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126 Ian Hacking

is open to easy criticism, and its very foundation, as we have seen, is not
thoroughly established by its author, in an explicit and conscious way
at least.

The limits of this method, too, are not clearly defined; obviously, more
particular knowledge is empirical not only in as far as it proceeds from
the senses, but also in that it can reach probabilistic generality but not
universal validity for man. Only, I did not find Changeux explaining at
which level this kind of knowledge begins. It is not quite clear whether
the laws of motion are empirical or not; Changeux expounds Maupertuis’
principle of the least action (which was considered by Maupertuis him-
self, and by other scientist of that time, as the foundation of the laws
of motion), and he describes it as a “‘geometrical truth” (p. 256—261),
which suggests that he considers that law to be absolutely necessary,
i.e., above empirical generality. In fact, D’Alembert held the laws of
motion for absolutely necessary, but Maupertuis, while basically in-
clining towards the same position, had finally rejected it?4. If Changeux
was of the same opinion as D’Alembert, then the laws of nature whose
necessity cannot be proven belong to a level lower (more particular)
than that of the laws of motion — but it is not clear where this level can
be established, as Changeux applies the method of the extremes, i.e., his
meta-empirical procedure, to notions such as generation and corruption
(I, 3091f.), solidity and liquidity (I, 316ff.), physical pleasure and pain
(I, 389—390), so that there seem to be other principles of nature, belong-
ing to physics, biology, physiology, which are capable of an absolute
foundation. Changeux certainly opens many more problems than he is
capable of solving.

Infinite Analysis

By
IAN HACKING (CAMBRIDGE, ENGLAND)

“Existential propositions, when true, are not necessary, for they
cannot be proved unless an infinity of propositions is used, i.e. unless an
analysis is carried out to infinity.”? Infinite proof is central to Leibniz’s
system because it provides the distinction between necessity and con-
tingency and creates the space essential for human freedom. Is there a

74 See G. TONELLI, La nécessité des lois de la nature au XV IIIe siécle et chez Kant
en 1762, in: Revue d’histoive des sciences et de leurs applications, XII, 1959.

1 Generales Inquisitiones de Analysi Notionum et Veritatum, 74, LEIBNI1Z, Opus-
cules et fragments inédits, ed. L. Couturat, Paris, 1901, p. 374.
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Infinite Analysis 127

coherent concept of infinite proof? Few readers have been able to make
much out of it. This note will show that there is a completely coherent
concept of infinite proof that exactly fits Leibniz’s own descriptions.
There is nothing novel in this concept. I shall employ a theory due to
K. Schiitte, (1951, 1960), which is a version of ideas developed by G.
Gentzen (1935). I am not contending that Leibniz “‘anticipated” these
developments in mathematical logic, nor do I claim that these ideas
are likely to do as much for the concept of contingency as Leibniz hoped.
I note only that his notion of infinite proof turns out to be coherent.
Logicians have from time to time tried to explicate Leibniz’s remarks
on infinite proof. Most notable perhaps is J. Hintikka (1969). Hintikka’s
theory may have particular value in explaining how monads may mirror
the rest of the world, but in one respect it does not seem faithful to
Leibniz, who insists that infinite proofs converge. As he often expresses it,
“‘one can never arrive at a perfect proof, but one approaches it more and
more so that the difference is less than any given difference’’®. These final
words tell us to seek a model of convergence, motivated originally by the
infinitesimal calculus.
Infinite proof, then, is modelled on a convergent series, as for example
3 7 2n—7
7TE
Hintikka does indeed give us an infinite sequence of sentences, arranged
in order of the number of nested quantifiers, but there appears to be no
term on which his sequence converges. Many modern readers probably
suppose, following the analogy with finite proof, that the initial terms
of the sequence would be axioms — ideally identities and contra-iden-
tities — and that the theorem to be proved corresponds to unity in the
above sequence. That is, the proof is converging on the theorem proved.
But this cannot be right. We must recall the old distinction between
analysis and synthesis. Proofs of our standard sort from Euclid on are
called synthetic because they commence with axioms and build up to a
conclusion. It was long supposed that the ancients possessed a wonderful
device called analysis, which, starting with the theorem, worked out its
proof. Synthesis, roughly speaking, proceeds downwards, from axioms to
theorem, while analysis works up, from theorem to axioms. Descartes
was one of many who had little use for the synthetic method. He believed
that both his geometry and his Meditations were analytic. Leibniz

the series of sums , which converges on unity3.

2 Op. cit. n. 1, section 66. Cf. LE1BN1z, Math. Schrift., ed. C. I. GERHARDT, V,
p- 350.

3 Leibniz’s own preferred example is that of the difference between commen-
surable and incommensurable lengths. If A and B are commensurable, then there
are finite numbers # and # such that by extending 4 # times, and B# times, two
coincident lengths are produced. This is like finite proof. If 4 and B are incom-
mensurable, one can constantly reduce the lack of coincidence, but never, in a
finite number of steps, produce coincident lengths.
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128 Ian Hacking

thought that in the case of finite proofs, it makes little difference, once
the proof is available, whether one presents it synthetically or analytic-
ally. But for infinite proof the difference is crucial.

Infinite proof is infinite analysis. That is, it starts with the theorem
proved, and proceeds in the direction of less and less complexity. The end
product, on which it converges but never reaches, is a set of identities
and contra-identities, which we may call axioms. Thus in the above

‘(7 3”

sequence it is not the >3 and so forth that compare to identities,

while the theorem matches unity. It is the other way about.

A finite proof, as most logic textbooks now tell us, is a finite sequence
of sentences each of which is either an axiom or is derived from preceding
members of the sequence by one application of a rule of inference; the
final sentence is the theorem proved. (We express the direction in this
way, but of course that is immaterial to the structure of the proof: we
could write proofs “backwards.”’) An infinite proof is an infinite sequence
of sentences each of which is either an axiom or is derived from subsequent
members of the sequence by one application of a rule of inference, the initial
sentence is the theorem proved.

It is necessary to impose certain technical constraints on this idea.
First, the set of sentences in the proof should be countable (can be placed in
1—1 correlation with the natural numbers). Second, the order type of the
sequence must be specified. We now have strong reasons for supposing that
the minimum order type that will give results of interest is €o. (The order
type of the sequence of integers is called w; that of an w sequence of
sequences is w?; so by a procedure of generalization one obtains w®;
then w exponentiations by e lead to &y). Thirdly in order to conform to the
notion that proofs should be perspicuous, one would doubtless insist that
the proof is given by a recursive function f from the set of sentences into the
ordinals of type less than ey, where if 1(s) = o then the sentence s occurs after
all s such that {(s') =o' and «' <a. (If f(s) =0, then s does not occur in
the proof). Finally, to capture the specific notion of Leibnizian analysis,
we may insist that the sequence of sentences becomes decreasingly
complex. The complexity of a sentence may be measured by the number
of logical constants and quantifiers that it contains. We insist that if
f(s) =a and {(s') =o' and '« <a, so that s occurs after s', then s is never
more complex than s’.

Although I have followed the common fiction which supposes that
proofs are linear we know that proofs are typically trees, in which we
have a large number of branches leading down to the theorem proved. It
would be more realistic to alter the above definition to speak not of a
single sequence but of a collection of sequences, each corresponding to
one branch on the tree. For a formalism of this sort, see the appendix to
E. Mendelson (1964). In our linear definition, sentences are ordered by
complexity to a tree, whose branches always decrease in complexity as
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Infinite Analysis 129

they ascend, can always be collapsed into a sequence by letting the
complexity determine the ordering of sentences from different branches.
(Care must be taken to ensure that the order type is not disturbed too
much by this operation).

Now we turn to an actual system of infinite proof. It concerns arith-
metic, formulated in a language that enables us to express all the nu-
merals, addition and multiplication, and first order logic. The axioms are
the true arithmetical identities (e.g. 9 +5 =2 X 7) and the true arith-
metical contra-identities (e.g. the negation of 9 44 =2 X 6). The rules of
logic are of the sort that Gentzen first imagined for what he called his
sequence calculus. These have the remarkable feature that they are in a
certain sense “‘analytic.” The result of applying a rule is always more
complex than the premises (I disregard rules which merely rearrange
premises and the like). Thus we infer 4 & B only from the premises 4
and B; we infer (3x) (Fx) only from a sentence of the form Ft. More
precisely, the rules all satisfy what D. Prawitz (1965 p. 43) calls the
subformula principle, that sentences got by the application of one rule
of inference are obtained from premises which are their subformulae.
In the system of Schiitte, however, we have an unusual rule for the
universal quantifier, which corresponds to arithmetical induction. If we
have a proof of each of F(7), F(2), F(3)...... , we are allowed to con-
clude (y#) (F). It is this rule and only this rule that makes our proofs
infinite. Notice that the rule is not just, as it were, infinitely wide: we
have an infinite sequence of sentences as premises from which we infer a
single sentence. It may also be the case that, because of this rule, proofs
become infinitely ‘‘high’” as well. For example, the proof of F (7) might
be just two steps long; of F(2), four steps, of F(n), 2n steps, so there
would be no finite bound to the height of proofs above the application
of this induction rule.

There are many ways of presenting such a calculus, for two of which,
see the cited references to Mendelson and Schiitte. In any case the funda-
mental theorem to be proved is what is usually called Gentzen’s Haupt-
satz which assures us that the rule modus ponens is valid in the system.
Since all our rules have the “analytic”” character of always increasing
complexity, the rule “A, AD B, so B”, cannot be a primitive rule; we
must show that if 4 and A DB are derivable, then B can also be derived.
This task is not trivial. The proof is inductive, and Gentzen (1943)
indicates that the order type of proofs required must include all ordinals
less than ¢,. It is this rather profound analysis that leads us to suppose ¢,
is the minimum order type for a productive concept of infinite proof.

Leibniz of course did not know about transfinite ordinals. When he
spoke of infinite proof, he surely had in mind proofs of order type
only. Then it would certainly be true to say that although the proof
cannot be completely written down, for any sentence s of given com-
plexity c that has occurred in the analysis of the theorem, we can always

9 Studia Leibnitiana VI/1
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130 Ian Hacking

exhibit a sentence, later in the proof, that has complexity less than c.
Thus “the difference is less than any given difference.” If the order type
of a proof were , then any sentence in the proof will, sooner or later, be
written down in its proper place by a proof-writing machine. But when
the order type exceeds w, this is not true. Yet Leibniz’s basic intuition
is entirely vindicated. In Schiitte’s proof trees, for example, we have at
the top identities of complexity 0, and each successive sentence in a tree,
starting with the theorem at the bottom, will be of greater (or equal)
complexity than every sentence in every branch above it. So that for
any sentence in the proof of a sentence of complexity ¢ > 0 there will be
sentences of complexity lower than ¢ above that sentence. Moreover
the Leibnizian will find it agreeable that the only axioms are identities
and contra-identities!

Although Leibniz regularly says that some infinite analyses will
never be kown to us, and that only God will see the nexus of terms, he
also insists that some infinite proofs may be available to us. That is, we
may see that the conditions on an infinite proof are in fact satisfied. This
is exactly what happens in the Schiitte theory. In Hacking (1973) it
is urged that Leibniz is the first philosopher of modern times to have a
clear conception of finite proof. It is perhaps unfortunate that his concept
of finite proof became the standard one while his idea of infinite proof
remained obscure. The celebrated result of K. Godel, about the in-
completeness of arithmetic, shows that there can be no axiomatization
of recursive arithmetic that is complete so long as one restricts oneself to the
domain of finite proof. If we had always been at home with Leibniz’s
notion of infinite proof, this result might have seemed less important.
Schiitte has given us a theory of arithmetic which is complete just because
it allows proof trees of order type &,.
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