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Abs tracte The paper studies the behavior of control
structures of aigorithms designed for (partly) parallel execution.
A generalization of Peterson’s computation sequence set, the par-
tial language, 1is discussed, which reflects the concurrency of
events, In particular,the families of partial languages definable
by Petri nets and by safe Petri nets are investigated with respect
to0 closedness under certain operations. Trace languages (Mazurkie-
wicz) and path expressions (Campbell and Habermann) are incliudad

in the considerations.
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1. Introduction., This paper deals with algorithms designed

for (partly) parallel execution,The analysis of such an algorithm
(e.g., in order to decide correctness or equivalence) is in gene-

ral an extremely difficult task.
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For some purposes it may be sufficient to analyze merely the
control structure underlying the algorithm,.

In traditionsl (serial) algorithms the control structure can
be understood as s (possibly infinite) directed graph whose vert-
ices 'are celled stetes and whose arcs, called transitions, are
labelled with instructions. Here =an instruction is regarded as
being something indivisible and uninferpreted;hence it is fully
adequate to assume instructions to be symbols of a finite alpha-
bet.The set of label words corresponding to paths which lead from
an  initial state to a terminal state of the graph is called the
computation sequence set [13] of the control structure, or simply
the language defined by it. Which of the computation sequences
belonging to the set is (or can be) really executed depends on
the dinterpretation of the instructions and on the actual data to
which the algorithm is applied.

If the rmmber of states is finite, then the computation sequ-
ence set 1s a regular language. However,as it is often convenient
to regard algorithmic devices as being capable of infinite memory,
there is no imperative reason to restrict considerations to con-
trol structures with finite state sets.

Peterson [12] and Peterson and Bred:[14] investigate a variety
of classes of control structures with possibly infinite astate
sets, such as petrinets, paréllel program schemata, UCLA graphs
etc,, and compare them via the families of languages definsdle
by them. For example, petrinets define a family of languages
which properly contains the family of all regular langusges. This
family has been studied by Peterson [13], Hack [6J, Starke [15],
Greibach [5], and others.

However, the concept of petrinets,as well as the other control
structure concepts appearing in Peterson's comparative study, are

designed for modelling "parallel" (or "concurrent”) systems of
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algorithmic processes, i.e. systems in which events can occur
concurrently, which means that they occur in no definite mutual
ordering with respect to time. This property is not sufficiently
reflected by the computation sequence set, for in a computation
sequence +the events (instruction executions) are forced into
a linear ordering.

In discussing the next examples, as well as in considerable
parts of the subsequent sections,we mssume the reader’s familiari-
ty with petrinets. (See Peterson [11], Starke (18] for an explana-

tion of the basic notions).

a) a b
b: a
b) a
;: b ii
9 OO
OO
Pig. 1

.Pf??ng.l: Figure 1 shows three petrinets with their initial
markings. Assuming terminal markings sultably chosen, we see
that they a1l define the same computation sequence set, namely
{ab, ba}. It 1s, however, obvious that in the net of Figure k
the events a and b can occur concurrently, while in the first

two nets they cannot, This difference is not reflected in the

computation sequence set (the language) of a petrinet.
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To overcome this defect we shall introduce the concept of
a partial word. For example, "parallel multiplication" of the two
symbols a and b yields the partial word a xb. Thus the partial
language defined by our three nets are {ab, ba}, {eb, ba}, and
{a xv}, respectively.

Partial words seem to give a more adequate description of what
a control gtructure can do. This Dbecomes evident if we are
interested in propsrties like determinary. In our example the
net of Pigure 1c¢ ig determinate in that it can generate a single
pertial word only, while the first two nets are indeterminate.

In this article we shall introduce the concepts of partial
word and partial languege and formulate first results of partial
language theory.The concepts are not really new; they appear more
or less explioitly in Mazurkiewicz [10], Winkowski [17], Campbell
and Habermsnn [2], Berzins and Kapur [1], but have mot been
systematically studied by those suthors™,

Another mnotion very similar to that of a partial word is the
notion of a process in Genrich [4].

Previous work on psertisl languages definable by Petri nets
has been confined to safe (i-bounded) Petri nets, i.e. Petri's
condition/event systems. In this paper we try to extend the con-
cept to what is now usually called a Petrl net (cf. Hack [7], Pe-
terson [1%]), or sometimes a place/transition system.It turns out
that the basic notion ("p is firable in N at M") has no evident
"ganonical" generalization. Thus the natural ideas of the special
case {the case of safe Petri nets) become ambiguous and doubtful
when carried over to the general case {(In our paper we start with

the general case and then specialize to safe Petri nets).

*After completing this paper the author receilved a paper which
does report a systematical study. (Winkowski [18]).
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Thus, two families of partial languages will be considered
in this peper: petrinet partial languages* and Tregular partial
languages (partial lesnguages of safe petrinets). They are investi-
gated with respect to closedness under certain operations,Typical
partial-language operations are: parallel product, parallel itera-
tion, Y-secfion, and restriction.We shall give canonical represen-
tations of petrinet partial languages which correspond to known
canonical represantations of petrinet langusges.

Related concepts such as trace languages (Mazurkiewicz [10])
and path expression languages [[1,2] are included in our conside
rations.

The reader should be aware of a phenomenon occurring, e.g.,
in Pigure 12 . There sre more than one transition labelled with
the seame symbol. We say that the transitions of the petrinet are
ronamed. The transitions labelled with identical symbols could be
understood as calling the same operation. Hence there may occur*¥
partisl words in which a symbol is self-concurrent, which means
that 4t occurs at two positions which are incomparable (with
respect to time, csusallty or what-ever you think of). The two
occurrences then represent two control events ocalling the same
operation, (In unrenamed and safe petrinets such a situation is
impossible). If you decide that such a situation is undesirable,
you have to solve a "mutual exclusion problem". (That's why we
need partial languages: they enable us to give such problems
a precise meaning).

Since pertial words are more difficult to handle than words,
our considerations will sometimes contain unpleasant technical
aifficulties. The author hopes that further experience in using
the concept will help to clear the underwood.

¥*
Oonstructions like +this led the suthor to write "pet "
ingtead of "Petri net", henceforth. petrinet”,

*%*(Though mot in our example).
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I am grateful to Peter Starke, who introduced me to Petri net
theory, and to the referes, who helped me to revise and,hopafully,
to improve the paper.

Some terminology

By N we denote the set of all matural mmbers(imcluding zere),
by f i1ts k-fold cartesian Ppower.

A partial ordering on a ast is sn irreflexive and transitive
binary relation; 1if < is such a relation it shoulé he clear what
is meant by a<b, a>b, & <b, and a =Zb. < 1s sald to be an
ordering iff for any two distinct elements a and b we have a<b
or b > g, a<*b means that b is an immediate succeasor of a under
<.

The transitive closure of a binary relation R is denoted dy
Pr(R). We shall frequently wuse the fact that if B is contained
in a partiel ordering then Tr(R) is a partiael ordering.

Meppings f£rom a set A to a set B will be regarded as subsets
of the cartesian product A XB; this explains what is meant by
the wunion of two mappings. There will appear only such mappings
f from A to B that for each a e¢A there exists a unique bcB with
(a,b) € £f. We shall use the abbreviation f: 4 — B,

The restriction of a mapping f: A —— B t0 a subdomain o' S &
is denoted by flA, . Similarly R|,, is the restriction of the bina-
ry relation R to the set A'.

The sign := (:e») 1is used in definitions. It sets the left-
bhand side equal (equivalent) to the right~hand side.

The end of & proof is denoted by a square B,
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2, Partisl words and partial langunages

Basic definitions

Definitions. A labelled partially ordered set over the alpha-
bet X is a triple (4,<,p) where A is a finite set, < is a partial
ordering on A, and B: A — X,

Two lsbelled partially ordered sets (A,<,() and (A',<', §))
over X are said %o be isomorphic iff there is an order iso-
morphism f: (A,<) —= (A', <") such that p'f = f3.

A partial word over X 1is an isomorphy class of labelled
partially ordered sets over X. The class containing (4,<,p) is
denoted by [(A,<,(3)].

The set of all partial words over X is demoted by FW(X).

A partial language over X is a subset a) d

of PW(X), /
Words are speciml partial words a

whose underlying partial ordering is \

an ordering. As usual, we regard sym- c

bols (elements of X) as special words. /
Thus we have X < W(X) < PW(X), where b '
¥(X)denotes the set of sll words over
X. A languasge over X is a subset of b) /b
W(X). The empty word (isomorphy class a \a
of the empty set) is denoted by e. \ /
4 partial word [(A,<,(3)] is sgald ¢
to be pure if P is & one-to-ons C)
mapping.
The sgbove definition, ss well as
many of the definitions to follow,
use =a representative of an isomoryphy Pig, 2

class. The necessary proof that it is

independent of the choice of the representative is always left to

the reader.
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Example 2, If convenient, we represent a partial word by

a grapn with labelled vertices. The meaning is obvious. Pigure 2
shows three examples of partial words. The first of them is pure
(assuning that a,b,c,d be pairwise distinct).

Double monoids

We shall congider a variety of operations on partial words

and partial languages. ILet us start with two "multiplications*.

_ Definitions. The serial product of +two partial words is
defined by

[(A,<,p3] * [(a', <, p"] == [(ava’, <" puph]
where A N A' = @, and
a<”"b:ea<borac<'bor ach and bea'.
The parallel product of two partial words is defined by
[(A,<,(3)] x [, <, p_')] 1= [(A vt ,<u<, puvp]
where ANA' = @

The star % for serial maltiplication will normally be omitted.
The operations and are extendsed to partial languages:

L, % I, := {p1*p2:p1eL1andp26L2}
L1xL2 13 {p1x132:p1(:L1 anderLe}.
Definition, A double monoid is an algebra(M, x, x, e) withitwo

binary operations % and x and one O-ary operation e,which fulfils
the axioms

Py % (py % Pg) = (py % p,) %y

*g_=p

le

¥*

-]
]

p
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Py x (pzxp3\ = (p, xpz)xp3
P1XP2 =p2xP1
PXe = p.

Proposition 1. Under the previously defined operations the

set FPW(X) forms a double monoid.

Proof, ITmmediately from the definitions.

While every word can be built up from symbols by application
of % and e, the three operations %, X, and e are not sufficient
to comstruet every partial word from symbols. In Figure 2 the
second and third partial words have representations a %(bxc)xa
abd 8 x a xa, respectively, while the first one cannot be built
up in this way.

Definition., Let M(X)denote the double monoid generated by the
set X within the double monoid (PW(X), 3, X, 8).

Propogition 2. M(X) is the free double monoid generated by X.

Proof, We shall merely outline the proof.

"It should be clear what is the difference between an element
of M(X) and its representation by an expression built of symbols
of X &and functional symbols x, X, e. For example, the two
expressions x xy and yx x represent the same element of M(X).
What we have +to show is that if two expressions represent the
same element of M(X), they can be transformed into each other via
application of the axioms.

A partigl word is sald to be » -reducible (x-reducidble)iff it
hes a representaﬁion P = Py%p, (p = P, xpz) as product of non-

~empty partial words.

Thg proof proceeds in the following steps:

(1)1t is shown that a partial word cannot be both %-reducible

and X -reducible.
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(2) Let p € M(X) be represented by the expression T. By sole
application of the axioms T can be transformed into an expression
T, * ’1‘2*... * Ty (if p is %-reducidble) or T1 X T2
X-reducible) consisting of ¥ <irreducidle, resp. X -irreducibdle,

Xeoo xTn(if P is

factors and representing again p. This is shown dy induction on
the "height" of T.

(3) If T, %...% T, and T %.,.%T], are two such "irreducible
representations" of the same partial word, them n = n', and Ty
and T:'L represent the same partial word.

Similarly, if T, X... X1, and T; X,., X Tr'x' are two "“irreduci-
ble representations" of the same partial word, them n = n',
and the expressions T1,.?.,Tn represent the same partial words as
T;,...,T;l up 30 a permutation.

From the observetions (1)-(3) the proposition is easily
derived. M

As we have observed above,M(X) is properly contained in PW(X).
How can we decide whether a given partial word [(A,<,(s)] is in
M(X)? It 4is sufficient to do this for pure partial words, for if
&: A —A is the identiocsl mapping, then [(4,<,4)] is in M(X) 1iff
[(A,<,8)] is in M(A), The following proposition answers the ques~
tion.

Proposition 3. Let [(4,<,B)] be & pure partial word., Without

loss of generality we may assume that p = £: A—>A, the identical
mapping. The following conditions are equivalent:

1) [(a,<,€)] € #(A).

(1i) I?f a,b,c, 6 €4, < ¢, a< 4, b < g, ai:b, e %d, then

b < d.

The situation deascribed by condition (ii) may bs visuelized

by a8 picture '
a —» 4

™

b —> ¢ R
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showing the assumed ordering betwsen a,b,c, and 4. If such
a picture ocours then (agsumed that condition (i1) holds) we know
that b < 4.

Proof.

(1) (1) implies (ii).

The empty word trivially fulfils our condition (ii). The same
holds for each aymbol (element of A), It remains to show that
condition (ii) is invariant under the operations > and x.

Assume that p; = [(4;.<;,&;)] fulfil the condition (ii), ana
that AjnA, = #. Let PP = [(A1:JA2,<,5)J, Assume a situation

a — d

b — ¢

t0 be gives and the conclusion b < 4 not to hold. Then b ¢ A1
or d ¢ 4,. The cases are symnetrie to each other; we consider the
case b ¢ A, only, Thus b € A,. But then ¢ € A, and a € A,. Since
P, fulfils condition (ii), we have » € 4.

The proof for the parallel product is similar.

(I7Y (ii) implies (i).

We have 0 show thet: If a pure partial word p fulfils condi-
tion (ii),then it is empty or a symbol, or it admits a representa-
tion p = P, %P, Oor p =D, X Py, where P, and P, are non~empty.
Since condition (1i) is hereditary to the subwords », and pz,this
is sufficient.

Suppose that P is not empty and not a symbol.let p =[(A,<,&)],
Let B be the set of all minimal (under <) elements of A. IT B is
a singleton, we have p = [(B'<|B’5|B)J * [(c,<|c,5|c)], C:= A\ B,
and 7e are done. Suppose now that B contain more than one element.

Case A, Let there exist a partition B = B

1
non-empty subsets such that no element of B, has an upper bound

U 32 into two

(with respect to <) in common with any element of B,. Then we set
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A

al,

A, := {a : there is a b, € B, with b, = a},

A, := {a : there is a b, € B, with b,

and we have p = [(AJ'<,A1' 5|A2)J x[}A2,<,A2, 5|A2)J'

C a s e B. Assume that no such partition exists. For any two
elements of B we teke their minimal common upper bounds under <,
if such common upper bounds exist. These upper bounds form a set
Co’ Chooge the maximal elements of Co, obtaining a subset 01. Let
D be the subset of all elements of A which are not comparable
under < with any element of C,. Add the minimal elements of D to

c obtaining a totally unordered subset 02 of A, Each element of

1'
A is compareble with some element of 02. We also know that B gnd

C, are disjoint.

2

(1Y et b € B and ¢ € 02. Then b < c.

By definition of B there exists a b’ € B with b' < ¢. Assume
that b # b.There exists a sequence b = b1,...,bm = b of elements
of B with +the property that bi and b1+1 have a common upper
bound cy-.
is of minimal length. If m > 2 then we have a configuration

Pl
¢y can be chosen from 01. We assume that the sequence

b — C

m—-1 \ m-2

bm o Cpn 1

By condition (ii) this implies b <ec,  ,. Thus b, aend b _,
already have a common upper bound, which contradicts’ the assumed
minimglity of m, The conclusion is that m =< 2, and b has an upper

bound in common with b', namely c,. If ¢ = c, then we are doxe.

If ¢ # ¢y then ¢ is incomparable with cqe Applying condition (ii)
to the configuration

b —¢

b o

1
ylelds b < o,
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Now we define another set E:

E :={e : e € A and ¢ has an immediate successor in 0_2}.

(2) Let e € E and ¢ € C,. Then e < c.

e has an immediate successor c¢' in Cyr & < ¢' . Agsume that c#
#c'.

C ase (A c'ec1

By definition of C, we mey assume that there exist two ele-

1
ments b, b of B such that c¢'is a common upper bound to them while
e is not. Hence b % ¢ or b' ¥ e. Assume that ' § e. Applying con-
dition (1i) to the configuration

Y —s0c
e —c'
we obtain e < c.
o \ C1 .
¢' is a minimal element of D. Hence e ¢ D, which implies the

Case (B ceC

existence of a ¢" ¢C, with e < ¢'.We have reduced Case B to Case A.
1
Now we define
4, := {a : a € A and there is a ¢ eq, witha<c}

A, := A\A1.

2
A1 is non-empty since B & A1. A2 is non-empty since 02 < AZ. The
set of minimal elements of A2 is 02.

(3) 1t a, € A1 and a, € A2 then 8, < a5 - 1t a4 ¢=.A1 then

a, <c for a certain ¢ eCz. Hence a, =c for a certain e € E. This

implies a, < o for all ec e 02. On the other hand we have ¢ = 8,

for some ¢ € C2. This implies 8,<a,.

Ve have found a partition p = [(A;,<|, |y V]*[(ap,<[, €[y, ]
This completes the proof. = ! ! 2 2

Smoothing, weakening and strengthening of partial languages

Definitions. Let p and 9 be partial words. We say that q

is smoother than p if they obey representations p= [(A,<,{3)] and
q = [(A.<1‘3)] such that < 1s a subset of <’.
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We (p) := {q : q 1s smoother than p} is oalled the weakening
of p. It is a finite partial language containing p.

sm(p) := We(p) n W(X)is ealled the smoothing of p.(We suppose
that p € PW(X)). This is a finite non-empty language.

Let L = PR(X).

We(l) := U{Ej(p) : pE L} is called the weakening of L.

Sm(IL) := We(L) N W(X) is called the smoothing of L.

SH(L) := {p : p €L and p is not smocther thar any other qEL}
is called the strengthening of L.

L is called weak if We(L) = I, and strong if St(L) = L.

From these definltions many exercises for the reader result,
e.g. the equalities We(St(L)) = We(L), sSm(St(L)) = sm(L),
St(We(L)) = St(L), or the equivalence of the two conditions "L is
a languege" and "L is weak and atrong”.

Application of the operation Sm projects notions and facte
of partial language theory to those of language theory. It
is this %ind of connection which will guide us in our following
congiderations, An example of such a projection is the smffle

product:

Definition. Let w,w'e W(X). The shuffle product of w and w'
1s wilw' = {u,v,u,vyecoupv, ¢ m e §, Upe oo =W, v.l...vn:w'},a £i-
nite lenguage.

Let L,L' & W(X). The shuffle product of L and L' is
Ufwlw': w €L, w'el’], denoted by LIl L', (Cf., Eilenberg [3])

Proposition 4. -§Q(L1 -X-LQ) = @(IH)*S_m(LZ),
ﬂq(l.1 xL2) = ﬁ(lﬁ) I Q(Lz).

Proof, Trivial. ®
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Serial and parallel iteration

Definitions. Iet I be a partial language.
1¥:=yY{M, : ne K, with M) := {e}, My, = M ¥ L

1¥:=y{N, :ne N, with N := {e}, N, = N > L.

If L 1s a language then we set
1" := U{e, : neX}, with B, == {el, Py = Bl L
¥ (1% 1") ie valled the serial (parallel; shuffle) iteration

of L.
The serial iteration 1is known from language theory; for

languages it coincides with Kleene's star operation.

(sm(z)),
(§§(L))“, for any partial language T.

Proposition 5. Sm(L¥)

X
sm(L")

Proo f. Immediately from Proposition 4., ®

all words of the form abab...asb, with né€R.
n times

LX consists of all partial words of the form abxabx...xab, with
\_\/——_'
nenN, n times

1" is the so-called Dyck set over {a,b}. It consists of all words
p €{a,b}* such that #.(p)=# (p) and #,(r)Z#,(r) for any dinitial
segment 1 0f p.(#,(w) means "mamber of occurrences of x in w").
From this example we learn that shuffle iteration does not

preserve regularity.

The Y-section of partial languages

Let us now turn to the most typical operation with partial
languages. Look at the +two partial words depicted in Figure 3.
Although they are not identical, they have something in common.

They do not describe the same execution of a control structure
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but, in a sense, consistent executions, in that their smoothings

are not disjoint: Sm(u) N Sm(v) = {abcabal.

N
N T
N N\

b

Fig. 4

An adequate operation for describing the "degree” of con-
sistency between partial words or partial languages is the Y-sec-
tion.

Definition. Let (A,<,p) and (A;,<;,f) (1=1,2) be labelled
partially ordered sets over X and Y £ X, We say that (A,<,p)
is the Y-composition of (A1,<1,p1) and (A2,<2,ﬁ2) iff

(1) A=AV A2,

(11) a0k, =p7(D),

(111) gy = P]Ai (i=1,2), and

(iv) < = Ir(<,u%,).
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Definition. Let p,, P,, and P be partial words. We define
PERTY P
:+ «—>» there exist representatives
(Az, <2. (32) of P29
(4, <, p) of p
such that (4, <, P) is the Y-composition of (A1, <1,p1) and (A2,
o)
Py f§~p2 is called the Y-section of Py and Dy
The Y-section of partial languages is defined by

o) = .
LRl =VUip, @, : pyely p el e

The Y-section of two partial words is always a finite partial
language. The {a,b,c,d} ~section of the two partial words shown
in Figure 3 is {abcabd}, while their {a,c,d}-section consists of
one partial word shown in Figure 4. Observe how the partial words
belonging to p, @ D, are formed: p, snd p, are stuck together at
points carrying symbols from Y.

It is easily established that for languages over X the X-sec-
tion coincides with the intersection. This is generally not true

with partiael languages:

Example 4, Let u := bxab., Thenu ¢\ u = {bxab, a(bxb)}.

- a,b
Note that the @-section always coincides with the parallel

product.

Proposition 6. For any two partial languages L1 and L2 over X:
\_Yg_(L1 r; Lz) = E_g(L1)ny_v_e(L2),

sm(L, QLZ) = Sm(L,) N sm(L,).

Consequently the three conditionms
We(L,) N We(L,) # 4,
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Sm(L,) N sm(L,) £ @, and
L "L, £ 8
1% 2
are equivalent.
P roo f. We have to prove the first equality only, and 1%

1s sufficient to do this for partial words.
[

Let p be in the X-section of P, and D, and let g be smoother
than p. By the definition of the Y-section, relativized to +the
case Y = X, this means that p = [(4,%<,p)], Py = [(A,<i,(5)] (1=1,2),

and q = [(A,<',{3)J, with 25(<1U< ) = < €<’ Hence <4 € <, and p;

2
is smoother than q (i=1,2).
(I1) We(p,) n We(p,) S Welr, N D,).
1 2 1X 2
let q Ye wesker than p, and p,. We can choose A and R such
that, together with partial arderings <', <;» and <, on A, they
gpecify representatives for é, Py and p2, and such that <1 and
<, are subsets of <'. But then Ir (<9 <,) € <'. The partial word
p= [(A,T_z;(<1u<2),p)] belongs to P, N P,, and q is smoother than
X

p. W

Proposition 7. The operation of Y-section is commtative and

asgociative, for any fixed Y.

P r oo £.The commutativity follows from the obvious symmetry
in the definition.

To prove asgoclativity, it 4is sufficient +to show that

P € p.I ;\ (p2 ry\ p3) is equivalent to the existence of representa-

tions p = [(A.<,(5):| and py = [(Ai,<i,pi)] such that

(1Y) B8j0a, v A, =4,

2 Y A3
(1) A Nk, = Ay = A = p71(D),

(111) g8 lAi = By (i=1,2,3),
(1v_') < = .@2(<1U <2u<3),
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The proof of this statement is a straightforward application
of conditions (1)-(iv) above and is left to the reader. H

The operation of Y-section reflects what is meant by the
synthesis of a complex control structure from gimpler components.
Consider, for example, Hoare's concept of "Communicating Sequen—
tial Processes" (Hoare [8]). There we have a variety of algo-

‘rithms A ""'An operating on individual memories and communi cat-

ing wit; each other via distinguished communication statements.
Ay can pass a message to Aj i? and only if both algorithms
sre resdy %o execute the appropriaste communication statements.
If we forget about the concrete operations executed by the algo-
rithms and consider mexely their control structures, we may
agssume that Ay 's control structure defines a partial languasge
I‘i over an alphabet Xi‘ Xi contains names of the communication
statements belonging to Aj.Let 13 be the name for "communicgtion
from A, %o A ", and let C be the set of all these symbols.Then 1t
seems Treasonable to require that the partial language of the
whole variety be L, g L2 @ vee g Ly,
Conditions of unambiguity

Example 4 shows a Y-section of partial words which consists
of more than one partial word. In this example the way of stick-
ing +the two components together is "ambiguous” in that it is not
uniquely determined by the components. This ambiguity, in the
general oese, ocan give 7rise to nondeterminacy of a composite
control sgtructure even if 1its components are determinate. (We
8till leave the concept of determinacy to the reader’s intuition).

Lst us look for conditions under which such an ambiguity cannot

occur.
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Definition. We associste with each partial word p = [(4,<,$)]
its automorphisms. An automorphism is a permatation of A which
is &an isomorphism of labelled partially ordered sets represent-
ing p. An automorphism 1is said to be trivial on Y if it has
all elements of ﬁ'1(Y) as fixed points. The whole automorphism
group of p 1is ssid to be trivial on Y if every sutomorphism is

trivial on Y.

Proposition 8. If the automorphism groups of P, and P, are

trivial on Y then P, ? P, conasists at most of one partial word D.

Proof. Assume that b= [(4,<,p)], »'= [(4,<,p)], p =
= [(A4,<y.p)] = [(84,<§,44)], end that (4,<,p) is the Y-composi-
tion of (A1,<1,p1) and (A2,<2,p2), while (A, <',/3) is the Y-com-
position of (A1,<;,p1) and (A2,<é,p2). We have to show that p=p'.

There exists ean sutomorphism f; of Py which maps (Ai,<i,pi)
on (Ai,<i,pi).3y our assumption this automorphism is trivial on Y.
We may form the union f = f1LJf2. Thies is an isomorphism between
(4,<,p) and (A,<,p). Hence p = p'. &

Call +two symbols x,y concurrent in p = [(A,<,p)] iff there
exist two incomparable (under <) elements a,b of A such that
p(a)=x and f3(b)=y. If x is concurrent with x then x is said to be
gelf-concurrent.

The following 1is easily verified by the reader: If p has
no self-concurrent symbol belonging to the alphabet Y then the
automorphism group of p is trivial on Y. The absence of self-con-
currency in the components is thus a sufficient condition for the
Y-gsection to be unambiguous. In the partial word u of Example 4

the symbol b is self-concurrent.

Restriction of partial languages

The following operation is a generalization of Hack's and
Starke's "restriction" of languages, the latter being referred to
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as smooth restriction in this paper. We prefer the use the autho-

rized word "restriction" although it not very suggestive).Restric-
tion expresses that a control structure, when joined with other

control structures, is "indifferent" to exactly those symbols

which do not occur in any partial word generated by it.The notion

is mainly of technical importance.

Definition, The alphabet of a partial language L E PW(X) is
the set of symbols which occur in at least one mumber of L. It is
a subget of X.

Definition, Let L1 and L2 be partial languages whose alphabets
are X1 and X2, respectively.

Lt I, := L, /'-\, L,

is called the restriction of L1 and LZ'

In contrast to the operations introduced heretofore, restric-

tion cannot be defined elementwise.

Example 5. Set

¢\

u =g y ¥
c c —d

W
.

Then

{u} ! {v} = {? i:Z —>6 }' while {u,da}! {v} = g.

Proposition 9. Let L1 and Lé be two partial languages whose

alphabety are X1 and X2, respectively. Let x1ux2§x. Then

(1 Iyt L, = (I, x (X,\ X)) - (L, * (X,\ 1,)%), and
(2 I, t I, = (L x (X N\ X)) 01, X (XN X,)7) o (X, VX ).

2

Proof, Set Y := x1{\x2.

(1) The inclusion from left to right is shown as follows:
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Asgume that p € p1.; Poy Py € I&. Choose representations
p= [(a<,p], p; = [(Aj.<4,py)] such that (A,<,B) is the Y-com-
position of (A,,<, ;) and (4,,<,,@8,). Set ry:= [(A\Ai,ﬂ,plA\Ai)].
Then r, e(x3_i\xi)x. and p; x Ty €L, X (X3_i\xi)x. From p; xTy =
= [(A.<i,p)] and Ez_-(<1 v <2) = <we conclude p e(p1 xr1);\ (pzxr ).

The 1inclusion from right %o left is shown in a completsly
analogous way.

(2) Iet L' (L") be the right-hand side of (1), (2) .Then
L" = (L' X (X \ (X, UE))%) o (X, vX,)".51nce X,UX, is the alphabet
of L', from this equality one easily concludes that L' = 1". m

The above propositlon ullows us to give a formula for the
gmooth version of reastriction.

Definition., Given languages I-1 and Lb whose alphabets are

X1 and x2, we define
L, ®I, o= (5,11 T\NT)) n (T, 0 (X, \ )%,

gnd ca2ll this operation smooth restriction.

Smooth vTestriction appeared first in Hack's and Starke's
theorems on canonical forms of free petrinet languages, cf.
Starke [1].

Proposition 10. Sm(L, ! L,) = S_ln(L1)®§_n_1(L2).

P roof. Immediately from Propositions 4,5,6, and 8, &

Weak and strong restriction

Definitions, Suppose L,, I, = PH(X).

L, 2L, := ¥We(L, ! Le) is called weak restriction,

L, 't I, := 58(L, ! L,) is called strong restriction of L, and L,.

The reason why we 1introduce +these operations is that the
operationof restriction does in general preserve neither weakness

nor strength.
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Proposition 11. Restriction, weak restriction, and strong

restriction are commitative and associative operations,

P r oo f. The commutativity follows from that of the Y-sec-
tion.

Let us prove the assoclative law.

(I) Restriction is associative.

Prom formula (2) of Proposition 9 one derives by induction

the formula

It (Lt (eeet T = Q{(Lix(X\Xi)x) A (X,0...ux) "
i=1,..0,n

This formula implies the associative law.

(I1) Wezk restriction is associative.

We prove en auxiliary equality

ﬂg(L1 ! L2) =_!9(L1 ! EE!I@‘)'_

The dinclusion from left to right 1s trivial since We is a
closure operation preserving the alphabet of a partial language.
For the converse inclusion let ¢ = [(A,(Qﬁ)] be in p1,?.q2,

where o, €L a € ﬂg(Le), and Y 4is the intersection of the

1.
alphabets of L1 and L?. p1 and 45 have representatives (A1,<1,ﬁ1)
and (A2,<é,p2) whose Y-composition is (A,<,3). Especially we
have <'= Ir(<, u <E). a, 1s smoother than a certain p2=[]A2, <p
B2)) € Lo with <, S <, Then <:= Ir(<, U<,) €<, and q is smoo-
ther than [(A,<,[3)] € p, ? Py s I, ! L,. Hence qu(L1!L2). From
our suxiliary equality the associative law directly follows.
(I11) Strong restriction is associative.

Again the proof proceeds via an auxiliary equality

St(L, 1 L,) = 88(L, 1 St(Ly)).

The proof of this equality 1s a simple application of the
definitions; we leave it +to the reader. The associative law is

an evident comnsequence. B
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Rensmings

In the subsequent sections it will be useful to study the
effect of renamings on partial languages.

Definition, A renaming is a mapping

h: X — Y v{el.

By

n([(a,<,m]) = [(B,<[g, np|g)]
with

B :=1{a : a €4, hp(a) # g}

the renaming h 1is extended to a mapping h: PW(X) — PR(Y).
Words are mapped to words; this i1s the usual extension of a
renaming to a length-decreasing monoid homomorphism W (X) ~» W(Y).
A renaming 1is said to be e-free if h(X) € Y. If L S PH(X), we
define n(I) := {n(p) : p e I}. If L' S PW(Y) then h™'(L') :=
{p : p € PW(X) &nd h(p) € L'}, The 1latter operation on partial

languages is called inverse renaming.

Constructing partial words from symbols

Let wus rTeturn to the question how partiasl words can be
constructed of symbols. We saw that parallel and serial product
are not powerful emough for this purpose.

Proposition 12.Any (non-empty)partial word can be constructed

of symbols by use of the following operations:serial and parallel

product, restriction, and (e-free) renaming¥).

*As the referee pointed out, the list of operations is
redundant. Parallel product can be omltted since it can be
generated from e-~-free renaming and restriction. Serial product
can be replaced by some extension of renaming.
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Proo f. Any (non-empty) partial word is obtained from a
non-emnpty pure partial word by an(e-free) renaming. Without loss
of generality the pure partiasl word is assumed to be p = [(A,<,£)],
where ¢ is the identical mapping on A. Set q := [(4,4,¢)].
q is the parallel product of the symbols occurring in p. p is the
restriction of q and all words aa', where a2,a'€ A and a < a. |

Unlike the characterization of W(X) as the free monoid.
generated by X, this method of building partial words in PW(X)
generally uses symbols not belbnging to X.

Weakness and renamings

The following lemma will be used in the next section,
Proposition 13. Application of a renaming %o & partial

lenguage preserves weakness,

Proof, Assume that L = We(L) S PW(T) and h : T — Xu{e}
is a renaming. We have to show that We(h(L)) = h(L).

Suppose that p = [(4,<,8)] € L and p' = h(p) end q' smoother
then p'. We have to ghow that ¢ € h(L)., Assume that p’ =
=[(8,<) p")], where &' = {a : ac A and hp(a) # e}, <'= <,A” p’:h{&,Aa.
Let q = [(4',%', p)], and let X' contain <'. We define
Z:= Ir(< v, a binary relation on A.

We show that X |, =Z'.Assume that ¢ £ 4 for two elements of A.

By definition of < this implies

- 1
< =
c=c = o 1<d1 oo dn-1<°n=dn d.
Since ¢; <'dy, we have c4,d; € A' (i=1,...,n-1). Consequently

a4 <' cj,q (1=20,...,n-1), and 4 2'e Thus we have ¢ <'d, and

i+1°
this means < IA' S 2. The converse inclusion is trivial.

Now we show that £ is irreflexive. Assume that a £ a for
a certain a € A, Since a 4 a, there must be a b € A’ such that
a gb < a. Hence v<Db, and b <'b. This contradicts the irreflexi-

vity of .
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Now we set q := [(4,5,p)]. q is smoother than p since £ con-

teins <. Since L is weak we have q € L. Finally we see that h{g)=
= [(A'v Q,A"P')]=Q" [ .}

3. Weak partial languages of petrinets

In this section we shall study families of partiasl languages
which are definable by petrinets. The petrinet concept is one of
the widely-used models of control structures involving concurrency.
We @ssume the reader to be familiasr with this concept.Nevertheless
we repeat some basic definitions, thereby introducing the nota-
tions to be used in this paper.

Definition, A petrinet of dimension k is a S~tuple

N= (T (tVyep (Fpeq ¥y, M)

o?
where T is a nonempty finite set, t' and t~ are vectors in Ek,
and M, M1 are vectors in ﬂk.

' The triple (T, (t7)y ¢ pr (t*)t ¢ p) constitutes what is some-
times called a generalized Petri mnet. For simplicity we have
omitted the word "generalized" and added the initiasl and terminal
vectors Mo and M1 to the specification of a petrinet. The above
triple may (and occasionally in this paper it will) be visualized
by a finite directed graph with vertex set TiJ{1,.-.,k} and edges
leading from T to {1,...,k} and vice versa, namely t (1) edges
from 1 to t and t* (1) edges from t to i.The elements of {1,...,k}

. are the places, and the elements of T are the transitions of the
petrinet. Any vector ME&E? is called a marking of the petrinet;
M(i) is the number of tokens in place i at marking M. M/ (M1) is
called the initial (terminal) marking.

-—— - ——

K= ('T, (t-)tei" (t+)t e Mov M'])
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- + - = 4+t =
with T = {t,, t2}, $7(1) = 3(2) = t5(2) = t,(1) = 1,
£7(2) = £5(1) = t5(1) = £5(2) = 0, M (1) = M, (1) = 1,
HO(Z) = M1(2) = 0., The graph representation of N with the marking

M, (=M1) is shown in Figure 5.

1

2

Pig. S

Definition. (The mnext definitions refer

_ - +
N= (2 (tNgep B )pep ¥y M) If M is
say that a transition t is firable at M 1iff M

to a fixed petrinet

a
Z

firing t at M is the marking M + A(%t), where

marking, then we

t~. The result of

A(t)

izt 4+ ¢

+

(Comparison and addition of vectors are defined componentwise).

So far we have repeated well-known basic concept of petrinets.

We hope that this will help the reader to get accustamed to our

terminology. Normally at this point the

notion of f£iring is

extended to words, embedding the concept of a petrinet into that

of a (possibly infinite) automaton. But we intend to define

firability of pertial words.For example,in the petrinet of Figure

10) we wish not only the words e, a, b, ab, and ba, but also the

partial word aXb to be firable at the shown initial marking Ko.

This is naturel, since M, Za + b . (In other words, at the

marking Mo the transitions a and b are simultanecusly enmabled to

fire. They form a "firable bag").
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Definition, Iet X be a finite alphabet., A bag of elements of
Z is a mapping of X into N, If U is 2 bag and x € X then U(x)
is called the multiplicity of occurrence of x in U.

A bag im nothing but an N-set [3] or, eguivalently,an element
of the free commutative semigroup (with unity) generatqd by X.

By the way we remark that a bag U could be identified with
a partial word, namely a parallel product of symbols which con-
tains the symbol x U(x) times. This identification is coherent
with our notions of firability to be defined below.

In the following the petrinet N with transition set T is
agsumed fixed. Let A be the above gefined mapping of ® into k-di-
mensional vectors of integers.

Definition, Let U be a bag of transitions. We set

U

ot H

[

Z{u(t)-t" : t e T},
Z{u(t)-t" : t e 1},
A0 := - T + U = 3 {U(t)-A(t) : t €T},
We say that U is firable at the marking M iff M 2 U™,

fi

Definition, Assume that p = [(4,>,43)] is a partial word over T.
If B 1is any subset of A then we set (BB) () := card {a :+ a € B,
p(a) = t}. BB is a bag of transitions (elements of T).

Defindition. Iet A be a set and < a partial ordering on A.
4 subset BES A is sald to be left-monotonic in A under < iff
the following implication holds: If b € B and a < b, then a € B.

Definition. Let p = [(A,<,@)] be a partial word over T and
let M be a marking of N. p is said to be weakly firable in N
at M iff for eny two disjoint subsets B and C of A the following
implication holds:

If B and each Bu{e} (¢ € C) are left-monotonic in A under <,
then §(C is firable at M + A(pB).

Weak firability of partial words is a direct generalization
of firability of words in the ususl sense. The left-monotonic
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sets are generalizations of the initial sehments of words; the
reader may think of a left-monotonic set as a possible intermed-
iate situation during the firing of the partial word.

Definition. Let M and M' be markings of N, M' is said to be
reachable from M in N 1ff there exists a partial word p =
[(A,<,p)] such that p is weakly firable at M in N and M +A(pA)=l'.
A(pA) will be abbroviated by a(p).

The set of all partial words weakly firable at a given
marking is a weak partial language. In the net of Figure 1c)
the firability of ab and ba now appears as a counsequence of the
weak firability of & x b, As we remarked in our introductory
discussion, +the nmutual ordering of the occurrences of a and b
in the weakly <firable words ab and ba is aomewhat artifictal,
not 3inherent in the petrinet. A natural notion of firability
should exclude ab and ba. - Further discussion of this point
is postponed to a later gection. For the time being we are

satisfied with weak firadbility,

Pig. 6

Example 7. Figure 6 shows a T7T-dimensional petrinet N with

initial wmarking ¥ = (1,1,1,0,0,0,2), In this net any two of
the transitions a,b, and ¢ are simaltaneously firable at Mo,
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while a,b, and ¢ together are not. Examples of weakly firable
partial words are abec, (axble, and axbe., axbxc is not weakly
firable.

Definition, The weak partial language defined by the petrimet
F= (2 (tgep genq Yoo M) i

WePL(N) := {p : pePU(T), p weakly firable at M  in N,

B, + Alp) = N,].

The langusge defined by the petrinet X is

L(N):= WePL(N) n W(T) = Sm(WePL(F)).

Definition., Let PN denote the clasa of all petrinets.

WePL(PN) := {WePL(N) : K € PN}.

RWePL(PN):= {h(I) : L € WePL(PK), h an g~free renaming}.

R®WePL(PN) := {n(L) : LeWePL(PN), h a renanming}.

The elements of WePL(PK) are called free, or unrenamed, weak
petrinet partiel languages. The elements of RWePL(FN) are called
e-free (-renamed) weak petrinet partisl languages.The elements of
ReWePLgPN) are called (renamed) weak petrinet partial languages.
Due to Proposition 13 =all the partial languages belonging to
these families are indeed weak ones. Smoothing the above families
yields language families L(PN), RL(PN), and_Bf;&PN), which are
well-known from the literature. (In Hack [1] these families are
denoted by Lg, Ly, and Lg, respectively).

Proposition 14. L(PN)c WePL(PN), RL(PN)c RWePL(PN), R°L(PW)c
¢ R°WePL(EN).

Proof. The inclusion 3is shown by equipping a given
petrinet with a "run place", which carries one tokern and is con~
nected with every transition via =a 1oop:(£::¥ This run plsace
serializes +the firing of tramsitions. For the new net X' we bave

WePL(N') = L(M), =
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Clogsure properties

As Hack [6], Starke [15], Greibach [5], end others did with
éetrinet languages, we want to characterize the families of
partial langusges just defined in terms of closure properties.
We confine ourselves to WePL(PN) and R°WePL(PN).

First we observe that EEE£<PN) is not closed under union,
Y-section, ©parallel and serial product, and perallel and serial
iteration., (Some of these operations fzil to preserve weakness,
but even if we reestablish the weakness by application of We, the
resulting operations do not preserve membership in WePL(N)). This
follows from corresponding properties of L(PN) [6,15], However, we
have

Proposition 15, WePL{PN) is closed under weak restriction.

P r oo f, Assume that two petrinets

[ y -t +1 ] (]
N o= (T ° (“ )tET” (t )te'.l‘" MO ’ M1)
and

N" +H

M” M")

(r", (t—")teTu. (% )tE.T"’ o v My

be given, with dimensions k' and X" and possibly overlapping
transition sets T' and T". We set T := T'uT" and U := T'n ",

We define a petrinet

M)

- - +
N = (Tv (t )teT' (t )teT' MO' 1

of dimension k'+k", It is constructed by "sticking togetherﬁ

N' and N" at transitions belonging to U. More precisely, we set

] |}
Mo M1
M = R M, :=
o M" 1 " !
o M1
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(]
) if te 7'\ 2",

-
:
g

analogously we define t .

_,> if te "\ 7',

'> if t€U;
o |

& ot

<t

Suppose that L' := WePL(N'), L" := WePL(X"). We assume thatl
T' (PY) be the alphabet of L' (L"). (Transitions of 7' (T") not
ocouring in eny partial word of L' (L") could be omitted). We
show that WePL(N) = L' ? 1", |

(1) WePL(N) € L'? L",

Assume that P € WePL(N). Define two renamings h' and n"

setting

t if t € T'
' (%) :=
e ifteT\NDP;

" (t) is defined analogously.
(1) p € We(n' (p) rl; n"(p)).

Assume p = [(4,<,]. Then ' (p) = [(A', <[y, B’ B, )], with
A' = {a: aeh,n'p(a)e '} Similarly b"(p) = [(A", <| 0, kg w)],
with A" = {a : aeh, h" @g(a} € T"}. We set <:= 2;(<|A.u<|Au)aThis
is a partial ordering since <|A’ Vv <| nE<. The latter dnclusion
elso implies that < S <. Hence p is smoother than g := [(4,4,p)],
and ¢ € &' {p) ~ b"(p).

(i1) n' (p)Ue L' and n"(p) e I".

The +two statements are analogous to each other, and we prove
the first one only.

Let B' and C' be subsets of A', and let B' and each B' U {el,

¢ €C', be left-monotonic subsets of A' under <|p' - Form the
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smallest subset of A which is left-monotonic under <« and contains
B'u{c}, and denote it by Q. v

We show that B := U{Q, : o ec'}\C' 1s a left-monotonic
subgset of A under«<. Take & € A and ® € B such that a<b,Then
b€Q, for a certain ¢ € C', and b ¢ C.Hence s & Q,. Assume aeCl
Since b € Q,, we have b S for a certain b € B'v{c}. Hence
a <y ', which contradicts the essumption that B' as well
ae B' uf{c} and B' v {a] are left-monotonic under <|,,. Consequent-
ly a €Q,\C', and a ¢ B.

Now we show that eack B uUic}, ¢ € C', 18 left-monotoniec
under <: Assume that a ¢ A and a <¢. Then a € Q,.If a € C' then
a and © wounld be comparable undez'<|A,. But this 1s excluded by
our assumption.

From the facts derived above we conclude that ﬁC’ is weakly
firable at M, + A(pB), i.e.

M, + A(BB) = (pc")7.

Projection on the coordinates belonging to N’ ylelds the

inequality
M, + M@B') Z(pch)7'.

(Note that p(B‘\B') consgists only of transitions not belonging
to the set T'),

We heve shown that pC' is firable in N' at M + A'(pB').
Congsequently k' (p) ias firable in N' at M . To show that h'(p)e 1
we have to prove the equality M) + A'(BA') = M. But this follows

1
Trom M, + A(pA) = M, by prdjection on the coordinates bvelonging
to N'. Hence h'(p)€ L'.

From (1) snd (ii) our statement (I) follows immediately.

(ID) I'? 1" € wePL(N),

It 4is sufficient to show that L' ! L"S WePL(N), Let p' € L'

and p"e L". This means that p' (p") is weskly firabe at Mé (Mg)
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in N' (N") and that N + A'(p') =M; and Mj+ A'(p") = My, We
have to show that for each p € p' N p" » is weakly firable at M,
in ¥ and M, + O(p* = M. v

Let p= [(A,<,p)], p! and p" have representatives (A' ,<',p)
and (A",<",p"1 whose U-composition g¢s (A,<,p). Let B and C be
disjoint subsets of A such that B and B u {¢} are lsfi-monotonic
subsets of A under<, for each ¢ € C., BnA' (BnA") is left-
monotonic in A" (&") under <' (<M. We part C iubo there subssis:
¢' :=Ccn (A"NVA"YY, C" = ¢ n (A"\VA), D= C A A'nAY. Then for
all c € C'UD the set (B nia') ufcl is =a left-monotomic subset
of A' under <', and so for all ¢ € C" UD the set (BnA")u{c}

is a left-monotoniec subset of A" under «",

Hence
Ml o« A(p(Baa)) Z (p(cteD)T
and

My +AY(p"B nAM)) T (p"C" v DTN,
Combination of the two vector inequalities yields

M, +A(pB) 2 (B0,

Hence p is weskly firable at M, in N.From Mé + A(p') = M; and
Mg + A'(p") = M; follows M + A(p) = M,. Thus we have shown that
P € WePL(N)., ®m

The closure property shown above suggests +the question
whether the partial languages belonging to WePL(PN) admit
a canonical repregentation involving weak restriction and,
vossibly, some other operations. We shall give such a representa-
tion. For eimplicity (not for essential reasons) we confine ocur-
selves to pure petrinets., The reader should try to eliminate this
technical restriction,
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Definition. The k-dimensional petrinet N = (T, (t-)t e
t+)t e ™ Mo, M1" is called a pure petrinet if Ffor each coordina~
te 1 € {1,...,k} and each t € T the inequelity t7(i) + t'(1) =1
holds.

This property wmeans that the graph representation of the net
contelns no mzltipls srcs and no circuits of length 2.

Begides week vrestriction cur csnonical repressntation will
involve derivatives.

Definition. Iet I be & partisl language and let p and g be
partial words. The wesk derivative eg(L) is defined by

ag(L) = {r : prq € ¥e(L)Y .

The weak derivative is elways a weak partial langusge. If I
is a language and p and g are words then ag(L) coincides with the
well-known derivative of languages.

Definition, 5 :={®,v}, X = {6,,T;5..-,6,,T}-

X X
7oa={et), W, = {6,%) x ... x {67} .

h 'oo.
(W), and let D, B

Let :D? denote the weak derivative ©O
J ] Jqeeed

denote the wesk derivative

5l

h k

alj...

Sk
aTJ.I- o ‘-k
1

h
SDJ 1s the unrenamed weak partial language of the net of Figure 7

h

h,...
with initiel marking h and terminal marking j. D, jk 1s the
K

10.-

vnrenamed week partial language of the net of Figure 8 with
initial marking M (1) = h; and terminal marking M, (1) = Iy-

Besides weak derivaiives we shall need strong derivatives.
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Fig. 8 Pig. 9

Definition
p = P
aq(L) : St(aq(m)

is called the strong derivative of L with respect to p and q.
The stron g derivatives of ¥ sénd W, will be demoted by@? and

£Dh1,...,hk

R , respectively.
Jqseeerdy

Proposition 16. Assume that I 5 PW(T). There exists a pure

petrinet N with L = WePL(N) iff L admits a representation L =
= L1 ? eee ? Lk' each Li being of the form g’1(V), where g is an
e-free rensming and V is a weak derivative of W.

(Note +that inverse e-free renamings ‘trivially preserve
weakness).

P roof. (I) Any partial language sdmitting the representa-
tion is defined by a pure petrinet.

Let V be a weaic derivative of W, ¥ =:D§.1 , and let q: T > X
be an e-free renaming. Then g‘1(v) = WePL(N), where N is the net
shown 1in Figure 9 with initial marking h and terminal marking j.
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Thus 3-1(V) is defined by a pure peltrinet.It remains to show that
if L1""'Lk are defined by pure petrinets then L1 ? cee 2 Lk is
defined by a pure petrinet. This is shown by applying to L1""Lk
the construction of Proposition 15. That comsiruction obwlausly
yields = pure petrinet.

(II) iny partial languags L = WePL(K), where N is a purs
petrinet, adwits the required representation.

Suppose L = ¥ePL(N), where N is a k-dimensional pure petrinet.
LTet Mo (M1) be the initial (terminsl) merking of N. Cut N into k
one-dimengional nets N (1=1,...,k), ¥, being of the foxm showrin
Pigurs 9 with initdsl (terminal) marking Mo(i) (M1(i)). Tet Iy =
= ggzéixi}« Then L = Iﬁ ? «oo ? Iy. It remains to show that each
Li ig of the Torm g"ﬁiv) where V is a weak dexrivative of W. This
18 easlly vwerified by luoking at the net of Plgure 9 and defining
g{xj\ﬂ.»eﬁg(xm)m(? and g(y1)sg,.=g(yn)= T, m

Proposition 16 has  its ®swmosth counterpart” in a thuorem of
Starke [ 1] on the cauncnical vspresensation of petrinet languages.
Fow let us turn $0 the family R®WePL(TN).

Proposition 17. Assume that L,,L, € R°WePL(PN). Then the fol-

2
lowing partisl languages belong to ROWaPL(PN) :
@D Ly v Ly,
(2) L1 *-I?,

(3} h(L1), where h is an arbitrary renaming,

(4) 3'1(L1), where g is an e-free rezaming,

(5)_!2(L1/; 1,), whers Y is any alphabet.

P r oo f.Suppose Iy = hy (WePL(K )),hy: B,—»X, ufe} (i=1,2).

(1) We¢ have to construct 2 net ¥ and a remaming h such that
h(WePL(N)) = L, U L.

Thla 1is dons in the same =y as in the correspomnding proof
for lavgumges [6]: The twc nets are combined in the msnner showxn

in Figurs 10 vwvia atart transitions 8y, 8, end end trensitions



464

START

52,

Pig. 10

ei185. B; genorates the initial merking ¥, in Ny, and e, erases
the terminal marking M,; in Nj. The initial marking (terminal
marking) of K is 1 on the place START (the place END)and O on all
other places. The remaming h is defined by

h = h1 v h2 Y {(3199_)9 (52'9). (e1v§)o (9209_)}'

(2) Closure under serial product

Assumptions are as in (1). The construction of N is suggested

by Figure 11.

START  §y € S5 €2 END

O_,

Pig. 11

(3) Closure under remsming

Triviel from the definitionm.

(4) Closure under inverse e-free renaming

An easy application of the definitions: If g: ¥ —> Xi
and x € X, end h(t) = x then we replace % 1in the net ¥ bj

a collection {ty 3 g(y)=x} of transitions, with ty 1= % and
t; = t¥. We set f(ty) := y, If, however, h(t) = g then we don't
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replace 1, and we set £(t) := e. For the resulting net N the
equality £(wePL(N')) = g~ '(I) holds.

(5) We may assume that T, and T,, the transition sets of the
two petrinets,are disjoint, and that Y £ X, v X5.8et Py :=WePL(Ny).

Congider the partial language obtained from Fi by replacing
each symbol t € T, with h(t;) =y € Y by the word t' y t'. (t' and
t" are fresh gymbols). Denote this partial language by P .We show
that F; is an unrenamed wesk petrinet partial language: Split in

N; each transition t with hy(t) = y € Y into two transitions t'

i
and t" comnected with each other via an additional place and also

connected witih additional places p_ and qy in the way shown in

y

Figure 12. For each y € Y we have one place py and one place qy.

We connect them via a transition named y, as shown 1in Figure 13.

¢ Py
Py
ay y
"
qy
Fig, 12 Fig. 13

The net obtained in this way, call it N;, with the new places
marked initislly and terminally zero, generates Fi.
Now define a rensming h' as follows:
R'(t') = ' (¢") 1= e  4f t €T, and by (t) € Y,
1
n'(t) = hi(t\ it t € Ti and hi(t) €Y,
h'(y) =y ity e Y.
Then L, = K(F! 'Yy = (P! 9P’
i = B(F}), and We(L, OT,) = He(H(F) O Fy)) = W(F) 7Fy),
Due to Proposition 15 this is in R®PWePL(EN). m

Piyte that our 1list of closure properties does not contain

serial and parallel iteration. There are good reasons for this on
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the language level: If there exlsts an algoritbm to solve the
reachability probliem for petrinets, then (4 I, c)* is not in

ﬁ;_(PN), where Lo is defined as I‘o = {anbn : neg_} and a,b,c,d

ere distinct symbols, (Cf. Greibach [1]) But (a& I, ¢)* =

= (@ I, cﬂ'r1(a {8,0}* 0)*. The latter set is regular end hence

in R®L(PN). The result is that closure of EEQ(PN) under either

serial or shuffle iteration would imply the unsolvability of the

reachabllity problem.

On the other hand, the parallel iteration yields petrinet

partial languages if applied to regular languages.

Proposition 18. If R 1is a regular language then Eg(Rx)e
R°WePL(PN),

P roof. It is easy to see that every regular lenguage R is
defined by some petrinet of special type,satisfying the following

equationa:

(N4 +tt (k) = tT(D+. ..+t (k) = 1 for each t € T,

Mo(1)+...+Mo(k) M1(1)+...+M1(k) = 1.

(In common terms of petrinet theory, such petrinets are called
"gafe state machines"). We have R = L(N) = WePL(N). There is
ezactly one place 1 with M (1) =1 (¥, (1) = 1); we call this
Place the start place (the end place). Now we augment N with

Start place End place

New place

Pig. 14
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two new transitions s snd ¢ and one new place, connected with the
¢riginal net in the way shown in Figure 14. Ths new imitlal snd
terminal marking shall be zero on all places. Let N' Jdencte  the
net obtained after these modifications., Let h be the renaming
which erases s and e and leaves all other symbols invariant. The
reader easily checks that h(WePL(N')) = We(R®). m

The closure properties of R®WePL(PN) shown im Proposition 17
guggest the question for an algebraic characterization of this
fapily in terms of the operations mentioned in that proposition.

such a characterization may be based upon Proposition 16:

Proposition 19. R®WePL(PN¥) is the smallest femily of partial

languages containing all weak derivatives of W and closed under
weak restriction, inverse e~free renamings, and renamings.

The proof follows from Propositions 16 and 17 observing the
fact that every partial language in R®WePL(PN) can be defined
by a pure petrinet. W .

Let us try to give another characterization.

Proposition 20. Suppose L € WePL(PN). Then there exist a

natural number k, a strong derivative V of Wk; a finite partial
language F and a renaming g such that

L = We(g(Ty" ).,

Pr oo f. Suppose that L = WePL(N)where N is a petrinet with
initial (terminsl) marking M, (M1). Without loss of generality
assume that its transition set T is disjoint with By

With each +t € T we associate a partial word u;, which
contains Ty exectly t7 (1) times, for i=1,...,k, and no other
symbols, and whose underlying partial ordering is enpty (this
means that g is the parallel product of its symbols). Similarly

we assign to t a partial word ¥y, which contains 6; exactly
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t+(i) times and is the parallel oproduct of these symbols.
Then we set wp :=uy t vy This is a partial word over 2, vT.

We define

8(6’1) = B(Ti‘ 1= 8
gty == ¢
Aggume Mo(i\ = h‘i and M1 (1) = iz (1=1,...,k).

hyyeee, by
31""131(

have We(V) = WePL(Nk), where N, is the petrinet of Figure 8 with

Ve set V : = D This 1is a strong derivative of W, Ve

initiel (terminsl) merking M, (M”.
We will show that
L =We(g(v nn FN).
Zk
In the subsequent formulae we shall use the symbols Ly and

AN for better discrimination of the A -mappings of N and N.
X

(I) T SWelg(V o FY).

‘ - Zx
Assume that p = [(4, 4, )] e L. In a first step we construct a
partial word u overzk u T by replacing in p the symbol t+ by
the partial word Wy, for each t € T.u is defined as follows:
Assume that a(a) = [(Ba, Ea,g‘a)], end that the B 's are pairwise
disjoint. It is convenient to assume that a itself belongs to
Ba' By name, a is that element of Ba whose 3"a-image is in T.Thus
Fa(a) = pa). - Set B :=U{B, : aea}, ¥:=U{p, : a€A}. Define
a partial ordering « on B setting

b Kb :<> there exist a,a' € A with a 5 a, b € B, b € By
or there exists an a € A with b Cy Y.
We set u:= [(B,<, 3)].

Now we claim that the restriction of u to B\A is in We_PL(Nk)

AN and ANk enjoy the following relation:



469

AN( (38) = Ank('r(Ba\{a})) for all a€A. (%) From this we conclu-~
de that

M+ Ank(g‘(B\ A)Y = M+ Ap(BA) = M.

Hence it remains 1o show that the restriction of u to B\ 4
is weakly firable at M, in N_.

Let C be a subset of B\ A which is left-monoctonic under <|B\A
the seme shall be true of C u{d} for each d€D, D another subset
of B\ A disjoint with C. We have to show that at M  + ANk('a‘C) the

bag ¥D is firable in Nk.We can think of the transitions belonging
to +this bag as belonging to {?1,,..,tk}, since the other transi-
tions of Nk are anyway always firable. To C. we add as many
elements of A as necessary to obtain a set ¢' € B which is left-
monotonic under << in B and for which each C'uid}, de¢D, is left-
monotonic wunder «in B as well. As a consequence ¢c'n A is left-
monotonic in A under <,

We set E := {e : e€4, Bg N D # @}. Then each of the sets
(c'nA)uiel, ecE, is left-monotonic in A under 4. For if a<3e
and e ¢ E then a <« d for a certain d¢ D, hence a€ C. From this it

follows that gE is firable at M, + AN((s(C' N A)) in N. In other

words:

M, o+ Ag(p(C' na)) Z (pE)T .

From equality (%) above follows
Ag(plc'na)) = Ankmu{na : a €C naj\4)).

The set U{B_ : a€C'n A} is nearly equal to C'since C'is left-
monotonic. Closer inspection shows that it may differ from C' only
in thst it contains some more elements from 3‘-1({61,...,6k7;).ﬂen_

ce
Ag(p(c' n i) 2 By, (TN AD) = Ay T0).
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On the other hand

(AeV” 2 2 {67 : veB \{e}l.
Hence
(fE)” Z (rD»)".

Summarizing the inequalities derived above we obtain
Mo+ Aﬂk(xc) Z ;7.

whicb was tc¢ be shown.
¥e bave proved that ujg, € WePL(N ) = ¥e(V). Consequently
“gB\A is smecther than a certain veV. et v = [(B\ A,<,g‘lB\A)}.

In the nzxt ztepn we define another partial werd w over Tuzkn

]

# is the parallsel produect ol gl ?‘!ﬁ(a‘v' a running Shrough 2. Tet

B ~
C be the union of the L 's. Then w = {3,0,m].
u ig smoother than w. w muat be contained in the intersazction

N

Welv x Y A Fe(w). Hence (v x Tx‘zkuT

w # @ due to Propesition

10. But this implies v & w ¥ 4.
iy
N

Lemma 20.1. IT v, eV S

Proo f. Let [(B,<1.g‘)3 = v, This meana +that <, is the

W then p is smoother than g (v1).

transitive closure of <ul . We have to show that <1IA is con~

tained in 3.

Assume that a <1a' , where a and a' are elementes of A. Without
loss of generality we may assume that a' is an immediate successor
of a under <1|A'

Let a = by <p b, <yt eee <t by = 2 be a chain of immediate suc-
cegscy under <qe We show that sll the elements of the chsin are
in B uBys . Assume that b; is the first ang b, the last member
of the ckain whieoh tvelongs to Bga {(a" distiz—xct from a and &° ).

w

Then b, I a" and &L b.iq hence =a <, &<y &, in econtradiction to

our sbove sssumption or immediste succeasorship.
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Thus the chain reduces to

aCcb<bcCa,

whence b <<b' , a <«<a', and finally a < a' The lemma is proved.

From the above lemma we conclude that

P € We(g(v,)) € E(g(vg W) £ e(g(V o F)).
k

(I1) We(g(Vey FIYEL
In this part of the proof we use strictly the seme denotations
as 1in the first part. Assume that p = g(vT), where v ev;h w,
~k
v €V, and w ¢ FX, We have to show that p € L. Let w = [B,c, ™1
be the parallel product of a Ffamily of partial words from F,

which we denote by iv, : & & Ajo The partial word w ig

Alal

a(a)

4

[ . 5
g, *the [as

¥

{_(}I;agtg;yé')}, and B, T, and 2 arz %he uniow of the B
and the 3»33;, raspectively. [ ig o mapping of A4 into T. Since %

ogenre  La vy, Alal ocours in w that the index & is

wnet Lt

(BNG,<,q| gy 0] - Hence » is squal wo L{h, < |.,080]-

B+ Ap) = ¥, follows immediattely Pran the equalidy (¥)

It vemaing to ghow that p 1ls wealkly firable at LIQ in K,

Asgume  thalt ¢ snd ¥ gre dlgjoini oubgets of 4 such that C
and sack C uis}, ¢ € ¥, are loft-monotonic in A under <,l{_ﬁ,wc sat
€ := U{B_ : aeC}. It is easy t0 show that  is left-monotonicin
B unde <,l: IfTv €8 and b €3 and b <1 B , then there exist some
a end e € A such that b € B, and b € B;. We have »' e ¢, and
wo want %o show that a € ¢, Prom %the giructure of the partially
ordered sets <Ba' Ca)and(Ba.,Ea,ii'b ig eagy %o derive thet a §1 a',
Hence a e C.

We set D := (U{Be : eeE})n'g"1(’t1,,..,‘T.’k}). Thern
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(D)™ = (pEV",

Every (G\4) u{d}, d€E,1s left-monotonic in B\ A under <, |34
and so is C \A. Hence they are lefi-monotonic under the roughker
partial ordering<. Consequently oD i1is firable in N, at Ho +
+ Ank (E\4). From

My + Bg(C) = My + ANk (C\NA)Z (D)™ = (pE)”

it follows that AE is firable at M, +13N(C) in N. ®
Proposgition 20 =allows us to eatablish another characteriza-

tion of R°WePL(EN).

Proposition 21. R°WePL(PN)is the smallest femily of languages

which contains the weak derivatives of aller's, containing each
set of the form We(F*), whers F is a finite partial language, and
which 18 closed under renamings and under the operastion
(L1,L2)b—>ﬂg(L1 ryx Lz) for every alphabet Y.

Pr oo f. This follows from Propositions 17 and 20 in virtue
of the facts that

Fe(e(V 5 X)) = g(We(We(V) % We (FX))

and that We(FX) belongs to R°WePL(PN). The latter statement is

proved similarly to Proposition 18. &

3. Ssfe petrinets and regular partial languages

So Zfer we have not given a satisfactory answer to the
question "What is firability in petrinets".We have seen that wesk
firablility does not match our intuition of that concept.

In :thia section the question will be answered for safe

petrinets.
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Definition. The k-dimensional petrinet N = (T,(t7), . p
(t")y ¢ pr¥y.M,) is said to be safe 1if it obeys the following two
properties:

(1) For esch t € T: t~ + ¢ # O,

(11) Por each M: If M is reachable from M, then M(i) =1
for each i€ {1,...,k}. .

Condition (ii) says that every marking reachable from the
initial marking ls a zero-one marking(has only O and 1 as values).
Condition (is means that N contains no "isolated transitions”.
It has been added for convenience, Note thet the safeness does
not depend on the terminal marking. We say that N is safe at M
if? +the petrinet obtained <from N by teking M as a new initial
marking is a safe petrinet.

Sefe petrinets are equivalent to Petri’s cordition/event
nets (cf.Genrich et al. [4]). Their (unrensmed) partial languages
were studied by Mazurkiewicz [10].

Definition. Iet t, and t2 be two transitions in a safe

petrinet. t. and %, are said to be independent (t1 In t2) if?

1
t7(1) + t5;(1) = 1 for each coordinate i.

Obviously a transition + cannot be independent of 1tself,
Otherwise we would have t~ = O, and thizs would mean that t either
is-isolated or can generate non-O-1 markings.

If two independent transitions are both firable at a marking
at which N is safe, then the two transitions can fire simultaneous-
ly. Moreover, we have the following criterion of firability of
a bag:

Propogition 22. Iet M bYe a marking at which the petrinet N

is saefe. Then a bag U of transitions ig firable at M if and only
if the following conditions hold:
L) U(¢) £ 1 for each transition t, i.e. U can be regarded

as a set of transitions.
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(ii) For each t in U: M Z t~.
(1ii) For each pair t1,t2 of distinet transitions in U:
t1 lg_tz.

Procof. (I)‘Necessity of the condition:

(i} Since M is zero-one, M 2 t 7+t  would imply t =0. Hence
t would be isolated, or M+A(t)+A(t) would be non-zero-one.

(ii) Trivial.

(111) 1 ZM(E) = 7)) + t5(1).

(I1) Sufficiency of the condition:

Iet M é'tg (j=1,+..,n) and tj,tk be pairwise distinct and
independent. Then M(1) = t;(i)+...+t;(i), gince at most oneof the
summands is dlfferent from zZero. B

Proposition 22 states that in safe petrinets the simultaneous
firability of several transitions is equivalent to individual
firability plus pairwise independence. Hence it is equal to
Palrwise simultaneous firability. This enables us to give the
following notion of firability of a partial word.

Definition, Iet N be a safe petrinet at the marking M,
Let p = [(A,<,@}]<§§ﬂ(f), where T is the transition set of N.

We say that p is firable at M in N iff P is weakly firable
at M in N and for any two elements a and b of A the following
implication holds: If a < t then not a(a) In p(b).

{Remember that <. denotes the relation of immediete successor-
ship under <.)

Definition., Let N be a petrinet which is safe at its initial
narking. Let Mo (M1) be its initial (terminal) marking.

PL(N) := {p : p firable in N at M, and My+ A(Dp) = Mq}

is called the partial language defined by N.
The next proposition relates firability to weak firability.
Proposition 23. If N is safe then
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{p : p firable at M in ¥} = St {p : p weakly firable at M in N},
2t ¥

and
EE(N) = §§(WePL(N)).

Proof. Assume that p is firable at M in N, Clearly p is
weakly firable. Assume that p = [(A,<,3)] is smoother then
a certain q = [(4,<',p)], which 1is also weekly firable at M. Iet
< contain<', We have to show that P=q. If p # q then there are
elements a and b in A with & <+ b and not a <'b. There exists
a subset B of A such that B as well as B u {a} and BuU{b]} are laft-
monotonic in A under <'. Then pg{a,b} is firasble at M + A(PB).By
Propositicn 22 this implies p(a) In ﬂ(b). Since p 1s firable sand
a < b, this is impossible.We have shown that PL(N) S St(WePL(N)).
Conversely, if p = [(A,<,p)] € St(WePL(N)) and p is not firable,
then there exists a pair (a,b) such that a <-b and a In b.

Deleting this pair from the relation < yields a partial word
q which, by Proposition 22, is wegkly firable. But p is properly
smoother then q. This is a contradiction to p € St{(WePL(N)). @

Definition.

PL(SPN) := {PL(N) : N is a safe pebtrinety,

RPL(SPN) := {n(1Y : LE€PL(SPN) and h is an e-free renaming},

REPL(SPM) := {n(L) : LEPL(SPN) and h is a renaming}.
Partial languages belonging to the family EEEE(SPN) are called
regulaxr partial languages. _

If this notion of regularity is restricted fo languages,
we obtain RKleene's well-known regular languages.(This will follow
from Propositions 29 and 30). The generalization seems tc be
a naturel one. It 1is an interesting question whether regular
partisl lenguasges as defined above play the same role in partial
lenguage theory as the regular language do in language theory.

The class PL(SPN) has the following nice propexty;

5
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Proposition 24, If N 1s & gafe petrinet and p1,p2 are two

different elements of g}(N),then_Eg(p1)n_ﬂg(p2) = @, The proof
appears in Appendixz A. EB

Proposition 25. PL(SPN) is closed under strong restriction.

Proof. Iet I, and L, be in PL(SPN), We show that L, L,

€ PL(SPN). Assume that Iy = PL(N;) and that N; safe. We set

Ki += ﬂg(Li\. Then Ky = EePL(Ni}. By Propoesition 15:K1 ? K, =

2
WePL(W) for some petrines N. Moreover,inspecting the constructiion

used in the ©proof of Froposition 15, we check that N is a safe

petrinet. Hence PL(N) = S8(K, ? K,) = X, Il K, = L I

1 2
we have utilized the equality §1(K1!K2) = §§_(_S__‘l_:(K1)!__S_i(:_(K2)),°

e Here

cf. the proof of Proposition 11 (III)., B

Propogition 26. PL(SPN) is closed under restriction,

Proof. We show that ths restriction of two partial langusges

1, end L, in PL(SPN) alweys coincides with their strong
restriction., Assume that p and p' are in L1 ! L2 and that p is
" smoother than p'. We have 1o show that p = p'. Let Ti be the
alphabet of Li and S := T1F1T2. Let

p [(A'<’ﬂ):| H pi I:(A1,<lq ﬁi)] € I'i,

pl

[(Av<'! {5)] 4 pj‘_ [ (Aiy<’i! {51\3 € Li

and assume that conditions (i)-(iv) of our definition of S-com—

position hold for P, P, P,, and p',p;,pé, respectively. Further

assume that < contains <'.

Ir(<yu<j) is drreflexive since it is contained in Tr(< v <),
Consequently p, E; p; # @, or We(p;)nWe(p]) # §. By Propésition
24 this implies p; = p;, Hence P = p'. @

Proposition 27. Assume that L1 and L2 are regular partisl

languages, i.e. members of RSPL(SPH).
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Then the following partial languages are regular:

(1) Lyv Ly,

(2) L, * Ty,

{3} B(L,), where h iz any rensming,

() &' (1), where g is any e-frae rensming,

{5) I, ;TL2' where Y is any alphabet (in particuler: L, X L,),

(6) L1*.

P ro ¢ f. The proofs of (1)-(4) use the same constructions
a8 %he ocorresponding proofs in Proposition 17. The proof eof (5)
also wusez the construction mentioned in Proposition 17 plue the

clesure of PL{SPN) under restriction (Proposition 26). M8
Proposition 28,R°PL(SPN)oontains 21l finite partial languages.

Proodf. Pollows from Propositions 12 and 27. B
Propoaition 29, R°PL(SPH) contains all regular language=s.

Proof. Any regular language is defined by a "safe state
machine® as Gescribed inm the ©proof of Proposition 18. This is
s safe petrinet. @

Proposition 30. A language R is regular 1ff thers exists

a regular partial language L such that R = Sm{I).

Proof. If ¥ 1s8 & regulsr langusge, Hhen R itsell iz in
§f§£ﬂ3?ﬁ). (C£. Propositiom 29). Assume +that L € gfgg(srn), Ve
have %6 show that Sm(L) is a regular lsnguage. Assume that L =
= k{ZL(N)), vwhere ¥ is a safs petrinet exnd h is a ronaminé, Lpply
%0 P 3= PL(R} the congtructicn of the proof of Propoaition 16:
He(F) = Fy ? ... 7 Py, where Fy is the free week rartiel language
defizned by the 1-4dimemsiomal petriumet corresponding to the ith
coordinate of X. Eowever, sikse K is safe, during firing any
vartial word of We(F) the 1*® coordimate cammot assume any value
greater them 1. This means +that the transitioms which increase
thig coordinate must fire altermatingly with those which decrease
1%, Hemce We(P) = R1 ? +es 7 RBy,where Ry is some regular language
oontaired in Fy. From this we comclude that:
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sa(L)

h(Sm(¥We(F))) = B(Sm(R, ? ... ? R.)))
h(§EﬁR1)QD..-C)§§(Rk))
n(R,®...®R,),

which 18 a regular language. W

[}

Proposition 31. A partial language L is regular iff it admits

a representation

L= g(Vé‘}‘{ P,

where k 18 2 natural number, V is a strong derivative of
(Gﬁiﬁ)* X°"X(Gk€k’*' F is a finlte partial language over,EE u T
where T is a finite alphabet, PnEW(T' = @, and g ie a renaming.

P roof, (I) Necezsity of the condition.

Suppoae L = n(PL(N})), where ¥ ig a safe petrimet. Apply oo
yggg<ﬂx the consbtruction of Provesiition 20. We obtain & prepre-

sentation

sy
Wwhaye Vo a3 &

conbaiv isolsted transiilone, RN

aquality implies

o
<
E
4]
I
&
Y

o]

Elc
§ N o o
Aggume thet » end p' e two slesments of g(Vv ~ ¥ Y end theil o

dote

. A
. [ _ o o NS
is properly swoobner Lhean p. Both p and p' belong to HellL{®!.

Tet p = g(vy),»'= B(vii, ¥y € v W Ty o8 Vo ' owith wow @ W

2 ¥ 2 X
and w,w' € PY, Since p and p' consisgt of the same gymbols, ik
same holds for w end w' (observe the definition of F and gty and
consequently for v and v'. But this implies w = w' (due o com-
mutativity of the parallel product)and v = v (since ¥ is a strong
derivative of Wk\. By Lemma 20,1 p is smoother than g(v%) = p¥,

Hence p is properly emoothe than p.This contradiction shows the;
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s_t(gﬁg]\{ P¥)) = g(¥ ﬁ Yy,

By a similar argument'to that applied in the proof of Proposi-
tion 30 we can show that V can be replaced by a derivative V of

(G f’)* Xe.ox (6,7 )%. From
11 'k

PL(N) = g(Vo PO
Zy
follows

L = hg(V f;\ FY).
k

(IT) Sufficiency of the condition.

P 1is a regular partial language. The same is easily proved
of V. However, Proposition 27 does not =apply sutomatically,
since our representation involves parallel iteration,an operation
that does not preserve regularity.

However, since every partial word in F contains at least one
symbol from.Sk, it is evident that there muast be a natural mmber
n such that vzf:\kr" = Ve (P*x...x**). Now Proposition 27 ap-
plies. 8 n factors

Proposition 32. R°PL(SPN) is the smallest family of partial

languages containing each set {x}, where x is a symbol, and being
closed under union, serial product, renaming, Y-section and
gerial iteration.

P roo f. Follows from Propositions 12, 27, and 31,in virtue
of the facts that FX in Proposition 31 can be replaced by some
finite parallel product F*ﬁ...xF*, that parallel product
coincides with @-section, and that a strong derivative of

*
(61TH) x...x(Gka)* is the parallel product of(languagetheoretic)

derivatives of éGiTi)*. These derivatives can clearly be con-

structed from symbols by serial product and serial iteration. H
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4. On firability in arbitrary petrinets

In Section 3 we found an adequate notion of firability of
partial words in safe petrinets. If N is a petrinet and M is
a marking of N, let us define strong firability as follows:

Definition: p is strongly firable at M in N iff p belongs to

S8t({q : q is weakly firable at M in N}).

From Proposition 23 we know that firability in safe petrinets
means nothing else than strong firability. We might teke strong
firability as the notion of firebility in the general case, too,
but 1t is doubtful wether this is the most adequate setting. It
turns out that the fine properties derived for safe petrinets do
not carry over +to strong firability 1in the general case. In
Example 7 the partial words a xbe, b xac, and ¢ xab (and others)
are strongly firable. This example shows that Proposition 22 and
24 are no longer true. Example 4 falsifies Proposition 26, and
hence our proof of Proposition 27 (5) fails to carry over to the
general case.

Let StPL(N) be the partial language defined by N with respect
to strong firability, and StPL(PN) := { StPL(N) : N a petrinet},
RStPL(PN) := {h(StPL(N¥)) : ¥ a petrinet, h a renaming}. As in
Proposition 25, we can show that §3§£(PN) is closed under strong
restriction. {(Compare with Proposition 15!)4n analogon of Proposi-
tion 16 can be shown for StPL(PN) by using strong instead of weak
restriction. Finally, a "strong" version of Proposition 20 can be
proved: Assume that I € StPL(PN},or,more generally,IJeRestPL(PN).
Then there exist kX, T, a strong derivative V of Wk and a finite
partisl language F over 5 v T such that L = g(v.£; PX), for some
renaming h.The idea is the same as in the proof of Proposition 3i.

The next example shows that our notion of strong firability

involves curious consequences.
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Exsmple 8, Pigure 15a shows & 4-dimensional petrinet with

initial merking (1,0,0,1). The terminal marking is to be the same.

a)

b)

i+
Y
o
¥

aO———o

o
Q

c) —

a
5> b
Fig.15

L(N)is the language (abcf'.Two partial words belonging to StPL(N)
are depicted in Figures 15b and 15c. Since they are incomparable
under the smoother-relation, we are suggested to think of them as
representing two essentially different ways of "executing" the
petrinet., But this would mean that it makes an essential diffe-
rence whether the first occurrence of ¢ consumes a token pro-
duced by the first or the second occurrence of a, etc. Transition

¢ seems to be able to discriminate between two tokens lying on
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the same place. The reader should reflect on the question whether
this is reesonadle.

Thus, the question "Which is the adequate notion of firability
in arbitrary petrinets?" is left open.

At this point we end our discuasion of petrinet partial
languages. In the Appendices we will relete petrinet partial
languages to other partial language concepts, and give some con-

cluding remarks.
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APPENDIX A. Traces and trace languages

Definition. ITet w= [(4,%,3)] be a word in X¥, and let U
be a symmetric and irreflexive binary relation on Z,A permutation
Tof A is called a U-permutation for (A, %,(3) if for any pair
(a,a' ) of elements of A the following imﬁlication holds: if a <« a’'
and @(a)> %(a') then p(a) U p(a’).

Definition., Pwo words w and w' over X are said to be U-equi-
valent 3iff they obey representations w = C(A;&,p)] and w' =
= [(A,«, (576'1)] , where ¥ ias a U-permutation fér (A, ).

Here and in the sequel, X and the symmetric and irreflexive
binary relation U are assumed fixed.

Proposition A1.U-equivalence is an equivalence relation on )

P roof, Reflexivity is triviel.

Symmetry: If % is a U~-permatetion for (A4,%,p), then a1

is
a U-permutation for (4,«, piT'”.

Pranaitivity: If & is a U-permutation for (4,%,8) and ¢ is
a U-permutation for (A,<, T~ 1) then @ ("apply Zirst®, then ")
is a U-permutation for (A,«, (5). . ]

By the way we remark that U-equivalence is the reflexive and
transitive closure of the following binary relation: "w' is
obtained <f£rom w by interchanging two symbols which are neighbors
in w and whiéh stand in the relation U". The proof of this fact
ia an easy application of the definition.

Definition. [w]; denotes the equivalence class of the word
w under U-equivalence. (This is a finite language).

Mezurkiewicz [10] defined e trace over X (with respect to U)
as &8 U-equivalence class [w]U, and a trace langumsge as a set of
traces. He introduced operatiomns on trace languages and studied

some concept of Qefining trace langueges by petrinets.
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It was also Mazurkiewicz who pointed out the connection
between U-equlivalence clessees and partial words. This connection
will now be established in a precise manner.

Definition, Suppose p = [(A.<,(3)] € PRW(X). 1y is called a weak
U-~trace iff for any two elements a,a' of A the following implica-
tion holds: If a and a' are incomparable under =, then p(a) Up(a').

P 18 called a U-trace 1ff p € St({p : p is a weak U-tracel).
Proposition A2

(1) If w € X¥, then (Wl = Sm(p) for exactly one U-trace p.

(11) If p is a U-trace, then Sm(p) = [w]U for every w € Sm(p).

Prooft.

(I) If p is a weak U-trace and we Sm(p), then Sm(p) S [w]U.

Suppose that p = [ (4,<,®],w = [(A,%,p)],and w' = [(4,<, 3],
where w,w'e_S_n_l(p).We have to show that w and w' are U~equivalent.
Take the permutation 9 of A which obeys the following condition:
a, ' a, iff ‘Ir(a1) <<‘JT(32). T is an isomorphism of ordered sets
which maps (A4, «<') to (A,<<), This implies that the labelled
ordered sets (A,<«',3) end (A,<<,/5‘JT"'1) are isomorphiec. Hence
w o= [ (A« px7h].

It remains to show that % is a U-permutation, Assume that

a,<< a, and ‘.ir(a1) >>‘JT(&2). Then a,>' a,. Since w and w' are in

o
Sm(p), this implies that neither a, = a
p(a)) U p(a,). Assertion (I) is proved.

nor a, Za, .Hence

2 1 2

Given w = [(A,,p)] € X¥, we define a partial word [v]y :=
= [(a,<,p)] setting

a<a :<«» (a)xi(a') for every U-permutation & of (A,<<,(3).
It is evident that the relation < is a partial ordering.

(II) If w € X* then {(W)y 1s a weak U-trace, and [w]ySSm((wyy)
Suppose that a and a' be incomparable with respect to the partial
ordering = of (w)U. By symmetry we may assume that a<«a'. By the

definition of< there must exist a U-permutetion 7 for (A,<, ‘3)
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such that 9(a) > (a'). But this implies p(a) U p(a'). Hence (w)U
is a weak U-trace.

Now assume that w' e [W]y. et w' = [(A:K,ﬁﬂ’1)] for some
U-permutation . We have w! = [(A;@iﬁ)], where a1<2<'a2 : <>
W(a1)<K ﬁ(az). If a, < a,, then Sila,) <= ﬁ(a2) by the definition
of (w)y. Hence a,<<' ay,. This means that w' is smoother than <Wrg-
Hence [w]y & Sm({w)y).

Now we prove (i).From(I) and (II)follows that [w]U < sm((wyy) -

(W)U is a U-trace, for otherwise it would be properly  smoother
than some weak U-trace g, §g((w)U) g Sm(q). On the other hand,
(I) implies Sm(g) & [w]U, which yields a contradiction, The uni-
queness statement in (i) is evident, since there cannot be two
different partial words with identical smoothings.

Pinally we prove (ii). If p is a U~trace and w ¢ Sm(p) then
sm(p) € [wW]; by (I). On the other hand [w]y S Sm{(w)y), and
(w)y 1is a U-trace, too. Hence Sm(p) = Sm({wpy). This implies the
desired equality Sm(p) = [wjuq =

Henceforth we shall use the notation (w)U introduced in our
proof for the U~trace corresponding to the word w., Note that from
our proposition 1t follows +that U-traces behave like words in

some sense: The smoothings of two different U-traces are disjoint.

a/b
\\\\\ )

——

/N\/

\a
e/

Fig. 16

Exsmple 9 (taken from Mazurkiewicz [1]). Suppose that

_— = e

X := {a.b,c,d,e}, U := {(b,c),(c,b),(b,e), (e,b), (4,e),(e,a)},
w : = abcdeac, Then [w]U = {abedeac, abcedac, acbdeac,acbedac,

acebdad}. The U-trace {w); 1is shown in Figure 16.
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Proposition A3, The set of all U-traces over X is the regular

partial language

- *
L Y‘l!"‘!Yn

where {Y1,...,Yn} 1= {{x.y} :xeX, yeX (x,5) ¢ U}.
(Note that {Y.I,...,Yn} contains all singletons {x}, x € X).

P roof. By Proposition 9
L= rxw{'rf G A L PR Fa N vy,)”
The last term is equal to x* ana may therefors be omitted:
L= Q{Y;X(X\Yi)x : 1=1,...,n}

(I) Every element of L is a weak U-trace.
Assume that p = [(A,<,p)]el. Let a and a' be two elements
of A which are incomparable under< . We have to show that ;3(a) U

U p(a'). P belongs to a set

(x\{pix qy ¢ i=1,..,,n}

with b, € ¥Jy g € (X\T)". Iet p; = [“‘1'<1'/5|Ai)]"11 -
= [(A\ 4,8, @!A\Ai)] and < = Ir(<; V... V<),

If not f(a) U p(a’) then {p(a), p(a)} = Y, for a certain.
Hence {a,2'} £ A;. But<; 1s an ordering on 4Ay. a and a' must
therefore be comparable under <; and a fortiori under<.

(I1I) Every weak U-trace over X is in We(L).

Assume that p= [(A,<, )] 12 a weak U-trace. Set Ay 1=
=p~1(yy), <4 #=<|y, (#=1,...,m). By definition of Y the rela-
tion <, is an ordering. Set p, = [(B4,<qs f3|A )JEY » Q=
[(a\a,,8, Blara, )] € (X\¥y)%. Set <':= Ir(<; v...u<y). Then <'
is contained in <, and hence p isesmoother than p' := [(a,<, p)ler.

(III) Any two different elements of L have dosjoint smoothings.
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Assume that p,p' € L and Sm(p)n Sm(p') # @. By Proposition 6
this means that p N p' ¥ #. Hence there exist representations
p=[(a,<,3)] and p' = [(4,<',p)] such that Tr(<u <Vis a partial
ordering. We show that < is contained in <', Suppose that a<b,
Since p € I, < ia the transitive closure of <qVeea U<y, where <i
is an ordering om Ay :-(3'_1(11). Hence there exists a chain
8 = 8,<* ... <-ap = b such that {ay, 8, ;) S Yij(d_-O,...,m-ﬂ.M
then (ﬂ(aj), {S(ajﬂ)) ¢ U. Hence 2y and 8441 must be comparable
under <. 84419 <' ay would contradict the sssumption that Pr(< u<')

is irreflexive. Hence ay <'a, ., and 8 <'b,

+1

In the same way it is sfxown that <' is contained in< . Hence
p=02.

Now let us combine the results (I)~(III) to prove our proposi-
tion,

If p 1s a U-tramoe then p € We(L) by (II). Let p € We(q) and
q € L. Then q is a weak U~trace due to (I).Hence p = g,and p € L.

Conversely, if p € L, then p is a weak U-trace due to (I).
Iet p € We(q), where q 1s =& U-trace, Then g € L. Due to (III)
this implies that p = q, and p is a U-trace. ®

In Mazurkiewicz's wo;:k appears the notion of a regular trace
language, Iet us diascuss this notion.

Definitions. If L is a language over X then

(L)U = {(W)U T W E L}.

A regular U-trace langusge is a partial language (L)U where L
is a regular language.

Phe aerlal U-trace product of ¢two U-traces is defined by
(Mg ° (¥y)yg = (w1w2)U. (Justiftication of +this definitiomn is
left t0 the reader. The serial U-trace product of two U-trace
 languages is defined by (L1)U0<L2)U := (L,L,)y.The serial U-trace
iteration of (L)y is
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(KL)y)® = U{D, : 1eX}, where L:={e}, L, . := L o(L)y.

Example 10. Set X := {x,3,2}, U := {(z,¥), (y,x)}.Then (2x)y =
= #x, (yz)y = ¥%, and (zx)UO(yz)U = z2(x xy)g.

The eoxample ashows that the serial product is not identical
with the serlal preoduct of partial words, as it might sppear at
first esight. Gener=2lly the serial U-trace muitiplieation is
dependent on the relation U, although this is wot expressed im
our notationm.

Proposition A4. (Mazurkiewics [1]). A U-trace language is

regalar 1ff it can be built frem the U~trace lengusageas {gj and
{x} {x € X) by means of union, serial U-trace produet, and serial
O-trace iteration.

Proof: Obvious. B

Is evary vegular trace languege a regular partlal lamgunage?
The answer 4is no: Iet X := {a,b,c}, U := {(a,b), {b,a)}, Ilet
L = ({ab}*{o})*. Then (IDU = (L, $e*, where L, := {anxbn : neKJ.
(L, {c})* is a non-regular partial langunage (1%s smoothing is
a non-regular language).

Is every regular partial language a regular trace language?
The auswer 1s no: Example 7 gives a finite partial language
whick cannot be a trace language since the smoothings of its
elements are not pairwige disjoint.

Kevertheless <+there 1is a close connection bebtween petrinets
and regular trace languages. It has been pointed ont by Mazurkie-
wicz.

Definition. Iet t1 and t2 be two transitioms in a safe

petrinet. t, and 1, are said to be fully independent (t1 IX t2)

1
iff for each coordinate i the sums

-~ - + - - +
BT ES(), 45 (1) + 5 (1), 87 ()+5, (1)
are less than or equal te 1.
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Although full independeuce is a sastronger condition than
independence as defimed in Sectiom 3, Proposition 22 remains
valid if we replacs In by IN. For if t1 and ¢, are gimultaneously
firable at a marking M at which the petrinet is safe, and 1if

t;(i) = 1, then t;(i) =0 and M(i) = 1. Since ¥, is firable,

2
the marking M + A(‘cz) 18 reazchable. This must be a zero-oms
marking, Hence t;(i) = 0,

Similarly we may replace In by IN in the definition of
Pirability, without changing the meaning.

Proposition 45, If N is a wsafe petrinet, then PL(H) is a

regular IN-trace language.

Prootf, Iet M (M1) be the initial (terminal) marking of N.

(IY If p is weakly Tirable a% My, then p is a weak IN-trace.

Suppose p = L (A,<,3)]. Let a and ' be incomparable umder =.
There exist three left-monotonic subsets B, B u{a‘;, and B v {a’}
of A. Hence g(a) and 3(a') are simultaneously firable at E€O+A(pB)..
Proposition 22 says that they must be fully independent: g(a) IN
pla').

(I1) Tet » = [(4,<,p)] be a weak IN-trace. Assume that for
each subset B of A the followling implication holds: If B and
B U {a} are left-monotonic subsets of A under<, a 4§ B, then
pa is firable at L A(BB). Then p is weakly firable at M, in N.

Proof: If B and C are disjoint subsets of A,and B and
B u{c} are left-monotonic under < for each ¢ € C,then the elements
of C are pairwise incomparable under <.Since P is a weaek IN~trace
we have ple) IN @(c') for any two distinct elements ¢ and ¢' of C.
Proposition 22 says that pC is firable at M, + A(pB).

(III) If p & PL(N), then p is an IN-trace.

By (I) p is a weak IN-trace. Assume that p = [(4,<',8)] and
that p 1is smoother than some q = [(A,<,p)], < contained in<',
and that q is a weak IN-trace as well.We show that g € WePL(N).
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Assume that B and B u {a} are left-monotonic subsets of A
under<. Due to (II) it is sufficient to show that this implies
firebility of pa at M, o+ A(pB).

Form the smallest subset of A which contains B u{a} and is
left-monotonic with respect to<'. We denote this set by B' v {a}
and nssume that a ¢ B'. We show that B' is left-monotonic
under <'. If this were not true, we would have a <' v for some
b' € B.By definition of B' this implies a <'b for some b € B u {al.

Obviously b € B, We consider a chain of immediate successors:
— fe 1s =
a=b,<"...< bn. b.

Since p € PL(N), we have not p(bi_1) IN p(bi) (1=1,00e,n),
Sinece q 1s a wesk IN-trace, b1_1 must be comparable with bi
under<. b, >b; is impossible, since < £ <'. Hemee by , < b,
for i=1,...,n. This implies a < b, which contradicts the left-
monotonicity of B under. <.

Weak firability of p means M_ + A(pB') Z (p(a))”. To show
that g is weakly firable, we must prove the inequality M, +
+ A(BB) Z (p(a))”., Assume that this inequality is false. Then
there must be a @ € B'\ B and a coordinate i such that (pd)* (i) =
= 1 and (Ba) (i) = 1. But 4 is incomparsble with a under<, and g
is a weak IN-trace. Hence pd IN pa, and (pd)* (1) + (ga)~(1) = 1.
This is a contradiction.

We have shown that q e WePL(N)., Since PL(N) = St(PL(N))
St(WePL(N)), q must equal p.

P is not smoother than any weak IN-trace different from p.
Hence p is an IN-trace.

Prom (III) follows ZPL(N) = (§g(£§(ﬂ)))1n. Since Sm(PL(N))
is a regulsr language, PL(N) is a regular lﬂ-t;ZEe language. B

Proposition 24, the proof of which was postponed until this
Appendix, follows from Proposition 45.
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APPENDIX B, Path expressions

The calculus of path expressions was invented by Campbedl
and Habermann [2]. A path expression defines a partial lenguage
whose elements are called legal histories., In fact a path
expression expresses the constraints which a legal history
must fulfil. Such. a constraint may be, for example, that two
instructions be mutually exclusive (non-concurrent), or that
they must occur alternatingly, etc.

Qur explanation of the syntex and semantics of path express-—
ions follows Berzins and Kapur [1]. This involves a slight modifi-
cationaof the originai definitions given by Campbell and Habermann,

Definition. Iet X be a finite alphabet. We define the notion
of a path over X.

(i) If x € X, then x is a path over X.

(i1) I£ P, P, and P x

10 > are paths over X, then P*, P, (P1KIP2),
and (P1 * Pz) are paths over X.

Definition. Let X be a finite alphabet. We define the notion
of a path expression cver X.

(1) If P is a path over X,then P is a path expression over X.

(31) 1f PE1 and PE2 are path expressions over X,then
(PE, ! PEZ) is a path expression over X.

Definition. ¥ is a mapping of path expressions into partial
langueges defined as follows:

X(x) = {x},

E(P*) = (R(P),

E(P) := (R(P)),

E((Py v B,)) := K(P,)VE(R,),

E((2, % ) := E(P,) % K(B,),

E((PE1!PE2)) t= E(PE1) ! K(PBZ).
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Definition. Let PE be a path expression over X, The set

H(PE) := We(K(PE)1Y),

where Y is the set of all symbols of X not occurring in PE, 1s
called the set of 2ll legal histories of FE.

(H(PE) in fact depends on X, This dependence ig nct expregsed
in our notstion).

4 set of legal histories is always a partial langusge.

Our definition given above is simpler than the one givea by
Berzins and Kapur [1]. Theras the symbols (regarded as instrustion
names) are distinguished by their reference %o data objects. ILet
X be the set of symbols that refer to data object ¥ i,
X 18 %he union of all Xi'ss Let g; be the renaming which erases
all symbols not belonging to X;. A partisl word p is a legal
bistory in the sense of Berzins and Kapur 1iff for each 1 the
partial word gi(p\ is a legal history in our sense. However, this
definition ig not more general than our definition.One can easlly
construct, for each PE, a path expression PEi guch that g(PEi)
= gi(g(PE)\.Let i run from 1 to n,then the set of legal histories

in the sense of Berzins and Kapur is
We(K(PE ... !1PE)ITY),

which 1s a special case of a set of legal histories in our sense.

Proposition B1. et L - be a partial language over X, L is

the set of all legal histories of some path expression iff T

admits a representation

L= We(l, ! ...t L),

where L1..-.,Lm are partial langusges obtained from the singletons
{x}, x€X, by application of union, serial product, serial iters-
tion, and parallel iteration.

Proof. (I) Necessity of the condition.
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Let L = We(K(PE)!Y*). Then X(PE) = X(P)i...1K(R ) for some

paths P1""’Pm~1' We set Li

Sufficiency of the condition: Let L = We(L,!...!L ).There

exists a Dath expression such that K(FE) = Lyteset L s Moreover

.= - vX
: E(Pi) and Lm = YX,

we can achleve that every symbol of X cccurs in the expression PE.
Then A(PE) = We(K(PE)) = L. @&

The last proposition allows wus 1o compare sets of legal
histories with petrinet partial languages.

We (({ab}x{c}))*'is obviously a set of legal histories.If this
partial lenguege 1is 1in WePL(PN) then thé reachabllity problem
for petrinete is unsolvable. (Cf. our discussion following Proposi-
tion 17 ).

If paraliel iteration is excluded from the operations availa-
ble for constructing paths,we obtain the regular path expressions.
Any set of legal histories of a regular path expression is in
WePL(FN), moreover 1t has the form We(L), where L is a regular
partial langusge.

The exsmple Wef{a x a} shows that there are evea finite partial
languages which are not definable by path expressions. This is
due to the defect consisting in paraellel product not being availe-
ble for constructing a path., (Note that We{a xb} is definagble by
a path expression 1f a # b, beceuse {axbd} = {a} ! {b}).
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APPENDIX C. Concluding Remarks

Partial laenguages allow us to describe the bYehaviour of
algorithms that in volve concurrent events, at a certain level of
abstraction.We have learnt to apply several operations to partial
languages. We have found characterizations of several families of
partial lenguages in terms of these operations (in a weak sense
for arbitrary petrinets,and in a strong sense for safe petrinets).
We heve also seen how Mazurkiewicz 8 trace languages and Campbell
and Habermann's path expression languages fit into our concept.

Incidentally we have opened a wide field of open problems.
Let us summarige at this point the most important open probvlems
and areas of future research.

(1) As we stated 1in Section 4, the question "Which is the
adequate meaning of firahility of a partial word in an arbitrary
petrinet?" is open. Adequacy means that the notion of firability
should reflect our intuition of <the capability of a petrinet
(unlike strong firability, cf. Example 8),and that it constitutes
a partisl 1lasnguage family with reasomable properties. An import-
ant criterion is the closedness under Y-section.

(2)Short of 2 more adequate notion one should study the motion
of strong firability (cf. Section 4) more thoroughly, An inter-
esting question is the following: Is {p, : ne N} in StPL(PN)
or in REStPL(PN) ? Here P, is the pertial word over {a,b,o}
depicted 1in Figure 17. (Cf. Example 8). Note that this partial
language can be obtained from three recursively emunerable
languages by parallel iteration, (strong) restriction, and
renaming, Since 1t 4is hard to prove that.ggg(PN) does not con-
tain all recursively enumerable Ilanguages (see Greibdach [5]),
it aseems hard to prove that our question posed above has a

negative anawer.
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(3} In our introductory remarkas we stated that partial
languages reflect the property of a control structure to be deter-
minate. A precise notion of determinacy in terms of partial
languages remains to be formulated. It should formalize the idea
that a partial word which is "legal® (i.e. which can be gemerated
by the determimate oontrel structure at a fixed initial state)
hes, in some senge, at moat one legal contimmation.

Propogition 8 then provides a method of checking whether
a control structure composed of simpler compenents is determinate.

(4) Besides determinacy there are a variety of other proper-
ties of ocontrol structures which can be formulated in terms of
partial languages. Examples are liveness and termination. It is
desirable to know the conditions under which these properties are
invariant under several operationa. This would provide necessary
knowledge for the correct synthesis of control structures. It is
also desirable to have more operations available than those
mentioned in Section 1.

(5) When studying interconnections of control structures

one would think of them as capable of an input-output behavior.
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Thus we need a generalization of the well-known sequential
machine. This 1s & machine that tramsforms partial words to
partiel words. Such a machine could be based on a petrinet. Hence
we have a new class of operatioms on partial languages: transduoc-
tions definable by various types of machines.

{6) The notion of a partial language 1s connected with that
of the degree 0f parallelism of a computatiomr. Let the length of
a partiasl word be the length of its longest ordered subset, anrd
let its parallelism degree be the cardinality of its largest
totally unordered subset. An important task is to minimize the
length of a partial word by maximizing its parallelism degree.
A precise formulation of +this task should be given. Algorithmic
solutions of the task and thelr effect on partial langnages. should
be studied.
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