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A b s t r act. The paper studies the behavior of control 

structures of algorithms designed for (partly) parallel, execution. 

A generalization of Peterson's c~putation sequence set, the par­

tial language. is discussed, which reflects the concurrency of 

events. In particular,the families of partial languages definable 

by Petri nets and by safe Petri nets are investigated with respect 

to closedness under certain operations. Trace languages (Mazurkie­

wicz) and path expressions (Campbell and Habermann) are included 

in the considerations. 
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1. Introduction. This Paper deals with algoritbas designed 

for (partly) parallel execution. The analysis of such an algorithm 

(e.g., in order to decide correctness or equivalence) is in gene­

ral an extremely difficult task. 
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For some purposes it may be sufficient to analyze merely the 

control structure underlying the algorithm. 

In traditional (serial) algorithms the control structure can 

be understood as a (possibly infinite) directed graph whose vert­

ices · are called states and whose arcs. called tranaitions. are 

labelled with ins+.ructions. Here an instruction is regarded as 

being something indivisible and uninterpreted;hence it is fUlly 

adequate to assume instructions to be symbols of a finite alpha­

bet.The set of label words corresponding to paths which lead from 

an initial state to a terminal state of the graph is called the 

computation sequence set [13J of the control structure, or simply 

the language defined by it. Which of the computation sequences 

belonging to the set is (or can be) really executed depends on 

the interpretation of the instructions and on the actual data to 

which the algorithm is applied. 

If the nnmber of states is finite. then the computation sequ­

ence set 1s a regular language. However,as it is .often convenient 

to regard algorithmic devices as being capable of infinite memory, 

there is no imperative reason to restrict considerations to con­

trol structures with finite state sets. 

Peterson [12 J and Peterson and Bredt [14] investigate a variety 

of classes of control structures with possibly infinite state 

sets, such as petrinets, par~llel program schemata, UCLA graphs 

etc., and compare them via the families of languages defina~le 

by them. For example, petrinets define a family of langnages 

which properly contains the family of all regular languages. This 

family has been studied by Peterson [13J , Hack [6J, Starke [15J. 

Greibach [5J, and others. 

However,the concept of petrinets,aa well as the other control 
I structure concepts appearing in Peterson s comparative study, are 

designed for modelling "parallel" (or "concurrent") systems of 
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algorithmic processes. i.e. systems in which events can occur 

concurrently. which means that they occur in no definite mutual 

ordering with respect to time. This property is not sufficiently 

reflected by the computation sequence set, for in a computation 

sequence the events (instruction executions) are forced into 

a linear ordering. 

In discussing the next examples, as well as in considerable 

parts of the subsequent sections,we assume the reader:s familiari­

ty with petrinets. (See Peterson [11J, Starke [18] for an explana­

tion of the basic notions). ')0 
b a 

b) c1 

b 

C) ~ 
b 

0++0 
Fig. 1 

~~~E~e_!: Figure 1 shows three petrinets with their initial 

markings. Assuming terminal markings suitably chosen, we see 

that they all define the same computation sequence set, namely 

tab, ba}. It is, however, obvious that in the net of Figure ~ 

the events a and b can occur concurrently, while in the first 

two nets they cannot. This difference is not reflected in the 

computation sequence set (the language) of a petrinet. 
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To overcome this defect we shall introduce the concept of 

a partial word. For example, "parallel multiplication" of the two 

symbols a and b yields the partial word a x b. Thus the partial 

language defined by our three nets are {ab, bat, {ab, ba}, and 

{a x b} • respectively. 

Partial words seem to give a more adequate description of what 

a control structure can do. This becomes evident if we are 

interested in properties like determinacy. In our example the 

net of Figure 1c is determinate in that it can generate a single 

pa.rtial word only, while the first two nets are indeterminate. 

In this article we shall introduce the concepts of partial 

word and partial language and formulate first results of partial 

language theory. The concepts are not really new; they appear more 

or less explicitly in Mazurkiewicz [10J, Winkowski [17J. Campbell 

and Habermann [2J, Berzins and Kapur [1J, but have not been 

systematically studied by those authors*. 

Another notion very similar to that of a partial word is the 

notion of a process in Genrich [4J. 

PreviOUS work on partial languages definable by Petri nets 

has been confined to safe (1-bounded) Petri nets, i.e. Petri's 

condition/event systems. In this paper we try to extend theoon­

cept to what is now usually called a Petri net (cf. Hack [7], Pe­

terson [13J), or sometimes a place/transition system.It turns out 

that the basic notion (" p is firab le in N at M") has no evident 

"canonic.al" generalization. Thus the natural ideas of the special 

case (the case of safe Petri nets) become ambiguous and doubtfUl 

when carried over to the general case (In our paper we start with 

the general case and then specialize to safe Petri nets). 

*After completing this paper the author receiyed a paper which 
does report a systematical study. (Winkowski [18J). 
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Thus, two f'amilies of partial languages will be considered 

in this paper: petrinet * partial languages and regular partial 

languages (partial languages of safe petrinets). They are investi­

gated with respect to closedness under certain operations. Typical 

partiaL-language operations are: parallel produot, parallel itera­

tion, Y-section, and restriction.We shall give canonical represen­

tations of' petrinet partial languages which correspond to known 

canonical representations of petrinet languages. 

Related concepts such as trace languages (Mazurkiewicz [10J) 

and path expression languages [1,2J are included in our conside 

rations. 

~he reader should be aware of a phenomenon occurring, e.g., 

in Figure 1a • There are more than one transition labelled with 

the same symbol. We say that the transition8 of' the petrinet are 

renamed. The transitions labelled with identical symbols could be 

understood as calling the same operation. Hence there may occur** 

partial words in which a symbol i8 self-concurrent, whioh means 

that it occurs at two positions which are incomparable (with 

respect to time, causality or what-ever you think of). The two 

occurrenoee then represent two control events oalling the same 

operation. (In unrenamed and ssfe petrinets such a situation is 

impossible). If' you decide that such a situation is undesirable, 

you have to . solve a "mutual exclusion problem". (That IS why we 

need partial languages: they enable us to give such problems 

a precise meaning). 

Since partial words are more difficult to handle than words, 

our considerations will sometimes oontain unpleasant technioal 

difficulties. The author hopes that fUrther experience in using 

the concept will help to clear the underwood. 

* Oonstructions like this led the author to write "petrinet", 
inatead of "Petri net", benceforth. 

**(~hough IIOt in our example). 
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I am grateful to Peter Starke, who introduced me to Petri net 

theory. and to the referee. who helped me to revise and,hopafully, 

to improve the paper. 

Some terminology 

By !. we denote the 8et of all natural IlUmbers (including zaro), 

by uk its k-fold cartesian power. 

A partial ordering on a set is an irreflexive and traD8itiv" 

binary relation; if < is such a relation it should be clear what 

is lIleant by a<. b, a >b, a ~ b, and a ~ b. < is said to be an 

ordering iff for any two distinct elements a and b we have a <. b 

or b > a. a <. b means that b is an immediate sucoessor of a under 

<. 

The transitive cloBUre of a binary relation a is denoted by 

fr(R). We shall frequently use the fact that if a is contained 

in 8 partial ordering then Tr(R) is a partial ordering. 

Mappings from a set A to a set B will be regarded 8S subsets 

of the cartesian produot A X B; this explains what is aeant by 

the union of two lIlappings. There will appear only suoh mappings 

f from A to B that for eaoh a e A there exists a unique b € B with 

(a, b) E f. We shall use the abbreviation f: A-B. 

The restriction of a lIlapping f: A - B to a subdo.a1n A' ~ A 

is denoted by fI A •• Similarly alA' is the restriction of the bina­

ry relation R to the set A' • 

The sign := (:~) 1e used in definitions. It seta the 1eft­

hand side equal (equivalent) to the right-hand side. 

The end of a proof 1s denoted by a square •• 



2. Partial. words and partial languages 

Basic definitions 

Definitions. A labelled partially ordered set over the alpha­

bet X is a triple (A.<,~) where A is a finite sat, < is a partial 

ordering on A. and ~: A-X. 

Two labelled partially ordered sets (A,<., (3) j1nd (A' , <', (3') 

over X are said to be isomorphic iff there is an order iso­

morphism f: (A,<) --- (A' , <') such that (3' f .. (3. 

A partial word over X is an isomorphy class of labelled 

partially ordered sets over X. The class containing (A,<.p) is 

denoted by [(A,<,~)J. 

The set of all partial words over X is denoted by PW(X). 

A partial language over X is a subset 
of !!(X), 

Words are special partial words 

whose underlying partial ordering is 

an ordering. As usual, we re~ard sym­

bols (elements of X) as special words. 

Thus we have Xc .!.(X) c PW(X), where 

!(X)denotes the set of all words Qver 

X. A language over X is a subset of 

!(X). The empty word (isomorphy class 

of the empty set) is denoted by ~. 

A partial word [(A,<,(3)] Is said 

to be pUre if ~ is a one-to-one 

mapping. 

The above definition, as well as 

many of the definitions to follow, 

use a repl'esentatl ve of an isollOrphy 

class. The necessary proof that it is 

a) d 

/ 
8. 

~ 
c 

b/. 

b) /b~ 
a. .!l 

~ / 
c 

c) 

a 
a 

a 

Fig. 2 

independent of the choice of the representative is always left to 

the reader. 
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~~P~~ ~._ If o onvenient" we represent a partial ,word by 

a grapn with labelled vertioes. The meaning is obvious. Pi~re 2 

shows three examples of par\ial words. The first of them is pure 

(assuming that a,b,c,d be pairwise distinot). 

Double monoids 

We shall consider a variety of operations on partial words 

and partial languages. Let us start with two "multiplications". 

Definitions. The serial pro duo t of two par\ial words is 

defined by 

[(A'<'(3)] * [(A',<',P')] := [(AUA',<'~(3U~')J 

where A n A' • ~, and 

a < 11 b : _ 8 < b or a <' b or a ~ A and b £ A' • 

The parallel product of two partial words is defined by 

[cA,<,(3)] x [(A' , <',p')] :,. [(AuA' ,<u<', (3 urt)] 

where AnA' .. ~ 

The star * for serial mnltiplication will normally be omitted. 

The operations and 

t1 * L2 :"' {P1 * P2 

L1 x L2 :'" {P1 X P2 

are extended to partial languages: 

P1 Eo L1 and P2 E L2 } 

P1 E. L1 and P2 € L2 t. 

Definition. A double monoid is an algebra(M, *, x, ~) withiwo 

binary operations * and x and one O-ary operation ~, which fuUils 

the axioms 

P1 * (P2 * P3) = (P1 * P2) *P3 

P*!."'P 



p x.!. .. p. 

Proposition 1. Under the previously defined operations the 

set !!(X) forms a double monoid. 

Proof. Immediately from the definitions. 

While every word can be built up from symbols by applioation 

of * and.!.. the three operations *. X. and ~ are not sufficient 

to constru.ct every partial word from symbols. In :Figure 2 the 

second and third partial words have representations a *(b x c) * a 

abd a x a x 8, respectively. while the first one cannot be built 

up in this way. 

Defin1 tion. Let .M,.(X) denote the double monoid generated by the 

set X within the double mon01d (PW(X). *. x, .!.). 

Proposition 2. !leX) 18 the free double monoid generated by X. 

Proof. We shall merely outline the proof. 

It should be clear what i8 the difference between an element 

of ~(X) and its representation by an expression built of symbols 

of X and functional symbols *, x, ~. For example, the two 

expressions x x y and y x x represent the same element of M(X). 

What we have to show is that if two expressions represent the 

same element of M(X), they can be transformed into each other via 

application of the axioms. 

A partial word 1s said to be *-reducible (x-reducible)iff it 

has a representation p .. P1 *P2 (p • P1 x P2' as product of non­

-empty partial words. 

The proof prooeeds in the follOwing steps: 

(1}It is shown that a partial word oannot be both *-reducible 

and x -reducible. 
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(2) Let p E ~(X) be represented by the expression T. By sole 

application of the axioms l' can be transformed into an expression 

1'1 * T2* ... *Tn (if p is*-reducible) or T1 xT2 x ••• X Tn(if pis 

X -reduci ble) consisting of * -irreduci ble, resp. X -irreducible, 

factors and representing again p. This is shown by induction on 

the "height" of T. 

(3) If T1 * ... *Tn and T~ * ... *T~. are two suoh "irreducible 

representations" of the same partial word, then n = zr.', and Ti 

and T~ represent the same partial word. 
I 

Similarly, if T1 x ••• x Tn and 1'1 x ••• x Tn' are two "irreduci-

ble representations" ot the same partial word, then n .. n', 

and the expressions T
1

, •••• Tn represent the same partial words as 

T; •••• ,T~ up to a permutation. 

From the observations (1)-(3) the proposition is easily 

derived. • 

As we have observed above.~(X) is properly contained in PW(X). 

How can we decide whether a given partial word [(A,<,~)J is in 

M(X)? It is sufficient to do this for pure partial words, tor if 

e: A ~A is the identioal mapping, then [(A,<.(3)] is in !!(X) if! 

[(A,<,E)] is in~(A). The following proposition answers the ques­

tion. 

Proposition 3. Let [(A,<.~)J be a pure partial word. Without 

loss of generality we may assume that (3" e: A _A, the identical 

mapping. The following conditions are equivalent: 

(i) [(~,<,~)] E .M.(A) . 

(ii) Ii' a,b,c,d e A, a < C, a < d, b < 0, a ~ b, C ~d9 the~, 
1- ':1> 

b <:: d. 

The situation. described by condition (il) May be visualized 

by a pioture 
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showing the assumed ordering between a.b.o, and d. It 8uch 

a picture occurs then (assumed that condition (ii) holds) we know 

that b < d. 

Proot. 

(1) (i) implies (11). 

The empty word trivially fulfils our condition (i1). The same 

holds tor each symbol (element of A). It remains to show that 

oondition (11) is invariant under the operations * and x. 

Assume that Pi Q [(Ai '<i,6i )] tulfil the oondition (ii), and 

that Al n A2 -~. Let Pl P2 .. [(Al u A2,<, c)]. Assume a situation 

to be given and the conclusion b < d not to hold. Then b ~ Al 

or d i A2• The cases are symmetric to eaoh other; we consider the 

case b ~ A1 only. Thus b € A20 But then 0 E A2 and a € A2• Since 

P2 fultils condition (ii). we have bEd. 

The proot for the parallel product is similar. 

(In (11) implies (i). 

We have to show that: Ifa pure partial word p fultils condi­

tion (ii) ,then it is empty or a symbol, or it admits a representa­

tion P = P1 * P2 or P = P1 x P2, where P1 and P2 are non-empty. 

Since condition (ii) is hereditary to the subwords Pl and P2,this 

is sui'ficient. 

Suppose that p is not empty and not a symbol.Let p = ITA.<,e)], 

Let B be the set of all minimal (under <) elements of A. It B is 

a singleton, we have p = [(B, < I B' £IB)] * [(C, <Ic' c:l c)]' C:- A \ B. 

and Je are done. Suppose now that B contain more than one element. 

Cas e A. Let there exist a partition B m Bl U B2 1ntotwo 

non-empty subsets such that no element ot Bl has an upper bound 

(with respect to<) in common with any element of B2• Then we set 
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there is a b1 € B1 with b 1 ;; a}, 

there is a b2 € B2 with b2 ~ a}, 

and we have p = [(A1 '</A ' cIA )] xUA2'</A ' t/A )Jo 
·1222 

Cas e B. Assume that no such partition exists. For any two 

elements of B we take their minimal common upper bounds under <, 

if such common upper bounds exist. These upper bounds ~orm a set 

Co' Choose the maximal elements of Co' obtaining a subset 01' Let 

D be the subset of all elements of A which are not comparable 

under < with any element of °1 , Add the minimal elements of D to 

C
1

, obtaining a totally unordered subset C
2 

of A. Each element of 

A is comparable with some element of 02' We also know that B and 

C2 are diSjoint. 

(1) Let b e Band c E 02' Then b < c. 

By definition of B there exists a b ' E B with b ' < c. Assume 

J t t b b b'of that b r b.There exis s a sequence b· 1"'" m = elements 

of B with the property that bi and b i + 1 have a common upper 
/' 

bound c i ' ci can be choBen from 01' We assume that the sequence 

is of minimal length. If m > 2 then we have a configuration 

_c 
~ m-2 

-..> cm-1 

By condition (11) this implies bm < cm_ 2 0 Thus bm and bm_2 
already have a common upper bound. which contradicts the assumed 

m1nima1ity of m. The conclusion is that m ~ 2, and b has an upper 

bound in common with b', namely c 1• If c = c 1 then we are done. 

If c * c1 then c is incomparable with c 1• Applying condition (ii) 

to the configuration 

yields b < c. 
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Now we define another set E: 

E := {e e e A and e has an immediate successor in C2}. 

(2) Let e € E and c e 02. Then e < c. 

e has an immediate successor c' in C2' e < c'. Assume that c+ 

-I c· • 

Cas e (A' c' e C1 
By definition of C

1 
we may assume that there exist two ele-

ments b, b' of B such that c' is a common upper bound to them while 

e is not. Hence b ~ e or b' ~ e. Assume that b ' i e. Applying con­

dition (ii) to the configuration 

b'-c 
~ 

e -c' 

we obtain e < c. 

Cas e (B) c' € C2 '\. C1• 

e' is a minimal element of D. Hence e ,D, which implies the 
1I 

existence of 8 c" € 01 with e < c • We have reduced Case B to Case A-

Now we define 

A1 := {a : a € A and there is a c € 02 with a < c} 

A2 :.= A '\. A1 • 

A1 is non-empty since B ~ A1• A2 is non-empty since 02 ~ A2• The 

set of minimal elements of A2 is 02" 

(3) If 8 1 e A1 and a2 e A2 then a, < a2• - If 8 1 e A1 then 

a 1 < c for a certain c e C2• Hence a1 ~ c for a certain e E E. This 

implies a1 < c for all c e 02. On the other hand we have c ~ a
2 

for some 0 E 02. Thie implies a1 < ~. 

We have found a partition p la [(A1'</A
1

' e/A1 )J*[(A2,<IA
2

' lIA/J 
This completes the proof. 11 

Smoothing, weakening and strengthening 01' partial languages 

Definitions. Let P and q be partial words. We say that q 

is smoother than p if they obey representations p .. [(A,<,P)] and 

q ,. [(A.<~t3)] such that < is a subset 01' <'. 
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We (p) : ~ {q : q is smoother than p} ia oalled the weakening 

of p. It is a finite partial lancuage containing p. 

Sm(p) :== Weep) n ~(x)is called the smoothing of p. (We euppoae 

that p e PW(X»). This is a :finite non-empty language. 

Let L ~ PW(X). 

We(L) := Ut Weep) : p E. L} is called the weakeniIlg of L. 

SmeLl := We(L) n ~(X) is called the amoothing ot L. 

St(L) := {p : p € Land p is not smoother than any other qeL} 

is oalled the strengthening of L. 

L is called weak if We(L) == L, and strong if St(L) ~ L. 

From these definitions many exercises for the reader result, 

e.g. the equalities We(St(L» ~ We(L), Sm(st(L» • Sm(L) , 

St(We(L» = St(L), or the equivalence of the two oond:ttions ilL is 

a language" and "L is weak and strong". 

Applioation of the operation Sm projects notions and tacte 

of partial language theory to those ot language theory. It 

is this kind of connection which will guide us in our following 

considerations. An exsmple of such a projeotion is the shuffle 

product: 

Definition. Let .,w'e~(X). The shuffle product of w and .' 

is wllw':= {u1v,u2v2 ••• ~vm: m E.!, u, ••• ~=w, v, ••• vlI"'.'},a fi­

ni t e language. 

Let L, L' C .! (X). The sbnffle product of L and L' is 

UtW \lw': w EL, w' EL'}, denoted by LII L'. (Cf. Eilenberg [3J) 

Proposition 4. -Sm(L, *L2) Sm(L,) *Sm(L2), 

Sm(L, x L2 ) :: Sm(L
l

) 11 Sm(L2). 

Proof. Trivial •• 
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Serial and parallel iteration 

Definitions. Let L be a partial language. 

L*:'" U {Mn n 6 N with Mo := {~1, Mn+1 :'" Mn*L. 

LX :'" U {Nn n € N with No := \!1. Nn+1 := Nn YL. 

If L is a language then we set 

L 11 :'" U {Pn : n e .~J, with Po := f~1, Pn+ 1 := Pn 11 L. 

L* (Ll(: L") is valled the serial (parallel; sllllffle) iteration 

of L. 

The serial iteration is known from language theory; for 

languages it coincides with Kleene's star operation. 

(Sm (L)) *, Proposition 5. Sm(L*) 

Sm(Lx) (Sm(L))", for any partial languageL. 

Proof. Immediately from Proposition 4 •• 

Example 3. Suppose that L·= tab) with a ~ b. L*coneiete ef 

all words of the form .abab ••• ab, with nE!.. 
n times 

LX consists of all partial words of the form abxabx ••• xab, with 
'-v---" 

n e li. n times 

L" is the so-called Dyck set over {a,b}. It consists of all words 

p e{a.b}* such that #a(p)=,\(p) and #a(r)~~(r) for any initial 

segment r of p. (#x(w) means "number of occurrences of x in w"). 

From this example we learn that shuffle iteration does not 

preserve regularity. 

The Y-section of partial languages 

Let us now turn to the most typical operation with partial 

languages. Look at the two partial words depicted in Figure 3. 

Although they are not identical, they have something in common. 

They do not describe the same execution of a control structure 
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but, in a sense, consistent executions, in that their smoothings 

are not disjoint: Sm(u) n Sm(v) .. {abcabdl. 

a~ /a~ 
c~ d 

b/ b/ 
v ,; 

u 

/b~ /b 
a a 

~c/ ~d , 
"V 

.I 

v 
Fig. :3 

Fig. 4 

An adequate operation for describing the "degree" of con­

sistency between parti~l words or partial languages ia the Y-sec­

tion. 

partially ordered sets over X 

is the Y-composition of (A1'<1'~1) 

(1) 

(11) 

(111) 

(iv) 

A .. A1 U A2, 

A1 (1 A2 .. (3-1 (y), 

~1 = ~IAi (1=1,2), and 

< .. Tr «1 u <2) • 

and Y ~ X. We Bay that (A,<,fo) 

and (A2'<2'~2) iff 



Definition. Let »1' P2' and p be partial words. We define 

p e P1? P2 

: ~ there exist representatives 

(A1, <1' P1) of P1' 

(A2, <2' (12) of P2' 

(A, <, ~) of P 

such that (A,<, (3) is the Y-composition of (A1 , <1,(31) and (A2 , 

<2,(32)' 

P1 y P2 is called the Y-section of P1 and P2• 

The Y-section of partial languages is defined by 

The Y-section of two partial words is always a finite partial 

language. The {a,b,c,d} -section of the two partial words shown 

in Figure 3 is tabcabd}, while their ta,c,dl-section consists of 

one partial word shown in Figure 4. Observe how the partial words 

belonging to P1 9 P2 are formed: P1 and P2 are stuck together at 

points carrying symbols from Y. 

It is easily established that for languages over I the X-seo­

tion coincides with the intersection. This is generally not true 

with partial languages: 

Example 4. Let u := b xab. Then u f\ .i = lb X ab, a(b Xb)}. 
-- - - - - - a,b 

Note that the ~-section always coincides with the parallel 

product. 

Proposition 6 •. For any two partial languages L1 and L2 over X: 

We(L
1 

('\ L
2

) = We(L
1

)f"'IWe(L2 ), 
X 

Sm (L1 ~ L 2
) = Sm (L

1 
) f"'I Sm (L

2
) • 

Consequently the three conditions 

We(L1 ) f"'I We(L?-) ;i ~, 
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Sm(L
1

) rt Sm( L
2

) ~ ~, and 

L1 r. L2 ~ ~ 
X 

are equivalent. 

Proof. We have to prove the first equality only, and it 

is sufficient to do this for partial words. 

Let p be in the X-section of P1 and P2 and let q be smoother 

than p. By the definition of the Y-section, relativized to the 

case Y = X, this means that p:: [(A,<,(3)], Pi = [CA'<i'(3)] (i=1,2), 

and q = [(A,<',(3)], with Tr«1 U <2) = <: ~<:'. Hence <i ~<:', and Pi 

is smoother than q (i=1,2). 

(lI) We(P1) n We(P2' ~ We(P1 rt P2). 
X 

Let q be weaker than P1 and P2. We can choose A and ~such 

that, together with partial orderings <', <1' and <2 on A, they 

specify representatives for q, P1' and P2, and such that <1 and 

<2 are subsets of <' • But then Tr «1 u <2) ~ <'. The partial word 

p = [(A, Tr«1 u <2),13)] belongs to P1 ("\ P2' and q is smoother than 
X 

p •• 

Proposition 7. The operation of Y-section is commutative and 

associative, for any fixed Y. 

Pro 0 i.The commutativity follows from the obviOUS symmetry 

in the definition. 

To prove aesociatlvity, it is sufficient to show that 

p E P
1 

("\ (P2 ("\ P
3

) is equivalent to the existence of repreaenta-
Y Y 

tions p = [(A,<,(3)] and Pi = [(Ai'<i.(3i)] such that 

( i a) A 1 u.A.2 u A3 :: A, 

(11') A1 n.A.2 = A2liA3 = A1 liA3 = ~-1(y). 

(11i') (3 I A '" f!i (i= 1 ,2. 3) , 
i 

(iv') < = Tr«1 u <2 u <3). 
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The proof of this statement is 8 s~raighttorward applioation 

of conditions (i)-(iv) above and is left to the reader. D 

The operation of Y-section reflects what is meant by the 

synthesis of a complex control structure from simpler components. 

Consider, for example; Hoare's concept of "Communicating Sequen­

tial Processes" (Hoare [8J). There we have a Variety of algo­

rithms A
1

, •••• An operating on individual memories and oommunioat­

ing vdth each other via distinguished communication statements. 

Ai can pass a message to Aj if and only if both algorithms 

are ready to execute the appropriate communioation statements. 

If we forget about the concrete operations executed by the algo­

rithms and consider merely their control structures, we may 

assume that Ai I S control struoture defines a partial lan~e 

Li over an alphabet Xi' Xi contains names of the communication 

statements belonging to Ai.Let cij be the name for "communication 

from Ai to Aj ", and let C be the set of all these symbols.Then it 

seems reasonable to require that the partial language of the 

whole variety be L, n L2 n ••• n Ln. 
C C C 

Conditions of unambiguity 

Example 4 shows a Y-section of partial words which oonsists 

of more than one partial word. In this example the way of stick­

ing the two components together is "ambiguous" in that it is not 

uniquely determined by the components. This ambiguity, in the 

general oase. oan give rise to nondeterminacy of a composite 

control structure even if its components are determinate. (We 

still leave the conoept of determinaoy to the reader's intuition). 

Le~ us look for conditions under whioh such an ambiguity cannot 

occur. 
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Definition. We associate with each partial word p = [(A,<,~)] 
its 8utomorphisms. An automorphism is a permutation of A which 

is an isomorphism of labelled partially ordered set,s represent­

ing p. An automorphism is said to be trivial on Y if it has 

all elements of ~-1(y) as fixed points. The whole automorphism 

group of P is sain to be trivial on Y if every automorphiam is 

trivial on Y. 

Proposition 8. If the automorphism groups of P1 and P2 are 

trivial on Y then P1 ~ P2 consists at most of one partial word p. 

Proof. ASSum/ that p = [(A.<,~)], p/= [(A,<',~)], Pi '"' 

[(Al'<i' (31)] = , [(Ai'<~,(3i)]' and that (A,<,~) is the Y-composi­

tion of (A 1'<1,(31) and (A2'<2,(32)' while (A,<',~) is the Y-com­

position of (A 1,<;.P1) and (A 2,<2,P2). We have to show that p=p'. 

There exists an automorphism fi of Pi which maps (Ai'<i,Pi) 

on (Ai,<~,(3i'.By our assumption this automorphism is trivial on Y. 

We may form the union f = f1 u f2" This is an isomorphism between 

(A,<, (!» and (A,<~ (3). Hence p = P". III 

Call two symbols x,y concurrent in p = [(A.<,{3)] ift there 

exist two incomparable (under<) elementsa,b of A such that 

~(a)=x and ~(b)=y. If x is concurrent with x then x is said to be 

self-conourrent . 

The following is easily verified by the reader: If p has 

no self-concurrent symbol belonging to the alphabet Y then the 

automorphism group of p is trivial on Y. The absence of self-con­

currency in the components is thus a sufficient condition for the 

Y-section to be unambiguous. In the partial word u of Example 4 

the symbol b is self-concurrent. 

Restriction of partial languages 

The following operation is a generalization of Hack's and 

Starke's "restriction" of languages, the latter being refeITed to 
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as smooth restriction in this paper. We prefer the use the autho­

rized word "restriction" although it not very suggestive).Restric­

tion expresses that a control structure, when joined with other 

control structures, is "indifferent" to exactly those symbols 

which do not occur in any partial word generated by it. The notion 

is mainly of technical importance. 

Definition. The alphabet 01' a partial language L ~ PW(X) is 

the set 01' symbols which occur in at least one number of L. It is 

a subset 01' X. 

Definition.Let Ll and L2 be partial languages whose alphabets 

are X
1 

and X2 , respectively. 

:=L ~ 
1 X nX 

1 2 

is called the restriction 01' Ll and L2 • 

In contrast to the operations introduced heretofore, restric­

tion cannot be defined elementwise. 

Example 5. Set 

Then 

t v} '" {a .....,. b }. while {u, d}! {. v} '" ~. 
~c-d 

Proposition 9. Let L1 and L2 be two partial languages whose 

alphabets are Xl and X2, respectively. Let X1 U X2 g X. Then 

(L1 X (X2 \X
1
)x)" (L

2 
X(X

1
\X

2
)X), and 

X 

(2) L1! L2 = (L1 X(X'-X
1
)x) f\(L

2
X(X\X

2
)X) f\(X

1
VX

2
)X. 

X X 
Proof, Set y := X

1 
nx

2
, 

(1) The inclusion from left to right is shown as rollows: 
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AI!I8ume that P € P1 1'1 P2' Pi €.Li • Choose representations 
y 

p" [(A.<.J3)], Pi '" [(Ai'<i'~i)] such that (A.<.(3) is the Y-com-

poe1t1on of (A 1'<1,. f31' and (A 2 '<2.(32). Set ri:= [(A\Ai'~'~IA\Ai)J. 
fhen r i €. (X3_i \ Xi)x, and Pi x r i E Li x (X3_i \ Xi) x. :Prom Pi x r i • 

• [(A'<i' (3)] and Tr«1 u <2) '"' < we conclude P € (Pl x r 1) ~ (P2x:r2)· 

The inclusion from right to left is shown in a completely 

analogous way. 

(2) Let L' (L") be the right-hand side of (1), (2) .!hen 

L" .. (L' x (X, (X1 UX2))X) 1'1 (Xl u~)x.Since Xl UX2 is the alphabet 
X 

of L', from this equality one easily concludes thatL' • L". • 

The above proposition allows us to give. a formula for the 

smooth version of :restriction. 

Definition. Given languages L1 and L2 wDose alphabets are 

Xl and ~, we define 

and call this operation smooth restriction. 

Smooth restriction appeared first in Haok's and Starke's 

theorems on oanonical forms of free petr1net languages, cf . 

starke [1]. 

Proposition 10. Sm (t1 I L2 ' .. Sm( L1 ) ® Sm( L2 ) • 

Proof. Immediately from Propositions 4.5,6. and 8 •• 

Weak and strong restriction 

Definitions. Suppose Ll'~ = PW(X). 

L1 ? ~ := We(L1 L2 ) is oalled weak restriotion. 

L1 !! L2 := St(t1 ~) is called strong restriction of L1 and L2• 

The reason why we introduce these operatiOns is that the 

operation cxf restriction does in general preserve neither weakness 

nor strength. 
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Proposition ". Restriction, weak restriction, and strong 

restriction are commutative and assooiative operations. 

Proof. The commutativity follows from that of the Y-sec­

tion. 

Let us prove the associative law. 

(!) Restri.ction is associative. 

From formula (2) of Proposition 9 one derives by induction 

the formula 

1-1 ...... n 

This formula implies the associative law. 

(11) Weak restriction is associative. 

We prove an auxiliary equality 

We(L, ! L2 ) ... We(L1 ! We(L2)). 

The inclusion from left to right is trivial . since We is a 

closure operation preserving the alphabet of a partial language~ 

For the converse inclusion let q" [(A,<',j'3)] be in P1 nq2' 
Y 

where ~1 e L1, q2 E We(L2), and Y is the intersection of the 

alphabets of L1 and ~. p, and q2 have representatives (A"<"~1) 

and (A2'<;'~2) whose Y-composition is (A.<~~). Especially we 

have <' ... Tr«1 u <'2)' q2 is smoother than a certain P2= [(A2• <2' 

(32)] € L2, with <2 ~<~. Then <:= Tr«, u <2' ~ <', and q is sm;o­
ther than [(A,<, (3)] E P1 9 P2 g L, ! ~. Hence q € We (L1 ! L2). From 

our auxiliary equality the associative law directly follows, 

(Ill) Strong restriction ie associative. 

Again the proof proceeds via an auxiliary equality 

The proof of this equality is a simple application of the 

definitions; we leave it to the reader. The assooiative law is 

an evident consequence. • 
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Renamings 

In the subsequent sections it will be useful to study the 

effect of renamings on partial languages. 

Definition. A renaming is a mapping 

h: X -y u L!!.1. 
By 

with 

B := {a : a e A, h~(a) ~ !} 

the renaming h is extended to a mapping h: PlY (X) _ PR (y) • 

Words are mapped to words; this is the usual extension of a 

renaming to a length-decreasing monoid homomorphism .!(X) -- !(y). 

A renaming is said to be ~-free if heX) ~ Y. If L :;; PlY (X), we 

define h(L) := {h(p) p e: L}. If L' ;; PW(Y) then h-1 (L') := 

tP : p € PW(X) and h(p) € L'}. The latter operation on partial 

languages is called inverse renaming. 

constructing partial words from symbols 

Let us return to the question how partial words can be 

constructed of symbols. We saw that parallel and serial product 

are not powerful enough for this purpose. 

Proposition 12.Any (non-empty)partial word can be constructed 

of symbols by use of the following operations:serial and parallel 

product, restriction, and (~-free) renaming*). 

*AS the referee pointed out, the list of operations is 
redundant. Parallel product can be omitted since it can be 
generated from ~-free renaming and restriction. Serial product 
can be replaced by some extension of renaming. 
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Proof. Any (non-empty) partial word is obtained from a 

non-empty pure partial word by an(~-free) renaming. Without loss 

of generality the pure partial word is assumed to be p:z [(A,<, t» 
where e is the identical mapping on A. Set q: :s [(A, ji1, e) ] • 

q is the parallel product of the symbols occurring in p. p is the 

restriction of q and all words aa ' , where a, a' e A and a < a'. • 

Unlike the characterization of !(X) as the free monoid 

generated by X, this method of building partial words in PW(X) 

generally uses symbols not belonging to X. 

Weakness and renamings 

The following lemma will be used in the next section. 

Proposition 13. Application of a renaming to a part1.al 

language preserves weakness. 

PrOOf. Assume that L = We(L) ~ PW(T) and h : T ~ Xu{~} 

is a renaming. We have to show that We (h(L»= h(L). 

Suppose that p [(A,<.~)J eLand pi :I h(p) and q'smoother 

than pi. We have to show that q' e heLl. Assume that p' ; 

=[(A',,,,~ ~')J, where A' :: {a: BEA and hf3(a) 'I ~}'<'=<IA"J3'=h(3IA" 
Let q' = [(A', <'. ()')]. and let <, contain <'. We define 

< :; Tr« u <'), a binary relation on A. 

We show that <: lA' = <'.Assume that c <. d for two elements of A'. 

By definition of <: this implies 

Since c1 <. I di • we have ci' di EO A' (i;1, ••• , n-1) • Consequently 

di <'ci + 1 (i=O, •••• n-1), and di <' ci+ 1• Thus we have c <'d, and 

this means <: lA' ;; <'. The converse inclusion is trivial. 

Now we show that < is irreflexive. Assume that a < a for 

a certain a e A. Since a 1: a, there must be a b E A' such that 

a ~b <. a. Hence b<b, and b <'b. This contradicts the irreflexi­

vity of <.'. 

, 
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Now we set q := [(A,<,~)J. q is smoother than p since < con­

tains -<:. Since L is weak we have q EO L. Finally we see that h(q)= 

:: [(A'. < lA" ~')J = q'. • 

3. Weak partial languages of petrinets 

In this section we shall study families of partial languages 

which are definable by petrinets. The petrinet concept is one of 

the widely-used models of control structures involving concurrency. 

We assume the reader to be familiar with this concep1;.Nevertheless 

we repeat some basic definitions, thereby introducing the nota­

tions to be used in this paper. 

Definition. A petrinet of dimension k i s a 5-tuple 

where T is a nonempty finite set, t+ and t- are vectors in~, 

and Mo' M1 are vectors in !k. 

The triple (T, (t-)t E T' (t+)t E T) constitutes what is some­

times called a generalized Petri net. For simplicity we have 

omitted the word "generalized" and added the initial and terminal 

vectors Mo and M1 to the specification of a petrinet. The above 

triple may (and occasionally in this paper it will) be visualized 

by a finite dl.rected graph with vertex set T u { 1, ••• , k} and edges 

leading from T to {1 ••••• k} and vice versa, namely t-(i) edg~s 

from i to t and t+(i) edges from t to i.The elements of {1, ••• ,k} 

are the places . and the elements of T are the transitions of the 

petrlnet. Any vect or ME";.!? is called a marking of the petrinet; 

M(i) is the number of tokens in place i at marking M. Mo (M1) is 

called the initial (terminal) marking. 

!~B!.p.!~ ~ C,onsider the 2-dimensional petrinet 

N .. (1, (t-)tET' (t+)tcT,Mo,M1) 



4.53 

with T = {t1' t 21, t~(1) a t;(2) = t 2(2) t; (1) • 1, 

t'1 (2) t; (n t'2(1) = t;(2) = 0, 11'10 (1) = 11'1
1

(1) 
= " 

)(0(2) = M1 (2) = O. The graph representation of N with the marking 

Mo (=M,) is shown in Figure 5. 

1 

!'1g. 5 

Definition. (The next definitions refer to a fixed petrinet 

N "" (T, (t-)t eT' (t+)t e T' Mo' M,». If M is a marking, then we 

say that a transition t is firable at M if! M ~ t-. The result of 

firing t at M is the marking M + ~(t), where ~(t) := -t- + t+. 

(Comparison and addition of vectors are defined componentwise). 

So far we have repeated well-known basic conoept of petrinets. 

We hope that this will help the reader to get aooustomed to our 

terminology. Noraally at this point the notion of firing is 

extended to words, embedding the concept of a petrinet into that 

of a (possibly infinite) automaton. But we intend to define 

firability of partial words.For eXBmple,in the petrinet of P1gure 

1c) we wish not only the words~, a, b, ab, and ba, but also the 

partial word a X b to be firable at the shown initial marking Mo. 

!Uia is natural, since Mo ~a- + b-. (In other words, at the 

marking)(o the transitions a and b are simultaneously enabled to 

fire. They fora a "firable bag"). 
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Definition. Let X be a finite alphabet. A bag of elem.nts of 

X is a mapping of X into~. If U is a bag and x E X then U(x) 

1s called the multiplicity of occurrence of x in U. 

A bag is nothing but an N-set [3J or, equivalently. an element 

of the free commutative sem1group (with unity) generated by X. 

By the way we remark that a bag U could be identified with 

a partial word, namely a parallel product of symbols which oon­

tains the symbol x U(x) times. This identification is coherent 

with our notions of firability to be defined below. 

In the following the petrinet N with transition set T is 

assumed fixed. Let 6be the above defined mapping of T into k-di-

mensional veotors of integers. 

Definition. Let U be a bag of transitions. We set 

U- E{U(t)·t - t E. T}, := 

u+ := 1:: {U(t)·t+ t € Tt, 
MU) := - U- + u+ :2 J; {U(t)o..6(t) : t EO T}. 

We say that U is firable at the marking M iff M ~ U-. 

Definition.Assume that p = [(A,>,p)] is a partial word Over T. 

If B is any subset of A then we set (~B)(t) := card {a a E B, 

~(a) = t}. ~B is a bag of transitions (elements of T). 

Definition. Let A be a set and < a partial ordering on A. 

A subset B g A is said to be left-monotonio in A under < iff 

the following implication holds: If b E B and a < b, then a £ B. 

Definition. Let p = [(A,<.~)J be a partial word over T and 

let M be a marking of N. p is said to be weakly firable in N 

at M iff for any two disjoint subsets Band C of A the following 

implication holds: 

If Band ea oh B U {o l (c e C) are left-monot onie in A under < , 

then {3C 1s firable at M .~ ~ ((3B). 

Weak firability of partial words is a direct generalization 

of firability of words in the usual sense. The left-monotonio 



455 

eets are generalizations of the initial sebmenta of words; the 

reader may think of a left-monotonio eet ae a possible intermed­

iate situation during the firing of the partial word. 

Definition. Let K and.' be markings of N •• ' is said to be 

reachable from • in N iff there exists a partial word p • 

[(A,<,~)] suoh that p is weakly firable at M in N and M +l1(pA)=X' • 

.1 (pA) will be abbreviated by Jl(p). 

The set of all partial words weakly firable at a given 

aarking ie a weak partial language. In the net of Figu.re 1 c) 

the firability of ab and ba now appears as a coneequence of the 

weak firability ofax b. As we remarked in our introductory 

disaassion, the mutual 

in t .he weakly fira ble 

not inherent in the 

ordering of the ocourrences of a and b 

words ab and ba 1s samewhat artificial, 

petr1net. A natural notion of firabi11ty 

should exclQde ab and ba. - Further disouesion of this point 

is postponed to a later section. For the time being we are 

satisfied with weak firabil1ty. 

_~~~~e_}.:. Figtlre 6 

initial marking Mo· 

the transitions a,b, 

a 

shows a 7-dimensional petrinet N with 

(1,1,1,0,0,0,2). In this net any two of 

and c are simultaneously firsble at Mo' 
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while a, b, and c together are not. Examples ot weakly f1rable 

partial words are abe, (a><b)c. and axbc. Qxbxo is not weakly 

firable. 

Definition. The weak par·tial language defined by the petrinet 

N = (T, (t-)tET' (t+)teT' Mo' 1111) ia 

WePL(N) :'" {p p €. PW(T), p weakly firabl .. at Mo in N, 

Mo + ~(p) = M1}· 

The language defined by the petrinet N is 

!(N) : = ~(N) rt .!(T) = Sm(WePL(N». 

Definition. Let EN denote the class of all petrinets. 

WePL( PN) : '" {WePL(N) : N €. PN}. 

RWePL(PN):= {heLl : L € WePL(PN), h an .!.-free renaming}. 

ReWePL(PN) :- {heLl : Le WePL(PN), h a renaming}. 

The elements ot WePL(PN) are called free, or unrenamed, weak 

petrinet partial languages. The elements of ~(PN) are called 

~-free (-renamed) weak petrinet partial languages.The elements of 

ReWePL(PN) are called (renamed) weak petrinet partial languages. 

Due to Proposition 13 all the partial languages belonging to 

these families are indeed weak ones. Smoothing the above families 

yields language families l!(EN) , RL(PN) , and ReL(PN), which are 

well-known from the literature. (In Hack [1J these families are 
l' lI. 

denoted by Lo' Lo. and Lo' respectively). 

Proposition 14. !!(PN) c- WePL(PN). RL(PN) c- RWePL(PN), ReL(PN) c­

c ReWePL(PN) • 

Proof. The inclusion is shown by eqUipping a given 

petrinet with a "run place", which oarries one token and is con­

nected with every transition via a lOOP:~ This run place 

serializes the firing of trall.sitions. For the new net N' we have 

WePL(N ') .!:(N)... 



457 

Closure properties 

As Hack [6]. Starke [15], Greibach [5], and others did with 

petrinet languages. we want to characterize the families of 

partial languages just defined in terms of closure properties. 

We confine ourselves to WePL(PN) and ReWePL(PN). 

First we observe that WePL(PN) is not closed under union, 

Y-section. parallel and serial product . and parallel and serial 

iteration. (Some of these oparations fail to preserve weakness, 

but even if we rees-tablish the weakness by application of We, the 

resulting operations do not preserve membership in WePL(N)). This 

folLOWS from corresponding properties of ~(PN) [6,15].However, we 

have 

and 

Proposition 15. VlePL(PN) is closed under weak restriction. 

Proof. Assume that two petrinets 

N' = (T'. ( .. -,) " t E Tt. 

N"-(T" (-11) (+11) "") - ,t t € T'" t t e. p'" Mo ' M, 

be given, with dimensions k' and kIf and possibly overlapping 

transition sets p' and T". We set T := T' v Tit and U := 'J!' n Tit. 

We define a petrinet 

of dimension k' +k". It is constructed by "sticking together" 

N' and Nil at t -t· b 1 rans~ ~ons e onging to U. More precisely, we set 

MO := (M~) 
M" o 

M1 := (M~) , 
M" 

1 
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if t ET' \ T". 

if tET"\T', 

if t eu; 

analogously we define t+. 

SUppose that LI:= WePL(N'), L" := ~(N"). We assume that 

T' (T") be the alphabet of L' (L"). (Transitions of TI(T") not 

ocouring in any partial word of L' (L") could be omitted). We 

show that WePL(N) = L' ? LII. 

(!) ~(N) ~ LI? L". 

Assume that p E WePL(N). Define two renamings hi and h" 

setting 

hll (t) is defined analogously. 

(i) pE We(h' (p) ("\ h"(p». 
- U 

if t e T' 

if t eT\. T'; 

Assume p = [(A,<,t3)J. Then hI (p) = [(AI, <lA" h' f3IA')]' with 

A' = {a: 8eA,hlt3(a)E.T'}.SilIlilarly hll(P) = [(A", <IA",h"f3IA,,)J, 

wHh A" = {a : a € A, h" (3(a) € T"}. We set ~:= Tr«IAiu<IAII ).This 

is a partial ordering sinoe <lA' \.I <I A"~<. The latter inclusion 

also implies that -< ~ <. Hence p is smoother than q := [(A.~, ~)J. 

and q e h' (p) ("\ hll (p). 
u 

(11) hi (p) EL' and h" (p) E LII. 

The two statements are analogous to eaoh other, and we prove 

the first one only. 

Let B' and C' be subsets of A'. and let B' and each B' v {c}, 

c e C', be left-monotonic subsets of A' under </t. Form the 
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smallest subset of A which is left-monotonic under < and contains 

B'uicl. and denote it byQo' / 

We show that B : = U {Qc : c EO C' } \ c I is a left-monotonic 

subset of A under <. Take a E A and 1> E B such that a <: b. Then 

b E Qc for a certain c e C', and b , C~ Hence a E. Qo' Assume a E C'. 

Since b c Qc' we have b ~ b' for a certain 0
1 

€ B I U {c 1. Hence 

a<IA' b ' , which oontradicts the assumption that BI as well 

as B' u {cl and B' u tal are left-monotonic under <lA" Consequent­

ly a E Qc" 0 1
, and a 6 B. 

Now we show that each B v {c 1. c E C'. is left-monotonic 

under <:: Assume that a e A and a < c. Then a €. Q
o

' If a € Cl then 

a and c would be comparable under < I A" But this is excluded by 

our assumption. 

From the facts derived above we conclude that ~Cl is weakly 

firable at Mo + A(~B), i.e. 

Projeotion on the coordinates belonging to NI yields the 

inequality 

M~ + .1'(~B') ~ (~CI )-'. 

(Note that (3(B \ B') consists only of transitions not belonging 

to the set T'). 

We have shown that ~Cl is firable in N' at M~ + .1' (~B' ). 

Consequently h' (p) is firable in N' at M~. To show that h' (p) E L' 

we have to prove the equali ty M~ + [)., (f3A') = M;. But this follows 

from Mo + ~(~A) = M1 by prOjection on the coordinates belonging 

to N'. Hence hi (p) € L'. 

From (1) and (1i) our statement (I) follows immediately. 

(ll) L'? L 11 ~ WePL(N). 

It is suffic1ent to show that L' ! L" ~ WePL(N). Let p' € L' 

and pi' e L". This means that p' (pI!) is weakly tirabe at M~ CM") o 
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in N' (Nil) and that M! + Ll'(p') = M' o 1 
and M~ + Llu (pI!) = M~. We 

have to show that for each p e pi ('I pU P is weakly firable at Mo 
U 

in N and Mo + Ll(p) = M,. 

Let p '" «A,<. (3)J. pI and p" have representatives (A ' , <'. (3') 

and (.11.". <". ~tI) whose U-composition !fJs (.11.,<, (3)' Let Band C b e 

disjoint subsets of A such that Band B u {c} are l~ft-monotonic 

subsets of A u.nder<, for each c E C. BnA' (BnAtI) i s left­

monotonic in A' (A") u.nder <' «"l. We part C into thel'e subsets: 

C' := C n (A' \ .11."), C":= C ('I (A"\ A'), D := C n A' n A" ,Then for 

all 0 e C' u]) the set (B n A' ) v {c t is a left-monotonic subset 

of A' under<', and so for all c E C" uD the set (BnA")u{c1 

is a left-monotonic subset of A" under <: ". 

Hence 

and 

M~ +l!."(~"(B" A"» ;;; «(3"(0" u D»)-II. 

Combination of the two vector inequalities yields 

Hence p is weakly firable at Mo in N.lrom M~ + 6'(p') = M~ and 

M~ + .1"(pll) = M~' follows Mo + .1(p) = M1• Thus we have shown that 

p € Wel'L(N). • 

The closure property shown above suggests the question 

whether the partial languages belonging to Wel'L(PN) admit 

a canonical representation involving weak restriction and. 

pOSSibly, some other operations. We shall give such a representa­

tion. For simplicity (not for essential reasons) we confine our­

selves to pure petrinets. The reader should try to eliminate this 

technical restr1ction, 
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Definit i on. The k-dimensional petri net N ~ (T, (t-)t ~ T' 

(t + ) t e T. Mo' M 1 ) i s ca 11e d a pure petri net if for eaoh coordina­

te i € t 1 •••• ,k} and each t € T the inequality t-(i) + t+ (i) ~ 1 

holds. 

This property means that the graph representation of the net 

contains no rrr ... ltiple area and no c.ircui t6 of length 2. 

Besides weak restriction our canonical representation will 

involve derivatives. 

Defini tion. Let L be a partial lafl.guage and let p and q be 

partial words. The weak derivative e~(L) is defined by 

c9~(L) := {r : prq e We(L) 1 . 

The weak derivative is always a weak partial language. If L 

is a language and p and q are words then aP(L) coincides with the 
q 

well-known derivative of languages. 

Defini tion. E:'" {6", 't'}, X k := {6" 'i;'" ••• ,uk' 't;k } • 

)( J X X 
W := t6"'C}, Wk := ~6', 't",1 :x: ••• x {6k 't"k} • 

Let ~h 
j denote the weak derivative 

denote the weak derivative 

uh r.\h, ••• ~ a Jew), and let cVj j 
~ 1 ' " k 

~h 
j 

with 

is the unrename d weak partial language of the net of FigtU'e 7 

h, ••• hk in! tial marking h and terminal marking j. fi) j . is the 
1· · · Jk 

unrenamed weak partial language of the net of Figure 8 with 

initial marking Mo(i) == ht and terminal marking M1 (1) = ji" 

Be~jQes weak derivatives we shall need strong derivatives. 
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51 ~O )I~ 

Fig. 7 

011 ~O --1'[;"1 
X1 Y1 

• 
• 
• 

Ok/ ~O .\'rk 
Xm Yn 

Fig. 8 !'1g. 9 

Definition 

is called the strong derivative of L with respect to p and q. 

The stron g derivatives of Wand Wk will be deno·ted bY.@~ and 

t.7\h1,···, ~ ,p respectively. 
-j1,···,jk' 

Proposition 16. Assume that L ~ PW(T). There exists a pure 

petrinet N w1 th L:; WePL(N) iff L admi.ts a representation L = 

= L1 ? ••• ? ~, each Li being of the form g-1(V), where g is an 

~-free renaming and V is a weak derivative of W. 

(Note that inverse ~free reDBm1ngs trivially 

weakness). 

preserve 

Proof. (l) Any partial ~nguage admitting the representa-

tion is defined by a pure petrinet. 

Let V be a weak derivative of W, V =:D:t: • and let q: T ~ :£ 
J 

be an ~-free renaming. Then g-1 (V) :: ~(N), where N is the net 

shown in Figure 9 w1 th initial marking h and terminal marking j. 
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Thus g-1(V) is defined by a pure petrinet.lt remains to show that 

if L
1

, •••• ~ are defined by pure petrinets then L1 ? ••• ? ~ is 

defined by a pure petrinet. This is shown by applying to L1, < •• ~ 

the construction of Proposition 15. That construction obviously 

yields a pure petrinet. 

(II) Any partial language L = WePL(lO, where N is a pure 

petrinst, admits the requ ired representation. 

Suppose L ,. WePL(N), where N is a k-d1mensional pu:re petrinet. 

Let Mo (M
1

) be the initial (terminal) marking of N. Cut N :i.nto k 

one-dimen ... ional nets Ni (1:1, •• •• k). Ni being of the fol"i.li. shown.:In 

Figurs 9 wj,th in! tbl (tenninal) mark1ng Mo (1) (M1 (1) ). Let L1 

'" ~(1!i) " 'I'll,en L '" 1:1 ? • •• ? l1t. It remains to show that each 

L'1 i8 of the i'o:m g-1 (In where V is a weak de:dvat:i.ve of W" This 

:'c~ egs~.l:r verifiep, by looking at the net of Figv.re Sl antI defining 

g (:lI;.1 ) t:Il • • • r"g (Jr
Jll

) r.: 6" O-71U g(y 1 ) ... . .. :::g (Yn) :< '!;. 1lI 

PropositiDn 16 ha!!! its lO 8ll!.ooth c1J'Wlterpart" in El th~,ol"®lII. of' 

StSl"KS [1 J on the eanonioel ;:'~:pnaentation of' r-et:r:1ns"/i langua,ges . 

Nol'! let us turn to the family ReWePL(PN). 

Proposition 17. Aeeil.we that LpL2 E RSwaPL(PB). Then the :fol-

lowing partial languages belong to ReW9PL(PN): 

(1) L1 u L2, 

(2) L1 * L2 , 

C~) h(L1), where h is an arbitrary renaming, 

(4) g-1(L1), where g is an ~-free renaming, 

(5) \fe(L1 r; L2 ), where Y is any alphabet. 

Pro \) i.Suppose ~ .. ht(WePL(l{i»'~: Ti~~ Ut!..' (1=1,2). 

(1) We have to oonstruct a net B and a renaming h such that 

h(WePL(lO) ". L1 u L2 • 

This i s don~ in th0 eame way as in the corresponding proof 

for language8 [6J: The two nets are combined in the manner shown 

in Figure 10 na start trana1t10llB 8 1,82 and end trane1t1oDtl 
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e"e2• si generates the initial marking .oi in Ni' and ei erases 

the terminal marking Ma in Bi" The initial marking (termiJaB.l 

marking) of N is 1 on the place START (the place END)and 0 on all 

other places. The renaming h 1s defined by 

h:'" h, v ~ v {(sp!), (s2'!)' (e l ,!), (e2 ,,!)}. 

(2) Closure under seriel product 

Assumptions are as in (1). The construction of N 1e suggested 

by Figure 11. 

Pig. 11 

(3) Closure under renaming 

Trivial from the definition. 

(4) Closure under inverse ~-free renaming 

An easy application of the definitions: If g: Y ~ Xi 

an~ x E X1 and h(t) = x then we replace t in the net N by 

a collection {ty : g(y)=xl of transitions, with t; := t- and 

t; := t+. We set f(t y) := y. It, however, h(t) = ~ then we -don't 
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replace t, and we set f(t) := ~. For the resulting net N the 

equality f(WePL(H ' » .. g-1 (L) holds. 

(5) We may assume that T, and T2 , the transition sets of the 

two petrinets,are disjoint, and that Y ~ x, u X
2

.Set Fi :=WePL(Ni? 

Consider the partial language obtained from Fi by replacing 

each symbol t E Ti with h(t i ) .. y IS Y by the word t l y tit. (t' and 

tU are fresh symbols). Denote this partial language by F~.We show 

that Fi is an unrenamed weak petrlnet partial language: Split in 

Ni each transition t with ht(t) = y IS Y into two transitions t' 

and tU connected with each other via an additional place and also 

connected with additional places Py and qy in the way shown in 

Figure 12. For each y € Y we have one place Py and one place qy. 

We connect them via a transition named y, as shown in Figure 13. 

Fig. 12 Fig. 13 

The net obtained in this way, call it Ni, with the new places 

marked initially and terminally zero, generates Fi. 

Now define a renaming hI as follows: 

h' (t') := h' (t") := .! if t E Ti and ht(t) € Y, 

h' (t) := hi(t) if t E Ti and hi(t) e Y, 

h' (y) := y ify E Y. 

Then Li ~ h'(Fi),and We(L1 ("'I L
2

) = We (h'(F; ('"\ F;» 
y - y 

Due to Proposition 15 this is in RePWePL(PN) •• 

~ ) te that our list of closure properties does not contain 

serial and parallel iteration. There are good reasons for this on 
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the langaage level: If there exists an algorithm to solve the 

reachability problem ~or petrinets, then (dLo c)* is not in 

ReL(PN), where Lo 1s defined as Lo '" {a~n : nE!..3 and a,b,c,d 

are distinct symbols. (Cf. Greibach [1J) But (d Lo c)* 

"" (d Lo 0)11 n (d {a,b}* c)*. The latter set is regular and hence 

in ReL(PN). The result ia that closure of ReL(PN) under either 

serial or shuffle iteration would imply the unsolvability o~ the 

reachability problem. 

On the other hand, the parallel iteration yields petrinet 

partial languages if applied to regular languages. 

Proposition 18. If R is a regular language then We(R%)€ 

ReWePL(l'N) • 

Proof. It is easy to see that every regular language R is 

defined by some petrinet of special type,satisfying the following 

equations: 

1 for each t € T, 

(In common terms of petrinet theory, such petrinets are called 

"sate state machines"). We have R = ..!!.(N) = WePL(N). There is 

exactly one place i with Mo(i) = 1 (M, (i) = 1); we oall this 

place the start pl~ce (the end place). Now we augment N with 

Sta.l't pLace End place 

Sl--~ e 

New pLace 

Fig. 14 
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two new transitions 8 and e and one new place , connected with the 

original net :!.n the way shown in Figure 14. The new inl t:l..al and 

terminal marking shall be zero on all places. Let N' denote the 

net obtained after these modificationg. I,ut h be the l"en8JJi.ing 

which erases sand e and leaves all other symbols invariant. The 

reader easily checks that h(WePL(N')) = We(R%) •• 

The closure properties of ReWePL(PN) sho'wn in Proposition 17 

suggest the question for an algebraic charactel'ization of this 

family in terms of the operations mentioned in that proposition. 

SUch a characterization may be based upon Proposition 16: 

Proposition 19. R8 WePL(PN) is the smallest family of partial 

languages containing all weak derivatives of Wand closed under 

weak restriction, inverse ~-free renamings. and renamings. 

The proof follows from Propositions 16 and 17 observing the 

fact that every partial language in ReWePL(PN) can be defined 

by a pure petrinet. • 

Let us try to give another characterization. 

Proposition 20. SUppose L E WePL(PN). Then there exist a 

natural number k, a strong derivative V of Wk, a finite partial 

language F and a renaming g such that 

x 
L = we(g(Vl,'~ F». 

Proof. Suppose that L = WePL(N)where N is a petrinet with 

initial (terminal) marking Mo (M1). Without loss of generality 

assume that its transition set T is disjoint with .Ek • 

With each t € T we associate a partial word Ut. which 

contains ~i exactly t-(i) times, for i=1, ••• ,k, and no other 

symbols, and whose underlying partial ordering is empty (this 

means that Ut is the parallel product of its symbols). Similarly 

we assign to t a partial word vt , which contains 5
i 

exaotly 



468 

t+(i) times and is the parallel product of these symbols . 

Then we set wt := Ut t v t • This is a partial word over2k uT • 

We define 

g(C3"i) := g('t'i) :=~. 

get) := t 

t ET}. 

h1 •••• , hk 
We set V: £D . j. This is a strong derivative of Wk Vie 

J 1· •• 0, k 

have We(V) WePL(Nk ), where Nk is the petrinet of Figure 8 with 

initial (terminal) marking Mo (111 ). 

We will show that 

In the subsequent formulae we shall use the symbols L',N and 

~N for better discrimination of the !J. -map pings of Nand Nk • 
.It 

(1) L ~ We (g(V Br ]'x)). 

Assume that p = [(A. ~, (3)] cL. In a first step we construct a 

partial word u over Lk u T by replacing in p the symbol. t by 

the partial word Wt. for each t € T.u is defined as follows: 

Assume that w~(a) [(Ba' ~,ra'J, and that the Ba's are pairwise 

disjoint. It is convenient to assume that a itself belongs to 

Ba' By name, a is that element of Ba whose Ta-image is in T.Thus 

raCa) = ~(a). - Set B :=UiBa : aEA}, t:= U{Ta : aEA}. Define 

a partial ordering « on B setting 

b «b :~ there exist a.a' E A with a --: a', b E Ba' b' E Ba' 

or there exists an a E A w1 th b [a b' • 

We Bet U:= [(B , <-<, r)J. 
Now we claim that the restriction of u to B 'A is in wePL(Nk' 

.1 Nand f). N enj oy the foll.owing relation: 
k 
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IJ. -aY (r(B \ {s 1» for all a EA. (*) From this we oonclu­
Dk a 

Hence it remains to show that the restrict10n 01' u to B \. A 

is weakly firable at Mo in Nk• 

Let C be a subset of B \ A which is left-monoton1c under «IB\A 

the seme shall be true of C v {d} for each d € D, D another subset 

of B \ A disjoint with C. We have to show that at Mo + AN (re) the 
k 

bag oD is firable in NkoWe can think 01' the transitions belonging 

to this bag as belonging to t~1'."'~k1, since the other transi­

tions of Nk are anyway always firable. To C. we add ae ma~ 

elements of A as necessary to obtain a set C' ~ B which is left­

monotonic under« in Band 1'or which ea oh C'v{dl, d € D, is left­

monotonic under «in B as well. As a consequence C' n A is left­

monotonic in A under ~ • 

We set E := {e : e eA, Be n D ~ ~}. Then each .01' the sets 

(C'n A) v{e1, eeE, 1s le1't-monotonic in A under~. Por if a~e 
I 

and e e E then a «d 1'or a certain de D, hence a e C. From this 1 t 

follows that pE is firable at Mo + 6 N«(3(C' ("\ A» in N. In other 

words: 

From equality (*) above follows 

The set Ut Ba: a € C' n A 1 is nearly equal to C' since C' is left­

monotonic. Closer inspection shows that it may differ from C'only 

in that it contains some more elements ArO " ... -1 ( J IZ r.: 1\ H ~ m D ~v1' •• "~kV. en-

ce 

t. N«(3(C' (\ A) ~ l1N (r(e' \. Al) =.61'1 (rC). 
k k 
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On the other hand 

JiIence 

Sum..'1larlz:Lng the inequalities deriv,,,d above we obtain 

which was to be shown. 

We bJ.:lV13 proysd that ll/B\A € WePLJ.Nk } = !.€!(V). Consequently 

u!B\" is smooth,?)? than a cartain VEV'. Let -0 '" [(B\A,<.rIB\A)]' I ..... 

In the n~xt stteP We defin€-; ano"th8r partial wOl~d w over T uI!ko 

• -'-h '>1 ' 1 -'- ""1' a '~"m;'''- +h-,.nu""h r Let w .t~S \~.e para:,;._ '3,.:... prO(.11Cv. Ol b_J~ 'N t3 (a.'i ...J,.U .. ~ -- ..... ·'-1.6 .J _.-" b -.~.~ 

[ be the 1].)')io:" of the [a's. Then Vi = [(3,[ .r)], 

11 is smoot her than w. u, :rrust be cor.tained La the intersection 

We(v x TX) 1"1 We(w). HenCG (v x TX1 ~\ W f ;J 8:').9 to Proposition 
.E'k vT 

10. But this implies v 0 w -I fJ. 

Lemma 20.1. If 

Proof. 

Llk 

V 1 EO v ""'" vg then p 19 smoother than g (v 1). 
..Ek 

Let [(B, < l' r) J = v 1" This means that < 1 is the 

transitive closure of <v [. We have to show that <1/A is con­

tained in ~. 

Assume that a <1a'. where a and a' are elements of A. Without 

loss of generality we may assume that a is an immediate successor 

of a under < 1 I A· 

Let a = b o <1" b 1 <,. •.• <, bm = a' be a chain of immedia·te suc­

cessor under < 1. We show that all the element s of the chain are 

in Ba u Ba' • A SSUllle that 0i is the first and hi the last memoer 
" 

of the eh.ai,]:1 which "t'elongs to Ball (a" distinct :from a and a' ). 

Then 'b i [" a" and all [ b.i • hence a <1 a" <1 a', in contradiction to 

Our above aes1Imption on immediate successorship. 
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Thu~ the chain reduces to 

a C b <: b ' [ a' • 

whence b «b', a <:< s', and finally a <: a'. The lemma is proved. 

From the above lemma we conclude that 

pE We(g(v
1

)) ~ We(g(vc-. w» - - ~ 

(II) We(g (V ~ FX)) ~ L 

In this part of the proof we use s trictly the s ame denotations 

as in the first part. Assume that p = g(v1 ' , where v1e v ~ w, 

v E V, a nd w € F X. We have to show tha'~ P E L. Let Vi :; [(B, C, :;)] 

be the parallel product of a f amily of partial words ~rom F, 

whioh we denote by tW~(a) a . ) The partial word Wr (a) is "'- .Il. 5. 

[ r1''- . )1 '~··~a~l-e. ~ re. J!l and. B; er and 3~ ar~:; the uni on. aY. t:h::: Be, ~ 8~ the [~s. 

(loot'.:rc :1.11 ·v-"'.'. ' ,:,,- {~.) oCC"-~ {" ,.- t ~",~·",~ ·";~n·~ .. 1;};,,, ~n" e~ a _'i~ ' . i~ ... q . "" V',.l.~' 04 • • "d- l ·ll r~{ ~: "1 c- .. -- . ~ ;.: . ..; >J'...: . ... '.-;; U> "'l.~ ~ ~v ~ """'. A 0 

Yi < .. , _. ' \.'B <: r""1 
'I.' 1'- L. SI 1 9 U J...J 

.} !~ (pj ~ 1i~ f:ollOWfJ immed)~a 1; Gly ~t~1"'(J::J tl'J.€ ~~ qt\al:tty 
I 

and aBet. C v ie), (~ E }~)' arG laft-mon oi;onic ~c n A "lmde!" <i!A ,We s et 

C :'" U{I,s. : a ee} . It is ea sy t o s h o(1 that C 11:) left-mono',onic~..n 

B u nde <,, : I f b' € C and b E B and b < 1 '0' , t hen t here exist some 

a and e' 6 A such t hat b E Ba and b' E B ' 0 VIe hav e Il ' E C, and a. 
WG) \7ant to s how t hat a e C. Ii'roJ:l th'.:) i:rl;l"U.cturC! of the partially 

ordered tlet s (Ba' La ) and (TI a , '[e,)it :i.s easy t o de rive t hat a:21 a'. 

lience a E C. 

We set D::z (U{Be 



472. 

Every (C\A) u {d1, d eE,is le:rt-monotonic in B \ A under <,IB\.! 
and so is C' A. Hence they are le:ft-lIlonotonic under the rougher 

partial ordering <. Consequently rD is firsble in Nk at Mo + 

+ ilN (C \ A). From 
k 

Mo + 6 N(C) :: Mo + ~N (C \A) ~ (rD)- = (j1E)­
k 

it follows :that (3E i8 firable at Mo + LlN(C) in N. • 

Proposition 20 allows us to establish another characteriza­

tion of ReWePL(PN). 

Proposition 21. R8 WePL(PN)is the smallest family of languages 

which contains the weak derivatives of all Wk's, containing each 

set of the form We(F x), where F is a finite partial language, and 

which is closed under renamings and under the operation 

(L1 , L2 ) ~ We (L
1 

r'\ ~) for every alphabet y. 
y . 

Proof. This follows from Propositions 17 and 20 in virtue 

of the facts that 

We(g(V ~ F)()) .. g(We (We (V) ~ We(F)()) 

and that We(FX) belong~ to RSWePL(PN). The latter statement is 

proved similarly to Proposition 18. • 

,. Safe petrlnets and regular partial languages 
-'--"---~"."--"~<="---

So tar we have not given a satisfactory answer to the 

question "What is firability in petrinets". We have seen that weak 

firability does not match our intuition of that concept. 

In this section the question will be answered for safe 

petr1nets. 
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Definition. The k-dimensional petrinet N = (T, (t-)t E Tf 

(t+)t € T,Mo.M1) is said to be safe if it obeys the following two 

properties: 

(i) For ea ch t € T: t- + t+ I O. 

(ii) Por each M: If M is reachable from Mo' then M(i) ~ 1 

for each i E {1, ••• , k 1. 
Condition (11) says that every marking reachable from the 

j.nitial marking 1. s a zero-one marking(has only 0 and 1 as values). 

Condition (i) means that N contains no "isolated transitions". 

It has been added for convenience. Note th8t the safeness does 

not depend on the terminal marking. We say that N is safe at M 

ift the petrinet obtained from N by taking M as a new initial 

marking is a safe petrinet. 

Safe petrinets are equivalent to Petri's condition/event 

nets (cf.Genrich et al. [4J). Their (unrenamed) partial languages 

were studied by Mazurkiewicz [10J. 

Definition. Let t1 and .t2 be two transitions in a safe 

petrinet. t1 and t2 are said to be independent et 1 In t 2) if! 

t1'(i) + t 2(i) ~ 1 for each coordinate i. 

Obviously a transition t cannot be inde pendent of i tse If. 

otherwise we would have t- = 0, and this would mean that t either 

is isolated or can generate non-0-1 markings. 

If two independent transitions are both firable at a marking 

at which N is safe,then the two transitions can fire simultaneous­

ly. Moreover, we have the following criterion of firability of 

a bag: 

Proposition 22. Let M be a marking at which the petrinet N 

is safe. T.hen a bag U of transitions is firable at M if and only 

if the following conditions hold: 

,1 ) U(t) ~ 1 for each transition t, i.e. U can be regarded 

as a set of transitions. 
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(ii) For each t in U: M ~ t-. 

(iU) For each pair t"t2 of distinct transitions in U: 

t, In t 2• 

Pro o f. (I) Necessity of the condition: 

(i) Since M is zero-one, M ~ t-+t- would imply t-=O. Hence 

t would be isolated, or M+~(t)+~(t) would be non-zero-one. 

(ii ) Trivial. 

(iii) , ~M(1) ~t,(i) + t 2(i). 

(11) Sufficiency of the condition: 

Let M ~ tj (j=1, •••• n) and tj,tk be pairwise distinct and 

independent. Then M(i) ~ t'(1)+ ••• +t;;'(i1, since at most oneaf the 

summands is different from zero. ., 

:Proposition 22 states that in safe petr1nets the simultaneous 

firability of sev"eral transitions is equ1valent to individual 

firability plus pairwise independence. Hence it is equal to 

pairwise simultaneous i'irability. This enables us to give the 

following notion of firability of a partial word. 

Definition. Let rl" be a safe petrinet at the marking M. 

Let p = [(A.<. (3) ] € .!J!(~n. where T is the transition set of N. 

We say that p is firable at M in N ifi' P is weakly firable 

at M in N and for any two elements a and b of A the following 

implication holds: If a < b then not ~(a) In ~(b). 

(Remember that <. denotes the relation of immediate successor­

ship under <.) 

Definitiono Let N be a petrinet which is safe at its initial 

marking. Let Mo (M1) be its initial (terminal) marking. 

PL(N) := {p : p firable in N at Mo and Mo+ a(p) = M11 

is called the partial language defined by N. 

The next proposition relates firability to weak firability. 

Proposition 23. If N is safe then 



{p : p firable at M in N} = st {p 

and 

p weakly firable at M in N}. 

PL (N) = st (WePL(N» • 

Proof. Assume that p i6 firable at M in N. Clearly p is 

weakly firable. Assume that p [(A.<.~)J is smoother than 

a certain q = [(A. <'.(3)]. which is also weakly firable at M. Let 

< contain <'. We have to show that p = q. If p f. q then there are 

elements a and b in A with a <. b and not a <'b. There exists 

a subset B of A such that B as well as B u {a 1 and B U {b 1 are left­

monotonic in A under <'. Then ~ {a. b} is firable at M + Ll(~B) .By 

Proposition 22 this implies ro(a) In ~(b). Since p is firab1e and 

a <. b.th1s is impossible.We have shown that PL(N) ~ St(WePL(N»). 

Conversely, if p = [(A,<,(3)] C St(WePL.<N)) and p is not firab1e, 

then there exists a pair (a,b) such that a <.b and a In b. 

Deleting this pair from the relation < yields a Partial word 

q wh:i.ch, by Proposition 22, is weakly firable. But p is properly 

smoother then q. 'l.'his is a contradiction to p e St (WePL(N) ). • 

De~init1on. 

PL(SPN) := 

RPL(SPN) .= 
RepL(SPN) := 

1 PL(N) 

f h( L) 

1 h(L) 

N is a safe petrinetr. 

LE PL(SPN) and h is an ~-free renaming}. 

Le PL(SPN) and h is a renaming}. 

Partial languages belonging to the family RepL(SPN) are called 

regular partial l a nguages. 

If this notion of regularity is restricted to languages, 

we obtain Kleene's well-known regular languages. (This will follow 

from Propositions 29 end 30). The generalization seems to be 

a natural one. It is an interesting question whether regular 

partiAl languages as defined above play the same role in partial 

language theory as the regular language do in language theory. 

The class PL(SPN) has the following nice property; 
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Proposition 24. If N is a safe petrinet and P1,P2 are two 

different elements of PL(N) ,then We(Pl)A We(P2} = ~, The proof 

appears in Appendix A. • 

Proposition 25. PL(SPN) is closed under strong restriction. 

Proof. Let L1 and L2 be in PL(SPN). We show that L1 1! L2 

E PL(SPN). Assume that ~ = PL(Ni ) and that Ni safe. We set 

Ki := We(Li )· Then Ki = ~ePL(Ni)' By Proposition 15:K
1 ? K2 = 

WePL(N) for some petrinet N. Moreover, inspecting the construe'(;io n 

used in the proof' of Proposition 15, we check that N is 8. safe 

petrinet. Hence PL(N) = St(K1 ? K2 ) = K1 II K2 L111L2 • Here 

we have utilized the equality St (K1 !K2) St(St(K1)!St(K
2
» , 

cf. the proof ;)f Proposition 1 1 (III) •• 

Proposition 26. PL(SPN) is closed under restriction. 

Proof. We show that the restriction of two partial languages 

L1 and L2 in PL(SPN) always coincides with their strong 

restriction. Assume that p and pt are in L1 ! L2 and that p is 

smoother than p', We have to show that p = pt. Let Ti be the 

alphabet of Li and S := T1 n T2 , Let 

p = [(A,<,(H], Pi 

p' 

[(Ai'<i' (3i)] € Li' 

[(Ai,<~,(3i)J € Li 

and assume that conditions (i)-(iv) of our definition of S-com­

position hold for P,P1,P2' and p' ,P"P2' respectively, Further 

assume that <:: contains <::'. 

Tr«iu<i) is irreflexive since it is contained in Tr( < U <'). 

Consequently Pi ~ pi I-~, or We (P.i) ('\ We (p:P I ~). By Prop6a1tion 

24 this implies Pi = pi, Hance p = p'. ilIliI 

Proposition 27. Aemocme that L1 and L2 are regular partial 

languages. i.e. members of RepL(SPN). 



Then the following partial languag8s are regular: 

(1) L1 u L2 , 

(2) L1 * L2, 

(3) h(L1', where h is any renaming, 

(4) g-'(L1), whore g 16 any ~-frae renaming. 

(5 ) L1 1'\ L2 , where Y is any alphabet (in particular: L1 x L2), 
Y 

(6) L1 *. 

4-71 

l? 1:' 0 G f. The pr oof's of (1)-(4) use the same Gonstrt1.ctiol'le 

a~ the oorresponding proof s in Proposition 17. The proof of (5) 

also ~ses the oonstruotion mentioned in Proposition 17 pl~8 the 

olcGure of l'L(SPN) under restriction (PropOa:it1on 26). 11 

Pr~po8ition 28.R8 PL(SPN)oonta1ne all finite partial languages. 

Proof. Followo from Propoeitions 12 and 27. • 

Proposition 29. n8 PL(SPN) oontains all regular languages. 

Proof. Any regular language is def1ned b1 a "safe 8,ate 

maohine"!i6 described in the proof of Propos1t1on 18. This i8 

a safe petrinet. • 

:i?r'oposition 30. 11. language R is regular if! therlS exists 

a regular partial language L ~~oh that R • Sm(L). 

Pro is fe If it 113 8 regular language, then R itself 1.8 1n 

R8 PL( SPN). (Cf. Proposition 29) . Assume that L e R8 PL{SPN). We 

haVQ ·to ahow that Sm(L) is a regula!" language. Assume that L ,. 

~ h{PL(N)), ~her9 N i8 a safe p~trinet and h 1s a reDam1ng. Apply 

to P:= PL(N} the constraction of the proof of Propoaition 16: 

We(F'i .. F1 '( 

defiaed by the 

i' ]Ok' where F 1 is tho free ",esk partial language 

1-dimensional petrinet corresponding to the ith 

coordinate 0'1 B. However, sinll8 N i8 Bafe,. during firillS aJl1 

partial word of We(Y) the ith aoordi.ate O&Dnot assume any value 

grsater than 1. Thie mesns that the tr8llle1tiollS whioh increaae 

this coordinate must fire alternatln&ly with those which decreae8 

1t~ Hence!! (l!') '" R1 ? ••• ? Ilk' where Rt is some regular language 

oontalaed in Fi" From this we oonolude that: 
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S_(L) ,. h(Sa(We(F))) = h(Sm(R1 ? ••• ? Rk ))) 

= h(Sm(R
1 

) <iD ••• ®Sm(Rk )) 

h(R1®·· .®Rk )· 

whioh is a regular language. • 

Proposition 31. A partial language L is regular iff it admits 

a representation 

where k is a natural number, V is a strong derivative of 

(61~1)* X ••• X(6k~k)*' F is a finite partial language overEk uT 

where T is a finite alphabet, FnPW('ln ::: to. and g ie a renaming. 

Proof. (1) Necess i ty of the condition. 

Suppose L = h(J'L(N)) 5 wheTe 1'1" is a safe petrirlet. Apply \';0 

sentatlol1 

fJi.(N} ::: S·\;_ (G (V /~'\ l""n· 
i...JJt: 

ASSl.'!r2/;') -th8t P and p f 'b !9 "'l~VF) slsmen.ttis of g(V .::;. I~~) e.nd. tha1.; ?,}' 

}')1r.. 

and W
f 

W' E. F x", Since p and pt consist of the Flame 8ymbolfj~ tllf; 

same holds for vg and w' (observe thf' definition of F anu g:) and. 

consequently for v and '1'. But this implies w = w' (due to COlli-­

mutativity of the parallel product)and v = v' (since V is a strong 

derivative of Wk ). By Lemma 20.1 P is smoother than g(v~) ., p'. 
I 

Hence p is properly smoothe than p.This contradiction shows thai; 
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By a similar argument to that applied in the proof of Proposi­

tion 30 we can show that V oan be replaced by a derivative V of 

(°1 'i:"1)* x ••• x (6lt:'i:"k)*' I!'rom 

follows 

PL(N) = g(V £' I!'x) 
k 

L :: hg(V '" I!''') • 
.Ek 

(II) Suffioienoy of the oondition. 

I!' is a regular partial language. The same is easily proved 

of V. However, Proposition 27 does not apply automatically, 

since our representation involves parallel iteration.an operation 

that does not preserve regularity. 

However, since every partial word in F contains at least one 

symbol from ..E
k

, it is evident that there nmst be a natural number 

x (* *) 7 n suoh that V i'kF = V ~ I!' x •• • xI!' # • Now Proposition 2 ap-
l;k n fa~tors 

plies. 11 

Proposition 32. RepL(SPN) is the smallest family of partial 

languages containing each set {xl, where x is a symbol, and being 

closed under union, serial prodact, renaming, Y-section and 

serial iteration. 

Proof. Follows from Propositions 12, 27, and 31,in virtue 

of the faots that I!'x in Proposition 31 oan be replaced by some 

finite parallel product "* * I!' x ••• xI!' , that parallel pro duo t 

ooinoides with ~-section, and that a strong derivative of 

(61~1)*X ••• X(6k~k)* is the parallol product of (language theoretic) 

derivatives of (c6i~i)*' These derivatives can clearly be con­

structed from symbols by serial product and serial iteration. • 
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4. On firability in arbitrary petrinets 

In Section 3 we found an adequate notion of firabil1ty of 

partial words in safe petrinets. If N is a petrinet and M is 

a marking of N, let us define strong firability as follows: 

Definition: p ie strongly firable at M in N iff P belongs to 

St({q: qis weakly firable at M in N}). 

F.rom Proposition 23 we know that firabil1 ty in safe petrinete 

means nothing else than strong firability. We might take strong 

firability as the notion of firabil1ty in the general oase, too, 

but it is doubtful wether this is the most adequate setting. It 

tu~ns out that the fine properties derived for safe petrinets do 

not carry over to strong firability in the general case. In 

Example 7 the partial words a x bc, b x ac, and c x ab (and others) 

are strongly firable. This example shows that Proposition 22 and 

24 are no lOnger true. Example 4 falsifies Proposition 26, and 

hence our proof of Proposition 27 (5) fails to carry over to the 

general case. 

Let StPL(N) be 1;he partial language defined by N with respect 

to strong firability, and StPL(PN) := {StPL(N) N a petrinet}. 

ReStPL(PN) := {h(StPL(N)) : N a petrinet, h a renaming}. As in 

Proposition 25, we can show that StPL(PN) is closed under strong 

restriction. (Compare with Proposition 15! )An analogon of Proposi­

tion 16 can be shown for StPL(PN) byusing strong instead of weak 

restriction. Finally. a "strong" version of Proposition 20 can be 

proved: Assume that L € StPL(PN),or,more generally,L&RestPL(PN). 

Then there exist k, T, a strong derivative V of Wk and a finite 

partial language F over l:k U T such that L = g(V ~ FX),for some 

renaming h.The idea is the same as in the proof of Proposition 31. 

The next example shows that our notion of strong firability 

involves curious consequences. 
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o 1 petrinet moth ~!.a~1l..l~ .§~ Figure 15a shows a 4-dimens10na 

initial marking (1,0,0,1). The terminal marking is to be the same. 

a) 

a b c 

b) a----'~~ b 

1 a----il ... '" b 

----,1 ..... C 

1 
---~ .. -c 

C) 

Fig. 15 

..!!(N)is the language (abc)1I .Two partial words belonging to StPL(N) 

are depicted in Figures 15b and 15c. Since they are incomparable 

under the smoother-relation, we are suggested to think of them as 

representing two essentially different ways of "executing" the 

petrinet. But this would mean that it makes an essential diffe-

rence whether the first occurrence of c consumes a token pro­

duced by the first or the second occurrence of a, etc. Transition 

c seems to be able to discriminate between two tokens lying on 
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the same place . The reader should reflect on the question whether 

this is reasonable. 

Thus, the question "Which is the adequate notion of firabili ty 

in arbitrary petrinets?" is left open. 

At this point we end our discussion of petrinet partial 

languages. In the Appendices we will relate petri net partial 

languages to other partial language concepts, and give some oon­

eluding remarks. 



APPENDIX A. Tracos and trace languagea 

Definition. Let w = [(A,«,~)] b~· a word in X*, and letU 

be a symmetric and irref·lexive binary relation on X.A permutation 

~ of A is called a U-permutation for (A~<,~) if for any pair 

(a, a') of elements of A the following implication holdst if a« a' 

and !iI"(s)::$>!iI"(a') then ~(s) U ~(a'). 

Definition. Two word, wand w' over X are .. id to be U~equ1-

vslent iff they obey ~pr.sen~ations w· [(A.«./3)] an4 ,,'. 

'" [(A,«, (3,,-1)], where ~ is a U-permutation for (A,«./3). 

Here and in the 89quel, X and the syJlHUtric and irreflexi v. 
binary relation U are assumed fixed. 

Proposition A1 . U-equivalence is an equivalence relation on X*. 

Proof. Reflexivity is trivial. 

SymDetry: If ~ is e U-pe:rmu.tetion for (A,«, (3), then 5i'-1 1e 

a U-pemutation for (A,«. (3'j1"-1). 

Transitivity: If Si" is a U-permutation for ; .~.«. (d) and ~ 18 

a U-perumtation for (A,«, (3~-1) then ~5i (lfapply t1rst~ then ~ ") 

is a U-pemutation for (A,«, (3). 11 

By the way we remark that U-equivalence ie the reflexive and 

transitive closure of the following binary relation: "w' ie 

obtained from w by interchanging two symbols which are neighbors 

in w and which stand in the relation UIf. The proof of this fact 

is ~ easy application of the definition. 

Definition. [wJu denotes the equivalenoe class of the word 

w under U-equ1valence. (This is 8 finite language) • 

. ltazurki.ewic2i [10J defined a trace over X (nth respect to U) 

as a U-equiTalence class [w]U' and 8 trace laDgQBge as 8 Bet of 

traoes. He introduced operations on trace languages and studied 

some concept of defining traoe languages by petrinete. 
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It was also Mazurkiewicz who pointed out the oonneotion 

between U-equivalence classes and partial words. This connection 

will now be established in a precise manner. 

Definition. Suppose p = [(A.<,(3)] E PW(X). p is called a weak 

U-trace iff for any two elements a,a' of A the following implioa­

tion holds: If a and a' are incomparable under §, then (3(a) IT(3(a'). 

p 1s called a IT-trace iff p E St({p : p is a weak IT-traoe}), 

Proposition A2 

(i) If w E X*, then (wJ U = Sm(p) for exactly one U-trace p. 

(i1) If p 1s a U-trace, then Sm(p) 

PrOOf. 

(wJ U for every we Sm(p). 

(I) If p is a weak U-trace and wESm(p). then Sm(p) § [wJ U' 

Suppose that p = [(A'<,(3)],w = [(A,«,(3)] ,and w' = [(A,«',(3)], 

where w, w' € Sm(p). We have to show that wand w' are U-equivalent, 

Take the permutation )j of A which obeys the following condition: 

a1 «' a2 iff 5T(a
1

) «71(82). Si is an isomorphism of ordered sets 

which maps (A, «') t. (A,«). This implies that the labelled 

ordered sets (A,«', (3) aBi (A,«,~-1) are isomorphic. Hence 

w :: [(A,« ,~'jl"-1)J. 

It remains to show that 5i is a U-permutation. Assume that 

8 1«82 and 5r(a
1

) »5i(a2). Thena
1
»' a2• Sincewandw' are in 

Sm (p) , this implies that nei ther a
1 
~ a2 nor a 1 E;- a2 • Hence 

(3(a 1) U p(a2 ). Assertion (1) is proved. 

Given w = [(A,«,(3)J EO X*, we define a partial word [w]u := 

[(A,<",~)J setting 

a" a' :- (a)«5i(a') for every U-permutation)j of (A,«,(3). 

It is evident that the relation <" is a partial ordering. 

(H) If w e: X*then (w)U is a weak U-trace, and [w]u~Sm«w>U) 

Suppose that a and a' be incomparable with respect to the partial 

ordering ~ of (w)U. By symmetry we may assume that a«a'. By the 

definition of< there must exist a U-permutation 11 for (A,«, (3) 
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such that 'jI'( a) »)i(a' ). But this implies (3(a) U (3(a'). Hence (w)U 

is a weak U-trace. 

Now assume that '11' E. [wJU' Let w' = [(A,«,[3,,-1) ] for some 

U-permutation 'if". We have w' = [(A,« f.»], where a <<.' a 
1 2 :~ 

<jj( a
1 
)« 5i( a

2
). If a

1 
< a

2
, then ~(a1 )« r. (a2 ) by the definition 

of (w)U' Hence a 1«' a2 • This means that w' is smoother than (w)U' 

Hence [wJu ~ Sm«w)UL 

Now we prove (i).From(I) and (II)follows that [wJ u ~ Sm«w)U)' 

(w)u is a U-trace. for otherwise it would be properly smoother 

than some weak U-trace q, Sm«w)U) ~ ~(q). On the other hand, 

(I) implies Sm(q) ~ [wJu ' which yields a contradiction. The uni­

queness statement in (i) is evident, since there cannot be two 

different partial words with identical smoothings. 

Finally we prove (ii). If P is a U-trace and W E Sm(p) then 

Sm(p) ~ [wJ u by (I). On the other hand [wJ u ~ Sm«w)u), and 

<W/U is a U-trace, too. Hence Sm(p) = Sm«w)U)' This implies the 

desired equality Sm(p) = [wJ u ' • 

Henceforth we shall use the notation <w>U introduced in our 

proof for the U-trace corresponding to the word w. Note that from 

our proposition it follows that U-traces behave like words in 

some sense: The smoothings of two different U-traces are disjoint. 

---;>~ C 

Fig. 16 

~~~p]~ _9_ (taken from Mazurkiewicz [1J). Suppose that 

X:= {a,b,c.d,e}. U:= {(b,cL(c,b),(b,e), (e,b), (d,e),(e,d)}, 

w : = abcdeac. Then [wJu = {abcdeac, aboedac. acbdeac,acbedac, 

acebdad}. The U-trace (wlU is shown in Figure 16. 
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Proposition A3. The set of all U-traces over X is the regular 

partial language 

, y* • ••. n 

where {y1' •••• yn}:= Ux.y} : x eX. y ~ X, (x,y) If US, 

(Note that {y1' •••• yn\ contains all singletons ~xr, x € X). 

Proof. By Proposi~ion 9 

x The last term. is equal to X and may therefore be omitted: 

(1) Every element of L is a weak U-trace. 

Assume that p .. [(A.<.~)J€L. Let a and a' be two elements 

of A which are incomparable under<. We have to show that flea) U 

U pea'). p belongs to a set 

{"\ {Pi le qi : i=1 ••••• n~ 
X 

with PiEyt, qiE(X\'Yi)X. Let Pi = [(Ai'<1,f3IA)]·qi-
1 

.. [(A\Ai • .0. ilIA\Ai)] and< = Tr«1 u ", u <n)' 

If' not ~(a) U il(a') then {(3(a). f.'(a' n = Yi for a certain. 

Hence {a, a'} § Ai' But <1 is an ordering on At. a and a' must 

therefore be comparable under <i and a fortiori under <. 

(11) Every weak U-trace over X is in We(L). 

Assume that p = [(A, < , (3)] is a weak U-trace. Set Ai :­

=f3-1 (yi ). <i :=<IA (i ... 1 ••••• n). By definition of Yi the rela­

tion < i is an orae ring. Set Pi:" [(Ai'<i' (31 Ai)J E Y:. ~ :-. 
[(A \ A1'.0. (31 A \ A )] E (X \ yi)X. Set <':= TrC<1 u ••• U <n). Then <' 
is contained in < ~ and hence P issmoother than p' :.. [(A,<',~)] e L. 

(III) Any two different elements of Lh~e dosjo1nt saoothinga. 
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Assume that p, p' e. L and ~(p) n Sm(p') ~ ~. By Prop01!lition 6 

this means that PAP' ~~. Hence there exist representations 
X 

p - [(A,<,(3)] and p' - [(A,<',p)] suoh that Tr«u<')is a partial 

ordering. We show that <: is contained in <'. Suppose that a < b. 

Since p e L, < 1s the trauitiYe cloau.re of <1 u ••• l.I<n' where <i 

is an ordering on ~ :- (3 -1 (Yi ). Hence there exists a ohain 

then «(3 (Bj ), 

under <'. a j +1 

<. a. .. b IlUch that {aj.Bj +11 ~ Y
ij 

(j·O, •••• m-1).lht 

~(aj+1» ~ U. Henoe a j and 8;1+1 must be oomparable 

<' a j would oontradict the assumption that ~r( < u<:') 

is irreflex1ve. Hence B j <' a;l+1' and a <' b. 

In the same way it is shown that <:' is contained in<. Hence 

p .. p'. 

Now let us combine the results (1)-(111) to prove our proposi­

tion. 

If p is a U-trace then p e We(L) by (11). Let p € We(q) and 

q E L. Then q is a weak U-trace due to (I).Hence p 2 q,and p E L. 

Conversely, if p eL, then p is a weak U-trace due to (1). 

Let P e We(q), where q is a U-trece. Then q e L. Due to (Ill) 

this implies that p .. q, and p is a U-trace. _ 
" 

In Mazurkiewicz's work appears the notion of a regular trace 

language. Let us disouss this aotion. 

Defin1tioas. If L is a language over X then 

A regular U-trace language is a partial language (L)U where L 

is a regular language. 

The serial U-trace product of two U-traces is defined by 

(w1)U 0 <w2)U :- (w1- 2)U' (Justification of this definition is 

left to the reader. The serial U-trace product of two U-trace 

languages is de:tined by (L1)uo(L2)U :- (L1~)u.The serial U-trace 

iteration of {L>U 18 
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Example 10. Set X:= {X,y,z}. U:= {(x,y).(y,x)} .Then<zx>U:O: 

'" lISX , (yz)U • 721, and <zx)U 0 <yz)U .. z(x x y)z. 

The example shows that the aerial product is not identioal 

with the serial produot o~ partial words, as it might appear at 

~1ret sight. Genera lly the serial u-trace multiplication i s 

dependent on the relation U, although this ia not expressed in 

our notation. 

Proposition A4. (Mazurkiewicz [1J). A U-trace language is 

regular iff it oan be built trom the U-trace le.ngll.ages {~1 and 

{x} (x € X) by lIleans of union, serial U-trace produlllt, an.d serial 

U-trace iteration. 

The 

L .. 

(Lo 

Proof: Obviou.s. • 

Is every regular trace language a regular partial la~age? 

answer is 

({,ab}*to})*. 

tc1)* 1s a 

no: Let X 

Then <L)U .. 

non-regular 

:= {a.b,or. U := {(a,b), (b,a)}. Let 

(Lo tOn*, where Lo :'" tanxbll : nq~1-

partial language (its slIloothing is 

a non-regular language) • 

le every regular partial language a regular trace langu.age? 

The answer is no: Example 7 gives a ~inite partial language 

which oannot be atraoe language since the smoothings of its 

elements are not pairwise disjoint. 

Nevertheless there is a close oonneotion between petri nets 

and regular trace languages. It has been pointed out by Mazurkie­

wicz. 

Definition. Let tl and t2 be two transitions in 8 safe 

petrinet. tl and t2 are said to be fully independent (t1 IN t 2 ) 

1~f for each coordinate i the sums 

t~ (1}+t2 (1). t; (1 )+t; (i). t1' (i )+t~ (1) 

are les8 than or equal to 1. 
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Although ~lll independence is a stronger condition thau 

independence as defined in Section 3. Proposition 22 remains 

valid if we replace In by IN. For if tl and t2 are simultaneously 

firable at .8 marking M at which the petrinet is safe, and i£ 

tiCi) ~ 1, then t;(1) ~ 0 and M(i) ; 1. Since t2 is !irable, 

the marking M + ~(t2) is reachable. This must be a zero-one 
.,. ( , marking. Hence t2 i, = O. 

Similarly we may replace In by IN in the definition of 

firab:i.1ity, without changing the meaning. 

Proposition A5. If N is a safe petrinet. then PL(N) ls a 

regular IN-trace language. 

Proof. Let Mo (M1) be the initial (terminal) marking of N. 

( I ) If p is weakly firable at Mo' then p 1s a weak IN-trace. 

Suppose p :I [(A .<:,(3)J. Let a and Sf be incomparable under ;;; . 

There exist three left-monotomc subsets B, B uta 1, and B u ta'~ 

of A. Hence (3(a) and ;3(a' j are simultaneously firable at :Mo+A(~B). 

PToposition 22 9ays that they must be fully independent: pea) IN 

~(al) • 

(H) Let p = [(A,<:,~)] be a weak IN-trace. Assume that for 

each subset B of A the following implication holds: If Band 

B u {a J are left-monot onic subsets of A under <. a if. B, then 

~a is firable at Mo + 6(~B). Then p is weakly firable at Mo in B. 

Proof: If Band C are disjoint subsets of A,and Band 

B Vic} are left-monotonic under < for each c e C,then the eleme~ 

of Care pairwise incomparable under < • Since p is a weak IN-trace 

we have ~(c) IN ~(Cl) for any two distinct elements c and c' of C. 

Proposition 22 says that ~C is firable at Mo + ~(~B). 

(Ill) If p e PL(N), then p is an IN-trace. 

By (I) p is a weak IN-trace. Assume that p = [(A.<:',~)J and 

that p is smoother than some q .. (A,<: ,Il)], < contained in <'. 

and that q is a weak IN-trace as well. We show that q € WePL(N). 
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Assume that Band B u [a\ are left-monotonic subsets of A 

under < • Due to (11) it is sufficient to show that this implies 

Urabili ty of ~ a at Mo + fj, (~B) • 

Form the smallest subset of A which contains B u{al and is 

left-monotonic with respect to <'. We denote this set by B' u ta '} 

and assume that a f B'. We show that B' is left-monotonic 

under <'. If this were not true. we would have a <' b' for some 

b' E B'.By definition of B'this implies a <' b for some b e B u {a 1. 
Obviously b e B. We consider a chain of immediate successors: 

(i=1 ••••• n). 

Since q is a weak !!-trace, bi _1 must be comparable with bi 
under<. bi _1>bi is impossible. since < g <'. Hence bi _1 < bi • 

for i=l •••• ,n. This implies a < b, which contradicts the left­

monotonicity of B under. <. 

Weak firability of p means Mo + ~(~B') ~ (~(a»-. To show 

that q is weakly firable, we 

+ ~(~B) ~ (~(a»-. Assume that 

must prove the inequality Mo + 

this inequality is false. The~ 

there must be a d € B' \ B and a coordinate i such that (0d)+(i) 

= 1 and ((3a)-(i) = 1. But d is incomparable with a under < • and q 

is a weak IN-trace. Hence (ld IN (3a. and ((3d)+(i) + (fJa)-(i) ~ 1. 

This is a contradiction. 

We have shown that q E WePL(N). Since PL(N) 

St(WePL(N», q must equal p. 

St(PL(N» 

p is not smoother than any weak IN-trace different from p. 

Hence p is an IN-trace. 

From (Ill) follows PL(N) = (Sm(PL(N») IN' Since Sm(PL(N)) 

is a regular language, PL(N) is a regular IN-trace language. • 

Proposition 24. the proof of which was postponed until this 

Appendix, follows from Proposition 45. 
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APPENDIX B. Path expressions 

The calculus o~ path expressions was invented by Campbe~l 

and Habermann [2J. A path expression de~ines a partial language 

whose elements are called legal histories. In ~80t a path 

expression expresses the constraints which a legal history 

must fU~il. SUch a constraint may be, ~or example, that two 

instructions be mutually exclusive (non-concurrent), or that 

they must occu~ alteTnatingly. etc. 

Our explanation o~ the synt~ and semantics o~ path express­

ions ~ollows Berzins and Kapur [1J. This 1nvolves a slight modifi­

cationaf the original definitions given by Campbell and Habermann. 

Definition. Let X be a ~1nite alphabet. We define the notion 

o~ a path over X. 

(i) If x e X, then x is a path over X. 

(ii) If P, P" and P
2 

are paths over X, then P*, pX, (P
1 

u P
2

). 

and (P1 * P2 ) are paths over X. 

Definition. Let X be a finite alphabet. We define the notion 

of a path expression over X. 

(i) If P is a path over X,then P is a path expression over X. 

(ii) If PE1 and PE2 are path expressions OVer X,then 

(PE1 ! PE2 ) is a path expression over X. 

Defini t1on • .!. is a mapping of path expressions into partial 

langucges defined as ~ollow8: 

K(x) : .. £x1, 
,!(p*) := O£(P) )*, 

.!(plC) :a (K(P))x, 

,!«P1 v P2» := K(P1 ) uK(P
2
), 

.!«P1 "* P2 )) := ,!(P1 ) * .!(P2 ), 

.!«PE1 IPE2» := K(PE1) I K(PE
2
). 
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Definition. Let PE be a path expression overX. The s et 

where Y is the set of all symbols of X not occurring in PE. ia 

called the set of all legal histories of PE. 

m(PE) in fact depends on X. This dependence ;is not expressed 

in our notation). 

A set of legal histories is always a partial language. 

Our definition given abova if:! simpler than the one g1van by 

Berzins and Kapur [1J. Thera the symbols (regarded as instruction 

names) are distinguished by their reference to data objects. Let 

Xi be the set of symbols that refer to data object NO • , .. 
X is the union of all Xi's . Let gi be the renaming which era.see; 

all symbols not belonging to Xi' A partial word p is a legal 

history in the sense of Berzins and Kapur 1ft for each i the 

partial word gi (p) is a legal history in our sense. However, this 

definition is not more general than our definition. One can easily 

construct, for each PE, a path expression PEi such that K(PEi ) 

to n,then the set of legal histories 

in the sense of Berzins and Kapur is 

which is a special case of a set of legal histories in our sense. 

Proposition B,. Let L · be a partial language over X. L is 

the set of all legal histol'ies of some path expression iff L 

admits a representation 

L = We (L, ! ••• ! Lm), 

where L" •.• , Lm are partial languages obtained from the singletons 

tx1. x EX, by application of union, serial product, serial itera­

tion, and parallel iteration. 

Proof. (I) Necessity of the condition. 
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Let L = 'lleOfJPE)! yX). Then K(PE) = K(P1)!." !~.cPm_1) for some 

paths P1, ••• ,Pm- 1, We set Li := K(Pi ) and Lm := yX. 

Sufficiency of the condition: Let L; We(L1 ! ••• !Lm'.There 

exists a Path expression such that .!f(PE) = L1 ! ••• ! Lm. Moreover 

we can achieve that every symbol of X occurs in the expression PE . 

Then .!!.(PE) = We ([(PE») = L. 11 

The last proposition allows us to compare sets of legal 

histories with petrinet partial lan~Aages, 

We «(.ablJl.tcl))* is obviously a set of legal historie s .If this 

J;\artial l a ngu.age is in WePL(PN) then thereachahility problem 

for pet rinets is unsolvable.(Cf. our discussion following Proposi-

tion 17 ). 

If parallel iteration is excluded from the operations availa­

ble for constructing paths,we obtain the regular path expressions. 

Any set of legal histories of a regular path expression is in 

WeP~(PN), moreover it has the form We(L), where L is a regular 

partial language, 

The example We {a " a} shows that there are even :finite partial 

languages which are not definable by path expressions. This is 

due to the defect consisting in parallel product not being ayaila­

ble 'tor constructing a path. (Note that We{a x b} is definable by 

a path expression if a -I b, because {axb~ .. {a1 ! tbJ). 
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APPENDrX C. Concluding Remarks 

Partial languages allow us to describe the behaviour of 

algorit~B that in volve concurrent events, at a certain level of 

abstraction.We have learnt to apply several operations to partial 

languages. We have found charaoterizations of several families of 

partial languages in terms of these operations (in a weak sense 

for arbitrary petrinets,and in a strong sense for safe petrinets). 

We have also seen how Mazurkiewicz s trace languages and Campbell 

and Habermannls path expression languages fit into our conoept. 

Incidentally we have opened a wide field of open problems. 

Let us summarize at this point the most important open problems 

and areas of future research. 

(1) As we stated in Section 4, the question "Which is the 

adequate meaning of firability of a partial word in an arbitrary 

petrinet?" is open. Adequacy means that the notion of firability 

should reflect our intuition of the capabil1ty of a petriaet 

(unlike strong f1rability, cf. Exemple 8),and that it oonstitutes 

a partial language family with reasonable properties. An import­

ant criterion is the closedness under Y-section. 

(2)Short of a more adequate notion one should study the aotion 

of strong firability (cf. Seotion 4) more thoroughly. An inter­

esting question is the following: Is tPn : nE!} in StPL(PN') 

or in ReStPL(PN) ? Here Pn is the partial word over {a,b,o} 

depicted in Figure 17. (Cf. Example 8). Note that this partial 

language can be obtained from three recureively eIlUDlerable 

languages by parallel i teratlon, (strong) restrictiOn, and 

renaming. Since it is hard to prove that aeL(PN) does not con­

tain all recursively enumerable languages (S8S Gre1bach [5]). 
it seems hard to prove that our question posed above has a 

negative answer. 
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a )0 b .. e 

1 t 
a ... b )0 C 

! J a ~ b ... e (n rows) 

I I 
• 

• 

~ t 
a ... b » c 

Fig. 17 

(3) In our introduotory remarks we stated that partial 

languages reflect the property ot a oontrol strtloture to be deter­

minate. A precise notion ot determinaoy in terms ot partial 

languages remains to be tormu1ated. It should formalize the idea 

that a partial word whioh is "legal'\ (i.e. whioh oan be ge.erated 

by the determiDSte oontrol struoture at a tixed initial state) 

has, in some sense. at most one legal oontinuation. 

Proposition 8 then provides a .ethod of ohecking whether 

a oontrol struoture oomposed of simpler components is determinate. 

(4) Besid~s determinsoy there are a variety of other proper­

ties of oontrol structures which oan be tormulated in terms of 

partial languages. Examples are liveness and termination. It is 

desirable to know the oonditions under w~ich these properties are 

invariant under several operations. This would provide necessary 

knowledge for the oorreot synthesis ot control struotures. It is 

also desirable to have more operations available than those 

mentioned in Seotion 1. 

(5) When studying interconnections gf oontrol structures 

one would think ot them as oapable ot all input-output behavior. 
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Thus we need a generalization of the well-known sequential 

machine. This 1s a machine that transforms partial words to 

partial words. Such a machine oould be based on a petrinet. Hence 

we have a new class of operatioms on partial languages: transduo­

tions definable by various types of machines. 

(6) The notion of a partial language is connected with that 

of the degree of parallelisa of a computation. Let the length of 

a partial word be the length of its longest ordered subset, and 

let its parallelism degree be the cardinallty of its largest 

totally unordered subset. An important task is to minimize the 

length of a partial word by maximizing its parallelism degree. 

A precise formulation of this task should be given. Algorithmi~ 

solutions of the task and their effect on partial languages. should 

be studied. 
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