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Let  ~2 be a complete Heyting algebra O(X) of open sets of a complex manifold X and V ca) 
be the ~2-valued sheaf model. V (°) is a model for the intuitionistie set theory ZF~ (el. Grayson 
[49, and the set C a of all complex numbers in V (a) is, viewed externally, the sheaf of germs of 
continuous functious on X. Let C ~, ~ and ~ be subfields of C a i n  V (a) that are the sheaves of 
germs of C**-hmctious, holomorphic functions and constant functions, respectively. C. 
Rousseau showed in [9] that one can develop an intuitionistie complex analysis on each of C**, 
~', ~ in V ca). Further, she showed that Weierstrass theorems in the complex analysis of several 
variables can be translated and proved in an intuitionistie complex analysis of one variable. 
Local theory can be translated into the intuitionistic set theory ZF x in this manner. However, 
most of the mathematically interesting theorems are global. In order to develop an 
intuitionistic version of global theory, we strengthened ZFx in [13] so that global concepts are 
expressible in it, and obtained the global intuitionistic set theory GIZF. V ca) is a model of 
GIZF,  and a sheaf model W (n3 which is isomorphic to the universe can be constructed in 
GIZF.  

In this paper we formulate a global intuitionistic analysis GIA in GIZF, and consider a 
GIA-version of global analysis; that is, we define in GIA cohomology group with coefficients in 
the inner model W (H) and translate the deRham theorem and the Dolbeault theorem in GIA; 
further, we translate a vector bundle as an apartness vector space in GIA, a family of complex 
structures as a complex manifold in GIA, and an infinitesimal deformation of a family of 
complex structures as a notion on a complex manifold in GIA. 
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1o ][h~lbailllllies 

In this section we review briefly the intuitionistic set theory in Grayson [4]; the 
intuitionistic linear algebra in Ruitenberg [10]; and the global intuitionistic set 
theory in Takeuti and Titani [13]. 

1.1. Intuitionistic set theory ZF1 

We refer to the stronger intuitioni~tic set theory ZF~ in Grayson [4] as ZFI. ZFI 
is a first-order intuitionistic theory with relation symbols e and =,  and with the 
following nonlogical axioms. 

u = u, u = v---> v = u, and u = v ^ ep(u)--> cp(v). 

Vz (z e u , - , z  e v ) ~ u = v .  

A1. Equality axioms: 

A2. Extensionality: 

A3. Pairing: 

A4. Union: 

A5. Power set: 

A6. e-induction: 

A7. 

A8. 

A9. 

In 

Separation: 

Collection: 

3x Vz (z e x , ~ z = u  v z = v ) .  

3x Yz (z e x  <-*3y e u (z ey)) .  

ax Vz (z e x ~ . V y  e z  (y eu)) .  

Vx (vy e x  q~ty)--, ~0(x))-, Vx ~(x). 

3x Vz (z e x ~ z e u ^ ~o(z)). 

Vx e u 3y qo(x, y)--.  3v  Vx e u 3y e v q~(x, y). 

the set Q of rational numbers are defined as usual, 
trichotomy, 

Vx, y (x < y  v x = y  v x  >y) .  

Infinity: 3x (3y (y ex)  A Vy ex  3Z eX (y eZ)). 

ZFI, we have a recursion theorem, so that the set to of natural numbers and 
and they satisfy the full 

Real numbers are defined in ZFI as pairs of subsets of Q, (L, U), such that 

(1) :ir, s e Q ( r ~ L ^ s e U ) ,  

(2) Vr e Q ---7(r E L A r e U), 

(3) Vr E Q (r e U ~,  ::ls E U (s < r)), 

(4) Y r e Q  ( r e L * - ~ 3 s e L  ( r < s ) ) ,  

(5) Vr, s e Q ( s < r - - > s e L v r e U ) .  

The set of all real numbers is denoted by •, and the order <,  ~< on R is given by: 

( L , U ) < ( L ' , U ' )  iff 3 x E U N L ' ,  

( L , U ) < ~ ( L ' , U  ') iff L ~ _ L ' A U ' ~ U .  

The arithmetic on R is induced from the arithmetic on Q in a natural way (el. 
Takeuti and Titani [12]). The set of complex numbers is C = R + iR as usual. 
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Let I2 be a complete Heyfing algebra (e l la)  in ZF~. Then a £2-valued model  
V (a) of ZFx is constructed in ZF~ as follows. For each ordinal tr the set V~ ~) is 
defined as the set of all £2-valued functions u on a subset @(u) of V[ a) with f l~ tr. 
V (a) is then I,.J,~ V~ a). The evaluation [-] for atomic sentences of V (a) is given by 
simultaneous recursion: 

~u ~ vl  = V [u = x] ^ v(x), 
xe~(v) 

l u = v ] =  xo~o,)A (u(x)--,Ix ~ vD) ̂ x A  eul). 

From this, the evaluation for non-atomic sentences is defined in natural way. It is 
proved in ZF~ that V ¢a) is a model of ZF~. V ~a) is caned a (Q-valued) sheaf 
model. It is known that the universe V of ZFx is embedded in the sheaf model 
v<a) constructed in V as fonows. For each set x in V define a member ~ of V ~a> 
by 

@(:~) = { t : t  ex} ,  and $ ( t ) =  1. 

Then the mapping x ~ . ¢  is an embedding of V into V (a) in the following sense. If 
qg(xl,. • • ,  x,,) is a sentence built up from atoms using ^ ,  v ,  3 and bounded '¢, 
then q0(xl , . .  • ,  x,,) implies [q9(:~1, . . . ,  ~,,)] = 1. For the sets to and Q of natural  
numbers and rational numbers in V, ~b, Q are the sets of natural numbers and 
rational numbers in V (~). We call a set of the form .~ a check set. 

In the rest of this paper,  g2 denotes a e l la ,  and V (~) the £2-valued sheaf model.  

1.2. Intuitionistic linear algebra 

De6nilion. A relation ~ on a set S is called apartness, if for a, b, c e S 

(1) a=b~-->---~(a~ b), 

(2) aCb--->a~c v b ¢ c .  

On the set R of real numbers,  the relation :~ such that u ~: v iff v < v v v < u is 
an apartness. 

Defmilion. A ring S (by ring we mean commutative ring) with apartness J: is 
called an apartness ring if for a, b, c e S 

(1) a ¢ b - - - , a + c ¢ b + c ,  

(2) a ~ b ,  cd/:O--->ac~bc. 

An apartness ring S with 1 is an apartness field if 

(3) 1 ÷ 0, 

(4) a ~ 0---* 3a-l(a -1 ~: 0 ^ aa -1 = 1). 
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l . e ~  1.2.1 (el. Heyting [7]). On an apartness 

(1) a b ¢ O - - - > a ~ O ^ b ~ O ,  

(2) a+b4c+d---,a cvbed, 
(3) ab¢cd a¢c v b¢d. 

f ield S, 

Definitions. Let F be an apartness ring. S is called an apartness F -modu le  if S is 
and F-module  with apartness ~ satisfying the following conditions. For a, a '  e F 

(1) a o l ~ a ' t r ' - - - > a ~ a '  v a ' ~ o l ' ,  

(2) a ¢  a' v # ¢ # ' .  

If F is an apartness field, then an apartness F-module is called an apartness 

vector space over  F. 

Let S be an apartness F-module and n ~ to. A function a~:n ~ S is called an 
n-sequence in S and written as { a q , . . . ,  trn}. An apartness on the set S n of 
n-sequences is given by 

ol~ fl ~ 3i  <~n (o~(i) ¢ fl(i)). 

For each tr ~ S n, the sum ~ ,  tr(i) = ira + -  • - + a~n is defined and 

Definition. Let T be an apartness vector space over an apartness field F. A finite 
sequence of vectors {el, • • • ,  e,,} e T n is apartness linearly independent  (over F)  if 

V{a l ,  . . . , an} ~ Fn(3 i  (ai• 0)---> ale1 + ' "  + anen ~ 0). 

{e l , .  • •,  e,,} e T n is called an apartness basis f o r  T, if 

(1) {el, • • • ,  en} is apartness linearly independent,  

(2) T is generated by { e l , . . . ,  en}, i.e. 

Vtr ~ T =l{al, . . . , an} ~ Fn(tr = ale1 + " "  + anen). 

The following theorem is proved in Routenberg [10]. 

Theorem 1.2.2. Let  T be an apartness vector  space over F. f f  { e l , . . . ,  era} and 
{e~, . . . , e~,} are apartness bases f o r  T, then m = n. 

Definition. If an apartness vector space T has an apartness basis {el ,  • • • ,  en}, 

then we say T has dimension n. 

Examples.  The fields R and C of real numbers and complex numbers are 
apartness fields. 
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Definition. Let T~ and T2 be apartness F-modules. A mapping h:T~---~ T2 is a 
homomorph ism if 

Vt~, fl ~ 7"1 Va, b ~ F [h(atr + bfl) = ah(tr) + bh(fl)]. 

A h o m o m o r p h i s m  h : T~ ~ T2 is an embedding if 

w , / ~  ~ ~ [h(~) = h( /~)~  ~ = t~], 

and h is an apartness embedding if 

v~, t~ ~ r~ [ ~ #  t ~  h(~) # h(t~)] 

An (apartness) embedding h:T1--> T2 is called aCi (apartness) isomorphism, if 

Vfl e T2 atr  ~ T1 (h(tr) = fl). 

Let F be an apartness field and n ~ to. Then F ~ is an n-dimensional apartness 
/ 

vector space over F. If m,  n ~ to and a function h :F~--> F m is a homomorphism, 
then h can be expressed as an m x n matrix (aij) over F. The determinant of an 
n x n matrix M, det M, is the well known polynomial in n 2 variables. 

Theorem 1.2.3. I f  F is an apartness field, h : F n ~ F ~ is  a homomorphism and M 

is the n x n matrix o f  h, then 

(1) V ~ F " ( ~ # 0 + - > h ~ : ~ 0 )  i f f  d e t M # 0 ,  

(2) M is invertible i f f  det M ~ 0. 

The proof is in Ruitenberg [10]. 

1.3. Global intuitionistic set theory GIZF 

A global intuitionistic logic GI is an intuitionistic modal logic that is expressed 
in the language of Gentzen's intuitionistic prediate logic in [2] with an additional 
logical symbol []. The new logical symbol [2 for modality is called globalization 
and read 'it is globally true t h a t - . - '  A sequent of GI is of the form 
A1,  • .  • ,  A~  ~ B  or  A1 ,  • .  • ,  An ::~ w h e r e  n ~>0 and A1,  • • • ,  A~,  B are formulas .  

The axiom schemata and inference rules of GI are those of Gentzen's intuitionis- 
tic predicate logic LJ plus the following G1-G4.  

G1. [=L4 ~ A ,  

G2. EL4--, nB:~O(CL4~ B), 

~3. Vx ~ t ( x ) : ~ O V x  A(x), 
E1A1, • • . ,  ElAn :~ B 

(34. 
K1AI, . . . , E1An ==> [:3B " 

Let ~2 be a cHa ~(X) of open sets of a nonempty topological space X, and 
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denote 3x (x e a) by a ~: 0. Then: on g2, 

(1) a=O<--~ ,(a~O), 

(2) 1 =/= 0, 

(3) aAb~O--->a~OAb~O, 

(4) A cK2A V A  ~O---~3aeA (a~O), 
(5) (a~O.--->a<-b)-'-~a<~b. 

A predicate ~ 0 on a ella satisfying (1)-(5) will be called an apartness from O. 
Let £2 be a ella on which apartness from 0, a ~ 0, is defined. Then an operation 

[] on K2 given by 

(1.3.1) I - l a = V { v e ~ 2 l a = l }  

satisfies the following condition corresponding to G1-G4. 

[]1. []a ~< a, 

D2. [qa ~ []b ~< [](l:]a ~ b), 

1-13. Ai rqai <~ l'-I(Ai ai), 

[ ] 4 .  [ ] a i  ^ • • • ^ I:3a,, ~< b i m p l i e s  1:3al ^ • • • ^ l- la, ,  ~< r-lb. 

An operation ID on a ella is called a globalization if it satisfies Vll-r"i4. 
Let V be our universe of ZF~, ~2 be a ella with apartness from 0 and let lq be 

the globalization on K2 given by (1.3.1). V <~) is then a model of GI, and if 
q0(Xx,. . . ,  x,) is a sentence in which all quantifiers are bounded, then 

x,)  iff 1 on 

hence V is embedded in V (~) as a submodel, where we identify two members x 
and y in V (a) if |x = y] = 1. We introduce a predicate ek(x) to mean that x is a 
check set, i.e. 

( 1 . 3 . 2 )  [ c k ( x ) ]  = V | V l ( x  = ~)] 
z ~ V  

and a function ~r on V (°) defined by 

(1.3.3) sr(x)=[[O~.x]". 

Then the truth value [q0] of a sentence q9 on Vta) is expressed as ~r{x e l:q~} 
(=I 1 v) in 

The global intuitionistic set theory GIZF introduced in Takeuti and Titani [13] 
is an intuitionistic set theory governed by the global intuitionistic logic GI with 
symbols ck and ~, for which the above V (°) with the interpretation (1.3.1), 
(1.3.2), (1.3.3) is a model. We call the model V (~)) a standard sheaf model of 
GIZF. 
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Nonlogieal axioms of GIZF are as follows, where we denote Ul(x =y) ,  
t.J i s  i i  

1:3(x e y ) ,  Vl(x ~ y )  by x =y ,  x •y ,  x ~ y ;  I:](cp---* ~p) by qo--~ ~p; and Vx (x •y--* 
tp(x)), 3x (x • y  ^ tp(x)) by Vx • y  qg(x), ::ix ey  tp(x), respectively. 

[ ]  [ ]  D AI ' .  Equal i ty  ax ior~:  u = u, u = v--~ v = u, u = v A v = w---~ u = w, u = v ^ 
[] [] 

u e w - - - > v •  w ,  a n d  u = v  A W •  u - - ~ w  ~ v .  

A 2 ' .  Extensionali ty:  V z  (z  • u ~-~ z • v )  a--> u = v. 
D 

A3'. Pairing: :Ix V z  (z  • x ~ z = u v z = v )  

A4'. Union: =Ix V z  (z  • x ~ : i y  • u (z  • y ) )  

A5'. Power-se t :  :ix V z  (z  o •x, Vy ez  ty eu)) 
A6'. e- induct ion:  Reg q0(x) ^ Vx (Vy • x  q00,)~ qg(x))~ Vx q~(x). 

where Reg q0(x) stands for Vx, x ' ( x  = x '  A qg(x)---> qg(x')). 
[ ]  

A7'. Separation: Vx  :iy V z  [z • y ~ z  e x  ^ : i z ' ( z  = z '  ^ q0(z'))]. 
i:2 

A8'. Collection: Reg~ q0(x, y)_.~o :Iv [Vx e u :Iy tp(x, y)__~o Vx • u :Iy • v 
tp(x, y)], where 

Reg~ tp(x, y) stands for Vx, x' ,  y (x = x '  ^ tp(x, y)---> tp(x', y)). 

A9'. Infinity: 3 x  I"i(:Iy (y ex )  ^ Vy • x  :Iz ex  (y • z ) ] .  

A10'. A x i o m  o f  check sets" ck(u) ~ I"lVx e u =ly ~ u (ck (y) A y = X). 

A l l .  A x i o m  o f  inner valuation: 

Vx (x ~ 1 ---> ck(~r(x))] ^ Vx, y [x ~ 1 ^ y ~ 1-~m (x _.o Y ~ :r(x) = :t(y))]. 

It is obvious that every theorem of ZFI is provable in GIZF. Let W be the class 
of check sets, 

W =  ( x : ~ c ' ( x = x '  a ck(x'))}. 

The quantifiers relativized to the check sets, Vx ( c k ( x ) - , - . . )  and 3x (ck(x)^ 
• .-) are denoted by 9 x - - .  and ~ x - - - .  If ~ is a formula, then the result of 
replacing all quantifiers Vx, 3x in ~ by 9x, ~lx is denoted by q~w. AW for axioms.4 
of ZFI and 9x  (x e W) are provable in GIZF. Hence W is a model of ZFI 
interpreting Vx and Rt as 9x and ~x, respectively. Each sentence ~ of GIZF is 
equivalent to 0 • {t e 1: ~} ~ 1. We call ~t(t • 1 : ~} the inner truth value of ~. 
Now let H be the set of inner truth values, i.e. 

H-- {p'~IX (X~ I Ap=~(X))}. 

Then H is a check set and a cHa in W, i.e., 

ck(H) ^ (H is a cHa) 

Thus, we can construct the H-valued sheaf model W H in W. It is proved in [13] 
that the sheaf model W H represents the universe, that is, 
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Theorem 1.3.4. L e t  ['n be the evaluat ion  in W H and  [q~l be  the inner  truth va lue  o f  

cp, :r{t  e 1 : ¢p}. T h e n  there exists a f unc t i on  F on W n such  that  

(a) ¢¢x1, . . . , x ,  e Wn([qg(x~,  . . . , xn)] = ]q0(F(x i ) , . . . ,  F(xn) ) l ) ,  

(b) Vu e W"(F(x)£u). 

As a result of Theorem 1.3.4, we have 

Corollary 1.3.5. [q0(Xl , . . . ,  x,,)]~= 1 in W n i f f  [] f~(F(x1),  . . . , F(xn) ) .  

2. Intuitionl,tic sheaf theory and sheaf model V °~} 

Here we discuss sheaves and sheaf models in the intuitionistic set theory Z F  I. 

Algebraic systems such as rings and modules in V <a) are sheaves of the 
corresponding algebras viewed externally. Thus, in ZF~ we can define a 
cohomology group of Q with coefficients in V <a) as a cohomology group with 
coefficients in a sheaf. 

In what follows, Definition and Theorem are those in ZFI unless otherwise 
indicated. Those in other set theories will be followed by the name of the set 
theory, e.g. Theorem 2.4.1. (ZFC). 

2.1. Sheaves  a n d  s h e a f  representations 

The following definition of sheaf is from Fourman and Scott [1]. 

Definition. A p r e s h e a f  over  a cHa K2 is a set A equipped with maps E : A ~ ~2 
and [:A x Q ~ A  satisfying: 

(1) a [0= b [0, 
(2) a lEa  = a, 
(3) E ( a [ p )  = E a  ^ p ,  

(4) (a[p)[q - a l p  ^ q. 
for all a, b e A and p, q • K2. 

Dellmition. Members f, g of a presheaf A over I2 are said to be compat ib le  i f  

f [ E g  = g  [Ef. A subset F of A is compat ib le  if the elements are pairwise 
compatible. 

Defmition. A presheaf A over I2 is called a shea f  ove r  £2 if for any compatible 
subset F of A there exists a unique g ~ A such that 

(1) f e F - - - * g [ E f = f ,  

(2) eg= V { f:f eEL 
g is called the lo in  of F and denoted by v F. 



Global intuitionistic analysis 315 

If A is a sheaf, then the subset {f e A : E f  = p } is denoted by F(p,  A). 

We now consider [ on a sheaf model V (~). 

Definition. If u • V (a) and p e ~ ,  then u [p is an element of V (~) defined by 

~ ( u [ p ) = ~ ( u )  and ( u [ p ) ( t ) = u ( t ) A p .  

Then it is easy to see: 

Lemma 2.1.1. For u ~ V (a) and p • £2, 

p<- [ u=u [ p]  and [ t e u [ p ] = [ t ~ u ] A p .  

Definition. u e V (a) is called a sheaf representation SR if 
(1) for each x e ~ (u ) ,  [x =x[[x • u U =  1 and u(x )=Ix  e u~, i.e. u is definite, 
(2) for each v e V (a) there exists v '  e ~ ( u )  such that Iv • u] ~< Iv = v'~, 
(3) if v • ~ ( u )  and p • ~2, then v[p  • ~ (u) .  

We will show that each member u of V (a) such that ~¢x • u3t e x] = 1 is 
represented by a sheaf. 

Remark. A relation - on a set X is an equivalence relation if O) a ~. b---> a • X A 
b e X ,  (ii) aeX--->a ~a ,  (i:fi) a, b ~ X a a - b - - - > b - a ,  and (iv) a, b, c • X A a - -  
b A b - c - - - > a ~ c .  Let the equivalence class containing a, { b • X : b - a } ,  be 
denoted by [a], and the quotient set, {[a] :a • G}, by G/--. Then it is obvious 
that a ~ [b]<-->a -.~.b and [a] = [b]<-->a - b  for a, b eX .  The relation - on V (a) 
defined by: x - y  <--> Jx = yJ = 1 is an equivalence relation. We denote V ~ ) / ~  and 
Ix] simply by V (a) and x when this does not cause confusion. 

Lemma 2.1.2. For each member u of V (a) there exists a SR u' in V (a) such that 
[u = u'] = 1. 

Proof. Define v • V (~) by: 

~ ( v ) = { x [ [ x e u ] : x • ~ ( u ) } ,  and v ( t ) - -~ t •u]  f o r t e S ( v ) .  

Then [u = v] = 1 and v is definite. So we assume that u is definite. Let 

D = {x [p :x e ~ (u) ,  p • £2} and 

E t = I 3 x ( x • t ) ^ t ~ u ]  for t • D. 

Then D is a presheaf, and each compatible subset A of D has its join vA in V (a), 
where vA is defined by ~ (vA)= l . . Jo , . , t ~a  and ( v A ) ( t ) = V a ~ a [ t • a ] .  The 
desired SR is then defined by 

~u'  = { v A : A  ~_ D compatible}, and u'( t )=[t  e u]. 
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Definition. A set u is said to be special if each member has an element, i.e. 
Vx e u ~t e x. 

Theorem 2.1.3. I f  a member u of  V (a) is SR and special in V(~)(i.e. [Vx e u 
~t e x ] =  1), then (~u,  E, [) is a sheaf, where Ex =Ix e u]. 

Proof. x = x [Ex for x e ~u,  since u is definite. For x e ~u  and p e g2, E(x [p) = 
Ex ^ p follows from: 

[p ) = [p  u ^ (t e x [p )] = [p ul ^ p = Ex ^ p .  

If A c ~ u  is compatible, then Vo~a Ea = E ( v A )  and Va eA(a  = v A  [Ea). From 
these properties it follows that (~u ,  E, D is a sheaf. 

I)efmil ioa.  If u is a special set in V <a) and u'  is a sheaf representation such that 
[u = u ' ]  = 1, then the sheaf (~u ' ,  E, [) determined uniquely by u is called the 
sheaf representing u and denoted by a. The function E on ~ is written as E~ if it is 
necessary to indicate ~. 

Theorem 2.1.4. Let $1 and $2 be special sets in V (~). I f  f is a function $1"-> $2 in 
V (~), then there exists a unique function g :$1"" ~ such that for each a ~ $1 

(2.1.4.1) E&g(a)= E~xa =[(a, g(a)) ef].  

Conversely, if  g : S1---> ~ satisfies E ~ ( a  ) = E ~la and g(a ) [p = g(a [p ) for a e S1, 
then there exists a unique function f : S1---> $2 in Vta) satisfying (2.1.4.1). We denote 
the function g: S}1"-> & by : .  

Proof. If f is a function $1---} $2 in V (a), then 

Ia e $1] <~ [::l[ c e $2 ((a,  c)  e l ) ] .  

Hence A = {c e ~ :  c = c [[(a, c) ef~ A Ea} is compatible. The function a ~ vA is 
the desired f. For the second part, define f e Vta) by 

~ f = { ( a , g ( a ) ) : a ~ S 1 )  and f ( ( a , g ( a ) ) ) = E & a .  

Since ($1 x $2)- ~ $1 x $2, we have: 

Corollary 2.1.5. Let $1, $2, $3 be special sets in V t~). f f  f is a function $1 x $2---, $3 
in Vta), then there exists a unique function g : ~ l x ~ - ~  such that for 
ax E a2 &,  

(2.1.5.1) E~g(a l ,  a2) = E&aa ^ E&a2 = [ ( ( a , ,  a2), g(al, a2)) e f ] .  

Conversely, if g: $1 x ~ - - ,  ~ satisf~s 

E&g(al, a2)= E&al A E&a2 and g(al, a2)[p =g(a~[p, a2[p) 
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for (al, a2~ ~S1 xS2, then there exists a unique function f:S1 xS2--->$3 in V (a) 
satisfying (2.1.5.1). We denote the function g:S~ x ~ - - ,  $3 by f .  

Delinilion. Let :~ be a relation on a sheaf (9 ~, E, [) over  12 such that 
a ~ b - ,  a [p ~ b [p for a, b e Ee and p ~12. Let 

[a =fib]= V { r~< Ea ^ Eb :a[r~  b [r}, 

[a = b] = V { r<~ Ea A Eb :air= b Jr}. 

Then ~: is called an aparmess on 6e if 
(1) [a = bl = Ea A Eb ^ ~[a ¢ b], 
(2) Ec A[a rbl< [a rc]v[b¢c]. 

If ~: is a relation on a special set S in V (a), then we define a relation ~ on S by 

a ~ b iff Ea A Eb <~ [a ~ b ]. 

The following lemma is immediate from the definition. 

Lemma 2.1.6. I f  ~ is a relation on a special set S in V (a), and [a = b], [a ~ b] are 
defined on S as above, then 

[ a = b ] = E a A E b  A [ a = b ]  and [ a ~ b ] = E a A E b  A[aebl l .  

Hence we have: 

Tbeo~m 2.1.7. Let S be a special set with a relation ~ in V (°). Then ~ is an 
apartness on S in V (m iff ~ is an apartness on the sheaf S. 

Definition. Let 5e be a sheaf over 12 and let + , .  be operations on 5e. Then 
(6e, + ,  .) is a sheaf o f  rings over 12 if 

(a) for each p e 1"2, F(p ,  6e) = {a e 5": Ea = p } is a commutative ring, 
(b) For p,  q e 12 with p ~< q, the restriction a ~-~ a [p is a homomorphism of 

r(q,  ~)  into F(p, ~) .  
A sheaf of ring (,Y, +,  -, ~:) with apartness ~ is a sheaf of apartness rings over 

12 if 
(c) [a¢b]AEc<<-[a+c¢b+c], 
(d) [a~ b] A [c¢O]<~[ac~ bc]. 
A sheaf of apartness rings (Ae, + , . ,  ~ ,  1) with unit element 1, i.e., Va e 

( a .  1 = a),  is a sheaf of  apartness fields over 12 if 
(e) 1 ~ O, 
(f) for each a e ,Y with a ~ 0, there exists a -1 e 5e such that 

Ea -1= Ea = [a -1 ~ 0] A [aa-l = 1]. 

Theorem 2.1.8. Let S be a special in V (°), +, • be operations and ~ be a relation 
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on S. Then: 
(1) (S, +, .) is a ring in V (a) iff (S, -T-,z) is a sheaf o f  rings over £2. 
(2) (S, + , . ,  ~)  is an apartness ring in V <a) iff (S, ~-, =, ~ ) is a sheaf of  

apartness rings over £2. 
(3) (S, + , . ,  ¢ ,  1) is an apartness field in V (~) iff (S, Yr, =, ~ ,  1) is a sheaf of  

apartness fields. 

I ~ L  Straightforward by using Theorem 2.1.3, 2.1.5 and 2.1.7. 

Definition. Let ~ be a sheaf of rings over ~2. Then a sheaf ff over ~2 with I 

operations +" ff x ff---~ ff and -" ~ x if---> ff is called a sheaf of  ~-modules over 

(a) F(p, if) is a F(p, ~:)-module for each p e ~2, 
(b) if p, q e £2 and p ~ q, then the restriction ~ ~-~ ~ [p is a homomorphism of 

r(q,  Y) into F(p, Y). 
If ~ is a sheaf of apartness rings over ~2, then a sheaf ff of ~-modules over ~2 

with apartness ~ satisfying the following (c), (d) is called a sheaf o f  apartness 
~-modules. 

(c) [aolea'ol ']<~[a~a '] v [ t r~  t~'] for a, a '  ~ ~, a', a" e Y, 

(d) [o: + f l ~  ol' + fl'l<~[tre tr'] v [ f l ~  fl'] for tr, tr', fl, fl' e f t .  

Theorem 2.1.9. Let F, S be special sets, F be a ring and + : S x S---, S , .  : F x S---> 
S in V (~). Then (S, +, .) is a F-module in V (~) iff (S, ~-, .-) is a sheaf of  
F-modules. Further if F is an apartness ring and ~ is a relation on S in V (Q), then 
(S, + , . ,  ~)  is an apartness F-module in V (~) iff (S, Yr, =, ~ ) is a sheaf of  
apartness F-modules. 

Proof. Similar to Theorem 2.1.8. 

In what follows we assume that all algebraic systems are special sets. 

Defiailion. Let ~ be a sheaf of rings over £2 and (if1, Et, [1), 
sheaves of ~ -modules  over £2. Then ffl is a subsheaf of ~2 ff 

(a) Yl Y2, ElCE2, [1= [2, and 
(b) F(p,  if1) is a submodule of F(p, if2) for each p ~ £2. 

(if2, E2, [2) be 

Theorem 2.1.10. Let F be a ring and $1, $2 be F-modules in V (m. Then $1 is a 
submodule of  $2 in V (m iff $1 is a subsheaf of  ~ .  

Proof. If $1 : ~ m V (m, then for a e $1, 
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hence, $1 c $2 in V (a) iff 'Ca e ~ql (la e $1]! = [a e $2]), and thus the theorem follows 
immediately from Theorem 2.1.9. 

Definition. Let 3~ be a sheaf of tings over D and 6e~, 6e 2 be sheaves of ,~-modules 
over Q. A mapping h : 5el---, 5e2 is called a sheafhomomorphism (isomorphism) if 

(a) h :F(p,  3"0-* F(p, 3'2) is homomorphism (isomorphism) for each p ¢ D, 
and 

(b) h(oOfp =h(oc[p) for each ot e 3"~ and p e t2. 
If Sex, 6e2 are sheaves of apartness ~-modules over D,  then the sheaf 

isomorphism h : 5el--* 3"2 such that 

V~, ~ ~1 (a~=fi/~--->h(a~) ¢ h(/~)) 

is called an apartness sheaf isomorphism. 

By using Theorems 2.14, 2.1.7, 2.1.8 we have: 

Theorem 2.1.11. Let F be a ring and $1, $2 be F-modules in V (u). Then h : St---> $2 
is a homomorphism (isomorphism) in V (~) iff [~ : $1-" ~ is a sheaf homomorphism 
(isomorphism). Further if $1, $2 are apartness F-modules in V (a), then h : $1-1-* $2 
is an apartness isomorphism in V (~) iff h:S1--->S2 is an apartness sheaf 
isomorphism. 

In ZFC if D is a ella 0(X) of open sets of a topological space X, then special 
sets and mappings in V (~) are the sheaves and sheaf mappings in the usual sense. 
Namely, let u be a special set in V <°). Then let 

u =  f) x a Ix u])/.-. 

where (xl, ]1) "~ (x2, A) iff xl = x2 E If1 -"fJ .  We denote the equivalence class 
containing (x, f )  by fx. U is a topological space with the set of {fx e U :x ¢ If  ¢ u]} 
for f ~ t2 as its open base. Then U and the mapping ~r :f~--* x form a sheaf in the 
usual sense. If Sx, $2 are special sets and h is a mapping of Sl into $2 in V (''), then 
the mapping H :fx <--> (/~f)x is a sheaf mapping in the usual sense. In what follows, 
we identify U with a, H with/~ and the mapping x <--'fx on Ef  with f. 

2.2. Properties of  cHa 

In this section we assume that D is a cHa with apartness from 0 (~ 0). 

DeJnilion. A subset {p,,},,~ of K2 indexed with a set A, i.e. p :A-- ,  D, is called a 
covering of  D if V ~ A P ~  = 1. A covering {p,,},,~ is locally finite if A satisfies 
Vtr, fl EA (tr - f l v  ---air = fl) and there exists a covering {qt3}t~n of D such that 
{t~ c A[qt j  ^ p~ ~ 0} is finite for each f l¢  B, where 'F is finite' means that there 
exist n E to and a bi jeet ionf:n-- ,F.  D is paracompact if every covering {P,,},,~A 
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of $2 has a locally finite refinement {qa}t3~a with s:B---~A, that is, a locally finite 
covering {qa}~.B of K2 and a function s'B--->A such that qa ~<P, ts) for each 
#cB. 

Lemma 2.2.1. Let S be a module. A be a set such that rot, fl c A  (t~ = fl v 
--atr= fl), and m, n c o9. I f  f : m---> A and g : n---> A are one-to-one functions and a 

f-unction h : A --> S satisfies: 

VctcA (h(t~) = 0 v =li<m (f(i) = re)) 

and Voc c A  (h(oc)=Ov =lj < n  ( g ( j ) = a 0 )  , 

then ~i<mh( f ( i ) ) ' "  ~q<nh(g(j)). 

Proof. We proceed by mathematical induction on max(m, n). By the assumption 
we have three cases: 

Case 1. If h ( f ( m -  1))= 0 and h ( g ( n -  1))=0 ,  then it is obvious from the 
induction hypothesis. 

Case 2. If there exists i < m such that f ( i )  = g(n - 1), then definer '  : (m - 1)---, 
A by 

f ' ( k )  = [ f ( k )  if k <i ,  
[ f ( k  + 1) if i <<-k < m - 1 ,  

and let B = A - {g(n - 1)}. By induction hypothesis we have 

h( f (k ) )  = ~'. h ( f ' (k ) )  + h(g(n - 1))= ~ h(g(j')). 
k < m  k < m - 1  j < n  

Case 3. If there exists j < n such that g(j') = f ( m  - 1), then the proof is similar 
to Case 2. 

Theorem 2.2.2. Let {P~}~.A be a locally finite covering of  t2, S be a module in 
V (t~) and {s~},~,t c V (m. I f p  c ~2 and for  each oc c A  

p = c S l  = Ol v 

then E,,.A s,~ can be defined as a member o f  V Ca) such that [ ~  so, c S] = p. 

Proof. Define h : t [ ~ S  with h( i~)=s~ in V tin. Since V ~ , # c . ~  ( ~ = ~ v  
-~tr = fl) in V ta), it will suffice by Lemma 2.2.1 to show that: 

p <-..[=ln c (o =lf :n 1-1~ ~ Vtr ~ (h(tr) = 0  v 3i < n  f ( i )  = tr))]. 

Let {qa}js~n be a covering of K2 such that {oc¢Alql3 ^ p ~ 0 }  is finite for each 
fl e B. Let fl c B and P,~0,-- . ,  P,~.-~ be all the elements of {p,~} with nonempty 
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intersection with qt3. We now define f :  ~ --->t[ with f(D = t~i, i < n. Then 

~o~ [s~ = O] >~ P ^ qn. [Va~ eJ[  (h(a 0 = 0  v 3i < ~  ( f ( i ) =  a~))] = ,,÷ .... ,~-, 

Since V#~n qp = 1, the left side is larger than or equal to p. 

Definition. A ella K2 is said to be normal ff for p, q ~ ~2 such that p v q = 1 there 
exist r, s e K2 satisfying r ^ s = 0, p v r = 1 and q v s = 1. 

Z 3. Cohomology with coefficients in V (~) 

The cohomology of a c H a / 2  with coefficients in a sheaf is defined as follows: 
Let £2 be a paracompact cHa and Se be a sheaf of modules over £2. Let 
ad = {ui}i~1 be a locally finite covering of £2 and q e to. A q-cochain o o f  all with 
values in 5f is a function Iq+l--> 5f which assigns to (io, •. • ,  iq) ~ I q+l a section 
a(io, . .  • ,  iq) e I'(u,o ^ . . .  ^ ui~, 5?) so that o(io, . . . , iq) is an alternating func- 
tion of (i0,. • •, iq). The  set cq(all, ~ )  of all q-coehains of ~d with values in 5e is a 
module. A coboundary operator 6 from Cq(~d, Se) to Cq+~(~d, 6e) is defined as 
follows: If a ~ cq(all, S¢), then 

q + l  

( 6 o ) ( i o , . . . ,  iq+l)-" X ( - l y o ( i o , . . . ,  ~p . . . ,  iq+l), 
j=o 

where the notation [i means that the index ij shall be removed. From the 
definition of 6 it follows immediately that 6 o 6 = 0 and 6 is a homomorphism. If 
we introduce 

zq( z, = (o  cq( , se) I a o  = 0), 

the module of q-cocyles with values in 5e, then the module of q-coboundaries 
6 c q - l ( ~ ,  6e) = {~o  I o e c q - t ( ~ ,  5e)) is a submodule of Zq(aU, ~) .  We can 
therefore introduce the quotient model 

Hq(~Z, y )  = zq(~z, y ) / a c q - ~ ( ~ ,  Se) and ~ ( ~ ,  Se) = Z°(~Z, y )  

which is called the qth cohomology group o f  all with values in ~'. 
Now let ~" = {vi}jo be a locally finite refinement of ad with s :J---> I, that is, 

vi<~u,¢i) for every j eJ .  If o e C e ( ~ ,  Sf), we can define a cochain H ~ o ~  

C ~' (W, Sl') by setting 

(n-)0 : o , . . . ,  = a ( S ( i o ) , . . . ,  sq , ) ) [V io  ^ . . .  ^ v j .  

$ $ 

This map II~ commutes with 6, so it induces a map rlu:Hq(all, Sf)--,Hq(~l/', ,9 °) 
which does not depend on the choice of s : l--} L By ~ > ~t we mean that ~" is a 
refinement of ~d. > is a partial order on the set of locally finite coverings, and for 
any two locally finite coverings ~ ,  ~ there exists a locally finite covering which is 
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a refinement of both of ~d and 7. We can therefore introduce the direct limit 
Hq(12, Sf) of the modules Hq(ad., 3') and call it the cohomology o f  12 with 
coefficients in 5/'. If S is a module in V (n), we define Hq(12, S) as  Hq(12, (~). 

We can prove the following theorems for a paracompact cHa 12. 

Theorem 2.3.1. I f  6e is a sheaf o f  modules over 12, then 1-1°(12, 5/') = F(1, 5e). 

Theorem 2.3.2. I f  5/' is a sheaf of  modules over 12 and all is a locally finite 
covering o f  12, then the canonical mapping l-I u :HI(~/, 5f)---) H1(12, ,9') is injective. 

If Se and ,5/' are sheaves of modules over 12, then a sheaf homomorphism 
h :,Y---, ,Y' induces a homomorphism h :cq(ad, 6/')---> cq(all, 6/"), h :Hq(~/, 5e)---~ 
nq(all, ,~') and h:Hq(12, cf)-->Hq(12, ~f') in natural way. For convenience w e  

write simply Ha(6 e) instead of Hq(12, 6/') and Hq(S) instead of Hq(S) if S is a 
module in V fa). 

2. 4. Exact sequence 

In the set theory ZFC, let ,9, 6e', Se" be sheaves of modules over a normal 
paracompact ella f2 and g, h be sheaf homomorphisms such that 

0---) 5?' - - ~  Y h , ~,._+ 0 

is exact. 
Then the following theorem is proved as for (~ech cohomology. 

Theorem 2.4.1. (ZFC) There exists a homomorphism 6* " Hq (,~")--) Hq+ l( ~f ') for 
each q >- 0 such that the following sequence is exact: 

0--~ H°(5 ~') ¢ ,/-/0(5 e) h , HO(ba,) , s -  H~(5,,,) 

---.H*(Y) h , H~(ff,,) 6", H2(y,)...... 

--~Hq(5~) h , Hq(~p, ) 6" ~ Hq+,(bD,) ~ ) Hq+~(bv)__~. . . 

2.5. Fine resolution 

Let 12 be a normal paracompact cHa in ZFC. 

Deiiniflon. (ZFC) A module S in V ~°) is said to be fine ff for every locally finite 
covering {u~}i~ of 12 there exists a set {h~}~1 of homomorphisms h~:S---~ S in V ~a) 
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such that 
(a) for each i e l  and tr eS,  [tr eS]<-.[hi(tr)=O]Vui,  
(b)  e S = 1 

Remark. In the above (b) Ei¢i hi(cO is well defined by Theorem 2.2.2. 

Theorem 2.5.1. (ZFC) I f  a module  S in Vta) is fine, then H q ( s )  = 0 for  q >I 1. 

Proof. Let q /=  {ui}~z be a locally finite coveting and o e zq(all, S). Then we 
prove that o is a coboundary. Since S is line, there exists a set {hi}iet c V (~) of 
homorphisms hi : S---> S in V <a) satisfying (a), (b). Define r e c q - t (  ql, S)  by 

r ( k l ,  . . . , k q ) =  ~ (hio)(i,  k l ,  . . . , kq). 
i e l  

Then we have fir = o. 

Definition. (ZFC) Let S, A °, A x , . . .  be modules in V (s~). Then a sequence of 
modules in V <a) 

( R ) O---> s i--> A ° a--% A l a-~ • " . ---> A q -  l a-~ A q ---~ • . .  

is called a f ine  resolution o f  S, if the corresponding sequence of sheaves 

(/~) 0__+ ~ .2.> ~6/~  A'-~._+,, . . . + ~  a ~ - _ . + . . ,  

is exact and all of A °, A I, . . .  are fine. 

The following theorem follows from Theorem 2.4.1 and 2.5.1. 

Theorem 2.5.2. (ZFC) f f  (R)  is a f ine resolution, then 

H°(d.4q -1) 
nq(S) = dHo(aq_s) (q >11) 

2. 6. Real  and  complex  numbers  in V <a) 

Here we assume that 12 is a cHa ¢7(X) of open sets of a complex manifold X 
and construct the standard sheaf model V <Q) of GIZF in ZFC. By a complex 
manifold we mean a paracompact complex analytic manifold. It is known that the 
set R a (or C a) of all real (or complex) numbers is a complete apartness field in 
V (•), where u :~ v iff u < v v v < u, and is represented by the sheaf ~ (or L_C a) 
of germs of real (or complex) continuous functions, that is, each u e R o is 
represented by a continuous function V of Eu into R such that 

r < u ( x )  iff x e I ~ < u ]  f o r r E Q  
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and each u + iv e C ' ' B  by _u + i r  : Eu N Ev---> C.._._.We identify _u with u if it does not 
cause confusion. It  is obvious that  for u, v • C a 

x • lu 4: vl  ¢ 

Let R ®, C ®, ~ be the subsets of C a i n  V (a) such that  R '~=,  C**"~ ~e are sheaves of 
germs of real valued C®-funetions, complex valued C%functions and holomorphic 
functions, respectively. That  is, 

= (u • R-' I u:Eu--->R is C-~-function}, 

R®(u) = Eu, 

and similarly for C = and ~ .  Then it is obvious that in V(a): 
(1) R ®, C ®, ~ '  are subfields of C a, 
(2) ~ is complete,  that is, every Cauchy sequence convergences in ~ ,  
(3) C = = R ® + i R  ®. 
It is known that  for any covering ad of X there exists a partition of unity 

{q~p}a~n subordinate to q/. Hence we have: 

Theorem 2.6.1. (ZFC) For any covering ql o f  f2 there exists a locally finite 
refinement { vj }s ~s and { aj }j ~s c R** such that 

(a) Eas(=~as•R~)=[as=O]"vs  = I for each j • J .  
(b) aj = i n  = z.  

Theorem 2.6.2. (ZFC) R**-modules and C®.modules in V (a) are fine. 

Proof. Let S be a R®-module in Vtm and let {vs}s,s be a locally finite covering. 
Let {as}s,s be the set =_ R** satisfying (a), (b) in Theorem 2.6.1. Then the mapping 
hs:a ,-> asoc of S into S satisfies [a~ • S] ~ [h j (~ )=  O]"v s for each j e J and a~ • ~, 
and [ol • S] <~ [Ej~  hs(oc) = o~] for a~ • S, that is, S in V (a) is fine. Since R ® c C ®, a 
C%module in Vta) is also fine. 

Let {(u,  z~)}iEt be a system of coordinate neighbourhoods of X, where 

C" z~: u~ ~ for i • L The notion of vector field on X is translated into the language 
of ZF~ on V (m as follows. Let T be the set of ~:-linear derivation on C = in V <°) 
that is, the set of mappings D" C=--* C = such that 

'¢a e ~  Vf, g • C  ® (D(af  + g ) = a D f  + Dg) 

and 

Vf, g e C = (D(fg) = (Df)g + f(Dg)).  

Then T is an apartness vector space over the apartness field C = in V (a), where 
D1 # D2 iff 3 f  e C = (D~f# Dzf) for D1,/92 • T. 

If D • T and p e ED = [D • T], then the mapping 1)9 :f  ~ (Df)(p) for f • C ® 
with p • E f  = [.f • C =] is a tangent vector at p, and ~O :p ,--> Dp is a vector field on 
E(D). 
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Further, for each i • L there exists ~pt, ~p~ • C ® such that 

(a) D_ = ~ ¢pk-~zki+ ~ ~P~--g~-_k o n E ( D ) n u , ,  and 
k=l  k = l  CtZi 

k~n 

Let  D ~ , . . . ,  D2~ be mappings of C ~ ru~ into c ~ in v °a) such that D~ = a la z7  
and _D~+, = 3/a2} ~ for ac = 1 , . . . ,  n. Then we have: 

Theorem 2.6.3. (ZFC) (1) ui<.|Dl ,  . . . , D ~ f o r m  an apartness basis o f  T]. 
(2) ui <~[[Do,, D/3]=O]for tr, f l =  1 , . . .  , 2n, where [D~, D/s]= Do, Do - DoD~. 
(3) Ui<<-[~f E C  ® ( D j = D , + j ) ] f o r  t ~ = l , . . . , n .  
(4) ui<~[~ = {feC®:n  < V ~ < 2 n  (Dff=0)} l .  
(5) ui-<[~ = { f e C ® : V ~ < 2 n  ( D j ' =  0)}B. 
(6) I f  u i < ~ [ H o , . . . ,  Ilk e T are apartness linearly independent over C ®, 

H~H~_g.= H~H~, f o r  oc, fl <<- k and f E C ®, H~f = . . .  = H~f  = 0], then there exists 
h ~ C ® such that ui <<- Eh ^ [Hoh = f  and Hlh  = . . .  = Hkh = 0~. 

Further, J:or an open set U o f  ~ k  and a holomorphic function h = h(  ~l, • . . ,  ~k) 
f rom U into ~ in V tin, let 

(J= {(p, tl ,  . . . , tk) ~ x  × Ck:p  e~(tl,  . . . , t~) ~ U~}, 

h_ (p, tl ,  . . . , tk) = h(t~, . . . , tk)(p) f o r ( p , h , . . . , t k )  e_U. 

U is an open set o f  X x C k and _h is a holomorphic function (cf. Rousseau [9]). 
D~h is defined as a holomorphic function on U such that D¢h = (a/~z~h_. Then: 

(7) ui <~ID~ o~-~B h =a~-~B D~h I for  cr = l ,  . . . , n, fl = l,  . . . , k. 

(8) I f  u i < ~ [ ( f l , . . .  , fk)  is a holomorphic function f rom an open set A o f  ~(k 
into U a n d  g = h ( f l ,  . . . , fk)] ,  then 

u i ~ Do~g = ( D , h ) ~ l , . . . ,  f~) + ~ h ( f l , . . . ,  fk)" D~f~ on  A . 
/~=1 

3. Global intuifionistic analysis GIA 

The global intuitionistic analysis GIA is a global intuitionistic set theory with 
constants C =, ~ ,  Co, that is interpreted as the set theory on V tu) given in § 2.6. 

3.1. Ax ioms  o f  G1A 

The axions of GIA consist of those of GIZF, i.e. A I ' - A 9 ' ,  A10 and A l l  and 
extra axioms for the new constants. In GIZF the class of check sets W = 
(x I ~x ' ( x  = x')} is defined and proved to be a model of ZFI interpreting Vx tp(x) 
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and Rr tp(x) as ~'x qg(x) and ~x tp(x). It is known that there is an isomorphism F 
between the universe and a sheaf model W ~ constructed in W, that is, 

~/x ~ W" ::I! y F(x, y) a Vy ~x ~ W n (F(x) a=y) 

^ :¢x,,..., x,, ~ w" ([~(xl,..., x,)] = l~(F(xO,..., F(x,))I) 

where ~.] is the evaluation in W n and [¢Pl is the inner truth value of (p, 

I ~ l = ~ { x  E I : ~ } .  
The extra axioms of GIA are as follows. 

i.e. 

Axiom 12. A C  TM, that is, the axiom of choice in W. Hence W is a model of the set 
theory ZFC. 

Axiom 13. C ® is a field of complex numbers such that C ® = R ® + i~ ® where R ® is 
the subfield of all reals in C ®, ~ is a complete subfield of C ~ and Co is a subfield 
of ~ such that Co -- Ro + iRo where Ro = Co f3 R®. 

By T(C ®, Co) or simply T we denote the set of Co-linear derivations on C =. T is 
an apartness vector space over C ®. 

Axiom 14. There exists a natural number n > 0  and an apartness 
{D 1, . . . ,  D 2"} for T over C ® such that: 

(a) [/Y, D k] = 0 for j, k = 1 , . . . ,  2n, where [D j, D k] = D i D  k -  D k D  i. 

(b) D"+~ = D/f  for f e C ® and j = 1 , . . . ,  n, where f is the conjugate of f. 
(c) ~ ' = { f  ~ C ® : D J f = O f o r j = n +  l , . . . , 2 n } .  

(d) Co= { f  e C ® : D J F = O  f o r j =  l ,  . . . , 2 n } .  

basis 

Axiom 15. There exists h such that the following statement is globally true: if 
Ho, . • • ,  I lk  e T are apartness linearly independent over C ® and 

[H/,/-/j]=O for  i, j = O, . . . , k and H1f = . . . = Hkf = O, 

then 

Hoh = f and  1-11h = . . .  = H k h  = O. 

Note. '¢~ is globally ture' means [:]q~. By the Corollary 1.3.5, :lh 
O ~ ( h ,  F ( x t ) , . . . ,  F(x , , ) )  ~ :~h (lop(h, Xl, .  • • ,  x,)]  = 1 in W"). 

Axiom 16. In W, H is a normal and paracompact cHa and if {P,,}~A is a locally 
finite covering of H, then there exists {g,~}~,~A c W u such that 

(a) [g~ e F-I(R**)] = 1, 

(b) V,,~.,, [~,, ÷ 0 1 =  1. 
(c) v ~  ~ A ([g~ = 0]vp~ = 1). 
(d) I ~  g~ = 11 = 1. 
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Thus GIA is GIZF + Axioms 12-16. It is obvious from §2.6 that in ZFC if X is a 
complex manifold, ~2 = fY(X), Co = (; ~ V (a) and ~ ,  C** e V (m are represented by 
the sheaf of germs of holomorphic functions, the sheaf of germs of C®-functions 
on X respectively, then the standard sheaf model V (Q) of GIZF is a model of 
GIA. We call this model a standard sheaf model o f  GIA. In what follows, V (~) 
denotes a standard sheaf model of GIZF or GIA according as £2 is cHa with 
globalization [] or ~?(X) for a complex analytic manifold X. 

3.2. deRham and Dolbeault theorem in GIA 

The deRham theorem and Dolbeault theorems can be translated into theorems 
in GIA and proved in GIA. For this purpose we first consider intuitionistic 
tensors and exterior algebras with apartness. 

3.2.1. Induced apartness 

If S is a set with apartness :~, and - is an equivalence relation on S, and if each 
element A of S / -  contains exactly one element a such that tp(a), then the 
relation ~ on S / -  given by: 

A ~ B  iff 3 a ~ A 3 b ~ B ( q g ( a ) A t p ( b ) ^ a ~ b )  

is an apartness. From this fact we have: 

Lemma 3.2.1.1. Let F be an apartness ring and S be an apartness F-module. I f  S' 
is a submodule of  S and S" ~ S such that Va ~ S :It b e S" (a - b e S'), then S/S' is 
an apartness F-module, where 

A ~ B  iff 3 a e A C I S " 3 b e B N S " ( a ~ b ) .  

Let T be an apartness vector space over a field F and {el, . . . ,  on} be an 
apartness basis for T. Then the dual space T* c F r and the dual basis 
{fl,. • •, f~} of { e l , . . . ,  e,} are defined as usual, and apartness ~: on T* is given 
by 

f~: g iff =ltr ~ T (f(tr) ~ g(tr)). 

It is easy to check that T* is an apartness vector space over F and ~ f~ , . . . ,  f~} is 
an apartness basis for T*. 

3.2.2. Tensors and exterior algebras with apartness 
Let T and S be an apartness vector space over an apartness field F such that 

n-  1 ~ 0 for nonzero n, and let { e l ,  • • • , on}, { f t , . . . ,  fro} be apartness bases for 
T and S respectively. The tensor product T ® S is defined as the dual space of the 
apartness vector space of all bilinear forms on T ~ S. T ® S is an apartness 
vector space over Fwith apartness basis {ei ®f j : i  = 1 , . . . ,  n;]  = 1 , . . . ,  m}. Let 
I, (T) be the subspace of the tensor space T ®.  -. ® T of type (/7, 0) generated by 
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the elements tl ~ "  " " ~ tp such that tk = Ik+ 1 for some k < p .  The p-fold exterior 
power A p T is the quotient vector space of T ® - - .  ® T(p-times) by Ip(T).  The  
equivalence class [t~ ® - .  • ® tp] in A p T is denoted by t~ ^ . . .  ^ tp. Since each 
element of A n T can be written in the form ~,<...<~, a~,...~e~, h • • • ^ e~ uniquely, 
A n T is an apartness vector space with apartness basis {e~, ̂  • • - ^ % I i~ < .  • • < 

ip }. The exterior product of q9 e A p T and ~p = A q T is also defined as usual, that 
is, if 

qg = ~ ai,...i,,ei, ^ " " ^ ei~ and ~p = ~ b~,...~ e~, ^ . . . ^ %  
i, <---<:ip jl<...<jq 

then 

~# A ~2 = ~ air..ipbir.%ei , ^ . "  ^ % ^ e~, ^ . . .  ^ e~ . 
il<'"<ip,]l<'"<]q 

3.2. 3. D e R h a m  Theorem 

Let { D 1 , . . . ,  D ~'} be an apartness basis of T = T(C ®, Co) satisfying (a)-(d)  in 
Axiom 14, and let 

a 

a x 2 ~ l  _ _  = D ~ +  D=+% a 1 (D,~_ D,,+~ ' 

for ~r - 1 , . . . ,  n. Then { a / a x  1, . . . ,  a / ax  2~} is an apartness basis for T. Let A 
be the dual space of T and {dx ~, . . . ,  dx ~}  be the dual basis of { a / a x  ~, . . . ,  
a / a x ~ } .  We denote the p-fold exterior power A~'A by A p. Every element of A ~, 
which is a (differential) p-form, can be written in the form 

1 dx,~ E 
a" b . . . .  ~ p  

where q~,~,...,, e C ® and ~0~,...~, is an alternating function of ~rl, . . . ,  ~rp. A p is an 
apartness vector space over C ~ which does not depend on the choice of the bases 
{ D 1 , . . . ,  D 2"} of T. To see this, let { D ] , . . . ,  D~}  and { D ~ , . . . ,  D ~ }  be two 
apartness bases for T satisfying (a)-(d) in Axiom 14, and let O/ax 7, dx 7 and 
O/Ox~, dx~ be the corresponding a/Ox% dx ~ (~ = 1 , . . . ,  2n). Each a/OxTcan  be 
written as a linear combination of {a/axff}~=~ ..... 2". We denote the coefficient of 
a/ax~ by 8x~/ax~, that is, 

a 2. 
axf ax? a 

~----1 

Then 

dx 7 = ~ w j  P where C ®. 
p 

It follows that there exist ~P~r-'Pp e C® such that 

1 = 1  
a ?l ^ . . .  ^ ..... 8, 
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The exterior differentiation operator d :AV--~A v+~ (p I> 0) is defined as usual: 

i f  f e A °  ~ C ®, then d f  = ~ Of °~ 

then 

1 
- - - m  i f  cp p t  ~ cp~,...% dr  ~ A . . . A d x ~  ~ A  1", 

• f f l , - * - ,  f f p  

1 
dq9 =-~. ~ dqg,~,...,~, dr  "~, ̂ . . .  ^ dx% 

1 
pW ~ aqP*'~'Pdx ^ d x ~  ^ • • • ^ d x %  

• ot, o q  . . . . .  o: v a x  °t  

Then it is routine to check that d:AV- ->A ~'+1 is a Co-homomorphism which does 
not depend on the choice of {D 1, . . . ,  D2~}, and dd = O. 

Since the universe is isomorphic with the inner sheaf model W n by Theorem 
1.3.4, each special set u can be considered as a sheaf in W, that is, there exists a 

check set x ~ W n such that F ( x ) ~ u ,  and x is represented by a sheaf a~ in W. For 

convenience we identify x such that F(x )  D=u with u and denote x by u. 

Lemma 3.2.3.1. (GIA) A v in W n is f ine in W. 

Proof. In W, if {P,~},~A is a locally finite covering of H, then there exists 
{g~,},~A~__ W n satisfying the conditions (a)-(d) in Axiom 16. The function 
h , :  t ~ g ,  - t on A v satisfies the conditions of fine sheaf. 

Lemma 3.2.3.2. (GLA) There exists h such that the fo l lowing statement is globally 

true. I f  f ~ R  ®, a ~ o L 1 , . . . ,  o6 and a f / a x " l = . . . = o f / a x ~ = O ,  then a h / a x ~ ' = f  
and a h l a x  ~, = .  • • a h l a x ~  = o. 

Proof. By Axiom 15. 

Lemma 3.2.3.3. (Poincar6's lemma in GLA) There exists lp such that the fo l lowing 
statement is globally true. I f  ep is a p - form,  p >~ 1 and drp = O, then cp = d~p. 

Proof. This is proved by interpreting the usual Poinear~'s lemma into GIA, using 
Lemma 3.2.3.2. 

By Lemma 3.2.3.1 and 3.2.3.3, the following sequence in W n is a fine 
resolution of Co in W. 

0 --'~ Co-L, A ° 'd---~ A l d--~ . . . . - .  A p -  l d.~ Ap ...¢ . . . d-~ A 2" d..~ O. 



330 G. Takeut/, S. T/tan/ 

Hence, by Theorem 2.5.2, we have: 

Theorem 3.2.3.4. (deRham Theorem in GIA) 

H°(dAa 
H q ( C o ) - - - ~  (q>11) i n W .  

3.2 .4 .  D o l b e a u l t  T h e o r e m  

D e f i n e  O/Oz% O/OY. ~ ~ T = T(C ®, Co) b y  

8 1 (8_~,, 8_~=,) 
a z O , - 2  - 1  i , 

8 1(  a i 8 )  

{ a / a z l , .  . . , 8 / a z " ,  a /oy ,  l , .  . . , a / a y , " }  is an  a p a r t n e s s  basis f o r  

{ d z  1, . . . ,  d z  n, dY, 1, . . . ,  d~  ~ } be  its d u a l  basis .  T h a t  is, 

d z "  = d x 2 " - I  + i dx2% d ~ -  -- dx2a--1 _ i dx2U " 

T. L e t  

We now consider differential forms generated by d z  % d 2  ~. T h e  r-forms can be 
written as a linear combination of (differential) (p, q)-form: 

1 
f (P 'q)  p [  q !  ~ ,  f o,,...,,,p,...& dz  ~ A • • • A d z %  A d2  p' A .  • • A d 2  p, 

"a . . . . .  oq , ; p l  . . . . .  Pe 

withp +q  =r. F o r f  e C ®, 

a. 1 or----1 a : = l  a T .  " 

oc=l ~ Z  0~---1 

are denoted by of, af. if  f is a (ap, q)-form 

1 
p! q! ~, f .,'".pPr"& dz~ A. • • A dx% A d~. I~ A • • • A d~ #, 

then Of, af are defined as follows. 

1 
a f =  p!q! (8f,,,...,,,p,...&) Adz ~ A . . . A d z %  A dY. #' A . . . A d~, #, 

p! q! Y. (af~,...~,#,...#,) A d z ~  A " " " A d z ~  A d ~  ~ A " " " A d Z # , .  

It is easy to see: 

Lemma 3.2.4.1. (GIA) d = 8 + O, aa = aa = o, ~a = - a &  

Lemmm 3.2.4.2. (GIA) If f is a (p, q)-form, then Of is (p + 1, q)-form, af is 
(p ,  q + 1 ) - f o r m  a n d  Of f  = a lp .  
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The following lemma is proved by translating the proof of usual Dolbeault 
Lemma into GIA and using Axiom 15. 

Lemma 3.2.4.3. (Dolbeault lemma in GLA) There exists lp such that the following 
statement is globally true. I f  q~ is a 07, q)-form and aq~ =0, then ~p is a 
07, q - 1)-form and B~p = cp. 

A 07, 0)-form 

1 
q~ :-ft. ~, cp,l...,, a z ~  A . . .  A d z  ~" 

¢z¢ 

is called holomorphic p-form if cP~,r..o, " ~ ~ for each o r1 , . . . ,  %;  equivalently if 
aft = 0. Let 0 ~ be the module of holomorphic p-forms, and A ~''q be the module of 
07, q)-forms. Since A p'q in W fm is fine, by Dolbeault Lemma in GIA, 

0"-> 0 t' ~ A P ' °  b--'~ AP'I----> . . .  a-~ A P ' q  b-~ . . . --> A t ' ' '  ~ 0 

is a fine resolution of O ~, where ~ = X a. Therefore, by using Theorem 2.5.2, we 
have: 

Theorem 3.2.4.4. (Dolbeault Theorem in GIA) 

Hq(Oo) H°(~a''q-1) 
--- ~nO(AP.~_~) (q >>- 1) in W. 

3.3. lntuitionistic topology 

Definitions in the intuitionistic theory of topology in this section are from 
Grayson [5]. 

DeBnltion. A set ¢7(X) of subsets of X is called a topology on X if X ~ ~(X) and 
O(X) is a cHa with respect to intersection f3 and infinite union U ,  i.e. 

(a) x ~ e (x) ,  
(b) Vu, v E e ( x )  [u n v ~ e(x)],  
(c) v,~ ~ v(x)  [ U ~  ~ e(x)] .  
A special set X (i.e. Vx • X 3t e x) with topology ~7(X) is called a topological 

space. A topological space X with apartness ~ is called a separated space if 
(d) Vx e X [ { y  e X : y e x }  e O(X)], and 
(e) each open set u ¢ ~Y(X) is strongly extensional, i.e. '¢x ¢ u Vy ~ X (y e u 

vy÷x). 
A topological space X is Hausdorff if it is separated and 
(f) Wx, y ~ X [ x  ~ y--> 3u, v ~ ~7(X) (x ~ u A y ~ V A (U n V  =~))]. 
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Immediately from the above definition we have: 

Lemma 3.3.1. In a separated space X, 

Vx, y e X [x C y ~"> ~u e ~7(X) (x e u A"--i,y eU)]. 

In ZFC, let £2 be a topology ~7(M) and X be a separated space in V ~). We 
define a topological space )(  from X as follows. Let 

( 3 . 3 . 2 ) ) ( = { ( t , x ) e M x f C : t e ~ x e X ] } / ~  

where (t, x) --- (t', x ')  iff t = t' ¢ Ix ~ x']. ~ is an equivalence relation since ~ is an 
apartness. Note that X is a quotient space of the sheaf X" representing_~_X. We 
denote the equivalence class containing (t, x)  by (t, x) .  For each u e O(X), the 
corresponding subset 8 of J( is well defined as follows: 

(*~- { (t, x )  6 ) ( : t  ~ x  ~ u]}. 

Set ~7(X') = {~ =X':u e ~7"~}. 

Theorem 3.3.3. (ZFC) I f  K2 is a topology ~7(M) o f  M and X is a separated space in 
V (°), then X is a topological space with topology ~(fO. In particular, if V (~) is a 
standard sheaf model of  GIA,  then R a, ~,  R ®, C a, ~, C ®, ~ are Hausdorff 
spaces in V (~) and 

~'-~= ~ = R®-___M × R, C - a = ~ =  C®= ~ M  × C. 

Proof. )~" • O'(X") since X e ¢7(X); if ~, ~ e ¢7()t') then ~ n ~ = u n v e 0(~'); if 
q / c  ~7(J(), define A ~ V (~) by 

~ ( A ) = { u e O ( X ) : ~ e ¢ / } ,  and A(u)=[u~lT(X)] ,  

then U ~ / = U A  e ¢7()(). Therefore, 0(,(r) is a topology on X. Let R be R (~), 
or R ~. ¢7(R) consisting of unions of open intervals (a~b~) = {x e R :a~ < x < b~}, 

where a~, b~ e (2, is a topology on R, and it is obvious, from the definition of 
reals and :p, that R is a Hausdortf space. As in §2.6, x e/~ is identified with a 
function x_:Ex-->ff~ such that r < x ( t )  iff t e [ ~ < x ]  for r e Q  and t e E x .  Define 

:/~---~M x R by qg(t, x )  = (t, x(t)). ¢p is well defined and a homeomorphism 
/~ ---M × R. Similar for complex number fields. 

Theorem 3.3.4. (ZFC) Let £2 be a topology ¢7(M) of a Hausdorff space M and let 
X be a separated space in V (m. Then X is a Hausdorff space in V ~°) iff X is a 
Hausdorff space. 

Proof. Suppose that X is a Hausdorff space in V (a), and ~ t, x) ,  ~ t', x ' )  e )( and 
( t , x )  ~ ( t ' , x ' ) .  Then t ~ t '  or t e | x ~ x ' ] .  If t ~ t ' ,  then there exist p, q e O ( M )  
such that t e p, t' e q and p n q -- ~, hence X--~ and X [q separate (t, x) and 
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(t', x ' ) .  If t ~ Ix ~: x'], then there exist u,u' ~ ~ and r ~ O(M) such that 

t e r<~[u ,u '  e t ~ ( X ) ^ x e u  ^ x '  e u  ' ^ u N u '  ={}], 

hence u [r and u'  [r separate (t, x )  an. d dd (t', x ' ) .  Conversely, if k is Hausdorff and 
t e I[x ~: x'],  then there exist u, u' ~ iT(X) such that t e Ix e u ^ x '  e u' ^ u A u' = ~]. 

Detlnilion. Let X and Y be topological spaces. Then a function f:X---> Y is 
continuous if Vu E ~(Y) Lf-l(u) e c(x)] .  

Let £2 = ¢~(M) and V (a) is constructed in ZFC. If X, Y are separated spaces 
and f:X---~ Y is a continuous function in Vta), then a function f:X---~ Y is well 
defined by 

f ( t , x ) =  ( t , f (x)) .  

For, if t e ~ (x )  ~: f (x ' ) ]  then there exists u ~ ~ such that 

t E[f(X)EU A --lf(X')EU]~[f-I(U)~ ~(X) ^ x  Ef-I(u) ^ -IX' ~f - l (u) ]  

by Lemma 3.3.1, hence tE[x~x ' l l .  It follows that ( t , x ) - ( t ' , x ' )  implies 
(t, f (x ) )  - (t', f (x ')) .  

"I'neorem 3.3.5. (ZFC) f f  £2 = ~(M) and if  X,  Y are separated spaces and 
f:X---> Y is a continuous function in Vta), then the function f:,f~--> Y" is 
continuous; further, if  f is an apartness homeomorphism in V (ta), i.e. ~¢x, x '  E X 
(xCx'--->f(x) dt:f(x')) ^ Vy ~ Y :Ix ~ X  ( f ( x ) = y )  ^ f - L  Y-->X continuous]= 1, 
then f :re--> Y is a homeomorphism. 

Proof. We prove only that f is one-to-one, since the other part is obvious. 
Suppose that f (t, x ) = f ( t ' ,  x '  ). Then t = t' ,[ If(x) =p f(x')].  Since Ix ~: x'] <~ 
~(x)  ~pf(x')], ( t , x )  = (t', x ' ) .  that is, f i s  one-to-one. 

3. 4. Apartness vector space in GIA and vector bundle 

Here we show that an apartness vector space over ~ or C ~ in a standard sheaf 
model V (a) of GIA is a vector bundle viewed externally. 

Dellnltion. (ZFC) Let M be a complex manifold. An m-dimensional holomorphic 
(or differentiable) vector bundle over M is a pair (F, m) of complex analytic (or 
differentiable) manifold F and a holomorphic (or differentiable) function m from 
F onto M together with a covering {vj}~j of M and a set {hj}]~j of 
homeomorphisms hi: m-l(v~) - o r x C m satisfying: 

(a) m'oh]-X(z, ~j) = z  for z ~vj and ~j~C m, and 
(b) the transition function h~ o h~ 1 : vj tq Vk X C m-'> vj Iq vk X C m is determined 

by a matrix valued holomorphic (or differentiable) function fjk(Z)= 
O e ~ k v ( Z ) ) v , ~ . = l  . . . . .  m ,  i.e., hjoh-~l(z, ~k)=(Z, fik(Z)~k). 
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Definition. (ZFC) Two vector bundles (F, m) and (G, ~) are holomorphically 
(or differentiably) equivalent if there exists a biholomorphic (or bidifferentiable) 
function h :F--> G such that (a) :~h = m and (b) h:m-~(z)---> ~r-~(z) is linear. 

It is known that if (F, m) and (G, :~) are holomorphic (or differentiable) vector 
bundles over M with covering {vj}j,~ and systems of transition functions ~k},  
{gjk} respectively, then (F, m) and (G, ~) are holomorphically (or differentiably) 
equivalent iff there exits a matrix-valued holomorphic (or differentiable) function 
hi(z) on vj for each j ~ J such that det hj(z) ~ 0 on vj and gjk(z) = h j ( z ) f j k ( z ) h - k l ( z )  

on vj f3 Vk. 

Theorem 3.4.1. (ZFC) Let M be a complex manifold, and K2 = ~7(M). Then 
(1) I f  B is a m-dimensional apartness vector space over ~ (or C ®) in V (~), then 

B = (B, nr), where re(z, u} = z for (z, u} ~ B, is an m-dimensional holomorphic 
(or differentiable) vector bundle. Conversely, for a given m-dimensional holomor- 
phic (or dtfferentiable) vector bundle F, there exists a m-dimensional apartness 
vector space B over ~ (or C ®) in V (Q) such that B is holomorphically (or 
differentially) equivalent to F. 

(2) Let B1, B2 be m-dimensional apartness vector spaces over ~ (or C ®) in 
V (a). Then qg:B1--~ B2 is an apartness isomorphism over ~ (or C ®) in V (~) iff 
B1, Bz are holomorphically (or differentiably) equivalent, with (p: (z,  u} 
(z, 

Proof. (1) Suppose that [B is an m-dimensional apartness vector space over 
~e] = 1. Then there exists a covering {vj}j~j of M and { e } , . . . ,  e~'} c V (a) for 
each j e J such that 

vj = [ { e } , . . . ,  e~'} is an apartness basis of B]. 

Hence for (z, u) e m-~(vj) there exist ~ , . . . ,  ~ '  e ~ '  such that z e[u = ~.e~ + 
• -. + ~'e~']. Let 

 j{z, u) = {z, . . . , 

Then B, m, {vi}j~1 and {qgj}j~r form an m-dimensional holomorphic vector 
bundle. Conversely, for a given m-dimensional holomorphic vector bundle (F, m) 
determined by a covering {vj}j~s and the system of transition functions {q0/k}, 
there exists )~k ~ V(~) such that 

vj N vl, ~< ~k  = (f~kv)v.X=l ..... = is a m x n matrix over 

and (f~)v.x=x ..... m = cpjk, for each j, k e J. Define B ~ V (Q) as J x ~" ' / - -  where 

(j, 5 ) -  (k, ~) iff ~ =fjk~ for ~, ¢ ~ ~ " .  

Then B is an m-dimensional apartness vector space over ~ and/~ is equivalent to 
F. The differentiable case is. proved similarly. 
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(2) follows from the fact that the matrix p of an apartness isomorphism 
B~--->//2 relative to given bases is a matrix over ~'  (or C ~) with det p ~: 0, and that 
v~<[p=(pX~)~.x_~ ..... m is a matrix over ~ '  (or C ®) and d e t p ¢ 0 ]  iff p =  
(P~)~,z--~ .... m is a matrix-valued holomorphic (or differentiable) function such that 
det p(z)  ~ 0 for z ~ v. 

3. 5. Manifold in GIA  and family o f  complex structures 

A manifold in a standard sheaf model of GIA is a family of complex structure, 
viewed externally. 

Defn~lion. (GIA) Let X be a topological space. A subset {u~}~,: of ~Y(X) is an 
open covering o f  X if ~J~,: u~ = X ,  i.e. {u~}~x is a covering of ella ¢7(X). 
Similarly, an open coveting {u~}i~z of X is locally finite if {u~}~ is a locally finite 
covering of ~(X),  and X is paracompact if ¢7(X) is paracompact. (of. §2.2.). 

Theorem 3.5.1.  (ZFC) Let £2 = ~(M) and let X be a separated space in V (a). 
Then {ui}id is an open covering of  X in V (a) iff {fti}i~z ~ ~(ff)  is an open 
covering o f  fL  

Proof. Obvious from the fact that t ¢[x ~ I,.J~1ui] iff (t, x )  ~ [_J~:/~i" 

Theorem 3.5.2. (ZFC) Let M be a complex manifold and £2 = ~(M), and let X be 
a separated space in V Ca). Then X is paracompact in V (Q) iff X is paracompact. 

Proof. Suppose that X is paracompact in V (a), and (~,}**~ is a covering of A'. By 
Theorem 3.5.1, {Ui}iE • is a covering of X in V (a). Hence there exists a locally 
finite refinement {vj}i~j of {ui}id in V (a). It follows that there exists a locally 
finite covering {P,~},,,,t of M and { j }j,~,, such that 

p,~ ~< [{v~}id " is a locally finite refinement of {ui}i~r], 

and there exists a locally finite covering {P'},,,A of M such that p'~=p~, for 
a: cA ,  where p-'~ is the closure of p "  We now show that { v ~ } j ~ , . ~ o  is a 
locally finite refinement of {ti}~t. Let (t, x)  ~ X. The set of ~ c A  such that t ep"~ 
is finite, let it be { ~ 1 , . - . ,  ~s}. We may assume that p,~ is connected, hence 
p,~ ~<[j ~J,~] or Po, ~<~[j ~ J,,]. For each a:k, 

( v p  n w ¢ O---~ =lfl < n (f(tl) •]))]]. 

Hence  there exist w,~ k e O(X) and f,,,: n,~---, j ~  such that 

t E [wak ~ ~ ( X )  a x ~ wa~ ^ Vj ~ J~k ( v p  1"3 wCk ~ 0 - ,  =lfl < n (f(f l)  = j))]  = q~k, 
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and there exists q • ~(M) such that 

$ 

tEq~_  n q~, and q O p ' = ~  
k=l 

for each a~ ¢ {aq, . . . , o~,}. 

("~=1 w,,, [q is a neighbourhood of (t, x)  with nonempty intersection with only a 
finite number of v ;  [p ' .  Therefore, ~" is paracompact. Conversely, suppose that 

is paraco___mpact, and p = [{ui}~z is a covering of X~. Then for any p '  • O(M) 
such that p '  c p ,  { u i [ P } i ~ ( r ) U { X [ M - p ' }  is a covering of .~. Let {Oj}j,j c 0(~') 
be a locally finite refinement of it. Then 

p'~< [(vj}j~s is a locally finite refinement of (Ui}i~l]. 

D e h i t i o n .  A topological space X is connected if 

Vu, v • O(X) [u O v = X ^ =ix • u ^ =iy • v ~ =ix • u Ov],  

and X is arcwise connected if 

Vx, y • X =If If: [0, 1]---> X continuous ^ f(0) = x ^ f(1)  = y], 

where [0, 1]= { t • R  [ 0 ~ < t ~  <1}.  

Theorem 3.5.3. (ZFC) Let  M be a connected topological space, 12 -- ~7(M) and let 
X be a separated space in V (~). 

(1) I f  X is connected in V (~z), then X is connected. 
(2) I f  X is arcwise connected in V (~), then ~ = { ( t, x ) • f~ [ x • f~} is connected 

for  each t • M. 
(3) I f  f~t is connected for  each t • M, then X is connected in V (Q). 

Proof. (1) Assume that ~, ~ • ~(X), ~ ~ ~, ~ ~ ~ and ~ U ~ = X. Then [u O v = 
X] = M, and hence [=ix • u v 3y • v~ = M and [3x • u] ~ ~, [:ly • v] ~ ~. By the 
connectedness of M, there exists t • [ 3 x  • u ^ :ly • v]. It follows from the 
connectedness of X in V (a) that t • [3x • u O v], hence ~ n 0 ~ ~. 

(2) ~(kt) = {ut iu  • 0(~')) ,  where ut -- { (t, x)  • ~ [ t  • | x  e u]}, is a topology 
on ~ .  Suppose that u,, v, • ~7(~) satisfy at U 0, = )~t, a, =~ 0 and 0, ~ 0. Then 
there exist x, y • ~" and f • V (u) such that 

t • [x • u ^ y • v ^ f : [ 0 ,  1]---> X continuous ^ f(O) = x ^ f (1 )  =y].  

From the eonnectedness of [0, 1] it follows that there exists r e [0, 1] such that 

(t, f ( O  ) • a, n _ . _ .  

(3) For u, v • O(X), if t • [u U v = X ^ ~ • u ^ =iy • v], then a, U 0, = Xt, 
~ = ~  and ~t~= ~, hence t • [ ~ c  • u n v ] .  

D e a f ,  ion. (GIA) Let C be C" or ~ .  A paracompact Hansdorff space X is called 
a complex analytic manifold o f  dimension n over C if there exist an open covering 
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{uj}j,j of X and a system of local coordinates hi:u j---> U/¢ ~(C ~) such that for 

each j, k e J  the transition function hjoh~ ~ is a biholomorphic function of 
hk(u/ N Uk) into hj(u/ A Uk). X is a differentiable (or C®)-manifold of  dimension n 
over C if the transition function hjohk ~ is C=-diffeomorphism in the above 
definition. 

Lemma 3.5.4. (ZFC) Let £2 = ¢~(M) where M is a manifold and let C be C = or 
in V (~). Then 

(1) C" is homeomorphic to M × C ~, where fi ~ 0(C ~) coincides with the open set 
u_ = {(t, ~ ) 6 M  x C~ l t ~[~ eu]} of  g x C ~. 

(2) Let u be an open set o f  C ~ in V (a). A function f :  u--> C ~ is holomorphic in 
V (m iff_f:_u-* C ~ is continuous and holomorphic in the second variable, where 
_f:_u-* C" is the function given by f(t,  ~)=f(~) ( t )  (cf. §2.6). 

Proof. See Rousseau [9]. 

Definition. (Kodaira-Spencer [8]) Let M and ~" be connected C=-manifotds and 
m: ~---* M be a C=-function such that for each t ~ M, ~ = m-l( t )  is a connected 
complex analytic manifold. Then (~, M, m) is called a differentiable family of 
complex structures, if each point of ~ has a neighbourhood U satisfying the 
following conditions: there exists a diiferentiable homeomorphism h of U into 
re(U) × C" such that for each point t ~ re(U), the restriction ht of h to U N ~ is 
biholomorphic on U N ~ into t × C n. In the above definition, if ~ and M are 
connected complex analytic manifolds and m : ~ - - * M  is holomorphic, then 
(o//., M, m) is called a complex analytic family of  complex structures. 

"l~eorem 3.5.5. (ZFC) Let M be a connected C ~- (or complex analytic) manifold 
of  dimension m, f2 = ~(M) and let X be a separated space in V (m. 

(1) I f  X is an arcwise connected complex analytic manifold o f  dimension n over 
C ~ (or ~ )  in V (n), then (f(, M, m) with re(t, x )  = t is a differentiable (or complex 
analytic) family of  complex structures. 

(2) I f  (f(, M, m) is a differentiable family of  complex structure with re(t, x)  = t, 
then X is a connected complex analytic manifold on C = in V (a). 

Proof. (I) Let {F~},~A be a covering of M, {(p~, q0=)}~.A be a system of 
coordinate neighbourhood of M and let p~ ~ |{u;')/,jo be a locally finite covering 
of X and {(ui, hj))j~j~ be a system of coordinate neighbourhoods of X]. Then 
{ ~  ]j e ],~, ~r e A) is a covering of X. It is easy to check that u;'-'~ and the 
mappings ~pj~: (t, x )  ~-->(cp~(t), h~(x)(t)) of u~-'~= into C ''+" for tr cA,  j eJ~ form 
a system of coordinate neighbourhoods, and ~" is a manifold and also that the 
mapping m: (t, X)~l->t of ,~" onto M is differentiable (or holomorphic) and 

= m-l(t) is a complex analytic manifold. 
(2) Let (~', M, m) be a differentiable family of complex structure. Then there 
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exists a covering {ui}j~a of A" and a system (lpj}jo of differentiable homeomorph- 
isms ~pj of ~j into m(~ j )x  C" such that for each point t E m(~/), the restriction 
0Pj), of lpj to fijN m-z(t) is biholomorphic on ajn m-z(t) into t x C". Define 
hj:uj-*(C®) ~ in V (a) by ~(x)( t)= ~pj(t,x). Then h i is a homeomorphism of uj 
into (C®)" in V (a), and for j, k e J with uj ~ Vk ~ 0, hjh~ ~ is biholomorphic in 
V (~), since h/h~(t, ~)= ~pj~p~(t, ~) is biholomorphic in the second variable. 
Therefore X is a complex analytic manifold over C ®. 

3. 6. Infinitesimal deformation in GIA 

A complex analytic manifold over ~ in a standard sheaf model V (~) of GIA is 
a complex analytic family of complex structures, as shown in §3.5. Here we 
consider the infinitesimal deformations of complex analytic family of complex 
structures in GIA. For this puq~se ,  we add the following condition to the Axiom 
14. This is satisfied in standard sheaf models of GIA (Theorem 2.6.3): 

(e) If h ~ h ( z ~ , . . . ,  Zk) is a holomorphic function on an open set U of ~k into 
~ ,  then for each j = l , . . . , n ,  the mapping DJh:(z~, . . . , zk)  
DJ(h(z~,. • •,  Zk)) on Co k N U is extended to a hqlomorphic function DJh : U--> ~0 
and 

0 a ozpDJh=lT~zph f o r p = l , . . . ,  k. 

Further if f ( z ~ , . . . ,  zk)= ~ ( z ~ , . . . ,  Zk), . . .  , f k (z~ , . . . ,  Zk)) is a holomorphic 
function from an open set A of ~ into U, then 

l~(hof)  = (Ddh)of + ~, of (DJ~). 
/3ffil 

In GIA, let X be a complex analytic manifold over ~ of dimension n. Let 
{(Uj, ~/)}j~j be a system of coordinate neighbourhoods of X with coordinate 
functions ~ , . . . ,  ~ such that ~j(Uj) = { ( z ] , . . . ,  zT) = zj ~ ~ ' l z j l  < 1}. Then 
the set O of holomorphic vector fields v -  E~=I vT(O/O~, where vT's are 
holomorphic functions on W N Uj, is a sheaf over X. For D ~ e  T(C =, Co), 
y =  1 , . . . ,  n, let 

0 
OU, k)- o~=1 ~ D~'(~7° ~1) a~; " 

0(], k) e F(Uj • Uk, e )  and 0 is a 1-cocycle under the axiom (e). The cohomol- 
ogy class of 0 is the infinitesimal deformation in the direction of D r. 



Global intuitionistic analysis 339 

References 

[1] M. Fourman and D.S. Scott, Sheaves and Logic, Lecture Notes in Math. 753 (Springer, Berlin, 
1977) 302-401. 

[2] G. Gentzen, Untersuehungen fiber das logishe Sehliessen, Math. Z. 39 (1934-5). 
[3] R.J. Grayson, A sheaf approach to models of set theory, M.Se. thesis, Oxford, 1975. 
[4] R.J. Grayson, Heyting valued Models for Intuitionistie Set Theory, Lecture Notes in Math. 753 

(Springer, Berlin, 1977). 
[5] R.J. Grayson, Concepts in general topology in constructive mathematics and in sheaves, Ann. 

Math. Logic 20 (1981) 1-41. 
[6] R.C. Gunning, l.eetures on Riemann Surfaces, Mathematical Notes, (Princeton University Press, 

1966). 
[7] A. Heyting, lntuitionism (North-Holland, Amsterdam, 1956). 
[8] K. Kodaira and D.C. Spencer, On deformations of complex analytic structures, I, Ann. of Math. 

67 (1958), 328--401. 
[9] C. Rousseau, Topos theory and complex analysis, Lecture Notes in Math. 753 (Springer, Berlin, 

1977) 623-659. 
[10] W.B.G. Ruitenberg, Intuitionistie Algebra, Theory and Sheaf Models (1982). 
[11] G. Takeuti and S. Titani, Intuitionistic fuzzy logic and intuitionistic fuzzy set theory, J. Symbolic 

Logic 49 (1984). 
[12] G. Takeuti and S. Titani. Conservative extension of elementary notions in Heyting valued 

universe, to appear. 
[13] G. Takeuti and S. Titani, Globalization of intuitionistic set theory, Ann. Pure Appl. Logic, to 

appear. 
[14] F.W. Warner, Foundations of Ditferentiable Manifolds and Lie Groups, (Scott, Foresman and 

Company, 1971). 


