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Let 2 be a complete Heyting algebra 6(X) of open sets of a complex manifold X and V(®
be the Q-valued sheaf model. V® is a model for the intuitionistic set theory ZF; (cf. Grayson
[4]), and the set C® of all complex numbers in V? is, viewed externally, the sheaf of germs of
continuous functions on X. Let C*, ¥ and C be subfields of C2in V(@ that are the sheaves of
germs of C” -functions, holomorphic functions and constant functions, respectively. C.
Rousseau showed in [9] that one can develop an intuitionistic complex analysis on each of C*,
%, C in V. Further, she showed that Weierstrass theorems in the complex analysis of several
variables can be translated and proved in an intuitionistic complex analysis of one variable.
Local theory can be translated into the intuitionistic set theory ZF; in this manner. However,
most of the mathematically interesting theorems are global. In order to develop an
intuitionistic version of global theory, we strengthened ZF, in [13] so that global concepts are
expressible in it, and obtained the global intuitionistic set theory GIZF. V@ is a model of
GIZF, and a sheaf model W% which is isomorphic to the universe can be constructed in
GIZF.

In this paper we formulate a global intuitionistic analysis GIA in GIZF, and consider a
GIA-version of global analysis; that is, we define in GIA cohomology group with coefficients in
the inner model W and translate the deRham theorem and the Dolbeault theorem in GIA;
further, we translate a vector bundle as an apartness vector space in GIA, a family of complex
structures as a complex manifold in GIA, and an infinitesimal deformation of a family of
complex structures as a notion on a complex manifold in GIA.
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1. Preliminaries

In this section we review briefly the intuitionistic set theory in Grayson [4); the
intuitionistic linear algebra in Ruitenberg [10]; and the global intuitionistic set
theory in Takeuti and Titani [13].

1.1. Intuitionistic set theory ZF,

We refer to the stronger intuitionistic set theory ZF} in Grayson [4] as ZF,. ZF,
is a first-order intuitionistic theory with relation symbols € and =, and with the
following nonlogical axioms.

Al. Equality axioms: u=u, u=v—>v=u, and u =v A ¢(u)— @().

A2. Extensionality: Vz(zeueozev)>u=v.

A3. Pairing: IxVz(zexoz=uvz=v).

A4. Union: IxVz (zexo3yeu(zey)).

AS. Power set: Ix Vz (zexeoVyez(yeuw)).

A6. e-induction: Vx (Vy ex o(y)— @(x))— Vx p(x).

A7. Separation: xVz (zexezeun @(2)).

A8. Collection: Vxeudy o(x,y)—3v Vxeu Iy ev p(x, y).
A9. Infinity: dx Ay pex)AVyexIzex (yez)).

In ZF;, we have a recursion theorem, so that the set @ of natural numbers and
the set Q of rational numbers are defined as usual, and they satisfy the full
trichotomy,

Vx,y (x<yvx=yvx>y).
Real numbers are defined in ZF; as pairs of subsets of Q, (L, U), such that

(1) Ir,seQ@ (reL asel),
2) VreQ—(reL arel),
B)VreQ(reUe3selU(s<r)),
(4) VreQ (reLe3sel (r<s)),
S) Vr,seQ (s<r—>seLvrel).

The set of all real numbers is denoted by R, and the order <, < on R is given by:
(L, UY<({(L',U') iff 3xeUNL',
(L,U)<(L',U') iff LcL' AU cU.

The arithmetic on R is induced from the arithmetic on Q in a natural way (cf.
Takeuti and Titani [12]). The set of complex numbers is C=R + iR as usual.
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Let £ be a complete Heyting algebra (cHa) in ZF;. Then a Q-valued model
V@ of ZF, is constructed in ZF; as follows. For each ordinal a the set V& js
defined as the set of all £2-valued functions u on a subset 2(u) of V§® with B € a.
V@ is then U, V{?. The evaluation [-] for atomic sentences of V® is given by
simultaneous recursion:

uev]= \9/( )I[u =x] A v(x),

[u=vl= A @x)—=>kevha A @wkx)—>xeul).
xeD(u) xeD(u)

From this, the evaluation for non-atomic sentences is defined in natural way. It is
proved in ZF; that V' is a model of ZF;. V is called a (Q-valued) sheaf
model. It is known that the universe V of ZF; is embedded in the sheaf model
V@ constructed in V as follows. For each set x in V define a member % of V@
by
PF)={t:tex}, and ¥(@)=1

Then the mapping x — X is an embedding of V into V® in the following sense. If
@(xy, - - ., X,) is a sentence built up from atoms using A, v, 3 and bounded V,
then @(xy, . - ., x,,) implies [¢(%,, . . ., X%,)] = 1. For the sets @ and Q of natural
numbers and rational numbers in V, @, @ are the sets of natural numbers and

rational numbers in V. We call a set of the form X a check set.
In the rest of this paper, 2 denotes a cHa, and V® the Q-valued sheaf model.

1.2. Intuitionistic linear algebra

Definition. A relation # on a set S is called aparness, if for a, b, c€ S
(1) a=be—(a¥tb),
(2) atb—>atcvbFc

On the set R of real numbers, the relation # such that u F viff v<v vv <uis
an apartness.

Definition. A ring S (by ring we mean commutative ring) with apartness # is
called an apartness ring if for a, b,c e S

(1) agb—>a+c#b+c,

(2) a# b, c+0—>ac+be.
An apartness ring S with 1 is an apartness field if

(3) 140,
4) a#0—>3a" (@ '#+0raa"t=1).
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Lemma 1.2.1 (cf. Heyting [7]). On an apartness field S,
(1) ab+0—>a+0Ab+0,
2 a+btc+d—atcvb+d,
(B) ab¥cd—atcvb+d

Examples. The fields R and C of real numbers and complex numbers are
apartness fields.

Definitions. Let F be an apartness ring. S is called an apartness F-module if S is

and F-module with apartness # satisfying the following conditions. For a, a' € F
and a, ', B, B' €S,

(1) aa#a'a’—>afa' vata,
@) a+fta+f>ata vEip.

If F is an apartness field, then an apartness F-module is called an apartness
vector space over F.

Let S be an apartness F-module and n € w. A function a:n— S is called an
n-sequence in S and written as {a,, ..., @,}. An apartness on the set §” of
n-sequences is given by

a ¥ B 3i<n (a@) ¥ B())
For each o € S, the sum Y;., (i) = a; + - - - + @, is defined and
a +-cta,Fpt B> atp
Definition. Let T be an apartness vector space over an apartness field F. A finite
sequence of vectors {ey, . . ., e,} € T" is apartness linearly independent (over F) if
Vv{a,,...,a,} € F*(3i (a;#0)—>a.e; +---+a,e,+0).
{e, ..., e,} € T"is called an apartness basis for T, if
(1) {ey, - . ., e,} is apartness linearly independent,
(2) T is generated by {e,, ..., e,}, i.c.
VaeT3{a,,...,a,} eF'(a=ae,+---+a,e,).

The following theorem is proved in Routenberg [10].

Theorem 1.2.2. Let T be an apartness vector space over F. If {e,, ..., e,} and
{es, . ..,en} are apartness bases for T, then m = n.

Definition. If an apartness vector space T has an apartness basis {e,, ..., €,},
then we say T has dimension n.
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Definition. Let 7, and 7, be apartness F-modules. A mapping h:T;— T, is a
homomorphism if

Va, Be T, Va, b € F [h(aa + bB) = ah(«a) + bh(B)].
A homomorphism h: T, — T, is an embedding if
Va, e T, [h(a) =h(B)— a=B],

and A is an apartness embedding if

Va, e T, [a ¥ B—h(a) # h(B)].
An (apartness) embedding h : T, — T, is called an (apartness) isomorphism, if
VBe T, da e T, (h(a) = h).

Let F be an apartness field and n € @. Then F” is an n-dimensional apartness
vector space over F. If m, n € @ and a function A :F"— F™ is a homomorphism,
then & can be expressed as an m X n matrix (a;) over F. The determinant of an
n X n matrix M, det M, is the well known polynomial in n” variables.

Theorem 1.2.3. If F is an apartness field, h:F"— F" is a homomorphism and M
is the n X n matrix of h, then

(1) VEeF (§+0-hE+0) iff detM+0,

(2) M is invertible iff detM+£0.

The proof is in Ruitenberg [10].

1.3. Global intuitionistic set theory GIZF

A global intuitionistic logic GI is an intuitionistic modal logic that is expressed
in the language of Gentzen’s intuitionistic prediate logic in [2] with an additional
logical symbol 0. The new logical symbol O for modality is called globalization
and read ‘it is globally true that---’. A sequent of GI is of the form
A,...,A,>BorA,,...,A,>wheren=0and 4,, ..., A,, B are formulas.
The axiom schemata and inference rules of GI are those of Gentzen’s intuitionis-
tic predicate logic LJ plus the following G1-G4.

Gl. A=A,
G2. DA—»0OB=>0O(0A— B),
G3. Vx OA(x)> 0OVx A(x),

CA,,...,04,>B
CA,,...,04,>0B"

G4.

Let Q be a cHa 0(X) of open sets of a nonempty topological space X, and
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denote 3x (x € a) by a #0. Then: on £,

(1) a=0o—(a#0),

(2) 1£0,

(3) aAnb+0—>a+0Ab+0,

4 AcQAVAF0>3aeA (a¥0),
5) (a#0—>a<b)—a<b.

A predicate # 0 on a cHa satisfying (1)—(5) will be called an aparess from 0.
Let 2 be a cHa on which apartness from 0, a # 0, is defined. Then an operation
O on £ given by

(1.3.1) Oa=V{veQ|a=1}
satisfies the following condition corresponding to G1-G4.

1. Oa<a,
[02. Oa— 0Ob <0O(0Oa— b),
03. A Oa; <0O(A\: a),
04. Oa; A - - - A Oa, < b implies Oay A - - - A Oa, <[Jb.
An operation [J on a cHa is called a globalization if it satisfies (11-[14.
Let V be our universe of ZF;, £2 be a cHa with apartness from 0 and let O be

the globalization on  given by (1.3.1). V®® js then a model of GI, and if
@(xy, . - - , X,) is a sentence in which all quantifiers are bounded, then

(X1, ..., %,) iff [@p@E,...,%)]=10n V&,

hence V is embedded in V as a submodel, where we identify two members x
and y in V@ if [x = y] =1. We introduce a predicate ck(x) to mean that x is a
check set, i.e.

(1.3.2) [ck(x)]= Z\E/V [OG = 2)}

and a function x on V(® defined by
(1.3.3) #w(x)=[0ex]".

Then the truth value @] of a sentence @ on V® is expressed as w{x € 1: ¢}
(=l¢]") in V.

The global intuitionistic set theory GIZF introduced in Takeuti and Titani [13]
is an intuitionistic set theory governed by the global intuitionistic logic GI with
symbols ck and &, for which the above V® with the interpretation (1.3.1),
(1.3.2), (1.3.3) is a model. We call the model V® a standard sheaf model of
GIZF.
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Nonlogical axioms of GIZF are as follows, where we denote O(x =y),
O(xey), D@xcy) byx =y, x€y, x&y; O(@—> ¥) by ¢ y; and Vx (x e y—
@(x)), Ix (x €y A p(x)) by Vx ey @(x), 3x ey @(x), respectively.
Al'. Equality axioms: u = =u, U= vSvu=u, usvAv=wIu= W, U=UA
uewSvew andu=vAwe u3weuv.
A2'. Extensionality: Vz (zeueze v)—-> u=uv.
A3'. Pairing: 3x Vz (z exSz=uvz =v)
A4'. Union: IxVz (z ex<—D>3y eu(zey))
AS'. Power-set: 3xVz (z € xE>Vy €z (yeu))
A6'. e-induction: Reg p(x) AVx (Vy ex ¢p(y)— tp(x))-g Vx @(x).
where Reg @(x) stands for Vx, x'(x =x' A p(x)— @(x')).
A7'. Separation: Vx 3y Vz [z eygz ex Adz'(z=2z' A @(2'))]
AS8’. Collection: Reg, ¢(x, y)—% Ju [Vx eu Iy o(x, y)—D> Vx e u Jy Ev
o(x, y)], where
Reg, @(x, y) stands for Vx, x', y (x =x' A @(x, y)— @(x’, y)).
AY'. Infinity: 3x O3y (yex) AVyex Iz ex (y € 2)]
A10'. Axiom of check sets: ck(u)<DOVx eu Iy €u (ck (y) Ay =x).
All. Axiom of inner valuation:
Vx (x €1 k()] AVx, y [x21AyE13 (x 2y o ni(x) = 2(y))].

It is obvious that every theorem of ZF, is provable in GIZF. Let W be the class
of check sets,

W= {x:3x'(x =x" A ck(x"))}.

The quantifiers relativized to the check sets, Vx (ck(x)—---) and 3x (ck(x) A

.-) are denoted by Vx---and Jx---. If ¢ is a formula, then the result of
replacmg all quantlﬁers Vx, 3x in @ by Vx dx is denoted by @". AY for axioms A
of ZF; and Vx (x € W) are provable in GIZF. Hence W is a model of ZF,
interpreting Vx and dx as Vx and 3x, respectively. Each sentence ¢ of GIZF is
equivalent to Oe {tel: ¢} E1. We call n{tel:q@} the inner truth value of @.
Now let H be the set of inner truth values, i.e.

H={p:3x (xglAp=J;(x))}.
Then H is a check set and a cHain W, i.e.,
ck(H) A (H is a cHa)".

Thus, we can construct the H-valued sheaf model W¥ in W. It is proved in [13]
that the sheaf model W¥ represents the universe, that is,
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Theorem 1.3.4. Let [-| be the evaluation in W and || be the inner truth value of
@, n{te1:@}. Then there exists a function F on W* such that

(@) Vxi, ..., %, e Wi(l@(xy, . . ., x, )l = |@(F(xy), - . . , F(x,))]),
(b) Yu 3x e WH(F(x)=u).

As a result of Theorem 1.3.4, we have

Corollary 1.3.5. [@(x1, ..., x,)I=1in WH iff D@(F(x,), . . . , F(x,)).

2. Intuitionistic sheaf theory and sheaf model V¥

Here we discuss sheaves and sheaf models in the intuitionistic set theory ZF,.
Algebraic systems such as rings and modules in V¢ are sheaves of the
corresponding algebras viewed externally. Thus, in ZF; we can define a
cohomology group of 2 with coefficients in V¢? as a cohomology group with
coefficients in a sheaf.

In what follows, Definition and Theorem are those in ZF; unless otherwise
indicated. Those in other set theories will be followed by the name of the set
theory, e.g. Theorem 2.4.1. (ZFC).

2.1. Sheaves and sheaf representations

The following definition of sheaf is from Fourman and Scott [1].

Definition. A presheaf over a cHa £ is a set A equipped with maps E:A— Q
and [:4 X Q— A satisfying:

(1) a[0=b]0,

(2) a[Ea =a,

(3) E(alp) = Ea A p,

(4) (a[p)lg=alp rq.
foralla, be A and p, q € Q.

Definition. Members f, g of a presheaf A over Q are said to be compatible if
f[Eg=g[Ef. A subset F of A is compatible if the elements are pairwise
compatible.

Definition. A presheaf A over Q is called a sheaf over Q if for any compatible
subset F of A there exists a unique g € A such that

(1) feF>glEf=f,

(2) Eg=\/{Ef:feF}.
g is called the join of F and denoted by v F.
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If A is a sheaf, then the subset {f e A: Ef =p} is denoted by I'(p, A).

We now consider | on a sheaf model V(.

Definition. If u € V? and p € Q, then u[p is an element of V*® defined by
D(ulp)=D(u) and (u[p)(t)=u(t)Ap.

Then it is easy to see:

Lemma 2.1.1. Forue V® andp e ,
p<lu=ulp] and [teulpl=[teu] Ap.

Definition. u € V@ is called a sheaf representation SR if
(1) for each x € D(u), [x =x[[x eul =1 and u(x) =[x € u], i.e. u is definite,
(2) for each v e V@ there exists v’ € D(u) such that [v e u] <[v =v'],
(3) if ve P(u) and p € Q, then v[p € D(u).

We will show that each member u of V® such that [WxcuItex]=1 is
represented by a sheaf.

Remark. A relation ~ on a set X is an equivalence relation if () a~b—>ae X A
beX, (i)aeX—>a~a, (ii)a,beXAa~b—>b~a, and (iv) a,b,ceX na~
bAab~c—a~c Let the equivalence class containing a, {b€X:b~a}, be
denoted by [a], and the quotient set, {[a]:a € G}, by G/~. Then it is obvious
that a € [b]«<>a~b and [a]=[b]<>a~b for a, b € X. The relation ~ on V@
defined by: x ~y < [x = y] =1 is an equivalence relation. We denote V*/~ and
[x] simply by V® and x when this does not cause confusion.

Lemma 2.1.2. For each member u of V there exists a SRu’ in V' such that
fu=u'}=1.
Proof. Define v € V? by:
P(v)={x[xeul:xe D)}, and v(t)=[teu] forte D(v).
Then [u = v] =1 and v is definite. So we assume that u is definite. Let
D={x[p:xePu),peQ} and
Et=[3x (xet)anteu] forteD.

Then D is a presheaf, and each compatible subset A of D has its join vA in V&,
where vA is defined by D(VA)=,esa Pa and (VA)() = V.cullt €a]. The
desired SR is then defined by

Pu’' ={vA:AcDcompatible}, and u'(t)=[teul
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Definition. A set u is said to be special if each member has an element, i.e.
VxeuJtex.

Theorem 2.1.3. If a member u of V® is SR and special in V@(i.e. [Vx eu
3t ex]=1), then (Du, E, [) is a sheaf, where Ex = [[x € u].

Proof. x = x[Ex for x € Du, since u is definite. For x € Qu and p € Q, E(x[p) =
Ex A p follows from:

E@x[p)=Ix[peun3t(tex[p)l=lx[peul np=Ex anp.

If A c Du is compatible, then \/,.4 Ea = E(vA) and Va € A(a = vA[Ea). From
these properties it follows that (Pu, E, [) is a sheaf.

Definition. If u is a special set in V® and u' is a sheaf representation such that
fu=u'l=1, then the sheaf (Pu’, E, [) determined uniquely by u is called the
sheaf representing u and denoted by 7. The function E on i is written as E; if it is
necessary to indicate Z.

Theorem 2.1.4. Let S, and S, be special sets in V. If f is a function S,— S, in
V. then there exists a unique function g :S,— S, such that for each a € S,

(2.1.4.1) Esg(a)=Esa=[{a, g(a)) ef].

Conversely, if g:S5,— S, satisfies Esg(a)= Esa and g(a)[p =g(a[p) for ae$,,
then there exists a unique function f:$,— S, in V' satisfying (2.1.4.1). We denote
the function g:5,— S, by f.

Proof. If f is a function $;— S, in V® then

faeS]<[3'ces, ({a,c)ef)l

Hence A = {c € §:c =c[[{a, ¢) € f] A Ea} is compatible. The function @+ v A is
the desired f. For the second part, define f € V(@ by

9f ={(a,g(a)):a €8} and f({a, g(a)))=Esa.
Since (S, X $,)” =S, X §,, we have:

Corollary 2.1.5. Let S,, S,, S; be special sets in V. If f is a function S, X $,— S,
in V@, then there exists a unique function g:$,x$,—S; such that for
a,1€81,8,€ 5,

(2.1.5.1) 'Esg(ay, a;) = Esa, A Ega,=[({ay, a,), g(a,, a5)) € f].
Conversely, if g: 8§, X $,— §; satisfies
Esg(a,, a;) = Esay A Esa, and g(ay, ay)[p =g(a:[p, az[p)
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for (a,, a,) €8, X S,, then there exists a unique function f:S, X $,— S, in V@
satisfying (2.1.5.1). We denote the function g: S, x $,— S; by f.

Definition. Let # be a relation on a sheaf (¥, E,[) over £ such that
a¥b—a[p+b[pfora,be Fandpe Q. Let
[afbl=\/{r<EanEb:a[r+b]|r},
[a=b]l=\/{r<EaAEb:a[r=>b]r).
Then # is called an apartness on & if
(1) [a=b]=Ea A Eb A—[a #b],
(2) Ecala#b]<[a#c]v[b+c]

If # is a relation on a special set S in V@, then we define a relation # on § by
a#b iff EanEbs<[atb).

The following lemma is immediate from the definition.

Lemma 2.1.6. If# is a relation on a special set S in V®, and [a = b), [a F b] are
defined on S as above, then

[a=b]=EanEbAlla=b] and [afb)=EanEbAla#b]

Hence we have:

Theorem 2.1.7. Let S be a special set with a relation+in V. Then#is an
apartness on S in V iff + is an apartness on the sheaf S.

Definition. Let & be a sheaf over £ and let +,: be operations on &%. Then
(&, +, *) is a sheaf of rings over Q if

(a) foreachpe Q, I'(p, ¥)={ae ¥:Ea=p} is a commutative ring,

(b) For p, q € 2 with p <gq, the restriction a—a[p is a homomorphism of
I'(q, &) into I'(p, &).
A sheaf of ring (¥, +, -, #) with apartness # is a sheaf of apartness rings over
Q if

(c) [a#blrEc<[a+c#b+c]

(d) [a# b] A [c#0]=<]ac + bc].

A sheaf of apartness rings (&, +, -, #, 1) with unit element 1, i.e., Vae &
(a - 1=a), is a sheaf of apartness fields over Q if

(e) 140,

(f) for each a € & with a # 0, there exists a~! € & such that
Ea'=FEa=[a""#0]A[aa" '=1].

Theorem 2.1.8. Let S be a special in V, +, - be operations and + be a relation
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onS. Then:

(1) (8, +, -)is aring in V@ iff (§, +,7) is a sheaf of rings over Q.

(2) (S, +, -, ¥) is an apartness ring in V@ iff (S, +,7, £) is a sheaf of
apartness rings over £. )

(3) (S, +, -, #, 1) is an apartness field in V@ iff (S, ¥, -, ¥, 1) is a sheaf of
apartness fields.

Proof. Straightforward by using Theorem 2.1.3, 2.1.5 and 2.1.7.

Definition. Let ¥ be a sheaf of rings over Q. Then a sheaf & over 2 with
operations +:¥ X ¥—> ¥ and -: F X ¥— ¥ is called a sheaf of F-modules over
Qif

(a) I'(p, &) is a I'(p, ¥)-module for each p € 2,

(b) if p, g € 2 and p <g, then the restriction a— «[p is a homomorphism of
I'(q, &) into I'(p, &).

If & is a sheaf of apartness rings over Q, then a sheaf & of $-modules over Q
with apartness ¥ satisfying the following (c), (d) is called a sheaf of apartness
F-modules.

(¢) [aafa'a'l<[afa'lv][ata']fora,a’'eF a,a' €,

@ [a+pta' +Bl<[ata|v[B+p ] fora, o', B, f €S

Theorem 2.1.9. Let F, S be special sets, F be aring and +:SxS— S, -:F X S—
S in V. Then (S, +,) is a F-module in V® iff (§,+,7) is a sheaf of
F-modules. Further if F is an apartness ring and # is a relation on S in V9, then
(S, +,, #) is an apartmess F-module in V@ iff (§,+,7, ) is a sheaf of
apartness F-modules.

Proof. Similar to Theorem 2.1.8.
In what follows we assume that all algebraic systems are special sets.

Definition. Let & be a sheaf of rings over Q and (%, E,, [,), (%, E», [,) be
sheaves of F-modules over . Then ¥, is a subsheaf of &, if

(a) ylcyz, EICEz, [lc [2, and

(b) I'(p, 1) is a submodule of I'(p, %) for each p € Q.

Theorem 2.1.10. Let F be a ring and S,, S, be F-modules in V. Then S, is a
submodule of S, in V' iff §, is a subsheaf of S,.

Proof. If S, S, in V@, then fora e §,,
leeSl<[3x (xea)l<lae S, <facs)]
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hence, S, c S, in V@ iff Va € §; ([a € $;] = [a € S,]), and thus the theorem follows
immediately from Theorem 2.1.9.

Definition. Let & be a sheaf of rings over 2 and ¥, ¥, be sheaves of ¥-modules
over Q. A mapping h: % — %, is called a sheaf homomorphism (isomorphism) if

(@) h:I'(p, )= I'(p, &) is homomorphism (isomorphism) for each p € L,
and

(b) h(a)|p =h(a]p) for each o € &, and p € Q.

If %,5% are sheaves of apartness F-modules over Q, then the sheaf
isomorphism & : ¥, — ¥, such that

Va, e %, (a ¥ B—h(a) # h(B))

is called an apartness sheaf isomorphism.

By using Theorems 2.14, 2.1.7, 2.1.8 we have:

Theorem 2.1.11. Let F be a ring and S,, S, be F-modules in V@, Then h:$,— S,
is a homomorphism (isomorphism) in V® iff h:§,— §, is a sheaf homomorphism
(isomorphism). Further if S, S, are apartness F-modules in V| then h:8,— S,
is an apartness isomorphism in V' if h:$,—S8, is an apartness sheaf
isomorphism.

In ZFC if Q is a cHa O(X) of open sets of a topological space X, then special
sets and mappings in V@ are the sheaves and sheaf mappings in the usual sense.
Namely, let u be a special set in V9. Then let

U={(x,HeXxi|xelfeul}/~

where (xy, fi) ~ (x2, ) iff x;=x,€[fi=f] We denote the equivalence class
containing (x, f) by f.. U is a topological space with the set of {f, € U:x € [f e u]}
for f € i as its open base. Then U and the mapping x :f,— x form a sheaf in the
usual sense. If S;, S, are special sets and A is a mapping of S, into S, in V@, then
the mapping H :f, < (hf), is a sheaf mapping in the usual sense. In what follows,
we identify U with &, H with h and the mapping x < f, on Ef with f.

2.2. Properties of cHa
In this section we assume that Q is a cHa with apartness from 0 (+ 0).

Definition. A subset {p, },e4 Of €2 indexed with a set A, i.e. p:A— Q, is called a
covering of 2 if \/gcaPoa=1. A covering {pP,}aca is locally finite if A satisfies
Va, B €A (a=p v—a=p) and there exists a covering {gp}scp Of £2 such that
{@€A|qp Aps¥F0} is finite for each B € B, where °F is finite’ means that there
exist n € w and a bijection f:n— F. £ is paracompact if every covering {p.}aca
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of £ has a locally finite refinement {qg}s.p With s: B— A, that is, a locally finite
covering {gg}gcp Of £2 and a function s:B— A such that gs <p,4, for each
B eB.

Lemma 2.2.1. Let S be a module. A be a set such that Vo, BeA (a=8v
—a=p),andm,new. If f:m— A and g:n— A are one-to-one functions and a
function h:A— S satisfies:

VaecA (h(a)=0v Ii<m (f(i) = a))
and VaeA (h(a)=0v Ij<n (g(j) = a)),

then L;<m h(f(i)) = Xj<n B(g()).

Proof. We proceed by mathematical induction on max(m, n). By the assumption
we have three cases:

Case 1. If h(f(m —1)) =0 and h(g(n — 1)) =0, then it is obvious from the
induction hypothesis.

Case 2. If there exists i <m such that f(i) = g(n — 1), then define f':(m — 1)—
A by

v [ fK) if k <i,

f(k)_{f(k+1) fisk<m-—1,

and let B =A — {g(n —1)}. By induction hypothesis we have
> k()= 2 1 h(f'(k)) + h(g(n - 1)) = X h(())-

k<m k<m-— j<n

Case 3. If there exists j <n such that g(j) = f(m — 1), then the proof is similar
to Case 2.

Theorem 2.2.2. Let {p,}aca be a locally finite covering of Q, S be a module in
VD and {s,}aea = V. If p € Q and for each a € A

p =[s. €SI<[s. =0} v ps,

then ¥ .4 5. can be defined as a member of V® such that [L e 5. € S]=p.

Proof. Define h:A— S with h(&)=s, in V@, Since Va,Bed (a=Bv
- = B) in V@, it will suffice by Lemma 2.2.1 to show that:

p<[Ened If:ntSAVaecd (h(a)=0v Ii<n f(i) = &)}

Let {gg}p<s be a covering of Q such that {a € A|gg A p, ¥ 0} is finite for each
BeB. Let BeB and p,,, - - ., Pa,_, be all the elements of {p,} with nonempty
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intersection with g. We now define f:7i— A with f(f) = &, i <n. Then
Vo eA (h(a)=0v 3i<i (f() = a))}= . N\ [s.=0]=pAg,.

&g,..., -1

Since \/gengp =1, the left side is larger than or equal to p.

Definition. A cHa Q is said to be normal if for p, q € £ such that p v g =1 there
exist 7, s € Q satisfying r As=0,pvr=1landgvs=1

2.3. Cohomology with coefficients in V®

The cohomology of a cHa £ with coefficients in a sheaf is defined as follows:
Let £ be a paracompact cHa and & be a sheaf of modules over Q. Let
U = {u;};c; be a locally finite covering of £ and q € w. A gq-cochain o of U with
values in & is a function I?*'— ¥ which assigns to (i, . . . , i;) € 19" a section
o(io, - - -, ig) €Uy A - - - Auy, &F) so that o, . .., i,) is an alternating func-
tion of (iy, . . . , iy). The set C?(¥U, &) of all g-cochains of ¥ with values in ¥ is a
module. A coboundary operator 8 from C4(¥, &) to C¥*Y (U, &) is defined as
follows: If o0 € CY (U, &), then

q+1

(60)(10) e ey iq+l) = 20 (”‘1)’0'(i0, c ey ij) sy iq+1))
]=

~

where the notation i; means that the index i; shall be removed. From the
definition of & it follows immediately that 68 =0 and 6 is a homomorphism. If
we introduce

29U, &) = {0 e C(U, &)| 56 =0},

the module of g-cocyles with values in &, then the module of g-coboundaries
8CT YU, $)={60| o€ CT' (U, ¥)} is a submodule of Z¢(U, ¥). We can
therefore introduce the quotient model

HY (U, &)= Z9(U, $)6CTYU, F) and HU, &)=Z°U, &)

which is called the gqth cohomology group of U with values in &.

Now let ¥ = {v;};; be a locally finite refinement of ¥ with s:J— 1, that is,
v;<u,; for every jeJ. If 0eCP(U, &), we can define a cochain [[joe
CP(V, &) by setting

(fl :a)(jo' e i) =0(sGo)s - - - 5 SGNTYjoA -+ A Yj,.

This map fI:,‘ commutes with 8, so it induces a map fI,‘,‘:H"("It, F)—->H(V, F)
which does not depend on the choice of s :/— I. By ¥ > % we mean that ¥ is a
refinement of 4. > is a partial order on the set of locally finite coverings, and for
any two locally finite coverings ¥, ¥ there exists a locally finite covering which is
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a refinement of both of % and ¥. We can therefore introduce the direct limit
HY(L2, &) of the modules H?(%, &) and call it the cohomology of Q with
coefficients in &. If S is a module in V), we define H?(Q, S) as HY(, §).

We can prove the following theorems for a paracompact cHa Q.

Theorem 2.3.1. If & is a sheaf of modules over 2, then H (Q, ¥)=I(1, ¥).

Theorem 2.3.2. If ¥ is a sheaf of modules over 2 and AU is a locally finite
covering of K, then the canonical mapping [1“: H' (U, ¥)— H'(Q, ¥) is injective.

If ¥ and &' are sheaves of modules over 2, then a sheaf homomorphism
h:$— & induces a homomorphism k:C4(%, ¥)— C4(U, &'), h:HY (U, F)—
HY(U, &') and h:HY (L, ¥)— HY(Q, ') in natural way. For convenience we
write simply H?(¥) instead of H(Q, ¥) and H%(S) instead of H(S) if S is a
module in V®,

2.4. Exact sequence

In the set theory ZFC, let &, ¥', & be sheaves of modules over a normal
paracompact cHa 2 and g, k be sheaf homomorphisms such that

0- 9 L P2 50

is exact.
Then the following theorem is proved as for Cech cohomology.

Theorem 2.4.1. (ZFC) There exists a homomorphism 8* : HY(S")— H** (') for
each q =0 such that the following sequence is exact.

0— HY(S') £~ HY(¥) 2> HY(¥") 2> HY(¥)
— H\(¥) > H(S") > HY(S") > - --
— H(S) 2> HY($") X5 H""(¥') - HI* (F)— - - -

2.5. Fine resolution

Let Q be a normal paracompact cHa in ZFC.

Definition. (ZFC) A module S in V® is said to be fine if for every locally finite
covering {u;};; of £ there exists a set {k;};.; of homomorphisms 4;:5— S in V(@
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such that
(a) for eachieland a €S, [a e S]<[h(a)=0]"u,
(b) [VaeS (Xicrhi(a) = )] = 1.

Remark. In the above (b) ¥, #:(@) is well defined by Theorem 2.2.2.
Theorem 2.5.1. (ZFC) If a module S in V' is fine, then H(S)=0 for g = 1.

Proof. Let % = {u;};c; be a locally finite covering and o € Z%(%, §). Then we
prove that o is a coboundary. Since § is fine, there exists a set {h;};c; < V@ of
homorphisms k;:S— § in V@ satisfying (a), (b). Define 7 € C7-(%, S) by

v(ks, ..., k) =2 (o), ky, - . ., k).

iel

Then we have 6t = 0.

Definition. (ZFC) Let S, A%, A', ... be modules in V. Then a sequence of
modules in V@

(R) 0>S-5A4°5 4159 ... 54719 g49.,...
is called a fine resolution of S, if the corresponding sequence of sheaves

~_-¢‘-“‘

(R) 0->55A 54T . .14 77, ...
is exact and all of A%, A, . .. are fine.

The following theorem follows from Theorem 2.4.1 and 2.5.1.

Theorem 2.5.2. (ZFC) If (R) is a fine resolution, then

o)=Y
H(S) = dHO(Aq—l) (g=1).

2.6. Real and complex numbers in V@

Here we assume that Q is a cHa O(X) of open sets of a complex manifold X
and construct the standard sheaf model V® of GIZF in ZFC. By a complex
manifold we mean a paracompact complex analytic manifold. It is known that the
set R ? (or C*®) of all real (or complex) numbers is a complete apartness field in
V@, where u# v iff u<v v v <u, and is represented by the sheaf R 2 (or C")
of germs of real (or complex) continuous functions, that is, each u eR RZ ;i
represented by a continuous function ¥ of Eu into R such that

r<u(x) iff xeff<u] forreQ
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and each u +iv € Caby u+iv:Eu N Ev— C. We identify ¢ with « if it does not
cause confusion. It is obvious that for u, v e CQ

xelufv] iff u(x)$v(x).

Let R™, C*, % be the subsets of C?in V' such that R*, C=, % are sheaves of
germs of real valued C”-functions, complex valued C”-functions and holomorphic
functions, respectively. That is,

P(R™) = {u e R?|u:Eu— R is C*-function},
R*(x) = Eu,

and similarly for C* and #. Then it is obvious that in V?;

(1) R™, C=, ¥ are subfields of C%,

(2) # is complete, that is, every Cauchy sequence convergences in ¥,

(3) C°=R*+iR".

It is known that for any covering % of X there exists a partition of unity
{@s}sen subordinate to . Hence we have:

Theorem 2.6.1. (ZFC) For any covering U of Q2 there exists a locally finite
refinement {v;};c; and {a;};cs cR” such that

(@) Ea(=[a; e R™]) =la;=0]"v;=1 for each j e J.

®) [L;sa=1]=1

Theorem 2.6.2. (ZFC) R*-modules and C*-modules in V' are fine.

Proof. Let S be a R™-module in V® and let {v;};., be a locally finite covering.
Let {a;};c; be the setc R satisfying (a), (b) in Theorem 2.6.1. Then the mappmg
h;:av>aja of S into S satisfies [a € S]=<[h;(a) =0]"v; for each jeJ and a € S,
and [ e S)<[L;cs h(a) = a] for @€, thatis, Sin V“’) is fine. Since R*c C~, a
C>-module in V@ is also fine.

Let {(u;, z;)}icr be a system of coordinate neighbourhoods of X, where
z;:u;— C" for i € 1. The notion of vector field on X is translated into the language
of ZF, on V® as follows. Let T be the set of C-linear derivation on C* in V(®
that is, the set of mappings D :C*— C” such that

Va e C Vf, g e C* (D(af + g) =aDf + Dg)
and
vf, g € C* (D(fg) = (Df)g + f(Dg)).

Then T is an apartness vector space over the apartness field C* in V*®, where
D, # D, iff 3f € C* (D:f # Dof) for Dy, D, € T.
If DeT and p € ED =[D € T], then the mapping D, :f > (Df)(p) for fe C”

with p € Ef = [f e C*] is a tangent vector at p, and D:p +->D is a vector field on
E(D).
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Further, for each i € I, there exists @, ¥, eC™ sﬁch that
n 3 n 3
(@ D=2 ®sz+ 2 ¢z onE(D)Nw;, and
k=1 9z; k=1 9%

(b) E(D)A V [9:#0v £ 0}<[D#0]

Let D, ..., D,, be mappings of C*[y; into C” in V* such that D, = 5/8z%
and D,,,=3/9zF for a =1, ..., n. Then we have:

Theorem 2.6.3. (ZFC) (1) w;<[D,, . . ., D,, form an apartness basis of T}.
(2) w;<[[D,, Dg}=0} for o, =1, ..., 2n, where [D,, Dg}=D,Dg — DgD,.
(3) u;<Nf € C*° (Duaf = Dpruf)l for a=1,...,n.
4) ;s ={feC”:n<Va<2n (D,f=0)}]
(5) u;<[C={f e C*:Va<2n (D.f=0)}].
6) If u;<[H,,...,H, €T are apartness linearly independent over C~

>

HJ\I/\ =HgH, for o, <k and feC”, Hif =---=H,f =0, then there exists
h € C” such that u; < Eh A[Hoh =f and Hih =- - - = H:h = 0).
Further, for an open set U of #* and a holomorphic function h=h(E,, . .., &)

from U into ¥ in VD, let |
U={(p,t,... ,tk)eXXCk:peﬂ(El, . R)eUR,
h(p, | PP ,tk)=h(;1, .o ’;k)(P) for (p, iy - - ,tk)GU.

U is an open set of X X C* and h is a holomorphic function (cf. Rousseau [9]).

D, h is defined as a holomorphic function on U such that D, h = (3/3z)h. Then:
(7) u-<|[D —é—h——iDhIl fora=1 n =1 k
i cxaCﬁ an o 2oy il LR A

8) If u;<l(fi, . - - , fx) is a holomorphic function from an open set A of H*
into Uand g =h(fi, ..., fi)l, then

"< |[D¢,g = (D), .. f)+ 21 (5%; h)(f,, oo o] - Doy on A]].

3. Global intuitionistic analysis GIA

The global intuitionistic analysis GIA is a global intuitionistic set theory with
constants C*, ¥, C,, that is interpreted as the set theory on V* given in § 2.6.

3.1. Axioms of GIA

The axions of GIA consist of those of GIZF, i.e. A1'-A9', A10 and A1l and
extra axioms for the new constants. In GIZF the class of check sets W =
{x|3x'(x =x')} is defined and proved to be a model of ZF; interpreting Vx ¢(x)
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and Ax @(x) as Vx @(x) and 3x @(x). It is known that there is an isomorphism F
between the universe and a sheaf model W# constructed in W, that is,

Vxe WH 3!y F(x,y) AVy Ax e WH (F(x)gy)

AVxy, .. X, € WH ([@(xy, . .., x )] =@(F(xy), . .., F(x,))])
where [] is the evaluation in W¥ and |g| is the inner truth value of ¢, i.e.
lp|=n{xel:p}.

The extra axioms of GIA are as follows.

Axiom 12. ACY, that is, the axiom of choice in W. Hence W is a model of the set
theory ZFC.

Axiom 13. C” is a field of complex numbers such that C* = R” + iR~ where R~ is
the subfield of all reals in C”, # is a complete subfield of C* and G, is a subfield
of ¥ such that C,= R, + iRy where Ry = G, NR™.

By T(C*, ) or simply T we denote the set of Cy-linear derivations on C*. T is
an apartness vector space over C”.

Axiom 14. There exists a natural number n>0 and an apartness basis
{D*, ..., D*} for T over C” such that:

(a) [P/, D¥]=0forj, k=1,...,2n, where [D/, D*]= D'D* — D*D/.

(b) D"*f=D'ffor feC"andj=1, ..., n, where fis the conjugate of f.

() ¥={feC*:Df=0forj=n+1,...,2n}.

(d) G={feC”:D'F=0forj=1,...,2n}.

Axiom 15. There exists & such that the following statement is globally true: if

H,, ..., H, € T are apartness linearly independent over C* and

[H;, H]=0 fori,j=0,...,k and Hf=---=Hf=0,
then

Hh=f and Hh=---=Hh=0.

Note. ‘¢ is globally ture’ means [O@. By the Corollary 1.3.5, 3
Oeh, F(xy), . .., F(x,) <3k (oM, x,, ..., x,)]=1in WH).

Axiom 16. In W, H is a normal and paracompact cHa and if {p, },.4 is a locally
finite covering of H, then there exists {g,}sca = W¥ such that

(a) [g. e FF'RM)]=1,

(b) VaeA Iga + OB = 1'

(c) VeeA (g, =01"p. =1).

d [E.g.=1]=1
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Thus GIA is GIZF + Axioms 12-16. It is obvious from §2.6 that in ZFC if X is a
complex manifold, 2 = 0(X), Co=Ce V*® and ¥, C” e V are represented by
the sheaf of germs of holomorphic functions, the sheaf of germs of C*-functions
on X respectively, then the standard sheaf model V® of GIZF is a model of
GIA. We call this model a standard sheaf model of GIA. In what follows, V(<
denotes a standard sheaf model of GIZF or GIA according as £ is cHa with
globalization O] or O(X) for a complex analytic manifold X.

3.2. deRham and Dolbeault theorem in GIA

The deRham theorem and Dolbeault theorems can be translated into theorems
in GIA and proved in GIA. For this purpose we first consider intuitionistic
tensors and exterior algebras with apartness.

3.2.1. Induced apartness

If S is a set with apartness #, and ~ is an equivalence relation on S, and if each
element A of S/~ contains exactly one element a such that @(a), then the
relation # on S/~ given by:

A#B iff JaeA 3AbeB (p(a) A p(b) Aatb)

is an apartness. From this fact we have:

Lemma 3.2.1.1. Let F be an apartness ring and S be an apartness F-module. If S’
is a submodule of S and S" = S such thatVae S A'beS"(a—beS’), then S/S’ is

an apartness F-module, where

A+B iff JaeANS"3beBNS" (a$b).

Let T be an apartness vector space over a field F and {e,,...,e,} be an
apartness basis for 7. Then the dual space T*cF” and the dual basis
{fi, .--,f.} of {es, ..., e,} are defined as usual, and apartness # on T* is given
by

f+g iff JaeT (f(a)+g(a))

It is easy to check that 7* is an apartness vector space over F and {f;, ..., f,} is
an apartness basis for 7*.

3.2.2. Tensors and exterior algebras with apartness

Let T and S be an apartness vector space over an apartness field F such that
n - 1+ 0 for nonzero n, and let {e,, ..., e,}, {fi,- .., f.} be apartness bases for
T and S respectively. The tensor product T ® S is defined as the dual space of the
apartness vector space of all bilinear forms on 7@ S. T®S is an apartness
vector space over F with apartness basis {e; ® f;:i=1,...,n;j=1,...,m}. Let
L,(T) be the subspace of the tensor space T ® - - - @ T of type (p, 0) generated by
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the elements t; ® - - - @ ¢, such that t, =¢,,, for some k <p. The p-fold exterior
power /\? T is the quotient vector space of T ® - - - ® T(p-times) by L(T). The
equivalence class [t;,®---®1¢,] in AP T is denoted by 7, A - - - A ,. Since each
element of /\? T can be written in the form §, .., a;....e; A - - - A e, uniquely,
/\P T is an apartness vector space with apartness basis {e; A--- A e |i;<-- <
i,}. The exterior product of ¢ € AP T and y = /\? T is also defined as usual, that
1s, if
¢= 2 G.,e, A ccne, and Y= 3 b, e A---Ag
i, <o <ip J1<--<jgq
then

(p A w = . Z . ai1~--i,bj1---jqei1 A A eip A ejl A A ejq'
'1<"'<'p’11<"'<"1

3.2.3. DeRham Theorem
Let {D', ..., D*'} be an apartness basis of T = T(C", (,) satisfying (a)—(d) in
Axiom 14, and let
3 d 1 .
—— e — -1 + Dn+ a" P @ n+
axZa—l D axZa i (D D d)»
for a=1,...,n. Then {3/3x",..., 8/8x*} is an apartness basis for 7. Let A
be the dual space of T and {dx’,..., dx*"} be the dual basis of {3/4x%, ...,
d/3x**}. We denote the p-fold exterior power /\? A by A®. Every element of A,
which is a (differential) p-form, can be written in the form

(p=l 2 Puyorea, XA - A dx,

where @, ..., € C” and @,,...,, is an alternating function of ay, . .., @,. A? is an
apartness vector space over C* which does not depend on the choice of the bases
{DY, ..., D*} of T. To see this, let {D}, ..., D¥} and {DL, ..., D'} be two
apartness bases for T satisfying (a)-(d) in Axiom 14, and let 3/3xf, dx;* and
9/3xg, dxi be the corresponding 8/0x®, dx* (@ =1, ..., 2n). Each 8/3x can be
written as a linear combination of {8/3xf}4_, . ... We denote the coefficient of
8/3xf by oxf/oxf, that is,

O _ %38
oxf &2 axfaxy’

Then
e N OX g oxf .
dx; —§ax£ dxj, where axgeC .
It follows that there exist @g,...s, € C* such that
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The exterior differentiation operator d: 47 — A47*1 (p =0) is defined as usual:

if feA°€C”, then df=) g{édx",

then

1

= @
p! ar,aq,...,ap ax

Then it is routine to check that d: 47 — AP*! is a Co-homomorphism which does
not depend on the choice of {D', ..., D**}, and dd =0.

Since the universe is isomorphic with the inner sheaf model W by Theorem
1.3.4, each special set u can be considered as a sheaf in W, that is, there exists a

check set x € W¥ such that F (x)gu, and x is represented by a sheaf ¥ in W. For

convenience we identify x such that F (x)—E-u with u and denote x by wu.

Lemma 3.2.3.1. (GIA) A? in W is fine in W.
Proof. In W, if {p,},c4 is a locally finite covering of H, then there exists

{8a}aca c WH satisfying the conditions (a)~(d) in Axiom 16. The function
hy:t—>g, - t on AP satisfies the conditions of fine sheaf.

Lemma 3.2.3.2. (GIA) There exists h such that the following statement is globally
true. If feR™, atay,..., a, and 3f/5x" = - =3f/3x% =0, then Bh/ax*=f
and Oh/3x* =---3h/3x% =0,

Proof. By Axiom 15.

Lemma 3.2.3.3. (Poincaré’s lemma in GIA) There exists Y such that the following
statement is globally true. If @ is a p-form, p =1 and dg =0, then @ =dy.

Proof. This is proved by interpreting the usual Poincaré’s lemma into GIA, using
Lemma 3.2.3.2.

By Lemma 3.2.3.1 and 3.2.3.3, the following sequence in W¥ is a fine
resolution of C, in W.

0>CHA S AN ... 5 4p14, gp_, ... 4 g2nd
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Hence, by Theorem 2.5.2, we have:

Theorem 3.2.3.4. (deRham Theorem in GIA)
H°(dA*1
H(CO = ez

3.2.4. Dolbeault Theorem
Define 3/3z%, 3/3z%e T = T(C”, &) by

(g=1) inW.

8___1_(8_i3) a_l(a . o
8z° 2\ar® ' o) az+ 2\apei ) axza)‘
{8/82%, ..., 8/3z", 3187, ..., 0/3z"} is an apartness basis for T. Let
{dz', ..., dz" dz', ..., dz"} be its dual basis. That is,
dz®=dx?** 1 +idx**, dz%=dx?*! —jdx?~

We now consider differential forms generated by dz* dz“ The r-forms can be
written as a linear combination of (differential) (p, q)- form.

1
p@D == 2 Pay-apfyp, 82 A - AdZP AdZPA - - A d2Pe
p‘ q' (> S TN ap;ﬂl )))) Bq

with p + g =r. For feC",

2n af dxl n o n _
df= 3 ~ 23 L g+ 3 —d
,1=1 a=1 a—l

n

of & -~ of ..
1121 a Q’d 21 a_ d
are denoted by 9, of. If ¢ is a (p, q)-form

= q,Z%, abrpy 2T A A XS AR - A diPe
then 3¢, 3¢ are defined as follows.
aq’—;,—Z( Payapyp) NAZA - AdZ% AdZB A - - AdEP

aq;—ﬁE( Parappr-p) NAZA - Adz% AdZPIA - AdEP,

It is easy to see:
Lemma 3.24.1. (GIA)d=03+3, 39=33=0, 35 = —33.

Lemma 3.2.4.2. (GIA) If(pzsa(p,q)form then 3¢ is (p + 1, q)-form, ¢ is
(p, q + 1)-form and 3@ =5¢.
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The following lemma is proved by translating the proof of usual Dolbeault
Lemma into GIA and using Axiom 15.

Lemma 3.2.4.3. (Dolbeault lemma in GIA) There exists v such that the following
statement is globally true. If ¢ is a (p, q)-form and 3¢ =0, then v is a
(p, ¢ — 1)-form and oy = @.

A (p, 0)-form
1
Q== Poya, A2 A A dz
P e,

is called holomorphic p-form if @,,...., € ¥ for each a1, . .., a,; equivalently if
3@ =0. Let 0° be the module of holomorphic p-forms, and A”*? be the module of
(p, q)-forms. Since A”? in W js fine, by Dolbeault Lemma in GIA,

0— 0P —> AP0 APl 5 .. .5 AP4. 5 ... 5 AP ()

is a fine resolution of 0°, where 0°= %. Therefore, by using Theorem 2.5.2, we
have:

Theorem 3.2.4.4. (Dolbeault Theorem in GIA)

H°(3AP™1)

HUO) = Foara

(@=1) inW.

3.3. Intuitionistic topology

Definitions in the intuitionistic theory of topology in this section are from
Grayson [5].

Definition. A set 0(X) of subsets of X is called a topology on X if X € O(X) and
O(X) is a cHa with respect to intersection N and infinite union |, i.e.

(a) X eO0(X),

(b) Vu, v e O(X) [uNv e O(X)],

(©) VA& 0X) [U% e O(X)].

A special set X (i.e. Vx € X 3t e x) with topology 0(X) is called a topological
space. A topological space X with apartness + is called a separated space if

(d) VxeX[{yeX:y+x}eOX)], and

(e) each open set u € O(X) is strongly extensional, i.e. Vxeu VyeX (yeu
vy # x).

A topological space X is Hausdor(ff if it is separated and

) Vx,yeX[x+ty—>3uveOX) (xeunryeva@mnu=9)].
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Immediately from the above definition we have:

Lemma 3.3.1. In a separated space X,

Vi,yeX[xfyoIueOX) (x eu n—iyeu)].

In ZFC, let £ be a topology O(M) and X be a separated space in V. We
define a topological space X from X as follows. Let

(33.2) X={(t,x)eMxX:telxeX]}/~

where (f, x)~(t', x") iff t=¢' ¢ [x#x']. ~ is an equivalence relation since # is an
apartness. Note that X is a quotient space of the sheaf X representing X. We
denote the equivalence class containing (¢, x) by (¢, x). For each u € 0(X), the
corresponding subset & of X is well defined as follows:

a={{t,x) e)_(:t'e[[,'reu]]}.
Set O(X) = {ii c X:u € O(X)}.

Theorem 3.3.3. (ZFC) If Q is a topology O(M) of M and X is a separated space in
V@, then X is a topological space with topology O(X). In particular, if V® is a
standard sheaf model of GIA, then R® R, R, C2 C, C*, ¥ are Hausdorff
spaces in V® and

R?=R=R*=MxR, C®=C=C=%=MxC.

Proof. X € O(X) since Xe@; if 4, 9eOX) then NP =uNveOX); if
Y c O(X), define A € V by

D(A)={ueOX):ieWU), and A)=]ueOX)],

then % ={UA € 6(X). Therefore, O(X) is a topology on X. Let R be R®, R
or R”. O(R) consisting of unions of open intervals (a,b,) = {x e R:a, <x <b,},
where a,, b, € Q, is a topology on R, and it is obvious, from the definition of
reals and ¥, that R is a Hausdorff space. As in §2.6, x € R is identified with a
function x:Ex— R such that r <x(¢) iff t € [F <x] for r € Q and ¢ € Ex. Define
@:R>MXR by ¢(t,x) =(t,x(t)). ¢ is well defined and a homeomorphism
R =M x R. Similar for complex number fields.

Theorem 3.3.4. (ZFC) Let 2 be a topology O(M) of a Hausdorff space M and let
X be a separated space in V. Then X is a Hausdorff space in V® iff X is a
Hausdorff space.

Proof. Suppose that X is a Hausdorff space in V?, and (¢, x), (¢',x') € X and
(t,x)#(¢',x’). Then t#1¢' or tefx#x') If t4 ¢, then there exist p, g € O(M)
such that tep,t'eq and pNqg=9, hence X[p and X[q separate (t,x) and
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(t',x'). If te[x #x'], then there exist u, u’ € 6(X) and r € O(M) such that
ter<fu,u’' e O X)Axeunx'euw nunu' =4},

hence u[r and u'[r separate (¢, x) and (¥, x'). Conversely, if X is Hausdorff and
t € [x # x'], then there exist u, u' € O(X) such thatteflx eu nx' eu’ Aunu' =0

Definition. Let X and Y be topological spaces. Then a function f: X— Y is
continuous if Vu € O(Y) [f (1) € O(X)].

Let Q= 0(M) and V@ is constructed in ZFC. If X, Y are separated spaces
and f:X— Y is a continuous function in V®, then a function f: X— Y is well
defined by

F(t, x) = (1, f(x)).
For, if ¢ € [f(x) # f(x")] then there exists u € O(X) such that
teff(x)eu nf(x)eul<[f (w)e OX) Ax ef  u) A-1x' €f ()]

by Lemma 3.3.1, hence tefx#x’] It follows that (¢, x)~ (', x’) implies
¢, f(x))~ (', f(x')-

Theorem 3.3.5. (ZFC) If Q=0(M) and if X,Y are separated spaces and
f:X—Y is a continuous function in V@, then the function f:X—7Y is
continuous; further, if f is an apartness homeomorphism in V), i.e. [Vx,x' € X
xFx'=>f@x)FfE))AVyeY IxeX (f(x)=y)Af':Y—>X continuous]=1,
then f:X— Y is a homeomorphism.

Proof. We prove only that f is one-to-one, since the other part is obvious.
Suppose that f(z,x)=f(¢',x'). Then t=1'¢ [F(x)#f(x)]. Since [x+#x']=<
Fx) #F(x)], (¢, x)= (¢, x'). that is, f is one-to-one.

3.4. Apartness vector space in GIA and vector bundle

Here we show that an apartness vector space over ¥ or C<in a standard sheaf
model V¢ of GIA is a vector bundle viewed externally.

Definition. (ZFC) Let M be a complex manifold. An m-dimensional holomorphic
(or differentiable) vector bundle over M is a pair (F, o) of complex analytic (or
differentiable) manifold F and a holomorphic (or differentiable) function @ from
F onto M together with a covering {v;};c; of M and a set {h;};,; of
homeomorphisms A;: @~ (v;) = v; X C™ satisfying:

(a) weoh;jY(z, &)=z for zev;and §eC”, and

(b) the transition function h;oh;':v;Nv X C™*—v;Nv, X C™ is determined
by a matrix valued holomorphic (or differentiable) function f,(z)=

(ffkv(z))v,hl ----- m 1.€., hjohy Yz, &) = (2, fu(2)Ex)-
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Definition. (ZFC) Two vector bundles (F, w) and (G, x) are holomorphically

(or differentiably) equivalent if there exists a biholomorphic (or bidifferentiable)
function k& : F— G such that (a) #h = @ and (b) h: @~ '(z)—> a~'(2) is linear.

It is known that if (F, @) and (G, &) are holomorphic (or differentiable) vector
bundles over M with covering {v;};., and systems of transition functions {f,},
{g;x} respectively, then (F, @) and (G, &) are holomorphically (or differentiably)
equivalent iff there exits a matrix-valued holomorphic (or differentiable) function
h;(z) on v; for each j € J such that det #;(z) # 0 on v; and g;;(z) = hj(2)fx(2)hi '(2)
on v; N vy.

Theorem 3.4.1. (ZFC) Let M be a complex manifold, and Q = O(M). Then

(1) If B is a m-dimensional apartness vector space over ¥ (or C*) in V), then
B = (B, w), where w(z, u) =z for (z, u) € B, is an m-dimensional holomorphic
(or differentiable) vector bundle. Conversely, for a given m-dimensional holomor-
phic (or differentiable) vector bundle F, there exists a m-dimensional apartness
vector space B over ¥ (or C*) in V™ such that B is holomorphically (or
differentially) equivalent to F.

(2) Let B,, B, be m-dimensional apartness vector spaces over ¥ (or C*) in
V@ Then @:B,—> B, is an apartness isomorphism over ¥ (or C”) in V@ iff
B,, B, are holomorphically (or differentiably) equivalent, with @:(z,u)—
(z, p(u)).

Proof. (1) Suppose that [B is an m-dimensional apartness vector space over
#]=1. Then there exists a covering {v;};,c; of M and {e},...,el"} cV® for
each j € J such that

v;i=[{e}, ..., ef"} is an apartness basis of B].

Hence for (z, u) € @ '(v;) there exist &}, ..., E" e ¥ such that z € [u = &je} +
-« -+ Ee"]). Let

@iz, u) =(z, §(2), ..., §'(2)).

Then B, w, {v;}je; and {9;}jes form an m-dimensional holomorphic vector
bundle. Conversely, for a given m-dimensional holomorphic vector bundle (F, w)
determined by a covering {v;};c; and the system of transition functions {@;},
there exists f;, € V™ such that

v; N <[fi = (Fliw)v.a=1....,m IS @ m X n matrix over ¥}

and (fiv)v.1=1,..,m = x> for each j, k eJ. Define B € VO as J x %™/~ where
G, 8~k &) iff E§=ff for § Led™

Then B is an m-dimensional apartness vector space over ¥ and B is equivalent to
F. The differentiable case is. proved similarly.
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(2) follows from the fact that the matrix p of an apartness isomorphism
B;— B, relative to given bases is a matrix over ¥ (or C*) with det p #0, and that
v<[p=(p})1-1,..m is a matrix over ¥ (or C°) and detp+0] iff p=
(03)v.2=1,...m is a matrix-valued holomorphic (or differentiable) function such that
det p(z) # 0 for z e v.

3.5. Manifold in GIA and family of complex structures

A manifold in a standard sheaf model of GIA is a family of complex structure,
viewed externally.

Definition. (GIA) Let X be a topological space. A subset {u;};.; of 0(X) is an
open covering of X if U, u;=X, ie. {u}i; is a covering of cHa O(X).
Similarly, an open covering {u;};.; of X is locally finite if {u;};c; is a locally finite
covering of O(X), and X is paracompact if 0(X) is paracompact. (cf. §2.2.).

Theorem 3.5.1. (ZFC) Let Q= O(M) and let X be a separated space in V',
Then {u;}icr is an open covering of X in V® iff {i4;};c; < O(X) is an open
covering of X.

Proof. Obvious from the fact that ¢ € [x € \U;.yu;] iff (¢, x) € U;es ;.

Theorem 3.5.2. (ZFC) Let M be a complex manifold and Q = O(M), and let X be
a separated space in V. Then X is paracompact in V® iff X is paracompact.

Proof. Suppose that X is paracompact in V¥, and (i}, is a covering of X. By
Theorem 3.5.1, {u;}:cr is a covering of X in V@, Hence there exists a locally
finite refinement {v;};e; of {u;}icr in V. It follows that there exists a locally
finite covering {ps}aca Of M and {v};.; such that

Pa <[{v]};es, is a locally finite refinement of {u;}; A,

and there exists a locally finite covermg {Pe}aca of M such that pac p.. for
a € A, where p, is the closure of p,. We now show that {UF[pL}jcs. aen is a
locally finite refinement of {ii},.;. Let (¢, x) € X. The set of a € A such that t e p_,
is finite, let it be {a;, ..., &;}. We may assume that p, is connected, hence
Po <[j €] or p, <—lj €J,]. For each a,

P, <[AweO0X)If Gnew [xewAf:n>J, AVjel,,
(vi*Nw$9—3B <n (f(B) =)}
Hence there exist w,, € 0(X) and fop:1a,— T, such that

tefw,, € O X) Axew, AV;el,, (v *Nw,, #0—>3B<n (f(B)=))=4a,
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and there exists g € O(M) such that
tegc (i\ 4o, and gNp,=@ foreach aé{a,,..., o}

(Mi=1 W, [q is a neighbourhood of (¢, x) with nonempty intersection with only a
finite number of v"fpa Therefore, X is paracompact. Conversely, suppose that
X is paracompact, and p =[{u;}; is a covering of X]. Then for any p’' € O(M)

such that p’ ¢ p, {U:[P}iey U {X[M —p'} is a covering of X. Let {0;}jer = O(X)
be a locally finite refinement of it. Then

p' <[{v;};es is a locally finite refinement of {u;};.;].

Definition. A topological space X is connected if

Vu,veO(X) [uVv=XA3xeundyev—>3Ixeunvj,
and X is arcwise connected if

Vx, y € X 3f [f:[0, 1] X continuous A f(0) =x A f(1) = y],
where [0,1]={teR |0=<¢=<1}.

Theorem 3.5.3. (ZFC) Let M be a connected topological space, Q2 = O(M) and let
X be a separated space in V.

(1) If X is connected in V', then X is connected.

(2) If X is arcwise connected in V®, then X, = {(t, x) € X | x € X} is connected
for each t e M.

(3) If X, is connected for each t € M, then X is connected in V.

Proof. (1) Assume that @, ¥ € O(X), i#0, 9+@and aUD =X. Then [uUv =
X]=M, and hence [Ax eu v Ay ev]=M and [Ax e u] + 0, [y e v]+ 9. By the
connectedness of M, there exists tef[3xeu Adyev]) It follows from the
connectedness of X in V® that t € [Ax e u Nv], hence z N & F .

(2) OX,) = {i, | i € O(X)}, where &, = {{t,x) e X, |telx eu]}, is a topology
on X,. Suppose that i, ¥, € O(X,) satisfy #,U¥,=X,, &,+0 and ©,#0. Then
there exist x, y € X and f € V such that

tefxeunyev af:[0, 1] X continuous A f(0) =x A f(1) =y].

From the connectedness of [0, 1] it follows that there exists r € [0, 1] such that
(LfF))ea,Nb,. )

(3) For u,ve0(X), if tefuVbv=XA3xeundyev], then u,Uv, X,
i, + @ and ©,+ @, hence ¢ € [Ix eu Nv].

Definition. (GIA) Let C be C” or #. A paracompact Hansdorff space X is called
a complex analytic manifold of dimension n over C if there exist an open covering
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{4;};e; of X and a system of local coordinates h;:u;— U; € O(C™) such that for
each j, keJ the transition function h;oh;' is a biholomorphic function of
h(u; Nuy) into h;(w; Nu). X is a differentiable (or C*)-manifold of dimension n
over C if the transition function h;oh;' is C*-diffeomorphism in the above
definition.

Lemma 3.5.4. (ZFC) Let Q = O(M) where M is a manifold and let C be C” or ¥
in V&, Then

(1) C" is homeomorphic to M x C", where i € O(C™) coincides with the open set
u={(t, E)eMxC"|telEeul} of M xC".

(2) Let u be an open set of C" in V®_ A function f:u— C" is holomorphic in
VE iff f:u—C" is continuous and holomorphic in the second variable, where

f:u—> C" is the function given by f(¢, &) = F(E)(¢) (cf. §2.6).
Proof. See Rousseau [9].

Definition. (Kodaira—Spencer [8]) Let M and ¥ be connected C*-manifolds and
w: ¥ — M be a C”-function such that for each te M, ¥, = o~(¢) is a connected
complex analytic manifold. Then (¥, M, @) is called a differentiable family of
complex structures, if each point of ¥ has a neighbourhood U satisfying the
following conditions: there exists a differentiable homeomorphism % of U into
w(U) X C" such that for each point ¢ € w(U), the restriction &, of h to UN %, is
biholomorphic on UN ¥, into ¢ X C". In the above definition, if ¥ and M are
connected complex analytic manifolds and @:%— M is holomorphic, then
(V, M, o) is called a complex analytic family of complex structures.

Theorem 3.5.5. (ZFC) Let M be a connected C*- (or complex analytic) manifold
of dimension m, Q = O(M) and let X be a separated space in V9,

(1) If X is an arcwise connected complex analytic manifold of dimension n over
C™ (or ¥) in V, then (X, M, @) with w(t, x) =t is a differentiable (or complex
analytic) family of complex structures.

(2) If (X, M, o) is a differentiable family of complex structure with o(t, x) =1,
then X is a connected complex analytic manifold on C* in V®,

Proof. (1) Let {p,}aca be a covering of M, {(p., P.)}aea be a system of
coordinate neighbourhood of M and let p, < [{u};.;, be a locally finite covering
of X and {(u;, hj)};c;, be a system of coordinate neighbourhoods of X]. Then
{u¥Tp.|j€J., a € A} is a covering of X. It is easy to check that u¥[p, and the
mappings Y, : {t, x) = (@« (t), hi(x)(®)) of uf[p, into C™*" for a € A, j €J, form
a system of coordinate neighbourhoods, and X is a manifold and also that the
mapping o:{t,x)—>t of X onto M is differentiable (or holomorphic) and
X, = w~(t) is a complex analytic manifold.

(2) Let (X, M, w) be a differentiable family of complex structure. Then there
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exists a covering {i;};; of X and a system {,},., of differentiable homeomorph-
isms i, of & into @(&;) X C" such that for each point ¢ € w(#,), the restriction
(y;); of y; to @;N @ (t) is biholomorphic on #; Nw~'(t) into ¢ X C". Define
h:u;—(C?)* in V@ by hy(x)(t) = y;{t, x). Then h; is a homeomorphism of
into (C°)" in V?, and for j, k €J with u;Nv, #0, hh;' is biholomorphic in
V@, since hhi'(t, &) = v (s, £) is biholomorphic in the second variable.
Therefore X is a complex analytic manifold over C*.

3.6. Infinitesimal deformation in GIA

A complex analytic manifold over ¥ in a standard sheaf model V® of GIA is
a complex analytic family of complex structures, as shown in §3.5. Here we
consider the infinitesimal deformations of complex analytic family of complex
structures in GIA. For this purpose, we add the following condition to the Axiom
14. This is satisfied in standard sheaf models of GIA (Theorem 2.6.3).

() ¥h=h(z, ..., z) is a holomorphic function on an open set U of ¥#* into
#, then for each j=1,...,n, the mapping Dh:(z,...,z)~
D/(h(zy, ..., z)) on C§N U is extended to a hqlomorphic function D/h: U~ ¥
and

2 el

h f =1,...,k
aZﬁ 82,3 Orﬁ 1

Further if f(z;, ..., z) =z, .- > z)s - - ., filz1, . . ., %)) is a holomorphic
function from an open set A of ¥* into U, then

k
Di(hef)=(DR)of + 3, (sof )OI
B=1 B

Z

In GIA, let X be a complex analytic manifold over # of dimension n. Let
{(U;, £;)}jes be a system of coordinate neighbourhoods of X with coordinate
functions £}, ..., L} such that §(U)={(z},...,z])=2€ *":|z] <1}. Then
the set © of holomorphic vector fields v = Y7, v(8/3L), where v/’s are
holomorphic functions on WNU, is a sheaf over X. For D"e T(C”, ),
vy=1,...,n, let

A

0(, k)= 211)"(;;’%;;‘) 3

8@, k) e I'(U;N Uy, ©) and 6 is a 1-cocycle under the axiom (e). The cohomol-
ogy class of 8 is the infinitesimal deformation in the direction of D".
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