Moving Logic, from Boole to Galois *

René Guitart

If a group G acts on a set X and if (Ay, 7g)gec is a family of boolean structures
on X such that gz Agn gy = g(x Ap y) and —gpgr = g(—px), then we speak of a
G-moving boolean logic or shortly of a G-moving logic. In fact every such datum is
equivalent to the datum of the action of G on X and of one boolean structure (A, —)
on X: then we recover (Ag, ) by z Ay y = g(g 'z A g~y) and —,2 = g(—g~'z).
If V.= (Ai,i)ier is a family of boolean structures on a set X then we say that
a function f : X* — X is a V-mowing boolean function if f can be defined using
constants in X, A;, —;, with possibly various 7 € I occuring in it.
Theorem 1. For every finite set X of cardinal 2™ with n odd (resp. even), there is
a family V of 4 (resp. 3) boolean structures on X — different but isomorphic, and
with the same ‘false’= 0 and the same addition 4+’ — such that, for every integer
k, every function f : X* — X is a V-moving boolean function.

As for Specular Logic [3], moving logics and moving functions can be used for dis-
course analysis. But here we just want to show how it links boolean and galoisian
calculi, and how in this way Theorem 1 is proved.

For every integer n the set 2" = {0,1}" is equipped with a boolean structure
and a field structure, B"™ and Fs», both unique up to isomorphisms. If the addition
+ is fixed as being the same in B” and in F», then a natural question arises:
what is the link between multiplication “x” in Fa» with zero 0 and unit 1 and
conjonctions “A” in B™ with ‘false’ = 0 and ‘true’ = ¢? In one direction, it is
clear: if ¢ = (e1,...,ey,) is a basis of Fon over Fy, then we get a conjonction N
by (O°7 @i x ;) Ap (X7 yi X €;) = d.ia; X y; X €;, when for all i < n, z; and
y; are 0 or 1; and negation, disjunction and implication by —,(z) = = + t,, with
to =D 1€, T VoY ="15(7u2 Ap 7uY), T =4y = (o) Vy y. So we get a boolean
structure Boole,, associated with a basis ¢, with false 0 and true ¢, and of course
the operations of Boole,, as every functions f : F, — Fan, can be expressed with
x and +. In fact, the crucial point between boolean and galoisian calculi is that
z Ay & = x, whereas x X © # x, but  x x and x are undiscernible: 2% ~ z; this is
the meaning of the fact that the Frobenius map z + x? generates the Galois group
of Fon over Fo. So, in order to go in the other direction — i.e. to come back from
boolean structures to polynomial functions in a Galois field of characteristic 2 —

*Colloque International “Charles Ehresmann : 100 ans”, Amiens 7-9 octobre 2005, Cahiers
Top. Géo. Diff. Cat., vol. XLVI-3, 2005, p. 196-198.

196



our proposed method is first to get the product x with one boolean structure and
the Frobenius, and then to get the Frobenius as a moving boolean function. We first
do that for n = 2,3 and show in these cases that every function is moving boolean.

In the case n = 2, Fy = Fo[X]/(X*+X+1). With u and v the two imaginary

roots of X2+ X +1 over Fy, uxv =1, u+v = 1, and Fy = {0,1,u,v}. Ordered bases
of Fy over Fy determine the group GLy(Fs) ~ Ss, for which we consider spanning
by p= [ Y ], q= [ P ], which are, with respect to the basis kK = (u,v) with
t, = 1, the matrices of the basis o = (1, v) with ¢, = u, and 8 = (u,1) with tg = v.
So p(x) = ux? and q(x) = va?.
Theorem 2 [1]. In Fy we have x A, y = 2%y* + t,(2%y + xy?), and in particular
T ALY = x2y? + 22y +zy?. With A= A, we have x xy = 22 Ay +x Ay? + 22 Ay2.
Every fonction on F% with values in Fy is a composition of constants, A, =, and
(—)2. Furthermore, we have p(x) + q(x) = 22, and every function is a composition
of constants, A, =, and p, q. As in fact 2> =z N 1+ 2 Ao 1+ 2 Ag 1, we get also
that every function is a {k, a, §}-moving boolean fonction.

We now consider the case n = 3, Fg = Fo[X]/(X3+X?+1). With a, b, c the three
imaginary roots of X3 + X2 + 1 over Fy, a=',b7!, ¢! are the roots of X3 + X +1,
abc = 1, ab+bc+ca=0,a+b+c=1,at=c+1=bc, bt =a+1 = ca,
cl=b+l=aba’>=bb=c,?=a,a+a'=bb+bl=cct+cl=aqa Fzg=
{0,1,a,b,c,a=1, b1, ¢}, Ordered bases of Fg over Fy are organized as the simple
group GL3(F3) ~ PSLy(FF7), of order 168, which is the group of automorphisms of
the Klein’s quartic X(7) = {[z : y : 2] € P2(C);2%y + y>2 + 232 = 0} (the most
symmetric riemannian surface of genus 3). Now, in GL3 (F3) we consider the order-

. 101 1 1 0 1 . 0o 1 1 . .
seven matrices r = [ 10 1 ],s: [ 111 ],ZZ [ 110 :|,Wh1ChaI‘e,W1th
0 1 1 1 1 0 1 1 1
respect to the unique normal basis kK = (a,b,c), the matrices of the three other
strictly auto-dual bases p = (a7 !,¢741), 0 = (1,674 a71), ¢ = (b7, 1,¢71). So
r(r) =a tet+ 2t +c e, s(z) = bt + 2?2 +a e, and i(z) = ¢ttt + 22+ b

The actions of r, s, 2 on 1 = [g}, 2 = [z}, ey 1= [%}, are the 7—cycles

r = [1746325], s = [1647235], i = [1564327], with a visible ternary symetry (Fig. 1)
realizable in Sy with j = (142)(356) : jrji~! = s, jsj=' =1, jij =t =r.

Theorem 3 [2]. GL3 (F2) is generated by r, s and
i with the relations (srir~1)? = 1, (is*~1)7 = 1,
((is3i~ Y (srir—1))3 = 1, ((is*i~H)*(srir~1)* = 1.
And if w(r, s,i) = 1 is satisfied, with w(r, s,1) any word
inr, s, i, then also w(s,i,r) = 1, w(i,r,s) = 1; we
speak here of a borromean spanning of GL3 (F2).
Theorem 4. For ¢ = (f1, fa, f3) a basis of Fg with
matriz m we have x Ay, y = m(m~tz A, m~y), and if
with g = (fi + fo + f3)(ffa + fofs + fsfi)(fifafs) ™!
we take t = (¢ + )* XN = (fi + fo + fs)t7, p =
L+ 3+ 11+ 15 +10+ 17, then we get =y, (z) = z+t,

Figure 1: symetry of r, s, ¢
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Aoy = oyt + AP pfaty? + 22yt + AT+ D]ty + ay?] + A2y + 2.
In particular we have x A, y = x*y* + 1[z*y? + 2%9*]) + 02ty + zy?] + 122y + 2y?],
z Aoy =o'ty + (a+ Dlaty® + 2%y + (a + Dty + 2y'] + a2’y + 29%], t, = a,

z Aoy =a'y' + (b+ 'y + 2%y + (b + Daty + ay'] + bla®y + 2y°], to =0,
a Ay =atyt + (e +1)[aty? + 2%y + (e + 1)[zty +ay'] + cl2®y +ay?] t = ¢
Theorem 5. As a kind of counterpart of the borromean spanning of GL3(F3) we

get on Fg a symetric system of six projectors ‘by intersection’, with associated logical
expressions for x — x* and its inverse x — x%:

TApb = cxt+ b7 x4 le, 2 Ape = art+c P 4o e, A a = bat a2+ b e,
TApC= a lat+ar?+c e, thoa = b et + b2 +a e, 2N b = c et e +b L,
xt =z N, b+ Nsc+xTA, a, x? =xzN,c+TNsa+xA,D.

Theorem 6. In Fg, with A = A, the product is t x y = 2> Ay2 +x Ayt + 2t Ay +
st Ay? + 22 Ayt and so every function on FE with values in Fg is a composition of
constants, A\, =, and (—)?. Furthermore, we have r(z)+ s(z) +i(x) = 22, and every
function is a composition of constants, A, =, r, s, i. Asa® =xA,c+xAsa+xA,Db,
every function is also a {k, p, o, t}-moving boolean function.

Now, we are ready for the general case (and then Theorem 1):

Theorem 7. In Fon, every function is a composition of constants, A, — and (—)?2,

for (A, =) a boolean structure on Fan associated to a normal basis, and (—)? the
Frobenius map. There is a subset V' of GL,,(F2) — of cardinal 4 if n is odd, and 3 if
n is even — such that for every integer k, every function F5, — Fon is a V-moving
boolean function.

The idea of the proof is inspired by the cases n = 2,3. Fon is now equipped with a
normalbasis 8 = (b1,...,b,), with b; = (bn)zl. With some v; ;1 € Fa ( to be precised

only for computing an explicit result, as we did for n = 2,3), (3, z:b:) x (32 wibj) =

Zid’k Vi kTiY;0k. We get for example (z Ag yzm)2l Ag biti = Zi¥Yi—mbiyi. The
general operator  — y A, z, for an arbitrary basis ¢ with matrix A with respect
to B and an arbitrary z can be written as x — A(A7!2)?A71x (with (A712)?
the diagonal matrix given by ((A712)9);; = (A71z);) and is the general projector
x +— Pz, with P linear and P? = P. And here, in the context of Fy, every linear
map is a sum of projectors; in particular with 7; the matrix with 1 at (¢,4) and
(i + 1,i), for i < n, and 7, the matrix with 1 at (n,n) and (1,n), we get 22 =
T+ (Z(2<n) & (io0dd) Wi) + (Z(zgn) & (ieven) Wi) + (ﬂ—n) & (n Odd)
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