
GROTHENDIECK TOPOLOGIES

ANDREW ARCHIBALD AND ALEX GHITZA

1. Grothendie
k Topologies

The ma
hinery of sheaf 
ohomology de�ned in terms of derived fun
tors is quite

general and might at �rst seem to be suÆ
ient for most purposes. However, it has

some limitations that 
an be remedied by 
hanging not just the 
ohomology but

the underlying stru
ture, the topology on the spa
e of interest. What are these

limitations?

For a variety over C , we have two kinds of 
ohomology: sheaf 
ohomology as a

variety and sheaf 
ohomology as a 
omplex manifold. For example, as a 
omplex

manifold, we 
an take dim

Q

H

r

(X;Q ) and obtain the Betti numbers. On the other

hand, for any irredu
ible algebrai
 variety H

r

(X;F) is zero for r > 0 for any


onstant sheaf (sin
e every open set is 
onne
ted, F is itself 
asque). If we want

to have a 
ohomology theory analogous to that on a 
omplex manifold, this is

obviously unsatisfa
tory.

Se
ond, in the Zariski topology, a map between varieties 
an be an isomorphism

of tangent spa
es without being a lo
al isomorphism. Re
all a lo
al isomorphism

is a map su
h that for every point in the image, there is an open neighborhood

whose preimage is a disjoint union of open sets isomorphi
 by way of the given

map to the image neighborhood. So, for example, the map x 7! x

2

from A

1

n f0g

to itself is an isomorphism on tangent spa
es but is not a lo
al isomorphism. In

the 
omplex analyti
 setting, there are lo
al inverses, but it is ne
essary to delete a

line, whi
h leaves a neighborhood whi
h is not Zariski open. So if we wish to have

a lo
al inverse, we must introdu
e more open sets. In an algebrai
 
ontext it is not

feasible to introdu
e smaller open sets, so we instead introdu
e open sets that are

in some sense a di�erent shape. In parti
ular, to solve this problem, we 
an go to

the �etale topology, where A

1

n f0g serves as an open neighborhood by way of the

map x 7! x

2

; allowing this as a neighborhood 
learly makes the map into a lo
al

isomorphism.

As a third example of the limitations of the Zariski topology, let us look at

�bre bundles. When the �bre bundle is a ve
tor bundle, the Zariski topology is

suÆ
iently �ne for neighborhoods to exist on whi
h the �bre bundle looks like

a produ
t; however, more exoti
 kinds of bundle may need a di�erent topology.

For a simple example, let G be the multipli
ative group f1;�1g. Then the map

x 7! x

2

makes A

1

n f0g into a �ber bundle over A

1

n f0g with an a
tion of G by

multipli
ation. Clearly no Zariski neighborhood U is going to make this bundle

look like U �G ! U . If we again allow the 
overing A

1

n f0g

x7!x

2

�! A

1

n f0g as an

open set, we immediately obtain a lo
al trivialization.

1
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We will therefore pro
eed by rede�ning topologies and sheaves; as one might

expe
t this requires some work to establish familiar results, and the abstra
tion


an be overwhelming. However, the essential idea is to enlarge our idea of what

an open set is; rather than being simply subsets of the global spa
e, they will be

sets along with an embedding into the global spa
e, mu
h like 
oordinate systems

for a di�erentiable manifold. This embedding need not be a simple in
lusion; it


an usually in
lude some \twisting". This turns out to be useful, for example, in

trivializing a �ber bundle: instead of simply �nding a subset of the global spa
e on

whi
h the bundle is trivial, we 
an \untwist" a neighborhood in the global spa
e in

order to obtain a lo
al trivialization. As a side bene�t, our theory will be almost

independent of the nature of the global spa
e, so that it be
omes possible to work

with problems like the moduli problem for nonsingular 
urves where the global

spa
e 
annot be easily de�ned.

1.1. Definition of a Grothendieck Topology.

Definition 1.1. A Grothendie
k topology is a 
ategory C whose obje
ts we 
all

\open sets" and a set S of 
olle
tions of maps we 
all \
overings". A 
overing of

U is a 
olle
tion of morphisms fp

�

: U

�

! Ug in C. These obje
ts must satisfy the

following:

(1) Fibred produ
ts exist in C.

(2) If p is an isomorphism, then U

0

p

! U is a 
overing; if

n

U

�

p

�

! U

o

is a 
overing, and for all �

n

U

�;�

q

�;�

! U

�

o

is also a 
overing, then

n

U

�;�

p

�

Æq

�;�

�! U

o

is a 
overing.

(3) If

n

U

�

p

�

! U

o

is a 
overing, and V ! U is a morphism, then we 
an produ
e

a 
overing of V :

n

V �

U

U

�

q

�

! V

o

where q

�

is the proje
tion onto the �rst fa
tor of the �bred produ
t.

Remark 1.2. The existen
e of �bred produ
ts means that whenever we have a

diagram of the form

X

ÃÃ@
@@

@@
@@

Y

ÄÄ~~
~~

~~
~

Z
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an obje
t X �

Z

Y exists su
h that all maps to X and Y fa
tor uniquely through

X �

Z

Y :

V

9! //_______

ÂÂ@
@@

@@
@@

@

++WWWWWWWWWWWWWWWWWWWWWWWWWWW
X �

Z

Y

{{vvvvvvvvv

##HHHHHHHHH

X

$$HHHHHHHHHH Y

zzvvvvvvvvvv

Z

Example 1.3. Let G be a group, and 
onsider the 
ategory of sets with an a
tion

of G. Suppose we have a diagram

X

f

ÃÃ@
@@

@@
@@

Y

h

ÄÄ~~
~~

~~
~

Z

:

Then I 
laim that the �bred produ
t X �

Z

Y is the G-set

f(x; y)jx 2 X; y 2 Y; f(x) = h(y)g

with the a
tion g(x; y) = (gx; gy). The map to X is proje
tion on the �rst 
oor-

dinate, and the map to Y is proje
tion on the se
ond 
oordinate. The universal

property is 
lear.

Remark 1.4. This generalization 
an appear bizarre, but the analogy with ordinary

topologies 
an help 
larify the issue. Open sets, in this 
ontext, are not simply

subsets of a global spa
e; they 
an be viewed as something like 
oordinate pat
hes

on the spa
e, so that there might be many with the same image.

While the de�nition makes no mention of a global spa
e X, in most appli
ations

there will be su
h an obje
t lurking somewhere, and open sets will 
ome equipped

with morphisms of some sort to this obje
t. When no su
h obje
t appears naturally,

the goal of using this de�nition of topology will often be to work as if su
h an obje
t

existed. If su
h an obje
t does exist, it will appear as the �nal obje
t in the 
ategory

C.

Generally, the morphisms in C should be viewed as the in
lusions of open sets;

we are allowing open sets to be more general, so there may be more than one way

for an open set to be in
luded in another. The interse
tion of two open sets would

naively be their produ
t in C; however, for the interse
tion to make sense, the two

open sets must be embedded in a 
ommon, larger, open set; thus the �bred produ
t

a
ts as the interse
tion of two open sets.

Similarly, to take the union of an arbitrary 
olle
tion of open sets, it would be

ne
essary to embed them in a 
ommon, larger, open set; as a result we have no real

equivalent to the ability to 
reate arbitrary unions. Useful topologies will generally

already 
ontain suitable open sets. What is then ne
essary is to know when a family

of open sets 
overs a given open set; here again, we must spe
ify how ea
h open

set is embedded in the given open set. This knowledge about 
overs will 
learly be

essential if we are to work with sheaves on these topologies.
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Finally, we must be able to restri
t a 
over to lie within a smaller open set;

viewing the �bred produ
t as interse
tion, this is what the �nal axiom guarantees.

Example 1.5. Let X be a topologi
al spa
e. Then let C be the 
ategory of open

sets on X, with a unique morphism from U to V if U � V . For ea
h 
olle
tion U
U

of open sets whose union is an open set U , we have a 
overing fU

�

! Ug. We will

denote this X

top

; when X is a s
heme, we will denote this X

Zar

.

Example 1.6. Let G be a �nite group and let f�g be a one-pointed set. Let

the 
olle
tion of open sets be the 
olle
tion of �nite G-sets. Let the in
lusion

maps be arbitrary G-maps, and ff

�

: S

�

! Sg is a 
overing if S =

S

�

f

�

(S

�

).

We must verify that �bred produ
ts exist in this 
ategory. Let f : S ! U

and h : T ! U be morphisms. What is the �bred produ
t S �

U

T? Let

W = f(s; t)js 2 S; t 2 T; f(s) = h(t)g, with the a
tion g(s; t) = (gs; gt). Then

the proje
tion maps provide G-linear maps to both S and T , and it is 
lear that

any obje
t mapping to S and T 
an be fa
tored through W ; therefore W is the

�bred produ
t.

In this 
ategory we have the �nal obje
t f�g, and one 
an view all the other

obje
ts as open sets that 
over f�g in various ways. We will 
all this topology T

G

.

We will see more examples in Se
tion 2.

1.2. Sheaves on a Grothendieck topology. In the language of Example 1.5, a

presheaf of the familiar sort is simply a 
ontravariant fun
tor from the underlying


ategory to some given 
ategory. We will de�ne a presheaf in exa
tly the same

way when we are dealing with a Grothendie
k topology, and we will use the same

notation, with some 
aution.

Definition 1.7. Let (C; S) be a Grothendie
k topology, and let D be another


ategory. Then a presheaf of obje
ts in D on (C; S) is a 
ontravariant fun
tor from

C to D.

Given a presheaf F and any open set (in the new sense) U , we will 
all the

elements of F(U) se
tions, and given a morphism U

p

! V we will write F(p)(s) as

sj

V

, with the proviso that there may be more than one morphism from U to V , in

whi
h 
ase the notation sj

V

is somewhat ambiguous.

The 
ondition for a presheaf to be a sheaf 
an be expressed 
on
isely in 
ategor-

i
al language: whenever U =

S

�

U

�

the diagram

F(U)!

Y

�

F(U
�

)

!

!

Y

�;�

F(U
�

\ U

�

)

is exa
t. Here, the two arrows on the right denote the restri
tion maps obtained

from the two in
lusion maps of the interse
tion, and the exa
tness 
ondition is not

exa
tly what it seems | it amounts to saying that the image of the �rst map must

be pre
isely those ve
tors on whi
h the two restri
tion maps agree.
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Definition 1.8. A presheaf F on a Grothendie
k topology is a sheaf if for every


over fU

�

! Ug the following diagram is exa
t:

F(U)!

Y

�

F(U
�

)

!

!

Y

�;�

F(U
�

�

U

U

�

)

This sounds ni
e, but what does it a
tually mean? Suppose that we have a 
over

n

U

�

r

�

! U

o

of U and a 
olle
tion of se
tions s

�

su
h that on U

�

�

U

U

�

we have

F(p
1

)(s

�

) = F(p
2

)(s

�

). Then the sheaf axiom tells us that there exists a unique

s 2 F(U) su
h that F(r
�

)(s) = s

�

. In parti
ular, this diagram should in a sense be

exa
t not only in the middle but also on the left.

Example 1.9. If X is a topologi
al spa
e, then a sheaf on X

top

is pre
isely a sheaf

in the usual sense, so it will not be essential to have new terminology for these

obje
ts.

Example 1.10. Let G be a �nite group. What is a sheaf on T

G

? Let F be any

sheaf on T

G

. Consider G as a G-set with G a
ting on the on the left, and denote

this hGi. Then the a
tion of G on the right makes G into a group of automorphisms

of the G-set hGi. But the fun
tor F then makes G a group of automorphisms of

F(hGi), that is, F(hGi) be
omes a G-set; 
all it M . Then we will see that F is


anoni
ally determined by M .

First suppose S is a G-set on whi
h G a
ts transitively. Then 
hoose an element

a of S; then p : g 7! ag is a surje
tive map from hGi to S. This map is taken to a

restri
tion map by F. Let H be the stabilizer in G of p(e). Then S is isomorphi


to G=H, and in parti
ular every element of H a
ts trivially on G=H. Thus every

element of H a
ts trivially on F(G=H), so by G-linearity, F(p)(G=H) is invariant

under the a
tion of H. Given any G-set T , we will write the H-invariants as T

H

;

then we know F(p)(G=H) � F(hGi)H .

Sin
e p is surje
tive,

n

hGi

p

! G=H

o

is a 
overing, and we 
an apply the sheaf

axiom. Sin
e this 
overing has only one open set, it tells us that

F(G=H)! F(G)
!

!

F(hGi �
G=H

hGi)

In parti
ular, it tells us that F(p) is inje
tive, so that F(G=H) is isomorphi
 to

some subset of F(hGi)H .

Looking at the other side of the diagram, what is hGi �

G=H

hGi? Re
alling the

de�nition of the �bred produ
t, we see that this is f(g

1

; g

2

)jg

1

; g

2

2 G; g

1

H = g

2

Hg;

the two proje
tion maps are simply proje
tion onto the �rst and se
ond 
oordinates,

whi
h we will denote p

1

and p

2

. However, this is isomorphi
, by way of the map

(g; h) 7! (g; gh), to G � H with G a
ting only on the �rst 
oordinate. Here the

proje
tion maps are p

1

: (g; h) 7! g and p

2

: (g; h) 7! gh.

Now, G�H is the disjoint union of 
opies of G, so we have a surje
tive family

of maps ff

h

: g 7! (g; h); h 2 Hg. This is a 
overing, so the sheaf axiom again gives

us an exa
t sequen
e. The �bred produ
t of any two distin
t 
opies of G is the
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empty set. Thus the sheaf axiom for this 
overing be
omes

F(G�H)!

Y

h2H

F(hGi)
!

!

Y

h2H

F(hGi �
G�H;f

h

hGi):

However, the two maps on the right are identi
al, so exa
tness simply means that

F(G�H) is isomorphi
 to

Q

h2H

F(G). The produ
t in this 
ase means the prod-

u
t in the 
ategory of sets, i.e., the Cartesian produ
t, and the a
tion of G is

elementwise.

Thus we have the exa
t diagram

F(G=H)! F(G)
!

!

Y

h2H

F(hGi):

Now, what do the maps F(p
1

) and F(p
2

) look like? Re
all that for any h, we

have a map f

h

of G-sets hGi ! G �H. by our 
onstru
tion of the isomorphism,

we have F(f
h

) = �

h

, the proje
tion on the h 
omponent. Now, p

1

Æ f

h

is the

identity map, and p

2

Æ f

h

is multipli
ation by h. Thus F(f
h

) ÆF(p
1

) is the identity.

Similarly F(f
h

) Æ F(p
h

) is multipli
ation by h. Re
alling that F(f
h

) = �

h

, we see

that F(p
1

)(s) = (s; s; : : : ; s) and F(p
2

)(s) = (h

1

s; h

2

s; : : : ; h

n

s). Then 
learly the

values s on whi
h they agree are pre
isely the invariants and we see that F(G=H) =

F(hGi)H .

Now suppose S is not a transitive G-set. Then S is a disjoint union of su
h

obje
ts, and fS

i

,! Sg is a 
overing, for whi
h the sheaf axiom implies that the

unique possibility for F(S) =
Q

i

F(S
i

).

It is therefore 
lear that spe
ifying a sheaf of sets is equivalent to spe
ifying a

single G-set. If we look at sheaves of abelian groups, then we get an equivalen
e

of 
ategories between (�nite) G-modules and sheaves on T

G

. In this 
ontext, the

global se
tions fun
tor is the fun
tor M 7!M

G

. So if we have a sheaf 
ohomology

on T

G

, we will have

H

i

(T

G

;F) = H

i

(G;M):

In other words, sheaf 
ohomology here gives rise to group 
ohomology.

1.3. Continuous functions. We will also need to generalize the idea of a 
ontin-

uous map. Sin
e we have no 
on
ept of points, we are only 
on
erned with how a


ontinuous map a
ts on open sets.

Definition 1.11. Let T

1

and T

2

be Grothendie
k topologies with �nal obje
ts.

Then a 
ontinuous map from T

1

to T

2

is a 
ovariant fun
tor from the 
ategory of

open sets of T

2

to the 
ategory of open sets of T

1

su
h that:

(1) It takes the �nal obje
t to the �nal obje
t.

(2) It takes �bre produ
ts in T

2

to �bre produ
ts in T

1

.

(3) It takes 
overings in T

2

to 
overings in T

1

.

Remark 1.12. Note that a 
ontinuous map F from T

1

to T

2

is a fun
tor in the

other dire
tion, from the open sets of T

2

to those of T

1

; for the sake of tradition,

it is written F

�1

(U) (the parti
ipants in SGA de�ned the \
ontinuous map" to be

in the same dire
tion as the fun
tor, but this was abandoned in the print version).
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Example 1.13. If X and Y are topologi
al spa
es, and f : X ! Y is a 
ontinuous

fun
tion then f

�1

provides a fun
tor from Y

top

to X

top

; it is easily veri�ed that

this is a 
ontinuous fun
tion (in the sense of Grothendie
k topologies) from X to

Y . However, not every 
ontinuous fun
tion of Grothendie
k topologies arises from

a 
ontinuous fun
tion of the underlying spa
es.

De�ne a fun
tor F

�1

from the Zariski open sets of C to those of C � f0; 1g by

taking the empty set to the empty set and any other open set U to U�f0g[C �f1g.

Clearly the �nal obje
t is taken to the �nal obje
t, and 
overings be
ome 
overings.

Interse
tions are also 
learly preserved, sin
e no two nonempty Zariski open sets 
an

have empty interse
tion. So F is a 
ontinuous fun
tion in the new sense. Suppose

there is some 
ontinuous fun
tion f in the old sense su
h that F

�1

= f

�1

. Then

suppose f((0; 1)) = z. Then f

�1

(C n fzg) must not 
ontain f(0; 1)g. But C n fzg

is nonempty, so its preimage must 
ontain C � f1g. So F

�1


annot arise from a


ontinuous fun
tion in the old sense. It turns out that if Y in
ludes all its generi


points, this 
annot o

ur.

Example 1.14. Let G

1

and G

2

be �nite groups and let � be a homomorphism.

Then G

1

a
ts on any G

2

-set by way of �, and any G

2

-linear map of G

2

-sets then

be
omes a G

1

-linear map of the resulting G

1

-sets. Clearly this fun
tor, whi
h we

will denote �

�1

, takes the �nal obje
t to the �nal obje
t, and sin
e the 
riterion for

a 
overing is purely set-theoreti
, it preserves 
overings. Moreover, sin
e in both


ategories the �bred produ
t is the same subset of the Cartesian produ
t, �

�1

also

preserves �bred produ
ts, and therefore � is a 
ontinuous fun
tion from T

G

1

to

T

G

2

.

Example 1.15. If one has an open set U in a Grothendie
k topology, one 
an


onstru
t the indu
ed topology as follows:

(1) The open sets are morphisms V ! U .

(2) Its morphisms are 
ommutative diagrams:

V

1

//

ÃÃ@
@@

@@
@@

V

2

~~~~
~~

~~
~

U

(3) A set of morphisms

V

�

//

ÃÃA
AA

AA
AA

V

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

U

is a 
overing if fV

�

! V g is a 
overing.

The indu
ed topology always has a �nal obje
t, namely the identity map on U .

If the original topology has a �nal obje
t X we obtain a 
anoni
al \in
lusion"

map i where i

�1

(V ) is the proje
tion p

2

: V �

X

U ! U .
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As in the 
ase of sheaves on a topologi
al spa
e, a 
ontinuous map F indu
es a

push-forward map de�ned by

F

�

(F)(U) = F(F
�1

(U)):

More advan
ed properties of sheaves are more diÆ
ult to establish: for example,

stalks 
annot be de�ned without some 
on
ept of points; as we 
an see from the

topology T

G

, it is not 
lear that every topology has su
h a 
on
ept. Many do, and

in those 
ases we will be able to 
onstru
t stalks by just su
h a limiting pro
edure.
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2. The

�

Etale Topology

In the introdu
tion we des
ribed the need for a topology that was �ner than the

Zariski topology but that was nevertheless algebrai
. We will de�ne �etale maps and

use them to 
onstru
t this new topology.

Definition 2.1. �etale, adj., Dont le niveau est stationnaire. Mer �etale (Di
tion-

naire Univerale Fran
ophone En Ligne)

The intention is for �etale to generalize the notion of lo
al isomorphism or un-

rami�ed 
over, familiar from 
omplex analysis. There, we were able to use small

neighborhoods to de�ne these maps; in an algebrai
 
ontext we will use these maps

to de�ne small neighborhoods, now in the setting of Grothendie
k topologies.

2.1. Étale morphisms. In the interest of de�niteness, we will de�ne �etale mor-

phisms �rst for nonsingular varieties, then for (possibly) singular varieties, and

�nally for s
hemes. In ea
h 
ase the de�nition will be a generalization of the pre-

vious de�nitions, growing progressively more abstra
t and algebrai
.

2.1.1. Varieties.

Definition 2.2. Let X and Y be nonsingular varieties,

1

and let f : X ! Y be a

morphism. Then we say f is �etale at x 2 X if the indu
ed map df : T

x

X ! T

f(x)

Y

is an isomorphism. We say that f is �etale if it is �etale at every point of X.

Remark 2.3. If X and Y are 
omplex varieties, then one 
an view them as 
omplex

manifolds, and this 
ondition 
learly means that f is a lo
al isomorphism. Thus

any 
overing of 
ompa
t Riemann surfa
es is an example of an �etale morphism in

this sense.

If X or Y is singular, the tangent spa
e no longer 
ontains mu
h information

about the stru
ture at a point: the 
urves y

2

= x

2

(x + 1) and y

2

= x

3

have

isomorphi
 tangent spa
es at (0; 0) but are very di�erent there. We have a more

informative obje
t, the tangent 
one.

Definition 2.4. Let f(X
1

; : : : ; X

n

) be a polynomial. Then we 
an write f uniquely

as the sum of homogeneous polynomials f

r

(X

1

; : : : ; X

n

) of degree r. Let t be the

smallest integer su
h that f

t

is nonzero. Then de�ne L(f) to be f

t

.

Let X be a variety in A

n

passing through zero, de�ned by the ideal I. Then the

tangent 
one to X at zero is the s
heme de�ned by the homogeneous polynomials

hL(f)jf 2 Ii.

Example 2.5. The tangent 
one to the 
urve y

2

= x

2

(x + 1) at zero is y

2

= x

2

,

a pair of lines. On the other hand, the tangent plane to this 
urve at zero is the

whole plane A

2

.

Example 2.6. Observe that even for a variety, we may obtain a nonredu
ed s
heme

as the tangent 
one: the tangent 
one to y

2

= x

3

at the origin is (and should be)

the line y = 0 with multipli
ity two.

1

A variety is, for our purposes, an integral separated s
heme of �nite type over an algebrai
ally


losed �eld.
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Unfortunately, this de�nition is not obviously intrinsi
, so we formulate it in a

more intrinsi
 way.

Definition 2.7. Let R be a lo
al ring with maximal ideal m. De�ne the graded

ring asso
iated to R to be

gr(R) =

M

i

m
i

=m
i+1

:

Proposition 2.8. Let X be a variety in A

n

passing through zero. Then the


oordinate ring of the tangent 
one to X at zero is isomorphi
 to gr(O
X;0

).

Proof. Let X be Z(I), and let m be the maximal ideal of zero in k[X

1

; : : : ; X

n

℄=I.

Then

gr(O
X;0

) =

M

i

(mO
X;0

)

i

=(mO
X;0

)

i+1

=

M

i

m
i

=m
i+1

=

M

i

hX

1

; : : : ; X

n

i

i

=

D

hX

1

; : : : ; X

n

i

i+1

; I \ hX

1

; : : : ; X

n

i

i

E

=

M

i

hX

1

; : : : ; X

n

i

i

=

D

hX

1

; : : : ; X

n

i

i+1

; fL(f)jf 2 I;deg f = ig

E

=

M

i

fxjx 2 k[X

1

; : : : ; X

n

℄=hL(f)jf 2 Ii;degx = ig

= k[X

1

; : : : ; X

n

℄=hL(f)jf 2 Ii:

�

We 
an now make the following invariant de�nition:

Definition 2.9. Let X be a variety and let x 2 X. Then the tangent 
one to X

at x is Spe
(gr(O
X;x

)).

Proposition 2.10. Let A be a lo
al ring and

b

A be its 
ompletion. Then gr(A)

is isomorphi
 to gr(

b

A).

Proof. To see this, simply observe that if m is the maximal ideal of A, then A=m
i

is isomorphi
 to

b

A=m
i

b

A. �

Proposition 2.11. Let f : A ! B be a lo
al homomorphism; then f indu
es

maps from gr(A) to gr(B) and from

b

A to

b

B. Then f indu
es an isomorphism

from gr(A) to gr(B) if and only if f indu
es an isomorphism from

b

A to

b

B.

One dire
tion is now obvious; to see the other, see (for example) [AM69, Lemma

10.23℄.

Thus we 
an 
apture the isomorphism of tangent 
ones by looking at the 
om-

pleted lo
al rings, whi
h motivates the following de�nition:

Definition 2.12. Let X and Y be arbitrary varieties, and let f : X ! Y be a

morphism. Then we say f is �etale at x 2 X if the indu
ed map from

bO
Y;f(x)

to

bO
X;x

is an isomorphism.
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One 
an view this de�nition as a way of saying that an �etale map is a lo
al

isomorphism when one interprets lo
al as \in�nitesimal neighborhood" rather than

\Zariski neighborhood".

2.1.2. Flat morphisms. If one wants to broaden the de�nition of �etale to apply to

s
hemes in general, whi
h we do, we will need some more algebra.

To begin with, we will de�ne 
at morphisms. One 
an think of a morphism as

de�ning a family of s
hemes: for every point in the image, the �ber is a s
heme.

Of 
ourse, not every family gets along equally well, and to have a family that is

well-behaved, we expe
t to need some 
onditions on the morphism. It turns out

that a good 
ondition to apply is 
atness, whi
h will result in 
ertain numeri
al

invariants being 
onstant along �bers.

Re
all that a ring homomorphism A! B is 
at if and only if the fun
tor B


A

�

is exa
t.

Definition 2.13. Let f : X ! Y be a morphism of s
hemes. Then f is 
at at x

if the indu
ed homomorphism O
Y;f(x)

! O
X;x

is 
at.

This is not at all edifying, but hopefully a few propositions will 
lear the murk

slightly.

Proposition 2.14. Let f : X ! Y be a 
at morphism of s
hemes of �nite type

over a �eld k. Let x be any point of X, and let X

f(x)

be the �bre over X.

Then

dim

x

(X

f(x)

) = dim

x

X � dim

f(x)

Y;

where dim

x

(X) means the dimension of O
X;x

.

See [Har77, Thm. III.9.5℄ for a proof.

In parti
ular, if we let x and f(x) be 
losed points, and X and Y be varieties,

then this means that the �bres always have the same dimension.

Example 2.15. Let k be a �eld. Then any k! A is 
at, sin
e a k-algebra is just

a ve
tor spa
e, therefore a free k-module, therefore 
at.

In a sense, 
atness means that the numeri
al invariants of the �bres are 
onstant:

Proposition 2.16. If T is an integral noetherian s
heme and X is a 
losed

subs
heme of P

n

T

, then for t 2 T we 
an 
ompute the Hilbert polynomial �

t

of

the �bre X

t

in P

n

k(t)

. Then X is 
at over T if and only if �

t

is independent of

t.

See [Har77, Thm. III.9.9℄ for a proof.

Example 2.17. The map x 7! x

n

from A

1

to A

1

is a 
at map. We 
an see this

from the fa
t that A

1

is nonsingular.

Example 2.18. The blow-up of a surfa
e at a 
losed point is not 
at: the preimage

of the point is the proje
tivization of the tangent 
one, whi
h has dimension at least

one, while the preimage of any other point is a single point.
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Example 2.19. Let Y be the 
urve y

2

= x

2

(x+1). The normalization morphism

f :

~

Y ! Y is not 
at.

There is a higher-level proof of this in [Har77, Ex. III.9.7.1℄, but it is instru
tive

to do this hands-on. We have Y = Spe
A, where A = k[x; y℄ = k[X;Y ℄=(Y

2

�

X

2

(X + 1)). The fra
tion �eld of A is k(t), where t =

y

x

, and the integral 
losure

of A in k(t) is k[t℄. The in
lusion of A into k[t℄ is given by x 7! t

2

� 1, y 7! t

3

� t,

whi
h indu
es the normalization morphism f :

~

Y = Spe
k[t℄ ! Y . We want to

show that k[t℄ is not a 
at A-module. For this we use the 
riterion: an A-module

M is 
at if and only if for every �nitely generated ideal I of A, the map I
M !M

is inje
tive [Har77, Prop. II.9.1A(a)℄.

Let I = hx; yi. The map in question is

' : hx; yi 
 k[t℄ ! k[t℄

x
 t

n

7! (t

2

� 1)t

n

y 
 t

n

7! (t

3

� t)t

n

Now 
onsider the element x
 t� y 
 1 2 hx; yi 
 k[t℄. It is 
learly nonzero, but

its image via ' is (t

2

� 1)t� (t

3

� t) = 0, so ' is not inje
tive and f is not 
at.

It turns out (as one might expe
t) that one-parameter families are easier to 
he
k

for 
ompatibility:

Proposition 2.20. Let f : X ! Y be a morphism of s
hemes, with X redu
ed

and Y integral and regular of dimension 1. Then f is 
at if and only if every

irredu
ible 
omponent of X dominates Y .

See [Har77, Prop. III.9.7℄.

Example 2.21. Let Y = Spe
k[t℄, X = Spe
k[x; y; t℄=(ty � x

2

) with the natural

morphism f : X ! Y . Both X and Y are integral, and f is surje
tive so it's 
at.

Note that the �ber X

t

above t 6= 0 is integral, but X

0

= Spe
k[x; y℄=(x

2

) is a

double line.

This example shows part of the motivation for 
onsidering s
hemes rather than

varieties: we have a perfe
tly reasonable family of s
hemes, one of whi
h happens

to be non-redu
ed.

Example 2.22. Similarly, let Y = Spe
k[t℄ andX = Spe
k[x; y; t℄=(t�xy). Again

X and Y are integral and f is surje
tive so f is 
at. The �ber X

t

above t 6= 0 is

integral, but X

0

= Spe
k[x; y℄=(xy) is redu
ible (union of two lines).

Example 2.23 (An arithmeti
 example). Consider the morphism f : X = Spe
Z[x; y℄=(x

2

�

y

2

� 5) ! Y = Spe
Z. It is 
at by the same argument as before. It's interesting

to 
onsider the �bers:

� The �ber above (0) is Spe
Q [x; y℄=(x

2

� y

2

� 5), a nonsingular 
oni
.

� The �ber above (p), p 6= 2; 5 is Spe
 F

p

[x; y℄=(x

2

�y

2

�5), also a nonsingular


oni
.

� The �ber above (2) is Spe
 F

2

[x; y℄=(x+ y + 1)

2

, a double line.

� The �ber above (5) is Spe
 F

5

[x; y℄=(x� y)(x+ y), a union of two lines.
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We will need a slightly stronger 
on
ept as well, later on:

Definition 2.24. Let B be an A-algebra. Then B is faithfully 
at if B is 
at and

for any nonzero M , B 


A

M is nonzero.

Remark 2.25. We will need this property be
ause B is faithfully 
at if and only if

Spe
B ! Spe
A is 
at and surje
tive [Mil98, p. 35℄.

2.1.3. Unrami�ed morphisms. When dealing with 
overings of Riemann surfa
es,

we relax the 
onditions for a 
overing spa
e and allow both rami�ed and unrami�ed


overings; in this 
ontext, a (�nite) rami�ed 
over fails to be a lo
al isomorphism at

some dis
rete 
olle
tion of points, where the proje
tion map is lo
ally isomorphi
 to

x 7! x

n

for some n > 1. The terminology 
omes from number theory; the fun
tion

�eld of a 
overing appears as an extension of the fun
tion �eld of the base spa
e,

and this extension is rami�ed if and only if the 
overing is rami�ed.

It turns out that to de�ne �etale maps we will need a similar 
ondition, phrased

in algebrai
 terms, to ensure that our �etale maps are the proper generalization of

lo
al isomorphisms.

Definition 2.26. Let f : X ! Y be a morphism of �nite type, and let x 2 X,

y = f(x) 2 Y . Two equivalent 
onditions for f to be unrami�ed at x:

� m
Y;y

O
X;x

= m
X;x

andO
X;x

=m
X;x

is a �nite separable extension of O
Y;y

=m
Y;y

.

� 


X=Y

is zero at x.

For the equivalen
e of these 
onditions, see [Har77, Exer. III.10.3℄.

We 
an des
ribe more 
learly what 


X=Y

is when X and Y are aÆne:

Proposition 2.27. Let A be a ring, and let B = A[X

1

; : : : ; X

n

℄=hf

1

; : : : ; f

m

i be

an A-algebra. Then 


B=A

is the B-module with generators

dX

1

; : : : ; dX

n

and relations

df

i

=

n

X

j=1

�f

i

�X

j

dX

j

= 0:

See [Har77, Rem. II.8.9.2℄ and the de�nitions in [Har77, III.8℄.

Example 2.28. Let's 
onsider again the normalizationmap Spe
k[t℄! Spe
k[X;Y ℄=(Y

2

�

X

2

(X+1)). We want to show that 


B=A

= 0, where A = k[X;Y ℄=(Y

2

�X

2

(X+1)),

B = k[t℄ and the homomorphism A ! B is given by x 7! t

2

� 1, y 7! t

3

� t. By

de�nition




B=A

= fdb; b 2 Bjd(b+ b

0

)� db� db

0

= 0;

d(bb

0

)� bdb

0

� b

0

db = 0; da = 0g:

In our 
ase 


B=A

is generated by dt, but we also have dx = dy = 0, i.e.

dx = d(t

2

� 1) = 2tdt = 0;

dy = d(t

3

� t) = (3t

2

� 1)dt = 0:

Sin
e there are no values of t for whi
h 2t = 3t

2

� 1 = 0, we 
on
lude that dt = 0

so the morphism is everywhere unrami�ed.
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Example 2.29. Let k be a �eld, and let K be another �eld, �nitely generated over

k. I 
laim K=k is unrami�ed if and only if K=k is a separable algebrai
 extension.

Write K = k(T

1

; : : : ; T

n

)[X℄=hfi. By de�nition, unrami�ed implies �nite type,

and trans
endental extensions are not of �nite type. However, in this 
ase, we


an show that 


K=k

= 0 implies that the morphism is of �nite type. This is a

lo
alization of A = k[T

1

; : : : ; T

n

; X℄=hfi by some set S. Then we 
an use [Har77,

Prop. II.8.2A℄ and Proposition 2.27 to show that 


K=k

is the K-module generated

by dT

1

; : : : ; dT

n

; dX with the relation df = 0. Then this 
an be zero only if n = 0,

so we see K must be algebrai
 over k. Consider dX. This will be zero if there exist

polynomials g(X) and h(X) su
h that 1 = g(X)f(X) + h(X)f

0

(X); this o

urs if

and only if f has no repeated roots, i.e., if K is a separable algebrai
 extension of

k.

2.1.4.

�

Etale for s
hemes.

Definition 2.30. Let f : X ! Y be a morphism of s
hemes, and let x 2 X. Then

f is �etale at x if it is 
at and unrami�ed at x.

Of 
ourse, it is not 
lear that 
at and unrami�ed together are enough to assure

we have a map that generalizes a lo
al isomorphism. However, we have:

Proposition 2.31. Let f : X ! Y be a morphism of s
hemes of �nite type

over k. For every x 2 X, 
hoose k(x) �

dO
X;x

and k(f(x)) �

\O
Y;f(x)

su
h that

k(f(x)) � k(x) under the natural map

\O
Y;f(x)

!

dO
X;x

. Then f is �etale if and

only if for every x we have k(x) is a separable algebrai
 extension of k(f(x)),

and the natural map

\O
Y;f(x)




k(f(x))

k(x)!

dO
X;x

is an isomorphism.

See [Har77, Ex. II.10.4℄ for details.

Example 2.32. This proposition allows us to easily draw examples from the 
ate-

gory of varieties. So, for example, the map x! x

n

is �etale when x is not zero and

n is prime to the 
hara
teristi
 of the ground �eld.

Example 2.33. We have already seen that the normalization map of the 
urve

y

2

= x

2

(x + 1) is unrami�ed but not 
at, and hen
e not �etale at 0. We 
an see,

however, that it is �etale everywhere else.

Example 2.34. We have seen that the map x 7! x

n

on A

1

is 
at but not un-

rami�ed. However, away from zero we 
an see that it is �etale from the 
riteria for

varieties.

Proposition 2.35. �

Etale morphisms have the following properties, suggested

by analogy with lo
al isomorphisms:

(1) Open immersions are �etale.

(2) The 
omposition of two �etale morphisms is �etale.

(3) Given U ! X �etale and Y ! X, the map U �

X

Y ! Y is also �etale.

(4) If � Æ  and � are �etale, then so is  .
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See [SGA71, Prop. I.4.6℄.

Finally, just as for varieties, we 
ould express the 
ondition for �etale in terms of

the Ja
obian of the map, we 
an do the same when dealing with s
hemes; of 
ourse

the statement and the proof are mu
h more 
ompli
ated. Here is a spe
ial 
ase:

Proposition 2.36. A morphism f : X ! Y is �etale if and only if for ea
h

x 2 X we have open aÆne neighborhoods Spe
C of x and Spe
A of f(x) su
h

that

C = A[T

1

; : : : ; T

n

℄=hf

1

; : : : ; f

n

i; det

�

�f

i

�T

j

�

2 C

�

If Y is normal, and f is �etale then f is lo
ally a standard �etale morphism, of

the form Spe
C ! Spe
A, where A is an integral domain and C = B

b

for

some B = A[T ℄=hP (T )i, P (T ) irredu
ible in the quotient �eld of A, and b 2 B.

Conversely, if P

0

(T ) is a unit in B

b

then this map is �etale.

See [Art73, Ch. 1℄.

Example 2.37. Let k be a �eld. What are the �etale maps X ! Spe
k? Re
alling

Example 2.15, we see that su
h a map is automati
ally 
at. Now suppose X =

Spe
A is aÆne. Then A must be a k-algebra of dimension zero. This implies that

A is an Artinian ring, whi
h implies that A is a �nite produ
t of �nite separable

�eld extensions of k ([AM69, Thm. 8.5, 8.7℄).

Example 2.38. If A is a Henselian ring (see De�nition 2.60; for example, a 
om-

plete lo
al ring) with residue �eld k then there is an equivalen
e of 
ategories

between �nite �etale A-algebras and �nite �etale k-algebras given by B 7! B 


A

k.

See [Mil80, Prop. 4.4℄.

To see the analogy with 
overings of 
omplex manifolds more 
learly, we will

state some further results:

Definition 2.39. Let f : X ! Y be lo
ally of �nite type. Then the annihilator

of 


X=Y

is a sheaf of ideals on X whi
h we denote d
X=Y

and 
all the di�erent of

X over Y . The 
losed subs
heme it de�nes is 
alled the bran
h lo
us of f . Its


omplement is the maximal open set where f is unrami�ed.

Remark 2.40. In many 
ases, of 
ourse, the bran
h lo
us will be all of X, for

example, when X has positive relative dimension. However, in some 
ases we have

a result:

Proposition 2.41. Suppose f : X ! Y is faithfully 
at and �nite. Then the

bran
h lo
us is either empty or of pure 
odimension 1.

It turns out that 
atness is also an open 
ondition, so that for any f : X ! Y

lo
ally of �nite type there is a maximal U su
h that f j

U

is �etale ([Mum99, III.10

Thm. 3℄).

2.2. The étale topology. Now that we have de�ned �etale maps, we will use them

to 
onstru
t a topology on a s
heme that has more open sets than the Zariski topol-

ogy. This topology will help solve the problems we dis
ussed in the introdu
tion,

but some remain; a few questions will require more exoti
 topologies.
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Definition 2.42. Let X be a s
heme. Then the �etale topology X

�et

on X is de�ned

in the following way:

� An open set is an �etale map from some s
heme U to X.

� A morphism of open sets from U ! X to V ! X is a morphism from U

to V making the following diagram 
ommute:

U

//

ÃÃ@
@@

@@
@@

V

~~~~
~~

~~
~

X

� A 
olle
tion of maps

n

U

�

p

�

! U

o

is a 
overing if U = [p

�

(U

�

).

Remark 2.43. Sin
e an open immersion is an �etale map, every Zariski-open set is

also open in the �etale topology. In fa
t, we have a 
ontinuous fun
tion F from X

�et

to X

Zar

, whi
h will allow us to 
ompare the two topologies.

Remark 2.44. Examining Proposition 2.35 we see that a morphism of open sets

must be an �etale map as well.

2.3. Variants on the étale topology. One 
an devise many variations on the

�etale topology.

The finite-étale topology: Here the open sets are arbitrary �etale morphisms,

but the 
overings are restri
ted: fU

i

! Ug must not only be a surje
tive

family of X-morphisms, ea
h map must be �nite.

The flat topology: Open sets are simply maps to X, and 
overings are sur-

je
tive families in whi
h ea
h map is a 
at X-morphism of �nite type. This

is denoted X

Fl

.

The big étale topology: Open sets are arbitrary morphisms to X, 
over-

ings are surje
tive families of �etale X-morphisms. This is denoted X

�

Et

.

There are obvious 
ontinuous maps

X

Fl

! X

�

Et

! X

�et

! X

Zar

:

2.4. Sheaves in the étale topology. Re
all that we have already de�ned presheaves

and sheaves on an arbitrary topology. We will look into what this de�nition means

in this 
ontext.

Re
all that a sheaf must spe
ify an obje
t for ea
h open set as well as a restri
tion

map between any two obje
ts, and it must satisfy an exa
tness 
ondition for all


overings. In this topology, the 
overings are families of �etale maps whose images


over the open set in question. So verifying the sheaf axiom 
ould be non-trivial.

Fortunately we have:

Proposition 2.45. A presheaf F on the �etale site is a sheaf if and only if it

satis�es the sheaf 
ondition for every Zariski open 
over and for every 
over

by a single �etale map of the form f� : V ! Ug with V and U both aÆne.

For the proof see [Mil80, II.1.5℄.
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2.4.1. Examples. We will now see a few examples of sheaves on the �etale topology.

Whenever we have an �etale morphism f : X ! Y (or, in fa
t, any morphism of

s
hemes) we obtain a homomorphism from �(Y;O
Y

) to �(X;O
X

). So the global

se
tions fun
tor is a 
ontravariant fun
tor on the underlying 
ategory for the �etale

topology, that is, a presheaf.

Proposition 2.46. This presheaf is a sheaf.

We will use Proposition 2.45 to prove this. We see immediately that for a Zariski


over, the presheaf is just the stru
ture sheaf, and so the sheaf axiom holds. So we

need only verify it for surje
tive �etale maps of aÆne s
hemes. Su
h a map always


orresponds to a faithfully 
at homomorphism A ! B; the sheaf 
ondition then

be
omes that the sequen
e

0

//
A

//
B

b7!1
b�b
1

//
B 


A

B

is exa
t.

Proposition 2.47. Let A! B be a faithfully 
at homomorphism. Then

0

//
A

//
B

b7!1
b�b
1

//
B 


A

B

is exa
t.

See [Mil98, Prop. 6.8℄.

Definition 2.48. Let X be a s
heme. Then the stru
ture sheaf O
X

�et

for X

�et

is

the global se
tions fun
tor.

Example 2.49. Let � be a set, and let U be (the domain of) an arbitrary open

set in X

�et

. Let �

0

(U) denote the set of 
onne
ted 
omponents of U . Then de�ne

F(U) = �

�

0

(U)

, and use the obvious restri
tion maps. Then F is 
learly a sheaf,


alled the 
onstant sheaf on X

�et

de�ned by �.

Example 2.50. Let Z be any s
heme. Then the fun
tor Hom

X

(�; Z) is a presheaf

of sets. Clearly this presheaf satis�es the sheaf axiom for Zariski 
overings. Thus

we need only show that for A! B faithfully 
at,

Z(A)! Z(B)

!

!

Z(B 


A

B)

is exa
t. When Z = Spe
(C) is aÆne, we need only show that

Hom

A

(C;A) ! Hom

A

(C;B)

!

!

Hom(C;B 


A

B);

whi
h follows immediately from Proposition 2.47. The 
ase where Z is not aÆne

is relatively straightforward.

If Z has a group stru
ture, one obtains a sheaf of groups.

Example 2.51. Let M be a 
oherent sheaf of O
X

-modules (in the usual, Zariski

sense). Then if � : U ! X is any �etale map, then �

�M is a 
oherent sheaf of

O
U

-modules. For example, if U = Spe
B and X = Spe
A are aÆne, then M is

de�ned by an A-moduleM . Then �

�M 
orresponds to B


A

M . Then we 
an make
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a presheaf U 7! �(U; �

�M) on X

�et

, whi
h we denote M�et

. One 
an 
he
k that this

is indeed a sheaf; the proof resembles that of Proposition 2.47, applied to modules.

One 
he
ks that (as we would hope) (O
X

)

�et

= O
X

�et

.

Example 2.52. Let us examine more 
losely the sheaf (


X=Z

)

�et

for some morphism

X ! Z. Let f : Y ! X be �etale. Then we have an exa
t sequen
e

0! f

�




X=Z

! 


Y=Z

! 


Y=X

! 0:

But sin
e f is �etale, 


Y=X

is zero, and we obtain an isomorphism between f

�




X=Z

and 


Y=Z

. We see that (


X=Z

)

�et

is exa
tly (U ! X) 7! 


U=X

.

2.4.2. Stalks. In the 
lassi
al situation, we de�ned stalks by taking the limit over

neighborhoods of a �xed point. A neighborhood was simply an open set that


ontained the point. However, in a general Grothendie
k topology, even if one has

a 
on
ept of a point, an open neighborhood might 
ontain it in more than one

way. To see this, suppose � : U ! X is an �etale map. If we want to say it is a

neighborhood of x, 
learly x should be in its image. However, we might well want

to restri
t our attention to the indu
ed topology on U . Now we need to sele
t a

point u on U mapping to x, as there may be many 
hoi
es.

If X is a s
heme, our problems are still greater: we will frequently have a �eld k,

not ne
essarily the �eld of de�nition of X, and we will want to ask for the k-points

of X. A 
ommon situation asks for the k

sep

-points of X, where X is some k-s
heme.

These will generally not 
orrespond to points in the underlying topologi
al spa
e

of X. For example, 
onsider the C -points of Spe
R[x℄: these are, as one might

expe
t, in bije
tion with C , but for any prime ideal of R[x℄ not 
oming from a real

point, there are two 
omplex points, 
orresponding to the two embeddings of the

residue �eld in C .

Definition 2.53. let k be a �eld, and let X be a s
heme. Then a k-point of X is

a morphism from Spe
k to X. If k is separably 
losed, this is 
alled a geometri


point of X.

Remark 2.54. Note that, by this de�nition, generi
 points also give rise to geo-

metri
 points for a larger �eld: in A

1

=k, the generi
 point is a geometri
 point for

(k(X))

sep

.

When X is a variety (and so de�ned over some algebrai
ally 
losed �eld k) the

k-points are naturally identi�ed with the 
losed points of the underlying topologi
al

spa
e.

We have seen that we will need to spe
ify how a point is embedded in a neigh-

borhood.

Definition 2.55. An �etale neighborhood of a k-point x of X is a pair (U; u) su
h

that x = U Æ u, that is, the image of u under the �etale map U is x:

U

²²
Spe
k

u

<<xxxxxxxxx
x //

X
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A morphism of �etale neighborhoods (U; u) ! (V; v) is a morphism of �etale open

sets U ! V whi
h takes u to v:

U

ÂÂ?
??

??
??

? V

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

Spe
k

u

<<yyyyyyyyy
v

44iiiiiiiiiiiiiiiiiiiiii
X

For 
losed points on varieties, this means exa
tly what one would expe
t. For

s
hemes, it respe
ts the need to spe
ify how a point is embedded in U as well as

how it is embedded in X.

Observe that the �etale neighborhoods of a k-point form a dire
ted set

2

. In fa
t,

if (U; u) is a 
onne
ted neighborhood of x and X is a variety, then Proposition 2.35

tells us there is a unique way it is embedded in any larger neighborhood.

Definition 2.56. Let X be a s
heme, let F be a sheaf on X

�et

, and let x be a

k-point of X. Then de�ne

F
x

= lim

!

F(U)

where the limit is taken over the dire
ted set of �etale neighborhoods of x.

What this means is that an element of F
x

is an �etale neighborhood (U; u) of x and

an element f 2 F(U). We 
onsider (U; u; f) and (U

0

; u

0

; f

0

) equivalent if there exists

(V; v) su
h that we have maps � : (V; v)! (U; u) and �

0

: (V; v)! (U

0

; u

0

), and the

asso
iated restri
tion maps take f and f

0

to the same element: F(�)(f) = F(�0)(f 0).

We also know that, sin
e �bred produ
ts exist, there is a 
ommon neighborhood

mapping to any pair of neighborhoods. Thus if F is a sheaf of groups or rings, then

F
x

is also a group or ring.

We know that F also indu
es a sheaf on X

Zar

whi
h we 
ould denote by FZar

.

Sin
e any Zariski neighborhood is also an �etale neighborhood, any element of

(FZar

)

x

is also an element of F
x

, and we have a homomorphism from (FZar

)

x

to F
x

.

Similarly, if (U; u) is any �etale neighborhood of x, we get a homomorphism from

((Fj
U

)

Zar

)

x

to F
x

, and

F
x

= lim

!

((Fj
U

)

Zar

)

x

:

That is, the stalk in the �etale topology is the dire
t limit of the stalks in the Zariski

topology over all �etale neighborhoods.

To give all this a little more de�niteness, we will let X be a variety and dis
uss

in more detail the stalks of the stru
ture sheaf O
X

�et

.

If (U; u) is any �etale neighborhood, we know that O
X

�et

j

U

= O
U

�et

, and so (O
X

�et

j

U

)

Zar

=

O
U

. So we have

O
X

�et

;x

= lim

!

O
U;u

:

If (U; u)! (V; v) is a map of �etale neighborhoods, then we know that the morphism

involved is �etale, and so the map O
V;v

! O
U;u

is a 
at (hen
e inje
tive) homomor-

phism of lo
al rings with Krull dimension dimX. Also the map

dO
V;v

!

dO
U;u

is

always an isomorphism. This allows one to prove:

2

Here we are assuming that the 
ategory of �etale open sets is a small 
ategory; it 
an be made

into one with some 
are. We will not worry about su
h 
onsiderations.
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Proposition 2.57. The ring O
X

�et

;x

is a lo
al Noetherian ring of Krull dimen-

sion dimX, and

\O
X

�et

;x

=

dO
X;x

.

The proof ([Mil98, Prop. 4.1℄) requires an argument of Nagata to prove that the

result is Noetherian.

We will see that this ring shares many ni
e properties of the 
ompleted lo
al

ring

[O
X;x

. One 
an view the similarities between O
X

�et

;x

and

[O
X;x

as an indi
ation

that the �etale site is \lo
al enough" for many purposes.

Proposition 2.58. If � : X ! Y is �etale at x, then the indu
ed map O
X

�et

;�(x)

!

O
X

�et

;x

is an isomorphism.

We see that � itself serves as an �etale neighborhood of x, and any �etale neigh-

borhood of x is also an �etale neighborhood of �(x). Moreover, given any �etale

neighborhood of �(x), there is an �etale neighborhood of x mapping to it, so by the

dire
t limit 
onstru
tion, the result follows.

Proposition 2.59. Let d = dimX and let X be nonsingular at x. Then there

is a map X ! A

d

whi
h is �etale at x.

See [Mil98, Prop. 4.9℄.

In other words, in the �etale topology, all nonsingular points are lo
ally like A

d

.

Can the ring O
X

�et

;x

be des
ribed any more 
learly? It turns out that the answer

is yes, although we will be for
ed to digress into some algebra.

Definition 2.60. A lo
al ring A with maximal ideal m and residue �eld k is said

to be Henselian if it satis�es the following 
ondition:

Let f be a moni
 polynomial in A[T ℄ and let

�

f denote its image in k[T ℄. Then

any fa
torization of

�

f into two relatively prime moni
 polynomials g

0

and h

0

yields

a fa
torization of f into the produ
t of two moni
 polynomials g and h su
h that

g

0

= �g and h

0

=

�

h.

Remark 2.61. The polynomials g and h thus obtained are unique and 
oprime.

Remark 2.62. Every 
omplete lo
al ring is Henselian. In fa
t, the usual proof of

Hensel's lemma works in any 
omplete lo
al ring.

One reason to bring all this algebra up is:

Proposition 2.63. For any point x, O
X

�et

;x

is Henselian.

See [Mil98, Thm. 4.5℄.

Proposition 2.64. The lo
al ring for the �etale topology at the origin in A

d

is

the set of all elements in k[[T

1

; : : : ; T

d

℄℄ whi
h are the roots of some polynomial

in k[T

1

; : : : ; T

d

; X℄.

Observe that this says, for example, that there is lo
ally a fun
tion

p

1 + T ,

whi
h is just what one would have expe
ted if the �etale topology is to resolve the

issues listed in the introdu
tion.

One 
an 
hara
terize the ring O
X

�et

;x

more pre
isely.
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Definition 2.65. Let A be a lo
al ring. Then A! B is the Henselization of A if

B is Henselian and for any A! C where C is Henselian, the map fa
tors uniquely

through B.

Let A be a lo
al ring with residue �eld k. Let K be a �nite separable extension

of k, and �x an embedding k ,! K (i.e., �x a K-point of Spe
A). Then a stri
t

K-Henselization of A is a Henselian lo
al ring C with a map C ! K su
h that

every lo
al map

A

ÃÃ@
@@

@@
@@

//
B

~~~~
~~

~~
~

K

with B a Henselian lo
al ring fa
tors through C. If K is a separable 
losure of k,

this is 
alled the stri
t Henselization of A.

Proposition 2.66. Let x be a geometri
 point of X. Then the ring O
X

�et

;x

is

the stri
t Henselization of O
X;x

.

See [Mil98, Cor. 4.14℄.
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