gram 2;x: V. — X. If U decomposes as Uj #; Us, we write x = x1 # T2
for x; == x|y, 1 € {1,2}.

Ifx: U — X isadiagram in X and f: X — Y a morphism of diagrammatic
sets, we may write f(x) for the diagram z; f: U — Y.

1.19 (Boundaries of diagrams). Let X be a diagrammatic set, z: U — X
a diagram, and let +f: OfU — U be the inclusions of the k-boundaries of
U. The input k-boundary of x is the diagram 0, x = 1, ;2 and the output



THE SMASH PRODUCT OF MONOIDAL THEORIES 11

k-boundary of x is the diagram 8,":30 = zz'; x. We may omit the index k when
k=dim(U) — 1.

We write z: y~ = yT to express that gz = y for each a € {+,—}, and
say that x is of type y~ = yT. We say that two diagrams x1, zo are parallel if
they have the same type.

1.20. A 1-cell a in a diagrammatic set has shape I1. A 2-cell ¢ has shape
Un,m for some n,m > 0, so it is of type

a1 #o ... #00n = b1 #0 ... #0bm

for some 1-cells a1,...,an,b1,...,b,. We may depict such cells as string dia-

grams

where a lighter shade indicates a repeated pattern. Each region of space
bounded by wires corresponds to a potentially different 0-cell; in practice, we
will mostly work with diagrammatic sets that have a single O-cell. Labels will
be omitted when irrelevant, or implied by the shape of a cell.

A 2-diagram decomposes into 1-cells and 2-cells under the #g, #; opera-
tions. In string diagrams, #( is horizontal juxtaposition and #; is vertical
juxtaposition with the output wires of one diagram connecting to the input
wires of another. For example,

depicts a generic 2-diagram of the form

(p#oar #0 .- #oan) #1 (D1 #0 - .. #0bm #0 )

for some 2-cells ¢, ¢ and 1-cells aq,...,an,b1,...,bp.

Observe that, in our setting, there is no need to attribute a topological na-
ture to string diagrams, d la Joyal and Street [JS91]: they should instead be
interpreted as compact encodings of regular molecules — a discrete, combina-
torial structure — and their morphisms into diagrammatic sets.
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A 2-diagram is composable if and only if it is connected as a string diagram.
For example, of the diagrams

R AT

only the first one is composable.

We may depict a 3-diagram as a sequence of rewrites on composable subdi-
agrams of a diagram. For example, a diagrammatic set with a single 0-cell, a
single 1-cell, and 3-cells ¢, ¥ of the form

996 uwé
Nl = =
7 5 %

will have a 3-diagram of the form

where the input boundary of each 3-cell is highlighted in pink.
We will also use string diagrams to describe certain regular molecules. This

is justified by the interpretation of a molecule U as the “tautologous” diagram
idy: U — U in ©Set.

1.21 (Dual diagrammatic set). Let U be a regular atom. The oriented graded
poset U° with the same underlying poset as U and the opposite orientation
0°(y — x) = —o(y — ) is a regular atom. If f: U — V is a map in O,
its underlying function also defines a map f°: U° — V°. This determines an
involution —° on ®.

Let X be a diagrammatic set. Its dual X° is the diagrammatic set defined
by X°(—) = X(—°). This extends to morphisms in the obvious way, and
extends the involution on ® to an involution on ®Set.

Remark 1.22. If x: U — X is a 2-diagram, the depiction of z°: U° — X° in
string diagrams is the horizontal and vertical reflection of the depiction of z.
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1.2.  Higher-categorical structures

1.23 (Reflexive w-graph). Let O be the full subcategory of ® whose objects
are the globes O". For all n and k£ < n,

¢ the k-boundary inclusions z;, 1, are the only inclusions of OF into O™;

o themap 7: O™ — OF, defined by 7(n), 7(j*) =k if j > k and 7(j*) := j*
if j < k, is the only surjective map from O™ onto OF.
A reflexive w-graph is a presheaf X on O. With their morphisms of presheaves,

reflexive w-graphs form a category wGph,.;.

1.24. The embedding O — O induces a restriction functor ©Set — wGph, ¢
with a full and faithful left adjoint wGph,; < ®Set; we can thus identify
reflexive w-graphs with particular diagrammatic sets, and use for them the
same terminology and notation.

Because all n-cells in a reflexive w-graph X have the same shape O", we
leave it implicit and write X,, := X(O").

1.25 (Units). Let z be a k-cell in a reflexive w-graph X. For n > k, we let
enx = 7;x where 7 is the unique surjective map O™ — O*. We call e,z a unit
on x. We may omit the index when n =k + 1.

1.26 (Rank of a cell). Let x be an n-cell in a reflexive w-graph. The rank
rk(z) of z is defined inductively on n by

o if n =0, then rk(z) = 0;

o if n >0, if x = ey for an (n — 1)-cell y, then rk(z) = rk(y), otherwise
rk(z) == n.

1.27 (Partial w-category). A partial w-category is a reflexive w-graph X to-
gether with partial k-composition operations

#r Xnp x Xp — X,

for all n € N and k < n, satisfying the following axioms:

1. for all n-cells z,y and all kK < n such that x #; y is defined,
8,;"1‘ =0y and e(x #1Yy) = €T # €Y;
2. for all n-cells z and all k£ < n, the k-compositions
z#1,0(0 ) and €, (9, ) #1, @

are defined and equal to x;
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3. for all (n+ 1)-cells z,y and k < n, whenever the left-hand side is defined,

0~ (l‘ #n y) = 8_95,
Ot (z#,y) =0Ty,
0%(x #ry) = 0%x #4, 0%y;

4. for all cells z,y, z and all k£ such that both sides are defined,
(T #rY) #1 2 = T # (Y #12);
5. for all cells z,y, 2,4/, all n and all k& < n such that both sides are defined,
(@ #n2") #1 (Y#nY) = (@ #6Y) #0 (2 #1Y). (4)

A functor f: X — Y of partial w-categories is a morphism of the underlying
reflexive w-graphs such that, for all cells z,y in X, if x #,, y is defined in X
then f(x)#, f(y) is defined and equal to f(z#,y) in Y. Partial w-categories
and their functors form a category pwCat.

1.28. We will generally confuse the notation for a k-cell and the units on it
when using it to form composites: that is, if x is an n-cell and y a k-cell,
k < n, such that z #,, e,y is defined, we will write x #,, ¥ = T #.,, Eny.

1.29 (w-Precategory). An w-precategory is a partial w-category X such that,
for all n-cells z,y in X, the k-composition x #y is defined if and only if
Oz = 9,y and min{rk(z),rk(y)} < k + 1. With their functors, w-precate-
gories form a category wPreCat.

1.30 (w-Category). An w-category is a partial w-category such that, for all
n-cells z,y in X, the k-composition x # y is defined if and only if 8,;% =0, y.
With their functors, w-categories form a category wCat.

1.31. The inclusion wCat — pwCat has a left adjoint —*: pwCat — wCat;
if X is a partial w-category, then X™* is the free w-category on the underlying
reflexive w-graph of X, quotiented by all the equations involving compositions
that are defined in X.

By [Had20b, Proposition 1.23], if P is a regular directed complex, there is
a partial w-category MolP where

1. the set MolP,, of n-cells is the set of molecules U C P with dim(U) < n,
2. O MolP, — MolP; is U — LU,
3. en: MolP, — MolP, isU — U,
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4. U,V is defined if and only if UNV = 8,;FU = 0, V, and in that case it
is equal to U U V.

We will write W = U #, V to signify that W is a molecule decomposing as
U UV, where U and V are molecules with U NV = a,jU =0, V.

As detailed in [Section 7, ibid.], the assignment P — MolP* extends to a
functor Mol—*: DCpx”™ — wCat which is faithful and injective on objects.

1.82 (Principal composition). Let z,y be n-cells in an w-precategory or an
w-category, and let k = min{rk(z),rk(y)} — 1. If 8z = 9, y, the principal
composition of x and y is
THY =TH#LY-

Comment 1.33. Given cells x,y in an w-precategory, suppose that x #y is
defined. Then either

o min{rk(z),rk(y)} =k + 1, in which case z#,y =z #y, or

o rk(z) < k, in which case z #,y =y, or

e tk(y) <k, in which case x #,y = x.
This implies that w-precategories admit an axiomatisation involving only prin-
cipal compositions, at the cost of explicitly handling some corner cases in the

axioms.
Moreover, the two sides of (4) can both be defined only if

e both z and 2’ have rank lower or equal than k + 1, in which case (4) is
equivalent to

# (Y#nY) = (@#eY) #n (T #1Y),
or dually

o both y and 3’ have rank lower or equal than k + 1, in which case (4) is
equivalent to

(x#,2) #1y = (T #5Y) #n (2 #2).

These two observations can be used to establish an equivalence between our
definition of w-precategory and the one given in [FM18, Section 4.1].

1.34. There is a forgetful functor U: wCat — wPreCat which makes x #;, y
undefined whenever min{rk(z),rk(y)} > k + 1.

Proposition 1.35 — The functor U: wCat — wPreCat is full and faithful.
Its image consists of the w-precategories satisfying

(@ #1510y y) #k (O @ #4—1y) = (O @ #t5—1 ) #1, (2 #4183 y) (5)
for all cells x,y with min{rk(z),rk(y)} =k +1 and 8}z =0, _,y.
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Proof. First of all, observe that both sides of (5) are defined in an w-precate-
gory when x,y satisfy the conditions of the statement. If this precategory is
of the form UX for some w-category X, then both sides are equal to x #5_1y
in X, so (5) is satisfied.

Let X’ be an w-precategory such that (5) holds for all cells in X’ in the con-
ditions of the statement. We will define an w-category X such that UX = X',
which necessarily has the same underlying reflexive w-graph as X'.

Let x,y be cells such that 3;111: = 0,,_,y for some k > 0. We must define
T#p_1y in X. If min{rk(z),rk(y)} < k, then z#;_;y is defined in X', and
we declare it to be the same in X.

Otherwise, min{rk(z),rk(y)} = k+ 1 + m for some m > 0. If m = 0, we
define x #;_1 y to be equal to either side of (5). For m > 0, observe that

min{rk(x), rk(97,,,y)}, min{rk(9g, ), tk(y)} < k+m
for all a € {4, —}, but
Op_1% = 01 (Ofy ) = Op_1 Oy my) = Op_1y-

We may thus assume, inductively, that x #,_1 0,y and O, x #_1 y have
already been defined, and let

TH#E 1Y = (T H#p1 3§+my) #Fh+m (@Lmﬂﬁ #h—1Y)-

It is an exercise to show, by induction, that this is equal to

(O #h—1Y) #htm (T #1105 Y)

and derive that X is an w-category. Because all the definitions are forced by
the axioms of w-categories, X is unique with the property that UX = X’.
Since all compositions in X are defined in terms of compositions in UX,
every functor f': UX — UY of w-precategories lifts to a functor f: X — Y
of w-categories. This proves fullness; faithfulness is immediate from the fact
that f and Uf have the same underlying morphism of reflexive w-graphs. =

1.36 (Skeleta). Let X be an w-(pre)category, n € N. The n-skeleton o<, X of
X is the restriction of X to cells of rank < n. We let 0<_; X := (), the initial
w-(pre)category.

1.87 (n-Category). An w-(pre)category is an n-(pre)category if it is equal to
its n-skeleton. An n-(pre)category is determined by its restriction to k-cells
with £ < n.
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Let nPreCat denote the full subcategory of wPreCat and nCat the full
subcategory of wCat on the n-(pre)categories. In both cases, o<, is right
adjoint to the inclusion of subcategories.

The inclusion also has a left adjoint 7<,: given an w-(pre)category X, the
n-(pre)category 7<, X is obtained from o<, X by identifying all pairs of n-cells
x,y such that there exists an (n + 1)-cell e: x = y in X.

Remark 1.38. Both wPreCat and wCat are categories of algebras for fini-
tary monads on wGph,,s, a presheaf topos. By the Remark at the end of
[AR94, §2.78], they are locally finitely presentable, and in particular have all
small limits and colimits. The same applies to their reflective subcategories
nPreCat and nCat for all n € N.

1.39 (Polygraph). Let 00™ = o<,_10".
A (pre)polygraph is an w-(pre)category X together with aset 2" ="y Zn
of generating cells such that, for all n € N,

[Liea, 00" — Il cq;, O"

J — J(l’)ze%b

O<n—1X —— o<pX

is a pushout in wPreCat or wCat.
An n-(pre)polygraph is a (pre)polygraph whose underlying w-(pre)category
is an n-(pre)category. In an n-(pre)polygraph, 2, = 0 for m > n.

Remark 1.40. In every (pre)polygraph (X, %), all cells in 2, have rank n.
The set % is the entire set X of O-cells.

Ezample 1.41. Both 1-precategories and 1-categories coincide with small cat-
egories; a 1-(pre)polygraph is a category free on a graph.

2. MONOIDAL THEORIES

2.1. Planar monoidal theories

For us, monoidal theories are embodied by pros. For technical reasons, we
treat these as a special case of a more general structure of bicoloured pro,
whose relation to pros is the same as the relation of bicategories to monoidal
categories.

2.1 (Bicoloured pro). A bicoloured pro is a 2-category T together with the
structure of a 1-polygraph (c0<17,.7) on its 1-skeleton.
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A morphism f: (T,.7) — (5,.%) of bicoloured pros is a functor f: T — S
of 2-categories with the property that f(a) € €(F) U . for all a € 7.
Bicoloured pros and their morphisms form a category Proy,.

2.2 (Strict monoidal category). A strict monoidal category is a 2-category
with a single O-cell.

Comment 2.3. We are using the characterisation of strict monoidal categories
in [CGO7, Theorem 4.1] as a definition.

2.4 . When some object has a single 0-cell, we denote that 0-cell by e.

2.5 (Pro). A pro is a bicoloured pro with a single 0-cell. We let Pro denote
the full subcategory of Proy; on pros.

Comment 2.6. That is, a pro is a bicoloured pro whose underlying 2-category
is a strict monoidal category.

Comment 2.7. Equivalently, a bicoloured pro (T, .7) is a 2-category whose
1-cells of type x = y are finite paths from z to y in the graph

ot
T A.

P
When z = y, the path is allowed to be of length 0, in which case it is interpreted
as the unit ex.

If T has a single 0-cell, these are the same as finite ordered lists of elements of

71, that is, elements of the free monoid on .77. Seeing a pro as the embodiment
of a monoidal theory, we interpret the elements of 7] as sorts, and 2-cells

w: (at,...,an) = (b1,...,bm)

as operations taking n inputs of sorts ai,...,a, and returning m outputs of
sorts bi,...,bn.

In particular, if the monoidal theory is one-sorted, then .73 is a singleton,
the 1-cells of T" are in bijection with natural numbers, and the type of a 2-cell
is fixed by the arity of its input and its output. In that case, we may write
@: (n) = (m) for an operation with n inputs and m outputs.

If we forget the structure of 1-polygraph on a pro, we get a strict monoidal
category T', which we may see as a special kind of monoidal category. Given a
monoidal category M, a model in M of the monoidal theory (7, .7) is a strong
monoidal functor from 7" to M.
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Remark 2.8. Our definition of a morphism of pros allows a sort to be “col-
lapsed” by mapping it to a unit. We make this choice for technical reasons,
even though it seems more common to disallow it, see for example [HR15].
This choice does not have any bearing on the models.

Ezxample 2.9. The monoid N of natural numbers, seen as a strict monoidal
category with no rank-2 cells, is a one-sorted pro. This corresponds to the
“trivial” theory of objects in a monoidal category.

Ezample 2.10. There is a one-sorted pro Mon whose 1-cell (n) is identified with
the finite ordinal {0 < ... < n—1} for each n € N, and 2-cells ¢: (n) = (m) are
order-preserving maps. The O-composite of ¢: (n) = (m) and ¥: (p) = (¢) is
given by “concatenation”, that is,

o(k) if k <n,

: k
p#to Wi (n+p) = (m+ ), H{mw(k_n) it k> .

This corresponds to the theory of monoids.

Ezample 2.11. If (T, .7) is a pro, then (T°°,.7°), obtained by reversing the
orientation of all 2-cells of T, is also a pro. For example, Mon® is the theory
of comonoids.

Ezample 2.12. Consider the strict monoidal category Mod whose 1-cells are in-
jective maps v: (k) < (n) in Mon, 2-cells ¢: (2: (k) — (n)) = (5: (k) = (m))
are commutative triangles

)
N

is the commutative triangle

1407 (k+0) J#0d
< N

(n+p) ——— (m+aq)

The 1-cells in Mod are freely generated under O-composition by the pair

1: (0) = (1), idi: (1) — (1),
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where 2 is the unique inclusion of the empty ordinal, so Mod admits the struc-
ture of a two-sorted pro.

There are morphisms of pros Mon — Mod and N — Mod, sending the
generating 1-cell to 2 and id;, respectively. The models of Mod in a monoidal
category M are given by an object of M, a monoid in M, and a two-sided
action of the monoid on the object, such that the left action commutes with
the right action.

2.13. There is an obvious functor U: Pro;; — 2Cat forgetting the structure
of 1-polygraph. This functor has a right adjoint R: 2Cat — Proy;, described
as follows.

Given a 2-category X, the 1-skeleton of RX is free on the underlying refiexive
graph of o<; X: that is, the 1-cells in RX are finite paths (ay, ..., a;,) of 1-cells
in X quotiented by the equation

(@1, .., Qi €T, Qix1, ... an) = (a1,...,an)

when 0ta; = 0~ a;11 = x. The 2-cells of type (ai,...,an) = (b1,...,by) in
RX are the 2-cells of type a1 #g ... #9an = b1 #g ... #0bm in X.

Compositions are induced by those of X in the obvious way, and a functor
f+ X — Y of 2-categories induces a morphism Rf: RX — RY of bicoloured
pros by

w: (a1, . an) = (b1,...,by)
*—>f(90) (f(al)a"'vf(an)) = (f(bl)vvf(bm))

For each 2-cell ¢ of type (ai,...,a,) = (b1,...,by) in a bicoloured pro
(T, ), there is a 2-cell a1 #g ... #0an = b1 #0 ... #0bm in U(T, 7)), which
in turn induces a 2-cell of type (ai,...,a,) = (b1,...,by) in RU(T,.7); the
unit of the adjunction sends ¢ to this 2-cell.

Conversely, for each 2-category X and 2-cell ¢: (a1,...,a,) = (b1,...,bm)
in URX, the counit sends ¢ to the cell of type a1 #¢ ... #0an = b1 #0 - .- #0bm
in X from which it was induced. It is an exercise to show that the unit and
counit satisfy the required equations and determine an adjunction.

Lemma 2.14 — The category Proy; has equalisers.

Proof. Let f,g: (T,.7) — (S,.) be parallel morphisms of bicoloured pros.
Define T” to be the restriction of T" to the cells = that satisfy f(x) = g(x) in
S. Then T is a 2-category.

A 1-cell (ay,...,a,) in T belongs to T if and only if f(a;) = g(a;) for all
i€ {l,...,n}. It follows that " .= {a € 7| f(a) = g(a)} gives 0<1T" the
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structure of a 1-polygraph, so that the inclusion of 7" into T is a morphism of
bicoloured pros. By a routine argument, it is the equaliser of f and g. ]

Proposition 2.15 — The functor U: Proy; — 2Cat is comonadic.

Proof. We have shown that U has a right adjoint. Moreover, equalisers as
constructed in the proof of Lemma 2.14 are evidently created by U.

In order to apply the dual of Beck’s monadicity theorem [ML71, §VI.7], it
suffices to show that U reflects isomorphisms. Let f: (T,.7) — (S5,.%) be
a morphism of bicoloured pros and suppose that Uf is an isomorphism of
2-categories with inverse g. Then both Uf and g must preserve the rank of all
cells.

Let a € /4. Then g(a) can be written uniquely as a finite path (a1, ..., a,)
with a; € 7 for alli € {1,...,n}, and

a=Uf(g(a)) = (f(a1),..., flan))

where n > 0 and f(a;) € 7 for all i € {1,...,n}. Because o< 5 is free, this
is only possible if n = 1 and f(a;) = a. It follows that g sends generators to
generators, hence determines a morphism of bicoloured pros, inverse to f in

PI‘Obi. |
Corollary 2.16 — The categories Proy; and Pro have all small limits and
colimits.

Proof. By the dual of [ML71, Exercise 2, §VI1.2], a comonadic functor creates
all colimits in its codomain; since 2Cat has all small colimits, so does Proy,.
Moreover, 2Cat has all small limits and Proy; has equalisers, so Proy; has all
small limits by the dual of [Lin69, Corollary 2].

Since Pro is defined equationally, it is a reflective subcategory of Proy;. It
follows from [Riel7, Proposition 4.5.15] that it also has all small limits and
colimits. ]

2.2.  Non-planar monoidal theories
2.17 (Braided strict monoidal category). A braided strict monoidal category

is a strict monoidal category X together with a family of 2-cells

Ozy: THOY = Y#0T

called braidings, indexed by 1-cells x, y, satisfying the following axioms:

1. the braidings are invertible, that is, there are unique 2-cells o, é, called

inverse braidings, such that o, , #; a;é and a;?ll #1 0z, are units;
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2. they are natural in their parameters, that is, for all 2-cells ¢: z = 2’ and
Yy =y,

(P#0Y) #1027y = Ouy#1 (Y#0 ),
(37 #0V) #1 Oz’ = Oxy#1 (Y #ox);

3. they are compatible with 0-composition and units, that is,

Oz #ox’y = (:L' #0 U:t’,y) #1 (Uz,y #0 $,),
Ozy#oy = (Uamy #0 y/) #1 (y #0 Uz,y’)u

Ocey = &Y, Orce = ET,

whenever the left-hand side is defined.

A functor f: X — Y of braided strict monoidal categories is a functor of the
underlying 2-categories that preserves braidings, that is, f(0uy) = 0 f@) f(y)
for all 1-cells z, y in X. With their functors, braided strict monoidal categories
form a category BrMonCat .

2.18 (Dual braided structure). Let X be a braided strict monoidal category
with braidings {0, }. The family of 2-cells

* . —1

Ozy = Oy

defines a second structure X* of braided strict monoidal category on the un-
derlying strict monoidal category of X.

If f: X — Y is a functor of braided strict monoidal categories, the same
underlying functor of 2-categories determines a functor f*: X* — Y™*. This
defines an involution —* on BrMonCat .

2.19 (Symmetric strict monoidal category). A symmetric strict monoidal cat-
egory is a braided strict monoidal category X satisfying X = X*.

2.20 (Prob). A prob is a pro together with a structure of braided strict
monoidal category on its underlying strict monoidal category.

A morphism of probs is a morphism of pros that preserves the braidings.
Probs and their morphisms form a category Prob.

Comment 2.21. Models of probs live in braided monoidal categories M, not
necessarily strict. A model of a prob (7,.7) in M is a braided strong monoidal
functor from T to M.
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Remark 2.22. To determine a unique structure of braided strict monoidal cat-
egory on a pro it is, in fact, sufficient to give braidings o, for all pairs of
generating 1-cells a, b; a morphism of pros that preserves these braidings au-
tomatically preserves all braidings. This is a consequence of axiom 3 of braided
strict monoidal categories, since every 1-cell in a pro can be decomposed as a
composite of generating 1-cells.

Remark 2.23. The duality —* on BrMonCat . induces a duality on Prob.

2.24 (Prop). A prop is a prob whose underlying braided strict monoidal
category is symmetric. We let Prop denote the full subcategory of Prob on

props.

2.25. There is an obvious forgetful functor U: Prob — Pro and an inclusion
of subcategories Prop < Prob. Both of these have left adjoints:

« the left adjoint F: Pro — Prob of U freely adds braidings o, , and inverse
braidings o, ; for all pairs of 1-cells x,y of a pro (or just the generating
ones, see Remark 2.22); then quotients by the axioms of braided strict

monoidal categories;

o the reflector r: Prob — Prop quotients by the equation o,, = oy, for

all pairs of 1-cells x,y of a prob.

Since we have not yet shown that Prob has coequalisers, for the moment we
interpret the latter as a coequaliser in Pro, then observe that the images of
the o, still form a family of braidings in the quotient.

Ezxample 2.26. The free prob B := FN is the theory of braids. With 1-compo-
sition, 2-cells of type (n) = (n) in B form the braid group B,, on n strands.

Ezxample 2.27. The prop reflection S := rB of the theory of braids is the theory
of permutations. With 1-composition, 2-cells of type (n) = (n) in S form the
symmetric group S,, on n elements.

Ezample 2.28. Let CMon be defined as Mon, but 2-cells of type (n) = (m)
are all functions from (n) to (m), not just the order-preserving ones. This is
a one-sorted prop with braidings generated by

o11: (2) = (2), 0—1,1—0.

It corresponds to the theory of commutative monoids in symmetric monoidal
categories. Similarly, models of CMon® are commutative comonoids.

Ezample 2.29. There is a one-sorted pro Maty whose 2-cells A: (n) = (m)
are (m X m)-matrices of integers, the 1-composite A #; B is the product BA
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of matrices, and

A 0
A#yB = .
#0 (0 B)

This is a prop with braidings generated by

(o
LA o)

There is a morphism of props CMon — Maty sending ¢: (n) = (m) to the
(m x n)-matrix A, with entries

A ) = {1 if j = (i),

0 otherwise,

and a morphism CMon®® — Maty, sending ¢°°: (m) = (n) to the transpose
of A,. As a monoidal theory, Maty corresponds to the theory of commutative
and cocommutative Hopf algebras [BSZ17, Section 7].

2.30 (Gray-category). A Gray-category is a 3-precategory G together with a
family of 3-cells
Xay: (#007y)#1 (0T #0y) = (0 w#0y) #1 (x#007y)

called interchangers, indexed by 2-cells x,y with 95 = 9, y, satisfying the
following axioms:

1. the interchangers are invertible, that is, there are unique 3-cells
Xo: (0 z#0y)#1 (x#007y) = (w00 y) #1 (0T #0)
called inverse interchangers, such that x., #2 X;,ly and X;,é #9 Xa,y are
units;
2. the interchangers are natural in their parameters, that is, for all 3-cells
o:x =2 and ¢¥: y =y with 95 ¢ = 9 ¢,
((p#007y) #1 (0 e #0y)) #2 Xa'yy = Xa,y #2 (07 0 #0y) #1 (¢ #0 o y)),
((z #0 07 ) #1 (0 T #0 ) #2 Xa' = Xawy #2 (07 x#00) #1 (x40 07 ));

3. the interchangers are compatible with 1-compositions and units, that is,

Xo#, o'y = (T #007Y) #1 Xar y) #2 (Xay #1 (2’ #00y)),
Xzy#,y = (X:v,y #1 (aer #0 yl)) #o (0" #0y) #1 Xac,y’))7
Xexy = (€T #0Y), Xzey = €(x #0€Y),

whenever the left-hand side is defined;
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4. for all pairs of 3-cells ¢, with 9]¢ = 07 1, the equation

(#1005 0) #2 (0 @ #10) = (85 @ #10) #2 (0 #1 05 ¥)
holds in G.

A functor f: G — H of Gray-categories is a functor of the underlying 3-pre-
categories that preserves the interchangers, that is, f(xzy) = Xf(),f(y) for all
suitable 2-cells x,y in G. With their functors, Gray-categories form a category
GrayCat.

Remark 2.31. Axiom 4 is an instance of (5), allowing us to univocally define
the 1-composition ¢ #; ¢ of 3-cells with 9; ¢ = 0] ¢ in a Gray-category.
Comment 2.32. A more concise definition is that a Gray-category is a small
category enriched over 2Cat with the “pseudo” Gray tensor product [GPS95,
Chapter 5]. As in [Lacll, §1.4], one derives that GrayCat is locally finitely
presentable, and in particular has all small limits and colimits.

2.33. By Proposition 1.35, every 3-category seen as a 3-precategory has a
canonical structure of Gray-category with units as interchangers. This defines
an embedding 3Cat — GrayCat, which makes 3Cat a reflective subcategory
of GrayCat: the reflector universally turns the interchangers into units.

2.34. Given a braided strict monoidal category X, we define a Gray-category
BX as follows. For all n € N, we let BX,,4+1 := X,,, with the same boundary
and unit operators as X between BX, o and BX, ;. We let BX( := {e},
with the only possible unit and boundary operators relating it to BX;. This
defines the underlying reflexive 3-graph of BX.

To make BX a 3-precategory, it suffices to define the principal compositions.
Because BX has no rank-1 cells, the principal compositions are of the form
x #p.y where

e k=1 and min{rk(x),rk(y)} =2, or
e k=2 and rk(z) =rk(y) = 3.

In either case, x #;_1 y is defined in X, and we let x #; y be equal to it in BX.

Finally, given 2-cells z,y in BX, we let the interchanger X, correspond
to the braiding o, , in X. It is an exercise to check that this gives BX the
structure of a Gray-category.

This assignment extends to a functor B: BrMonCatg, — GrayCat in the
obvious way. By [CG11, Theorem 2.16], this functor is full and faithful, and
its essential image consists exactly of those Gray-categories that have a single
0-cell and a single 1-cell. This can be seen as an alternative characterisation
of BrMonCatg;, as a full subcategory of GrayCat.
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Remark 2.35. Through B, the duality —* on BrMonCatg, is the restriction
of the duality on GrayCat that reverses the orientation of 1-cells.

2.36. If X is a braided strict monoidal category, the structure of a 1-polygraph
on o<1 X determines a unique structure of 2-prepolygraph on o<2BX, and vice
versa. A functor f of braided strict monoidal categories sends generators to
generators if and only if Bf does.

Thus, a prob is equivalently defined as a Gray-category T with a single
O-cell, a single 1-cell, and the structure of a 2-prepolygraph (c<27,.7) on
its 2-skeleton. A morphism f: (7,.7) — (S5,.%) of probs is a functor of
Gray-categories such that f(a) € {o} U.% for all a € %.

We have a triangle of functors

Prob

N

BrMonCatg, <T> GrayCat

that commutes up to natural isomorphism, where Uo and Us are the forgetful
functors associated to the two alternative definitions of prob.

Proposition 2.37 — The categories BrMonCatg;,., Prob, and Prop have
all small limits and colimits.

Sketch of the proof. First of all, the essential image of B is defined equationally
in GrayCat, so BrMonCatg,, is, up to equivalence, a reflective subcategory.
Since GrayCat has all small limits and colimits, by [Riel7, Proposition 4.5.15]
so does BrMonCatg,.

Then, we can mimic the proofs of Lemma 2.14 and Proposition 2.15 to show
that Prob has equalisers and that the functor Us: Prob — BrMonCatg,, is
comonadic. As in the proof of Corollary 2.16, we deduce that Prob has all
small limits and colimits, and so does its reflective subcategory Prop. ]

Remark 2.38. The functors U: Proy; — 2Cat, Uy: Prob — BrMonCat,.
are pseudomonic: that is, in addition to being faithful, they reflect and are
full on isomorphisms. This captures the fact that a 2-category admits at most
one structure of bicoloured pro, a consequence of the general fact, proved by
Makkai [Mak05, Section 4, Proposition 8|, that an w-category admits at most
one structure of polygraph.

Because the composite of a pseudomonic with a full and faithful functor is
pseudomonic, it follows that Us: Prob — GrayCat is also pseudomonic.
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3. COMBINATORIAL RESULTS

3.1.  In generic dimension

Comment 3.1. In this section, we use results of [Had20a, Section 6]. These
results are stated relative to the restricted class of constructible directed com-
plexes, but the proofs do not involve any properties that are not satisfied by
all regular directed complexes. Thus all statements hold with constructible
replaced by regular.

3.2. Let U be a closed subset of a regular directed complex. For each n > —1,
the bipartite directed graph .#,U has

{z e U|dim(z) < n} + {z € U|x is maximal and dim(z) > n}

as set of vertices, and an edge y — z if and only if
o dim(y) < n, dim(z) >n,and y € 9,z \ 0,,_,z, or

o dim(y) > n, dim(z) < n, and z € 9;Fy \ 9,,_1v.

3.3 (Frame dimension). Let U be a closed subset of a regular directed com-
plex. The frame dimension of U is the integer

frdim(U) := max{dim(cl{z} Ncl{y}) | z,y maximal in U, = # y}.
Remark 3.4. If frdim(U) = —1, then U is a disjoint union of atoms.

3.5 (Frame acyclicity). A regular directed complex P is frame-acyclic if, for
all molecules U in P, if frdim(U) = k, then .#},U is acyclic.

Lemma 3.6 — Let P be a frame-acyclic reqular directed complex. Then

1. for all molecules U in P, if U = Uy U Us for some closed subsets Uy, Us
such that Uy N Uy = 8,?U1 = 0, Ua, then Uy and Uz are molecules;

2. (MolP* {cl{x}},ep) is a polygraph.
Proof. A corollary of [Had20a, Proposition 26]. |

3.7 (k-Order). Let U be a regular n-molecule. For k < n, a k-order on U is
a linear ordering (x1,...,Z,,) of the set

{z € U|x is maximal and dim(z) > k}

with the property that, if there is a path from z; to z; in .#,U, then ¢ < j.
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Proposition 3.8 — Let U be a reqular n-molecule, k < n. If 43U is acyclic,
then U admits a k-order.

Proof. Every directed acyclic graph admits a topological sorting, that is, a
linear order < on its vertices with the property that if there is a path from
x to y, then x < y. The restriction of a topological sorting of .Z,U to the
maximal elements of dimension greater than k is a k-order on U. ]

Proposition 3.9 — Let U be a reqular n-molecule. Then M, 1U is acyclic
and U admits an (n — 1)-order.

Proof. Follows from Proposition 3.8 and [Had20a, Proposition 20]. ]

Lemma 3.10 — Let U be a frame-acyclic reqular molecule, k > frdim(U),
and let (x1,...,Tm) be a k-order on U. Then there exist molecules Vi, ..., Vi,
such that

U=Vi#g ... #k Vi

and z; € Vj if and only if i = j for alli,j € {1,...m}.

Proof. If m = 1 then V; := U satisfies the statement. Suppose that m > 1 and
that k& = frdim(U). Then we proceed as in the proof of [Had20a, Proposition
26] to produce i € {1,...,m — 1} and a decomposition U = U; U Uy such that

1. U; contains x1,...,x; and Uz contains z;41,...,ZTm,
2. U1NUy = 8,jU1 = 8,€_U2.

By Lemma 3.6, both U; and U, are molecules. Moreover (x1,...,x;) and
(Tit1,-.-,2Tm) are k-orders on Uy and Us, respectively. We conclude by the
inductive hypothesis applied to U; and Us.

Finally, suppose that k > ¢ := frdim(U). By frame acyclicity, we can fix an
l-order (yi,...,yp) on U, and by the first part of the proof we can decompose
U as

Wi#e ... #eWp

with y; € Wj if and only if ¢ = j. Now for each i € {1,...,m} there is a
unique j(i) € {1,...,p} such that z; = y;(;). Let

‘/i = a’?(i71)W1 H#Ho . o w.

i) #e - #e 8:(i’p)Wp, where

(i) + if j = j(¢) for some i’ < i,
ai,j) =
— otherwise.

Then U = Vi #p, ... # Vi is the required decomposition. ]
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3.11 (Substitution). Let V and W be regular n-molecules with spherical
boundary, let U be a regular n-molecule, and let V C U. Then U \ (V \ 9V)
is a closed subset of U.

Suppose that 0*V is isomorphic to 9*W for all « € {+, —}. From [Had20b,
Lemma 2.2] we obtain a unique isomorphism +: U < V. We define U[W/V]
to be the pushout

oV —— U\ (V' \9V)

|

W —— U[W/V]

in DCpx”, and call it the substitution of W for V C U. By [Proposition 2.4,
ibid.] this is an n-molecule with boundaries isomorphic to those of U, and
such that W C U[W/V].

Remark 3.12. As shown in [Had20b, Lemma 2.5], if U is an n-molecule with
a decomposition U = Vi #,_1 ... #n,_1 Vin as in Lemma 3.10, then 0“V; is
isomorphic to 07V;[0%; /0~ “x;] for all & € {4+, —} and i € {1,...,m}.

3.2. In low dimension

3.13 (Totally loop-free molecule). Given a regular molecule U, let #°U be
the directed graph obtained from 27U by reversing all the edges labelled —.
We say that U is totally loop-free if 2°U is acyclic as a directed graph.

If U is totally loop-free, for all z,y € U, we let z < y if and only if there is
a path from = to y in U.

Proposition 3.14 — Let U be a reqular molecule. If dim(U) < 2, then U is
totally loop-free and <X is a linear order on U.

Proof. 1f dim(U) € {0,1} or if U is a 2-dimensional atom, this is easy. Oth-
erwise, decompose U as Vi #; ... #1 V,, so that each V; contains a unique
2-dimensional element z;, and let Vy == 07U and U’ = Vy#7 ... #1 Vin—1.
Then U = U’ U cl{zy,}, and we may assume inductively that the statement
holds for U’.

Suppose that there is a cycle in J#°U. Because both U’ and cl{z,,} are
totally loop-free, such a cycle must leave U’, enter cl{z,} \ 0~ Z,, then return
to U’. Such a path either

o enters x,, via A~x,,, then enters 01z, and leaves via 80+ Typ, OT

o enters Ata,, directly via 95z, stays in 9z, and leaves via 95 .
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In both cases, the path through cl{x,,}\ 0™z, can be replaced with the unique
path to (‘36r T that stays in 0~ x,, C U’. Making such replacements, we create
a cycle in #7°U’, contradicting the inductive hypothesis.

This proves that U is totally loop-free. To show that < is a linear order, it
suffices to compare elements of U’ and of cl{x,,} \ 0~ xp,. Let x € U’. There
are two possible cases:

o 9fxy =<2 in U'. Then z < x for all elements z € cl{xy,}.

o T < (90+1:m in U’. Let y be the unique 1-dimensional element of A~ z,, that
covers 80+ Tm. Suppose that y < x in U’, that is, there is a non-trivial path
from y to x in #°U’. Such a path cannot pass through 9ty = Oa'xm, for
otherwise 86r Ty, = x; nor it can enter a 2-dimensional element, because y
is not covered by any element of U’ with orientation —. Therefore z < v,
S0 & < Iy, and x < z for all elements z € 01y, \ Oym,.

This proves that =< is a linear order on U. [}

Remark 3.15. If U is a regular molecule with dim(U) < 2, by [Ste93, Theorem
2.17] combined with Proposition 3.14, MolU* is equal to MolU.

Proposition 3.16 — Let U be a regular 2-molecule, k € {0,1}, and let
x,y € U be maximal elements of dimension > k. If there is a path from x to
y in AU, then x < y.

Proof. Suppose k = 1. A pathz =29 > wg = ... &> Wp_1 = Ty = ¥y In
AU is a concatenation of two-step paths x; — w; — ;41 where dim(z;) = 2
for all i € {0,...,m} and

w; € (8*@3 \ a()wi) N (8*a:z~+1 \ aoxi+1).

If dim(w;) = 1 then w; € ATxz; N A~ w1, so x; < w; < Ti11. Suppose
dim(w;) = 0. Because O z; is pure and 1-dimensional, w; is covered by some
element of ATz;, and because w; ¢ Jyz; = A(0Tz;), by [Had20b, Lemma
1.16] it is in fact covered by two elements of AT z; with opposite orientations.
If w; € ATz; covers w; with orientation +, we have z; < wh < w.

Dually, we find w! € A~z;1; that covers w; with orientation —, so that
w; < w < xip1. It follows that x; < x;41 for all i € {0,...,m — 1}, and we
conclude that z < y.

Now suppose that £ = 0. A path from = to y in .#yU is a concatenation
of two-step paths z; — w; — x;41 where dim(z;) € {1,2} and w; is the
only element of &T x; = 0y xit1. If dim(x;) = 1 then immediately z; < w;,
otherwise there is exactly one element w] € ATx; such that 95 z; = 07w}, so
x; < w; < w;. Similarly we find that w; < x;41. ]
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Corollary 3.17 — If U is a reqular 2-molecule, the restriction of < to 2-di-
mensional elements determines a 1-order on U.

3.18 (Normal 1-order). Let U be a regular 2-molecule. The normal 1-order
on U is the 1-order induced by the relation < on the elements of U.

Example 3.19. In the shape of the 2-diagrams

6 6

I

the normal 1-order is indicated by the labels of 2-cells.
In general, a rule-of-thumb for reconstructing the normal 1-order from a
string diagram is:
1. if there is an upward path between two 2-cells, then the lowermost precedes
the uppermost;

2. if there is no such path, then the leftmost precedes the rightmost.

Due to a certain flexibility in the depiction of string diagrams, the second rule
may not always strictly hold (but it will hold up to a harmless deformation of
the string diagram).

Corollary 3.20 — Let P be a regular directed complex with dim(P) < 2.
Then P is frame-acyclic.

Lemma 3.21 — Let U be a regular molecule with dim(U) < 2 and let I C U
be a 1-molecule with O~I = Oy U and 071 = 93 U. Then

(a) there is a unique decomposition U = Uy #, U_ with 8; Uy = 0; U_ = I;

(b) for alla € {+,—}, if VC U is a 2-molecule with spherical boundary and
VNnl=0%, thenV C U,.

Proof. By induction on the number m of 2-dimensional elements of U: if
m = 0, then necessarily U = I and U = I #; I is the unique decomposition. If
m > 0, we can write U = U’ #; U, where U, contains a single 2-dimensional
element z. Now either

o I CU’, in which case we have a unique decomposition U’ = U’, #; U’ and
we can set Uy = U/, and U_ =U’_ #, U,, or

e 0Tz C I, since I traces a path in J#°U through 0-dimensional and 1-di-
mensional elements, and because T2 C 07U such a path can only enter
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Oz through 9, x, traverse the entire 7z, and leave through 88; x. Then
I' == 1[0 z/0"z] is well-defined and a 1-molecule in U’; by the inductive
hypothesis, we have a decomposition U" = U/ #; U’ relative to I’. Then
setting U4 == Ul Ucl{z} and U_ = U_ produces a decomposition of U
relative to 1.

Uniqueness is straightforward after observing that removing x U (0% \ 9,z)
from a decomposition of U produces a decomposition of U’ either relative to
Iortol

Let V E U be a 2-molecule with spherical boundary and VNI = 0*V. If
V is an atom, then clearly V C U,. Otherwise, observe that I unaffected by
the substitution U[(V)/V] and 9*(V) = 0%V C I. Decomposing U[(V)/V] as
Ul #1 UL, by the atom case we have (V) C U),. Now U,[V/(V)] and U’ are
factors of a decomposition of U relative to I, so by uniqueness U, = U/ [V/(V)]
and V C U,. [ ]

Proposition 3.22 — Let U, V,W be reqular 2-molecules. Suppose V and
W' have spherical boundary, VW C U, and VNW C 9V UOW. Then
W CU[V)/V] and V T U[(W)/W].

Proof. Fix o € {+,—} and let U’ := U[(V)/V]; by assumption, W is unaf-
fected by this substitution.

We construct a sequence of 1-molecules Iy, ..., I, as follows. Let Iy := 0“W.
For ¢ > 0, if 071; = 0y U, then let k := ¢ and move to the following
cycle, otherwise pick a 1-dimensional element z with 0Tz = 97 I; and let

Iivq = cl{x} #o I;.

For i > k, if 0TI, = BSFU, then let n := ¢ and stop, otherwise pick a
1-dimensional element x with 0~z = 0 [; and let ;11 = I; #gcl{x}. This
process terminates by finiteness of U’ and acyclicity of s#°U.

Now I := I, is unaffected by the reverse substitution U = U’'[V/(V)], has
0~I = 95U and 071 = 95U, and W NI = 9°W. Consider the unique
decomposition U’ #; U’ of U’ relative to I given by Lemma 3.21. Clearly
(V) C U for some 3 € {+,—}, so Ug = Ug[V/(V)] and U_p := U’ 5 produces
the unique decomposition of U relative to I.

Now observe that if we decompose relative to I’ := I[0~*W/0*W] instead
of I, only the 2-dimensional elements of W “switch sides” in the factorisation,
so we can vary « without affecting 5. Choosing « := —f3, we have

VEUﬁ, WEU_g

and the substitution of (V') for V, or of (W) for W, only affects one factor. m
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Comment 3.23. As a consequence of Proposition 3.22, if V and W are sub-
molecules with spherical boundary of a regular 2-molecule U that only overlap
on their boundaries, then they can both be substituted in U: if U[W'/W] and
U[V'/V] are both defined as 2-molecules, then so are U[W'/W][V'/V] and
UV'/V][W'/W], which are in fact equal. This generalises to an arbitrary
number Vi,...,V, E U of 2-molecules such that V; N'V; C 0V; U 9V; for all
ije{l,...,n},i+#j.

Dimension 2 is, in fact, the largest dimension in which this result holds.
The following is an example of a regular 3-molecule for which the analogous
statement fails; it is a simplified version of [Ste93, Section 8], itself based on
[Pow91, Example 3.11].

The point in our proof that fails to generalise to higher dimensions is the
seemingly innocuous fact that 97 W can always be extended to a 1-molecule
I with 8I = 9,U. In the example below, 9TW cannot be extended to any
2-molecule in U[(V)/V] whose boundary is equal to 0,U.

Ezxzample 3.24. Let U be the shape of the 3-diagram

to t() to t() tl
l l Y l Y l
o o < [ N N T, b
T T 1 T2 T2
bo bo bo b1 b1

where we use the labels of cells to refer to the corresponding atoms of U. Then
both V := AU T and W := p U 8 are submolecules of U, they have spherical
boundary, and they do not share any 3-atoms, so they only intersect in the
boundary.

However, W is not a submolecule of U[(V')/V], and V is not a submolecule
of U[(W)/W]. Indeed, there are paths

p—=y—>(Vy—z—0, A=z = (W)—>y—rT

in ALU[(V)/V] and AU [(W) /W], respectively; note that we are confusing
an atom with its greatest element. If W C U[(V)/V] or V C U[(W)/W],
then it would be possible to substitute (W) for W in U[(V)/V], or (V) for
V in U[(W)/W], to obtain a regular 3-molecule U’. These paths would then
become cycles in .#U’, contradicting Proposition 3.9.

Theorem 3.25 — Let P be a reqular directed complex with dim(P) < 3.
Then P is frame-acyclic.

Proof. 1t suffices to show that for all regular 3-molecules U, if frdim(U) = k,
then .#,.U is acyclic. The case k = 2 is handled by Proposition 3.9, so suppose
ke {0,1}.
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By [Had20b, Lemma 2.5] we can decompose U as Vj # ... #9 Vi, where V;
contains a unique 3-dimensional element z; and 9*V; = 9~ *V;[0%; /0~ “z;]
for all « € {+,—} and i € {1,...,m}.

Since cl{z;} Ncl{z;} has dimension at most 1 when i # j, we have that

1. 07x; CO U foralli € {1,...,m}, and

2. by [Had20a, Lemma 18|, cl{z;} Ncl{z;} = 07a; N0~ x; C 0yx; U 0y
when ¢ # j.

Since for all 7 € {1,...,m} we have 0~ x; C 0~ V; and
0~ U = 8*%[8*@_1/8*%_1] - [8’3;1/6%71],

applying Proposition 3.22 repeatedly we find that 0~ x; C 0~ U and the simul-
taneous substitution

U = 8~ U[0 x1) /0" a1] ... (0" zm) /0" Tm] (6)

is defined as a regular 2-molecule with the same frame dimension as U.

Now from every path in .#},U, we construct a path in .Z,U’ as follows. The
path in .Z,U is a concatenation of two-step paths y_ — z — y4, where z is
maximal in U, y_ € 0] z and y; € 0 z.

If dim(x) < 3, then this path stays inside 0~ U, and x,y_, y+ are unaffected
by the substitution (6). If dim(z) = 3, then this path can be replaced by a
path y_ — & — y4 in #,U’, where 7 is the greatest element of (0~ z).

Assuming there is a cycle in U, with this procedure we construct a cycle
in ./, U’, which contradicts Corollary 3.20. Thus .#,U is acyclic. [ ]

4. PROS AND DIAGRAMMATIC SETS

4.1.  Diagrammatic nerve of a pro

4.1. Given a regular directed complex P and n € N, let 0<, P C P be the
closed subset of elements z € P with dim(z) < n. Then Mofl(c<,P)" and
0<nMolP* are isomorphic n-categories.

By Lemma 3.6 combined with Theorem 3.25, for n < 3 the n-category
o<pMolP* admits the structure of a polygraph with {cl{z} | dim(x) < n} as
generating cells. Because, in general, for an w-category X,

o<k X = 0<k(7<nX) when k < n,

the 2-category 7<o Mol P* has the structure of a bicoloured pro with generators
{c{z} | dim(x) < 1}.
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Moreover, if f: P — Q is a morphism in DCpx”, then T<oMolf* sends
each generator cl{z} to a generator cl{f(z)}, so it is compatible with this
structure. This defines a functor P: DCpxR — Proy; that fits into a commu-
tative square

DCpx”" —F . Proy

ot | !

wCat T 2Cat.

Because DCpx™ is small, ®Set is locally small, and by Corollary 2.16 Proy;
has all small colimits, by [Riel7, Corollary 6.2.6] the left Kan extension of
P: DCpx”® — Proy; along the embedding DCpx”® < ®Set exists. This
produces a functor P: ©®Set — Proy,.

Remark 4.2. We may reason as in [Had20b, Proposition 7.10] to show that
P: DCpx”® — Proy; preserves the colimits that are already in DCpx’, and
deduce from [Corollary 1.34, ibid.] that the left Kan extension of P along
DCpx” — OSet is the same as the left Kan extension of its restriction to ®
along the Yoneda embedding.

4.3 (Diagrammatic nerve of bicoloured pros). The diagrammatic nerve of
bicoloured pros is the right adjoint

N: Pro,; — ©Set

to the functor P: ®Set — Proy,.

4.4 . For all bicoloured pros (T, .7),

e morphisms PI,, — (T,.7) classify 1-cells in T of the form aq #g ... #o an,
where a; € 7 (including £(%)) for all i € {1,...,n}, and

o morphisms PU,, ,, = (T, 7) in Proy; classify 2-cells of type

a1 #g .- #0an = b1#g ... #0bm
in T' where a;,b; € 7.
These correspond to morphisms I, — N(7,.7) and U, , — N(T, .7), respec-
tively, in ©Set, that is, 1-diagrams and 2-cells in N(T', 7).
If U is a 3-atom, a morphism e: U — N(7T', 7) restricts, for each a € {+, —},
to a 2-diagram 0%e of shape 0*U in N(T, .7), whose transpose 0% : PO“U — T

is a diagram of 2-cells in T'. Because T is a 2-category,

1. the morphism e¢: PU — (T,.7) exhibits an equation between the compos-
ites of the diagrams 0te and d=e in T, and
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2. if ¢: U — N(T,.7) is another 3-cell with 0%’ = 9% for all « € {+,—},
then e = ¢'.

More in general, if U is an atom, then a cell U — N(T,.7) is uniquely deter-
mined by its restriction o<ze to o<2U C U.

Lemma 4.5 — Let X be a diagrammatic set, (T, ) a bicoloured pro, and
let f,g: X — N(T,.7) be morphisms of diagrammatic sets. If f(x) = g(x) for
all 2-cells x in X, then f = g.

Proof. Let x: U — X be a cell in X with dim(U) > 2. Then f(z) and g(x)
are uniquely determined by their restrictions

o<o(f(x)) = (0<22); f,  o0<2(g(x)) = (0<22);9
to the directed complex o<oU. If f and g agree on 2-cells, these are equal. =
Proposition 4.6 — The functor N is full and faithful.

Proof. Suppose Nf = Ng for two morphisms f,g: (T,.7) — (S,.7) in Proy,.
Given a 2-cell p: (a1,...,an) = (b1,...,by) in T, classified by a morphism
¢: PU, m — (T, 7) with transpose @: Uy, m — N(T,.7), we have

o;Nf = @;Ng

in ©Set. It follows that ¢; f = ;g in Proy,, that is, f(p) = g(¢). Because f
and g agree on all 2-cells, they are equal. This proves that N is faithful.

Let f': N(T,7) — N(S,) be a morphism of diagrammatic sets. Given
a 2-cell : (a1,...,an) = (b1,...,by) in T, classified by ¢: PU, n, — (T, .7)
with transpose ¢: Uy, — N(T,.7), we define f(¢) to be the unique 2-cell
in S whose classifying morphism f(y): PU,m — (S,.7) is the transpose of
@ f': Upm — N(S, 7).

We want to show that f determines a morphism of bicoloured pros. It is
straightforward to verify that f is compatible with all boundaries and with
composition and units for 1-cells.

Let x be a 1-cell in T, classified by x: PI,, — (T, .7) with transpose #; the
unit ez is classified by ex: PU, , — (T, .7) with transpose £z. Let

U=0(,) = Upn,

where O(—) is the construction of [Had20b, §2.21]. This is well-defined as a
regular 3-atom. There is a unique cell e: U — N(T',.7) such that

1. eis equal to ex on 07U, see [§4.16, ibid.], and
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2. eis equal to £z on 0T U.

Then e; f': U — N(S,.%) is a 3-cell of type e f'(Z) = f/'(£x), whose transpose
exhibits the equation € f(z) = f(ex) in S.
Next, suppose @, are 2-cells in T, classified by morphisms

w: PUym — (T,.7), Y: PU, o — (T,.7)

with transposes @, @Z Suppose that ¢ #; ¢ is defined; then we may assume
p = m, and the composite is classified by

W#l%/}i PUn,E — (Tv f)
with transpose @ Let
U= (Un,m #1 Um,[) = Un,é;
this is a regular 3-atom. There is a unique cell e: U — N(T, 7) such that
1. e is equal to ¢ on Uy, — 0~ U and to 15 on Uy, ¢ — 07U, and
2. e is equal to @ on 0TU.
Then e; f': U — N(S,.) is a cell of type
F'(@) 1 ') = (o),

whose transpose exhibits an equation f(¢)#1 f(¥) = f(e#1¢) in S.
Finally, suppose that ¢ #q v is defined; this composite is classified by

© #0 ¢5 PUn—i—p,m—i—Z — (Tv 9)
with transpose ﬁo\w. Let
U= ((Un,m #0 Up,f) #1 Um+€,m+f) = Un+p,m+£'

This is a regular 3-atom and there is a unique cell e: U — N(T', .7) such that
1. eis equal to ¢ on Uy, ,, — 07U and to QZ on U,y — 07U,
2. e is equal to the transpose of £(9Tp #007¢) on Upipmie — 07U, and
3. e is equal to <p/#0\¢ on 07U.

Then e; f': U — N(S,.) is a cell of type

(') #0 /(@) #1 [/(£ (070 #0 0+ 1)) = [/ (@ #0¥).

whose transpose exhibits the equation

(f(@) #o F() #1 f(e(8T @ #0 0T )) = fo#0)
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in S. Because we already know that f is compatible with units, we deduce
that f(p) #0 f(¥) = f(e#0¥).

This proves that f: (T',.7) — (5,.%) is a morphism of bicoloured pros. Now
Nf and f’ are morphisms N(7, .7) — N(S,.#) that, by construction, agree on
all 2-cells of N(T,.7). Tt follows from Lemma 4.5 that Nf = f’. This proves
that N is full. ]

Comment 4.7. String diagrams are commonly used to depict cells in a pro,
usually after an appeal to the Joyal-Street soundness result [JS91]. The di-
agrammatic nerve construction offers an alternative justification, where dia-
grams are attributed a combinatorial, rather than topological interpretation.

We avoid mixing the two uses: our string diagrams always represent dia-
grams in a diagrammatic set. A caveat is that, contrary to custom, we are
not allowed to have nodes with no input or output wires; instead, we need to
explicitly reintroduce units and unitors [Had20b, §4.17] where necessary.

To distinguish them visually, we draw unit 1-cells as dotted wires, and
unitor 2-cells as “dotless nodes”: for example, a 2-cell of type (0) = (1) in a
one-sorted pro will be depicted as

| |

as opposed to ,

while a left unitor 2-cell will be depicted as

as opposed to

This may seem like unnecessary trouble in dimension 2; the pay-off, on the
other hand, is that diagrammatic sets provide sound diagrammatic reasoning
in all dimensions.

4.2.  Realisation of diagrammatic sets in Gray-categories

4.8. Our next goal is to construct a functor G: DCpx”™ — GrayCat, differ-
ent from the “obvious” one obtained by composing Mol—*: DCpx”~ — wCat
with 7<3: wCat — 3Cat and then including 3Cat in GrayCat. In particu-
lar, GP will in general have non-trivial interchangers, so it will not be a strict
3-category.

Every regular directed complex is the colimit of the diagram of inclusions of
its atoms [Had20b, Corollary 1.34]. We impose that G preserve these colimit
diagrams. Then it suffices to define G on atoms of increasing dimension. For
each n € N + {—1}, let ®,, be the full subcategory of ® on the atoms of
dimension < n.
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4.9 (G in dimension < 2). On regular atoms of dimension < 2, we define G to
be Mol—: ®y — 3Cat followed by the embedding 3Cat — GrayCat. We
extend G along colimits to all regular directed complexes of dimension < 2.

4.10. Let P be a 2-dimensional regular directed complex. Then G(o<1P) is
equal to (the image under the embedding 3Cat — GrayCat of) Molo<; P*
and has the structure of a 1-(pre)polygraph with the 1-atoms of P as genera-
tors. Now, for all 2-atoms z € P,

802 [ 02

| o et

Mol(0x) —— Mol(cl{z})

is a pushout both in wPreCat and GrayCat. Thus taking the pushout of
the span

Hdim(m):n Moé(&z) — Hdim(r):n MOE(CI{SL‘})

!

Molo< P*

in wPreCat determines a 2-prepolygraph (GP)s2, while in GrayCat, by a
standard argument on the commutativity of colimits, it is equivalent to the
construction of GP. The results of [FM18, Section 1.6] imply that

1. GP is obtained from (GP)s by freely attaching some 3-cells (interchange
generators) indexed by generating cells of (GP)2, and imposing some equa-
tions of 3-cells, so in particular

2. (GP)y is the 2-skeleton of GP.

In the terminology of Forest and Mimram, P determines a presentation of the
2-precategory (GP)2, which can be completed to a Gray presentation of GP
by freely adding the necessary structural generators.

Lemma 4.11 — Let U be a regular 2-molecule. There is a bijective corre-
spondence between

1. cells of rank 2 in GU, and

2. 2-molecules V C U together with a 1-order.
Proof. By the discussion in §4.10, the 2-cells in GU are the same as the 2-cells

in the 2-prepolygraph (GU )2, so they are freely generated by the atoms of U
under principal compositions (§1.32), subject to the axioms of w-precategories.
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Let V' be a 2-molecule with a l-order (xi,...,z,,). By Lemma 3.10, we
obtain a decomposition

Now each V; has frame dimension 0 or -1, so it has a (clearly unique) decom-
position

clHyii}#o0 - #ocMyint #ocl{wi} #o Myip1t #0 - #olyipt  (8)

where dim(y; ;) = 1 for all j € {1,...,p}. Replacing the (8) into (7), we
obtain a decomposition of U into atoms using only principal compositions,
which determines a cell of rank 2 in (GU)a,.

Conversely, by [FM18, Proposition 2], every cell y of rank 2 in (GU)y has
a unique expression of the form yy #7 ... #1 ¥y Where y; is an expression of
the form (8). Now the expression of y is also a valid expression for a 2-cell in
MolU*, which by Remark 3.15 is equal to MofU, so it determines a 2-molecule
V' C U together with a decomposition into atoms. From this decomposition
we recover uniquely a l-order (z1,...,x,,) on V. The two constructions are
clearly inverse to each other. [

Remark 4.12. By Lemma 4.11, every cell of rank 2 in GU is identified uniquely
by a pair (V, (x;)") of a 2-molecule and a 1-order.

More in general, if P is a 2-dimensional regular directed complex, a pair
(V, (z3)i%,) of a 2-molecule in P and a 1-order on it determines a unique cell
of rank 2 in GP, although these may not exhaust all cells of rank 2 when P is
not totally loop-free.

Proposition 4.13 — Let U and V. C U be regular 2-molecules and let
(X1, ..., &Tm) and (2},...,2.,) be two 1-orders on V. Then in GU there is
a unique 3-cell from (V, (x;)"q) to (V, (z5)™,).

Proof. For each l-order (z1,...,zm,) on V, let w((z;)";) be equal to the
number of pairs (¢,j) such that ¢ < j but z; < z; in the total order on
U. Then

« 0 <w((m)iZy) < (),

o w((z;)i™,) = 0 if and only if (z;);", is the normal 1-order, and

o for all non-trivial interchangers xz,: (V, (z;)i%,) = (V, (2}),), we have

w((zi)iZy) < w((z7)iZy)-

Then w(—) induces a termination order on the 2-cells of GU in the terminology
of [FM18, Section 2.2]. Because the Gray presentation of GU determined by
U as in §4.10 has no non-structural 3-generators, it is always locally confluent,
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so [Theorem 11, ibid.] applies and GU has at most one 3-cell between any
parallel pair of 2-cells. This proves uniqueness.

For existence, it suffices to observe that, if w((x;)™;) > 0, then there is a
non-trivial inverse interchanger with input (V, (x;)I;); we leave the proof as
an exercise. Applying inverse interchangers repeatedly, we obtain invertible
3-cells of type

(V, (z)™1) = (V,normal 1-order), (V,(x})") = (V,normal 1-order).

Composing the first with the inverse of the second produces a 3-cell of type
(Vs (@a)iZ1) = (V; (@)i21)- l

4.14 (G in dimension 3). Let U be a regular 3-atom. We define GU to be the
pushout
803 « 03

1| — |

G(OU) —— GU

in GrayCat, where f sends 2% to (0“U,normal 1-order) for each o € {+, —}.
Now every map f: U — V in ©®3 determines an assignment of generators of
GV to generators of GU which is compatible with boundaries, hence extends
uniquely to a functor Gf: GU — GV. This defines G: ©®3 — GrayCat. We
extend G along colimits to all regular directed complexes of dimension < 3.

4.15. By construction, if P is a regular directed complex of dimension 3, we
can associate to each 3-atom U of P a 3-cell

[U]: (0~ U,normal 1-order) = (07U, normal 1-order).
in GP. We want to extend this assignment to all 3-molecules in P.

4.16. Suppose that U contains a single 3-dimensional element x. Then
0% C 0°U for all « € {+,—}, the substitution 9*U[(0%x)/0%x] is well-
defined, and

O~ U[(0"x)/0 2] = 0T U[(0F ) /0T ).

Pick a l-order (x;)!"; on 0°U[(0%x)/0%]; then cl{z)} = (0%x) for a unique
ke {1,...,m}. Let y1,...,yp, be the normal 1-order on 0~z and let 21, ..., z,
be the normal 1-order on 9" z. Then

(l‘ )zi—il_p_l = (.%'1, s T—15YLs - -5 Ypy Thet-15 - - - 7xm)7

i
-1
(mj)f:{q = (Z1, .. ko1, 21y 2y Thtls - - - s Tin)
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are l-orders on &~ U and 07U, respectively.
Now substituting [cl{z}] for cl{xj} in the decomposition of 0*U [(0%x) /0¥ x]
corresponding to the 1-order (z;), yields a valid expression for a 3-cell

clz]: (07U, (27 )77 ) = (VU ()75 ) (9)
in GP. By Proposition 4.13, there are unique 3-cells
X~ : (87U, normal 1-order) = (97U, (7 )47~ 1),
xt: (07U, () = (87U, normal 1-order)

obtained as composites of interchangers and inverse interchangers. We define
[U] to be the composite

X~ #zc[z] #2 X1 (07U, normal 1-order) = (07U, normal 1-order).

We need to show that this is independent of our choice of 1-order (z;)i;.
Suppose (25)™, is another 1-order on 9*U [(0%x) /0% x|, leading to a potentially
different interpretation x'~ #9 ¢/[z] #2 X'T. There are unique 3-cells

T (07U, (2)IP ) = (07U, ()P,
o (07U, () = (07U, (=)

obtained as composites of interchangers and inverse interchangers, and since
they “fix” 9”2 and 0"z, by naturality of interchangers we have

U 2 [z] = cla] #2 ¥"
hence ¢[x] = (™)' #9 c[z] #2907 and

X' ozl XM = X e (07) T o cla] T o X
Finally, by Proposition 4.13, X'~ # (¢7)~' = x~ and " # x'T = x*.

4.17. Let U be any regular 3-molecule in P and fix a 2-order (z1,...,Zn)
on U. Then Lemma 3.10 combined with Theorem 3.25 gives a decomposition
U = Vi #9 ... #9V,, where x; is the only 3-dimensional element of V; for each
i€ {l,...,m}. Welet [U] in GP be the composite [V1] #o ... #2 [Vin] of the
3-cells

[Vi]: (0~ V;,normal 1-order) = (9" V;, normal 1-order)

defined in §4.16.
We need to show that this interpretation is independent of the 2-order chosen
on U. Observe that any pair of 2-orders on U is related by a sequence of swaps
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of consecutive elements that are not connected by a path in .#5U. Thus it
suffices to show that if

Wi o Wa = W1 #o W

as 3-molecules, where z is the only 3-dimensional element in W; and W3, while
y is the only 3-dimensional element in W5 and W7, then

[WAl#2 [Wa] = [Wi]#2 [W2].

The interpretation of Wj involves a choice of 1-order on 9*“Wi[(0%z)/0%x]
but it is independent of this choice. Now 9~y C 9~ W, = 0T W, and since z
and y are not connected by a path in .#5U, necessarily

0TxN o~y Ccl{z} Nncl{y} C 8,2 U d,y,

and by Proposition 3.22 9~y C 9T W, [(0Fz) /01 x].
Applying the known equalities between the boundaries of Wy, Wy, W{, W4,
we deduce that the double substitutions

are all well-defined and equal to the same regular 2-molecule. Fix a 1-order
(z)f_, on it. Then (9%z) = cl{z} and (0%y) = cl{z} for a unique pair
k.te{l,...,p}. Now

e to interpret Wi, choose the 1-order on 9TWi[(01x) /0T x| obtained by
(2i)i=1,
o to interpret Wy, choose the 1-order on 9~ W2[(0~y)/0 y| obtained by

replacing zj, with the normal 1-order on 8%z in (2)F_,,

replacing zy with the normal 1-order on 0~y in

and similarly for W7 and Wj. With the construction of §4.16, any choices of
1-orders lead to expressions

X1 #o clx] #2 XT #2 X3 #2 cly] #2 X35,
X1 # ¢ [y 2 X5 #2 X5 #2 2] #2 X5

and with the particular choice that we made,

XL =X1, X3 =X5,
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while XT #9 X5 and X/1+ #9 X5 are units, so they can be eliminated. Finally,

X1 #oclz] #aclyl #2 X3 = X7 #2C [yl #2 2] %2 XF

is a consequence of axiom 4 of Gray-categories. This proves that [W7] #5 [W2]
is equal to [W{] #2 [W3], and we conclude that [U] is independent of the choice
of 2-order.

Ezample 4.18. Let U be the shape of diagram (3). We introduce names for
some atoms of U as follows:

The 3-atoms ¢ and v are interpreted in GU as 3-cells
[e]: (a#o2)#1 (waoc) = 2" #1 W,
[4]: (x#0d)#1 (D#0y) = 2" #19/;

notice that in this case both 9%p and %) admit a single 1-order, which is
necessarily the normal 1-order.
We pick the 2-order (¢,%) on U, which determines the decomposition

U=Vi#1 Vo, Vi=pUd ¢, Vo:=4¢Ud e

To interpret V; in GU, first we need to consider Vi[(07¢)/0 ¢]. This is the
shape of the diagram

zZW

T

on which we pick the 1-order (z,y, zw). The 3-cell ¢[¢] corresponding to this
1-order, defined as in (9), is

(a#ow#0d) #1 (a#0b#oy) #1 ([0] #0 €)

of type (0~ V1, (z,y, z,w)) = (0 V1, (z,y,2',w")) in GU.
The normal 1-order on 0~V is in fact (x, z,w,y). Applying a pair of inter-
changers to first move w after y, then z after y, we obtain a 3-cell

X1 (07, (2,2, w,9)) = (07 W4, (2,9, 2, w)).
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Similarly, the normal 1-order on 9%V; is (z,2,w',y), so we apply a pair of
inverse interchangers to move y after 2/, then y after w’, producing a 3-cell

Xi‘r: (8—"_‘/17 (':L'7 y7 z/7w/)) :> (6+V17 (x7 Zl? w,’ y))'

Then [V4] is defined to be x7 #2 c[p] #2 X7 -
Next, consider Vo[(07)/0~1]. This is the shape of the diagram

which admits only the 1-order (zy, z’,w’). Correspondingly, we construct the
3-cell

c[y] = (a#o [¥]) #1 (2 #0 €) #1 (W' o €)
which is of type (0~ Va, (z,y,2",w’)) = (01Vs, (2/,y,2',w')). The normal
1-order on 0~ V4 is (z,2',w’, y), and we have a composite of interchangers

X; : (a_‘/17 (‘/'U’ Z,’ wl? y))(a_‘é7 (‘/L" y? Zl? wl))?

which is in fact the inverse of x;. On the other hand, (z',3/, 2/, w') is already
the normal 1-order on 9%V, so [Va] is just x5 #o c[¢)]. Overall, [U] is

X1 #2cle] #2c[]: (07U, (x,2,w,y)) = (07U, («,y, 2, w')).

If we had picked the 2-order (v, ¢), we would have instead ended up with
the expression xj #2 ¢'[] #2 ¢/[p] where

W] = (a#o [¢]) #1 (a#o 2z #0€) #1 (w#o c#o€),
] = (a#oz") #1 (a0 y) #1 ([@] #oe)-

It follows from axiom 4 of Gray-categories that c[p]#o c[t)] = '[] #2 [¢],
confirming that [U] is independent of the 2-order on U.

4.19 (G in dimension > 4). Let U be a regular 4-atom. We define GU to be
the quotient of G(OU) by the equation

[o~Ul = [o7Ul,

where the 3-molecules 0“U are interpreted in G(OU) as by §4.17.
If f: U — V is a map in ©y, its restriction to OU determines a functor
G(0f): G(OU) — GV. If U is a 4-atom, then either dim(f(U)) < 4 and
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f(OU) = f(0rU), or dim(f(U)) = 4, f(U) = V and f(0°U) = 9*V for
each a € {+,—}. In either case, G(Of) is compatible with the equation
[0~U] = [0TU], so it factors uniquely through a functor Gf: GU — GV'.

This defines G: ®4 — GrayCat, and we extend it along colimits to all
regular directed complexes of dimension < 4.

Finally, if f: P — @ is a map of regular directed complexes of arbitrary
dimension, it restricts to a map o<4f: o<4P — 0<4Q), and we let Gf be equal
to G(o<af). This defines G: DCpx™ — GrayCat.

Comment 4.20. By construction, G ignores any elements of dimension > 4.
The idea is that, while 4-atoms can contribute non-trivial equations of 3-cells in
a Gray-category, higher-dimensional atoms can only contribute trivial “equa-
tions of equations” with no visible effect.

4.21. Because GrayCat has all small colimits, we are in the conditions of
[Riel7, Corollary 6.2.6] and we can define a functor

G: ®Set — GrayCat

as the left Kan extension of G: DCpx”~ — GrayCat along the embedding
DCpx” — OSet.

Remark 4.22. Since we made sure at every step that G preserve the colimits
in DCpx?”, this is in fact equal to the left Kan extension of the restriction of
G to ©® along the Yoneda embedding.

Remark 4.23. For the usual reasons, G has a right adjoint, of which we will not
make use. Unlike the diagrammatic nerve of pros, it is not full; see [Had20b,
Remark 7.20] for a counterexample that also applies to the present case.

Comment 4.24. The following (generally non-commutative) diagram of func-
tors recaps the adjunctions that we have established:

G
—
®OSet L GrayCat @ BrMonCat;,

B
Pl 4 |N Us Ua |
F r

— T —_ T T
Proy; "&J—/ Pro (\i/ Prob kJ_/ Prop.

U
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5. THE SMASH PRODUCT

5.1.  The tensor product of pros

We reconstruct the tensor product of props, as defined by Hackney and Robert-
son, as a reflection of an “external” tensor product of pros, whose combina-

torics are only slightly more involved.

Lemma 5.1 — Let s be a permutation on the set {1,...,n}. Then s is either
the identity or admits a unique decomposition

5= 51;...;5p

with the following properties. For each i € {1,...,p}, let s = sy .3 Sp.
Then

1. s; is an elementary transposition (k k + 1) of two consecutive elements,
and

2. k is the least element of {1,...,n} such that s (k +1) < s@ (k).

Proof. We construct, step by step, decompositions s = s1;...;8;_1; s@. For
i=1, welet s = s trivially. For each i > 1, if s@ is the identity, we let
p:=1— 1 and we stop.

Otherwise, there exists a least k such that s (k 4+ 1) < s® (k). We let
s;i = (kk+1) and st = 5;1; s, Then s = sq;...;8;; s0tD.

At each step, the number of pairs j,57 € {1,...,n} such that j < j' but
s (5" < sO(4) strictly decreases, and it is equal to 0 if and only if s is
the identity. It follows that the algorithm terminates after a finite number of
steps, producing a decomposition with the desired properties.

Uniqueness is immediate, since the conditions fix the factor s; uniquely at
each step. [

5.2. Let s be a permutation on the set {1,...,n}. For all 1-cells (a1, ...,a,)
in a prob (7,.7), we define an invertible 2-cell

U(S)Z (al, cey an) = (as(l), R ,as(n))
in T'; the dependence of o(s) on (ay,...,a,) is left implicit.
o If s is the identity, we let o(s) be the unit on = (ay,...,a,).

o If s is an elementary transposition (k k + 1) of two consecutive elements,
we let

o(8) = a1 #0 - - - #0 Ak—1#0 Oay,ap41 #0 Wkt2 - - - #0 On-
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o In general, if s = s1;...; 5, is the decomposition of s given by Lemma 5.1,
we let

o(s) =o(s1)#1 ... #10(p).
We also define a second invertible 2-cell
o(s): (a1,...,an) = (as@y, - - - smn))

by o*(s) = (o(s71)) L.
Remark 5.3. If (T, .7) is a prop, then o(s) = o*(s) for all permutations s.

Ezample 5.4. Let s be the permutation (1,2,3,4,5) — (3,1,5,4,2). The
decomposition of s given by Lemma 5.1 is

s=1(23);(12);(34);(45);(34).

We use the graphical notation

A K

*
a,b’

2-cells o(s) and o*(s) of type (a1, as,as,as,a5) = (as,ai,as,aq,as) can be

respectively. In a prop, these are identical and may both be pictured as their

for the braiding o, and the inverse braiding o7 ;, respectively, in a prob. The

pictured as

“shadow”

5.5. Let (T, .7) be a prob and let {a;; | 1 <i <n,1 <j <m} bea doubly
indexed collection of 1-cells in 7. We denote by ((a;;)i=;)jL; the 1-cell

(al,l,...,an,l,alg,...,amg, ...... ,alym,...,an’m) (10)
and by ((a;;)jLy)iz, the 1-cell

(@115 5 Qlm, G20, A2y e e e - yn 1y -y Onm)- (11)
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We let

o ((aij)jer)izn = ((@ig)i=1)j=1,
o ((aig)ic))jer = ((@ij) )iz
be equal to o(s7!) and its inverse o*(s), respectively, for the permutation s
implied by the reordering of (10) into (11).
Example 5.6. The 2-cells
o:(a1,1,a1,2,a13,021,022,a23) = (a11,02,1,01,2,022,013,023),
*

g (a1,17a2,1,a1,2,a272,a1,3,a2,3) = (a171,a1,2,a1,37a2,1,a2,2,a273)

can be pictured as

‘ \ \ b} / / I

5.7 (Tensor product of pros). The tensor product (T, 7)® (S,.7) of two pros
(T, 7) and (S,.7) is the prob (T ® S,.7 ® .) constructed as follows.

1. Let (7@ F)p:={e}and (7 ®@ )1 ={a®@c:e=e|ac J,ce .S}
This determines o< (T'®S) together with its 1-polygraph structure, which
makes it a pro.

2. Construct the coproducts

II (T, 2), [T (s.) (12)
cES a€ET

in Pro. Denote by

—®d: (T,7) — H(T,ﬂ), b —:(S,.) — H(S,y)

cES a€EN

the inclusions into the d-indexed and b-indexed summand, respectively.

There are morphisms

Ugl(T®S)—> H(T,y), 051(T®S)—> H(S,y)

ceESAN a€N

uniquely determined by the “tautologous” assignments a ® ¢ — a ® c.

Construct the pushout

Jﬁl(T®S) E— Hc@?ﬁ(T? g)

| — ]

e (S, ) — 10OS

in Pro.
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3. Construct the free prob F(TTS) and quotient it by the following equations:
for all 2-cells

w:(at,...,ap) = (bi,...,by) In T, ¥: (c1,...,¢p) = (d1,...,dg) In S,

the 1-composite of

(a1 @) #o - #0 (an @)1 (4 @ cr)iy)izy = (a5 @ de)i_y)ity,

o ((a; ® de)j_y)im1 = (@i @ de)izy)i_y,

(p@di)#0o - #0(p®dy): ((ai @ de)izq)j—y = ((bj @ de)Tq)i_y,

o™ ((bj ®@de)iiy)izy = ((bj ® de)i—y)Ty

is equal to the 1-composite of

o ((a; @ er)poy)izr = (i ® ck)imy )iy

(p@ct)#o - #0(P@cp): ((ai ®cr)iy omy = (0 @ cr)jir )i
o1 ((by ® ex) il Somy = (0 ® cr)imy)irs

(br @) #o - #0 (bm @)1 ((bj @ cr)iy)jr = ((b; ® de)j_y)ily

We label this equation ¢ ® 9.

Note that any composite indexed by an empty list must be interpreted as a
unit on e of the appropriate dimension.
It f: (1,7) - (T",.7') and g: (S,.) — (5',.") are morphisms of pros,

we can define morphisms

[IT.7) =T es 7)), [[62 VT s, T 05,

ceES a€ET
rRcr f(x)®g(c), a®yr— fla)®g(y).

Taking the transpose morphisms in Prob, and using the universal property
of the pushout (13) which is preserved by F, we obtain a unique morphism
F(TOS) — (T"® 5", 7" @ ") of probs which is compatible with the ¢ ® 1

equations, hence factors uniquely through a morphism
feg: (TSI (T eS,7 7).
This defines a functor — ® —: Pro x Pro — Prob.

Remark 5.8. When either ¢ or 1 is a unit, the equation ¢ ® 1 holds automat-
ically by the axioms of braidings. So ¢ ® ¢ is only non-trivial when both cells
have rank 2.

One can derive, as a consequence, that the monoid N is a “relative unit”
for the tensor product, in the sense that the functors N® — and — ® N are
naturally isomorphic to F: Pro — Prob.
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Ezample 5.9. We compute the tensor product Bialg := Mon ® Mon® of the
theories of monoids and comonoids. Both Mon and Mon®® are one-sorted, so
Bialg is also one-sorted.

In fact, the indexed coproducts (12) are equal to Mon and Mon®, respec-
tively, while o<;(Bialg) is isomorphic to N, so the pushout (13) can be com-

puted as
N —— Mon

I

Mon®® —— MonW Mon°

in Pro. The 2-cells in Mon W Mon®® are freely generated by those of Mon
and Mon®°, modulo any equations that hold in the two factors, separately: a
model of MonW Mon® is a pair of a monoid and a comonoid structure on the
same object.

Finally, to obtain Bialg, we quotient F(MonW Mon®) by the p®1 equations.
It suffices to let ¢ and 1) range over 2-cells that generate Mon and Mon°,
respectively, under composition.

An obvious choice is to take the unique maps p: (2) = (1) and n: (0) = (1)
as generators of Mon, and their duals 6: (1) = (2) and €: (1) = (0) as
generators of Mon®. We may picture these as

AV

The four corresponding equations are

% ’ yu@\/’

’ nRe /\ n®e I
In a symmetric monoidal category, a pair of a monoid and a comonoid satisfy-
ing these equations is a bialgebra [Pir02]. In a braided monoidal category, this
notion forks into two variants, distinguished by the use of braidings or inverse
braidings, classified by Bialg and by Bialg® = Mon®® ® Mon, respectively.
Ezxample 5.10. We compute the tensor product BrCMon = Mon ® Mon.

We proceed as in Example 5.9 to derive that BrCMon is the quotient of
F(Monw Mon) by the equations ¢ ® ¥ where ¢, 1) range over {u,n}.
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Using different colours to distinguish cells from each copy of Mon, these can

A=A
o |

be pictured as
/@\ ”
[R Huen l nen J}

Y

A model of MonW Mon is a pair of monoid structures on the same object.
It is a consequence of the Eckmann—Hilton argument, valid in every braided
monoidal category, that a pair of monoid structures satisfying the equations
p® pu and n ® n coincide with a single commutative monoid structure. The
equations 7 ® p and p ® n are derivable from the rest.

We conclude that BrCMon is the braided monoidal theory of commuta-
tive monoids, whose reflection r(BrCMon) is isomorphic to CMon. Dually,
Mon® ® Mon® is the braided monoidal theory of commutative comonoids.

5.11 (Tensor product of props). The tensor product (T, .7) ®s (S,.7) of two
props (T,.7) and (5, .7) is the quotient of r(U(T, .7) @ U(S,.#)) by the equa-
tions

Oap & C= Oggcbre; A& 0cd = Oaec,a®d (14)

for all a,b € 71 and c¢,d € 1, where o, and o4 are the original braidings
of T"and S.

As shown in [HR15, Section 3], the tensor product of props is part of a
symmetric monoidal closed structure on Prop, whose unit is the theory of
permutations S.

Ezample 5.12. Given a prop (T, 7), the tensor product (7,7 ) ®s CMon®
is a cartesian prop, also known as a Lawvere theory. It is in fact the free
cartesian prop on (T,.7) [Bae06].

Comment 5.18. The tensor product of props is compatible with the tensor
product of pros in the sense that the diagram of functors

Pro x Pro L Prob

F x rFl lr (15)

Prop x Prop — e Prop
S
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commutes up to natural isomorphism. The reason why this works is that,
when ¢ or 7 is a braiding o4, the equation ¢ ® 1 combined with (14) holds
automatically in a prop. It follows that, while UrF(T,.7) ® UrF(S,.#) has
additional generators and equations compared to (7,.7) ® (5,.7), these are
all trivialised by the combined action of r and (14).

This fact is specific to props and does not generalise to probs: the quo-
tient of UF(T,.7) ® UF(S,.¥) by (14) in Prob is not in general isomorphic
to (T,.7) @ (5,.). For example, the quotient of UB ® UB by (14) is not
isomorphic to N@ N ~ B. Indeed, if 01,1: (2) = (2) is the generating braiding
in B, the equation 011 ® 01,1 becomes

k\% e
= "=

which does not hold in the braid group on 4 strands. This can be checked by
considering the link diagrams

@ g
&S &

o O
and observing that the first is an unlink while the second is not. On the other
hand, the reflected equation

= e

is valid in the theory of permutations.
As a consequence, there does not seem to be an interesting monoidal struc-
ture on Prob that generalises the one on Prop.

Remark 5.14. As shown in [HR15, Proposition 40], the tensor product of props
extends the Boardman-Vogt product of symmetric operads [BV06], in the sense
that there is an embedding of the category of symmetric operads into the
category of props which is strong monoidal with respect to the two monoidal
structures.

Remark 5.15. The tensor product of pros is not symmetric. Up to the defi-
nition of T0JS as the pushout (13), the construction of (T, .7) ® (5,.7) and
(S,.) ® (T, ) is, indeed, identical up to a change of notation. However, in
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the final quotient, the roles of o and ¢*, or braidings and inverse braidings,
are reversed.
Nevertheless, this argument reveals a natural isomorphism between

(T,7)®(S,) and ((S,7)® (T, 7)),

where —* is the duality defined in §2.18. From this we can recover a symmetry
for the tensor product of props.

5.2.  The smash product of pointed diagrammatic sets

5.16 (Gray product). Let P, @ be regular directed complexes. The Gray
product P® @ of P and @ is the cartesian product P x @ of their underlying
posets with the following orientation. Write x ® y for a generic element of
P® Q. For all 2/ covered by z in P and all ¢/ covered by y in Q,

o(z@y = ' ®@y) =op(z — '),

=o0
olz@y = 10y) = (=) "oy — y),

where op and og are the orientations of P and (), respectively.

As shown in [Had20b, Section 2.2], P® @ is a regular directed complex.
If f: P — P and g: Q — Q' are maps of regular directed complexes, let
f®g: P®Q — P'®Q have the cartesian product of f and ¢ as underlying
function. Then f ® g is a map of regular directed complexes.

Gray products determine a monoidal structure on DCpx”~ whose unit is
the terminal object 1.

5.17. The monoidal structure on DCpx” restricts to a monoidal structure
on ©, which, by Day’s theory [Day70], extends along the Yoneda embedding
to a monoidal biclosed structure on ®Set.

Explicitly, let X and Y be diagrammatic sets. The Gray product X ® Y of
X and Y is the colimit in ®Set of the diagram

O/x x Oy —mxdm, o o -2y o s OSet,  (16)

where ®/ x is the category whose objects are cells z: U — X and morphisms
from z: U — X to y: V — X are commutative triangles

vy
N
X )

while dom sends such a triangle to the map f: U — V in ©.
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In particular, for each pair of cells x: U — X and y: V — Y, the image of
the pair (x,y) through the diagram (16) is U ® V', so we obtain a morphism
UV — X®Y to the colimit, that is, a cell of shape U®V in X ®Y. This
is the cell z ® y obtained as the Gray product of z and y in ®Set.

Remark 5.18. The dimensions of cells add under the Gray product, that is, if
x is an n-cell and y is an m-cell, then z ® y is an (n + m)-cell.

Remark 5.19. The Gray product is not the cartesian product in ®Set. How-
ever, the monoidal unit is the terminal object, which gives us “projection” mor-
phisms X ® Y — X and X ®Y — Y. These send a cell z ®y of shape U®V
to p1;x and po;y, respectively, where p1: U®V — U and po: URQV — V are
projections in ©.

Comment 5.20. We use string diagrams to give some intuition about cells x ® y
of shape U ® V' in low dimension; in the pictures, we write zy for x ® y. First
of all, if x or y is a O-cell, then U ® V' is isomorphic to V or U, respectively,
and z ® y has the same dimension and shape as y or z.

Let a: = = 2t be a l-cellin X and ¢: ¥y~ =y a l-cellin Y. Then a®c
is a 2-cell of the form

ay~ zte
ac

e ay*

that is, it is of type (27 ®@¢) #0 (a®@y") = (a®y ) #o (27 ®c) in X QY.
Next, let @: aj#qg ... #9an = b1#¢p ... #9bm be a 2-cell in X, and let
Vel # - on:>d1#0 . #0dg bea2ce111nY Then ¢ ® ¢ is a 3-cell of

the form
D
anc :> bic (17)
1C

while a ® ¢ is a 3-cell of the form

ady z
ad, a:w> aci (18)
) acp

in X ® Y. It is useful to think of these as sliding moves: ¢ ® c slides a 2-cell in
the fibre of ¢ left-to-right, top-to-bottom past a 1-cell in the fibre of ¢, while
a®1) slides a 2-cell in the fibre of ¥ left-to-right, bottom-to-top past a 1-cell
in the fibre of a.
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Next, we consider the 4-cell ¢ ® v; to simplify, we depict ¢ and 1) as if they
had only 2 inputs and 2 outputs each. Then 07 (¢ ® ¢) is the 3-diagram

R

where the sequence of sliding moves a1 ® 1, ..., a, ®1 is followed by the se-
quence ¢ ®cy, ..., p R ¢y, while It (p®@1) is the 3-diagram

- -0

where the sequence of sliding moves ¢ ®dy,...,p®d, is followed by the se-
quence by ® 1, ..., by, ®1. In the case n,m,p,q = 2, one can recognise the
two sides of the Zamolodchikov tetrahedron equation [KV94].

Next, let p be a 3-cell in X and consider the 4-cell p® c. To simplify, we
depict p as if it were of type ¢ = ¢’ where ¢ and ¢’ are both 2-cells. Then
0~ (p® c) has the form

P

while 07 (p ® c¢) has the form

L AN
¢'y"
il z{ L5

while % (a ® 7) has the form

SIS
i - -

8
=
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5.21 (Pointed diagrammatic set). A pointed diagrammatic set is a diagram-
matic set X together with a distinguished 0-cell o: 1 — X, the basepoint.

A morphism f: (X,ex) — (Y, ey) of pointed diagrammatic sets is a mor-
phism f: X — Y such that f(ex) = ey. With their morphisms, pointed
diagrammatic sets form a category ®Set,.

5.22. The obvious forgetful functor ©Set, — ©Set has a left adjoint sending
a diagrammatic set X to the coproduct X + 1, pointed with the inclusion of
1 into the coproduct.

The terminal object 1 of ®Set, pointed with its only O-cell, is a zero object
in ©Set,, both terminal and initial.

5.23 (Wedge sum). The wedge sum of two pointed diagrammatic sets (X, ox)
and (Y, ey ) is the pointed diagrammatic set (X VY, e) where

1. X VY is the quotient of X + Y by the equation ex = ey, and

2. e is the result of the identification of ex and ey.

5.24 (Smash product). Let (X, ex) and (Y, ey) be pointed diagrammatic sets.
There is an inclusion X VY — X ® Y defined by

T I ey, Yyr—>oxQy

on cells in X and Y, respectively.
The smash product of (X,ex) and (Y, ey) is the pointed diagrammatic set
(X ©Y,e) obtained from the pushout diagram

XVY — XQY

.

1 —— X0OY

in ®Set (the “quotient of X ® Y by the subspace X VY ?”).

The smash product is part of a monoidal structure on ©®Set,, whose unit is
the diagrammatic set 1+ 1, pointed with one of the coproduct inclusions, and
all structural isomorphisms are derived from those of the Gray product.

Comment 5.25. The smash product of pointed diagrammatic sets is a “di-
rected” counterpart to the smash product of pointed topological spaces, with
the Gray product playing the role of the cartesian product of spaces.

The formal correspondence between definitions is made concrete through
the geometric realisation of diagrammatic sets [Had20b, §8.38]. This functor
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|—|: ®Set — cgHaus sends 0-cells in a diagrammatic set to points in a space,
so it lifts to a functor
| — |: ©Set, — cgHaus,

to the category of pointed compactly generated Hausdorff spaces and contin-
uous maps that preserve the basepoint.

We claim that this functor sends smash products in ©®Set, to smash prod-
ucts in cgHaus,, that is, it is strong monoidal with respect to the two
monoidal structures.

Proof. On regular atoms, | —| is defined as the forgetful functor from ® to the
category of posets and order-preserving maps, followed by the simplicial nerve
of posets, followed by the geometric realisation of simplicial sets. The first
sends Gray products to cartesian products and the other two preserve finite
products. Thus |U ® V| ~ |U| x |V| naturally in U and V.

Both Gray products in ©®Set and products in cgHaus are part of a biclosed
monoidal structure, so they preserve colimits separately in each variable. Since
| — |, a left adjoint functor, also preserves colimits, we can extend to an iso-
morphism |X ® Y| ~ | X| X |Y| natural in the diagrammatic sets X and Y.

Finally, | — | also preserves the terminal object, so it sends the colimit di-
agrams that define wedge sums and smash products in ®Set, to the colimit
diagrams that define them in cgHaus,. ]

5.26. Like the smash product of pointed spaces, the smash product of pointed
diagrammatic sets is part of a biclosed structure on ©Set,.

Left homs and right homs can be computed by a formal argument. If
(X,ex) — (Y,ey) is a right hom in (®Set,, ®,1 + 1), cells of shape U
in its underlying diagrammatic set correspond to pointed morphisms from
U+1to (X,ex) — (Y,ey), which correspond to pointed morphisms from
(X,0x)® (U +1) to (Y,ey).

Now X ® (U + 1) is isomorphic to the quotient of X ® U by the subspace
{ex} ®U. By the universal property of this quotient, we conclude that there
is a bijection between

1. cells of shape U in (X, ex)— (Y, ey) and
2. morphisms X ® U — Y which send {ex} ®@U to {ey}.
Similarly, cells of shape U in the left hom (Y, ey )o— (X, ex) correspond bijec-
tively to morphisms U ® X — Y sending U @ {ex} to {ey}.
In particular, the 0-cells in both the left and the right hom are the pointed

morphisms from (X,ex) to (Y,ey). The basepoint, classified by the only
morphism from the zero object, is the constant morphism X +— ey
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Comment 5.27. From the string diagram of a cell in X ® Y, it is easy to obtain
a picture of the same cell in X ®Y: we simply need to identify every cell of
the form z ® ey or ex ®y and shape U with the cell !; e of the same shape,
where !: U — 1 is the unique map to the terminal object.

We will depict all such 1-cells as dotted wires, and all such 2-cells as dotless
nodes, which is consistent with our convention for units and unitors in the
nerve of a pro. For example, if X and Y have a single 0-cell, then any 3-cell
of the form ¢ ® ¢ as in (17) or a®1) as in (18) becomes

e e b,c ady * ads
s anC =—> bice bac ; cady = acie, e,

aic e asC . - e UCp

respectively, in X ®Y.
5.3.  Comparison of the constructions
We are ready to state our main theorem.

5.28. Let (T, 7) be a pro. Its diagrammatic nerve NT has a single 0-cell,
so it is canonically pointed, and every morphism in the image of N trivially

preserves the basepoint. Thus N, restricted to Pro, lifts uniquely to a functor
N: Pro — ®Set,.

Theorem 5.29 — The diagram of functors

Pro x Pro L Prob

l \Ug)
N x N GrayCat
—

@Set. X @Set. W @Set.

commutes up to natural isomorphism.

Comment 5.30. The form of Theorem 5.29 does not suggest, at first sight, that
the smash product of pointed diagrammatic sets subsumes and generalises the
tensor product of props. Nevertheless, we argue that this is essentially the
case.

First of all, since Us is pseudomonic by Remark 2.38, if GX is isomorphic to
Us(T, 7)) for some prob (T, .7), then this prob is essentially unique. It follows
that, on the image of N — ® (N—)°, we can lift G to a functor with codomain
Prob, and compute the tensor product of two pros through the lower leg of
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the diagram. In this sense, the smash product on ®Set, strictly subsumes the
“external” tensor product of pros.

From the tensor product of pros, we can recover the tensor product of props
via a universal characterisation in Prop, independent of the specific construc-
tion. If (7,.7) and (S,.¥) are two props, we have families of morphisms

idr®ec: FU(T, 7)) — U(T, 7) @ U(S, ),
0 ®ids: FU(S,.) — U(T, 7) ® U(S, %)

in Prob indexed by ¢ € % and a € 7, where ¢: N — U(S,.) and
a: N = U(T,7) send the generating 1-cell of N to ¢ and a, respectively;
here we use the fact that — ® N and N ® — are naturally isomorphic to F.
Then (T, .7) ®s (S,.7) is the pushout

Hees, "FU(T, T) + e 7 FFU(S, ) — r(U(T, T) @ U(S,.¥))

! — |

Hcefﬁ(T?g)'i_Hae%(S?y) - (T’ g)®S(Sv‘y)

in Prop, where the top leg is obtained universally from the family of mor-
phisms {r(idr®c), r(a®idg) | c € S1,a € 1} and the left leg from the counit
of the adjunction between rF and U.

5.31 (Skeleta of diagrammatic sets). For each n € N+ {—1}, the restriction
functor ®Set — PSh(®,,) has a left adjoint; let o<, be the comonad induced
by this adjunction.

The n-skeleton of a diagrammatic set X is the counit o<, X — X. For all
k < n, the k-skeleton factors uniquely through the n-skeleton of X. By a
standard argument X is the colimit of the sequence of its skeleta.

Proof of Theorem 5.29. Let (T,7) and (S,.”) be two pros and let (X, ex)
and (Y, ey) be equal to N(T',.7) and (N(S,.%))°, respectively.

As seen in §5.17, X ® Y is the colimit of a diagram of atoms U ® V' indexed
by pairs of cells x: U — X and y: V — Y, which are transposes of morphisms
x: PU = (T, 7) and y: PV° — (S,.%) in Pro. The smash product X ®Y is
then the colimit of this diagram extended with a morphism U ® V' — 1 for all
atoms U ® V indexed by (x,ey) or by (ex,y).

Fach diagrammatic set is the colimit of the sequence of its skeleta, and this
colimit is preserved by smash products separately in each variable. Because
colimits commute with colimits, we can compute X ®Y in steps, increasing
and j separately in 0<; X ® 0<;Y . This corresponds to restricting the indexing
category to pairs (z,y) with dim(z) < i and dim(y) < j.
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The functor G: ®Set — GrayCat, a left adjoint, preserves colimits, and
we know how to explicitly compute G on atoms. We will use this to compute
G(XDY).

e Leti=0o0rj =0. Since the only O-cell of X and Y is their basepoint, both
0<oX B®Y and X ®o<pY are isomorphic to the terminal diagrammatic
set. Their image through G is the terminal Gray-category with one 0-cell
and no cells of higher rank.

e Let i = j = 1. The 1-cells in X that do not factor through o<¢X corre-

spond bijectively to generating 1-cells ¢ € 77, and the 1-cells in Y that
do not factor through o<oY to generating 1-cells ¢ € .77.
The boundary of a ® ¢ contains only 1-cells of the form !; e, which G sends
to units on e. Through G, then, a ® ¢ becomes a 2-cell of type ce = ce.
Thus G(0<1 X ® 0<1Y") has a single 0-cell, a single 1-cell, and its 2-cells are
freely generated by the a ® ¢: this makes it a prob in the sense of §2.36,
isomorphic to F(o<1(T ® 5)). This structure of prob will be inherited by
G(o<; X ®o<;Y) for all higher 1, j.

e We fix j = 1 and increase ¢; observe that we can stop at ¢ = 3, since for
1 > 3 we only include cells of dimension > 4, whose contribution through
G is trivial.
Let ¢ € .1. Each 2-cell ¢: (a1,...,a,) = (b1,...,by) in T contributes
a 3-cell p®@cin 0<2 X ®o<1Y; any other 2-cell in X factors through one
of this form, so it does not give a contribution. We can read the form of
p ® ¢ from Comment 5.27: unravelling the definition of G on 3-atoms, we
see that it sends ¢ ® ¢ to a 3-cell of type

(a1 @c)#1 ... #1(an®c) = (1 @) #1 ... #1 (b ®0).

Extending along colimits, a 2-diagram z#;y in X induces a diagram
(x®c)#41 (Y®c) in Glo<a X ®o<1Y) for each k € {0,1}.

From Proposition 4.6, we know that 3-cells p in X exhibit all and only the
equations of diagrams x = y that hold in 7. Reading the form of p®c¢
from Comment 5.20, we see that the only part surviving both the smash
product quotient and G is an equation between the composites of r ® ¢
and y ® c. For each ¢ € ., then, we can define a morphism of probs

—®c: F(T,7) - G(X oY)

by £ — x®c on cells in T, extending universally to the free prob, and
prove that it is injective. Moreover, the family of the — ® ¢ is jointly sur-
jective and only overlaps on e. We conclude that there is an isomorphism
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between G(X ®o<1Y) and
Hce.fﬂl F(TJ 9) = F(Hcejﬂl (T7 g))?

the coproducts being in Prob and Pro, respectively.

The case where we fix ¢ = 1 and increase j is dual, with a subtlety due
to the way Gray products change orientations in their second factor de-
pending on the dimension of the first factor. Since we defined Y to be the
dual of N(S,.7), each 2-cell ¥: (c1,...,¢p) = (d1,...,d,) corresponds to
a 2-cell

Vidg#o ... #od1 = Cp#o ... #oC1

in Y, which for each a € 7 contributes a 3-cell a® 1 in o<1 X ®o<2Y.
By inspection of the shape of a ® ¢ in Comment 5.27, we see that G sends
it to a 3-cell of type

(a@ci)#1 ... #1(a®@cp) = (a@dy) #1 ... #1 (a®dy),

which matches the original orientation of ¢ in S. Proceeding as before,
then, we construct an isomorphism between G(c<1 X ®Y’) and

Ha@% F(Sv jﬁ) = F(Haeﬂl (Sﬂy))
It follows that G(X ®o<1Y Uo<1 X ®Y') can be computed as the pushout

Flo<i(T®S)) ——— F(lleesn (T, 7))

! —

F(Haeﬂl(swy)) — G<X®US1YUUS1X®Y)

in Prob, isomorphic to F(T'0S).

Finally, let ¢ = j = 2; increasing either ¢ or 5 beyond 2 only includes cells
of dimension > 4, whose contribution is trivial.

Each pair of a 2-cell ¢: (ai,...,an) = (bi,...,bp) in T and a 2-cell
Y (e1,...,¢p) = (di,...,dy) in S contributes a 4-cell p @1 to XY,
and any other pair factors through one of this form.

Remember that the orientation of 1 is reversed in Y. Reading the form of
@ ® 1 from Comment 5.20 and unravelling the definition of G on 4-atoms,
we find that the boundaries of ¢ ® ¢ are mapped by G to the two sides of
the ¢ ® ¥ equation in F(701S).

We conclude that G(X ®Y) with its unique prob structure is isomorphic to
(T, 7)®(8,.7). It is straightforward to verify that the isomorphism is natural
in (7,.7) and (5,.7). [
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Ezample 5.82. We compute an equation of the prob Bialg = Mon ® Mon®
through ®Set,, to illustrate how it arises from a 4-cell in the smash product
of X == N(Mon) and Y := N(Mon*®)°.

The two generating 1-cells of Mon and Mon®® produce a 2-cell 1®1 in
X®Y. From the generator p: (2) = (1) of Mon, we obtain a 3-cell p®1
in X@®Y. Because 1 ®1 is the only non-degenerate 2-cell appearing in the
boundary of u® 1, we may informally picture this 3-cell as a string diagram
in 3-dimensional space, “tracing the history” of the various copies of 1 ® 1:

1 .
/\ - RN

Similarly, from the generator §: (1) = (2) of Mon, we obtain a 3-cell 1®¢
of the form

Now 0~ (1 ® d) has the form

while % (1 ® d) has the form

pl 3 16 2l
:> :

In 3-dimensional string diagrams, we may picture u® ¢ as
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If we also “trace the history” of the dotted wires to produce surface diagrams
in the style of [VD19], we recover, up to a deformation, the “intersecting
surfaces” picture (2).

The picture of equation pu ® § in Example 5.9 can be interpreted as a planar
projection of (19). Technically, the single instance of a braiding in this equation
arises, by definition of G, from the fact that the input 2-cells of the first instance
of p®1in 07 (n® ) are not consecutive in the normal 1-order on the overall
2-diagram.

6. HIGHER-DIMENSIONAL CELLS

Opening blurb...

6.1 (Diagrammatic complex). A diagrammatic complez is a diagrammatic set
X together with a set 2" =} -y £, of cells such that, for all n € N,

i, 0U(x) —— llies, Ulr)

i ’7 l(l')zeﬂn(X) (20)

0<n-1X ——————— o<pX

is a pushout in ®Set. Here U(z) denotes the shape of the cell z.

Remark 6.2. 1t follows from the results of [Had20b, Section 8.3] that the geo-
metric realisation of diagrammatic sets sends a diagrammatic complex (X, Z7)
to a CW complex with one cell for each cell in 2.

6.3 (Diagrammatic presentation). Let (7),.7) be a bicoloured pro. A dia-
grammatic presentation of (T,.7) is a diagrammatic complex (X,.2") such
that PX is isomorphic to (T, 7).

Talk about generalisations of pros, the iteration of the smash product and
the periodic table of higher categories, models in weak higher categories (but
also strict through the nerve construction)...
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