
What is Uni�cation?A Categorical View of Substitution, Equation and Solution�Joseph A. GoguenProgramming Research Group, University of OxfordSRI International, Menlo Park CA 94025Center for the Study of Language and Information,Stanford University 94305Abstract: From a general perspective, a substitution is a transformation fromone space to another, an equation is a pair of such substitutions, and a solutionto an equation is a substitution that yields the same value when composed with(i.e., when substituted into) the substitutions that constitute the given equation.In some special cases, solutions are called uni�ers. Other examples include Scottdomain equations, uni�cation grammars, type inference, and di�erential equa-tions. The intuition that the composition of substitutions should be associativewhen de�ned, and should have identities, motivates a general concept of substi-tution system based on category theory. Notions of morphism, congruence, andquotient are given for substitution systems, each with the expected properties,and some general cardinality bounds are proved for most general solution sets(which are minimal sets of solutions with the property that any other solution isa substitution instance of one in the set). The notions of equation and solutionare also generalized to systems of equations, i.e., to constraint solving, and ap-plied to clarify the notions of \compositionality" and \uni�cation" in linguisticuni�cation grammar. This paper is self-contained as regards category theory,and indeed, could be used as an introductory tutorial on that subject.1 IntroductionAlthough certain simple ideas about substitutions, equations and solutions have been im-plicit in the categorical literature at least since Lawvere's 1963 thesis [31], it has beendi�cult for computer scientists, linguists, and even mathematicians, to relate this work totheir own concerns, and appreciate how simple it really is. This paper provides an intro-duction to these ideas, particularly developing the applications to uni�cation. Uni�cationhas become an important topic in computer science because of its connections to mechan-ical theorem proving and so-called \logic" programming, and in linguistics because of itsconnections to so-called \uni�cation grammar." However, there are many other interestingexamples.This paper develops a very general notion of \substitution system" that not only includesalgebraic theories in the sense of Lawvere, but also seems able to encompass virtually everykind of equation found in mathematics, computer science, and linguistics. We develop some�This research was performed at SRI International with the support of O�ce of Naval Research Con-tracts N00014-85-C-0417 and N00014-86-C-0450, NSF Grant CCR-8707155, and a gift from the SystemDevelopment Foundation. 1



of the general theory of substitution systems, including congruences, quotients, and somesu�cient conditions for the existence of most general uni�ers. This material can perhapscan be considered the beginnings of a General Uni�cation Theory, extending the classicalframework of term uni�cation, as developed for example by Siekmann [45].Some readers may wish to see some motivation for pursuing a subject that is so veryabstract and general. Here are four reasons:1. Relationships among di�erent applications may be revealed; sometimes these can besurprising and/or suggestive (for example, solving polynomials, inferring types, andunderstanding natural language can all be seen as solving equations in substitutionsystems).2. The need to prove essentially the same results in many di�erent contexts may beavoided (for example, our very general results in Section 6.2 about the uniqueness ofmost general solution sets apply to all the examples mentioned above).3. New algorithms and applications may be suggested as extensions of existing specialcases (for example, Section 7.5 suggests using order sorted uni�cation to extend Mil-ner's polymorphic type inference to handle subtypes).4. Old concepts may be simpli�ed, clari�ed, and/or generalized. For example, Section 5shows that many inadequacies of traditional syntactic approaches to term substitutionare overcome by systematically exploiting the freeness of term algebras, and by makingthe source and target variable sets explicit. The precise sense in which uni�cationgrammars involve uni�cation is clari�ed in Section 7.8. Other examples include thevery general results on 
oorings in Section 6.2, and on quotients and colimits ofarbitrary substitution systems in Section 6.5.Elegant category theoretic expositions often require sophisticated technical apparatus;since this paper assumes no previous familiarity with category theory, it can reach only amodest level of sophistication. Our discussions often start with informal motivation, so ifsomething seems too vague, please read on until you see it in boldface, which marks aformal de�nition; italics are used for informal emphasis. Also, there are many unprovedassertions; unless explicitly stated otherwise, they have short proofs, and the reader isurged to use them as exercises to test and improve his/her understanding. Some may �ndthis a relatively painless way to learn some basic category theory. The standard advancedintroduction to category theory is Mac Lane [29], while Goldblatt [26] provides a gentlerapproach that includes topoi; neither book discusses Lawvere theories, but (for example)Schubert [42] does. The only prerequisites for this paper are some elementary set theoryand an interest in its subject matter.I thank Timothy Fernando and Peter Rathmann for their comments on this paper, andDr. Jos�e Meseguer both for his valuable comments and for his collaboration on many of itsideas.1.1 An ExampleLet us consider the simple case of polynomials with integer coe�cients, such as p = x2 +2y + 3. We will use the notation fp1 ) x1; p2 ) x2; :::; pn ) xng for the substitution that2



substitutes the polynomial pi for the variable xi for i = 1; :::; n; for example, f = f2z )x; 0 ) yg substitutes 2z for x and 0 for y. Now let1 \f ; p" denote the result of applyingthe substitution f to p, and then simplifying according to the usual laws of polynomialalgebra; for example, with f and p as above, we have f ; p = 4z2 + 3. We may considerthe application f ; p to be well de�ned provided that only the variables of f occur in p (thisintuition is further re�ned in Section 2 below).Next, given also g = f2x ) u; y + 1 ) zg, we can form g; (f ; p) = 4y2 + 8y + 7 as wellas g; f = f2y + 2 ) x; 0 ) yg and, of course, (g; f); p = 4y2 + 8y + 7. It is no coincidencethat g; (f ; p) = (g; f); p. For uniformity of notation, we can also regard polynomials assubstitutions, e.g., fx2 + 2y + 3) pg for the above p.If we are also given fx2+ y+ z ) qg, what does it mean to solve the equation p = q? Itmeans to �nd a substitution h such that h; p = h; q. There are many, including h1 = f3)x;�1) y; 2) zg; h2 = f�5 ) x; u� 1) y; u+ 2) zg; h3 = fu) x; v ) y; v + 3) zg,and h4 = f1) x; y ) y; y+3) z; x+y ) wg. Notice that h1 and h2 are both \substitutioninstances" of h3, and that h4 is invalid, because it substitutes for a variable w that doesn'toccur in either p or q. Also notice what it means that h2 is a substitution instance of h3:there is a substitution j such that h2 = j;h3, namely j = f�5) u; u� 1) vg. In fact, h3is a \most general solution," in the sense that any other solution h (that does not substitutefor extraneous variables) is a substitution instance of h3.This polynomial example is used informally as motivation throughout the paper, and �-nally developed more formally in Section 6.3.3. But �rst, we greatly generalize this example,and also clarify our conventions regarding variables in the composition of substitutions.2 Substitutions and CategoriesThe most basic intuitions about substitutions concern their composition. In particular,composition should satisfy associative and identity laws. Since we wish to capture the ideathat there may be constraints on what can be substituted where, the composition operationshould be partial rather than total, re
ecting the idea that f ; g is de�ned only when thetarget type of f , denoted @1f , equals the source type of g, denoted @0g.Thus, a substitution system should have a set S of substitutions, a set jSj of types,a partial composition operation on S denoted \;" plus source and target operationsdenoted @0; @1 : S ! jSj such that:(1) f ; g is de�ned i� @1f = @0g.(2) @0(f ; g) = @0f and @1(f ; g) = @1g.(3) (f ; g);h = f ; (g;h) whenever all compositions are de�ned.(4) For each T 2 jSj, there is a substitution idT such that @0idT = @1idT = T and suchthat f ; idT = f and idT ; g = g whenever these compositions are de�ned.1Mathematics traditionally writes composition in the opposite order from that used in this paper, oftenusing the notation \�". Here, we follow the computer science notation \;" for sequential composition ofoperations. While it would be an exaggeration to say that mathematics \got it wrong," it does seem fairto say that many things go smoother in the \backwards" notation, and indeed, many category theoristsordinarily use it. 3



Axiom (4) implies that there is exactly one identity on each object S: any two are equalsince idS ; id0S = idS and idS ; id0S = id0S .Many readers will not be surprised to learn that these axioms de�ne neither more norless than categories, and from here on we will introduce and then use standard bits ofterminology and notation from category theory. In particular, we will say \morphism,"\map" or \arrow" instead of \substitution," and to say \object" instead of \type." Also,we will say \category" instead of \substitution system," particularly because these axiomsare only a �rst step toward a more complete de�nition to be given later. Also, we writef : R! S when @0f = R and @1f = S, and we let S[R;S] denote the collection of all mapsfrom R to S in S.The following discussion will show that even this very simple machinery is su�cient tode�ne some interesting concepts, including isomorphism, substitution instance, and groundsubstitution.A morphism f : S ! T in a category C is an isomorphism i� there is another morphismg : T ! S such that f ; g = idS and g; f = idT . We may write f�1 for g and g�1 for f ,and we may also write S �= T , and call f and g invertible morphisms. We will see somesubstitution systems where the isomorphisms are just one-to-one renamings of variables.Isomorphisms have a number of simple, useful and easily veri�ed properties, includingthe following, which assume that f : R! S and g : S ! T are isomorphisms in a categoryC:(a) (f�1)�1 = f .(b) (f ; g)�1 = g�1; f�1.(c) id�1S = idS .(d) �= is an equivalence relation on jCj.Let us again consider our polynomial substitution system, which from here on willbe denoted P. Its types are �nite sets of variables, and if f : R ! S, then S containsthe variables that f substitutes into, while R contains the variables that may be usedin the polynomials that are substituted for the variables in S. The constraint on whena composition f ; g is de�ned guarantees that f must tell what happens to all and onlythe variables that can occur in polynomials in g. The identity on T is the substitutionfx ) x j x 2 Tg. It is an interesting exercise to determine the isomorphisms of P, butperhaps it is better to delay this until the details have been developed formally in Section6.3.3.Returning now to the general case (but remembering the polynomials for motivation),we say that a substitution h0 : R0 ! S is an instance of a substitution h : R ! S i� thereis a substitution j : R0 ! R such that h0 = j;h. This de�nes a relation on substitutionscalled subsumption, and we write h0 � h to indicate that h subsumes h0. It is easy tocheck that subsumption is transitive and re
exive, i.e., a pre-ordering.Figure 1 shows a so-called commutative diagram that renders the de�nition of substitu-tion instance graphically. In such a diagram, the edges are morphisms in some category Cand the nodes are objects in C. The diagram is said to commute i�, given any two nodes4



R h S0j h0R0?HHHHj����*Figure 1: Substitution InstanceR and S, the composition of the morphisms along any two paths from R to S in the dia-gram are equal as morphisms in C. Such diagrams can often help with visualizing a set ofequations among morphisms, or as in this case, substitutions.Returning again to the polynomial substitution system P, some substitutions are con-stants, in the sense that what is substituted for variables does not involve any variables,i.e., is an integer. We can capture this concept categorically by postulating a \constanttype" 1 that is the source for all constants; for P, it is the empty set of variables. Then aconstant of sort S is just a substitution c : 1 ! S, e.g., for P, a substitution that involvesno variables. But how can we characterize 1? In fact, 1 has a simple categorical propertythat (we will soon see) characterizes it uniquely up to isomorphism: there is exactly onesubstitution with target 1 for each possible source object, i.e.,(5) There is a type 1 2 jSj such that for each S 2 jSj, there is one and only one substitutionS ! 1 in S, which we may denote !S or even just !.In category theory, an object 1 satisfying axiom (5) is called a �nal or terminal object. InP, the arrows !S are empty functions. The basic fact about �nal objects is the following:Proposition 1 Let F and F 0 be �nal objects in a category C. Then the unique morphismsi : F ! F 0 and i0 : F 0 ! F are inverse isomorphisms.Proof: First notice that we have i; i0 : F ! F and i0; i : F 0 ! F 0 in C. Since F and F 0 areboth �nal, and since there can be only one morphism each F ! F and F 0 ! F 0, and sinceidF and id0F are such morphisms, the given compositions must equal these identities. 2Let us call a substitution f : S ! T a constant if S = 1, and let us call it a groundsubstitution if it factors through 1, i.e., if f = !; c, i.e., if f � c, for some constant c : 1! S.ThenFact 2 f ; g;h is ground whenever g is ground. The only invertible ground morphisms arethe boring ones ! : 1! F where F is another �nal object. If h � g and g is ground, then his also ground. 2To summarize, this section develops categories with �nal objects as a model for substi-tution systems. Although this model has very few axioms and concepts, it already allows usto de�ne renaming and ground substitutions, as well as subsumption, and to develop someof their basic properties. However, it is only a �rst step toward the de�nition of substitutionsystem �nally given in Section 4. 5



3 Equations and SolutionsWhat is an equation? Our view is that it is just a pair of substitutions with the same sourceand the same target, i.e., an equation is a pair hf; gi with @0f = @0g and @1f = @1g; wewill often use the notation f; g : S ! T . Sections 5 and 6 will show that this de�nitionincludes the expected examples, and in particular, that terms can be seen as substitutions.Given this view of equations, a solution to an equation f; g : S ! T is just a substitutionh : R! S, for some type R, such that h; f = h; g.Usually, we prefer a most general solution if there is one, i.e., a solution such that anyother solution is a substitution instance of it, i.e., a solution h : R ! S such that for anysolution h0 : R0 ! S there is a \factoring" substitution j : R0 ! R, such that j;h = h0.In many examples, including our polynomial example, a most general solution h can bechosen so that whenever h0 � h there is a unique j such that h0 = j;h. Let us say that asubstitution h such that f ;h = g;h implies f = g is monic (another term is monomor-phism). If h is monic and most general, then the factoring substitution j is necessarilyunique. We will soon see that this uniqueness of the factoring substitution guarantees theuniqueness of h (up to isomorphism), which is a deepening of our intuition about mostgeneral substitutions. This discussion motivates the followingDe�nition 3 A �nal solution2 to an equation f; g : S ! T is a substitution h : R ! Ssuch that any other solution h0 to hf; gi is of the form j;h for a unique substitution j. 2Recall that a maximum element m for a partial order � has the property that a � m forall a.Fact 4 A solution is most general i� it is maximum with respect to �. Moreover, anymonic most general solution is �nal. 2We now prove the uniqueness of �nal solutions by using abstract nonsense3. Althoughthe construction is certainly abstract, it is really rather simple, and is also useful in manyother situations. Given f; g : S ! T , we construct a category SOL(f; g) of solutions, inwhich �nal solutions are �nal objects:� Let SOL(f; g) have the solutions of hf; gi as its objects, i.e., the substitutions h : R! S(for some R) such that h; f = h; g.� Given solutions h : R ! S and h0 : R0 ! S to hf; gi, we de�ne a morphism ofsolutions h0 ! h to be a substitution j : R0 ! R such that j;h = h0. See Figure 2.Notice that h0 � h i� h0 ! h. We immediately haveProposition 5 SOL(f; g) as de�ned above is a category, and h is a �nal solution for hf; gii� it is �nal in SOL(f; g). 22I regret the connotations of this phrase, but \terminal solution" seemed almost equally unfortunate, yetless suggestive. I also considered reversing all arrows, so that the phrase \initial solution" could be used,and I might well have done so, had it not required rewriting virtually the entire paper.3This is a sort of technical term in category theory, referring to cases where something is proved withoutactually looking at how it has been constructed. 6



R h S0j h0R0 Tgf --?HHHHj����*Figure 2: A Morphism of SolutionsNow Proposition 1 implies that �nal solutions are unique up to isomorphism in SOL,which means in particular that their source types are isomorphic. We cannot, of course,expect that every equation has a solution, let alone a �nal solution, but it is comfortingto know that �nal solutions are unique when they exist. Section 6.1 will show that the�nal solution concept includes \most general uni�er." In the standard language of categorytheory, a �nal solution for hf; gi is an equalizer of f and g.A property of the form \there exists a unique morphism such that ..." is called auniversal property, and we have now seen two of these: the characterizing properties forequalizers and for �nal objects. We will see other examples soon.We close this section with an easy generalization of the notion of equation: insteadof a pair hf; gi, we may consider any set � of morphisms all having the same source andthe same target. A solution is then a substitution that makes them all equal, and we geta category SOL(�) of solutions of �, in which �nal solutions are again �nal objects, andtherefore unique (up to isomorphism). All our results generalize to this situation, but thiswill not be explicitly mentioned.4 Types, Variables and ProductsLet us return to the example of Section 1, polynomials with integer coe�cients, and examinemore closely how it �ts into the framework of Sections 2 and 3. Our goal is to de�ne asubstitution system P whose morphisms are the polynomial substitutions, and our �rststep is to describe its types, the elements of jPj. To this end, let X! = fx0; x1; x2; : : :gand let jPj be the set of all �nite subsets of X! including the empty subset ;. Also, we letu; v; w; x; y; z denote elements of X! and call them variables.We (informally) let the morphisms f : S ! T in P be the substitutions of the formffx ) x j x 2 Tg where fx is a polynomial with integer coe�cients involving only variablesfrom S. Composition f ; g is of course substitution of the polynomials in f for the variablesin the polynomials of g, and the identity T ! T is fx ) x j x 2 Tg. The �nal object isthe empty type, ;, because the only substitution T ! ; is the empty one. The morphisms; ! T are (tuples of) constants, fix ) x j x 2 Tg with each ix an integer. (All this will bedeveloped more formally in Section 6.3.3.)Among the morphisms S ! T in P are some very simple ones, called type morphisms,that are of the form ffx ) x j x 2 Tg where fx 2 S, i.e., where each fx is just a variable in7



S. It is easy to be convinced that the composition of two type morphisms is again a typemorphism, and also that identity morphisms are again type morphisms. Then types withtype morphisms form a category, which we will denote by X from here on.Now X is a subcategory of P, in the following sense: A category C0 is a subcategoryof a category C if the objects of C0 are also objects of C, and if the morphisms of C0 fromR to S are also morphisms of C from R to S, such that compositions and identities in C0agree with those in C; let us write C0 � C. A subcategory C0 of C is broad i� jC0j = jCj, andis full i� C0[R;S] = C[R;S] for all R;S 2 jC0j.Fact 6 If C0 � C is broad and full, then C0 = C. 2Notice that a type morphism f : R ! S in P is just an assignment of an element of Rto each element of S, i.e., a function S ! R that we will denote fo. Moreover, given typemorphisms f : R ! S and g : S ! T , their composition f ; g : R ! T corresponds to thefunctional composition go; fo, i.e.,(f ; g)o = go; fo.Now let us construct X quite precisely: its objects (called \types") are the �nite subsetsof X!; its morphisms f : R! S are functions fo : S ! R; its composition is de�ned by theformula above; and idS = 1oS where 1S : S ! S is the identity function on the set S.We could entirely dispense with variables if we wanted, by making them implicit intypes. This illustrates an important theme in category theory, that isomorphic objects are\essentially the same." Under this view, we could use any �nite set as a type, i.e., wecould use anything at all as a variable symbol. In particular, instead of the �nite subsetsof X! = fx0; x1; x2; : : :g we could use the �nite sets of integers4, i.e., the �nite subsets of! = f0; 1; 2; : : :g. In fact, variables play only an auxiliary role, as a notational convenience.The real issue, as we will see below, is the product structure of types.Sometimes it is convenient to use the following \canonical" subsets of X!Xn = fx0; x1; x2; : : : ; xn�1g,with X0 = ; by convention. Let N denote the category with objects Xn and with thefunctions fo : Xn ! Xm as the arrows Xm ! Xn. N is a full subcategory of X .The type morphisms in P can be used to \untuple" substitutions. Given a type T andx 2 T , let px : T ! fxg denote the type morphism corresponding to the inclusion functionfxg ! T . Now given f : S ! T , the composition f ; px \pulls out" the x component of f .For example, if f = f2x) w; y + 1) x; x+ 2y ) yg, then f ; px = fx = fy + 1) xg. It isalso very useful to \tuple up" substitutions, e.g., to form f2x) w; y + 1) x; x+ 2y ) ygfrom its three components. Suppose we are given a substitution fx : S ! fxg for eachx 2 T ; then what we want is f : S ! T such that f ; px = fx for each x 2 T . As ithappens, there is always a unique such f for polynomial substitutions, and our intuitionsuggests that satisfying the equations f ; px = fx should completely characterize f in anysubstitution system.It is convenient to use language and notation for tupling that is inspired by Cartesianproducts of sets, which will turn out to be a special case of the general construction givenbelow. Thus, we will call px : T ! fxg for x 2 T the x-projection of T ; also, we will write4However, to avoid ambiguous notation, it would be necessary to somehow distinguish integers used asvariable symbols from integers used as coe�cients, for example by enclosing them in brackets.8



hfx j x 2 T i for the construction of f from its components fx and call it the tupling of thefx (all this is formally de�ned below).T 0 Ti Tp0i pif -@@@R ���	Figure 3: A Morphism of ConesThese considerations motivate a general construction, in the setting of an arbitrarycategory C, for tupling an arbitrary family of fi : S ! Ti of morphisms, for i 2 I. Tocharacterize the tupled morphism f = hfi j i 2 Ii, we must also characterize its target T ,which is the product object of the Ti. We do this through its family of projections,which are the basic feature of products:� Given a family of objects Ti for i 2 I, let us call a family pi : T ! Ti of morphisms acone over the Ti.� Given also another cone over the Ti, say p0i : T 0 ! Ti, a cone morphism f : T 0 ! Tover the Ti is a morphism f : T 0 ! T such that f ; pi = p0i for each i 2 I. See Figure 3.We thus obtain a category C(Ti) of cones over the family Ti, and we de�ne a product ofthe Ti to be a �nal object in this category. The \apex" of this cone is the product object,and its morphisms are the projections. Once again, Proposition 1 gives uniqueness up toisomorphism. Moreover, given a cone fi : S ! Ti over the Ti, the unique morphism S ! T ,where T is the apex of the product cone, is the tupled substitution hfi j i 2 Ii of the fi.Of course, a given category may fail to have certain products. When I = ;, any �nalobject is a product for the empty family. When I = f1; 2g, we get a binary product, andwrite T1�T2 for its object. For the general case, we use the notation Qi2I Ti for the productobject.We will see in the subsection below that, for our polynomial example, the product oftypes is given by their disjoint union.Proposition 7 A category has all �nite products i� it has all binary products and a �nalobject. In such a category,� 1� T �= T � 1 �= T when 1 is �nal.� T � T 0 �= T 0 � T .� (T � T 0)� T 00 �= T � (T 0 � T 00).� Given a �nite set I and Ti for i 2 I, let T = Qi Ti. Then each f : S ! T is of theform hfi j i 2 Ii for uniquely determined fi : S ! Ti. In particular, if pi : T ! Ti arethe projections, then 9



� fi = f ; pi� idT =hpi j i 2 Ii.(Only the �rst two results need a �nal object.) 2We can summarize our discussion so far with the following: A type system T is acategory with �nite products, and a substitution system is a category S with �niteproducts having a type system T as a broad subcategory such that products in S are thesame5 as products in T . By abuse of notation, we will denote the pair hS;T i by just S;also, we may call T the base of S. (These de�nitions are still a bit vague, and will bere�ned further in Section 6.5.)The following sections will show that many interesting notions of type and substitutionfall within this general framework. (However, the reader is warned that some models ofthese axioms have morphisms that look nothing like substitutions.)4.1 Finite Sets and DualityLet us look more closely at types and their products in our polynomial example. Recallthat this type system X has as its objects the �nite subsets of X! and that its morphismsf : S ! T are given by functions fo : T ! S, with composition f ; g de�ned by (f ; g)o =go; fo.We can understand X better by studying the closely related category FSET of �nite sets;this will also shed light on the strange reversal of composition order in the above equation.FSET has �nite sets as its objects and functions as their morphisms. This category (or moreprecisely, a subcategory of it) is dual to X , in the following sense:Given a category C, its dual category Co has the same objects as C (i.e., jCj = jCoj),with morphisms fo : S ! T in Co being morphisms f : T ! S in C, with idoT = idT and withfo; go = (g; f)o. In our example, X o is the full subcategory of FSET having as its objectsthe �nite subsets of X!. In general, we haveFact 8 If C is a category, so is its opposite Co. Moreover, Coo = C. 2A very nice feature of category theory is that every categorical concept has a dualconcept. For example, the dual of �nal object is initial object, an object such that thereis a unique morphism from it to any other. Similarly, the dual of product is coproduct:Given two objects T1 and T2, their coproduct in C consists of an object C and two injectionsji : Ti ! C with a co-universal property. We can make this more precise and general byusing the category C(Ti) of cones in C over a family Ti of objects in C for i 2 I: A coproductof the Ti is a �nal object in Co(Ti), i.e., a product of the Ti in Co. It now follows thatcoproducts are determined uniquely up to isomorphism, as usual by Proposition 1.Epics are dual to monics; speci�cally, h : X ! Y is an epimorphism i� wheneverf; g : Y ! Z satisfy h; f = h; g then f = g.Returning to FSET , if we are given disjoint sets T1 and T2, then their union T1 [ T2 isa coproduct, with the inclusions as injections. More generally, given any �nite sets T1 and5This means that their �nal objects are the same and their product cones are the same; in particular,their projections are identical. 10



T2, their coproduct object in FSET is their disjoint union, which could be any �nite set Twhose cardinality is the sum of those of T1 and T2. One such set is T = T1�f1g[T2�f2g,with injections ji : Ti ! T sending t in Ti to the pair ht; ii in T .An advantage of not being committed to any particular construction for disjoint unionis that, since any isomorphic set will do, we are not tied down to any particular choice ofvariables. In particular, the awkward phenomenon of \renaming away," which appears forexample in the usual approaches to narrowing, is entirely avoided.Returning now to the polynomial substitution system P and its type system X , we seefor example that fx0; x1; x2g = fx0g � fx1g � fx2g, so that we can writef2x1 + x22 + x0x1 ) x0g : fx0g � fx1g � fx2g ! fx0g,which seems rather neat.FSET also has �nite products, given by the usual Cartesian product construction, i.e.,T1 � T2 = fht1; t2i j t1 2 T1; t2 2 T2g with pi : T ! Ti sending ht1; t2i to ti for i = 1; 2. Anyone point set is a �nal object.5 Classical Term SubstitutionBoth mathematics and computer science provide many interesting substitution systemsbesides the polynomial example that we have been using for motivation. This section isdevoted to the case of classical terms.5.1 TermsWe �rst de�ne terms over a given �xed set of function symbols. Terms appear as a basicdata structure in many functional and logic programming languages, for example, OBJ[23, 9, 10, 19], Hope [4], and Prolog [6]. An unsorted (or one sorted) signature consists ofa set � whose elements are called function symbols and a function � : � ! ! assigningan arity to each symbol; � 2 � is a constant symbol when �(�) = 0. Let �n be f� 2 � j�(�) = ng. Now de�ne the set T� of all �-terms to be the smallest set of strings over thealphabet � [ f(; )g (where ( and ) are special symbols disjoint from �) such that� �0 � T� and� given t1; : : : ; tn 2 T� and � 2 �, then �(t1 : : : tn) 2 T�.The discussion below will show that the �-terms form a �-algebra, and that a simpleuniversal property characterizes this algebra.A �-algebra is a set A with a functionA� : An ! A for each � 2 �n; note that if � 2 �0,then A� is essentially an element of A, since A0 is a one point set. Given �-algebras A andB, a �-homomorphism h : A! B is a function h such thath(A�(a1; : : : ; an)) = B�(h(a1); : : : ; h(an)).Then �-algebras and �-homomorphisms form a category, denoted ALG�. We now view T�as a �-algebra as follows:� For � 2 �0, let (T�)� be the string �.� For � 2 �n, let (T�)� be the function sending t1; : : : ; tn to the string �(t1 : : : tn).11



Thus, �(t1; : : : ; tn) = �(t1 : : : tn), and from here on we prefer to use the �rst notation. Thekey property of T� is its initiality in ALG�:Theorem 9 For any �-algebra A, there is a unique �-homomorphism T� ! A. 2Initiality is dual to �nality, and the proof of Proposition 1 applies to show that any twoinitial objects in a category are not only isomorphic, but are isomorphic by a unique ho-momorphism. In particular, this shows that our use of strings was not essential in T�:any construction giving an isomorphic algebra would be just as good, for example, lists,trees, and many other representations could have been used. The proof of Theorem 9 isby induction over the construction of T� and is not so simple as previous proofs that havebeen omitted.5.2 FreebiesWe can extend Theorem 9 to a concept called \free algebras" using some tricks on signatures.Given a signature � and a set X of elements called \variable symbols," let �(X) denotethe new signature with constants �(X)0 = �0 [X and with �(X)n = �n for n > 0. Wecan now form the initial �(X)-algebra T�(X) and then view T�(X) as a �-algebra just byforgetting about the additional constants in X; let us denote this �-algebra by T�(X), andlet us also denote the set inclusion function of X into T�(X) by iX .Corollary 10 T�(X) is the free �-algebra on X, in the sense that any function f : X !A from X to a �-algebra A extends uniquely to a �-homomorphism, denoted f : T�(X)!A. (See Figure 4.) X AT�(X)fiX f-HHHHHj ?Figure 4: The Free �-Algebra on XProof: We construct a category FX whose objects are functions f : X ! A from X tosome �-algebra A, and whose morphisms from f : X ! A to g : X ! B are functionsj : A ! B such that f ; j = g. The composition in FX of j : A ! B from f : X ! A tog : X ! B with j0 : B ! C from g : X ! B to h : X ! C is then just j; j0 : A ! C. (SeeFigure 5.)It su�ces to show that iX : X ! T�(X) is initial in FX , which follows from theseobservations: (1) objects in FX are in one-to-one correspondence with �(X)-algebras, suchthat (2) FX -homomorphisms correspond to �(X)-homomorphisms and (3) iX : X ! T�(X)corresponds to T�(X), and �nally, (4) T�(X) is initial in ALG�(X). 2Given t 2 T�(X), let var(t), the set of variables that occur in t, be the least Y � X suchthat t 2 T�(Y ). 12



X BAgf j�����*HHHHHj ?Figure 5: Composition in FX5.3 Term Substitution SystemsWe are now ready to de�ne a substitution system S� whose morphisms are the substitutionson the terms over a given signature �. Using the same base type system X as in thepolynomial example (it has the �nite subsets of X! = fx0; x1; x2; : : :g as its objects), wede�ne a substitution X ! Y in S� to be a function Y ! T�(X). Given substitutionsf : Y ! T�(X) and g : Z ! T�(Y ), we de�ne their composition as substitutions, denotedf ; g : X ! Z, to be the composition g; f : Z ! T�(X) of functions where f : T�(Y ) !T�(X) is the free extension given by Corollary 10. Finally, we de�ne a base type morphismf : X ! Y to be a function Y ! T�(X) that factors through the inclusion iX : X ! T�(X);thus a base type morphism X ! Y corresponds to a function Y ! X, as expected.It is now fun to prove the associative law for the composition of term substitutions,f ; (g;h) = (f ; g);h, i.e.,h; g; f = (h; g); f ,for which it su�ces to show thatg; f = g; fbecause the composition of functions is associative. But this last equation follows directlyfrom the universal property of T�(X), as can be seen from contemplating the diagram inFigure 6. Moreover, iX is clearly the identity on X, and thus S� is indeed a category.
X Yg fT�(X) T�(Y ) T�(Z)g f6 6�����* �����*- -� �?g; f

Figure 6: The Associative Law for SubstitutionNotice that a term t 2 T�(X) can appear as a morphism t : Y ! fxg for any Y containingX and any x 2 X!. However, if we use the canonical variable sets Xn = fx0; x1 : : : ; xn�1gthen � 2 �n appears only as � : Xn ! X1.Let us check that S� has products, and that these products agree with those in its base13



type system X . First notice that ; is a �nal object (actually the only �nal object), sincethere is a unique function ; ! T�(X) for any X. By Proposition 7, it now su�ces toconstruct binary products. In fact, Xm+n is a product of Xm and Xn, i.e.,Xm �Xn �= Xm+nwith projection p : Xm+n ! Xm given by the inclusion function Xm ! Xm+n and withprojection p0 : Xm+n ! Xn given by the function Xn ! Xm+n sending i to i+m. We leavethis as an exercise.Now let's look at a simple example.Example 11 Let �0 = f0g;�1 = fsg;�2 = f+g, and �n = ; for n > 2. Taking the libertyof writing + with in�x syntax, two typical �-terms are x0+ s(x1+0) and s(x1+ s(0))+x2,and a typical substitution isfx0 + s(x1 + 0)) x1; s(x1 + s(0)) + x2 ) x3g : fx0; x1; x2g ! fx1; x3g.2 Traditional syntactic approaches de�ne a substitution to be something like a �nite partialfunction from an in�nite set of variables to the set of all terms on those variables; [30]gives a nice technical and historical survey of such approaches, also pointing out some oftheir di�culties. Our discussion above shows that algebra can greatly ease proofs aboutsubstitution; for example, it is simple to prove associativity by exploiting the freeness ofterm algebras (see Figure 6). Moreover, many technical annoyances about \renaming away"variables, etc., disappear by making source and target variable sets explicit. Finally, manyissues are clari�ed, such as most general uni�ers and the sense in which they are unique(again, see [30] for some history and discussion of the problem).6 What is Uni�cation?This section contains the technical core of the paper. We �rst consider classical termuni�cation, which is the inspiration for the whole subject. This is followed by a very generaldiscussion of solution sets, giving useful su�cient conditions for several pleasant properties,including some cardinality bounds. Next, congruences and quotients are developed forsubstitution systems, motivated by substitution and solution modulo equations. Then weconsider families of substitution systems, and give our \o�cial" de�nition of substitutionsystem. This material can be considered the beginnings of a General Uni�cation Theory.Many sorted algebra and order sorted algebra are also considered.6.1 Classical Term Uni�cationAlthough term uni�cation goes back at least6 to Herbrand's 1930 thesis [27], it rose to itspresent importance in computer science because of the close connections with mechanicaltheorem proving developed by Alan Robinson [39] and systematically exploited in so-called\logic" programming (for example, see [32]).Using the framework of Section 5, let us de�ne a most general uni�er of two giventerms f; g that only involve variables in X � X! to be a most general solution of the6According to [45], suggestions can also be found in the notebooks of Emil Post.14



equation f; g : X ! fx0g. Although most general solutions are not always �nal, there isalways a closely related �nal solution in S�. Following [34], call a substitution f : X ! Yin S� sober i� X = Sy2Y vars(fy) where f = ffy j y 2 Y g. Then,Proposition 12 A substitution h : X ! Y in S� is monic i� it is sober. Moreover, iff; g : Y ! Z in S� has a most general solution, then it has a �nal solution.Proof: The �rst assertion is clear from knowing that substitution works by \sticking in"terms, but it seems awkward to prove from the formal de�nition based on free algebras,and I would be grateful to see a simple proof along those lines.For the second assertion, given a most general solution h : X ! Y of f; g, let h0 : X 0 ! Ybe the substitution with X 0 containing exactly the variables that actually occur in thecomponents hy of h, and with h0y = hy for y 2 Y . Then h0 is most general because h was,and it is monic because it is sober. Fact 4 now implies that h0 is �nal. 2The most important result about classical term uni�cation, which may be called theHerbrand-Robinson Theorem, can be stated as follows:Theorem 13 If a pair hf; gi has a solution, then it has a �nal solution. 2A uni�cation algorithm �nds a most general uni�er when there is one, and thehard part of the traditional proofs of the Herbrand-Robinson theorem is to show thatsome uni�cation algorithm necessarily terminates. A very nice categorical formulation ofa uni�cation algorithm is given by Rydeheard and Burstall [40], who also sketch a largelycategorical proof of its correctness, and explain the obstacles that they found to a purelycategorical proof. Meseguer, Goguen and Smolka [34] develop general categorical resultsabout uni�cation for application to the order sorted case. The results in this and the nextsubsection somewhat improve those, but unfortunately are still not quite su�cient to provethe classical Herbrand-Robinson Theorem.I realized that most general uni�ers can be seen as equalizers in 1972, but have onlyrecently appreciated what could be done with the viewpoint implicit in this observation;this mostly arose from working on [34], and from reading [40] and [45]. The usual de�nitionsof uni�er are (in my view) much too syntactic, since they depend on a notion of substitutionthat is too syntactic, e.g., an endo-function on the set of all terms in all variables, as inSchmidt-Schauss [41]. Taking too syntactic a view of substitution can also give misleadingresults. For example, Walther [51] showed that most general uni�ers only exist in ordersorted algebra when the subsort graph is a forest; however, this result only holds for hisnotion of uni�er, and is perhaps best seen as demonstrating the inadequacy of that notion;see [34] for further discussion of this point. Another advantage of the categorical view isthat it generalizes very naturally, as demonstrated below.6.2 Floorings and Solution SetsWe can summarize and generalize the above discussion by saying that a uni�er is a solutionin some substitution system, and a most general uni�er is a most general solution. However,there are many examples beyond classical term uni�cation that do not have most general15



uni�ers in this simple sense, including our ongoing integer polynomial example7. Suchexamples require a more general notion of most general solution. In keeping with our wholeviewpoint and development, it is convenient to do this by generalizing the notion of �nalobject. This material, which extends and clari�es aspects of [34], is somewhat more di�cultthan what we have seen so far, and some readers may prefer to skip it the �rst time through.De�nition 14 A 
ooring8 in a category C is a set F of objects of C such that for eachC 2 jCj there is some F 2 F with a morphism C ! F in C. A minimal 
ooring isa 
ooring such that no proper subset is a 
ooring. A minimal 
ooring F is uniquelyminimal if for each C 2 jCj and each F 2 F , there is at most one morphism C ! F inC. Then a solution set for an equation hf; gi is a 
ooring in SOL(f; g), a most generalsolution set is a minimal 
ooring in SOL(f; g), and a �nal solution set is a uniquelyminimal 
ooring in SOL(f; g). 2The terminology of Mac Lane [29] would say weak �nal set instead of 
ooring.Lemma 15 A 
ooring F is minimal i� whenever there is a morphism F ! F 0 in C forF; F 0 2 F , then F = F 0.Proof: We �rst show by contradiction that the �rst condition implies the second. IfF ! F 0 for F; F 0 2 F with F 6= F 0, then F � fF 0g is also a 
ooring, contradicting theminimality of F . Conversely, let us assume of F that F ! F 0 in C implies that F = F 0, andalso assume that F � fGg is a 
ooring for some G 2 F . Then there is some H 2 F � fGgsuch that G! H. Therefore G = H, another contradiction. 2Not every 
ooring contains a minimal sub
ooring; however, any �nite 
ooring certainlyhas a minimal sub
ooring. Moreover,Proposition 16 If a category C has a minimal 
ooring F , then any 
ooring G contains asubset G0 that is a minimal 
ooring, and moreover, there is an isomorphism m : F ! G0such that there are morphisms F ! m(F ) and m(F )! F in C.Proof: Since G is a 
ooring, for each F 2 F there is some G 2 G such that F ! G in C;let G = m(F ) and let G0 = fm(F ) j F 2 Fg. Then m : F ! G0 is surjective and G0 is also a
ooring. Since F is a 
ooring, for each G 2 G0, there is some F 2 F such that G! F ; letF = m0(G). Then we have F ! m(F ) ! m0(m(F )) and so minimality of F implies thatm0(m(F )) = F . Therefore m is also injective, and hence an isomorphism.To show the minimality of G0, let us assume some morphism m(F ) ! m(F 0). Theninjectivity of m implies that F = F 0, and so we get minimality by Lemma 15. 2The following says that any two minimal 
oorings are essentially the same; in particular,they have the same cardinality.Corollary 17 If F and G are both minimal 
oorings of C, then there is an isomorphismm : F ! G such that F ! m(F ) and m(F )! F for each F 2 F . 27For example, consider the equation x2 = 4.8This term is intended to suggest the dual of \covering," since \cocovering" and \overing" seemunsuitable. 16



We can use this result to classify equations hf; gi by the cardinality of a most generalsolution set F as follows: the equation is unitary if F has exactly one element (i.e., ithas a most general solution); it is �nitary if F is �nite9; and it is in�nitary if F isin�nite. Then, a substitution system S is: unitary if every solvable equation is unitary;is �nitary if every solvable equation is �nitary; is in�nitary if every solvable equationis either �nitary or in�nitary, and some equation is in�nitary; and otherwise, is nullary(i.e., some equation does not have a most general solution set). Siekmann [45] gives thisclassi�cation for classical term uni�cation modulo equations, and the present discussion liftsit to General Uni�cation Theory; Adachi [1] applies similar results in a similar way.A nullary substitution system is given in Section 6.3.4 below. However, most substitutionsystems of practical interest are not nullary, by the following proposition. Given a categoryC, let C < C 0 mean that C ! C 0 but not C 0 ! C. Then call C Noetherian if there is noin�nite ascending chain C1 < C2 < : : : in C. An object M is maximal with respect to <i� there is no object M 0 with M <M 0.Proposition 18 Any Noetherian category has a minimal 
ooring.Proof: LetM be the set of all maximal objects in C, and let C 2 jCj. If C is not maximal,then there is some C1 with C < C1; if C1 is not maximal, there is some C2 with C1 < C2;etc. In this way, either C < M for some M 2 M, or else we get an in�nite ascendingchain, contradicting the Noetherian assumption. Thus, every C 2 jCj is < some M 2 M.Therefore, M is a 
ooring of C, and it is minimal by construction. 2Recall that f � g means that f = j; g for some j 2 C, and let f � g mean that f � gbut not g � f . Now de�ne C to be �nite factoring if there is no in�nite ascending chainf1 � f2 � : : :, and notice that a substitution system S is �nite factoring i� each SOL(f; g)is Noetherian.Corollary 19 No �nite factoring substitution system S is nullary. 2Uniquely minimal 
ooring might seem a very specialized concept, but actually it isnot. We already know that �nal objects and most general term uni�ers are special cases.Moreover, in the category with all �elds as objects and �eld homomorphisms as morphisms,the �elds Zp for p � 0 (with Z0 the rational numbers) are an initial covering (the dualconcept to uniquely minimal 
ooring). Let us call a substitution system S mono solutionfactoring i� any solution h of any pair f; g has a factorization e;m with m monic in S anda solution of f; g. ThenProposition 20 In a mono solution factoring substitution system, if hf; gi has a mostgeneral solution set, then it has a �nal solution set.Proof: First, notice that if F is a most general solution set for f; g, i.e., a minimal 
ooringof SOL(f; g), and if each F 2 F is monic, then F is uniquely minimal. For, if there weresome solution C with a; b : C ! F (for F 2 F) with a;F = b;F = c then a = b since F ismonic.9Notice that unitary equations are also �nitary. 17



Now let fFi j i 2 Ig be a most general solution set, and let Fi = Ei;Mi be a factorizationfor each Fi. Then fMi j i 2 Ig is a solution set because fFi j i 2 Ig is. Since there is a mostgeneral solution set, Proposition 16 gives us a sub
ooring of fMi j i 2 Ig that is monic,minimal, and therefore uniquely minimal. 2For example, since S� is mono solution factoring by the proof of Proposition 12, and iseasily seen to be �nite factoring, it follows from Propositions 20 and 18 that every solvableequation in S� has a �nal solution set. In order to prove the Herbrand-Robinson Theorem,it would now su�ce to show that each SOL(f; g) has upper bounds with respect to �.Unfortunately, I do not know any simple abstract algebraic proof of this fact.6.3 Substitution Modulo EquationsMany interesting examples arise by imposing a �xed set E of equations on the functionsymbols in �, and then considering other equations modulo E . In particular, our ongoingpolynomial example, and so-called AC (for associative-commutative) uni�cation, both arisethis way. We will let the given set E of �-equations de�ne a congruence �E on S�, andthen the substitution system that we want will appear as the quotient S�;E of S� by �E .The de�nitions are really no more complex for the general case. Given a substitutionsystem S, a substitution congruence on S is a family f�R;S j R;S 2 jSjg of equivalencerelations on the morphism sets S[R;S] of S, such that(1) f�R;S f 0 and g�S;T g0 imply f ; g�R;T f 0; g0 (if the compositions are de�ned), and(2) f ; pi �R;Si g; pi for f; g : R! S with S = Qi Si where pi : S ! Si are its projections,implies f �R;S g (if the compositions are de�ned).Then the quotient substitution system S=� has the same objects jSj as S (and as itsbase type system T ), and has for its morphisms in S=� [R;S] the equivalence classes [f ]of the morphisms f in S[R;S], with their composition de�ned by(3) [f ]; [g] = [f ; g].We must now show that this gives a substitution system, and in particular, thatProposition 21 S=� is a category with �nite products.Proof: Let Q denote S=� in this proof. That the composition de�ned by (3) is reallywell-de�ned follows from (1), and is left to the reader, who should also check that Q hasidentities. Next, we check that Q has a �nal object. Since each S[S; 1] has just one element,namely !, each S=� [S; 1] also has just one element, namely [!] = f!g. Using Proposition7, it su�ces to show that Q has binary products. Let T1; T2 be objects, and let T be theirproduct in S, with projections p1; p2; then T is also their product in S=�, with projections[p1]; [p2]. For, if [qi] : S ! Ti (for i = 1; 2) is another cone in Q, then qi : S ! Ti is a conein S, and so we get q =hqi j i 2 f1; 2gi: S ! T such that q; pi = qi. Therefore [q] satis�es[q]; [pi] = [pi] by (3), and the uniqueness of [q] satisfying these two equations follows directlyfrom (2). 2 18



Now let T 0 be the subcategory of S= � with its objects the same as those of S, andwith its morphisms the �-classes in S of morphisms from T , i.e., with T 0[R;S] = f[f ] jf 2 T [R;S]g. Then T 0 is a broad subcategory of S=�, and S=� and T 0 together form asubstitution system that we will denote S=�. Let us call � non-degenerate i� no twodistinct morphisms of T are identi�ed by �. If � is non-degenerate, then S=� can be seenas still having the base type system T . All the standard examples are non-degenerate.The lemma below shows that any family of relations generates a congruence. We willuse this result to de�ne the congruence �E generated by a set E of �-equations. Then welet S�;E be S�=�E .Lemma 22 Given a family fRS;T j S; T 2 jSjg of relations on the morphism sets S[S; T ]of a substitution system S, there is a least substitution congruence � on S such thatRS;T ��S;T called the congruence generated by RS;T .Proof: It is well-known that the intersection of equivalence relations is an equivalencerelation, and it is easy to check that the intersection of any family of equivalence relationssatisfying (1) also satis�es (1), and of equivalence relations satisfying (2) also satis�es (2).Moreover, since the family of relations each of which identi�es everything, is certainlya substitution congruence, there is at least one substitution congruence containing thegiven relation RS;T . Therefore, it makes sense to take the intersection of all substitutioncongruences containing the given relation family RS;T and the result is guaranteed to bethe least substitution congruence containing RS;T . 2So now, we only need to de�ne the relation family RS;T generated by E to get thesubstitution congruence �E generated by E . In fact, we let each RS;T be the set of pairshf; gi such that f; g : S ! T is an equation in E . Then S�;E = S�= �E . The next fewsubsections give examples of this construction.6.3.1 Associative Uni�cationThis example assumes a signature � containing a binary function symbol, say �, satisfyingthe associative equation,x � (y � z) = (x � y) � z ,where we have used in�x notation for clarity. Plotkin [38] shows that this substitutionsystem theory is in�nitary, i.e., all solvable equations have a most general solution set, butsome solvable equation has an in�nite most general solution set. For example, if � also hasa binary function symbol f , then the two termsx � f(a; b)f(y; b) � xhave the following in�nite most general solution set,ff(a; b)) x; a) ygff(a; b) � f(a; b)) x; a) ygff(a; b) � (f(a; b) � f(a; b))) x; a) yg......[38] also gives a uni�cation algorithm for this case.19



6.3.2 AC Uni�cationThis case assumes that � contains a binary function symbol � satisfying not only theassociative equation, but also the commutative equation,x � y = y � x .This system is �nitary, and Stickel [49] and others have given uni�cation algorithms for it.6.3.3 PolynomialsOur ongoing polynomial example can now be developed rigorously, by giving a signatureand some equations that de�ne polynomials. Here both the signature and the equation setare in�nite. Let �0 = Z (the integers), �1 = ;, �2 = f+; �g, and �n = ; for n > 2, where+ and � are both AC, with the following additional equationsx+ 0 = xx � 0 = 0x � (y + z) = (x � y) + (x � z)plus an in�nite number of equations that are the complete addition and multiplication tablesfor Z, including for example, 2 + 2 = 4 and 329 � �13 = �4277. (There are various waysto do the same job with a �nite signature and equation set, but the above approach seemsmore amusing.)6.3.4 A Nullary ExampleThe following example is due to Fages: let �0 = f1; ag;�1 = fgg;�2 = f�g, �n = ; forn > 2, and let E contain the equations1 � x = xg(y � x) = g(x) .Then each of the following is a solution to the equation g(x) = g(a),fa) xgfy1 � a) xgf(y2 � y1) � a) xg......and since each is a substitution instance of the one below, there is no most general solution,i.e., no maximum element, and SOL(g(x); g(a)) is not Noetherian. Moreover, in consideringCorollary 19, notice that S�;E is not �nite factoring, since we havefa) xg � fy1 � a) xg � f(y2 � y1) � a) xg � : : :.6.4 Lawvere TheoriesAll the above examples are Lawvere theories. Lawvere's original formulation is perhaps lessintuitive but more elegant: substitution systems with base type system N . But the choiceof base system is inessential, since any substitution system with base X has an equivalentsubstitution system with base N (Mac Lane [29], page 91 gives the precise de�nition ofequivalence for categories); moreover, this system is unique up to isomorphism.Although it took us a rather long journey to construct the systems S�;E , what is won-derful is that, in a certain sense, this journey was unnecessary, by Theorem 23 below. But�rst, we must de�ne functor and isomorphism of categories.20



A functor is essentially a morphism of categories. Given categories C and C0, a functorF : C ! C0 consists of a function jF j : jCj ! jC0j plus for each A;B 2 jCj, a functionFA;B : C[A;B]! C0[jF j(A); jF j(B)] such that1. F (idA) = idjF j(A) and2. F (f ; g) = F (f);F (g) whenever f ; g is de�ned.The composition of F : C ! C0 with G : C0 ! C00 is de�ned the obvious way, and turns outto be associative and to have identities idC given by jidC j(A) = A and (idC)A;B(f) = f , forany category C. Thus (ignoring any possible di�culties with set theoretic foundations, as isnow quite usual), we get a category CAT of all categories and functors. An isomorphismof categories is an isomorphism in CAT , which turns out to be just a functor F : C ! C0with jF j and each FA;B an isomorphism.Theorem 23 Any substitution system with base X is isomorphic to some S�;E . 2This is one of the main results about Lawvere theories; it is not trivial [31, 42].6.5 Categories and Algebras of Substitution SystemsActually, our de�nition of substitution system is not quite right, since the category ofsubstitution systems with a given base type system does not have all coequalizers; the correctde�nition generalizes the inclusion of the base type system to a �nite product preservingfunctor, and we will see that everything goes at least as smoothly as before.Let us be more precise. If C and C0 are categories with �nite products (i.e., type systems),then a functor F : C ! C0 is �nite product preserving if 1 is �nal in C0 implies that jF j(1)is �nal in C, and if ffi j i 2 Ig is a product cone in C implies that fF (fi) j i 2 Ig is aproduct cone in C0. Moreover, F : C ! C0 is broad if jF j is surjective.De�nition 24 Let B be a category with �nite products. Then a substitution systemwith base B is a broad �nite product preserving functor S : B ! S, and a morphism ofsubstitution systems with base B, from S : B ! S to S0 : B ! S 0, is a product preservingfunctor F : S ! S 0 such that F ;S0 = S. 2This de�nition gives a category SUBSB of substitution systems with base B that containsthe degenerate substitution systems, and from here on, De�nition 24 is the \o�cial" notionof substitution system. In particular, SUBSN is the category LAW of Lawvere theories.Moreover, these categories are cocomplete, i.e.,Proposition 25 The categories SUBSB of substitution systems have all coproducts andcoequalizers. 2This follows by general nonsense, using the fact that the categories in question arecomma categories (see [29] or [17] for this material; [17] also gives some computer scienceexamples). The identity functor B ! B is of course initial in SUBSB.21



It is worth noticing that substitution systems could equally well have been developed ina dual manner, as categories with �nite coproducts and an initial object.Given a substitution system S : B ! S, an S-algebra is a �nite product preservingfunctor A : S ! SET , and an S-homomorphism is a natural transformation between twosuch functors. This gives rise to a category ALGS of S-algebras and S-homomorphisms,which is a subcategory of a functor category.6.6 Many Sorted AlgebraMany sorted algebra assumes a set S of sorts, which are used to restrict the argumentsand values of function symbols. This subsection will use notation introduced in lecturesthat I gave at the University of Chicago in 1969. It was once thought that many sortedalgebra could be developed in the framework of classical Lawvere theories, but this is not so.Some generalization is required, and the way of viewing many sorted substitution systemsas functors was worked out at IBM Research in 1972. Essentially, we will follow the samepath as for S�;E in Section 6.3, but using S-indexed families in the base category instead ofjust sets. (Similar work was done even earlier by Benabou [3].)Let X s! = fxs0; xs1; xs2; : : :g be an in�nite set of \variable symbols" for each s 2 S, andlet XS be the type system whose objects are S-indexed families fXs j s 2 Sg of subsetsXs of Xs! and whose morphisms fXs j s 2 Sg ! fX 0s j s 2 Sg are S-indexed familiesffs : Xs ! X 0s j s 2 Sg of functions. (It is an exercise to check that XS is a category with�nite products.)An S-sorted signature is a set � with an arity function � : � ! S� � S; now let�w;s = f� 2 � j �(�) = hw; sig. The intuition is that if w = s1 : : : sn then f 2 �w;s takes narguments of sorts s1; : : : ; sn and yields a value of sort s. We now extend the initial algebraconstruction of Section 5.1 to the many sorted context, de�ning the sets T�;s of all �-termsof sort s to be the smallest S-sorted family of sets of strings over the alphabet � [ f(; )gsuch that� ��;s � T�;s and� given w = s1:::sn, ti 2 T�;si and � 2 �w;s then �(t1:::tn) 2 T�;s.As in Section 5.1, these sets of terms form an algebra, and it is again characterized byinitiality. To make this more precise, we need the following: Given a many sorted signature�, a �-algebra A consists of an S-indexed family fAs j s 2 Sg of sets and a functionA� : Aw ! As for each � 2 �w;s where As1:::sn = As1 � : : : � Asn and where in particular,A� is some one point set f�g, so that A� : f�g ! As for � 2 ��;s gives a constant of sort s.Also, a �-homomorphism h : A! B is an S-indexed family fhs : As ! Bs j s 2 Sg suchthat hs(A�(a1; :::; an)) = B�(hs1(a1); :::; hsn (an))for each s 2 S, where � 2 �w;s with w = s1:::sn and ai 2 Asi for i = 1; :::; n. Then we get,as before, a category ALG� of �-algebras and �-homomorphisms. Also just as in Section5.1, we can make T� into a �-algebra, and it is initial in ALG�.The next step is to de�ne the free �-algebra T�(X), for X an S-indexed set, to beT�(X) viewed as a �-algebra, where �(X)�;s = ��;s [ Xs for s 2 S, and �(X)w;s = �w;s22



for w 6= �. The proof of Corollary 10 works to show the same unique extension universalproperty.Analogous to Section 5.3, given X and Y in XS let us de�ne a substitution X ! Y tobe an S-indexed function f : T ! T�(X), and we de�ne composition and identity just asbefore, getting a substitution system that we will again denote S�. Using the results ofSection 6.3, we can generate a congruence from a given set E of equations, and then formthe quotient substitution system.We can also argue that since S� with � many sorted, is mono solution factoring and�nite factoring, solvable equations have �nal solution sets. (In fact, this substitution system,like the unsorted case, is unitary, but our very general tools are not quite strong enough toprove it.)6.7 Order Sorted AlgebraOrder sorted algebra and order sorted uni�cation can also be developed using substitutionsystems. Order sorted algebra was created in 1978 [15] to solve an outstanding problem inalgebraic speci�cation: it is di�cult to deal with exceptions and partially de�ned functionsusing many sorted algebra; the di�culties are spelled out in some detail in [24]. The1978 approach to order sorted algebra accomplished this goal, but was more complex thannecessary. [22] gives a thorough development of basic theory for our current approach, while[34] discuss uni�cation; [47] gives a slightly di�erent approach. [18] gives details about theoperational semantics that is the basis for the OBJ2 programming language [9, 10], and [28]does the same for OBJ3. Order sorted uni�cation has interesting applications to knowledgerepresentation with is-a hierarchies, and to polymorphic type inference where there aresubtypes.Three essential ideas of order sorted algebra are:1. Impose a partial ordering � on the set S of sorts.2. De�ne an S-indexed family fFs j s 2 Sg where S is a poset, to be a family of setssuch that s � s0 implies Fs � Fs0 .3. De�ne an S-sorted signature10 to be a family f�w;s j w 2 S�; s 2 Sg satisfying thecondition that s � s0 implies �w;s � �w;s0.Believe it or not, the exposition given in Section 6.6 goes through for this generalizationwithout any change at all, except that signatures must satisfy a technical condition calledregularity [22] to insure that terms always have a well-de�ned least parse:given w0 � w and � 2 �w;s there must be some w 2 S� and s 2 S such that � 2 �w;sand w0 � w such that � 2 �w0;s0 and w0 � w0 implies w � w0 and s � s0.Additional technical conditions are needed for some results, for example, that every con-nected component of S has a maximum element [22, 34]. In particular, we can have uni�ca-tion for order sorted algebra modulo equations. [34] shows that under some simple syntacticconditions, S� is unitary and has a linear uni�cation algorithm.10Viewing a signature as a family rather than as an arity function � : � ! S� � S has the advantage ofallowing overloading of function symbols, since the same symbol can occur in several di�erent sets �w;s.23



7 Further ExplorationsAn introductory paper is not a good place to discuss di�cult examples in detail, but it maybe nice to notice that they are examples. Consequently, what this section provides is littlemore than some sketches and relevant citations; there are probably also bugs. Readers areurged to work out further details.7.1 In�nite TermsIn�nite terms are important in many areas, including logic programming [5], concurrency,and natural language processing [44]; Section 7.5 gives an example involving type inference.Our approach is to generalize the construction of S� given in Section 5.3 above in such away that both �nite and in�nitary unsorted terms will be special cases.We begin by formalizing the notion of a free construction, since free algebras are themain device used in building S�. The crucial relationship is that between the free algebrasand their generating sets. We can give a more precise description of this relationship usingthe \forgetful" functor U : ALG� ! SET which takes each �-algebra A to its \underlying"set, also denoted A, and each �-homomorphism h : A ! B to its underlying functionh : A ! B. Then T�(X) is characterized (up to isomorphism) by the following universalproperty:given any �-algebra A and any (set) function f : X ! U(A), there is a unique �-homomorphism f : T�(X)! A such that iX ;U(f) = f , where iX : X ! U(T�(X)) isthe inclusion function.Now let us generalize: given a functor U : A! SET and a set X, an object T (X) 2 jAjis freely generated by X in A (with respect to U) i�there is a function iX : X ! U(A) such that given any object A of A and any functionf : X ! U(A), there is a unique A-morphism f : T (X)! A such that iX ;U(f) = f .Given U : A ! SET such that each set X generates a free object T (X) in A, the next stepis to generalize the construction of S� to that of a category SU whose objects are sets, andwhose morphisms from X to Y are functions Y ! U(T (X)). Everything proceeds just asin Section 5.3: The composition f ; g in S� is de�ned to be g; f ; the type morphisms fromX to Y are functions Y ! X, and they induce morphisms X ! Y that factor throughiX : X ! T (X), thus giving rise to a functor SET o ! SU which can be shown �nite productpreserving.In fact, SA is S� if we take A to be the category of �-algebras. But if we take A to bethe category of continuous algebras [25] (or rational algebras, or some other variant), wewill get various kinds of in�nite terms as morphisms.If we want to avoid uncountable sets of variables, we can restrict to the full subcategorywhose objects are just the subsets of X!.Also, notice that we can generalize the target category of the forgetful functor, from SETto the category SETS of all S-indexed sets to get substitution systems with many sorted, ororder sorted, in�nite terms as morphisms.Constructions of this kind have been rather thoroughly explored in category theory; forexample, see [33]. 24



7.2 Fixpoint EquationsFixpoint equations are used in computer science to de�ne many di�erent structures, andleast �xpoints are particularly used, because their existence can often be guaranteed by thewell-known Tarski �xpoint theorem. A general context for these considerations is a functionf : X ! X on a poset X. Then a �xpoint of f is a solution a : f�g ! X (in our sense) withone-point source, to the equation f = idX .When f is monotone, a most general solution for this equation is the inclusion functionfor the subset of all �xpoints of f . So the least �xpoint, if there is one, is the least elementof the most general solution. It seems to me that the set of all �xpoints is a better startingplace for discussion than the least �xpoint, because least �xpoints do not always exist, andbecause other �xpoints can sometimes be of equal or greater interest, e.g., the greatest�xpoint may be the one we want. Also, in this setting, there is no reason to restrict toequations of the form f = idX because an equation of the form f = g also has an equalizerwhen f; g are monotone, and this again turns out to be the poset of all one-point solutions,including the least one-point solution if there is one.Ait-Kaci [2] gives a �xpoint-based approach to solving what he calls \type equations"for the semantics of a language called KBL. However, this approach seems a bit awkwardsince in�nitary structures are not really needed, and it has been subsumed by some elegantlater work of Smolka and Ait-Kaci [46], reducing what they call \feature uni�cation" to akind of order sorted uni�cation.7.3 Scott Domain EquationsThe so-called \domain equations" introduced by Scott for the Scott-Strachey \denotational"model-oriented semantics are an important technique in the semantics of programming lan-guages [43]. Smyth and Plotkin [48] have developed an attractive categorical generalizationof the �xpoint approach and shown that it encompasses Scott's approach, perhaps evenwith some advantages.As a �rst step, let us generalize the setup of Section 7.2 by noticing that a partiallyordered set is essentially the same thing as a category C with the following property:(PO) Given A;B 2 jCj, there is at most one morphism between A and B in C.This follows by de�ning A ! B i� A � B. Moreover, a monotone map between partiallyordered sets corresponds to a functor between the corresponding categories. (More precisely,there is an equivalence between the category of posets with monotone maps and the categoryof small categories satisfying condition (PO).) Therefore, we may as well use categoriesinstead of just posets. Generalizing Section 7.2, least �xpoints correspond to initial objectsin most general solution categories; this works nicely, because CAT has equalizers.The Smyth-Plotkin approach [48] uses an attractive generalization of the Tarski theorem,following Wand [52]. Let us say a category C is !-continuous i� C has an initial objectand every diagram of the formC0 ! C1 ! ::: Cn ! :::has an !-colimit in C (that is, an initial cone). Also, let us call an endofunctor F : C ! C onC !-continuous i� it preserves whatever !-colimits exist in C. Now, given an endofunctorF : C ! C, we de�ne an F -algebra to be an object C 2 jCj and a morphism A : F (C)! C25



in C, and we de�ne a homomorphism of F -algebras, from A to A0 to be a morphismh : C ! C 0 in C such that A;h = F (h);A0. Then F -algebras form a category, andTheorem 26 Any !-continuous endofunctor F : C ! C on an !-continuous category Chas an initial F -algebra. Moreover, if A : F (C) ! C is an initial F -algebra, then A is anisomorophism in C. 2It is interesting to examine what happens here when C is a poset. !-continuity of Cmeans that countable chains have least upper bounds, and !-continuity of F means that Fpreserves these least upper bounds. Then an F -algebra is some C 2 C such that F (C) � C,and an initial F -algebra is a �xpoint of F , since isomorphisms in a poset are necessarilyequalities. Of course, there may also be other F -algebras that are isomorphisms, i.e., thatare �xpoints, but the initial one is the least �xpoint.There are many di�erent kinds of \domain," but all of them are at least partially orderedsets. Readers who have gotten this far will realize that various \bootstrapping" tricks arecommonplace in applying category theory, and in particular, that categorical ideas areoften applied to themselves. In particular, by taking C to be various suitable categoriesof domains, Smyth and Plotkin show that everything works, including the famous \arrow"domain constructors. However, the details are more complex than you might like, andI personally feel that an approach using a substitution system whose types are Cartesianclosed categories would be more satisfactory; one would then take interpretations (algebras)into categories of domains.7.4 Algebraic Domain EquationsEhrich and Lipeck [8] have developed an algebraic analog of Scott's domain equations. Wecan give a rather elegant treatment of this example by using the substitution system whosetypes are the S-sorted substitution systems, for all S, with morphisms that allow changingand identifying sorts (actually, this example works even better using order sorted substitu-tion systems). Another curious reversal of arrows occurs, and most general solutions appearas coequalizers rather than as equalizers. This approach allows treating any number of si-multaneous equations in any number of variables. Of course, we do not get all the expressivepower of Scott domain equations, because there are no in�nitary structures. However, it ispossible to carry out the same constructions with S-sorted in�nitary substitution systems.7.5 Polymorphic Type InferenceMilner's lovely paper on type polymorphism [35] shows how to infer the types of expressionsin certain higher order programming languages by using classical term uni�cation to solvesystems of type equations; the key insight is to identify polymorphic types with ordinary�rst order terms that contain type variables. The exclusion of subtypes from this approachcan be overcome by using type expressions in order sorted algebra. A �rst analysis leadsto systems of inequations among type expressions; but any such system is equivalent toa system of equations among more general type expressions that allow type disjunction,because of the fact thatt � t0 i� t _ t0 = t0. 26



The resulting equations can then be solved using order sorted uni�cation modulo the semi-lattice equations for _, which exactly capture the fact that � is a partial ordering. Thisvery general technique for viewing systems of inequations as systems of equations meansthat the techniques developed earlier in this paper can be applied to solving rather generalsystems of constraints. [35] also excludes types like Stream(�), as de�ned byStream(�) = cons(�; Stream(�)),that (in some sense) are in�nite. However, the methods of Section 7.1 seem adequate forthis purpose, and I would venture to suggest that substitution systems might provide anappropriate framework for exploring even more general notions of type inference.7.6 Database Query and Logical Programming LanguagesThere is a rather large body of work showing how uni�cation, as embodied in Prolog andrelated languages, can be made the basic inference mechanism for sophisticated databasequery systems; for example, the papers in [11] represent an early stage in this evolution. Ibelieve that it is very important to have a precise semantic foundation for any such endeavor.A more recent approach combines logic and functional programming to extend the Prologframework with features such as abstract data types, multiple inheritance, generic modules,and both forward and backward chaining; some recent work in this area is collected in[7]. For example, [20] describes the Eqlog language, which has a rigorous semantics basedupon (order sorted) Horn clause logic with equality. Some still more recent work extendsthis approach with object-oriented features; for example, see the FOOPS and FOOPloglanguages in [21]. FOOPlog is a very powerful integrated database/programming systemwith a rigorous logical semantics, in which the solving of equations plays a basic role inanswering database queries.7.7 Generalizing the Notion of EquationThis subsection generalizes the notions of equation and solution in a way that can be veryconvenient in practice, even though in theory, it does not add any expressive power. Theend of Section 3 suggested generalizing the notion of equation to a set � of morphismshaving the same source and the same target. Adachi [1] suggests a di�erent generalization:an equation is a pair of morphisms with the same target. Actually, we may as well go thewhole way and consider an equation to be an arbitrary diagram D in a category C, i.e., agraph D with each node n 2 jDj labelled by an object Dn 2 jCj, and each edge e : n ! n0of D labelled by a morphism De : Dn ! Dn0 in C. Now we can generalize the de�nitionsand results of Section 6.2. A solution F of D is a family ffn j n 2 jDjg of morphismsfn : C ! Dn in C such that fn;De = fn0 for each e : n! n0 in D; we call C the apex of F .Similarly, a morphism of solutions m : ffn j n 2 jDjg ! ff 0n j n 2 jDjg is a morphismm : C ! C 0 of the apices such that m; f 0n = fn for each n 2 jDj. This gives a categorySOL(D) of solutions of D, and a most general solution is a �nal object in it. Thesenotions of solution and most general solution are actually identical with the usual notionsof cone over a diagram D and limit cone of D; see [29].Continuing along this line, a solution set for a diagram D is a 
ooring in SOL(D), i.e.,a set F of solutions of D such that for any solution G of D, there is some F 2 F with amorphism G! F . Then of course, a minimal solution set is a solution set such that no27



proper subset is a solution set, and any two of these are isomorphic by Lemma 15, so thatcardinality is a well de�ned invariant for minimal solution sets.Notice that this notion of equation as diagram is general enough to include an arbitraryconjunction of (ordinary) equations, with variables shared among equations in any desiredway; i.e., we can think of it as a system of equations, or a system of constraints. Thisframework also seems general enough to consider the Herbrand style of uni�cation algorithm,which involves manipulating just such sets of equations. Adachi [1] also de�nes a notion of\kite" that generalizes Horn clauses, and gives a resolution algorithm that specializes to aProlog-like interpreter. The above could be used to simplify this a bit.It is well known in category theory that an arbitrary limit problem can be reduced to anequalizer problem, by �rst taking suitable products; for example, see [29], page 109. Thisimplies that the generalization of equation and solution developed above adds no expressivepower, so long as the appropriate products can be formed in C.7.8 Uni�cation GrammarsSo-called \uni�cation grammar" formalisms have recently become important in linguistics.In these formalisms, a \meaning" is some kind of parameterized record structure, probablywith sharing (i.e., a graph rather than a tree), and possibly with cycles; see [44] for ageneral overview. Of course, these structures are nothing like \meanings" in the sense thathuman beings experience meanings, or even in the sense that sentences in formal logic havemeanings in models; they are purely syntactic, without any blood or any given denotation.In linguistics, such structures are called feature structures, or also \functional structures"or \dags," while in Arti�cial Intelligence they have been called \semantic networks" and\frame systems;" there are also many other names. Such structures have nodes (or slots)that may contain \logical variables" (in the sense of Prolog, or more exactly, of Eqlog[20]) that can unify with fragments of other structures to represent complex relationships;moreover, cyclic graphs represent what amount to in�nite structures. Order sorted algebrais useful in this context, providing so-called partiality, the possibility that further record�elds can be added later. These topics will be further explored in forthcoming work withDr. Jos�e Meseguer; see also [46].The ideas developed in this paper su�ce to explain the meaning of \uni�cation" inuni�cation grammmar formalisms. To avoid commitment to any particular formalism, letus just assume that we are given a free meaning algebra M(X) for each set X of pa-rameters; more general types than sets can also be used. Plausible choices for M are givenin [46] and [37], and others have been hinted at in this paper: We can now construct asubstitution system whose objects are the parameter types, and whose morphisms are the(parameterized) meanings, by using the recipe of Section 7.1; let us denote this categoryM. Then given a sentence (or more generally, a discourse), a uni�cation grammar providesa diagram in M, and the limit (possibly weak) of this diagram is the meaning of thesentence (or discourse) as a whole; this process is called uni�cation in linguistics, and wecan now see that it really is uni�cation in the precise sense of this paper. We are solvingthe equation (generalized, in the sense of Section 7.7) given by the diagram, i.e., we aresolving a system of local \constraints" to determine the meaning of the whole.This process is compositional, since the meaning of the whole is composed from the28



meanings of the parts, but the exact sense of compositionality involved is more general sensethan that involved (for example) in Montague grammar [36], where meaning is compositionalin the sense that it is given by the unique homomorphism from an initial algebra, i.e., it isgiven by \initial algebra semantics" in the sense of [14, 25] (see [50] for a general discussionof the relation between initial algebra semantics and compositionality in linguistics). It isalso interesting to note that this approach is consistent with the \General Systems Theory"doctrine that the limit of a diagram solves an arbitrary system of constraints [12, 13, 16].Also note that ambiguity of meaning can arise naturally in this setting, exactly becauseuni�cation is not necessarily unitary.7.9 Di�erential EquationsStandard techniques of functional analysis, such as di�erential operators on function spaces(e.g., see [53]), seem ideally suited for developing an exposition of di�erential equationswithin the framework of this paper. Standard cases may require restricting the morphismsallowed in the equations and/or in the solutions.7.10 Cartesian Closed Categories and TopoiCartesian closed categories and topoi represent substantial extensions of the point of viewdeveloped here in somewhat di�erent directions. Each has an underlying category of basetypes with �nite products, as well as much more. Cartesian closed categories capturetyped lambda calculi, and solving equations in a Cartesian closed category is higher orderuni�cation. Topoi, which were introduced by Lawvere and Tierney, are Cartesian closedcategories with additional structure that captures set-like structures that arise in geometry,algebra and logic, thus providing a surprising uni�cation of many areas of mathematics;[26] provides an introduction to these topics, and of course, we now know what it wouldmean to solve equations in topoi.8 SummaryThis paper develops a very general approach to the solution of equations, starting fromthe simple example of polynomials with integer coe�cients, and gradually working towarda General Uni�cation Theory that encompasses much more sophisticated examples suchas order sorted uni�cation, Scott domain equations, type inference, natural language se-mantics, and di�erential equations. A fair amount of basic category theory is introducedalong the way, including initial and �nal objects, products and coproducts, equalizers andcoequalizers, duality, limits, free constructions, and Lawvere theories. Substitution systemsare a unifying theme, and some of their basic theory is developed, including morphisms,quotients, algebras, and cardinality bounds for most general solution sets.References[1] Takanori Adachi. Uni�cation in categories. In Toshiaki Kurokawa, editor, Several As-pects of Uni�cation, pages 35{43. ICOT, Technical Report TM-0029, 1984.29
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