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1. INTRODUCTION AND SUMMARY

The developments in the theory of languages and automata in recent years have been
towards defining and studying new grammars, automata and languages, abstract
families of automata, languages, translations, and so on. In spite of this fact, the central
position of regular sets and context-free languages (CFL’s) in the theory of languages
remains, and so one can still expect their further study to be useful and maybe
stimulating for the general development of language theory.

One of the important advantages in dealing with regular languages is the fact that
each such language can be denoted explicitly by a regular expression, in contrast to
the implicit representation of languages by grammars. A similar characterization of
CFL’s would perhaps be useful also. However, one can hardly expect to get a charac-
terization of CFL’s so elegant and so simple as the one we have developed for regular
languages.

In Section 2 an attempt is made to give a regular-like characterization of CFL’s,
using union, product, and a new operation-symbol iteration. In so doing, we are
compelled to use some “auxiliary”’ symbols. Their role and number are discussed in
Section 3. The application of the results of Section 2 to semilinear languages and their
subclasses is presented in Section 4.

2. RecuLAR-LIKE CHARACTERIZATION OF CFL’s

In this section a regular-like characterization of CFL’s is established.

We begin by introducing some basic concepts and notation of language theory.

If L, and L, are languages, then the product of L, and L, , in short L, - L, or L,L, ,
is the language L; - L, = {2; 2 = ay; x €L, ,y €L,}. For a language L and integer
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¢ >0, Lt is defined as follows: LY = {e}, where € is the empty word, Li+! =L - L
fori = 0. Finally, let

L*=r, L+=|)L.

i=0 i=1

A context-free grammar G is a quadruple G = (&, 2, P, o), where 2 is the
alphabet of nonterminal symbols, shortly variables; 2 is the alphabet of terminal
symbols, 2y N 2 = 0, o0 € 2y is the initial symbol, and P is a finite set of productions
of the form 4 — w, where A e 2y, w e (2, U Zy)*. For two words x and y, we write
x = yif and only if, ¥ = uA4v, y = wwv for some u, vin (Zp U Zy)*and 4 — win P.
Let = be the transitive and reflexive closure of =. The set L(G) ={x;0 L xe 2%
is called the language generated by G. A language L is said to be context-free if
L = L(G) for a context-free grammar G.

The crucial operation in our regular-like characterization of context-free languages
is the operation of “symbol iteration” which is similar to a special case of nested
iterated substitution of Kral and Greibach [5]. To define this operation, we proceed as
follows:

DerFINITION 2.1, Let o be a symbol and L, L, be languages. The o-substitution of
L, into L, denoted by L 4 L, , is defined by

g
LAL, = {3, 8 = 1% " XpViXp41 3 ¥10%0 *** 0%y €L,

o does not occur in the word %%, ..., %3, and y; € L, for 1 < i < &}
o
COROLLARY 2.2. For each symbol o, the operation } is associative.

DreFinITION 2.3. Let o be a symbol and L be a language. The o-iteration of L,
denoted by L°® is defined by

Lo = {z;2€L ULfL UL(T’L%LU ..., 2 has no occurence of o}

Remarks. If L is a language over an alphabet %; and o a symbol, then L° is the
language generated by the grammar G = {{o}, Z;%, P, o) where P = {(c — x); xc L}
is, in general, an infinite set of productions. If L is a finite language, then L° is a context-
free language.

If oisnotin 2, , then L* = (Lo U {e})° and L+ = (Lo U L)".

The following lemma summarizes some relations between the operations of symbol
substitution and symbol iteration.
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Levma 2.4. Let L,L, , L, be languages over the alphabets 2; , ZLI » 2L, respectively,
and o, p be symbols. Then
(i) (L% = (L%
(i) ifo¢ 2, then

(L L) FL = (L A L) (L, § L;
(iii) ifo¢ ), , then
LA A Ly) = (LA L) § Ly 5
(tv) ife¢ 2}, then
(L1 LP = (L,°) T L.

Proof. Clearly, in order to prove (i) it is sufficient to show that (L°)? C (L°)°. If
z € (L°)®, then there exists a sequence of words 2, , 2, ,..., 2, such that 2, € L%, 2, = 2,
and for ¢ =1,2,....,7 — 1, 2, = upv;, 2,y = ww,4v; with w, €L’ If we set
w, = 2, , then for 7 = 1, 2,..., r, w; € L° and, therefore, for each such i, there exists a
sequence

such that 2’ €L, z;», = w; and for j = 1,2,..., k; — 1, 2%, is obtained from z;* by
replacing a o by a word from L. Now, let us form the sequence

1 1 _ 2 9, _ 3 r —
() Ry sees By = Rp 5 WR1 Uy yeeey g8, Uy = By s UpRy Vg gueey Up_1R) Upy = B

which is actually ““a derivation of z from 2, in context-free grammar G with two non-
terminals ¢ and p and the rules ¢ — «, p — o for every a € L. Derivation (*) has the
property that the symbol p is replaced by a word from L if and only if there are no o
to be replaced. Obviously, there is a derivation tree corresponding to (*) and to this
derivation tree corresponds another derivation of z from 2,! in G with the property that
o is replaced if and only if there are no p to be replaced. But that means that & € (L)o.
Hence (L°)? C (L*)° completing the proof of (i). (ii) to (iv) are now obvious.

DeriniTION 2.5. Let 2 be a (possibly infinite) alphabet. Denote by & the
smallest class of languages satisfying the following conditions:
(1) {geé,
(2) if aeZ, then{a}e &,
(3) ifL,,Lyareinéyandoe X, thenL, UL,,L, -Lyand L,° are in &5 .
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Remark. We will say that L is a language over an infinite alphabet X if L C X, * for
some finite subset 2, C 2.

Lemma 2.6, If X is an infinite alphabet, o € X and L, , L, are languages in & , then
LitLyisin &, .

Proof. Let L, in &; be fixed. If ae 2, then {a} %7 L, is either {a} or Lyso is in & .
The collection = of languages L such that L4 L, is in &; is closed under union, product,
and og-iterations o, € 2. Since E contains {¢} and {a} for every a € X, we see that &
contains & . Thus, if L, is in &, then L, 4 L, is again in &; . Since L, is arbitrary, this
completes the proof.

Now we can state and prove the main result of this section, namely that each CFL
can be represented by the operations U, - and symbol iteration.

THEOREM 2.7. If X is an infinite alphabet, then L is a (nonempty) CFL over % if
and only if L€ &, .

Proof. In view of the Definition 2.5, in order to show that each language in &; is
context-free, it is sufficient to show that if L is a context-free language and ¢ is a symbol
then L° is also a CFL. Let L be given, and let G be a CFG for L such that o is not a
variable of G. L° is now exactly the language generated by the grammar G’ which has
o as the initial symbol and the productions of G’ are those of G and the production
o — o, , where oy is the initial symbol of G. Thus L° is a CFL.

To complete the proof it remains to show that &} contains all CFL’s over 2.

Let L be a nonempty CFL over an alphabet &, C 2. Since 2 is an infinite alphabet,
there exists a CFG G = (&, %, , P, o) generating L and such that Xy C 2. Let
@ = @y , Oy ,..., G, be an enumeration of variables of G with o; % o; forz 5= j. We can
assume without loss of generality that the sets 0; = {x; o; Zxe Z M1 <i < m, are
nonempty.

Let us now define, for 1 <7 <{ n, the sets

Vi={o;5i <j<mn,

P; ={{o' > a); (¢ > a)e P, o' eV},
and the grammars

G =V, 2,9 (Ey— Vi) P00

Moreover, define, for 1 <7 < & < n, the languages @, ;, by double downward
induction from 7 as follows:
b,, ={u{c;>a)eP} for 1<i<n

and, fori < k < n,
() D= P ? oK -

i,k
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By Lemma 2.6, the sets @, ;, are in &; . Using (*), Definitions 2.1 and 2.3 and downward
induction for & from n, we get, for 1 <7 <k < n,

&, ;, = {x;there exists an a € P, , suchthat 6, — a = x in G, ¥ does not contain
symbols from V3, , and there exists a derivation of x from o in G
which uses only the productions from P},

and

@U‘ {x; o, Z , x does not contain symbols from V;, and there exists a
derivation of & from o; which uses only the productions from P}.

Therefore @7, CL(G,) for 1 <i < n. To complete the proof of the theorem, it is
sufficient to show that L(G,) C @ also for 1 <{ 7 < n. To prove that, we will use a
downward induction for ¢ from #.

It is clear]y true for i = n. Assume now that L(G,) C @} (and, therefore,
L(G)) = @]} for j =i+ 1,i + 2,...,n. To show that then also L(G) C o],
proceed as follows.

For we (X, U Z)* — 2. * let m(w) = max{J; a; occurs in w}. First, we will show
that

If o; > ais in P and x can be generated from o in G;,;, thenxe @, ;. {1
Indeed, let x have the above property. Then there exists a derivation 7 of x from o, ;
TIO; = Wy, Wy yery Wy = X

such that #(w;) > 7 for 1 <j </ and in each derivation step a symbol o; with the
maximal j is replaced. To simplify the ensuing discussion, let 7(j) to denote =(w;) for
1 <j <1l Letnowk,, &, ,..., R, be a sequence of integers defined as follows: 2, = 2.
Assume that &, , &, ..., k; have already been defined. If k,; = [, then j = ». If k; < [
and =(v) = n(k;) for k; <<v <[, then k;; = I; otherwise, k;,; = min{y;v > k;,
m(v) < w(k;)}. Clearly, w, is obtained from w, = w, by replacing all symbols a,,(z)
by some words from L( @) = OXF . Thus wy, € D; @ - In general, if
2 <j<land Wy, € @f-"(kz_l)—l , then also wy, € @i,"(kj) and wy, | s obtained from
wy, by replacing all symbols o) by some words from I(G,,)) and, therefore,
W, € Pia()-1 - Thusxe Oy and (1) is proven.
Let now x eL(G ) and again let

O; = Wy, Wy eer, Wy = X
be a derivation of x such that in each derivation step a symbol ¢; with the maximal

1 Assume for the sake of simplicity that V,; = 80 = P, ;.
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index is replaced. Let 1 =k <<k, << k; << - <<k, = [ be the sequence of all
integers j such that #(j) = 7 and j <I. It means by (1), that w;, € @, ;. Moreover,
forj > 2, w;_is obtained from w; __ by replacing the symbols o, by some words which
are, by (1), in @; , . Since x has no occurence of o; , x must be in @7 . Thus I(G;) C &7,
and it completes the proof of the Theorem.

Remark. Regular languages are often defined as languages represented by regular
expressions. In view of the last theorem, we can define also CFL’s over an infinite
alphabet 2 as languages represented by context-free expressions (CFE’s) over 2 which
are defined as follows (here we assume that for each o € 2, o is a special symbol not
in X):

(1) ifae2 VU {e}, thenais a CFE
(2) if E,, E,are CFE’s and o € Z, then (E; U E,), (E, - E,), (E,0) are CFE’s.

Here we assume that if a CFE E represents a language L, then (Eo) represents L°,

CoroLrary 2.8. Ir X is a finite alphabet, then L is a CFL over 2 if and only if
L € & , for some finite alphabet 2" D X,

Proof. Straightforward from Theorem 2.7.
Exampie 1. IfL = {@'b%,i > 1}, then L = (aob U ab)°.

Exampre 2. Let L be the language generated by the grammar with the initial
symbol o, , and the productions

oy —> aoyb, oy — ba’a,ba,
gy —> a%ayb, gy —> ba’azba,
a3 —> a%osb, o3 —> baoyba, a3 — b.

Then L = (ba*(ba¥*(adch U bapba U b)° ba ‘U a*eb)” ba U apb)P.

3. AUXILIARY SYMBOLS

For a finite alphabet X' and an integer %, let & ; be the class of all CFL’s over 2
which are in &, where 2’ = 2 U {0, , 0y ,..., 03} With oy, 0y ,..., 0, being distinct
symbols not in Z. (In other words, in &5 ;, & stands for the number of “‘auxiliary”
symbols which are not in X but which may be used in regular-like constructions of the
languages in &5 ; .)

A natural question arises. Given a finite alphabet X, is there a k& such that &,
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contains all CFL’s over £'? We strongly suspect that if 2 has at least two symbols, then
the answer is negative, but we have no proof. If 2’ has only one symbol then all CFL’s
over 2 are regular and they are in & 4 .

Following the proof of Theorem 2.7, it would seem that the auxiliary symbols
used in regular-like constructions of CFL’s play the same role as variables in context-
free grammars. It is known [7] that, for any integer # and any alphabet X with at
least two symbols, there is a linear CFL L, which cannot be generated by a CFG
with less than » variables. For instance, if 2 = {a, b}, then the language generated by
the grammar with the initial symbol ¢ and the productions

a; — d'o.b, o; — battlo, ba, 1<ig<n—1,

o, — a'a,b, o, — bas,ba, o, — b%a?

has such property. However, using the same techniques as in the example 2, Section 1,
we can show that this language is in & , . We can even prove the theorem.

Tueorem 3.1. For any finite alphabet X, the class & 5 contains all linear languages
over Z.

The theorem follows instantly from the following lemma which is easier to prove.

Lemma 3.2. Let G =<y, 2, P, o) be a linear context-free grammar and A, B be
two distinct symbols not in Xy U2 Let G' =2y, 2 U{4},PUP',¢) be a new
grammar formed from G by adding a finite set P’ of productions of the form X — udv
where X € Xy and uve Z*. Then L(G) € 64,5, L(G') € 6:0(4,5 » and both L(G)
and L(G") may be obtained from languages {a}; a€ 2 U {4, B} U {¢} by a finite number
of operations U, -, A-iteration and B-iteration.

Proof. We will use induction on the number of variables of G. The lemma clearly
holds if G has only one variable. Assume now that the lemma holds for all linear
grammars with at most £ — 1 variables and let G = (X, 2, P, o) be a linear grammar
with % variables o = 0y, 05,...,0,. Define grammars G,, 2 <i<n by
G, =y —{e},2U{o},P,0>, P=P—{(loc—>a)(c—>a)eP}. FEach G,
2 <{i <\ n has £ — 1 variables and, therefore, by the second part of the induction
hypothesis, L(G,) € &5y and L(G;) can be obtained from languages {a};
ac X U {o, B} U {¢} by a finite number of operations U, -, s-iteration, and B-iteration.

Let now ¢ — o;, 1 <{j < 7, be an enumeration of all productions of G with o on
the left side. Define the languages L;, 1 <<j < 7, as follows: If a; € (X' U {o})*, then
L; = {o;}. If o = uoyv forsome [ > 1, thenL; = uL(G,)v. Clearly, L(G) = (U;;IL,-)"
and, thercfore, L(G) € 63,5 - Clearly, o can be replaced by A and it completes the
induction step for G.

Let now G’ = (&, 2 U {4}, PU P’, o) where P’ is a finite set of productions of



360 GRUSKA

the form X — udv; X €2y, uv e 2. Define, for 2 < ¢ < k, the grammars G, and
G, as follows:

G, =2y —{o}, 2 u {4}, P,, 6,>, where P; is obtained from PU P’ by
deleting all productions which contain the symbol ¢ {either on the left
or the right side).

G/ =&y —{a}, ZU{a}, P/, 0,5, where P, is obtained from P by deleting
all productions with o on the left side.

According to the induction hypothesis, both I(G;) and I(G,’) are in &y, 4 and can
be obtained from languages {a}, a € X' U {0, A} U {€} using only U, -, g-iteration, and
A-iteration.

Now let ¢ — a;, 1 <{j <{ r be an enumeration of all productions of G with ¢ on
the left side. Define the languages L;, 1 <{j < r as follows. If o; € (X U {0, 4})*,
then L; = {o;}; if o; = woyw for some [ > 1, then L; = u(L(G;) U L(G;))v. Cleatly,
L(G") = (Uj-1L;)° and the lemma holds for G’, too. This completes the induction
step and thereby the proof of the lemma.

Remark. Theorem 3.1 also holds for semilinear languages (see Section 4) because
the class of semilinear languages is the smallest class containing linear languages and
closed under substitution.

Theorem 3.1 implies that from the fact that we need infinitely many variables to
generate all CFL’s we cannot conclude that we also need infinitely many auxiliary
symbols in regular-like constructions of CFL’s and, therefore, auxiliary symbols play a
slightly different role.

Some auxiliary symbols are necessary because the class &y, where X is a finite
alphabet does not contain all regular languages over 2. However, they are in &, .

There are also nonlinear CFL’s which cannot be generated by grammars with less
than 7 nonterminal symbols but they are in & , . For example, the language generated
by the grammar with the initial symbol o; and the rules

g; —> d'o;b, 6; —> cagibcatoqbe - cato b, a; —> ¢, 1<i<n

has such a property.

4. APPLICATION TO SEMILINEAR LLANGUAGES

In view of the results of Section 2, each CFL can be characterized in a simple form
using only operations of union, product and symbol iterations. The secret here lies
in the fact that symbol iterations are quite complicated and not very transparent
operations. In the case of linear and semilinear languages, symbol iterations have much
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simpler and transparent form and these languages can be characterized by simpler
operations. The results of this section are based on the report [6] and have much in
common with results of Yntema [8] and Brzozowski [2].

THEOREM 4.1. Let 2 be an alphabet. Let S C 2%*, D C 2**X=* pe the smallest classes
such that the following conditions are satisfied:

(1) ifa,beZU{e, then{a}€ S, {Ka, b>} €D
(2) if X,YeS, P,QeD, then

(200 XUYeS,PUQeD,
(Zb) P®X:{P1xpz;<pl:P2>ED!xEX}ES»

(2c) POQ=Ut1&,8P0:<{P1 D €EP;{g,8>cQ}eD,
2d) Pt =PUPOPUPOPOPU-€D.

Then a language L over X 1s linear if and only if L € S.

Proof. To prove the “if”, it is sufficient to show that for every L€ S, PeD and o,
a symbol not in X, L and P (X {0} are linear languages. It is certainly true if L = {a},
and P = {{a, b>}, where a, b are in X' U {e}. By (2a) through (2d), if it is true for X, Y
in S and P, Q in D, then it is also true for XU Y, PUQ, PR X, P O O, P+ and,
therefore, for all Xe S, PeD.

To show the “only if”’, it is sufficient to repeat the second part of the proof of
Theorem 2.7 and to notice that if G is a linear grammar, then all sets
¢ 1 have the form ¢, ;, = U;c:l PR @ {o;} UL, , where

. l.—]' 5
P#PeD,L,,eS and ¢% = )PP ®{c} UL,
j=1
where again PP eD andL; € S.
Thus L(G) = ¢11 € S.

A similar characterization can be obtained for semilinear languages.

DeriniTioN 4.2. A grammar G = (X, Z, P, o) is said to be semilinear if for
every Ae Xyand xe (2L 2y)* A4 2z implies that there is at most one occurence
of A in x. A language L is said to be semilinear if L is generated by a semilinear
grammar.

There is a great variety of terms used for semilinear languages and grammars:
standard matching choice sets [8], nonexpansive grammars, derivation-bounded
languages [4], superlinear grammars and languages [2]. The motivation for introducing
one more term is Lemma 4.4 which is also useful to get further results.
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DeriniTION 4.3, Let G = (X, 2y, P, o) be a CFG. Let = be a relation on P
which is defined as follows (A — «) = (B—p) if and only if either 4 = B or
42 u,Bv, and B u,Av, for some u,,u,,v;,9, in (ZyU2Zp)*. = is the
equivalence relation on P. The equivalence classes on P with regard to = are called
grammatical levels of G.

Remark. A grammatical level G, of a CFG G is a set of context-free productions
of G. We can think of G as being a CFG without an initial symbol, the variables of
which are symbols on the left sides of productions in G, and all other symbols occurring
in productions of G are terminal regarding G, . Thus a non terminal symbol of G
may be a terminal symbol of G, .

If we consider only reduced CFG’s, i.e., the grammars in which each nonterminal
symbol is reachable from the initial symbol and each nonterminal symbol generates
a nonempty set of terminal words, then using definitions 4.3 and 4.2 we can easily
prove the following lemma.

LevMma 4.4. A4 grammar G is semilinear if and only if every grammatical level G,
of G is linear (with respect to nonterminal symbols of G,).

Proof If G is not semilinear, then there exists a nonterminal 4 in G such that
A 2 uAwAv for some words, u, w, v and, therefore, the grammatical level of G
containing the rules with 4 on left side is not linear. On the other hand, if a grammatical
level of G is not linear, then G contains a rule 4 — ¥BwCv, where B and C are non-
terminals such that the rules with B and C on left side are in the same grammatlcal
level as A — uBwCv. Hence, there exist words u, , v, , 4, , %, such that B X u, Aoy,
c u,Av, , and, therefore, G is not semilinear.

From the foregoing lemma follows also the well-known fact that the class of semi-
linear languages is closed under substitution. An analog of Theorem 4.1 for semilinear
languages has the form:

THEOREM 4.5. Let X be an alphabet. Define S C 2%*, D C 252" to be the smallest
classes for which conditions (1) to (2d) of Theorem 4.1 and the condition

(X, Yy ={x,y>;xe X,yeY}eD (2e)
are satisfied. Then L is a semilinear language over X if and only if L € S.

Proof. Notice, that from (2e) it follows that if X, ¥ € S, then so is XY. The proof
of the “if”” goes through silimarly as for Theorem 4.1. Now let L, be a linear language
over an alphabet 2’ D X, and let L be a language which is obtained from L, by applying
a substitution ¢ where ¢(a) ={a} for a€ X and $(a) € S for a ¢ 2. It follows from
Theorem 4.1 and from (2e) that L is in S. Thus S contains all languages over 2 which
arise from linear languages by substitution and therefore S contains all semilinear
languages over Z.
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If condition (2e) is replaced by
XYeS, (2e)

then L € S if and only if L is an ultralinear language.

Ultralinear languages [3] are languages generated by nonterminal bounded
grammars [1]. A context-free grammar G = {2y, X}, P, o) is nonterminal bounded
if there is an integer & such that if ¢ < «x, then x has at most & nonterminal symbols.
It is easy to show that a context-free grammar G is nonterminal bounded if and only
each grammatical level of G is linear; and, moreover, if 4 — xByCz is a rule of G with
variables B, C, then no rule with B or C on the left side is in the same grammatical
level of G as A — xByCz. Using this fact and Theorem 4.1 we can get our result
easily.

By introducing a new operation on sets of pairs of words we can get a more elegant
characterization of semilinear languages.

THEOREM 4.6. Let X be an alphabet. Define Dy C 25*%2* to be the smallest class such
that the following conditions hold:

(1) ifaeZ, then {Ka, >} Dy, {{, e} €D,
(i) if P,Q are in Dy, then
(iia) PUQ,P OO, PteD,
(iib) P®O = {{p1P:,88::<{P1sp €P,{g18> €0} eD,.

Put S, = {P ® {e}; PeDy}. Then L e S, if and only if L is a semilinear language
over X.

Proof. It is sufficient to show that S = S;, D = D,, where S and D are defined
as in Theorem 4.5. 'T'o show that S C S, , D C D, it is sufficient to show that the con-
ditions (1) to (2e) in Theorem 4.5 hold for S, , D, . To see that it is sufficient to show
thatifa, barein 2 U {e}and X, Yin Sy, then{a, b>eD,, X U Y e S, (X, Y>eD, .
But {a,8) =<a,e) ®<b,c)eD, and if X, Y are in Sy, then X = P & {e},
Y=0®{e with P,Q in D, and, therefore, XUY =(PUQ) ®{e}eS,,
X, Yy =P O QeDy.In asimilar way, the relations S, C S, D, CD can be shown.
Hence the Theorem.
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