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173

It was once commonplace to call a subset of a group a complex (e.g.
Zassenhaus [52]: the usage originated with Frobenius). There is a natural algebra

of complexes, given by the operation
Xo'Xl = {xo *Xge. xo€X0 &xl EX]}

= image of X, X X, under the group operation,

1)

on subsets X,, X, of a group (X, -). More generally, an n + 1-placed relation R
on a set X induces the n-ary operation fz: Sb(X)"— Sb(X) on the set Sb(X) of

0168-0072/89/$3.50 ©) 1989, Elsevier Science Publishers B.V. (North-Holland)



174 R. Goldblatt

subsets of X that has
fR(XOD ceey Xu—l) = R-image of XgX---%XX, 4
={y: - x,—y (R(x0, . . - » Xn—1, ¥) &X; € X; Vi <n)}. )

(1) is then the special case of (2) in which R is the graph {(xo, x,, ¥): y =Xo- X1}
of the group operation.

Thus any relation structure © = (X, i), comprising a collection R of finitary
relations on a set X, gives rise to the algebra

Gt= (Sb(X)’ {fR: Re m})»

which we view as an algebra of operators fr on the Boolean algebra Sb(X). Any
subalgebra of ©* will be called an algebra of complexes or complex algebra.

The poin: of departure for this paper is the observation that there are many
significant examples of equational classes, or wvaricsies, of algebras whose
members are representable by complex algebras, with the correspending ciass of
relational structures having a natural description in first-order logic. To explain
this, let K be a class of relational structures, and K* the closure under
isomerphism of {&*: © € K}. Then the class SK* of subalgebras of members of
K™ consists of those algebras that are isomorphic to complex algebras determined
by K. Our observation is that SK* is often a variety, and that this is frequently
associated with K being elementary, i.e. the class of all models of some set of
first-order sentences. Examples include the varieties of closure algebras, relation
algebras, cylindric aigebras, modal algebras, and numerous subvarieties of these.
Our aim is to study the general situation here, focusing on these related
occurrences of definability: elementary K determining equational S/ ™.

An equational class of Boolean algebras with operators that is representable in
the form SK* will be called a complex variety. Our concern is with their general
structure. Not all varieties are complex—indeed there are some that contain no
powerset algebras © at all. On the other hand, there are systematic methods for
generating complex varieties. For instance, if K is closed under ultraproducts
(e.g. if K is elementary), then the variety HSPK™* generated by K is complex, i.e.
is equal to SM™ for some class M (cf. Theorem 3.6.7). We ask when it is possible
to have M equal to K itself, and obtain sufficient conditions (3.6.4) in tcrms of
closure of K under operations that are dual to the classical algebraic concepts of
homomorphic images, subalgebras, and direct products. The duality is a
category-theoretic one between the standard notion of homomorphism of
algebras and a notion of bounded morphism of relational structures that is
stzonger than the one usually considered in model theory. To study this idea we
use an extension of Stone’s Boolean representation theory to the case of
operators on Boolean algebras. Since the essential properties of the operators we
are interested in do not involve complementation, their theory can be naturally
developed in the setting of distributive lattices. Thus in Section 2 the order-
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theoretic approach to duality introduced by Priestley [41] is inveked to develop a
full representation of homomorphisms of distributive lattices with operators by
continuous bounded morphisms of certain topological ordered relational
structures.

Many of the results about complex varieties presented in Section 3 arose
originally from the study of algebraic and set-theoretic (Kripke) semantics for
propositional modal logics. A modal algebra is a single unary operator on a
Boolean algebra, while a Kripke model is a particularly simple kind of relational
structure: a single binary relation. The notion of bounded morphism we develop
generalises that of a special type of truth-preserving function (‘p-morphism’)
between Kripke models that has been widely used in modal logic. One of the
main objects of this paper is to explain the extent to which the ‘modal case’, as we
shall call it, can be seen as the simplest illustration of a general theory that forms
a chapter of u.dversal algebra. We point out wherever appropriate the way in
which a property of a variety interprets a natural question about logical systems.

The remainder of this introduction surveys some examples that iilustrate the
remarks made above, and motivate some of the general questions to be addressed
in what follows.

Closure algebras

A closure algebra is a Boolean algebra carrying a closure operator, i.e. a unary
operator ¢ satisfying c0=0, c(x Uy)=cxLlcy, xEcx =ccx. The operation of
topological closure makes the powerset of any topological space into a closure
algebra. The theory of these algebras was extensively developed by Tarski [48].

Jénsson and Tarski [35] showed that the variety V,, of closure algebras is SKg,,
where K, is the elementary class of quasi-orders (X, R) (i.e. R is reflexive and
transitive). V;, can also be characterised as SK, (cf. remarks following Corollary
3.4.6), where K, is the elementary class of partial-orders (anti-symmetric
quasi-orders), and as the variety generated by Kg,, where Kj, is the class of
finite quasi-orders (of course V,; is not SKy,, as the latter has only finite
members).

There is no closure-algebraic equation that distinguishes K, and K|, but there
is one that corrcsponds to anti-symmetry for finite structures. The class of finite
partial-orders generates the proper subvariety of V,, consisting of those closure
algebras satisfying x C c¢(x — c(cx — x)). This variety is not complex, i.e. is not of
the form SK™ for any K c K, (cf. Section 3.7 for an indication of how to prove
this).

Relation algeb . as

The set of all binary relations R on a set X is a Boolean set algebra on which
there are natural operations of relational composition R;S and inversion R7Y, and
a distinguished relation 1' = {(x, x): x € X}. By abstraction this leads to the
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varicty RA of relation algebras, an equationally defined class of Boolean algebras
with operations ;, ~*, 1’ (J6nsson and Tarski [36], p. 128]). The class RRA of
representable relation algebras comprises those members of RA cmbeddable in =
product of algebras of binary relations as above. The Jénsson-Tarski theory
represents RA as SK™*, where K is an elementary class of structures (X, R, S, U)
with RecX?, ScX? and UcX (cf. Maddux [39, Theorem 3.5] for the
first-order conditions defining K). RRA itself is a variety (Tarski [49, Theorem
2.4]), and was shown by Jénsson and Tarski [36] to be SM*, where M is the class
of generalized Brandt groupoids—again an elementary class.

Cylindric algebras

The variety Df, of diagonal-free cylindric algebras of dimension « is the class of
Boolean algebras with a collection {cg: B < a} of closure operators satisfying

ca(xMcgy)=cexMcgy,  €gcyx =c cpx.

Df, is equal to SK;, where K, is the elementary class of structures (X, {Rs: f <
«}) having the Rg’s as a family of pairwise commuting equivalence relations on X
(Henkin, Monk and Tarski [28, Remark 2.7.44]).

An a-dimensional diagonal-free cylindric set algebra is a Df,-subalgebra of the
algebra of subsets of the ‘Cartesian space’ X of all a-length sequences of
elements of a set X, with cg(Y), for Y c X% being the cylinder generated by
moving Y parallel to the f-axis. A member of Df, is geometrically representable if
it is isomorphic to a direct product of such set algebras. The class of geometrically
representable Df,’s proves to be a variety {28, p. 402], and is identifiabie as SM,,,
where M, is a subclass of K, defined by a set of first-order conditions on the Rg’s
{28, p. 459].

Cylindric algebras are to first-order logic as Boolean algebras are to proposi-
tional logic: the laws satisfied by the cg’s reflect the logical properties of
existential quantifiers. Cylindric algebras proper also have a collection
{dgy: B, y<a} of ‘diagonal’ elements, which are algebraic counterparts io
equations vg = v, between individual variables, and which in the case of cylindric
set algebras are given by the sets {x € X“:xg =x,}. The variety of cylindric
algebras with diagonal elements, and its subvariety of geometrically representable

algebras, are also each of the form SK™ for some elementary class K {28, pp.
458-459].

The question arises as to which elementary classes generate varieties of
complex algebras, i.e.
What conditions on an elementary cluss K ensure that SK* is a variety?

(Note that SK™* will not always be a variety: for example, it will not be closed
under direct products if all members of K are finite.) This question will be
answered in Section 3.6 in terms of closure of K under ‘bounded’ morphisms,
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‘inner’ substiuctures, and disjoirt unions. Section 4 presents preservation
theorems that characterise syntactically the first-order theories whose models are
closed urder these constiuctions.

Modal algebras and modal logic

In the ianguage of propositional modal logic, formulae are constructed from a
set IT of propositional variables by using the Boolean connectives A, v, 7, —,
and an additional unary coanective > (‘possibly’). The dual connective O
(‘necessarily’) is defined as .

Algebraic semantics for this language is provided by aigebras U =('B, f),
consisting of a unary function f on a Boolean algebra 8. Each medal formula ¢
acts as an algebraic term for %, with propositional variables serving as individual
variables ranging over the clements of ‘8, and > being interpreted as f. Thus if ¢
has n propositional variables, it induces an n-ary polynomial function p%-on %. ¢
is valid in the algebra Y, denoted At ¢, if p? is constantly equal to the greatest
element 1 of B, i.c. if U satisfies the equation ‘¢ = 1’ when ¢ is viewed as a term.

The set-theoretic semantics atiributed to Kripke is based on structures
©=(X, R) (usually called fraines), with Rc X% A model on © is a pair
M= (S, V), with V: IT— Sb(X) being a function assigning to each propositional
variable 7 a subset V() of X. V(&) is thought of as the set of points in IR at
which & is ‘true’. The satisfaction relation Ik, ¢—formula ¢ is true at x in
P—is defined inductively on the formation of ¢, the crucial clause being

Me, O¢ iff Ty (R(x, y) & Dk, @), 3)
and hence

ME,O¢ iff Vy(R(x,y)—IE, ¢).

Sentence ¢ is valid in ©, Gk ¢, if it is true at every point in every model
on ©.

The intuitive basis cf this modelling is that X is a set of ‘possible worlds’, and
R(x, y) means that world y is a ‘conceivable alternative’ to world x. Clause (3)
then formalises the idea (due to Leibnitz) that a sentence is possibly true if it is
true in some possible world. Formally, we could just as well have written R(y, x)
for the relation just defined, and presented (3) instead as

ME, O¢ iff Iy (R(y, x) & ME, ¢). C))
But then, writing J%(¢) for the ‘truth-set’ {x: Mk, ¢}, clause (4) becomes
O D) = fr(DU(P)), (5)

where f is the operation defined by R according to clause (2) above.

We will confine our discussion to the variety V., of so-called normal modal
algebras: those satisfying f0=0 and f(xUy)=frLify. For any frame G, the
complex algebra &* is in V,,,, and with the aid of (5) it can be seen that & and
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S* validate the same formulae, according to the two notions of validity just
outlined (cf. Lemmon [38], Goldblatt [20]).

Thus a formula that is valid in all normal modal algebras is valid in all
frames. The converse is also true, due to the result of Jénsson and Tarski [35]
that V,,=SK¢, with K, the class of all frames. That each member of Vy,, is
embeddable in some & follows from their extension of Stone’s representation of
Boolean algebras to cover n-ary operators on such algebras that preserve 0 and LI
in each variable. The case n =1 was rediscovered and applied to modal logic by
Dana Scott, as presented in Lemmon [38, Part II}.

A normal modal iogic is a set A of formula that contains all tautologies and all
instances of the schema

O(¢— y)— (Qe—0y),

and is closed under modus ponens, substitution for propositional variables, and
the rule of necessitation, i.e.

¢eA implies O¢peA

The intersection of any collection of normal logics is a normal logic, and so for
any set I of formulae there is a smallest normal logic Ay containing I.

The lattice of normal modal logics is anti-isomorphic to the lattice of
subvarieties of V,,. To see this, observe first that if % is a normal modal algebra,
then Ay = {¢: Ak ¢} is a normal logic. Hence if C c V,,,, the set A of formulae
valid in all members of C is a normal logic, namely Ac =\ {Ax: A€ C}. Acis
the logic determined by C. On the other hand, the class V;- of normal algebras that
validate a set I'" of formulae is a variety, defined by the equations ‘¢ =1’ for all
¢ € I. Moreover, I" and the normal logic A it generates define the same variety,
i.e. Vr=V,,. For, if AET, then I'c Ay, and so Ay includes the smallest logic
containing I, i.e. AE Ar.

Since any modal-algebraic equation is equivalent to one of the form ‘¢ =1’ for
some formula ¢, it follows that each variety of normal algebras is of the form V,
for some normal logic, so that the correspondence A—V, is a c-reversing
mapping of the lattice of normal logics onfo the lattice of subvarieties of V.
That the correspondence is an anti-isomorphism follows from the fact that
A= Ay,, i.e. V, determines A. The non-trivial part of the proof of this involves
showing that if ¢ ¢ A, then there is an algebra in V, that invalidates ¢. For this
one uses the familiar Lindenbaum algebra % ,, whose elements are the equiv-
alence classes of formulae under the relation ‘(¢ © y) e A’. U, determines A
(i.e. validates precisely the members of A) and is in fact the free V,-algebra
generated by the equivalence classes of the propositional variables.

Observe that V,_ is the smallest equational class containing C, for if C < Vr,
then I'c Ac and so V. .c V. Thus V, =HSPC. Hence C=V,_ iff C is a
variety. It follows that

C is of the form V, for some normal modal logic A iff it is closed under
homomorphic images, subalgebras, and direct products.



Varieties of complex algebras 179

This discussion suggests a corresponding series of questions about logics and
classes of frames instead of algebras. A frame © determines the logic Ag=
{¢: ©SE ¢}, while a class K of frames determines the logic Ax={¢: KE¢} =
M {As: © € K}. On the other hand, we define K = {S: ©E I’} to be the class of
all frames that validate I', and observe that K = K, (since in general S I iff
©EAr). A class of frames is modal-axiomatic if it is of the form K, or
equivalently of the form K, for some normal logic A. Observe that the smallest
modal-axiomatic class containing a given class K must be K ,,, for if K < K., then
I' c Ag and so K, c K. Thus K is modal-axomatic iff K = K 4,. By analogy with
the case of varieties, it is natural to ask

When is a class K of frames equal to K, for some normal modal logic A?

It turns out (cf. Theorem 3.7.6) that for elementary K there is an answer, similar
to the algebraic case, in terms of closure conditions for K involving bounded
morphisms, inner substructures, disjoint unions, and a notion of canonical
extension which derives from the Stone representation theory (the canonical
extension of a structure © is a new structure whose elements are the ultrafilters
on ©). We establish this characterisation for elementary classes of arbitrary
similarity type.

The property of being modal-axiomatic can be re-expressed in algebraic terms
as follows. Let Vx = HSPK™ be the variety generated by K*. Then Vi = V,,, the
variety defined by the logic Ax determined by K. In asking whether K is
modal-axiomatic we are asking whether all frames that validate A are in K. Thus

K is a modal-axiomatic iff K™ is the class of all powerset algebras S in the
variety that it generates.

Turning now to a different question, we say that a normal logic A is com_ete if it
is determined by some class of frames, i.e. if A= Ag for some K. This holds iff
A= Ag, i.c. iff Ais determined by the class of all A-frames, but whereas in the
algebraic case we always have A= Ay, (since A is determined by the variety V,,),
there are normal logics that are incomple‘e, and so are not equal to Ax for any
class K. Examples of such modal logics were first construcied by Thomason [51]
and Fine [16], following an earlier construction of an incompleie icnse logic by
Thomason [50].

The algebraic version of completeness goes as follows. If V is a variety oi
normal moda! algebras, we define Ky ={S: S* eV} to be the class of all
structures whose powerset complex algebras belong to V. In the case that Vis V,,
Ky is just the class X, of all A-frames. Now completeness means that A is the
logic Ak, determined by K,, or equivalently that A and Ak, define the same
subvariety of V,,,. But the logic deiermined by K, is the same as the logic
determined algebraically by K, and this logic defines the variety gener:ied by
K3 (since in general V,, = HSPC). Therefore

A is compl-ie iff K} generates V.
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Thus it is appropriate to define a general variety V to be cocmplete if it is
generated by its class Ky of powerset complex algebras. Clearly every complex
variety is complete, for if V =SK™, then K c Ky and so V = SKy. An incomplete
variety of relation algebras appears in Kramer and Maddux [37]. In the modal
case, incompleteness is a measure of the failure of the set-theoretic semantics to
differentiate and characterise various logics. The strongest result in this direction
is given by Blok [11]}, who shows that for any variety V of normal modal algebras
satisfying x € fx, there are uncountably many varieties W such that Ky = Ky, so
that V and W are indistinguishable by powerset algebras.

The initial success enjoyed by Kripke semantics was no doubt due to the use of
models that were more ‘concrete’ and tractable than modal algebras, and the fact
that so many well-known logics were shown to be determined by elementary
ciasses of frames. Take for example the logic S4, the smallest normal logic
com: ining the schemata

=0, ()
DOP—=> O (@)

S4 is determined algebraically by the variety V,; of closure algebras: its
Lindenbaum algebra is a closure algebra. Set-theoretically it is determined by the
class K, of quasi-orders. This could have been deduced from the J6nsson—Tarski
result that V,=SK_,, but, intriguingly, their paper did not initiate the extensive
mc del-theoretic study of modal logic that followed the work of Kripke a decade
later (cf. also Dummett and Lemmon [14] for constructions of algebraic
S4-models based on ordered sets).

The schema (6), corresponding to the algebraic condition xC fx, is valid in
(X, R;* iff R is reflexive, while (7), corresponding to ffxC fx, is valid iff R is
transitive {25, Theorem 3.13). Hence K, is the class of all S4-frames.

By no meax:c all modal axioms have first-order characterisations. A simple
example is

O0C¢— O0¢. @®

The class of frames validating (8) is not elementary (Goldblatt [i9], van Benthem
[4]). Moreover, if V; is the variety of normal algebras validating (8), there is no
elementary class K such that K* generates V; (Goldblatt [20, §17]). On the other
hand, V; is complete, and indeed is generated by its finite powerset complex
algebras (Fine [18]). It is not known whether V; is a complex variety.

A similar example concerns the so-called Gédel-Lob logic, the smallest normal
logic containing

0(O¢— ¢)—0¢. (©)

This logic characterises the interpretation of (0 as “it is provable in Peano
arithmetic that™ (cf. Boolos [12]). The frames validating (G) in the sense of (4)
are precisely those in which R is transitive and well-®ounded—clearly a non-
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elementary class. The modal algebras validating (G) are studied under the name
of diagonalisable algebras (cf. Smorynski [45] for a survey and bibliography). A
simple compactness argument shows that the variety V,; of diagonalisable
algebras is not generated by K™ for any elementary K (cf. Section 3.7). Moreover
this variety is not complex: there exist diagonalisable algebras that cannot be
embedded into the algebra of subsets of amy tramsitive well-founded frame
(Theorem 3.7.1). However, V; is complete, and is generated by its finite powerset
complex algebras. This follows from the result of Segerberg [44] that the
Godel-Lob logic is determined by its finite frames.

The properties of the last two examples may be con‘rasted with those of the
variety V; of normal algebras validating

OO¢— (OT(¢ A ¥) v OO A ). (&)
The class Ky, of all those frames that validate (9) is not elementary, but V; is a
complex variety, and does have an elementary generating class. These results are
due to Fine [17], who shows that Vo =SKjg, where K, is the class of all frames
satisfying
Vx Yy (R(y, x)—> 3z (R(z, x) AVu Vv (R(4, z) A R(v, 2)
—u=v A R(v, y)))).

Now, as already mentioned, we will prove in Section 3.6 that for any elementary
class K, the variety Vx =HSPK™ it generates is complex. The example K = K,
shows that the clas {S: ©* € V} of all frames associated with Vi need not itself
be elementary.

The question arises as to when a set of modal sentences has an elementary class
of frames. Aigebraically we are asking

If V is a variety, when is Ky = {©: ©* € V} an elementary class?

The answer is surprisingly simple: precisely when Ky is closed under ultrapowers.
A proof of this is giver in Section 3.8 that applies to varieties of Boolean algebras
with operators of arbitrary signature.

Our motivational discussion of the modal case may only have been r general
significance to those unfamiliar with the subject. The reader is recommended to
return to this Introduction from time to time when reading the more technical
sections to follow.

Notation

We use vectorial notation for finite sequences. Thus if x is a sequence of length
n, its i + 1-st term is denoted x;, o that x = (xo, . . . , X,—1). A sequence of length
1 may be identified with its only term, and concatenation is indicated by a
comma, so that (x,y) is the sequence (X, ..., X,-1,y) etc. Operations and
relations for sequences are defined from the corresponding operations and
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relations for terms in the usual ‘direct product’ fashion. Thus x <X means
Vi<n (x;<X;), and @(x) denotes (@(xo), - - . , P{x,-1)), €tc.

2. Duslity

The topological duality f.. Zoolean algebras of Stone [46] Las been generalised
to distributive atsic: « ;2 two ways. The approach of Stone himself [44] leads to a
representation in terms of spaces that are called speciral by Hochster [31] (a
spectral space is a compact T; space in which the compact open sets form a base
and are closed under finite intersections, and in which every non-empty
irreducible closed subset is the closure of a point). Priestley [41] introduced an
alternative approach, using partially ordered spaces, which has been held to be
advantageous for applications in providing a representation that is more
‘concrete’ and ‘geometric’, being based on a Hausdorff topology related to the
partial ordering (cf. Priestley [42] for a discussion of merits).

A speciral-space type duality for operators on distributive lattices is given by
Hansoul [29]. In this section we develop the alternative order-theoretic approach
to such operators.

2 1. Lattices, structures, and spaces

Let ®=(D, U, M, 0, 1) be a bounded distributive lattice. A function f: D" —
D with n >0 is a join-hemimorphism if it preserves, in each variable, the join of
any finite (possibly empty) subset of D, i.e. if the equations

f(@o,-..,84,0,8:41,...,8,.,)=0,
flag, -..,@i_1, xUY, @i, ...,8,—1)
=f(@gs - - 5im1y X, inys -« -y @) If(@0y - - -, Binyy ¥y Birs - -« 5 An),
hold for any i < n. Note that any such f is mc::otonic in each variable, i.e.
xZy implies f(ao,.--,@i—1,% Givyy.-.,0,1)E
flao, ..., 8i_1,Y,8i41, ..., 8,_).
Dually, g: D™ — D (m >0) is a meet-hemimorphism if it preserves 1 and I in

each variable, i.e. preserves meets of all finite sets. Meet-hemimorphisms are also
monotonic.

For n =0 or m =0, any nullary operation (constant) will be regarded as both a
join- and a meet-hemimorphism.

A distributive lattice with operators is a bounded distributive lattice carrying a
collection of join- and/or meet-hemimorphisms. For the purposes of this
exposition an arbitrary pair (r, m) of natural numbers will be fixed, and we study
algebras % = (D, f, g) with f a single n-ary join-hemimorphism. and g a single
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m-ary meei-hemimorphism, on the distributive lattice ©. This will typify the
general case.

The name ‘hemimorphism’ was coined by Halmos [27] for join-preserving
functions of Boolean algebras, for the reason that ‘roughly spezking, a hemi-
morphism preserves half the structure of a Boolean algebra’.

Ordered Structures. Let © = (X, <) be a partially ordered set. A subset Y of X
is called a cone if it is closed upwards under the partial-ordering, i.e. if

yeY and y<z implieszeY.

The set of cones is denoted co(®), and is a complete sublattice of the lattice
(Sb(X), U, N) of all subsets of X.
A relation R ¢ X™*! is increasing if for all xe X" and all y, z € X,

R(x,y) and y=<z implies R(x, z),

i.e. if the set {y: R(x, y)} is a cone. A cone itself is thus an increasing set
(one-placed relation). Reversing the order, a relation Q ¢ X™*! is decreasing if

O(x,y) and z=<y implies O(x, 2).

An ordered relational structure is a partially ordered set that carries a family of
increasing and/or decreasing relations. For this study we deal with structures
©=(X, <, R, Q), where R c X"*! is increasing, and Q c X™*' is decreasing. R
and Q determine hemimorphisms on co(©). To define these, it is convenient to
introduce the corcept of the sum @ Y of a sequence ¥ € Sb(X)™ of subsets of X
as the set

{x € X™: for some i <m, x; € Y;}.
This is dual to the usual notion of the product Q) Y as the set

{xeXm:foralli<m. x;eY;}

(indeed —(D ¥)=Q (Yo, ..., =¥n_1)).
The operations 3: co(©)"— co(©) and Y¥,: co(&S)™ — co(©) are defined by

(V)={yeX:Ixe X" (R(x,y)andxe Q Y)},
Vo(Y)={y € X: Vx € X" (Q(x, y) implies x € P Y)}.

3R(Y) will be called the existential image of Y, and Vy(Y) the universal image.
Observe that 3, is the operator fz of (1) of Section 1. Modal logicians are
accustomed, in the case n =1, to seeing the places reversed in the definition of
3(Y) as {y: 3x (R(y, x) & x € Y}. However, as explained in the Introduction,
we are following the conventions that lead from the group-theoretic origin to
J6nssou and Tarski’s general definition of an algebra of complexes.

If, for y € X, \uc inverse image sets R™'(y) < X" and Q" '(y) € X™ are given by

R'(y)={x:R(x,y)}, Q7'(»)={x:0(xy)}
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then 3 and V,, can be defined more succinctly by

(Y)={y:R7'(NNQ Y+4},
Vo(V)={y:07'(»<c D ¥}
(Note that if ¥ is the empty sequence, then P ¥ =0 and & ¥ = {#}, so that for
the case n =m =0 we get 3x(6) =R and Vy,(@)=-0.)
Since y<z implies R™'(y)cR7Y(2) etc., it follows readily that 35 is a
join-hemimorphism, and V, a meet-hemimorphism, on co(©). Hence &%=
(co(®), U, N, §, X, 3, V) is a distributive lattice with operators.

Relational Priestley Spaces. An ordered topological space is a triple ©=
(X, <, 9), where J is a topology on the partially-ordered set (X, <). The set of
clopen (closed and open) cones of such a space will be denoted cl(©). cl(©) is a
sublattice of (co(&), U, N).

An ordered space is totally order-separated if, whenever x £y, there exists a
clopen cone Uecl(®) with xeU and y¢U. This implies the Hausdorff
separation property (Priestley [41] uses ‘disconnected’ in place of ‘separated’ here:
the present terminology follows that of Johnstone [33]). A Priestley space is a
totally order-separated space that is a'so compact.

Lemma 2.1.1. In a Priest... space, the clopen cones and their complements form
a sub-base.

Proof. Let S=cl(©)U {-Y: Y ecl(©)}. Suppose Z is T-open, and x € Z. Then
for each y € —Z, by total order-separation there is a member of cl(©) containing
one of x and y but not the other. Hence there exists W, € § with y e W, and
x ¢ W,. Thus {W,:y ¢ Z} is an open cover of the complement —Z, which is closed
and hence compact. Therefore —Zc W, U---U W,P, for some y;, with x e —
W,,N---N =W, cZ. So Z is the union of finite intersections of members of S. O

The set cl(©) is a base for a topology on X which wiil be called the upper
topology. Correspondingly, the topology with {-Y:Y ecl(©)} as base is the
lower topology (this usage of ‘upper’ and ‘lower’ differs from that of Priestley
{41]). Lemma 2.1.1 implies that the topology of a Priestley space is the join of
these two weak topologies.

If < is the discrete ordering, i.e. x <y iff x =y, then all subsets of X are cones,
and the upper and lower topologies coincide with the topology of the Priestley
space: a discretely ordered Priestley space is simply a Boolean (cr Stone) space,
i.e. a compact Hausdorif space in which the clopen sets form a base.

An ordered relational space is an ordered topological space carrying a collection
of increasing and/or decreasing finitary relations. We take © = (X, =<, 7, R, Q)
here as the typical case. Such a structure is a relational Priestley space if

(1} (X, =, 9) is a Priestley space;

(2) inverse images of points are closed in the appropriate weak topology, i.e. if
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R is increasing, then R™'(y) is closed in the product topology on X" of the upper
topology, while if Q is decreasing then Q~'(y) is closed in the product on X™ of
the lower topology;

(3) existential and universal images of sequences of clopen cones are clopen, i.e.

3e(Y), Vo(Y) ec(®) if ¥ ecl(©)" (resp. cl(S)™).

If © is an ordered relational space satisfying (3), then cl(®) is closed under the
operations 3 and V,,. The aigebra

&*=(d(®), U, N, 8, X, 3g, Vo)

is a distributive lattice with operators (and a subalgebra of co(&)), and will be
called the dual algebra of ©.

An ordered relational structure ©=(X, <, R, Q) will be regarded as an
ordered relational space under the discrete topology I = Sb(X) (making ‘struc-
ture’ synonymous with ‘discrete space’). All subsets are then clopen, so
cl(®) = co(&). Hence our previous use of S* for ordered relational structures is
consistent with that now for ordered relational spaces: in all cases ©* is the
lattice of clopen cones. _

Observe further that any relational structure © = (X, R, Q) can be ordered by
the discrete ordering x <y iff x =y, in which case the addition of the discrete
topology produces a space that is totally order-separated and satisfies (2) and (3)
above, but will be compact iff X is finite. When both < and J are discrete we
have cl(&)=co(©)=Sb(X), and the dual algebra S*=(Sb(X),...) is a
Boolean algebra with operators, which we will call the full complex algebra of &
(cf. Section 3).

2.2. The dual space of a lattice

If D is a bounded distributive lattice, recall that a filter of © is a non-empty
increasing set F c D that is closed under the meet operation M. A filter F is
proper if 0 ¢ F (equivalently, if F # D), and prime if it is proper and satisfies

xUyeF implies xeForyekF.

(A set Fc D is a prime filter iff its characteristic function F— {0, 1} is a
bounded-lattice homomorphism.)

Let X be the set of prime filters of D, partially ordered by set inclusion. For
xeD, let D, ={FeXg:x€F}. Then D,=Xq, D=0, D,, =D, UD,, and
Dy =D, ND,, so that the function op: D—> co(X3) defined by op(x) =D, is
a bounded-lattice homomorphism into the lattice of cones of (X, <).

To prove that oy is injective requires the classical Birkhoff-Stone result on the
existence of prime filters, which we employ in the following form. A subset G of
D is defined to be separated from H c D if [ 1% L1J for all finite sets I and J
with Ic G and J ¢ H.
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Prime Filter Theorem. If G is separated from H, then G is contained in a prime
filter of ® that is disjoint from H. 01

Now if x ¢ y in D, this theorem implies that there exists F € Xo with x € F and
y ¢ F, whence Fe D, - D,, and so D, #D,. Hence o, is injective.
A topology T is defined on X5 by declaring the collection

{D,, -9,:xeD}

to be a subbase. This ensures that each cone 9, is clopen, so that o5 maps D into
the distributive lattice ci(Xg).

If F¢ G in Xy, there exists an xe F— G, so that Fe D, and G ¢ 9,. This
shows (X5, <, J5) to be totally order-separated.

Under the correspondence between prime filters and homomorphisms D —
{0, 1}, X, corresponds to a closed subspace of the product space {0, 1}* (with
the discrete topology on {0, 1}). Compactness of I, then follows by Tychonoff’s
Theorem. A more direct argument goes as follows. It suffices to show that every
subbasic open cover of X5 has a finite subbcover (Alexander Subbase Theorem),
so let = be a subbasic cover, and put

G={x:—9.€E}, H={x:9,eE}.

If = had no finite subbcover, it would follow that for any finite /< G and J c H,
N{D:xel), ¢ U{D,:xeJ}, and so MILLIJ. But then the Prime Filter
Theorem would imply the existence of an F € Xq with G F and FNH =6,
making F ¢ | S, contrary to Z being a cover.

Compactness can now be used to show chat o5 maps onto cl(Xq) (Priestley [41,
n. 187]). Let Y be a clopen cone, and take G ¢ Y. Then for each Fe Y, F ¢ G as
Y is increasing, and so there is some x; with F € 05(xz) and G ¢ o0g(xr). Then
{0a(xF): F € Y} is an open cover of Y, which is closed and hence compact. Thus
{oo(xs): Fe Yo} covers Y for some finite Y,c Y. Putting xc=L1Y, gives
Y c 05(xg) and G ¢ 05(xg). Thus =Y = J {-05(xs): G € —¥}. But —Y is also
closed, so —Y = {—0x(xs): G € Y;} for some finite Y; c —Y. Hence

Y= {os(xc): G € Y1} = o5(I' 1 1)
We have now reconstructed the Priestley representation of a bounded distribu-

tive lattice D as being isomorphic to the lattice of clopen cones of its dual space

(Xs, <, I). Our main aim is to extend this representation to hemimorphisms
on ®D.

Let A=(D, f,g) with f: D"—> D a join-hemimorphism, and g: D"— D a
meet-hemimorphism. Define R; c X&' and O, c X%** by

Ri(G,F) iff f(Q G)cF

iff (Vi<n(x;€G;))impliesf(x)eF, and
Q.G F) iff g'(F)c®G

iff g(x)e F implies 3i <m (x; € G)).



Varieties of complex algebras 187

In the case n = m =0, these become
Re(F) iff fes, and Qi (F) iff g¢F,

where the nullary operations f and g are identified with members of D.
In general, Ry is increasing and Q, is decreasing on (Xq, <), so that the
structure

ﬁq. = (Xsa, c, g.SD: Rf, Qg)

is a totally order-separated compact ordered relational space, called the dual
space of U. In order to show that %, is a relational Priestley space, whose dual
algebra (A,)* is isomorphic to U under oy, it is necessary to know that og
preserves the two hemimorphisms, i.e. that

(1) 0x(f(x)) =3g (0n(x)), forxeD”, and
0] 05(8(x)) = Vg (05(x)), forxeD™

Since cl(Xg) is *he image of D under og, these equations immediately imply that
images of clopen cones are clopen, i.e. 3 and ¥, are operations on cl/X). By
definition of o4, (1) and (2) become

3) Dfy= R (Dspp -+ - » Dy,), and
@) Doy =V0,(Dss « - - » Ds,,_,)-
In view of the definitions of existential and universal images it is thus enough, in
order to establish (1) and (2), to prove the following.
Theorem 2.2.1. (1) Foranyxe D" and F € X5,
fx)eF iff 3G e X% (R/(G, F)andx e Q@ G).
(2) Foranyxe D™ and F € X,
g(x)eF iff VG e X3 (Q.(G, F)implies x € P G).

Proof. In the case » =m =0, the theorem requires
feFiff R(F), and g e F iff not Q (F),

which, as noted above, hold by definition of Ry and Q,. Hence we can assume
n,m=1.

(1): If R/(G, F) and xe @ G, then f(QG)cF, so f(x)eF. Conversely,
suppose f(x) € F. The desired sequence G is constructed inductively in such a way
that for each i <n, the following two clauses hold:

(i) x; G,
(i) if y, € G for all k <i, then f(yo, . .-, Yi» Xit1s - - - » Xn—1) EF.
Then wher i =:. ~ 1, clauce (ii) immediately yields R;(G, F) by definition of Ry.

Together with (i), this will complete the proof of (1).
So, fix a j<n —1, and svppose inductively that for each i <j, G; has been



188 R. Goldblatt

defined to satisfy (i) and (ii). Then G; will be defined such that (i) and (ii) hold
with j in place of i (the case j=0 is included here, so the following argument
covers the construction of Go). Let

H={z:Vi<j3y,€Gi(f (Yo, - - - » Yj=15 Z: Xj#15 - - - » Xn-1) € F)}.
‘This definition is intended in the sense that

Hy={z:f(z, %1, . . - » Xn-1) € F},

and similar observations apply to the case of j =0 in what follows.
Hi is closed under joins. For, if zo, 2, € H;, then for each r € {0, 1} there exists
¥% € G; for all i <j such that

FOBs - -« s Yi-10 20y Xja1s - - - s Xn—1) € F.
Hence
Fos « <« s ¥ie1s Zrs Xjsrs - - - » Xn-1) € F,
where y,=yMy!eG,. this follows because y,Cy;, f is monotonic in each

variable, and F is increasing.
Since F is prime, it follows that

f()’o, ce o3 V=15 20 Xja1s - - < » Z,,..l) uf(YO! e Vi1 215 Xja1s oo o xn—-l) ¢F,
and so as f preserves L] in each variable,

f(.YOs .« ,yj—l: ZOUZD xj+1’ LI !xn—l)¢lr-

This shows that zllz, € H;, as desired. Notice also that 0€H;, because f
preserves 0 and so f(1,...,1,0, X4y, - . . , X,—1) =0¢ F. Hence LI1J € H; for any
finits J = H;, including the case J =§.

Next it will be shown that {x;} is separated from H;. For, if not, then 1 IC L1J
for some finite I ¢ {x;} and J c H;. Since I'11 is either x; or 1, according as I is
{x;} or @, it follows that x;C | 1J. But L1J e H;, so

f()'o, .o )yi—-l’ LJJ; xi+1! essey xn—l)¢F

for some y; € G;. By monotonicity, it follows that

Fos -« s Yimts Xjs Xjts -+ - s Xp1) € F.

However if j >0, this contradicts the inductive hypothesis (ii) on j — 1, while if
j =0 it contradicts the assumption that f(x) € F.

Thus {x;} is separated from H;, and so by the Prime Filter Theorem there exists
G; € X5 such that {x;} c G; and H; N G; = §. Then (i) x; € G;, ard (ii) if y, € G, for
all k<j, we have f(yo,..., ¥, Xj+1,--.,X,—1) €F, or else y;€ H;N G;. Hence
clauses (i) and (ii) hold for j, as desired.

(2): If g(x) € F, then whenever Q,(G, F), g ' (F)c @® G and so xe @ G as
desired. Conversely, if g(x) ¢ F, a sequence G € X73 is to be constructed such that
0.(G, F)and x ¢ @ G, i.e. x; ¢ G, for all i <m. The inductive clauses for G; are
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this time

(iii) X, '& Gi’

(iv) if y. ¢ Gy for all k<i, then g(Yo, . - . » Yi» Xis1s - « + » Xm-1) € F.
The proof is then completed by putting i =m — 1.

Fixing j <m — 1 and supposing that G; satisfying (jii) and (iv) has been defined
for all i <j, put

Ei={z:Vi<j3y:¢ G, (8(¥o> - - - » ¥j=15 2, Xj1s - . » Xm—1) € F)}.

Then dualising the argument used for H; in (1), the meet-hemimorphism
properties of g may be used to show that E; is closed under finitc meets, including
0. From this it follows that E; is separated from {x;}. For if not, then I /C x;
for some finite I c E;. Then 'l € E;, giving

8(}'0, ey Jj=1s nl, xj+l: LICICN ] xm—l)eF:
and hence

8()’0: seey yi-!: xi) xi-l-l, ceey xm—l)EF

for some y; ¢ G;. But this contradicts the inductive hypothesis on j — 1 when j >0,
and contradicts the fact that g(x) ¢ F when j =0.

Hence there exists Gj € Xp with E;c G; and x; ¢ G;. Then if y, ¢ G, for all
k <j, we have y; ¢ G;, whence y; ¢ E;, and s0 g(¥o, - - - , ¥j» Xjs+15 - - - » Xm—1) € F.

Thus (2) is proven by dualising the proof of (1). A ‘slicker’ (but not simpler)
version of this duality could be developed by applying the proof of (1) to the dual
lattice D°P of D. D has the same elements as D, but the reverse partial
ordering, i.e. xEy in D iff yCx in D. Joins and meets in D°P are meets and
joins in D, respectively. F is a prime filter in ® iff its set complement —F is a
prime filter in ®°P. The meet-hemimorphism g becomes a join-hemimorphism on
D°P. Thus if g(x) ¢ F, g(x) € (—F) € Xp». Applying the proof of (1) in 2P, there
exists G' € Xp» with x;€G; for all i<m and R,(G', —F), where R, is the
increasing relation on Xgo defined by g as a join-hemimorphism. Putting
G; = -G gives G € X3, Q,(G, F), and x; ¢ G; for all i <Z:n as desired. 0

Theorem 2.2.2. In U, inverse images of points are closed in the appropriate
weak topology.

Proof. Let Fe X.

(1): To show R;'(F) is closed in the product of the upper topology on X%,
suppose G € X% has G ¢ Ry '(F). Then not Ry(G, F), so for some x € D", x; € G;
for all i <n, but f(x)¢ F. Then G;€ 9D,, so N=Q (D,,, ..., D,,_) is an open
neighbourhood of G in the product of the upper topology, since each D,, is a
clopen cone in (X5, c). Moreover, if Z € N, then x; € Z, for all i <n, so that not
Ri(Z, F) since f(x) ¢ F, and hence Z ¢ R;'(F). Thus we have shown that any G
not in R7!(F) has an open neighbourhood N disjoint from R7'(F), i.e. R;'(F) is
closed.
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(2): To show Q;'(F) is closed in the product of the lower topology on Xg,
suppose that G € X3 — O (F). Then there exists x € D™ with g(x) e Fbut x; ¢ G;
for all i <m. Proceeding dually to (1) to put N=@ ((-Dy), ..., (-D;,))
gives N as an open neighbourhood of G in the product of the lower topology that
is disjoint from Q;'(F). O

Theorem 2.2.2 establishes condition (3) in the definition of a r=lational Priestley
space. Since 2.2.1 showed that oy preserves the hemimorphisms, we have now
finished the demonstration of

Theorem 2.2.3. If A=(D,...) is a distributive lattice with operators, then the
dual space U, is a relational Priestley space, and

0g = 0p: A— (A.)"

is an isomorphism. [

The other side of this coin is that any relational Priestley space © = (X, =,
9, R, Q) is ‘eguivalent’ to the d=2! space of its Jual algebra. Given such an &,
for each x e X let F, = (Y ecli(&): x € Y}. Then F, is a prime filter of the lattice of
clopen cones of &, so F, is a point in (©%),. Put 1g(x)=E.

Theorem 2.2.4. 7c: ©— (©"), is a homeomorphism of topoiogical spaces, and
an isomorphism of ordered relational structures.

Proof. To show 7g surjective, let & € X, be any point in (&¥),, so that Fis a
prime filter of cl(©). Suppose, in order to derive a contradiction, that F # F; for
all x € X. Then for each x there exists a Y; € ci{©) such that either
(i) YYeF—-F,ie.xeY.and Y, ¢ F; or else
(ii) ,eF—-F,ie.x¢Y, and Y. eF.
Let
Z = {Y,: {i) holds} U {—Y,: (ii) holds}.

Then since each Y, is clopen, Z is an open cover of X. But © is compact, so =
reduces to a finite subcover of the form

{er seey Yxpr _Yy,: ey _'.Yy,})
where the x;’s fali under case (i), and the y;’s under case (ii). Then

MY, 1sjsr}cU{Y,: 1<isp}.

But each Y, is in F, and F'is a filter, so | {Y,,:1<i<p} e F. Since F is prime, it
follows that Y, e F for some 1<i<p, which contradicts casec (i). Hence
F = F, = t15(x) for some x.

Now if x <y, then since each member of cl(©) is increasing, x € Y € cl(©) only
if yeY, so F,cF,. Conversely, if x £y then by total order-separation there
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exists a Y ecl(®) withxeY and y ¢ Y. Hence
x<y iff EcgE,

Consequently, antisymmetry of < implies \. "t F, = F, only if x = y. At this point
we have established that 7g is an order isomorphism between (X, =} and
Xaey €)-

To show that 7 15 a homeomorphism, let U be a subbasic open set in (&7),..
Then for some Y e cl(©), U is either the set {F € X¢): Y € F} or its compie-
ment. In the first case tg'(U)={xeX:YeFE}=Y, while in the second
1 (U)={x:Y¢E}=-Y. Since Y is clopen, in either case zz'(U) is open.
Hence the bijection tg is continuous. To see that it has a continucus inverse,
recall that the clopen cones and their complements form a subbase for the
topology on © (Lemma 2.1.1). Bu if Yecl(©), then te(Y)={F:xeY}=
{F.: Y e E}, which is a subbasic open in Jy,, since every point in X, is of
the form F,. Similarly, tg(—Y) is the Jy)-open set {F;: Y ¢ F.}.

Finally, it has to be shown that the relations R and Q are invariant under 13,
i.e. if x € X"*), then

R(x) iff Ran(on, LI ] Fx,,)’

and similarly for Q.

First, suppose R(x). Then for any Y ecl(©)", if Ye @ (F,, ..., F,,_), then
x0> - - - » Xp—1) € ® (Y), s0 x, € g(Y), by definition of I, hence Ig(Y) e F, .
This shows Ry (F,,, . .., F.).

For the converse, suppose that not R(x). Then (xo, ..., x,_;) ¢ R"(x,). But
R7(x,) is closed in the product of the upper topology on X", so there is some
basic open neighbourhood N of (xo, ..., x,-;) in this topology that is disjoint
from R~ '(x,). By definition of the product topology, N= & (V) for some
Yecl(®)". Then R7'(x,)N Q (¥)=8, so x,¢3:(¥Y) and hence 3 (Y)¢F,.
But (xo,...,X,—1)€N, so Ye Q@ (E,...,F,_). This shows that not
Ry (F,, ..., F).

It remains to show that if x € X™*!, then

Q(x) iff QVQ(Fxo» LECILNS | Fx,,,_l)'

First, suppose that Q(x). Then for any Y ecl(®)™, if Vo(Y)eF,, then
X, €VYo(Y), so it follows that (xo,...,%Xm_1)€ @D (¥), whence Ye
® (F . ... F,_). This shows Qy,(F., ..., F,_). Conversely, if not Q(x),
then there is some basic open neighbourhood N of (xo, . . . , X,,—) in the product
of the lower topology on X™ that is disjoint from Q~'(x,,). Then for sc.ne
Yecd(®)", N=® (Yo, ..., —Y,_1)=—(@Y). Hence Q07 '(x,)c P (¥),
implying that x,, € Vo(Y), i.e. Vo(Y)€F, . But since {xo, ..., %n-1) ¢ @D (¥),
Y¢eD(F, ..., F, ) Hence not Qy(F,,...,F, ). O

Observe that if the distributive lattice ® is a Boolean algebra, then the
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ordering on Xg is discrete, as all prime ideals are maximal, and the repre-
sentation developed here becomes a topological refinement of the Jénsson—
Tarski theory for Boolean algebras with operators. The upper and lower
torologies on Xg both coincide with Iy in this case, and the requiremeat that
R7'(y) be closed in X™ for all y become equivalent to the condition that R be a
closed subset of X™*!, with the corresponding statement holding for Q.

2.3. Bounded morphisms

For a fixed pair (n, m), let DLO be the category whose objects are the
distributive lattices with operators % = (D, f, g) as described in Secticn 2.1, with
homomorphisms as arrows. We now develop a notion of arrow between ordered
relational spaces that makes the class of relational Priestley spaces into a category
RSP that is dual to DLO.

Let 6,=(X;, <, F., Q), for i=0, 1, be ordered relational structures, with R;
increasing n + 1-ary and Q; decreasing m + 1-ary, as in Sections 2.1 and 2.2. A
map @: X,—> X, is a morphism if it preserves the three relations of ©, in passing
to &,, i.e.

1) x<y implies @(x)<e(y);
) Ri{x) implies R (@(x)), forallxeXT"";
3) Oi(x) implies Q(@(x)) forallxe X7

(recall that @(x)=(@(xo),..., ¢(x,-1)) etc.). A function satisfying (1) is
monotone.

A morphism is bounded if for all z € X it satisfies
4) Ry(y, ¢(z)) implies 3Ire X7(R\(x,z) andy < @(x)), fory e XT;
) 0,(y, ¢(z)) impiies 3x € X7 (Q\(x, z) and @(x) <y), fory e XT'

(recall y < @(x) means that y; < @(x;) for all i <n etc.)
Note that when n =0, the condition (4) becomes

Ry(9(z)) implies Ry(z),

and similarly for the Q; when m =0. In the case that n =1 and the orderings <
are discrete, the condition becomes

Ry(y, 9(z)) implies Ix € X, (Ry(x, z) and y = @(x)),

(and similarly for the (;), which the modal logician wiii recognise as the key
condition in the definition of p-morphism (Segerberg [44]). The name ‘bounded’
is suggested by the use of bounded quantifiers, both in (4) and (5), and in the
syntactic characterisation of the class of first-order sentences that are preserved
by these morphisms (cf. Section 4.2).

A bounded morphism ¢@: S, - S, induces the map ¢*: S; > S/, in the

reverse direction, where @*(Y)= ¢ '(Y)={xeX,: p(x)e Y}, for each Ye
co(S,).
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Theorem 2.3.1. (1) @™ is a homomorphism of algebras.
(2) If @ is surjective, @ is i ijective.
(3) If @ is injective, @™ is surjective.

Proof. To begin with, we have to check that ¢~ takes cones to cones, in order
that it map &7 into &f. But if xe @~ (Y) and x<y, then @(x)eY, and
@(x) < @(y) since @ is monotone (condition (1) in the definition of ‘bounded
morphism’), giving ¢(y) € Y, and hence y € ¢~}(Y), if Y is a cone.

That ¢* preserves the bounded-lattice structure is standard set theory, as are
parts (2) and (3) of the theorem. The essence then is to show preservation of the
hemimorphisms.

First, to show that

¢~ '(3r(Y)) =3p (¢7Y)),

for any ¥ € co(©,)", let z € ~'(3r,(Y)). Then @(z) € I,(¥), so Rx(y, @(2)) for
soimne y € @ (Y). Hence by clause (4) of the definition of bounded morphisms,
there exists x € X7 with R,(x, 2) and y < @(x). But then for each i <n we have
o(x;)eY, since y;eY; yi<o@(x;), and Y; is a cone. Thus xe @ (¢~ '(Y)),
making z € 35 (¢~ '(¥)). Conversely, if there exists x € @ (¢~ '(¥)) such that
Ry(x, z), then R (@(x), ¢(z)), since @ is a morphism, and ¢(x) e Q (¥), so
@(2) € 3x(Y) and thus z € ¢~} (Ig(Y)), as desired.
Finally, to show that

¢! (YVoAY)) = Vo (97'(¥)),

let z € ' (Vp,(Y)), with ¥ € co(S,)™. Then if Q,(x, z*, we have Q,(@(x), @(2))
since @ is a morphism, so @(x) € @ (¥) since ¢(z) € Vo (Y), hence @(x;) € Y; for
some i <m, giving x; € @ '(Y;) and therefore x € @ ¢~ '(¥). This shows z €
Vo,(97'(Y)). Conversely, if the latter holds, then if Q,(y, ¢(z)) we have some x
with @(x)<y and Q(x, z) since ¢ is bounded, so xe @ (¢p~'(¥)) as ze€
Vo,(97(Y)), giving some i such that ¢(x;) € Y;, then y;€Y; as Y; is a cone and
@(x;) <y;, making y € @ Y. This shows that @(z) eV (Y). O

If the &; are ordered relational spaces, then if @™ is to map ©3 into &} it must
take clopen cones in &, to clopen cones in ©,. A sufficient condition for this is
that @ be continuous, since the continuous inverse image of a clopen set is
clopen. If the &; are relational Priestley spaces, this condition is also necessary,
since the clopen cones and their complements form a subbase for the tcpology in
each space (Lemma 2.1.1) and if @* preserves clopen cones it will also preserve
their complements (using —@~'(Y) = ¢~'(—Y)). But continuity follows if the
inverse images of all members of a subbase are open.

Thus if RPS is the category of relational Priestley spaces with continuous
bounded morphisms as arrows, putting ®(©)=&" and ®(p)= " defines a
functor @: RPS— DLO that is contravariant, since in general (®P,°®,)" =
®F o 3.
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A functor in the opposite direction is given as follows. Let %; =(D,, f, &), for
i=0, 1 be DLO-objects with dual spaces %;, = (X, =, Ty, Ry, Q;) (Section
2.2). Let 6: %,— U, be a homomorphism of algebras. For each prime filter F of
gz, let

0.(F)=0"Y(F)={x e Dy: 6(x) € F}.

Theorem 2.3.2. (1) 6. is a continuous bounded morphism U, — Y, .,.
(2) If 0 is surjective, 0. is injective.
(3) If 0 is injective, 0. is surjective.

Proof. (1): The definition of 6. is standard in the representation theory of
distributive lattices (cf. e.g. Balbes and Dwinger [1, $IV.2]). That 8~'(F) is a
prime ideal in D, follows because 0 preserves LI, M, 0 and 1, and F is a prime
ideal. Hence 0.,: Xo,— X5, (cf. Section 2.2 for notation).

Now the subbasic sets in U;, are of the form (%), = {F € Xo,:x € F} and
—(9;),. But for x € D,,

(84.)_1((@1),) = {F € XDZZ 0+(F) € (91),} = {F: G(x) € F} = (@2)3(3),
and, similarly,

(0.)7'(—(D1)) = {F € X,,: 6(x) ¢ F} = —(D2)ox),

which shows that 8. is continuous.

Now we have to show that 6, is a bounded morphism. Monotonicity is clear,
since F c G implie : 8~'(F) < 67'(G). For the clauses involving the R;, note first
that wher n =0 ttis reduces ‘o showing that R.(F) iff R;(6.(F)). But in that
case, f; and f, ai: listinguished elements of their respective algebras, with
6(f)) =f., while R (¥) iff € F, and R (0.(F)) iff f, € 0.(F) iff 6(f)eF. A
similar analysis show: that Q. (F) iff Q, (0.(F)) when m =0. Hence we may
assume n, m >0 in the rest of the proof.

Suppose that R.(F), where F e X%.'. Then xe ® (0.(R), ..., 0.(F._.)
implies 6(x)e @ (K, ..., F,_,), hence f;(6(x)) € F,, and so, since O(fi(x))=
F(6(x)), fi(x) € 0.(F,), showing that R.(6.(F)). Hence we have that R (F)
implies R(6..(F)).

Analogously, if Q. (F), we show g,(x)e0.(F,) implies xe
@ (0.(R), ..., 0.(F,_1)), using 6(g:(x))=g(0(x)), and hence that
0,.(6.(F)).

At this point we have demonstrated that 6, is a morphism. The difficult part is
to prove its boundedness. So, suppose that R;(G, 0..(F)), where G € X%, and
F € X5,. Then it must be shown that there is a sequence F € X%, of prime filters
of ®, such that R.(F, F), and G < 0.(F), i.e. G;c 0~(F) for all i <n. The
construction, which is similar in strategy to the proof of Theorem 2.2.1(1), is
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carried cut inductively in such a way that for each i <n,
(i) 6(G)c F, and
(ii) if y, € F for k<i, and x, € G, for i <p <n, then
fi()’o: oo Vi e(xi-l-l)r se ey a(xn-l)) GF-

Clause (i) immediately gives the desired G, c 8~*(F), while putting i=n~1 in
(ii) establishes Ry(F, F).

To make the construction, fix a j<» —1 and suppose inductively that F; has
been defined to satisfy (i) and (ii) for all i <j. Define H; = D, by putting z € H; iff

there exists y; € F; for i <j and x, € G, for j <p <n such that

(Yos - « -5 ¥i=15 2, 0(Xj41), . . ., O(x,1)) ¢ F.
Then H; is closed under joins. For if 2, z, € H;, then for each r € {0, 1} there exist
yi € E for i <j and x, € G, for j <p <, such that

H(Y0s + -+ 5 Yj-15 20y O(X]41), - - ., O(x7-1)) ¢ F,
But then

fZ(yOD eey Yj—l’ z,, O(xi+l)’ teey e(xn-l)) ¢ F’

where y; =y? Ty} € F,, and x, =x)x}. this follows because F is increasing, f; is
monotonic in each variable, y;C y;, and 6(x,) € 8{x}). Hence as F is prime and f;
preserves joins,

fZ(yO’ s yj-l) zouzlr 6(xj+l): ceey G(xu-l)) ¢F-

This shows that 2Lz, € H; as desired. Notice also that 0€ H;, because f,
preserves 0, and so f5(1,...,1,0, 6(1),..., 6(1))=0¢F. Hence Ll JeH; for
any finite J c H;, including J = 9.

Next it will be shown that 6(G;) is separated from H;. For if not, then
M 1c UJ for some finite I = 6(G;) and J c H;. Then LiJ € H}, so

fz(yo, oo Yi-1s LI ], e(xj+1), ceey O(x,,..l}}‘. & F
for some y; e F; for i<j and x, € G, for j<p <n. But '€ 6(G;), since G; is
closed under finite meets, including the empty meet 1, and these are preserved by
6. Hence ['11 = 6(x;) for some x; € G;. Monotonicity of 6 then gives

fZ(yO! c ey yj—l’ o(xj)r O(xj+l)’ L ] O(xu—l)) éF’
But if j >0 this contradicts the inductive hypothesis (i) on j —1. On the other
hand, if j =0 then

0(fixos - -« » Xa=1)) =f(O(x0), . . . , O(x,—1)) ¢ F,

SO fi(Xoy .-, Xn-1) € 0.(F). Since x;€G; for all i<n, this contradicts
Rf;(G) 0+(F ))
Thus 6(G;) is separated from H,. Hence by the Prime Filter Theorem, there
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exists an F € X, with 8(G;) c F}, so that clause (i) holds for j, and H;NF;=§.
Then if ¥ € F; for k <j and x, € G, for j <p <n, we have

ﬁ(y!;, esey y’-, O(xi...,), eeay O(x,._l)) € F,

or else y;e H;NF. Thus (i) holds for j, and this completes the proof of the
boundedness of 6 with respect to the R.

For the case of the Q,, suppose that Q,(G, 6.(F)), with Ge X3, and
F e X5,. We must construct F € X3, such that O, (F, F) and 0.(F)<GgG, i.e.
0~'(F) c G, for all i <m. The construction is dual to the above arguments, with
the inductive clauses for the F;, now being

(iii) £N6(-G;)=9, and

(iv) if y; ¢ ;. and k <i, and x, ¢ G, for i <p <m, then

gz()’o, coes Yis e(xi+l)s ceey 9(-xm—l)) ¢F'

Then (iii) implies that if 8(z) € F, then z ¢ —G;, so that 07'(E) c G; as desired,
while (iv) implies Q. (F, F) wheni=m — 1.

Fixing j <m — 1 and supposing F, has been defined tc satisfy (iii) and (iv) for all
i <j, define E; c D, by putting z  E; iff

there exists y; ¢ F. for i <j and x, ¢ G, for j <p <m such that
gZ(YOS ceey yj—l’ z, a(xi+l)l ceey a(xm—l)) eF.

Dualising the arguments used for H; above, it can be shown that E; is closed
under finite meets, and then that E; is separated from 8(—G;). Hence there is a
prime filter F; of D, such that E;c F; and F,N 8(—G;)=$. From this it follows
that (iii) and (iv) hold for j. The details are left to the reader.

This completes the proof of part (1) of the Theorem. Parts (2) and (3) are
standard, (2) being elementary, and (3) requiring the Prime Filter Theorem to
show that if G € Xp, then there exists a prime filter F of ®, that extends
6(G)={0(x):xeG} and is disjoint from O(—G)={0(x):x¢ G}, so that
G = 07'(F). But if 0 is injective, then 6(G) is separated from 6(—G), as the
reader may confirm. O

We now see that putting @(U) =%, and ©(0) = 6, defines a contravariant
functor ©: DLO— RPS.

Theorem 2.3.3. The coinposites ®@° O and O D are naturally isomorphic to the

identity functors on DLO and RPS, respectively, and so the two categories are
dually equivalent.

Proof. It suffices (cf. Herrlich and Strecker [30], §14]) to show that the
isomorphisms

oy A= (A" = H(ON)), 7166~ (8"). =O(D(E))
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of Theoremrs 2.2.3 and 2.2.4 are the components of natural transformations, i.e.
that the diagrams
0

%ll —— Q[z 61 —_— 62
ldl l"”z 1'61 1'62
(Uy,)* &5 (2,,)* @), L5 (&7).

corumute for any DLQ-arrow 6 and RIPS-arrow ¢ as shown. But for the left
d’agram we have

(0+)" o 0u,(x) =(6,)"({F € Xu,: x € F})
= {G € Xy,: x € 0.(G)} = {G € Xq,: 0(x) € G} = 0g,° 0(x),
and for the other,
(@")+076,(x)=(¢")+({Y€Gi:xeY})
={ZeG:xe@*(Z2)} ={Z eC;: p(x) € Z} = 75,° P(x). O

2.4. Heyting algebras

A Heyting aigebra is a lattice ® with a least element and a binary operation =
of relative pseudo-complementation satisfying

xMzEy iff xCz>y.

All Heyting algebras are distributive, and have a greatest element (equal to z >z
for any z). These algebras provide the basic algebraic models of propositional
intuitionistic logic (cf. Rasiowa and Sikorski [43], Goldblatt [22]).

On the lattice of cones of a partially ordered set (X, <), a relative pseudo-
complementation is given by

Y>Z={xeX:x<yeY impliesy € Z}.

In the lattice cl(Xp) of clopen cones of the dual space (Xo, c, To) of D, it turns
out that

D.5,=9,29,,

so that op: D—cl(Xp) becomes an isomorphism of Heyting algebras. The
inclusion of D,,, in D, > D, follows readily from the fact that (z=> y)MzCy.
For the converse, if F € ®,>D,, then every prime filter extending F U {z} must
belong to D, and so have y as a member. Hence F U {z} is not separated from
{y}, soforsome x € F, xMzCy, givingxCy>zandso (y>z)eF.

In order for a monotonic @: (X;, <)—(X;, <) to induce a homomorphism
co(X,)—>co(X;) that preserves relative pseudo-complements, an additional
constraint is needed to make

(Y >2)=¢ (V> (2).
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A suitable condition is
@(z)<y implies 3Ix (z<x and @p(x)=y).
In combination with monotonicity, this is equivalent to
e@)<y if x(z<xand @(x)=y),
i.e. to
{r: 9(2) <y} ={o):z<x},
which states that the cone generated in X, by ¢(z) is the @-image of the cone
{x: z<x} generated in X, by z.

The dual map 0.,: Xo,— X, of a Heyting algebra homomorphism 6: D,— D,
satisfies this new condition on <: if 67'(F) = G, where F € Xy, and G € X,
then F U 6(G) is separated from 6(—G). For if not, then since F and 6(G) are
closed under meets, and 0(—G) is closed under joins, there would exist x € F,
zeG, and y¢G such that x8(z)C 3(y). But then xZ(6(z)=> 6(y))=
0(z=>y), so 8(z=> y) € F, making (z=> y) € 0~(F) c G. Since z € G, this would
lead to the contradiction y € G.

Any H e Xy, that extends FU 0(G) and is disjoint from 6(—G) then has
Fc H and 67'(H) =G, as desired.

A significant type of meet-hemimorphism j: ®— D on a Heyting algebra is one
satisfying x Cj(x) =j(j(x)). This arises in topos theory, in the context of an
axiomatic development of ‘sheaves over a Grothendieck topology’ (cf. Johnstone

[32, §3.1], Goldblatt [22, §14.2]). A representation of such operators in terms of
ordered relational structures appears in Goldblatt [21].

3. Varieties of complex sigebras

Fix a natural number n. This section will discuss structures © = (X, R) having
Rc X", and algebras U = (B, f) having f an n-ary join-hemimorphism on the
Boolean algebra B. This will typify the situation for general relational structures
and their associated algebras of complexes.

In the presence of Boolean complementation it is unnecessary to treat both
types of hemimorphism on a par: putting
gE)=—f(-x)
defines g as a meet-hemimorphism, while any meet-hemimorphism g arises in this

way from the join-hemimorphism f(x) = —g(—x). The associated relations R, and
Q, on Xg, are identical.

3.1. Canonical structures

We make the following definitions.
(1) The canonical structure of A = (B, f) is the structure
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(2) The canonical embedding algebra of U is the algebra
Em A= (€3 A)* = (Sb(Xe), Ig,)-

(3) The canonical extension of a structure © = (X, R) is the structure
Ce©=086C" = (Xspx) Rap)-

Recall that Xy is the set of prime filters of B, and that these are the same as
maximal filters in a Boolean algebra, so that c is discrete on Xp. Note especially
that €3 U is not the same thing as the dual space %, since the definition of the
latter (Section 2.3) includes the generally non-discrete topology J. In particular,
whereas (U.,)* is isomorphic to % (Theorem 2.2.3), it is in general a proper
subalgebra of (€3 A)* = Em A, which is in turn the full complex algebra of all
subsets of Xu. Thus the homomorphism oy(x)={F € Xy:x € F} generally
embeds % into, and not onto, Em A. The question as to what properties are
preserved in passing from U to Em YU is a signficant one algebraicaily, and
model-theoretically in the modal case (cf. Section 3.5), and is the source of some
of the theory of this section.

A key relationship between the concepts just introduced is given by the
equations

Ce®)*'=(C3&") " =EmGS".

The name ‘canonical embedding algebra’ and notation Em ¥ comes from
Henkin, Monk, and Tarski [28, p. 432], where oy is called the ‘canonical
embedding function’ (actually, Henkin et al. work with maximal ideals rather
than filters, but the two formalisms are interchangeable). Thus ‘canonical
structure’ seems appropriate for €3 %, and this usage fits neatly with the common
practice in modal logic of referring to the canonical frame of a normal logic A as
being the structure ©, = (X,, R,), where X, is the set of maximally A-consistent
sets of formulae, and R,(T, A) iff {O¢: ¢ € A} < I Maximally A-consistent sets
correspond bijectively to maximal filters in the Lindenbaum algebra A, of A
described in Section 1. In fact

The canonical frame of A isomorphic to the canonical structure €3 U, of the
Lindenbaum algebra for A.

The role of canonical frames an<' their relation to free algebras will be discussed
further in Section 3.5.

The elements of the canonical extension €e © of a structure & are the maximal
filters of Sb(X), i.e. the ultrafilters on the set X. Hence in the modal case, Ce & is
called the ultrafilter extension of a Kripke frame © by van Benthem {7, 9]. It is
the same as the completion of a frame in Goldblatt [20, Definition 20.2].
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3.2, Inner substructures and epimorphic images

in the present context of discrete structures, a bounded morphism &,— S,
between structures &; = (X;, R;) is a function @: X, — X, that satisfies

Ry(x,y) implies Ry (@(x), @(y)), and

Ry, 9(2)) implies 3x € X7 (Ri(, 2) and y = @(x)).
This is equivalent to requiring that

Ry, (2)) iff 3xeX7(Ry(x, z) and y = @(x)),
i.c. that for all z € X,

R7Y(9(2)) = ¢(R7'(2)),
which states that the diagram

X, 25 sb(x7)

Lol

R;!

X, = Sb(X3)
commutes, where the right-hand arrow is the natural lifting Y {@(x): x € Y} of
@ to Sb(X7).
Theorem 3.2.1. If @ is an injective bounded morphism, then for all z € X7*!,
RA@(z)) implies R(2).
Hence a bijective bounded morphism is an isomorphism of relational structures.

Proof. If R,(@(z)), then there exists xe X} with R,(x,z,) and @(x)=
(p(20), - - . , 9(2,-1))- By injectivity, x;,=z;foralli<n. O

A structure &, is an inner substructure of ©,, and ©, is an outer extension of
©,, if X, c X, and the inclusion function X, - X, is a bounded morphism from
S, to ©,. We write ©, € ©, when this holds.

Lemma 3.2.2. If X, c X,, then ©, €S, if, and only if,
(1) Ry=R,NX7*"; and
(2) forallze X, and y € X3,

Ry(y, z) implies ye X;.
Proof. (1) holds iff
Ri'(z2)=R5;'(z)nX:, forallzelkX,,
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while (2) states that R5'(z) c X7}. Together these hold iff
R7Y(2)=R;'(z), forallzeX,,

which is precisely the condition for the commutativity of the above diagram when
@ is the inclusion.

For a more ‘element-wise’ proof, observe that the inclusion is a bounded
morphism iff

Ry(y,z) iff Ixe X7(Ry(x, z) and y =x). O

Corollary 3.2.3. (1) The image of a bounded morphism @.S,— &, is an inner
substructure of ©, which is isomorphic to ©, when @ is injective.

(2) If a function @: ©,— ©, makes ©, isomorphic to an inner substructure of
©,, then @ is a bounded morphism.

Proof. (1) Let Im ¢ = (¢(X,), R3), where R;=R,N @(X,)"*! is the restriction
of R, to @(X;). If ¢(z)€e ¢(X,), then by boundedness of @, R;'(¢(2))c
(p(Xy)", so Imp€ES, by Lemma 3.2.2. Moreuver, if @ is injective, from
Theorem 3.2.1 it follows that

Rix) iff Rxgp(x)) iff Ri(g(x))
(2) is left to the reader. O

Observe that clause (1) of Lemma 3.2.2 is the usua! condition for &, to be a
substructure of ©,. In modal logic, inner substructures are known as subframes.
The present nomenclature was introduced, for binary relations, in Feferman [15].
Outer extensions of models of set theory are known as end extensions.

The standard symbols »» and -» will be used to denote functions that are
injective and surjective respectively. We write ©,>» S,, or &, » ©,, to indicate
that there exists an injective, or surjective, bounded morphism from &, to ©,.
Similarly, the notations U, >, and A, A, indicate the existence of injective
and surjective homomorphisms between algebras. A surjective bounded morph-
ism will be called a bounded epimorphism, and if ©, > ©,, then ©, is a bounded
epimorphic image of ©,.

If 6: A, — A, is a homomorphism of algebras, then *he function 6.: Xp,— Xy,
defined in Section 2.3 is a bounded morphism from €3 U, to €3 U,. The duality
presented in Theorems 2.3.1 and 2.3.2 can be summarized as follows:

Theorem 3.2.4. (1) A bounded morphism @: ©,~> &, induces a homomorphism
@t ©F >G5, such that if @:©,>>S, then ¢*:S; » S}, and if : S, »C,
then @p*: G5 > &Y.

(2) A homomorphism 0:%,— U, induces a bounded morphism 0.: €3 U,—
€3 U, such that if 0:U,>—>N, then 6,:C3U,»C3N,, and if 0: U, »U, then
0,:63%,-CE3%,. O
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Corollary 3.2.5. (1) If &, is (iscmorphic to) an inner substructure of ©,, then S/
is ¢ homomorphic image of ©;.

:2) If ©, is a bounded epimorphic image of ©,, then &3 is isomorphic g a
subalgebre of &7 .

(3) If ¥, is {isomorphic to) a subalgebra of U, then €3 Y, is a bounded
epimorplic image of €3 U,.

(4) If U, is a homomorphic image of ¥,, then €3 A, is isomorphic to an inper
substructure of €3 %,.

) If 6,6, or ©,»6,, respectively, then Ce ,—>€e S, or €S _,
Ce &;, respectively.

(6) If %>, or U,-»U,, respectively, then Em A, >Cm A, or EMY,
Cm A,, respectively.

Proof. (1)-(4) follow directly from 3.2.4 with the aid of 3.2.3. For (S), if
S,>S,, then &3 »S{ by (1), and then €3 & »>E3S; by (4), sC yse
€e S, =C€8S;" etc. Similerly, the proof of (6) uses (1)-(4) and Em Y, =
€s%)*. O

3.3. Point-generation and subdirect irreducibility

The material in this subsection is of conceptual and algebraic importance, byt is
20t strictly essential to what follows. It does illuminate a construction appearing
in Theorem 3.6.7, but could be skipped over at a first reading. It concerns g¢pe
notion of an inner substructure generated by a point.

If z is a point in a structure ©, let ©, = (X_, R,), where X, is the ini=rsectjon
of all inner substructures of © that contain z, and R, is the restriction of Rto ¥ .
Then ©, €S, and so &, is the smallest inner substructure of © containing 2.

In modal logic, ©, is known as the subframe of © generated by z, and is p
extensively used construction. Its importance derves from the fact that in apy
model on a frame &, truth-values of formulae at z depend only on truth-valueg 3t
points in S,.

Let 6,: ©* » &} be the homomorphism induced by the inclusion ©, > © 352
bounded morphism. Then 6,(Y)=Y N X,, so 8,(Y)#0 if z € Y. This shows tht
the product map (0,:z € X) is an injection of Sb(X) into the product Of ghe

algebras ], and, since the 6.’s are surjective, gives a subdirect-prodyct
representaion

St [ &7
zeX
of ©" in terms of the complex algebras of point-generated substructures. In fact
this is a subdirect representation by subdirectly irreducible algebras, as we il
now see.

If R is a binary relation, there is a particularly simple description of X., for
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which it is helpful to use infix notation, writing yRz for R(y, z) etc. We have
X:={yeX:yR*z},
where R* is the reflexive transitive closure of R. In other words,
(1) y € X, iff there is a sequenice (Yo, - . . , y,) in X (for some p =0) such that
Y=YoRn\R---Ry,=2z.

In the general case there is a similar, though more intricate, description. If R is
n + 1-ary, then for each i <# a binary relation R’ on X is given by

yR'z iff Ixre X" (R(x. z) and y =x;).
Then putting

[RI=R°U---UR™,
we have that X, = {y: y[R]*z}, i.e. that

(2) y € X; iff there is a sequence (o, ..., Y,) in X (for some p=0), and a
sequence (Ko, . . . , k,—;) of numbers k; <n such that

y =y0Rk0lekl cen R"p-lyp =z,

For, any y satisfying the right-hand side of ttis biconditional is in X, while the
set of all such y is closed under R™! (i.e. under (RY)™! for all i), and so is an inner
substructure of ©.

The set X, can also be characterised by means of the hemimorphism 3. Since
YRz iff ze3Ig({y})
when R is binary, it follows in that case from (1) above that
yeX, iff Ip=0(ze BR(HRF- <3r{yD )

p times
To generalise this, define for each i <n a unary operator 35 on ©* by
R(V=3x(X,..., X, YV, X,...,X),

with the Y on the right of the equation being the i + 1-st coordinate. 3% is a
join-preserving polynomial function on ©*, characterising R’ in the sense that

yRz iff zeIR({y)).
For a given p-sequence &k of numbers less than n, we then put
& = gl;'oo. . .ogff—n,

and have, from (2) above, that
(3) y € X, iff there is a p-sequence k&, for some p =0, such that

z e I({y})-

Theorem 3.3.1. &} is subdirectly irreducible.
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Proof. Let ~, be a congruence on ©™ that is maximal as a separating congruence
for {z} and @. Then the quotient algebra &*/~, is subdirectly irreducible on
universal-algebraic grounds (Henkin et al. [28, Corollary 0.3.53]).

Let ~g_ be the kernel congruence of 0,: & » &7, i.e.

Y~ Z iff 6.(Y)=6.2) iff YNX,=ZNX,.

Then &7 is isomorphic to &%/~ and so it will suffice to show that ~ and ~,
are identical.

Now since {z} N X, ={z}+#8, ~,, separates {z} and @, so ~g, is contained in
~. by definition of the latter. For the converse, suppose that Y ~, Z. If Y % Z,
then YNX,#ZNX,, so there exists some ye X, with ye Y +Z, where +
denotes symmetric difference. By (3) above, there is a sequence k such that
zeEW{yN c3L(Y + Z). But (Y + Z) ~, @, since Y ~, Z, so as 3} is a polyno-
mial on ©*, XY +Z) ~, 3k@) =0. Hence {z}NILY +2)~, {z} NG, i.e.
{z} ~. 0, which contradicts the definition of ~,. Therefore Y~o Z as
desired. O

3.4. Complex varieties
Recall the following operators on a class W of algebras.

HW: the class of homomorphic images of members of W.
SW: the class of subalgebras of members of W.
PW: the class of algebras isomorphic to direct products of members of W.

W is a variety f HW c W, SW ¢ W, and PW < W. In general, HSPW is a variety,
and is the smallest varicty containing W. Thus a variety V is said to be generated
by W if V =HSPW. The famous characterisation of Birkhoff states that W is a
variety iff there is a set of equations such that W consists precisely of those
algebras that satisfy all these equations.

Under the duality described in Section 3.2 (cf. Corollary 3.2.5), inner
substructures correspond to homomorphic images of algebras, and bounded
epimorphic images of structures correspond to subalgebras. The operation on
structures that corresponds to direct products of algebras is the formation of
disjoint unions. If {©;:iel} is a collection of structures &, = (X;, R;), then the
disjoint union ¥, ©; is the structure (I, X;, R), with

> X;={(x,i):ieland x € X;} =UX:x {i}),
I
and
R={((x0,8); ..., (xn,0)):ieland R(xy,...,x,)}
Lemma 3.4.1. (Z[ 6,-)+ is isomorphic to n’ @;F.

Proof. For each jel, the function @;:x—(x,j) is a bounded morphism
8, ¥, ©;, which thereby induces the surjective homomorphism ¢; : (I, S,)* -»
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©;'. This then determines a homomorphism 6: (T, ©,)* » 1, &}, viz. (Y)(j) =
@; (Y) = @7 }(Y), which is surjective because if Z; e G for all je1,

(Z:jel) = O(LIJ 'Pi(zi)) .

But if 6(Y)=6(Z), then (x,j)eY implies x € @;'(Y)=@;(Z), and hence
(x, j) € Z. Interchanging Y and Z shows Y = Z. Thus 0 is injective, and altogether
is an isomorphism. O

Now if K is a class of structures, let
K*={U. =& for some © e K}

be the closure under isomorphism of the class of full complex algebras of
members of K. If I denotes closure under isomorphism, then

SK*=SI{&*": G eK}=IS{&*": B €K},

so the members of SK* are precisely those algebras isomorphic to complex
algebras based on members of K. As discussed in the Introduction, there are
many significant examples of varieties that have the form SK* for some K, and
these we call complex varieties. In general, SK™* is contained in any variety that
contains K*, arnd in particular, SK* c HSPK™. But if K is closed under disjoint
unions, then Lemma 3.4.1 implies that PK* = K*. Thus

Theorem 3.4.2. If K is closed under disjoint unions, then SK* is a variety if, and
only if, HSK* = SK* = the smallest variety containing K*. 0O

Thus to determine when SK™ is a variety, we seek conditions under which it is
closed under homomorphic images. For this pupose the notions of the canonical
extension €e & = (Xsy(x), Ra,) of a structure & = (X, R), and canonical structure
€3 U = (Xw, Ry) of an algebra A = (B, ), will be used, together with the duality
expressed in Corollary 3.2.5.

Lemma 3.4.3. Let K be closed under canonical extensio:.s.
(1) If K is closed under bounded epimorphic images, then

AeSK* implies C3AeK.

(2) If K is closed under bounded epimorphic images and inner substructures,
then

AeHSK* implies C3Aek.

Proof. (1) If % € SK* then there is some © € K with % S*. Hence €3 & »
€3 YU (Corcilary 3.2.5). Since €3 S*=Ce &, closure of K under canonical
extensions and bounded epimorphic images then gives €3 % € K.
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(2) If A cHSK", ther U, »¥A for some A, €SK™. But then €3 A->C3 Y,
(Corollary 3.2.5), so €3¥ is isomorphic to an inner substructure of €3,
(Corollary 3.2.3). But €3%,eK by part (1), and K is closed under inner
substructures and isomorphic images (as a special type of bounded epimorphic
image), so €3%AeK. O

Theorem 3.4.4. Let K be a class of structures closed under canonical extensions.
Then SK* is a variety if K is closed under bounded epimorphic images, inner
substructures, and disjoint unions.

Proof. by Theorem 3.4.2, it is enough to show HSK* ¢ SK™*. But if A e HSK*,
then by 3.4.3(2), €3 % e K, so that (€3 A)* e K*, i.e. the canonical embedding
algebra EmMA=(C3A)* of A is in K*. Since A>>EmU (Section 3.1),
AeSK*. O

The closure conditions on K of Theorem 3.4.4 are not necessary for SK* to be
a variety. For instance, if K is the class of infinite quasi-orders, then SK* is the
variety V of closure algebras, but K is not closed under bounded epimorphic
images or inner substructures (even though it is closed under canonical
extensions—cf. J6nsson and Tarski [35, Section 3], and also the remarks follo. ‘ng
Corollary 3.4.6 below). To obtain necessary conditions, we must consider the role
of the class K of relational structures defined by

Ks={©:8*eSK"}.

Theorem 3.4.5. (1) Ks is the largest class M of structures satisfying SM* = SK*.

\2) Ky is closed under bounded epimorphic images.

(3) If K is closed under disjoint unions, then so is K.

(4) SK™ is closed under direct products iff Ky is closed under disjoint unions.

(5) If K is closed under canonical extensions, then so is Kg.

(6) If SK” is closed under homomorphic ir:ages, then Ky is closed under inner
substructures.

(7) If SK* is a variety, then K is closed under inner substructures and disjoint
unions.

(8) If K is closed under canonical extensions, bounded epimorphic images, and
inner substructures, then SK* is closed under homomorphic images.

(9) If K is closed under canonical extensions, bounded epimorphic images, and
inner substructures, then K is closed under inner substructures.

(10) If K is closed under canonical extensions, bounded epimorphic images,
inner substructures, and disjoint unions, then so is Kg.

Proof. (1) Since K = K, SK* = SKS. But if Y € SK¢, then UA>-»S™ for some ©
such that © e K, and hence ©* € SK*. But then A e SK*. Thus SKI =SK™.
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Moreover, if SM* =S8K™, then © € M implies ©* € SK* and so & € K§, showing
McK;.

(2) f ©eKs and ©-»S,, then & »>&* and &* e SK*. Closure of SK*
under subalgebras then gives &, € K.

(3) Suppose {©;:iel}cKs. Then for each iel there exists T;e K with
S/ »>T;}. Then

(; @,.)+ =[ler ] 55:5(57‘, s:,.)

Hence if (T, ) e K, (T;S)* eSK™, so (T, S)) e K.

(4) Suppose SK™ is closed under civect products. Then if {S;:iel} cK;,
:6)* =116} eSK*, so (T,;S,)eKs. Conversely, suppose Ks is closed
under disjoint unions. Then PK$=Kg by Lemma 3.4.1. But in general
PSW = SPW, so PSK* =PSK¢ c SPK¢ =SK¢ =SK*.

(5) Let © e K, so that &* »»T* for some T € K. Then €3 T+ »EC3 G, i.e.
CeT»Ce S, and so (€:S)*»»(€CeT)*. But if K is closed under canonical
extensions then (€e X)* e K*, so (Ce ©)* e SK*, making Ce S e K.

(6) Suppose SE€ T € Ks. Then ©»»> T, so TH»S*. But T+ e SK*, so if SK*
is closed under homomorphic images, it contains ©*, giving © € K.

(7) By (4) and (6).

(8) Let A e HSK* = HSKg. Then applying Lemma 3.4.3(2) to Kg, under the
hypothesised closure conditions on Kg, gives €3 % € Ks. But A»»(E3A)™ =
EmU, so AeSK¢ =SK™.

9) If SET €K, then T*»S* and T* e SK*, so S* e HSK*. Then by
Lemma 3.4.3(2), €5&* e K. But &* »»EmGS*=(€3&*)*, so &* e SK™, i.e.
G eKs.

(10) By (2), (3), (5), and (9). O

+

Corollary 3.4.6. If K is closed under canonical extensions, then SK™ is a variety
iff K is closed under inner substructures and disjoint unions.

Proof. Assume K closed under canonical extensions. Then since Ky is always
closed under bounded epimorphic images (3.4.5(2)), closure under inner sub-
structures and disjoint unions yields, by Theorem 3.4.4 that SK¢ is a va.iety. But
SK$ =SK".

The converse is part (7) of 3.4.5. O

Corollary 3.4.6 uses a weakening of the basic hypothesis of Theorem 3.4.4 (cf.
3.4.5(5)). To show that this is a proper weakening, i.e. that closure of K under
canonical extensions does not imply the same closure for K, consider the variety
V,, of closure algebras. If U is a closure algebra, then so is €m % = (€3 A)*, and
if © = (X, R) with R binary, then & is a closure algebra iff © is a quasi-order
(J6nsson and Tarski [35]). Thus if © is a quasi-crder, then so is Ce © =3 &7,
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i.e. quasi-orders are preserved by canonical extensions. But for any quasi-order
© there is a partial-order £ with ©*>> X" (cf. Grzegorczyk [26], or apply the
‘bulldozer’ technique of Segerberg [44] to get T »&). These facts show that
Va=SKg,, where K, is the class of partial orders, and that (K)s is the class of
all quasi-orders. Thus (Kp,)s is closed under canonical extensions, but K, is not
itself so closed, as the following example shows.

Let % = (@, =) € K,. The hemimorphism 3 on Sb(w) induced by = has

3(Y)={z:Fy=z(yeY)},

so that if Y is infinite, and hence has to last element, then 3(Y) = w. Thus if F
and G are two distinct non-principal ultrafilters on w, then all members of F and
G are infinite, so Y € F implies 3(Y)e G, and Y € G implies 3(Y) e F. This
means that R3(F, G) and R3(G, F) in Ce(w, =), so the latter is not a
partial-order.

We end this subsection by considering the question as to when K = K. For this
we introduce the expression “K reflects canonical extensions’ to mean that

ifCeSeK, then©Gek.

Theorem 3.4.7. (1) If K = K, then K is closed under bounded epimorphic images
and reflects canonical extensions.

(2) If K is closed under cancnical extensions, then K = K iff K is closed under
bounded epimorphic images and reflects canonical extensions.

Proof. (1) Closure of K5 under bounded epimorphic images was shown in
3.4.5(2). But ©*>—»(€Ce )™ since (CeG)*=(€36")*=EmS*, so ©* is in
SK™* whenever (Ce ©)* is, i.c. €e G € K implies G € K.

(2) Suppose K is closed under, and reflects, canonical extensions, and is closed
under bounded epimorphic images. Let © € K. Then ©* >» I+ for some £ € K.
Hence €CeT»Ee®, so the stated closure conditions give €eT € K, then
€e S €K, and finally © € K. This shows that Ks=K. O

3.5. Canonical varieties

A class W of algebras will be called canonical if it is closed under canonical
embedding algebras, i.e.

AeW implies EmAeW.

Lemma 3.5.1. Let K be any class of structures. Then SK™ is canonical iff Ky is
closed under canonical extensions.

Proof. If SK™ is canonical, then S e K implies ©*eSK*, so EmS* =
(€2 &)* € SK™, and hence €e S € K.

Conversely, suppose K is closed under canonical extensions. Let % e SK™.
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Then A>-»>S"* for some ©e K c Ks. Hence EmA>»Em S* =(Ce ©)*. But
C€e © e K, by hypothesis, so this gives Em U € SK§ =SK™ as desired. O

Corollary 3.5.2. If K is closed under canonical extensions, then SK* is canonical.

Proof. By Thecrem 3.4.5(5). O

Note that, by the discussion following 3.4.6, the class of closure algebras is a
canonical variety representable in the form SK* with K not closed under
canonical extenrsions.

It is readily seen that

Any canonical variety V is a complex varicty.

For, if K= {€5%: A e V}, then since (€3 A)* = ECm A, if V is canonica: we get

K} cV, and hence V = SK{ since U >>Em A. It seems prima facie possiole that

there are non-canonical complex varieties, but no example appears to be known.
The results of the previous subsection can be strengthened as follows.

Theorer. 3.5.3. For any class of structures K:

(1) If K is closed wnder canonical extensions, bounded epimorphic images,
inner substructures, and disjoint unions, then SK™ is a canonical variety.

(2) SK* is a canonical variety iff K is closed under canonical extensions, inner
substructures, and disjoint unions.

Proof. (1) By Theorem 3.4.4 and Corollary 3.5.2.

(2) From left to right by Theorem 3.4.5(7) and Lemma 3.5.1. The converse is
by Corollary 3.4.6 and 3.5.1. O

The next result will enable us to explain the relationship between the notions of
canonical variety and canonical modal logic.

Theorem 3.5.4. A variety V is canoiiical if, and only if, it contains the canonical
embedding algebras of all its infinitely generated free algebras.

Proof. If % ¢ V, then there is an infinitely generated free U, in V with U, »U.
Then Em A, » Em A (3.2.5(6)), so if V cortains Em A, it will contain Em A by
closure under homomorphic images. O

Now in Section 3.1 it was explained how a modal logic A has a canonical frame
©, that can be identified with the canonical structure €3 %, of the Lindenbaum
algebra A, of A. There is a model on ©, that falsifies all gon-A-theorems, so in
order to show that A is determined by some subclass K of its frames, it is enough
to prove that &, is in K. Numerous completeness theorems in modal logic use
the canonical frame in this way (cf., e.g., Segerberg [44]).
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Thus the question as to whether the frame €3 %, validates the logic A is of
particular importance. This is equivalent to asking whether the algebra (€3 %,)",
i.e. the canonical embedding algebra Em U, of the Lindenbaum algebra, is in the
variety V, of all algebras validating A. Now ¥, is itself freely generated by the
(equivalence classes of) propositional variables, and these are usually taken to
form a denumerable set. However, for any infinite cardinal x we can consider a
version of the logic A based on a language with x-many variables, and construct a
canonical frame ©% identifiable with €3 %Y, where A% is the free (Lindenbaum)
algebra in V, on K generators. A is called canonical if it is validated by all such
canonical frames (Fine [17]). This is equivalent to having the canonical
embedding algebras (€5 A%)* of all infinitely generated free V,-algebras be in
V.. Thus according to Theorem 3.5.4, a logic A is validated by all its canonical
frames precisely when its variety V, of algebras is canonical in the sense
introduced here.

The deepest result about canonical varieties will appear in the next section
(Theorem 3.6.7), and for that we need the following result. If K is any class of
structures, we write Vi for the variety generated by K+, i.e. Vx =HSPK™*.

Theorem 3.5.5. Vi is canonical if, and only if, it contains the canonical
embedding algebra of any of its full complex algebras ©*.

Proof. Suppose that ©™ € Vi implies Em & € V. Let A be any member of Vg,
with the intention of showing that €m % € V. Now by definition of Vy, there
exists an algebra A* and a subfamily {&;: i e I} of K such that

e[l &7 = (2 @,-)+.

Putting © = 7, ©;, we then get (3.2.5(6)),
EmA-CmA* > EmS™.

But &" is in Vg, by closure under products and isomorphism, so closure under
homomorphic images and subalgebras, together with the hypothesis on S,
implies EmAe V. O

3.6. The elementary case

If K is an elementary class in the sense of first-order logic, i.e. the class of all
models of some set of first order sentences, then the hypothesis in Theorem 3.4.4
that X is closed under canonical extensions can be dispensed with! The reason for
this is that €e © is a bounded epimorphic image of an elementary ext sion of .
The idea for the proof of this is due to Fine [17], who showed that a 2-saturated
model of the language of propositional modal logic ha: a p-morphism onto the
canonical model of its modal theory. We adapt that construction here to general
relational structures, for which w-saturation is needed.
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Let L be a first-order language, and ©=(X,...) a realisation of L. A
cviicciion I' of L-formulae is safisfiable in © if there is a valuation y =
(Yo> )1, - - .) of the L-variables such that y satisfies every member of I'. I'is finitely
satisfiable in © if each finite subset of I'is satisfiable in . If x € X™, for some m,
let L, be the associated language LU {X,,...,%,-1}, where each %; is an
individual constant. % is w-saturated if for any m < w, and any x € X™, each set
of L,-formulae that is finitely satisfiable in the structure (%, xo,...,X,_,) is
itself satisfiable in this structure.

Now let % = (X, R) with R c X"*.. Let L be the first-order language with an
n + 1-placed relation symbol R, and a one-placed relation symbol Y for each
subset Y of X. Let U, =(X,, Ry, {Y*: Y cX}) be an w-saturated elementary
extension of A, = (X, R, {Y: Y c X}). Such an extension exists by the theory of
saturated models, and indeed %, may be realised as an ultrapower of %, , so that
(X1, R,y) is an ultrapower of A (cf. Chang and Keisler [13], Theorems 6.1.4 and
6.1.8]).

For each x € X, let F, = {Y c X: x € Y*}. Now the sentences

Vo X(v), -3Jvd(),
Vv (Y N Z(v) & Y(v) A Z(v)),
Vv (YU Z(v)— Y(v) v Z(v))

are all true in %,, for any Y, Z € Sb(X), and hence are true in the elementary
extension ¥,. Thus

XeF, @¢F,

YNZeF iff YeF andZeE,

YUZeF, implies YeF orZekF,.
Hence F, is a prime filter of Sb(X), and so putting @(x) = F; defines a function
@: X, Xspx)- It will now be shown that ¢ is a bounded morphism from
T= (Xl, Rl) onto Ce &S = (XSb(X): Rgﬂ).

If G is any mercber of Xgy(x), put
r={Y(w):YeG}U{¥(v): Y ¢G)}.

Then I is finitely satisfiable in %, . For, if  and J are finite subsets of Sb(X) with
Ic G and Jc —G, then since G is a prime filter, (M1 ¢UJ, so there exists
ye(\ with y ¢ UJ. Hence I is finitely satisfiable in %;. By w-saturation, it
follows that there is some x € X, that satisfies I'in %,, so that F, = G. This shows
that @ maps X, onto Xgp(x)-

Next, to show that @ is a morphism, suppose that R,(x), where x € X7*'. Let
Y.eF, foralli<n. If Y=33(Y,, ..., Y,—1), then the sentence

VYvo:-- v”" (Yo(vo) A A Y;n—l(vn—l) A R(vop cees Up)— ?(U,,))

is true in A, and hence true in A,. Since x; € Y; for all i <m, this implies that
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x, €Y*=3r(Yo - - - » Ya1))*, and so 3g(Yo, - - ., ¥,—y) € F,,. This shows that
Ry (E, ..., E), i.e. R3,(@(x)) as desired.

Finally, we show that @ is bounded. Suppose that R3 (G, @(z)), where z € X,
and G € Xgux)- Then we must find an x € X7 with Ry(x, z) and ¢(x)=G. Let I’
be the following set of formulae in the variables v, . . . , Yp—s:

r={R(vo, ..., a1, 2}V {Y(vo): YeGo}U---U {Y(vn-1): Y € G,_y}.

Now if x satisfies I'in %, when the variable v, is interpreted as x;, then R,(x, z),
and for each i<n, x;e Y* for all Y € G,, so that G;c F, = ¢(x;). Since G; is a
maximal filter of Sb(X), this gives G; = @(x;) as desired (note that if © were an
ordered structure, and G; a prime filter of the distributive lattice ©*, this would
show that @ was a bounded morphism of the type appropriate for ordered
structures, as discussed in Section 2.3).

Thus it remains to show that I is satisfiable in 9,. By the w-saturation of %,,
and the closure of each G; under finite intersections, it is enough to show that if
Y; e G; fori<n, then

I(‘)= {R(i’o: cseyUp_y, 2): ?0("0)) esey f’n—t(vn-l)}

is satisfiable in %,. But given such Y, since Ry (G, ¢(2)), it follows that
3r(Yo, - - ., ¥,—,;) belongs to @(2), i.e. ze Y*, where Y =3x(Y,, .. ., ¥Y,—;). But
for this Y, the sentence

Vo (Y(v)—=>3vg- - - v, 1(Yo(Uo) A - -+ A Yo y(Up—1) AR(g, - - - 5 Un—1, V)))

is true in %,, hence true in U,. Hence there exists x € X7 such that x; € Y for all
i<n, and R,(x, z). But then x satisfies I3 in ¥, as required.
This completes the proof of

Theorem 3.6.1. For any relational structure © there is an ultrapower £ of ©
having a bounded epimorphism £ »€e . 0O

Note that the set I used in proving ¢ bounded had only a single constant Z
extending L. However the reader should not be misled thereby into thinking that
the hypothesis of w-saturation is stronger than necessary. In dealing with
n + 1-ary relations it was necessary for I' to have n free variables. Since a general
relational structure may have relations of arbitrarily large finite arity, the fully
general version of 3.6.1 requires consideration of sets of formulae with an
arbitrarily large finite set of free variables. But the definition and theory of
‘saturation’ is usually carried out in terms of satisfaction of sets I" with only one
free variable. The essential point is that for w-saturated models, that more
restricted definition is equivalent to the one used here (cf. Monk [40, Proposition
28.2], or Barwise [2, Lemma IV.5.2]).
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Theorem 3.6.2. (1) If K is a class of structures closed under ultrapowers and
bounded epimorphic images, then K is closed under canonical extensions.

(2) If K is closed under ultrapowers, then Kg is closed under canonical
extensions.

Proof. (1) Immediate from 3.6.1.

(2) Let © € K, so that ©* »» S for some &, € K. Let ¥ be an ultrapower of
©, for which £-»Ce®,. But €3 &} »3I3E*, ie. CeS;»Ce®, yielding
X » Ce © by composition. Since K is closed under ultrapowers, £ € K c K. But
Ks is closed under bounded epimorphic images (3.4.5(2)), so this gives
CeGe Ks. O

Corollary 3.6.3. If K is closed under ultrapowers, then SK* is canonical.

Proof. SK™* is canonical iff Kg is closed under canonical extensions (Lemma
35.1). O

The main results of Sections 3.4 and 3.5 can now be adapted as follows.

Theorem 3.6.4. Let K be closed under ultrapowers.

(1) If K is closed under bounded epimorphic images, inner substructures and
disjoint unions, then SK* is a canonical (and hence complex) variety.

(2) SK* is a canonical variety iff Kg is closed under inner substructures and
disjoint unions.

(3) K=Kjs iff K is closed under bounded epimorphic images and refiects
canonical extensions.

Proof. By 3.4.7,3.5.3,and 3.6.2. O

Instead of closure under ultrapowers in 3.6.4, one could hypothesise closure
under (w-saturated) elementary extensions, or under elementary equivalence,
any of which is satisfied if K is an elementary class.

A refinement of Fine’s saturated-model construction was deveioped by van
Benthem [8], who combined it with a model-theoretic compactness argument to
prove that any modal logic which is determined by some elementary class of
frames must be validated by its canonical frame. We now consider an algebraic
version of this result, to the effect that if K is elementary, then K* generates a
canonical variety. Our proof uses the duality of Section 3.2, and two new
ingredients: J6nsson’s Theorem, and ultraproducts.

First, some terminology. If W is a class of algebras, we write V(W) fo: the
smallest variety HSPW containing W, and UpW for the class of all ultraproducts
of members of W. Likewise, UpK is the closure under ultraproducts of a class K
of structures (familiarity with ultraproducts is assumed). Also, a class of algebras
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is called congruence-distributive if the lattice of congruences of each member of
the class is distributive.

Jénsson’s Theorem. If V(W) is a congruence-distributive varicty, and N is a
subdirectly irreducible algebra in V(W), then % e HSUpW.

Proof. Cf. J6nsson [34]. O

This fact is relevant to the present context because Boolean aigebras with
operators are congruence-distributive. Indeed, all lattices are congruence-
distributive (J6nsson [34]), so if ¥ is any type of algebra having the form of a
lattice & with additional operations, then the congruence lattice of A is a
sublattice of the distributive congruence lattice of £, and hence is distributive
itself.

Next we need to know the relationship between an ultraproduct of complex
algebras, and the complex algebra of the ultraproduct of the associated
structures.

Lemma 3.6.5. If {©;:iel} is a family of structures, and U is an ultrafilter on I,
then

H@?/UH(H&-/U) )

I I §

Proof. [I, S} /U is the ultraproduct of the algebras &;" with respect to U, i.e. the
quotient of [I; & by the congruence ~, where

Yy~px i {i:9@E)=x0)}el.
The elements of [, ©}/U, are denoted y/U, where ¢ €[l; ©;". Similarly, the
elements of the ultraproduct [I; S;,/U of the ©; are denoted g/U, where
gell; ©.
A function 9: [], Sb(X;)/U— Sb(Il; X;/U) that proves the lemma is given by

glUeO(w/U) iff {i:g(i)e p(®)eU.

It is left to the reader to verify that 0 is a well-icfined injective homomorphism
from [, &/ /U to (II; ©;/U)" (cf. Goldblatt [20, Theorems 7.5 and 7.7j). O

Note that (I[; ©,/U)" is of higher cardinality than ([I; ©,;/U), which will itself
in many cases be of the same cardinality as (I, ©; /U) (Bell and Slomson [3, Ch.

6, §3]). Hence the injection @ in the proof just given will not in general be an
isomorphism.

Corollary 3.6.6. Let K be closed under ultraproducts. Then HSUpK* c HSK*,
and so if W is a subdirectly irreducible algebra in the variety HSPK™ generatea by
K*, it follows that 9 e HSK™.
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Proof. Lemma 3.6.5 implies that UpK™ < S(UpK)*. Thus if UpK c K, we get
HSUpK* c HSS(UpK)* c HSK™*.

The rest of the proof then follows from J6nsson’s Theorem. 0O
We are now ready for the result mentioned above.

Theorem 3.6.7. If K is closed under ultraproducts (e.g. if K is elementary), then
Vx =HSPK™ is a canonical, and hence complex, variety.

Proof. By Theorem 3.5.5, it is enough to prove that Vx is closed urder canonical
embedding algebras of the form Em &*. So, let & = (X, R) be a structure having
©"* € V. We prove Em &* € V.

For each x € X, let ~, be a mara. al congruence of ©* separating {x} and .
The resulting quotient algebra U, = ©*/~, is subdirectly irreducible (Henkin et
al. [28, Corollary 0.3.53]). The ratural homomorphism x,: ©* - %, guarantees
that U, € Vi, by closure under homomorphic images. Note that &, ({x})#0 by
definition of ~,. Let

n: Gt -] %,
X
be the product map x(Y) = (x,(Y): x € X).

Lemma 1. For any ultrafilter U € e © there exists F € €3 (IIx U, / U) such that
0~Y(F)= U, where

6:c =[] /U
X
is the composite of m with the natural map
[Ta.-I]u/v,
X X
i.e. 0(Y)=(m (Y):x e X)/U.

Proof. The set 8(U)={6(Y): Y e U} is closed under finite meets, as U is so
closed and the homomorphism 6 preserves meets. Also, if Y e &*, then xeY
implies 0 # 7z, ({x}) < =, (Y), and so

Yc{x:n(Y)+#0}.

Thus if Y € U, then {x: x,(Y)#0} € U, implying that 8(Y) # 0. Hence 8(U) has
the finite-meet-property (i.e. is separated from {0}), and so there is a maximal
filter F of [Ix%,/U with 6(U)cF. But then Uc6"'(F)e€e®, and so
U = 07Y(F), as desired.

(A more constructive proof of this lemma is discussed at the end of the proof of
the main theorem below.) O
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Lemma 2. For each U € Ce © there ex’s:s an inner substructure Ty of Ce © with
Uelyand Tye Vg.

Proof. Let $,=1Im 0., the image of the bounded morphism
0,: Gz (I] a,m)-»css &*=6eG
X

induced by the homomorphism 6. Then ¥, € e &, by Corollary 3.2.3. Lemma 1
above states tha. I/ = 0,(F) for some F, so U € . Since

Gs ([[ a,/u) >y,
we get *

:,H(csg ( I %t,,/u))+ - Gm (1} u,/u). o)

Now by Corollary 3.6.6, for each x € X, since ¥, is subdirectly irreducible there
exists an algebra %; and a structure ¥, € K such that

A <A »ITT.

Forming ultraproducts with respect to U then gives
[Ta./v]lavflEHU. ¥))
X X X

Let £=[Ix%,/U. Then [Ix E;/U>>Z*, by Lemma 3.6.5, so combining this
with (2), applying duality (3.2.5), and adding (1), gives

%> Em (LI u,/u) «Gm (1;1 m:/u)H@m T+ = (Ce T)*. 3)

Now ¥ € K, by closure under ultraproducts, and so by Theorem 3.6.1 there is an
ultrapower T, of ¥ with a bounded epimorphism T, »€e $. Hence

(CeD)* > Th. )

But, again, T» € K, so T} € K* < V. Since Vi is closed under subalgebras and
homomorphic images, (4) and then (3) yield £5e V. O

Now to complete the proof that €m S € Vi, observe that by Lemma 2, the
bounded morphism

> Ty—ECeS,
UeCe S

determined by the inclusions T, < $e &, is surjective, and so induces

(@e@)"H( > zu)+s =

UeGe© UeGe ©

But each Ty is in the variety Vi, and so the closure properties of the latter
ensure that it contains (Ce &), i.e. Em S*.
This completes the proof of Theorem 3.6.7. O
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In proving Lemma 1 above, it is possible to define a suitable maximal filter F
explicitly, rather than appealing to the Prime Filter Theorem. For each x € X, the
non-zero element &, ({x}) is an atom in U,, and so a= (%, ({x}): x € X)/U is an
atom in [ix %,/U, by Lo§’s Theorem. F can be taken as the principal ultrafilter of
IIx A./U generated by a (this observation is due to C. Bailey).

In fact, by the analysis in Section 3.3, ¥, is isomorphic to the complex algebra
&}, where &, =(X,, R,) is the inner substructure of © generated by x. The
associated homomorphism &*-»&; acts by Y=Y NX,, and so leaves {x}
fixed. The ultrafilter F on [Ix ©;/U generated by the atom ({x}: x € X)/U has

Y/UeF iff {x:xey(x)}el.

This yields a more informative picture of what is going on in Lemma 1. However,
its use depends on the rather complicated demonstration in Theorem 3.3.1 that
&; is subdirectly irreducible, whereas the argument given follows from more
general considerations.
3.7. Complete varieties

A variety V is complete if it is generated by full complex algebras, i.e. if there is
some class K of structures such that

V = Vx=HSPK".
Now if
KV = {@. G*e V}

is the class of all structures whose full complex algebras are in V, then whenever
K*cV, we have K* c Ky cV, so that if V = Vg then V = Vi,. Thus

V is complete iff it is generated by Ky, i.e. iff V = V..

(The question as to when K = K,,_will be taken up later in this section.)
It is clear that if V =SK*, then V = HSPK™, and so

Every complex variety is complete.
This was pointed out in the Introduction, where the logical significance of
completeness of the variety V, of algebras for a modal logic A was explained.

Theorem 3.7.1. There exist complete varieties that are not complex.

Proof. The class V, of diagonalisable algebras is such a variety. A diagonalisable
algebra A = (B, 3) consists of a unary join-hemimorphism 3 on a Boolean
algebra B satisfying

3xCE 3(x - 3x). (1)

Any such algebra satisfies 33x € 3x, corresponding to transitivity of R.
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A structure ©=(X, R) has & eV, if, and only if, R is transitive, and
well-founded, the latter meaning that there are no infinitely desc~ iding sequences

«+-Rx,,Rx,R - - - Rxo.

Indeed, if there is such: a sequence, then putting Y= {x,:n<w} gives Yc
3R(Y), since Xn4 Rx.,, 30 3pY — 3p(Y), = Ar(@) =0, while 3x(Y) +#8, showing
that (1) is not fulfilled by S*.

It is known that V; is a complete variety. In fact, as mentioned in the
Introduction, it is generated by its finite full complex algebras. To show that it is
not complex, we must exhibit a diagonalisable algebra € such that for any
structure T, if T* is diagonalisable then there is no injective homomorphism
6:C>»3T*. € will be obtained as a (proper) subalgebra of S*, for some
© ='X, R), in such a way that thers s a sequence X, ..., X,, ... of members
of € satisfying

aR(Xo) + 9, and (2)
X, c3r(Xn4+1), foralln<o. 3)

To see that this suffices, let T = (Y, S) have T diagonalisable, and suppose that
there is an injective homomorphism 6: € >»Z™*. Putting Y, = 6(X,,), (2) anc (3),
and the preservation properties of 6, then imply

35(Yo) #0, and @
Y, c35(Yos1), foralln<e. )

But from this, an infinitely descending sequence - - - Sy,.1Sy.S - - - Syo can be
produced, contradicting the hypothesis that T* € V;. For, by (4), there exists x
such that y,Sx for some y, € Y;. Then supposing inductively that y, € Y, has been
defined, (5) immediately gives a y,.; € Y, such that y, ., Sy,.

Having explained the strategy of the proof, it remains to construct € as
described above. To begin with, let % =(B,3) be a free diagonal algebra on
denumerably many generators xo, . . . , X,,, . - . . Consider the elements

J’o’—- axm
Va1 = (6 2 Axp ) MV (x, 2 3x,, ), foralln<w,

where V is the meet-hemimorphism dual to 3, i.e. Vx =—3 —x, and = is the
Boolean relative pseudo-complement x > y = —x Lly.

Lemma. {y,: n <} has the finite-meet-property: every finite subset has non-zero
meet.

Proof. To show that y,M---My,#0 for any given n, consider the structure
©,=(X, T), where X={-1,0,...,n}, and iRj iff i >j. Then R is transitive
and well-founded, so &, is diagonalisable. The hemimorphisms induced oy R
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have
Ax(Y)={i:3j: i(jeY)}, and Vx(Y)={i:Vj>i(jeY)}.
In particular i € Ig({i + 1}), so putting X; = {i} for 0<i <n gives X; c Ax(X;.,).
Hence putting
Y1 = (X > 3r(Xi11)) N VR(X: > Fr(Xir1)),
for 0<i<n gives
Y =XNVe(X)=X.
But —1 € 3r(X,), so putting ¥y = Ir(X,), we have
Yon---NY,#0. *)

Now since U is free in V;, there is a homomorphism 6:U— &, such that
0(x;) = X; for i <n. Then 0(y;) =Y,, so (t) implies y,M---My,#0. O

In view of the Lemma, there is a maximal filter F of 2 that contains
{y.:n<w}. Let €3 U =(Xg, R3) be the canonical structure of U (Section 3.1),
and & = (X, R) the inner substructure of €3 U generated by F, i.e. the smallest
inner substructure containing F (Section 3.3). Let o: UA>»(C3A)* be the
canonical embedding function

o(x)={G € Xp: x € G},

and 0:(C3¥%A)*»S" the homomorphism induced by the inclusion bounded
morphism © < €3 %A, so that 6(Z) = Z N X. Finally, let € be the image of the
homomorphism 8¢, and

X,=0°0(x,)={GeX:x,eG}.

Then € is a subalgebra of ©* that is diagonalisable, since A »€ and A e V.
Moreover, € contains the X,’s for n < @, and so it remains to show that the
clauses (2) and (3) above are satisfied.

Now for any n,

3p(X,) = 3p(0°6(x,)) = 8°0(Ir,) = {G € X: 3x, € G}. (6)

Thus as Ixo=y,€F, we have Fe3Iz(X,), giving r(Xo)#0 and proving
clause (2).

For clause (3), we use that fact that Ry is tramsitive (since ¥ satisfies
33x E 3x), to conclude that

X ={F}U{G e Xg: Rs(G, F)}. 0

Then to show that X, c 3g(X,.1), let G € X,,. There are two cases. If G=F,
then y,., € G by construction, and so (x, > 3x,4+.) € G. But x, € G, 0 3x,,, € G,
giving G € 3p(X,+1) by (6). Alternatively, by (7), we have R3(G, F). But
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V(x, > 3x,.1) € F, since ¥, € F, so again (x, > 3x,.,) € G, by definition of Ry
and V, leading to the same conclusion that G € x(X,.1).
This completes the proof of Theorem 3.7.1. [

Since ¥, is not complex, it cannot be generated by any elementary class of
structures. For if it were, by Theorem 3.6.7 it would be canonical, and hence
complex. However a simpler proof of this non-generation can be obtained by a
compactness argument, as follows.

For each n, the equation

3.--31=0
L)

fails in any complex aigebra ©* that has an R-chzin x,R - - - Rx, of length n, e.g.
in the diagonalisable algebra ©, used in the lemma in Theorem 3.7.1. Thus if
Va= Vi, then since the above equation fails in V; it must fail in some member of
K*. Hence for any n, there is a structure in K that contains an R-chain of length .
n. But then if K were elementary, by the Compactness Theorem, or an
ultraproduct construction, there would be an © € K that contained an infinitely
descending sequence - - - Rx,, ., Rx,R - - - Rx,y, which is impossible since ©* € V;.
In the Introduction it was mentioned that the class of finite partial orders
generates a proper subvariety of the variety of closure algebras that is not
complex. A proof of the latter fact can be obtained by a modification of the
argument of Theorem 3.7.1, in which the y,’s are modified to the elee s

Yo=Xp, and
Vne1= V(x,, > 3("Xon ceeM=x, I_‘xn+l))-

We turn now to the study of general properties of complete varieties, focusing
on the role of the class Ky = {&: &* e V}.

Theorem 3.7.2. Let V be any variety.

(1) (Kv)s=Ky-

(2) Xy is closed under bounded epimorphic images, inner substructures, and
disjoint unions, and reflects canonical extensions.

(3) The variety generated by K, is HSK;.

(4) If W is a canonical subvariety of V, then W c SKj.

Proof. (1) If T e (Ky)s, then T+ e SKy, c V, giving T € K.

(2) Closure under bounded epimorphic images follows from (1) by the
argument of Theorem 3.4.5(2). Or, observe that if © € K, and ©S-» T, then
T*»»>B%eV, so TreV, since V is closed under subalgebras. For inner
substructures, if TE€S e Ky, then &*-»T*, giving T+ eV since V is closed
under homomorphic images. Closure under disjoint unions follows irom
(Z:©,)* =11, &; and closure of V under direct products. Finally, for reflection
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of canonical extensions, if €¢e © € Ky, then as &*>» (Ce ©)* eV, we get S* e V
as desired.

(3) Since Ky is closed under disjoint unions, PKy = K7.

(4) If W is a canonical subvariety of V, then % € W implies Em A= (C3N)* €
V,and so C3A e Ky. But A»->Cm U, andso AeSKy. O

Corollary 3.7.3. For any variety V, the following are equivalent.
(1) Ky is closed under car:onical extensions.
(2) SKy is a canonical variety.
(3) SKy is the largest canonical subvariety of V.

Proof. As Ky is closed under inner substructures and disjoint unions, and
Ky = (Ky)s, the equivalence of (1) and (2) is given by Theorem 3.5.3(2). The
equivalence of (2) and (3) 1s by 3.7.2(4) O

Now Theorem 3.5.5 stated in effect that a complete variety V is canonical iff K
is closed under canonical extensions. This can be reformulated in the light of the
last theorems as

Theorem 3.7.4. A variety V is canonical if, and only if, it is complete and Ky is
closed under canonical extensions.

Proof. If V is canonical, ‘b n it is complex and hence complete, while closure of
Ky under canonical exte® s means that ©* € V implies (€e ©)* € V, a special
case of canonicity.

Conversely, if V is complete, then V =HSKy by Theorem 3.7.2(3). But
closure of Ky under canonical extensions implies that SKy, is a canonical variety,
by 3.7.3, hence is closed under homomorphic images, so that altogether V is the
canonical variety SKy. O

Corollary 3.7.5. If Ky is closed under ultrapowers, then the following are
equivalent.

(1) V is complete.

(2) Vis complex.

(3) V is canonical.

Proof. If K, is closed under uitrapowers, then since it is always ciosed under
bounded epimorphic images (3.7.2(2)), it is closed under canonical extensions
(3.6.2(1)). O

Recalling the discussion in Section 3.5 of the meaning of canonicity for varieties
of modal algebras, it is apparent that Corollary 3.7.5 encompasses the result of
Fine [17) that a modal logic whose class of frames is closed under elementary
equivalence is complete iff it is canonical.
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To conclude this subsection, we take up the question mentioned earlier as to
when a class K of structures has K = Ky,, i.e. when does K* contain all full
powerset algebras from the variety V; that it genmerates. We saw in the
Introduction that for modal logic, this is equivalent to asking when a class K of
Kripke frames is modal-axiomatic—the class of all frames validating some set of
modal formulae.

Theorem 3.7.6. (1) If K=Ky,, then K is closed under bounded epimorphic
irages, inner substructures, and disjoint unions, and reflects canonical extensions.

(2) Let K be closed under canonical extensions, or under ultrapowers. Then if K
is closed under bounded epimorphic images, inner substructures and disjoint
unions, and reflects canonical extensions, it follows that K = Ky,.

Proof. (1) By Theorem 3.7.2(2).

(2) Assume that K has the stated closure properties, and hence in the
ultrapower case that K is also closed under canonical extersions. By Theorem
3.4.4, SK* is a variety, and so must be V itself. Hence if © € Ky,, then & € Vg,
and so ©* e SK*. Thus by Lemma 3.4.3(1), €3 &* =C€e © € K. Reflection of
canonical extensions then gives © € K. This shows that K, c K. The converse
inclusion holds in general. O

Now since Vi is complete, by definition, Theorem 3.7.4 implies that Vy is
canonical iff Ky, is closed under canonical extensions. Hence when K = Ky,, Vi
is canonical iff X is closed under canonical extensions. The overall situation is as
follows.

Theorem 3.7.7. For any K, the following are equivalent.

(1) K is closed under canonical extensions, bounded epimorphic images, inner
substructures, and disjoint unions, and reflects canonical extensions.

(2) K=K, and Vy is canonical.

(3) K =K, for some canonical variety V.

Proof. If (1) holds, then K=Ky, by 3.7.6(2). But then K, is closed under
canonical extensions, and so as Vy is complete, it is canonical by Theorem 3.7.4.
Hence (1) implies (2).

That (2) implies (3) is immediate. Finally then, suppose (3) holds. Then X is
closed under canonical extensions by 3.7.4, and the other closure conditions of
(1) are given by 3.7.2(2). O

The modal logic version of Theorem 3.7.6 first appeared in Goldblatt and
Thomason [23], as a characterisation of modal-axiomatic classes of Kripke
frames. Theorem 3.7.7 for K a class of Kripke frames is in van Benthem [7].
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3.8. First-order definability

A number of the foregoing resuits have been based on the assumption that K is
closed under ultrapowers. In the case of a class of the form Ky, it turns out that
this is both necessary and sufficient for K, to be elementary, as will now be
shown.

In addition to the notion of ar elementary class as being the ciass of all models
of a set of first-order sentences, we will use the concepts of a basic elementary
class: the class of all models of a single first-order sentence; and an elementarily
closed class: one such that if it contains a structure ©, then it contains any
structure that is elementarily equivalent to (i.e. satisfies the same first-order
sentences as) ©. These three kinds of class have the following algebraic
characterisations (where —K denotes the class of relational structures of the
similarity type of K that are not in K):

(E1) K is elementary iff K is closed under isomorphism and ultraproducts and
—K is closed under ultrapowers.

(E2) K is a basic elementary class iff both K and —K are closed under
isomorphism and ultraproducts.

(E3) K is elementarily closed iff both K and —K are closed under isomorphism
and ultrapowers. (Cf. Bell and Slomson {3, Ch. 7].)

It is clear that in general K is closed under isomorphism iff —K is. Also, if V is
closed under isomorphism, then so is Ky, since ©* =T* whenever S =T.

Recall from Lemma 3.6.5 the relationship

€9 [l&i/u>- ([I[ @i/u)+.

between an ultraproduct of complex algebras, and the complex algebra of the
ultraproduct of the associated structures. In the special case of an ultrapower
(when ©; = & for all i € I), this takes the form

(&)U (&'/U)*.

But any algebra is isomorphically embeddable into any of its ultrapowers, so that
©*»»(&*)'/U. Hence by composition,

(E5) ©&*»>(&'/U)*.-

~ s

A variety V is finitely based if there is a finite set of equations such that V is the
class of all algebras that satisfy these equations. By .. siandard argument, this
noids i the ciass —V of all similar algebras not in V is closed under
ultraproducts.

Theorem 3.8.1. For any variety V,
(1) =Xy is closed under ultrapowers; and
(2) if V ’s finitely based, then —Ky is closec under ultraproducts.
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Proof. (1) Suppose © ¢ Ky. Then ©* ¢ V, so by (ES) and closure of V under
subalgebras and isomorphism, (&'/U)* ¢ V, giving (&'/U) ¢ Ky.

(2) Suppose ©;¢ Ky for all iel. Then if II,S;/UeKy, (E4) would give
II;©F/UeV. But & ¢ V for all i e I, and -V is closed under ultraproducts. O

Corollary 3.8.2. (1) Ky is elementary iff it is closed under ultraproducts.
(2) If V is finitely based, Ky is a basic elementary class iff it is closed under
ultraproducts.

Proof. As noted earlier, Ky and —Ky are closed under isomorphism. The results
now follow by 3.8.1(1) and (E1), and 3.8(2) and (E2), respectively. O

Corollary 3.8.2 implies that if V is finitely based, then Ky is elementary iff it is
basic elementary (Goldblatt [19]). However this can be strengthened by means of
the following result.

Theorem 3.8.3. If a cless K of strvctures is closed under isomorphism, inrer
substructures, ultrapowers, and di;joint unions, then K is closed under
ultraproducts.

Proof. Suppose {©;:i eI} c K, and U is an ultrafilter on 1. Define
1
o: 1%~ (3 x)
1 1

by @(f)(#) = (f(i), i). Thus @ identifies a member f of the product of the X;’s with
a function from [ into the disjoint union of the X;’s. Then we find that f ~, g iff
o(f) ~v @(g), so putting @*(f/u)= @(f)/U makes ¢* a well-defined injection
of II, X;/U into (X, X;)'/U. Moreover, @* can be shown to be a bounded
morphism making the ultraproduct [I; S,/U isomorphic to an inner substructure
of the ultrapower (X, S,)!/U of the disjoint union ¥, S; of the S;’s. Henc:
H, 6,/ UeK. O

Theorem 3.8.4. For any variety V, the following are equivalent.
(1) Ky is elementary.
(2) Ky is elementarily closed.
(3) Ky is closed under ultrapowers.
(4) Ky is closed under ultraproducts.

Proof. By (E1) and (E3), (1) implies (2), and (2) implies (3). Since Ky is closed
under isomorphism, inner substructures, and disjoint unions (3.7.2(2)), (3)
implies (4) by 3.8.3. But (4) implies (1) by 3.8.2. O
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Theorem 3.8.5. The following are equivalent.
(1) =Ky is elementary.
(2) Ky is basic elementary.

Proof. That (2) implies (1) is clear. But if —Ky is elementary, then by (E1), — K,
is closed under ultraproducts and Ky is closed under ultrapowers. Then Ky is
closed under ultraproducts by 3.8.4, and hence is basic elementary by E2. O

If V is not finitely based, it is possible for K, to be elementary but not
basic-elementary. An example is the variety W of modal algebras (B, f) satisfying

Jeoll- - - M, Ef (foM- - - M fxn-y)

for all n>0. A full complex algebra ©* satisfies this inequality iff it satisfies the
first-order condition

@ (ARG 2))>3w (R, 24 (A ROLW))-

Thus Ky is the elementary class of all structures satisfying {A,: n >0}. Now if
&,=({0,...,n}, R), where R(y, z) iff y #2, then ©, does not satisfy 4,, so
©, ¢ Kw. But any non-trivial ultraproduct of the ©,’s is infinite, and so satisfies
every A,. Thus —Ky is not closed under ultraproducts.

Theorem 3.8.6. If V is a finitely based variety, the following are equivalent.
(1) Ky is basic elementary.
(2) —Ky is elementary.
(3) Ky is elementary.
(4) Ky is elementarily closed.
(5) Ky is closed under ultrapowers.
(6) Ky is closed under ultraproducts.

Proof. (1) and (2) are equivalent in general by 3.8.5, as are (3)—(6) by 3.8.4. But
(1) and (6) are equivalent by 3.8.2(2). O

The fact that the class of frames of a modal logic is elementary iff it is
elementarily closed was first proved by van Benthem, using a model-theoretic
compactness argument. Theorem 3.8.3, and its use in proving 3.8.4-3.8.6, are
due to the present author.

4. Preservation theorems

The purpose of this section is to give syntactic characterisations of the
first-order sentences whose truth is preserved by bounded epimorphic images,
inner substructures, and disjoint unions.
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4.1. Structures and languages

For some fixed n, we deal with relational structures that carry an n + 1-placed
relation, and possibly constants and other relations as well. Such structures will

"ue Jgﬁﬁﬁed fé__‘a@, R@, N -), $={XT, RT, N ) etc. ’rhv ﬂotat}vu J- Gm?’

will mean that fis a partial function from & to ¥, i.e. domf ¢ Xg and im f c X5,
where dom f is the domain of f, and im f = {f(x): x e dom f} is the image of f.

The letter L denotes a first-order language having an n + 1-placed relation
symbol R, and possibly other relation symbols and individual constants as well,
but no function symbols. Put

Fma, = {¢: ¢ is an L-formula},
Sent, = {0: 0 is an L-sentence},
Th, & = {0 € Sent,: g is true in S}

(the letter o will always be reserved for sentences).

If Lc = LUC, where C is a set of individual constants, then an L-structure is
of the form (S, Y), where © is an L-structure, and Y c Xg is the set of
©-elements named by the member of C. Often this Lc-structure will be displayed
as (©, y € Y) to emphasise the elements (viz. y) interpreting the constants. Even
more briefly, if f: ©~»T, then (T, imf) wil! on occasion be denoted (T, f(x))
to indicate that the constant interpreted as x e dom f in © is to be interpreted as
f(x)in Z.

For a given structure 2, Lg denote the language of T.

Syntactic categories

Let S={1, T, a, @, A, v, ¥, 39, ¥, 3}. Then for any language L, each
symbol in § is associated with a closure property of sets A c Fma,, as follows.

1: 1l €A

T: TeA

a: {¢e€Fma,: ¢ is atomic} c A.
—a@: {°¢ eFma,: ¢ is atomic} c A.
A: @, peAimplies p A P e A.
v: ¢, ¢peAimplies P v peA.

Voo ¢e€A implies Yuo---Vu,_,(R(vo,..., V.1, u)—>P) belongs to A,
whenever u is an L-term, i.e. variable or constant, distinct from
Vor- .5 Up_g-

Jo: ¢ €A implies Jvy- - - Jv,_; (R(vo, - - ., Us_y, U) A @) belongs to A, if
Vg, - - . » Uy are distinct from u.

V: ¢ € A implies Vv ¢ € A, for any variable v.
3: ¢ € A implies v ¢ € A, for any variable v.

Formulae constructed by the closure conditions corresponding to ¥, and 3, are
said to be obtained by bounded guantification.
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For any language L, and any subset T of S, let Tf denote the smallest subset of
Fma, that has the closure properties associated with each member of 7. Put

T, = TE N Sent,.
Then for structures © and T whose language includes L, define
&T.% if Th,&ENT, cTh, T
iff every T;-sentence true in & is true in T.
If L= Lg, then © T, T will be abbreviated to © T ¥.

Lemma 4.1.1. If "aeT, and (S, xedomf) T (%, f(x)), then f:S»Z is
injective.

Proof. If y#2z in &, then the sentence —(j = Z), where y and Z are constants
naming y and z, is true in (S, x edomf) and belongs to T;, where L is the
language of (&, x edomf). Hence this sentence is true in (%, f(x)), making
f#f). O

Different choices of T generate different sets of L-formulae. The particular T’s
we shall deal with, and the names of the associated types of formulae (i.e.
members of T}), are as follows.

EA={L1, T,a A, v,V 3o} essentially atomic,

EB=EAU {na} essentially basic,

EP=EAU {V, 3} essentially positive;

EU=EBU {V} essentially universal,
EPU=EAU {V} essentially positive and universal,

EE=EBU {3} essentially existential,
EPE=EAU {3} essentially positive and existential

(3, is of course redundant in EP, EE, and EPE).

The symbol L denotes the constant false sentence (and T the constant true
sentence), and the negation ¢ of a formula is to be identified with (¢— 1 ).
Hence bounded universal quantification admits limited forms of negation of
atomic formulae. For instance,

Vv ((R(v, u))

is an essentially atomic formula.

If © and £ are L-structurcs, then a map f: X Xy is a bounded morphism of
L-structures if f is a bounded morphism from (Xg, Rg) to (Xg, Rg), and
furthermore f preserves L-constants, i.e. if ¢ € L is a constant that denotes x in e
and y in &, then f(x) =y. If Xg = Xx, then © is ar inner L-substructure of ¥,
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and £ an outer L-extension of ©, if the inclusion of Xg in Xz is a bounded
morphism of L-structures.

Lemma 4.1.2. Let f: ©— X be a bounded morphism of L-structures. If x=
(X0, - - .) is a sequence in Xg, let f(x)=(f(x0),...)- Suppose that ¢ is an
L-formula such that for any sequence x in X,

Q) if x satisfies ¢ in ©, then f(x) satisfies ¢ in .

Then (*) holds for all x when ¢ is replaced by P, where v is either
(1) Yug- - -V, 1 (R(vo, - - . , Un—r, U)— @), oF
(2) vy -+ v, (R(vo, - - - , Vp_y, k) A D),

provided that the variables v; are distinct from the term u.

Proof. Consider case (1), and suppose x satisfies y in ©. Let b be the value of u
in ¥ under the valuation f(x). If u is the variable v;, put @ =x;, while if u is a
constant, let a be the interpretation of u in ©. In either case we have f(a) =b,
and a is the value of # in © under x.

Now let y be any sequence in ¥ differing from f(x) at most in its assignment
to vy, ..., U,—;. Suppose y satisfies R(vo, ..., U,_1, #). Then as the v;’s are
distinct from u, y and f(x) agree on u, so Rg(yo, - - - , Ya—1, f(a)). Hence there
exists 2, ..., Z,_; € Xg such that Re(2, - - ., Z,—1,a) and f(z)=y; " i<n.
Let 2=(2o, - - - » Za=1> Xn» Xn+1, - - ). Then z satisfies R(vo, ..., V,_1, ) in &
and differs from x only on v,, ..., v,_,. Since x satisfies v, it follows that z
satisfies ¢ in ©, and so by hypothesis f(z) satisfies ¢ in <. But f(z) =y. This
shows that f(x) satisfies ¢ in Z.

The case of (2) is similar. O

If the function f in this lemma is a bounded epimorphism, then every sequence
in ¥ is of the form f(x), so that if f preserves validrty of a formula ¢, then it will
preserve validity of any formula constructed from ¢ by bounded quantification.
Combined with arguments familiar from standard model theory, this may be used
to confirm that truth of any essentially positive sentence is preserved by bounded
epimorphisms. Similar arguments show that essentially universal sentences are
preserved by inner substructures, and essentially positive and universal sentesces
are preserved by both bounded epimerphisms and inner substructures. The
essentially atomic sentences are preserved by these two constructions, and also by
outer extensions (hence are invariant with respect to the latter). Outer extensions
in general preserve all essentially existential sentences.

For the case of disjoint unions, define

V)T, ={Vv ¢: p € TE} N Sent,.

Thus V7, is the class of all sentences formed by a single universal quantification
of a member of TF.
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Theorem 4.1.3. Any member of V,\EE, is preserved by disjoint unions.

Proof. Let {©;:i € I} be a collection of L-structures. For each j € 7, the function
fi{x) = (x, j) is a bounded morphism making ©; isomorphic to an inner substruc-
ture of the disjoint union ¥, ;. Then f; preserves satisfaction of essentially
existential formulae, i.e. if ¢ e EE,, and y is a sequence in ©; satisfying ¢, then
fi(y) satisfies ¢ in ¥, ©;. Now suppose that such a ¢ has at most the variable v
free, and that Vv ¢ is true in ©; for all i e I. If z is any element of ¥; ©;, then
z =(x, j) for some j € I and x in &;. Then ¢ is satisfied in &; when v is assigned x,
since Vv ¢ is true in ©;. But then ¢ is satisfied in ¥; ©; when v is assigned
Jfi(x) = z. Since this holds for all z in ¥, ©;, Vv ¢ is true in the latter. [

Corollary 4.1.4. Any sentence in V\EA, is preserved by bounded epimorphic
images, inner substructures, and disjoint unions of L-structures. [

The converse of 4.1.4, up to logical equivalence, will be proved in Theorem
4.3.4.

4.2. Preservation by bounded morphisms and inner substructures

If ©=(Xg, Rs, . - .) is a structure, then for each Y c X, the subset Rg[Y] of
Xg is defined by

y € Rg[Y] iff for some z € Y, and some x € Xg such that Rg(x, z),
there exists i <n with y = x;.

In terms of the notation introduced in Section 3.3, we have

yeRe[Y)] iff yR'z forsome zeY andsomei<n

iff YN3z ({y})#0 forsomei<n.

The standard notation © < will be used to signify that ¥ is an elementary
extension of ©.
Theorem 4.2.1. Suppose {L,v,VY}cT. If © and T are structures with
Lec Ly, and f: ©~> X satisfies

(€, x edom f)T(T, f(x)),
then there exists an Lg-structure ©* such that © < ©*, and a function g: T~ S*

e<ec*

1/

Tz
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such that
(1) domg = Re[imf};
2) (&*,xedomf, g(YDT(X, f(x), y € domg);
(3) Rx(y, f(x)) implies Re+(g(y), x); and
(4) img c Re-[dom f].
Moreover, if ¥V € T, (1) can be strengthened to
(5) domg = Xyg, i.e. g is total.

Proof. Let Y = Rg]im f], and take new disjoint sets of constants C = {x: x € Xg}
and D={y:yeY}. Put Gs={feC:xedomf}, and define Ly=LgUC, L,=
LgUC;, and L= L, U D. Then (&, X¢) is an Lystructure, (&, x edomf) is an
L,-structure, (T, f(x)) is an expausion of an L,-structure, and (T, f(x),yeY) is
an expansion of an L,-structure. Let

A={oeSent,: (S, Xs)to},
A={0:0€T,and (T, f(x),yeY)} o},
r= {R()-’o, M ] in—l- f):x EdOlllf and RI(yO: ce s Ya-1s f(x))}'

Then AUAUT has a model. To prove this it is enough, by the Compactness
Theorem, to prove that if A, and I are finite subsets of A and I', respectively,
then AyU I has a model that is an expansion of (&, Xg), and hence is also a
model of A.

At this point, the fact that 1 e T is used to observe that 7 L € A, hence A+,
and so it may be assumed that Ay##@. This is vital to the argument to follow,
which is, on the other hand, compatible with the possibility that I'=§.

Also, for readability it will be assumed that » = 3, the construction that ensues
being entirely typical of the general case.

Suppose then that

Ay={"0y,...,70,},

1-6= {R(y-lls }_’12, x-l)9 ey R(y-pl, ypZ, ip)}
for some m and p. If there are members of D occurring in Ay — Iy, let these be
denoted J,.1,...,¥%- Then for p<j=<k, by definition of Y there exist
Yi1» Y2 € Xz and x; € dom f such that Rz(y;1, 52, f(x;)), and y; is one of y;; and y;,.

Replace each constant jy,, where 1<i=<k and r =1, 2, by a new variable v,

not occurring in AyU I;. Let o, be the result of making these replacements
uniformly in o,. Then the sentence

avllavIZ(R(vll) Vi, B) A (- - A (avklavkz(k(vkh Vg2, Xi)

Aﬂai/\.../\ﬂo':n)...)’

all of whose constants £ have x e dom f, is true in (%, f(x)). But this sentenc: is
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equivalent to o, where o is

Vv, VU (R(Vi1, Yz, £1) = (- + = (VUi Vu(R(viy, Via, %)
_)aiv...va"n)...).

Now o e T, since {v, Vo} ¢ T, and so by hypothesis, as o is false in (, f(x)), it
is also false in the L,-reduct (&, x e domf) of (S, x € Xg). Hence o is false in
the latter, so that there exists a sequence (dy;, dys, - . . , dy,, diy) of S-elements
that satisfy in (&, x € Xg) the formula

R(Uu, Vi, B) A A R(vkl: Ui, Xk) ATIOLA - -+ ATIO,

Hence AyU I is true in (&, x € Xg, d;,), as desired.

Thus AUAUT has a model. From the definition of A, this model may be
taken to have the form (©*,x € Xg, {y*:y€Y}), with ©<&*, and y* the
©*-element named by y. Hence putting g(y)=y* defines g as a function
satisfying (1). Then A establishes that (2) holds, and I yields (3).

For (4), observe that if g(z) eim g, then by (1), z € R¢[im f], and so there exist
xedomf, ye X%, and i<n such that z=y; and Rg(y, f(x)). Hence by (3),
Re-(g(y), x), giving g(z) = g(y:) € Re-[dom f].

Finally, to prove (5) when V € T, the above argument is reconstructed, starting
instead with Y= X3, and so D ={y:y € Xg}. Then the unbounded universal
quantifier V can be applied directly to the variables, v; for p <j <k that replace
members of D from A, — I, to form o as the universal closure of

anvvlz(R(Uu’ V2, X1)— (- > (valvva(R(vph Up2, fp)

=0,V Vvo,) ).

The above argument then goes through to define g(y)=y* forallye Xs. O
Theorem 4.2.2. Suppose { T, a, A, 3o} = T. Then given structures ©, ©*, and
<, with Lg = Lg« < Ly, and a diagram

G < &*

1| /

T

with the functions f: S~Z and g: T~»G* satisfying conditions (1)-(4) of the
conclusion of Theorem 4.2.1, there exists an Leg-structure T* with T<I* and a

function f*: ©* ~»I*
G < &*

1Al

T < T*
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such that
(1) img cdom f* =domf U Re.[dom f];
(2) (&*, x edomf, g(y), z e domf*)T(X*, f(x), y e dom g, £*(2));
(3) Re-(x) implies Ry-(f*(x)), if x € (dom f*)"*";
@) fefh
©) f*@() =y, if yedomg; and
(6) if e T, then f* is injective.
Moreover, if A€ T, then (1) can be strengthened to
(7) dom * = Xg., i.e. f* is total.

Proof. Let Z=domf U Rg.[domf], so that imgc Z by 4.2.1(4). Take new
mutually disjoint sets of constants C= {¥:xedomf}, D= {y:ye Xz}, and
E={z:zeZ}. Note that elements x of dom f are associated with two distinct
constants, viz. £€C and X € E. Put D,={yeD:yedomg}, Lo=LzUCUD,
Li=LsUCUD,, and L,=L,UE. Let

A={oeSent,; (8, f(x), X3)k o},
A={oeT,:(S* xedomf, g(y), z€ Z)ko}.

To show that AU A has a model, it suffices to show that any finite Ajc A has a
model that is an expansion of (¥, f(x), Xz) and hence is a model of A. Since
T €T, T €4, and sc A, can be assumed non-empty. As in Theorem 4.2.1, we
present the case n =3.

Let Ap={0y,...,0,}, and let Z,, .. ., Z, be all the members of E that occur
in A,. If there are any z; in Rg-[dom f] but not in dom f, let the indexing be such
that for some j<p, Z,..., 2 are all the z in Rg.[domf}~domf. Then if
1=i=j, there exist x; € dom f and z;,, z;; in &* such that Rg-(2;;, 2,2, x;) and z; is
one of z;, and z;,. Replace Z;; and Z;, by new variables v;,, v;, that do not occur in
Ay (note that z; and z;, are both in Z). For the remaining z;, i.e. for j <i<p, we
have z; edomf. Replace z; by Z; e C.

Let o, be the result of making all these replacements in ¢, so that o}, contains
no members of E. Then if o is the sentence

avIIBUIZ(R(vH) Vi, ) A (- A (avjlavjz(R(UjI, Vj2, X;)
/\O;A"'AO,',,)"'),
it follows that o is true in (©*, x edomf, g(y)). But o€ 7., since {A, J} = T,
and so by the assumed condition (2) of Theorem 4.2.1, o is true in (T, f(x),y €
domg), and hence true in (T, f(x), y € X3). Thus there exists a sequence
(du, dy, - .., d;, dy) that satisfies ojA--- A0, in (T,f(x), Xz) and has
Rz(da, dip, f(x;)) for 1<i=<j. Then (%, f(x), Xz, d;,) is a model of Ay, in which
Z; is interpreted as f(z;) when z; e dom f.
Thus by Compactness, AU A has a model, which, in view of A, may be taken

to have the form (T*, f(x), y € Xz, {z*: z € Z}), with T* an elementary exten-
sion of . Putting f*(z) = z* defines f* as a function satisfying conclusion (1) of
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this Theorem. A then establishes that (2) holds. To prove (3), observe that if
Re+(2), with z € Z"*, then since « € T, the sentence R(2,, . . . , Z,) belongs to A,
and so is true in (T*, f*(2)), making Rg.(f*(2)).

For (4), we have dom f c dom f* by definition of f*, and if x € domf, then the
two constants £ € C and X € E both name x, so that the equation (¥ = %) belongs
to A, and hence is true in (T, f(x), f*(2)), giving f(x) =f*(x).

For (5), if y edom g then in (&*, g(y), z € Z), g(y) is named by y € D, and
g(y)eE (since g(y) € Z by (1)). Hence (7 =g(y)) belongs to A and is true in
(E*, X, f*(2)), showing that y =f*(g(y))

Now (6) follows by (2) and Lemma 4.1.1, and so its remains to prove (7) when
J e T. In this case, the proof is reconstructed, starting instead with Z = X¢., and
so E ={Z: z € Xg-}. The analysis of the z; in the formation of o is abandoned,
and we simply replace Z; by a new variable v; for 1 <i=<p, and take o as

Jvy---3y, (O1A -+ Aoy

The argument then proceels, to obtain the definition f*(z)=2z* for all
zeXg.. O

Theorem 4.2.3. Suppose EA={1, T, a, A, v,V, 3o} is a subset of T. If ©
and T are structures with Lg c Lz, and f: ©~» T satisfies

(&, xedom )T (T, f(x)),

then there exists an Lg-structure ©* with © < ©*, and a function f*: ©*+>Z*
G < &

1l

T < I

such that

M fef

(2) dom f* is an inner substructure of ©*, and f* is a bounded morphism on
dom f*;

(3) if V€T, then f* is surjective, i.e. imf* = Xg.;

(4) if €T, then f* is total, i.e. dom f* = Xg.; and

(5) if '@ €T, then f* is injective.

Proof. Put ©,=6, ,=%, and fy=f Then by iterating 4.2.1 and 4.2.2
alternately denumerably many times we obtain a diagram
©0<@31 e KB, < e
o\ LS S A

zg<z, e < T, <
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which forall m=0 has ©, <Gy, T <T,ne1, and

() doii gm = R fim /. ];
f33) itm o —dom £ __rlnmf LIR_ Idom £ 1-
\izj ung

m = GVILE i T vk g AN D, l\-vmlml,

@iil) Re_, (r) implies RL «( ﬁ..._q(x)) if x € (dom finas)™";

(iv) Rz (¥, fn(x)) implies R@._,,,(g,,,( ¥), x), if y € (dom g,,)"

(V) fon € funs and

(Vi) font1(8m(¥)) =y-

Let ©*=U, S, and *=J, T, so that ©S<S* and T<T* Put f*=
U fn> so that by (v), f* is a partial function from ©* to T* that extends f,.
Hence (1) holds.

To prove that dom f* is an inner substructure of ©*, suppose that z € dom f*
and Rc-(y, z), wherc y € Xg.. Then for some m, z e domf,, and Re_, (¥, z). But
then (ii) implies ihat y; e domf,.; cdomf* for all i<n. Hence domf* €&S*.
Morecver, for such z and y we also have by (iii) that Rg_,,(fn+1(¥, 2)), and so
Ra+(f*(y, 2)). This shows f* to be a morphism.

To prove f* is bounded, let z e dom f* and Rz-(y, f*(z)), where y € X%.. Then
for some m, Ry _(y, f™(z)). Hence by (i), y € (domg,,)", so with x=g,,(y) we
get Re,, (x, 2) from (iv), whence Rs-(x, z), and f*(x) = fon+1(8=(y)) =y by (vi).
This establishes (2).

(3): f Ve T, then by 4.2.1(5) each g,, can be taken to have domain X5 . Then
if yeXsz., yeXz_ for some m. and so by (ii) and (iii), y =f.+1(g-(»)) =
f*(g=(y))- Hence f* is surjective.

(4): If 3 €T, then by 4.2.2(7) we can assume domf,,., = Xg,,, for all m, so
domf* = Xg..

(5): If 7« €T, then each f,,., is injective by 4.2.2(6), and hence so if f*. O

The following is a variant of a well known model-theoretic principle (Chang
and Keisler {13, Lemma 3.2.1}]).

Lemma 4.2.4. Suppose that { L, v} c T, and I is a set of L-sentences satisfying,
for all L-structures © and T,

©erll' and ST, T implies T T.
Then:

(1) there exists a set Ac T, that is logically equivalent to I’ (i.e. has exactly the
same models as I'); and

(2) if T={o} and also { T, A}c T, then o is logically cquivalent to some
sentence belonging to T, .

Proof. (1) Let A={o0eT,:T'ko}. Then 'k A. Suppose TEA, and let A=
{no:0eT, & T¢o}). Then L eA,as L eT, so A#0. Ifg,,...,70, €A,
then T¥o,v---vo,. But (oyv:---vo,)eT,, as veT, so as TEA, (oy v
-*va,)¢A Hence F'foyv--: r6,, soc F'U{"a,,...,70,} has a model.
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By Compactness, it follows that there exists a model © of 'U A. Then &k,
aud & T, T since Sk A, so by hypothesis, T F I as desired.

(2) If TeT, then T € A, where A is as 1. the proof of (1), so A#@. Then if
I'={o}, by Compactness {o} is logically equivalent to some non-empty subset
{01,...,0,} of A. Then since A €T, o is logically equivalent to G, A--- A
o,€T,. O

The basic groundwork for our first preservation result has now been completed.

Theorem 4.2.5. For any set I of L-sentences:

(1) If I is preserved by inner substructures, bounded epimorphisms, and outer
extensions, then I is logically equivalent to a set of essentially 2tomic L-sentences.

(2) If I is preserved by inner substructures and outer extensions, then I is
logically equivalent to a set of essentially basic L-sentences.

(3) If I' is preserved by inner substructures and bounded epimorphisms, then I'
is logically equivalent to a set of essentially positive and universal L-sentences.

(4) If I'is preserved by inner substructures, then I is logically equivalent to a set
of essentially universal L-sentences.

(5) If Tis preserved by bounded epimorphisms, then I is logically equivalent to
a set of essentially positive L-sentences.

(6) If I'is preserved by outer extensions, then I is logically equivalent to a set of
essentially existential L-sentences.

(7) If I is preserved by bounded epimorphisms and outer extensions, then I is
logically equivalent to a set of essentially positive and existential L-sentences.

Proof. (1) Recall that EA={1, T, A, v,Vy, 3o}. To show that I is "~eically
equivalent to some A c EA,, apply Lemma 4.2.4 with T =EA.

Suppose SEAT and SkT. Let f: ©~ X be the empty function. Then by
Theorem 4.2.3 there exist elementary extensions ©* and T* of © and %,
respectively, and a bounded morphism f*: ©~ZE*, with domf* an inner
substructure of ©*. Since ©<&*, ©*EI. But I is preserved by inner
substructures and bounded epimorphisms, giving dom f*E I and then im f*ET.
Hence as $* is an outer extension of imf* (Corollary 3.2.3), T*kTI. Since
T < T*, we finally get TET as desired.

(Note that if L has no constants, the only essentially atomic L-sentences are
A, v-combinations of 1 and T, so all members of EA, are either valid or
inconsistent. )

(2) Repeat the proof of part (1) with T=EB=EAU {n«} instead of EA.
Then by 4.2.3(5), the function f* is injective, and so is an isomorphism between
domf* and imf*. But all sentences are preserved by isomorphisms. so the
argument goes through without the addiiional hypothesis of (1).

(3) This time take T =EPU=EAU {¥}. Then by 4.2.3(3), f* maps dom f*
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onto T*, leading directly from dom f*EI'to T*k I'if I is preserved by bounded
epimorphisms. '

(4) When T=EU=EAU{ a,V}, f* becomes an isomorphism between
domf* and $*.

(5) When T=EP=EAU{V, 3}, f* becomes total (4.2.3(4)) and surjective
(4.2.3(3)), making T* a bounded epimorphic image of ©*.

(6) When T=EE=EAU {na, 3}, f* becomes total and injective, making
@&* isomorphic to an inner substructure of T*.

(7) When T=EPE=EAU{3}, imf* is a bounded epimorphic image of
&*. 0

Corollary 4.2.6. In 4.2.5, if I = {0}, then in each of (1)—(7) it can be concluded
that o is logically equivalent to a sentence in the appropriate T .

Proof. By Theorem 4.2.4(2). O

Results (2) and (3) in the case n =2 were obtained for many-sorted admissible
fragments of L,, ., by Feferman [15], using proof-theoretic methods.

There is one obvious case of T, that was not considered, viz. T=EAU
{~a,V, 3}. In that case f* becomes total, surjeciive, and injective, making
©*=3*. It follows that in this case every L-sentence is logically equivalent to a
member of 7;.

In applying Theorem 4.2.3 to the proof of 4.2.5, we used the case Lg=Lg
(=L) of 4.2.3. The possibility that Ly may be a proper extension of Lg will be
crucial in the next section (cf. 4.3.2 and the proof of 4.3.3).

4.3. And disjoint unions

An L-sentence preserved by bounded epimorphisms, inner substructures, and
disjoint unions is logically equivalent to a member of V,EA;. This was shown by
van Benthem [6] (in the case n =2), building on the constructions of Section 4.2
to produce families of elementary-chain systems of the type that appear in the
proof of Theorem 4.2.3. In this section, a new proof of the result will be obtained
by invoking the concept of bounded union. A siructure © is the bounded union of
a collection {©;:i eI} if

(1) Xe=U{Xg:iel}, and

(2) each ©; is an inner substructure of ©.

A disjoint union ¥, ©; is the bounded union of the isomorphic copies &; x {i} of
the ©,’s. Hence any set I of sentences that is preserved by bounded unions will
be preserved by disjoint unions.

Lemma 4.3.1. If I is preserved by disjoint unions and bounded epimorphisms,
then I' is preserved by bounded unions.
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Proof. If © is the bounded union of {©;:iel}, define f:L,&,—»S by
f(x,i)=x for all iel and x € Xg. Then f is surjective by (1) above, and is a
bounded morphism by (2)—the fact that &; is an inner substructure of © being
essential to showing that f is bounded. Hence © is a bounded epimorphic image
of Z 1 @3. a

Thus, given preservation by bounded epimorphisms, the hypothesis of preser-
vation by disjoint unions can be replaced by that of preservation by the more
readily constructed bounded unions.

Recall that V, T, = {Vv ¢ € Sent,: ¢ € TL}. If I' c Sent,, define

VITL(I) = {GEVITL: ke 0}.

Theorem 4.3.2. Let I be a set of L-sentences such that either

(1) I'is preserved by bounded epimorphisms and inner substructures; or

(2) I is preserved by bounded epimorphisms and 3 € T; or

(3) I'is preserved by inner substructures and ~a c T; or

@) 3,7a€T.
Suppose £V, T,(I"), where EA c T and L c Ly. Then for any y € Xg there exists
an elementary extension T* of T and an L-structure © such that

(5) yeXe;

(6) © is an inner L-substructure of T*; i.e. an inner substructure of the L-reduct
of £*; and

(7) Gk

Proof. Let L, = L U {y}, where y is a new constant. Then (£, y) is an expansion
of «i Ly-structure. Put

A, =TU{"0:0eT, and (T, y){o}.

We show that A, has a model, noting first that = L € A, since L €T, so A, #0.
Letoy,...,10,€ A, —~1T. Thenif 'U {—0,,...,0,} had no model it would
follow that 'k gy v - - - v 0,,. But ¥ does not occur in I', so if v were a variable
not occurring in 0, . . ., 0, then I't Vv 0, where o is the result of replacing y
byvino,v---v o, ButthenVvoeV,T.(I), since veT,soTEVvo. Theny
would satisfy o in T, so that (T, y)ko, v - - - v 0, in contradiction with the fact
that (T, y)¢o;for 1<i<m.

Thus by Compactness, there exists a model (&% x) of A, with ©* an
L-structure, and x the interpretation of y. Let f = {(x, y)}. Then in view of 4,,
(&*, x) T (T, f,(x)). Hence by Theorem 4.2.3, there are structures ©** and T*,
with ©<&** and T <T*, and a function f* extending f that is a bounded
morphism from an inner substructure of ©** to T*. Let @ be the L-substructure
of $* based on im f*. Then y = f*(x) eim f*, so (5) holds. Since the image of a
bounded morphism is an inner substructure of its codomain, (6) holds. For (7),
observe that since ©* <©**, G**ET. Hence (1) if I is preserved by bounded
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epimorphisms and inner substructures, we get domf*FI" as dom f* € ©**, and
then GkI’' as S=imf*; (2) if 3e7T, then by 4.2.3(4) we can assume
domjf*=&**, so we need only preservation by bounded epimorphisms to get
©Er; (3) if "@eT, then by 4.2.3(5) we can assume f* is injective making
domf*=@, so that kI if domf*kT; and (4) if 3, "a €T, then &** =6,
whence &k I'immediately. 0O

Theorem 4.3.3. Let I be a set of L-sentences that is preserved by bounded unions
and satisfies one of the hypotheses (1)-(4) as in 4.3.2. Suppose T &V, T,(I"), where
EAcT and L < Ly. Then there exists an elementary extension * of ¥ and an
L-structure © such that

S) Xzc X,

(6) © is an inner L-substructure of T*, an i

(7) SkL

Proof. Let Xg={y.:A<pB}, for some ordinal p. We construct a sequence
{S,: A < B} of L-structures, and an elementary chain {Z,: A < 8} of structures T,
with & <T,, such that

(a) Ya ex@u

(b) &, is an inner L-substructure of ¥, and

(C) 6,\ ET.

Also constructed is a collection {©,,: k<A< B} of L-structures such that for
each A< 8,

(d) ©,, is an L-substruciure of ¥, if k<4,

(e) 6u = 63_, and

) (iﬂ, 6‘,‘) < (35;_, 6;1) if k=su<A
With regard to (f), a pair (%, ©*) with ©* an L-substructure of T* is to be
regarded as a single structure for Ly U {x}, where x is a unary reiational symbol
whose extension in ¥ is Xge. Then &% ko iff (¥, &*)Fo”, where o™ is
obtained by relativising the quantifiers in o to & in the standard way. In
particular, (f) implies that ¥, <¥; and &,, < &,,.

The above construction is carried but by transfinite induction on f. At stage v,
¥, and ©, are constructed to include y, in &, and fulfill (a)-(f) with y in place
of A. ©,, is the ‘enlargement’ of previously constructed &, that takes place at
stage v.

Supposing for row that the construction has been made, put £* = J{I,: A<
B}, so that £ <Z*. For each k<8, put S =J{S,,: k<A< P}. Then S} is
an L-substructure of £*, and from (e¢) and (f) we have

(Ixr @x) = (ikr gkk) < (EA9 Exl.)

whenever k <A< f. Hence
(8 (F., &)< (T, &)
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But &, is an inner substructure of T, by (b), so the sentence
Voo« - V0, ((0,) A R0, - - -, Up)=> (V) A -~ - A T(U 1))

is true in (¥, &,), hence by (g) is true in (T*, S}). This shows that each & is
an inner substructure of T*. Put ©={J{S:x<B}. Then © is an L-
substructure of T*. We have:

(5) For each A<, y, € Xg, = Xg,, = X;, 50 y1 € Xs. Hence Xz c Xe.

(6) © is an inmer L-substructure of ¥*, since it is the union of inmer
L-substructures of ©*.

(7) Each ©; is an inner substructure of &, since it is a substructure of © and
an inner substructure of T*. Hence © is the bounded union of {&}: k < 8}. But
S, <G5, by (g), so S; kI from (c). Since I'is preserved by bounded unions, this
gives © kI as desired.

Thus to complete the theorem, it remains to show that the above construction
can bec carried out. Take y <f, and assume inductively that for each A <y, and
each k<4, &,, T,, and &,, have been constructed such that £ < T, and (a)—(f)
hold. If y =0, put ¥} =T} = <. Otherwise, let 2= J{T,: A<y}, and forx <y
put &2=J{S,4: k <A<y}. Then &) is an L-substructure of 9 by (d). Note
also, from (f), that

(®) (T, G <(TL GY i k<p<y.

Now let

T =(T}, (&% k<t}).

Regard ¥ as a single structure (in the manner described above) for a language
that adds to Ly predicates x, to name Xgo in 2. Then TLEV, T, ('), since
T < T, and so by Theorem 4.3.2, with T, in place of T and y, for y, there exists
an elementary extension

3:: =(Z,, {6':7: x<7y})

of T}, and an L-structure &, such that (a) y,eXg; (b) &, is an inner
L-substructure of the Lg-structure T,; and (¢) ©,FI. Each &,, is ap
L-substructure of ¥, giving (d) for A=y. Put &,, = ©,, so that ©,, is now de-
fined whenever k <A <1y, and (e) is fulfilled for y. Finally, since ), < T} we get
(29, 81 <(T,, S,,), which by (h) and the inductive hypothesis ensures that (f)
holds with y in place of A. Hence the inductive construction for y is complete. [1

Theorem 4.3.4. Let I be a set of L-sentences.

(1) If T is preserved by bounded epimorphisms, inner substructures, and
disjoint unions, then I is logically equivalent to some A cV,EA,.

(2) If I is preserved by bounded epimorphisms and disjoint unions, then I is
logically equivalent to some A c V,EPE, .
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(3) K I is preserved by inner substructures, and bounded unions, then I is
logically equivalent to some Ac V,EB,.

(4) If T is preserved by bounded unions, then I is logically equivalent to some
Ac VIEE'_.

Moreover, in each of (1)-(4), if I' = {0}, then o is logically equivalent to some
sentence belonging to the appropriate ¥, T, .

Proof. To prove (1), let A=V,EA,(I'). Since I'k A by definition, we have to
show AET. Let £ be any L-model of V,EA,(I'). Since, by Lemma 4.3.1, I'is
also preserved by bounded unions, we can apply Theorem 4.3.3, using alternative
(1) of the hypotheses of 4.3.2, and taking T = EA. Sequences {S,,: m < @} and
{%,.:m<w} of L-struciures are constructed, with £<Z,,, such that for each
m<o,

@) Xs. cXe,,

(b) &, is an inner substructure of ¥,,, and

(©) S,k
Also constructed are L-structures &,,,, for p <m such that for each m < o,

(d) &, is a substructure of T,

(e) ©pm =6, and

® (. 6)<@n G ifpsr=m.

The construction follows exactly the same pattern as the construction in the proof
of 4.3.3, taking f = w and using 4.3.3(5) to obtain (a). The details need not be
gone over again.

Now put £*=|J{¥,,: m <w}, so that L<IT* For each p<w, let S; =
U{Spm: p<m<w}, and put G = {&S}: r <w}. Then again as in the proof of
4.3.3, we get that (£, ©,) <(T*, ©*), and S, and S are inner substructures of
Z*. Hence ©, €S, so that © is the bounded union of the 5;’s. Since €, <&,
&, ET from (c), so that SET by preservation of I under bounded unions. But
now by (a), Xz, ,c Xg, c Xg;, and so ©=2*. Since T <T*, this finally gives
T e T, completing the proof that I is logically equivalent to V,EA,(I') c V,EA,.

If, moreover, I'= {o}, then by Compactness, o is logically equivalent to

) Vv A -- - AVY, @,

for some sentences Vv;¢; € V,EA,. But (}) is logically equivalent tc Vv (¢; A
-+ A @) eV,EA,, where v is a new variable, and ¢); is the result of replacing v;
by v in ¢,.

For (2), apply the proof of (1), using instead the hypothesis (2) from 4.3.2, and
taking T=EPE=EA U {3}. For (3) use hypothesis 4.3.2(3) and T=EB=
EA U {—a}, and finally for (4), use 4.3.2(4) and T=EE=EAU{3,7a}. O
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