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Abstract

Via the adjunction — x 1 -4 V(1, —): Span(}) — V-Mat and a cartesian monad 7 on
an extensive category )V with finite limits, we construct an adjunction — % 1 4 V(1, —) :
Cat(T,V) — (T, V)-Cat between categories of generalized enriched multicategories and
generalized internal multicategories, provided the monad 7T satisfies a suitable property,
which holds for several examples. We verify, moreover, that the left adjoint is fully faithful,
and preserves pullbacks, provided that the copower functor — % 1: Set — Vis fully faithful.
We also apply this result to study descent theory of generalized enriched multicategorical
structures. These results are built upon the study of base-change for generalized multicate-
gories, which, in turn, was carried out in the context of categories of horizontal lax algebras
arising out of a monad in a suitable 2-category of pseudodouble categories.

Keywords Double category - Equipment - Lax algebra - Generalized multicategory -
Effective descent morphisms - Beck-Chevalley condition - Virtual equipment - Internal
category - Enriched category - Grothendieck descent theory - Extensive category - Higher
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Introduction

The systematic study of the dichotomy between enriched categories and internal categories
can be traced as far back as [87, Sect. 2.2], where the author studied the functor V-Cat —
Cat(V) for presheaf categories V. It was shown in [62, Theorem 9.10] that for a suitable
base category V), the category V-Cat of enriched V-categories can be fully embedded into
the category Cat(V) of categories internal to )V, enabling us to view enriched V-categories
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as categories with discrete object-of-objects internal to V.! This observation is, for example,
employed in the study of descent theory of enriched categories (see [62, Theorem 9.11] and
[75]). The aim of this work is to construct such an embedding in the setting of generalized
multicategories, which we recall below.

Multicategories, defined in [56, p. 103], are structures that generalize categories, by allow-
ing the domains of morphisms to consist of a finite list of objects. The most quintessential
example is the multicategory Vect, whose objects are vector spaces, and whose morphisms
are multilinear maps. Their “multicomposition” and the description of the analogous notions
of associativity and identity can be succinctly described via the free monoid monad on Set.
More precisely, multicategories can be formalized by considering the equipment Span(Set)
of spans in Set (see [7, p. 22]), and extending the free monoid monad to a suitable monad
(—)* on Span(Set) (see [42, Corollary A.4]).

Generalized multicategories have since been developed in various contexts, abstracting the
notion of ordinary multicategories by replacing the monad (—)* on Span(Set) by a suitable
notion of monad on a pseudodouble category.

Enriched T-categories were first introduced in [24] with the terminology (T, V)-
categories. In this setting, the category of (T, V)-categories is obtained out of the so-called
lax extension of a monad on Set to a suitable monad on V-Mat, the ubiquitous equipment
of V-matrices (see [24, Sect. 2]). For instance, when V is a suitable quantale, the ultrafilter
monad 4 on Set admits a lax extension 4 to V-Mat [24, Sect. 8]. In particular, when V = 2,
we have an equivalence Top =~ (U, 2)-Cat (first observed in [4]) and (&L, [0, oco])-Cat is
equivalent to the category of approach spaces.

Internal T-categories were introduced in [13] and [42]. For a category B with pullbacks,
the former defines T'-categories for any monad T on B, while the latter considers T to be a
cartesian monad on 3. A cartesian monad T on /3 induces a strong monad on the equipment
Span(B) of spans in B. In this setting, we can obtain the category Cat(7', B) of T-categories
internal to B. As examples, we recover the category of ordinary multicategories by considering
Cat((—)*, Set), and letting § be the free category monad on Grph, we obtain the category
VDbCat = Cat(F, Grph) of virtual double categories.

The main goal of this paper is to construct an embedding (7, V)-Cat — Cat(T, V)
from a category V, and a monad T on V), satisfying suitable properties. This endeavor is
motivated by generalizing the study of the descent theoretical results in [62, Sect. 9] to
the multicategorical setting; namely, the reflection of effective descent morphisms (see [46],
[59, Sect. 3]) along such an embedding (T, V)-Cat — Cat(T, V). Paired with the results
of [77], we obtain sufficient conditions for effective descent morphisms in various classes
of categories of enriched multicategories [24]. This expands our understanding of effective
descent functors between categorical structures—a survey on this topic can be found in [76].

To this end, it is desirable to work in a general setting where these various notions of gen-
eralized multicategories can be uniformly studied and compared with one another. This was,
in part, accomplished by the work of [28], where the notion of T-monoids was introduced,
unifying the several approaches to the theory of generalized multicategories. To be precise,
these T-monoids are the horizontal lax algebras induced by amonad T = (E, T, e, m) in the
2-category VDbCat of virtual double categories, lax functors and vertical transformations.
These objects have a natural structure of a virtual double category, which we denote here by
H Lax-T-Alg.

This general setting ought to provide us an “internalization” functor (T, V)-Cat —
Cat(T, V) obtained from the comparison V-Mat — Span()), and the induced monad T

! This embedding result was later studied in more detail in [26].
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on Span()). However, [28] does not provide a notion of change-of-base induced by an
appropriate notion of morphism S — 7T of monads, where S = (D, §, e, m) is another
monad in VDbCat. We remark this was left as future work in [28, 4.4].

It should be noted that the study of change-of-base functors has been studied in each
specific setting of generalized multicategories. In [58, Sect. 6.7], the author provides such
constructions for the internal case, and [24, Sects. 5, 6] treats two particular families of
monad morphisms for the enriched case. To establish a relationship between the enriched
and internal structures, we expand on the work of these authors, with the goal of providing a
convenient environment to produce and study such a functor (T, V)-Cat — Cat(T, V) from
simpler tools.

We must mention that our approach diverges from the techniques and tools developed
in [28]. Firstly, we must restrict our scope from virtual double categories to pseudodouble
categories, as we need to work with (op)lax horizontal transformations, which require hor-
izontal composition to be defined. Secondly, instead of using (op)cartesian 2-cells and their
universal properties, we opted to use a “mate theory” of conjoints and companions to prove
our results, mostly to obtain explicit formulas. Lastly, this is far from the full scope of the
project mentioned in [28, 4.4], as we merely study the underlying categories and functors of
the 2-dimensional structures formed by these horizontal lax algebras. Instead, we fall back on
an ad-hoc approach for the natural transformations between the functors induced by monad
(op)lax morphisms, leaving a treatment of the complete story for future work.

Outline of the paper

We begin by reviewing the notion of pseudodouble category in Sect. 1, first introduced in
[36], and the two dimensional structures formed by these. For pseudodouble categories D, E,
the structures consisting of

— lax functors D — E as O-cells,

— vertical transformations as vertical? 1-cells,

(op)lax horizontal transformations as horizontal 1-cells,
— generalized modifications as 2-cells.

are, by Theorem 1.11, pseudodouble categories Lax|ay (D, E) (Laxop (D, IE)). We also have a
third double category PsDbCat (Proposition 1.6) consisting of

— pseudodouble categories as 0-cells,
— (op)lax functors as (vertical) horizontal 1-cells,
— generalized vertical transformations as 2-cells.

The pseudodouble categories that concern our study are the following:

— the pseudodobule category V-Mat of V-matrices for suitable monoidal categories V,
— the pseudodouble category Span(B) of spans in B, for categories B with pullbacks,
— the double category of lax T-algebras, for 7' a pseudomonad on a 2-category B.

We will furthermore review the double categorical structure of the last item.

Let Vbe a distributive category with finite limits. Section 2 is devoted to studying the pseu-
dodouble categories V-Mat and Span()), and the (op)lax functors induced by the adjunction
—x 1 4V(1, —): V— Set. We confirm these functors induce Cat-graph morphisms

— % 1:V-Mat — Span(}V) and V(1, —): Span(}) — V-Mat,

2 In accordance with [28, 58], we take the vertical composition and identities to be strictly associative and
unital.
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which give us an adjunction — % 1 = V(1, —) in the 2-category Grph(Cat) (Lemma 2.1).
We also prove that — * 1: V-Mat — Span())) defines an oplax functor of pseudodouble
categories (Proposition 2.2). Using techniques from the following couple of sections, we
obtain the following

—x1

—
V-Mat L Span(V)

K~

va,-)

which is a generalized notion of adjunction—a conjunction—in the double category PsDbCat.

Section 3 aims to recall the notions of “adjoint” in pseudodouble categories: conjoints and
companions. These were first introduced in [35], under different terminology. We provide an
explicit description of “mate theory” for these objects (also studied in [33, 35, 80]), analogous
to the mate theory for adjunctions. We also take the opportunity to work out some known
results for three reasons: first, to fix technical notation for subsequent sections; second, to
serve as examples on their use; and finally, to keep this work self-contained. This Section
culminates in our first contribution, crucial to construct functors between categories of lax
horizontal algebras, Theorem 3.6. It states that, if [E is conjoint closed, then so is Lax|,x (D, E).

In Sect. 4, we explicitly establish an equivalence (Proposition 4.1) between the double cat-
egory PsDbCat and the double category of pseudo-algebras for the free internal Cat-category
2-monad on the 2-category Grph, with the goal of making the tools of two-dimensional
algebra [10, 50, 60] available to the theory of pseudodouble categories. In particular, via
doctrinal adjunction [64, Theorem 1.4.11], we conclude that V(1, —): Span(}) — V-Mat
is a lax functor, and is the conjoint of — * 1: V-Mat — Span(}) in the double category
PsDbCat.

After recalling the notion of horizontal lax algebra from [28], in Sect.5 we prove The-
orem 5.2; it states that any monad lax morphism (G, ¥): T — S in PsDbCat),x induces
a change-of-base functor G, : Hlax-T-Alg — HLax-S-Alg, and any monad oplax mor-
phism (F, ¢): S — T satisfying a suitable conditon also induces a change-of-base functor
Fy : Hlax-S-Alg — HLax-T-Alg. We close this section by comparing our constructions
with the change-of-base functors for generalized multicategories considered in [58] and [24].

In Sect. 6, we consider a conjunction

in the double category Mnd(PsDbCat),y), and we proceed to construct an adjunction

F

/_\
Hlax-S-Alg 1 HLlax-T-Alg

~_

Gy

between the induced change-of-base functors; this is Theorem 6.1. We also study the con-
ditions for invertibility of unit and counit of such an adjunction, stated in Lemma 6.2 and
Corollary 6.4. Finally, after instanciating these results to the settings considered both in [58]
and [24, 44], we take the opportunity to point out some of obstacles to the double pseudo-
functoriality of H Lax-(-)- Alg.

@ Springer



Generalized Multicategories: Change-of-Base , Embedding... Page50f89 35

We devote Sect. 7 to the study of extensive categories [14]. When C is a lextensive category,
we provide a description of its free coproduct completion [11, 14, 69, 75, 88], denoted
Fam(C), via Artin glueing (Lemma 7.1), from which we deduce that the coproduct functor
> ": Fam(C) — C preserves finite limits. Studying limits of fibered categories [37], we obtain
Theorem 7.3: it confirms that, in a lextensive category, the coproduct of a “pullback-indexed”
family of pullback diagrams is itself a pullback diagram. This result is extensively employed,
as illustrated in the remaining results of this section as well as subsequent ones.

The final groundwork is laid down in Sect.8. Via a “structure transfer”-type of result
(Proposition 8.1), we are able to construct a monad T on V-Mat from a monad T on Span(}),
which is, in turn, induced by a cartesian monad 7 on a lextensive category V [42]. In fact,
we obtain a conjunction

(=1, &7 (1))

_ T
(T,V-Mat) L (T,Span(V)) 0.1)
N~

V(1,-),V(1,T#)

in the double category Mnd(PsDbCat),). However, only under a suitable condition does this
induce an adjunction

—x1

_ T
(T, V)-Cat L Cat(T, V). 0.2)

~_
v(1,-)

The goal of this Section is to study this extra condition. In the case — % 1: Set — Vis
fully faithful, we obtain Theorem 8.6, characterizing this condition in terms of a notion of
fibrewise discreteness of a monad. Finally, we check that most of the commonly studied
cartesian monads on lextensive categories ) are fibrewise discrete, provided —* 1: Set — V
is fully faithful.

Section 9 contains our main results. Let Vbe a lextensive category such that —«1: Set — V
is fully faithful, and let T’ be a fibrewise discrete, cartesian monad on V. We also denote the
induced monad on Span()) by T'. Via Theorem 6.1, we obtain the (ordinary) adjunction (0.2)
from the conjunction (0.1) in PsDbCat,x (Theorem 9.2).

We then apply Theorem 9.2 to study effective descent morphisms in categories of enriched
categorical structures in Sect. 10. Under an additional technical condition (satisfied by most
of the examples we provided), we confirm that (7, V)-Cat is precisely the full subcategory of
Cat(T, V) with adiscrete object-of-objects (Theorem 10.3), generalizing [62, 9.10 Theorem]
and [26, Corollary 4.5]. Via this description, we confirm that —1 : (T, V)-Cat — Cat(T, V)
reflects effective descent morphisms (Lemma 10.4), and, with the results of [77] pertaining
to effective descent morphisms in internal categorical structures, we provide criteria for an
enriched (T, V)-functor to be effective for descent (Theorem 10.5). We finalize the section
by studying the above examples.

Finally, we leave some final remarks in Sect. 11. Namely, we sketch the construction of
a change-of-base functor H Lax-T-Alg — H Lax-Mod(T')-Alg induced by the embedding
D — Mod(D) [58, Sect. 5.3] and a normal lax monad T on DD, and various avenues for
future work, among which we have the problem of monadicity of categories of horizontal
lax algebras, some comments on the categorical properties of the categories of generalized
multicategories, topics about double fibrations [27] and descent theory, and finally further
comments on other notions of change-of-base.
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1 Structure of Double Categories

Double categories were first defined in [31], and pseudodouble categories were later intro-
duced in [36, Sect. 7], which generalize double categories by requiring the associativity and
identity axioms for vertical morphisms to hold only up to coherent isomorphisms. Other
works that consider closely related double-dimensional structures are: [89, 90], which intro-
duced the notion of (proarrow) equipment, which is an important class of pseudodouble
categories; [58, Section 5.2] for the unbiased analogue of pseudodouble categories; [72],
studying pseudocategories internal to a 2-category; [32], which inspired the 2-cell notation
present in this work; [28], which studies the more general notion of virtual double category;
[54], which studies a notion of .7 -categories.

The original convention of [36] is transposed in [28, 32, 33, 58, 81], among others; that is,
the roles of the vertical and horizontal morphisms were interchanged in the latter references.
For this reason, we follow the convention that

— vertical 1-cells satisfy associativity and unity axioms strictly, and
— horizontal 1-cells satisfy associativity and unity axioms up to coherent 2-cells.

After reviewing the notion of pseudodouble category, we also recall the notion of (op)lax
functor between pseudodouble categories, and the notion of generalized vertical transfor-
mation [35, 2.2] (therein called “roughly speaking—horizontal transformations”), of which
icons [55] between lax functors of bicategories are a special case.

We also introduce the notion of (op)lax horizontal transformations, and the corresponding
notion of modifications, which is the natural generalization of lax natural transformations
and modifications from bicategory theory [38, 39] to the setting of pseudodouble categories.
Furthermore, we study the (pseudodouble) categorical structures formed by these objects,
which form our basic vocabulary for the remainder of this work.

1.1 Pseudodouble Categories

A pseudodouble category D consists of:

— A category Dy, whose objects are 0-cells, whose morphisms are vertical 1-cells, whose
composition is denoted by o, and whose identities at 0-cells x are denoted by id,. Com-
position and identities of vertical 1-cells in Dg are said to be vertical as well.

— A category D1, whose objects are horizontal 1-cells, whose morphisms are 2-cells, whose
composition is denoted by o, and whose identities at horizontal 1-cells » are denoted
by id,.. Composition and identities of 2-cells in D; are said to be vertical as well.

— Vertical domain and codomain functors dom, cod: D; — Dy.

— A unit functor 1: Dy — ;. For each 0-cell x, the unit horizontal 1-cell is denoted 1,
and likewise for vertical 1-cells and their respective unit 2-cells.

— A horizontal composition functor — - —: D, — Dy, where D, given by pullback of dom
and cod, is the category of composable pairs of horizontal 1-cells and 2-cells.

This data must satisfy dom(1,) = cod(1,) = x for O-cells x, and analogously for vertical
1-cells, and dom(s - r) = dom(r), cod(s - r) = cod(s) for each composable pair r, s of
horizontal 1-cells, and analogously for composable pairs of 2-cells.
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If ¢: r — s is a 2-cell (a morphism in D) such that f = dom(¢): w — y and g =
cod(¢): x — z, we depict ¢ as in Diagram (1.1).
w —— x

oo e (L.1)

y —57z

We say ¢ is a globular 2-cell if f and g are identities. Given a category A, we say a natural
transformation ¢: F — G of functors A — D is a natural 2-cell. Furthermore, we say it
is globular if ¢, is a globular 2-cell for every object a in A, and that ¢ is invertible if it is a
natural isomorphism.

We also have data given by:

— Globular, natural, invertible 2-cells
At leod(—y - — = —, P — ldom(-) = —

of functors Dy — Dy, the left and right unitors, respectively,
— and a globular, natural, invertible 2-cell «: (—1 - —3) - —3 = —1 - (—2 - —3) of func-
tors D3 — Dy, the associator, where D3 is the category of composable triples.

These must also satisfy the following coherence conditions:
(a) We have y;, =idj .1, where we define y = p~ Lo

(b) The following diagram commutes

(Ios) r —s 1o (s 1)

Arm A,
S-r

for each pair of horizontal 1-cellsr: x — y,s:y — z.
(c) The following diagram commutes

S .
/OV ids-pr

(s-r)- 1y —> s-(r-1y)

Aly,r,s
for each pair of horizontal 1-cellsr: x — y,s:y — z.

(d) The following diagram commutes

Uy ly,s
(5-1y) r — 2 5 5 1y r)

p:'idr\ idg -2,
S-r

for each pair of horizontal 1-cellsr: x — y,s:y — z.
(e) The following diagram commutes

%g.rt-s Urg.s,t

(t-8)-r) g ——(@-5)-(r-q) ——1:(s-(-q))

ar,s,t‘idql Tid,uq,,-vs

(t-(s-1)-q t-((s-r)-q)

Qg,sr,t

for each quadruple of composable horizontal 1-cells g, r, s, ¢.
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Unless there is a need for disambiguation, subscripts will be omitted. If A, p and « are

the identity transformations, we say D is a double category, or strict double category for
emphasis.

Remark 1.1 The coherence conditions described earlier are essentially analogous to those
given for monoidal categories [52, 71]. Thus, the argument presented in [52] can be applied
here, demonstrating that the coherence axioms (a)—(c) can be deduced from the other two.
We state and prove this in the proposition that follows.

Proposition 1.2 The coherence conditions (a), (b) and (c) are redundant.

Proof First, observe that (b) is the horizontal dual of (¢), so it is sufficient to verify (a) and (b).
We may obtain (a) from the remaining conditions: we have an equality of 2-cells (1 -

1) - 1y = 1
Ao(A-1)=Xroloa=Ao(l-A)oa=Ar0(p-1)

by (b), naturality of A, and (d). We deduce that A - 1 = p - 1, and since p is a natural
isomorphism, we conclude that > = p.
To prove (b) given only (d) and (e), we consider the following diagram:

Lo (- (s 1))

id‘l;x
I,-(s-r)
_id(rid) 7 ? ™~ ,id —
lz-((l'S)-l") (IZ-S)-I" (1z'1z)'(s'r)
"‘_]l idnid | ™ (pid)id Ta
(lz'(lz's))'r o-Lid > ((lz IZ)-S)-I‘

Except for the top left triangle, every inner polygon commutes either by (d) or by naturality
of a. The outer pentagon is an instance of (e), so we conclude that the top left triangle
commutes. Since A is a natural isomorphism, the result follows. O

1.2 Lax Functors

Let D, E be double categories. A lax functor F': D — [E consists of:

— apair of functors Fy: Dy — Eg and F;: D1 — E{, whose subscripts we will often omit,

— a globular natural 2-cell ef : 1px — F (1) for each O-cell x (unit comparison),

— a globular natural 2-cell m? g Fg - Ff — F(g- f) for each composable pair of
horizontal 1-cells f, g (composition comparison),

satisfying the following properties:

— dom(Fr) = F(dom(r)) and cod(Fr) = F(cod(r)) for every horizontal 1-cell r and
likewise for 2-cells,
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— unit comparsion coherence: the following diagrams commute

F o F
lpy - Fr &8 FiIy - Fr  Froip, 92 proFL,

il v ol I

Fr ——— F(ly-r) Fr —— F@r-1y)
Fal Fp~!

for every horizontal 1-cell r: x — y,
— composition comparison coherence: the following diagram commutes

(Ft-Fs)-Fr ™8 Fi.s). Fr ™5 F((t-5)-r)

of |Fa

Ft~(Fs~Fr)ﬁ Ft-F(s-r) — F@-(s-r))

for every composable triple of horizontal 1-cells r, s, t.

Dually, an oplax functor F: B — C is the vertically dual notion, obtained by reversing
the direction of the natural 2-cells e and m? .

If eF is invertible, then we say F is normal, and if both ef m¥ are invertible, then we
say F is a strong functor (which can be seen both as a lax and an oplax functor). If ¥, m*
are identities, we say F is a strict functor.

Proposition 1.3 Composition of (op)lax functors is well-defined, associative, and has iden-
tities, and restricts to strong functors, as well as strict functors.

In other words, pseudodouble categories are the objects of the categories PsDbCat)a and
PsDbCatqp|, whose morphisms are lax functors and oplax functors, respectively. There are
also common subcategories of strong (strict) functors.

Proof The identity functor idp on a pseudodouble category D is given by the pair of iden-
tity functors on Dg and Dy, and the coherences are identities as well. Thus, the coherence
conditions are trivially satisfied, so idp is a strong functor.

For lax functors F: C — D and G: D — E, define the composite lax functor G F' to be
given by

- (GF)o = GoFp,

- (GF)1 =G Fy,

- efF =Gefoel,
- m% =Gmf omC.

To verify G F is a lax functor, first we note that €F and mS¥ are globular natural transfor-
mations, since G is a lax functor. Next, we observe that the following diagrams

el .GFf Gef .GF GFf-Gel'" GFf.eC
(e GE[ Ge GEf GEGer GEfe?
mcl lmc mcl lmc
G(Fr-ef)
A . *> . . <7 . P
A G -Fr) K
G171 lc(m") G(mF)l Gp~!

/ AN

GFA™! GFp~!
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35 Page 100f89 R. Prezado, F. Lucatelli Nunes

commute, since every inner polygon commutes: either by coherence (of both F and G) or
by naturality of m®. These show that the coherence conditions for G F hold.

Finally, note that the identity functors are the units for lax functor composition, and
this operation is also associative. All verifications occur in suitable categories: function
composition on the category of sets, functor composition on Cat, and 2-cell composition on
the hom-categories (plus the composition preservation by the functors between them). 0O

Remark 1.4 For (op)lax functors F: C — D,G: D — [E, we note that if el eC (respec-
tively, m¥, m%) are both isomorphisms (identities), then so is eGF (respectively, mGt),
Thus, we obtain subcategories of PsDbCat|,x and PsDbCatgp with the same objects, and
strong (strict) functors.

1.3 Vertical Transformations

We fix lax functors H: A — B, K: C — D and oplax functors F: A - Cand G: B — D.
A generalized vertical transformation ¢, depicted as

AL B
Fl ¢ e
C s D
so that the vertical domain, codomain are F', G respectively, and horizontal domain, codomain
given by H, K respectively, is given by

— anatural transformation ¢g: GoHy — Ko Fo,
— and a natural transformation ¢{: G1H; — K F},
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whose subscripts will often be omitted, satisfying dom(¢,) = @dom(r) and cod(¢,) = dcod(r)
for every horizontal 1-cell r, subject to the following coherence conditions

1 .
¢ lGHx —5 lkrx p . GHs-GHr % KFs KFr

Glux Klpy G(Hs-Hr) K(Fs - Fr)

Gef\»‘ /K{eF Gn% /n'ﬁF

X s,

GHleKle ' GH(s-r)T>KF(S-r)
for every 0-cell x and every composable pair r, s of horizontal 1-cells.

We say ¢ is a vertical transformation between lax functors if F = id and G = id, and a
vertical transformation between oplax functors if H = id and K = id.

Proposition 1.5 Lax functors and generalized vertical transformations form a category, and
the vertical domain, codomain operations define functors to PsDbCatp.

Proof Theidentity vertical transformation on alax functor F is given by the pairid s, and id r,,
which trivially satisifies the conditions, and has identity functors as vertical domain and
codomain.

Let ¢, ¥ be the generalized vertical transformations depicted below:

ALy c %o
Flo¢ le ul v |k
C—5+D E—F

We define their vertical composition { o¢ to be given by the natural transformation (Y o¢); =
Vi F;j o K;¢; fori =0, 1. Since

_ KéKer Vs VFr )
e o NI
m
Kma/1 COK@e9) | N_Kme / '
. KQmF\‘ . e . o
KGmN . /l . /RH m¥

K ¢s.r YF(sr)

and

1 lyp

eK/‘ . K¢/l . . \eR
K
Kec/‘ . W . j(eQ / .
) KQeF\" s ’ e
BN
v

K¢ '

F1

are commutative diagrams, we conclude that ¥ o ¢ is a generalized vertical transformation,
with vertical domain H F and codomain K G. Hence, if ¢ and ¢ are globular, then so is ¥ o ¢,
so we obtain a subcategory of lax functors and vertical transformations.
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Associativity and identity are obtained via componentwise calculation on the underlying
natural transformations. ]

Proposition 1.6 ([35, 2.2]) We have a strict double category PsDbCat with pseudodouble
categories as 0-cells, lax and oplax functors respectively as horizontal and vertical 1-cells,
and generalized vertical transformations as 2-cells.

Proof The underlying Cat-graph of PsDbCat is described in Proposition 1.5.

For an oplax functor F: A — D, the identity natural transformation on F defines a
generalized vertical transformation 1r: 1jy — lijg, whose vertical domain and codomain
is F.

If ¢ and v are the generalized vertical transformations depicted below:

P

A-LsB B %5 ¢
rloo o el v ln
DTE ETHE‘

we denote their horizontal composition by v - ¢, and is defined by (Y - ¢); = Si¢; o ¥; P;
fori =0, 1. Since

L Yes¥er Sps-Ser )
" mh : %S.ma/] \S”‘mQ
— N

Ve Sor

and

lyp lsy
EH/‘ ﬁ \ej
Sly

. . % .

\ Sec/' &eQ
HeR Yip

\ Y‘Ge” /l
HRe? sQef
P1

v S '

are commutative diagrams, we conclude v - ¢ is a generalized vertical transformation, with
vertical domain F and codomain H. Associativity and identity conditions hold, via compo-
nentwise calculation on the underlying natural transformations, so the associator and unitor
2-cells are taken to be identites. O

1.4 Horizontal Transformations

Let F, G: D — E be lax functors. A lax horizontal transformation ¢ : F — G 1is given by
data
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— afunctor ¢: Dy — Eq,
— a globular natural 2-cell n?: Gr - ¢y — ¢y - Fr for each horizontal 1-cell r: x — y,

satisfying the following coherence conditions:

— The following diagram commutes

1G)c 'd’x L> (Px : 1F)c

e’ <idl lid-eF

Glx'¢x Tﬁbx'F]x

for all O-cells x.
— The following diagram commutes

¢
G(s-r) -y —Ls ¢, - Fls 1)

mG-id/7 id-m?

(Gs - Gr) - ¢ ¢, (Fs-Fr)
al TO(
Gs - (Gr - ¢y) (¢, - Fs)- Fr
id~n‘,’> n? -id

Gs - (¢y - Fr) — (Gs - ¢y) - Fr

for each pairr: x — y, s: y — z of horizontal 1-cells.

Oplax horizontal transformations ¢ between (op)lax functors are obtained by reversing the
direction of the natural 2-cell n?. An (op)lax horizontal transformation is said to be a strong
horizontal transformation [36, 72] (we note these references follow the opposite convention;
they are called vertical therein) if n® is invertible — hence strong horizontal transformations
are lax and oplax.

Remark 1.7 Let F, G: A — B be lax functors between bicategories A, B, seen as vertically
trivial pseudodouble categories. A lax horizontal transformation ¢: F — G corresponds to
the notion of lax natural transformations [39] and [38] (therein, called 2-natural transforma-
tions, and quasi-natural transformations, respectively). In [85], one also finds oplax natural
transformations.

Though the notion of (op)lax horizontal transformation for pseudodouble categories is not
easily found in the literature, the coherence conditions for the unit horizontal transformations
and for the horizontal composition of horizontal transformations are analogous to the (op)lax
natural transformations for bicategories.

Proposition 1.8 (Unit horizontal 1-cell) Let F: D — E be a lax functor. The data

(i) (1p)x = 1py for each O-cell x,
(ii)) (1p)y = 1gy for each vertical 1-cell f,
(iii) n}F = yF, for each horizontal 1-cell r,

defines a strong horizontal transformation 1p: F — F.

Proof The data (i) and (ii) tell us that the underlying functor of 1 is the composite

D()&E()%El
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and the datum (iii) tells us that, for each horizontal 1-cell »: x — y, the underlying 2-cell
n;” is given by
A p!
lpy-Fr — Fr — Fr-1py

which is a composite of globular, natural, invertible 2-cells, so the data is well-defined.
We’re left with checking coherence. First, we observe that

y
iy - 1pxy —— lpx - 1px

id<eFl leF id

1Fx'F1xT>F1x'lFx

commutes by naturality, giving the comparison coherence diagram for the unit. Now, note
that we have

alo(id-y)oao(y id)oa"! =y, (1.2)
by (b), (d) and (c), so that the following diagram commutes

1p. - F(s-r) —— F(s-r)- 1px

iV Wd

1. - (Fs- Fr) Y (Fs - Fr)-1p,
.| T
(1p; - Fs)- Fr Fs-(Fr-1py)

(Fs-1py)-Fr —~> Fs-(lpy- Fr)

by naturality of y. Since n” is invertible for each horizontal 1-cell », we conclude
that 1r: F — F is a strong horizontal transformation. O

Proposition 1.9 (Horizontal composition) Let ¢: F — G, ¥: G — H be lax horizontal
transformations, where F, G, H: D — E are lax functors. The data

(i) (Y -@d)x =¥y - @dx: Fx — Hx for each O-cell x,
(ii) (Y - @) =Yy - @y for each vertical I-cell f,
(iii) n}ljd) =ato(id- n?) oa o (n}b -id) o ™! for each horizontal 1-cell r,
defines a lax horizontal transformation - ¢: F — H.

Proof Due to functoriality of horizontal composition and of the underlying functors of ¢
and ¥, it is enough to point out that ¢, and v, are a composable pair of horizontal 1-cells to
make sure the data (i) and (ii) define a functor Dy — E;.

Furthermore, note that the datum (iii) is a composite of globular natural transformations,
so it is enough to verify the coherence conditions are satisfied.

We note the following diagram, in which we have supressed the horizontal 1-cells,

! y-id o id-y o

| | | |
oH .idl (e .id)-id (id-e%)-id id-(eC -id) id-(id-ef) lid.eF
Vv ~ ~ ~

ot n? -id * id-n$ o
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commutes, by naturality of « and unit comparison coherence for ¥ and ¢. By 1.2, the top
composite is y, so this confirms unit comparsion coherence for ¥ - ¢.

The next diagram,>, verifies composition coherence for i - ¢: it is a pasting of composition
coherences for ¥ and ¢, a naturality square from the functoriality of -, and the remaining
diagrams are coherence and naturality of «.

f.id . Ng.r . ,id'm

ol ol

(m#f .id)-id id-(id-m*)
. —1 ' 4> . w ¢ ! <7 ' -1
id-a / Q_r .id id'nx/ r\ a”'id
a-id id-o
. <D[7 . . 4> . . <—

o

id-(nY -id) (id-n¥).id (id-mG)-id id-(mS -id) id-(n? -id) (id-n?).id

S

{
\
5

id-Gd-n?) m A Y .id)-id
id‘k / id

-1
o
Hence, we have confirmed composition coherence for ¢ - ¢, concluding the proof. O

1.5 Modifications

Let F, G, H, K: C — D be lax functors and let {: F — H, §: G — K be oplax
horizontal transformations, and let ¢: F' — G, ¥ : H — K be vertical transformations. A
modification (for oplax horizontal transformations) I': ¢ — &, depicted as

w~

— % H
4 (1.3)

— K
&

Q&
oo

3 See also [72, Theorem 2] where we find a similar proof that horizonal composition for strong horizontal
transformatons is well-defined, where we find similar diagrams.
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is a natural transformation I': ¢ — & on the underlying functors ¢, & : Dg — E; such that

r)"¢r
Sy - Fr — &, - Gr
n’;l né (1.4)
Hr - ¢y m Kr &,

commutes for all horizontal 1-cells »: x — y. We say ¢ and { are respectively the vertical
domain and codomain of I'".

By reversing the direction of n, né, we obtain the analogous notion of modification for
lax horizontal transformations.

Proposition 1.10 We have a category Laxqp (D, E) with oplax horizontal transformations of
lax functors D — E as objects, and the respective modifications as morphisms. Moreover,
the vertical domain and codomain operations define functors to the category of lax functors
and vertical transformations.

Proof Let {: F — G be an oplax transformation of lax functors D — E. We take the
identity modification id; on ¢ to be given by identity natural transformation on the underlying
functor of ¢, whose vertical domain and codomain are taken to be the identity vertical
transformations id r and id, respectively. The instance of the diagram (1.4) for id, is trivially
commutative.

Let I', E be modifications given by

F—25G
o| T v
H-¢+ K
ol & [o
L—+M

-~

We define the composite & o I' to be the vertical composition of the underlying natural
transformations. Since

F)"¢r Ey'er
¢y-Fr — & -Hr — x,-Lr

nfl H \Lnf

Gr'é‘x lﬂ—r> KV'SX ﬁM”'Xx

commutes for all horizontal 1-cells r: x — y, we confirm E o I': { — x is a modification
with vertical domain 6 o ¢ and codomain w o .

Associativity and identity properties are inherited from natural transformations, and func-
toriality of vertical domain and codomain is an immediate consequence. O

Theorem 1.11 Let D, IE be double categories. Laxqp| (D, IE) has the structure of a pseudodou-
ble category, with lax functors as O-cells, vertical transformations as vertical 1-cells, oplax
horizontal transformations as horizontal 1-cells, and the respective modifications as 2-cells.

Dually, Lax|ax (D, E) is a pseudodouble category with the same 0-cells and vertical 1-cells,
and lax horizontal transformations as horizontal 1-cells and the respective modifications as
2-cells.
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Proof The underlying categories of cells are provided in Propositions 1.3 and 1.10. moreover,
the latter has provided the vertical domain and codomain functors.

We have defined the horizontal unit functor on objects in Proposition 1.8. For a vertical
transformation ¢: FF — G, we define 14 to be the modification with underlying natural
transformation 1 - ¢, with vertical domain 17 and codomain 1; note that

1y
1pFr 2% 1. Gr
—

7|

Fr-lF Gr~IG

r'1¢

commutes by naturality of y. Since this is just whiskering with 1: Ey — [E, this describes
a functor.

We have defined the horizontal composition functor on objects in Proposition 1.9. For
modifications I" and E as depicted below

Fsnm 51
ol T lve [x
G K+ M

we define E - T to be the horizontal composition of the underlying natural transformations.
This is a modification, since the following diagram commutes

id-n¢ ol
(é'y-é'y)~FrL>f;:y~({y-Fl’)d—}%w(Hl"-é})—)...

(8, Ty)¢r Ey-(Tyr) Ey-(r )

’ id-n? -
(@y - 0,) - Gr —%5 wy - (O - Gr) —5 wy - (Kr - 6) —— ..

71 f.'d
e (& HP) xS (L E) L S Lr - (6 - 4
(Ey9) T Or-Ex) T Xr-(ExT)
- / o % %
s (wy KP) 0 S (Mrwy) 0, =% Mr - (wy - 6,)

(1.5)

and has vertical domain ¢ and codomain .

Since horizontal composition in [ is functorial, we obtain functoriality of horizontal
composition of modifications. Moreover, both the horizontal unit and horizontal composition
have the required behaviour with respect to vertical domains and codomains.

We’re left with providing the unitors and associator, and the respective proofs that these
satisfy the required coherence conditions. To do so, we define A;: 15 - ¢ — ¢ to be given
by A¢, : Lgx - {x — {x, and p; is similarly defined. These are globular modifications, as the
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following diagrams commute

gy -8y)-Fr — &y - Fr

«|

Ly - (Cy - Fr)

id-nfl

Lay - (Hr - &)

(Hr - 1gyx) - &x
al

Hr - (1gy - &x) m Hr - gy

by naturality of A, p, and coherence.

p;y-id
(g‘y-lpy)-Fr — g‘y-Fr

fy’(le'Fr)

(Hr - &) - 1px
al

Hr -Gy - 1Fx) — Hr -
Id'pfx

Finally, we let 7 : L — P be another oplax horizontal transformation. We define «e: (7 -

E)- ¢ >m-(§-¢)tobegivenatx by o: (mwy - &) - & — 7y - (¢ - &x). This is also a natural
isomorphism, and is a globular modification since the following diagram commutes:

((y &) -¢) - Fr —29 5 (1, (&, - 2,) - Fr

o)

(mmy - &) - (& - Fr)

s

ny'((éy'{y)'H")

idiné | x ida

(”y 'gy) <(Hr - &y)

T

((ﬂy : Sy) ~Hr)-¢y)

aid],

Tty - (Sy : (é—y - Hr))
\Lid-ad.nf)
wy - (§ - (Hr - $y))

lidu"

(7Ty : (Sy “Hr)) - &y — Tty - ((gy “Hr) - 8y)

l(idn‘f)»id

lid-(nf id)

(y - (Lr-£0)) - & ——— 7y - (L7 - &) - &)

a’l-idl
((ry - Lr)-&) - &
(" ~id)~idi
((Pr-my) - &) - &x

ide

Ty - (Lr - (5x - &x)

— e

(JTy-LV) “(x -4y

a~idl X ln’[ id

(Pr-(my - &x)) - &«

2|

(Pr-my) - (§x - &x)

|

Pr - ((my - &x) - &x) T Pr - (my - (§x - &x))

which is obtained by pasting coherence pentagons and naturality squares of «.
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By checking componentwise, we find that A, p and « satisfy the desired coherence con-
ditions. O

1.6 Examples

The pseudodouble categories studied in this body of work are:

— The pseudodouble category V-Mat of V-matrices, for distributive monoidal categories V,
that is, a monoidal category } with coproducts, which are preserved by the tensor product,
e.g., [9, 24, 28].

— The pseudodouble category Span([5) of spans of morphsims in 3, for 5 a category with
pullbacks, e.g., [7, 28, 42]).

— The pseudodouble categories Laxjox (D, E) and Laxep (D, E) for pseudodouble cate-
gories D, E (Theorem 1.11).

— The double categories Lax-T-Alg, Ps-T-Alg of lax and pseudo T -algebras, for T a pseu-
domonad on a 2-category B, e.g., [10, 61, 63].

— In particular, the double category Mnd(B) = Lax-id-Alg of monads in a 2-category B,
e.g. [84], [64, p. 33].

We shall specify the double categorical structure of Lax-7T'-Alg. First, recall that we have
2-categories Lax-T-Alg,, and Lax-T—AIgop| whose O-cells are lax T'-algebras, with their
(op)lax morphisms and their respective 2-cells [64]; however, there is a notion of generalized
2-cell which subsumes both structures.

We will be taking the vertical 1-cells to be the oplax morphisms and the horizontal 1-cells
to be the lax morphisms. Let (k, ¢) : (w, a,n, n) — (x,b,n, w), k,¥): (v,c,n, u) —
(z,d,n, n) be lax T-algebra lax morphisms and (f,¢): (w,a,n, u) — (y,c,n, n),
(g,8): (x,b,n, n) — (z,d, n, n) be lax T-algebra oplax morphisms. A generalized lax T -
algebra 2-cell

(h.¢
(w,a,n, u) 1—; (x,b,n, 1)

o) » lew
(y7 c,n, ,LL) W (Za dv n, ,LL)

consists of a 2-cell w: g - h — k - f satisfying the following coherence condition

g-b-Th
p
g-h-a d-Tg-Th
w»al ld.wT
k-f-a d-Tk-Tf
P s
k-c-Tf
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where we write ’ = (m7)™! o Two mT. Horizontal and vertical composition is defined

as expected: to be explicit, we consider generalized lax T-algebra 2-cells 6, o given by

(k,§) ',
(y, c,n, M) E— (Z’dv 1, ,LL) (xs b, n, /’L) — (w/7a/’ UB M)

0| 0 lewn e o leo

(.X/, b/! n, /1/) m (Z/a dl, n, M/) (Zv da n, M) m (y/5 6/9 n, M)

and we definefow = (0 - f)o (g’ -w)and o - @ = (k' - w) o (o - h). These provide a double
categorical structure to Lax-T'-Alg, provided the coherence conditions are satisfied for 6 o w
and o - w, which are given by the commutativity of the following diagrams:

o g/.g.b.Th e
Py P
/ \
g g h-a g -d-Tg-Th
g/aral g'~d~le \]/j/'Tf.Th
g -k -f-a g -d-Tk-Tf d-Tg -Tg-Th
g kg
9. f- Tol.nT
fal \ %Tf l/f/.m ld Tg
m-f'-f-a g k-c-Tf d-Tg -Tk-Tf
f,{\ \L@'C'Tf ldﬁTTf
mef-
m-f -c-Tf d-Tm-Tf -Tf
mm (/n-Tf’»Tf
m-b-Tf -Tf
1-¢'-Th l-a"-Th-Th Th-Th
o l-hW-b-Th ¢-TI-Th -Th
y l"‘b‘Th lc’~aT~Th
l-hW-h-a kK-g-b-Th c-Tk' -Tg-Th
§-Tg-Th o
a.h-ul %’gd) k’»l/ﬂ"h\ / lc Tk -oT
kK- -g-h-a kK -d-Tg-Th ¢ Tk - Tk-Tf
k'<w~al k/-dle %T}‘
K-k-f-a K.d-Tk-Tf
k% (/k/ﬂ//-Tf
K-k-c-Tf

with analogous definitions for #7 and o7, plus a couple of omitted coherence conditions
which confirm that (0T - Tf) o (Tg'-@") = @ ow)T and (Tk'-wT)o(cT -Th) = (o -w)T.
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2 Spans Versus Matrices
Let V be a distributive, cartesian monoidal category with finite limits, whose terminal object

is denoted by 1. Our starting point is the adjunction

Set 1% 2.1

ok

pet

1.—

whose unit and counit we denote by 7, € respectively. Here, — * 1 is the functor left adjoint
to V(1, —), taking each object X to its copower by 1. Explicitly, it is given on objects by
X—>Xx1=) x1

After fixing some notation regarding V-Mat and Span(}), we confirm that (2.1) induces
an adjunction in the 2-category Grph(Cat) of internal Cat-graphs

—x1:V-Mat — Span(})  V(1, —): Span(V) — V-Mat

and we will furthermore confirm that — * 1 defines an oplax functor.

Together with the tools and terminology provided in Sects.3 and 4, we will be able to
deduce that V(1, —) is a lax functor, and that we have a conjunction in the double category
PsDbCat. The unit and counit may be depicted as follows

V-Mat —— V-Mat  Span(V) 217 Vmat
—*ﬂl A H H 2 l—*n
span(V) ;= V-Mat  Span(V) == Span())

alluding to the fact that these are generalized vertical transformations in PsDbCat.

Notation for Span(V)
The Cat-graph Span(}) is succintly defined as [/ < m — r, V] = V, whose underlying

functors are the evaluations at/ and r. Throughout this work, we opt to denote spans p: X -
Y in V as the following diagram

lp Tp
X<—Mp*>Y

and a 2-cell 6 with vertical domain f and vertical codomain g will be denoted as a morphism
M, — M, making both of the following squares commute:

Ip rp
X M, sy

A

W<—Mq.*>Z
lq q

¥

The unit span 1y : X - X is defined on objects by M1, = X and /1, = rj, = idy, and on
morphisms f: X — Y byl =ry = f.
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Letg: Y - Z be another span in V. We write the pullback which defines ¢ - p as

0
M‘I'l’ Mq

(U

MPT>Y

so that we have l;., = [, oy and r;., = ry4 o mp. By abuse of notation, we may refer to
instances of such pullback diagrams as M. .

The unitors A: 1 - p — pand p: p-1 — p in Span(}) are given by the pullback
projections 7ty : My., — M), and wo: M).; — M, respectively.

Given a third span r: Z -+ W, note that the universal property of the pullback M,.,
guarantees the existence of a unique map 773 : M.4).p — My.p such that 7y o 7 = 71 and
T OTT) = TT) © 12!

TT(
Mygyp —= Myy

~. T

0
My, =% M,

TR

M, —— Y

Tp

With this, the associator a: (r - q) - p — r - (¢ - p) may be defined as the unique map such
that 1 o @ = 713 and 7 o & = 79 o 7, via the universal property of the pullback M,.(4.p):

M.q)-p THoTT)

M;.(q.p) SN M,

n Tl

Notation for V-Mat

Let p: U - V be a V-matrix. We denote by p(u, v) € Vthe value of p at the pair (u, v) €
U x V. A 2-cell of V-matrices

consists of a family of morphisms 6, ,: p(u,v) — g(fu, gv)inV,foru € U,v € V and
functions f: U - Wand g: V — X.
Given another 2-cell
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the composite w o @ is given at u, v by the composite of

O fu,gv

P v) 2 g (Fu. gv) LS r(hfu, kev),

exhibiting the structure of V-Mat as an internal Cat-graph.

Given u,u’ € U, we write [u = u’] for the set that is a singleton if © = u’ and empty
otherwise. Note that if we have a function f: U — V, then there is a unique morphism
[u=u'] — [fu = fu']. With this, the unit V-matrix 1y : U - U is defined by 1y (u, u’) =
[u=u'l*Tforaset U,and 1sisgivenby 1,(u,u'): [u =u'1%1 — [fu= fu'l*1fora
function f: U — V.

Recall that if r: V - W is another V-matrix, we have

(t- P, w) =Y 1(v,w) X p(u, v)

veV

which is the composition of V-matrices. The composition for 2-cells is defined likewise.
The unitors and associators are then given by taking coproducts over the unitors and
associators for the cartesian monoidal structure of V.

Lifting the adjunction to Grph(Cat)

For a V-matrix p: X » Y, we define M 41 = Zx!y p(x,y),and wedefine px1: X x1 =
Y x 1 to be the span given by taking the coproduct of p(x, y) — 1 indexed by X x Y; this
gives a morphism M1 — X * 1 x Y % T (see Diagram (2.2) below, which is commutative
by the universal property of the coproduct), whose composite with the projections determine
lp*]] and T psxl-

p.y) ———— 1
l L) 22)
Mpyy —— X T xY 1

<[p*11 s rp*ﬂ)

We write 79 : (q-p)*1 — g=*1 (respectively, 71 : (g-p)*1 — p=1) for the coproducts of
the projections g (v, w) X p(u, v) — g(v, w)indexedby U x V x W — V x W (respectively,
q(v, w) x p(u,v) - p(u,v)indexedbyU x Vx W — U x V).

For aspans: V - W in V, we define the V-matrix V(1, s): V(1, V) -» V(1, W) to be
given at v, w by the following pullback:

va, ppv,w) —— 1

l r l(v,w) (23)

—_—
M ) VxWw

and if we have a 2-cell of spans 6: s — 1:
Ve oM s w

fl 1o lg

X — M —Y
I Tt
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then V(T, 0) is the 2-cell uniquely determined by pullback as follows:

VA, ), w) 220N, 0 (o, gw) —— 1

Lo LT e

M M, XxY
(le.re)

0

We observe thatl; 00 = fol;andr, 00 = f ors.
We extend 7, & to V-Mat and Span(}): for a V-matrix p: X - Y, we define 7,: p —
V(1, p % 1) at x, y to be given by the dashed arrow

p(x,y) N

VA, px1)(@x, 7y) 1 24

r A A
l l(mmny)
Myt ———— X %1 x ¥ *1
(p*ﬂ rp*ﬂ)

Foraspans: V —» W,welet&s: V(1,s) % 1 — s to be given by taking the coproduct of
(2.3) indexed by

VI, V) x VA, W) == V(1, V) x V1, W)
! !
1 1

which yields a commutative square

Myaq g1 — VA, V)= T x V(1, W) * 1
é.yl l(év, Ew) 2.5

_
M, ) VxWw

By taking the coproduct of (2.4) over the diagram

SeS

XXxY =—X
}
| ——

XxY

Y

-=~%><

we conclude that &1 0 9, * 1 = id . for all V-matrices p. Moreover, by considering the
following diagram

S)Y]U N

V1, s)(v, w) —— V1, VT, s) * 1)(7v, nw) *> Va,s)(v,w) —— 1

! [ Jww
My s)x1 : M T VxW

we conclude V(T, &) o ny(y.5) = idyy 5) for all spans s in V. Hence, we have confirmed that:

Proposition 2.1 We have an adjunction —x1 4 V(1, —): Span(V) — V-Mat in Grph(Cat).
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Coherence for — % 1

Now, we check that — *x 1 is a normal oplax functor: for a set X, consider the pullback
diagram

[x=y] —— 1
e 3 (2.6)
X T> X x X

so that 8, x = x and 8,y is uniquely determined when x # y. Now, we consider the image
of the diagram (2.6) under — * 1, and take its coproduct indexed by:

XxX — XxX
l l 2.7
T — 1

This yields us e;(*ﬂ ;since [x = y]*x1 = Oforx # y, we conclude that this 2-cell is invertible.

Moreover, given a function f: X — Y, we observe that the following diagram

o= %1 258 [fx = fyl*1

! !

1
X x1 —>f* Y %1
commutes, as it is the image via —* 1 of a commutative diagram in Set. Taking the coproduct
over (2.7) confirms naturality of e*T,
For V-matrices p: X - Y, q: Y - Z, m~*! is depicted in Diagram (2.8) below by a
dashed arrow, and is uniquely determined by the universal property of the pullback square:

T
Mgy — 22

m -
M(put)-(guty — Mgst (2.8)

| : Lgxt
l l

Mp*]] T Y 1

We consider the following horizontally composable 2-cells of V-Mat:

U pPo 1% P1 114

fl %o é g1 lh

X —Y —12Z
90 q1
We have

mjomy* o((Cr-¢o) x 1) = ()% 1) o ((¢1-¢0) * 1)
=(§J*]])O(7T]*ﬂ)

—x1
Po,P1

=mjo((G11)- (Gox1)om,*

=(j*xT)omjom

for j = 0, 1. We obtain naturality via the universal property of the pullback M g, «1).(g9%1)-
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To verify the unit comparison coherence of — x 1, we let p: X - Y be a span in V, and
we consider the composite

—x1 —x1 .id A
Zx,y,z ly(y,2) X p(x,¥) T—= M(ysty.(pe1) — Miy - (pet) — Zx,y p(x, y).

By definition, A: My, ,.(px1) = M ps«1 is simply the pullback projection, thus Ao (e*1.id) =
1 is the pullback projection M1, 41).(p«1) — Mps1, and therefore A o @ *.id)om=*! =
71 om~*1 = 7| by (2.8). But 7y itself is the coproduct of 1y (y,z) x p(x,y) = p(x,y)
indexed by the projection X x ¥ x Z — Y x Z, which is just A % 1. A similar argument
confirms the right unitor case.

Now, we’re left with verifying the composition comparison coherence of — * 1. For the
remainder of the section, we will denote horizontal composition simply by concatenation.
For an easier understanding of the calculations, we provide the following diagram:

l / N

(ts) * 1 ( * 1)(r * X %1

\/
/\

(s7) * 1 (Z*T])(\ Y1

T \ e

N *T = @t D) *1) = G+ D(E+DE*1) — 5 %1

First, we verify that m* o * Do (@*1) =7 oao(mM*id) o m*! as 2-cells
((ts)r)y« 1 — (s % 1)(r % 1). We have

moom Voo (@x1) =RgoR o (xT)
=71 o Ay
=70 m—* o7 ° m—*?
=1 omp o (M*1.id) o m™*!

—x1 *1

=mgomoao(m dd)om™",

mom ™ ofjo(@x1) =A10R10@x1)
—#
=T om*!
=m0 (m* id) o m™*!

*1

—*1 dd)om™",

=miomoao(m

and then we apply the universal property of the pullback M s.1)(-«1). With this, we finish our
proof: note that

Tgpoa o (m’*ﬂ id)om™! =mpompo (m’*“ id) om™*!
=m9om * oy om*!

:(rro*]])o(rro*]])

= (mox1)o (1)

=mpom *To(ax*1)
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=myo (id .m ] ) om™*1 o(a * 1),

*1

T o (id .m~*? )o m T o@*x 1) =m* o om™* T o(@ % 1)

=m o x Do (ax1)
=moao(m* .id)om™*,
then we apply the universal property of M ;.1)((s«1)(-+1))- This concludes the proof of:

Proposition 2.2 — x 1: V-Mat — Span(}) is a normal oplax functor.

3 Conjoints and Companions

The notion of “adjunction” and the associated mate theory generalizes to two (dual) internal
notions in (pseudo)double category theory, first noted by [35] under the terminology orthog-
onal companions and adjoints for the internalized adjunctions, and orthogonal flipping for
the mate theory.

These were concepts were later studied by various authors, with differing terminologies.
the holonomies and foldings of [32] are, respectively, the orthogonal companions/adjoints,
and the orthogonal flipping of [35]. In [28, 81], we find the use of companions and conjoints
in place of orthogonal companions/adjoints, and their mate theory appears as [28, Corollary
7.21]. The work of [29] adapts to the terminology of companions and conjoints, and considers
their mate theory in [29, Definition 3.22], under the terminology Beck-Chevalley cells. We
also have the mate correspondence for conjoints and companions in [80, Proposition 5.13],
and more recently, [33, Proposition 2.9].

In this section, following the terminology of [28, 29, 80], we review the notions of conjoints
and companions in (pseudo)double categories. We also give an account of their mate theory
(Lemma 3.2), and review their behaviour with lax functors. Our goal is to state, and prove,
Theorem 3.6, which was not found in previous works,* and is an important tool for the
developments in Sects.5 and 6.

Let D be a pseudodouble category, and let f: a — b be a vertical 1-cell, 7: b - a be a
horizontal 1-cell. We say that r is the conjoint of f if there exist 2-cells

a—5a b 1> a
A
b——a b—>b

suchthatson =1yandn-e = p~ 1o ). We say 5, ¢ are the unit, counit of the conjoint,

respectively. Also denote by companion the horizontally dual notion of conjoint; we denote
the unit and counit 2-cells of a companionas v: 1 — r and §: r — 1, respectively.

In any pseudodouble category D, the identity vertical 1-cell on any O-cell x always has
both a companion and a conjoint; in both cases, it is given by the horizontal unit 1, with unit
and counit given by idy, = 1jq,, which trivially satisfies all four conditions. Unless otherwise
specified, 1, will be our fixed choice of companion/conjoint for id, .

We say that D is conjoint (companion) closed if every vertical 1-cell of D has a conjoint
(companion). For instance, equipments may be defined as the pseudodouble categories which

4 A similar result has since appeared in the preprint [74], in their study of cartesian structures of pseudodouble
categories.
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are both conjoint and companion closed (see [81, Theorem A.2]), of which Span(}) and
V-Mat are examples.

Let T be a pseudomonad on a 2-category B, and consider the double category of lax
T -algebras as described in Sect. 1. Our next result, Proposition 3.1, given in [64, Theorems
1.4.11 and 1.4.14], originally stated for strict T -algebras in [50], may be used to characterize
conjoints and companions in Lax -T- Alg. Since this is just a restatement of the results of [64,
Chapter 1], we omit the argument.

Proposition 3.1 (Doctrinal adjunction) Let (f, g, 1, €) be an adjunction in a 2-category B.
There is a bijection between 2-cells { making (f, ¢) into an lax T -algebra oplax morphism
and 2-cells & making (g, &) into a lax T-algebra lax morphism.

Moreover, (f, ¢) is the conjoint of (g, §) in Lax-T-Alg if and only if ¢ and & correspond
to each other via the aforementioned bijection, and f has a companion if and only if ¢ is
invertible; in which case, its companion is (f, (‘1).

As is the case with ordinary adjunctions in a 2-category, there is also a notion of mate
theory for conjoints (and dually, companions), which we present in Lemma 3.2. Results
along these lines were already present in [35, 1.6], as well as [28, Corollary 7.21] and [80,
Propositions 5.13 and 5.19]. We have decided to provide a slightly different statement and
proof: our goal is to provide explicit formulas as an aid for calculations involving conjoints
and companions, abundant in this work.

Lemma3.2 Let (f, f*, n,¢e)and (g, g*, n, €) be conjoints, and consider 2-cells

r rf*
u —— X vV —> X
kofl ¢ lgoh k| & n 3.
w2 woed Y

Then the following are equivalent:

(a) §=po (((no 1h) - ¢) - (Ig 08)) oa"lor™l,

(b) ¢ =ho(e idg) o olid - op,
(c) hoe-id) o =po (- (ko)
(d) Eo(id,-m)op~ ' =(moly)-¢)or"",

In particular, the sets of 2-cells as given in (3.1) are in pairwise correspondence, explicitly
given by the formulas (a) and (b). Pairs of such 2-cells are said to be mates or under mate
correspondence.

Proof We will prove that (c) —; (b) —ii (d) —iii (@) =iy (€).
(i) Sinceeon =1y, wehave
Ao(e-idg)o&o(id,-mMop t=po(t-(1og))ol(id, -mop!
=po((oidy)-(locon)op ! =¢.

15 2, we have

(i) Sincen-e=p~
(nol)-g)ort= ((nol).(xo(a-idq)oso(idq .n)op—‘)))orl

= (ids - 2) 0 (- (s +idg)) o (1 G o (idp-mop™")or™
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=(ids -V oao(pl id)o(-idoator ot o(idy nop!
and coherence guarantees
(id-Voao(p ! idyo(h-id)oaor" =id,
as desired.
(iii) Sincen-&=p~
(mol)-¢)-(loe)=(5o(idy,-mopoir) e
= (- Do((dy-m-&)o((p~" on)-idg)
=& -Doalo(id, (0 ' or)oao((plor) - idgs)

15 1, we have

and coherence guarantees
poalo(id, - (plor)oao((plon) - idg)oator™! =id,
as desired.
(iv) Since € o n = 1g, we have
(e-idg) o0& =(e-idg)opo (((no D-¢)-1 08)) oa lonr™!
=po((e-idg)-id)o(((nol)-¢)-(loe)oa™ or™!
=po((1-7)-&)oalor™!
=poalor™! o(¢-¢)
and coherence guarantees
,oooz_1 o=t op,
as desired.
O

Remark 3.3 Once more, we consider the pair of 2-cells ¢, & given in (3.1). We will consider
the following specialized instances of the mate correspondence:
(i) For k = id, (c) becomes (g - id) o & = y "L o (¢ - &).
(i) For h = id, (d) becomes £ o (id - ) = (- ) oy~ L.
(iii) Fors =1, (c) becomes e 00 = po (¢ - (1x o€)), where § = p o &.
(iv) Forr =1, (d) becomes 0 o = (o 13) - ) o A~!, where = £ o A~ 1.
(v) For f = id, both (b) and (c) become £ = A o (¢ - id) 0 0, where § = £ 0 p~ .
(vi) For g = id, both (b) and (d) become ¢ =6 o (id - ) o p~ !, where § = A o £.
And by combining these, we may obtain simpler forms. For example, (v) and (iii) (respec-
tively, (vi) and (iv))) provide the result that the counit (unit) of a conjunction is a cartesian
(opcartesian) 2-cell in the sense of [28, 81].

The combination of (iii) and (iv) is mainly used under the hypothesis that we have a
commutative square k o f = g o h of vertical 1-cells, that is, ¢ = id. In this case, the
unit 1gop = 1oy has two mates; they are said to be the mates of the commutative square
k o f = g o h, and are the unique 2-cells 6, w, respectively satisfying

gof =1p0e and Oon=mnoly,
cow=1g0e and won=noly.

In practice, we will mention “the” mate of a commutative square k o f = g o h, and we let
context determine which mate is being considered.
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We proceed to review well-known [28, 29, 35, 80, 81], yet fundamental results about
companions and conjoints. Our aim is to demonstrate the applications of their mate theory,
while fixing notation to use for later reference in Sects.5 and 6.

Let F: D — E be alax functor of conjoint closed pseudodouble categories, and let f is a
vertical 1-cell in . We denote the mate of Froe! obtained via (vi) by of C(F)* — F(f*):

1 1

el | e
C-(Fff - = - —F1 -
[ (AR
R CFEgM

We say that F preserves the conjoint of f if o ; is an invertible 2-cell; we say F preserves

conjoints if o f is invertible for all vertical 1-cells f. We can show that:

Lemma3.4 Let F: D — E be alax functor of conjoint closed pseudodouble categories. The
following are equivalent:

(a) F preserves conjoints of identities,
(b) F preserves all conjoints,
(¢) F is normal.

Proof We begin by showing that any lax functor F satisfies the identity Fe o of = ef

for we have

og,

FsooFon:FSanoeF:FlfoeF:eFolpf:eFOSOU,

so the desired equation follows by (vi).

Moreover, whenever o fF is invertible, the following relations hold:

so(aF)flanoeraonzlf,
efoco(0) o Fp=FeoFyn="Fly.

Hence, if oig is invertible for all O-cells, we conclude that e is invertible; this confirms (a)
— ().
Now, if we assume F' is normal, we let XF be the unique 2-cell such that ¢ o XF =

(ef)~1 o Fe, obtained via (v). From this, it is clear that x¥ o 0¥ = id, since
SOXFooF:(eF)_loFeanze,
and
p oo oXFoA=(GF~|d)op_]oko(id XF)
= (0 -id)o (-€) o (id - xT)
=(c"0on)-(e0x")
= (Fnoef) - ((ef)' o Fe)

= (id- (e") ") o (Fn- Fe) o (e -id)
:p_lonomFo(Fn-Fs)o(eF~id)
=,o_1onoF(n~£)omFo(eF~id)

@ Springer



Generalized Multicategories: Change-of-Base , Embedding... Page310f89 35

:pilo)u

confirms that x ¥ is the inverse of o ©'. We have shown that (c) — (b), and of course, (a) is a
consequence of (b). ]

For the case of companions, we write rjf: (Ff) — F(f) for the mate of Fv o ef,

and we say that F preserves the companion of f if t¥ is invertible. The horizontally dual
result states that F' preserves companions iff F' is normal. Thus, we obtain the result that
these three conditions are equivalent for lax functors between pseudodouble categories ( [29,

Proposition 3.8]).
Lemma3.5 Let F: D — E be a lax functor between conjoint closed pseudodouble cate-

gories, and let r: x -+ y, f:z — y be horizontal, vertical 1-cells respectively. Then the
2-cell

(FfY - Fr 28 POy - Fr ™5 F(f* - r)

is invertible. In particular, m* : F(f*)- Fr — F(f*-r) is invertible for all suchr, f if and
only if F is normal.

Proof We claim the inverse /7 is given by the mate of F6 via

g 1o =0 b
= F(f*r). =13 ., Where 0= . _, 5. 15 . .
| Forson | Ix

Note that /¥ is the mate of F6, and 6 is the mate of id f*.r» via (iv) and (v), respectively. Now,
note that

(e-id)olf omFo(@” -id) =27" o FOomF oo -id)
=2 oFromfo(Fe-id)o(aF -id)
=r"'oFromo(ef id)o(e-id)=¢-id,
m o(o” -id) o 1" =mF o(Fn- Fo) o (ef id) o 7!
=F(n-0)omfo(efid)or! =id,
so, the result follows by the mate correspondence. O

In a conjoint closed pseudodouble category D, let f, g be composable vertical 1-cells
with conjoints f* and g*, and let w: f* - g* — (g o f)* be the mate of 1, 0 &: f* — 1.
Via (i) and (iii), we obtain:

f* % g* \ f* \
0 . . .
. . 1
’ H g g lgoe lgof
- (go ) - = - —1= - —1—- (3.2)
I & Jeof H 0 H

1 . S
7

1
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We can also define a 2-cell (g o f)* — f* - g* as the mate of 7o 1 7, which can be shown to
be the inverse of 7, using a method similar to the proof of Lemma 3.5; as this is not needed,
we omit the details.

Now that we have fixed the notation we will need for the rest of the paper, we end the
section with Theorem 3.6, to justify the value of conjoint and companion closed pseudodouble
categories.

Theorem 3.6 Let D, E be pseudodouble categories. If E is conjoint closed, then so is
Laxjax (D, E). Dually, if E is companion closed, then so is LaXop (D, E).

Proof Fix a vertical transformation ¢: F — G where F, G: D — E are lax functors. For
each O-cell x, we write

Fx*1>Fx Gx£>Fx

A T

Gx?Fx Gx*l>Gx

for the 2-cells satisfying ey o ny = 1y, and ny - &; = o !

¢, for all x.
Define qb* ¢y — ¢} to be the mate of 15y via (ii), so that ¢f ony = nyolgsand
eyo s = lcf 0 &y. Moreover note that

o A, so that ¢ is the conjoint of

¢§°¢?°ﬁx=¢§°77y°1Ff=77z°1Gf°1Ff=77z°1G(gof)y

so we conclude that ¢* gof = ¢* o™ r by mate correspondence. Similarly, we have qbl 4 = =id} by
Next, we consider the map r — Fr - ¢, where r: x — y is a horizontal 1 —cell. It is
functorial: for 2-cells

x 4>y u —15
oo ool o8 (3.3)
w—z X ==y

we have

F©ox) dfp=(FOoFyx)- (@ o) =(FO-¢})o(Fx -d%),
and F(id) - ¢;5 = id, as desired. Analogously, r — ¢ - Gr is also functorial.
We define nf* : Fr-¢f — ¢’yk - Gf to be the mate of

FxL>Fy

bx l ¢r \L‘b)'

GxﬁGy

via (i). We claim this data makes ¢* into a lax horizontal transformation G -~ F.
Given a 2-cell 9 as in the left diagram of (3.3), we have ¢ o FO = G o ¢,, since ¢ is a
vertical transformation. The following pairs

GOog, and n? o(FO - ¢%),
¢s0 FO and (¢} GO)on?
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are mates, so that we have
n?" o(FO - ¢7) = (¢} - GO) on?’,
giving naturality. To confirm this,
ro(e-id)on? o(FO - ¢%) = po(¢s &) oo(FO - ¢})
= po((¢s 0 FO) - (s09¢}))
=po((@soFO)-(log)),
(5 - GO) on? olid M) op™" = (¢; GO o (- ¢r) 04~

= ((¢5om - (GOog))or™!
=((mo1)-(GOog))or "

Now, we note that ¢; oef = e¥ ol,_and g5, om’ = mY o(¢;-¢, ). We shall deduce that
the coherence diagrams for ¢* commute by taking the mates of these commutative squares,
thereby confirming that ¢* is a lax horizontal transformation. Via (i), we will prove that the
following pairs

mYo(hs - ¢,) and (id-m%) oo (¢ -id)oa o (id- ¢*) oa,

¢sromf and n? o(m’ .id),
¢, 0e

eGol¢X and (id-ec)opflo)»,

F and nIV:o(eF-id),

are under mate correspondence. The last three are one-liners, respectively:
Ao (e-id)on? o(m’ id) = p o (¢s. - €) o (M -id) = p o ((¢s.r omF) &),
ho(e-id)on? o(elid) = po (g1, - &) o (e id) = po (g1, 0e”) -id),
ro(e-id)o(id-e%optoro(d-nop !l =eCoro(e-id)opton=eloly,.
For the first pair, observe that
ro(e-id)o(id-mP)oa=xro(1-m%)o(e-id)oa
=m%oroao((c-id) -id)
=m%o(x-id) o ((¢ - id) - id),

(e -id) -id) o (n?"-id) o™ = (((¢ -id) o n?") -id) 0 !
=((y o (@s-e)-id)oa”!
=@ id)o ((¢s-e)-id)oa!
=070, 0@y - (e - id)),

(¢s - (e -id) o (id-n? ) oa = (¢5- ((¢ -id) on?")) o
=@y 0@ -e))oa
=(id-y o (¢r-&)oa
=(id-y Doao((¢s-¢)-e),

and pasting the expressions above together verifies the claim.
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Finally, note that
1

n o(idpy - 1) = (ny - ¢r) oy~

(ey -idgr) onf” =y o (¢ - £2)
are immediate consequences of mate correspondence. Thus, 1 and ¢ define modifications,
and pointwise evaluation confirms that ¢* is the conjoint of ¢. O

We say that a vertical transformation ¢ has a strong conjoint (companion) if its conjoint
(companion) in the appropriate pseudodouble category is a horizontal transfomation; that is,
if n®" (n®) is an invertible natural transformation. The notion of a vertical transformation
¢ having a strong companion (conjoint) is present in [28, A.4]; therein, the terminology is
(co)horizontally strong.

To provide a class of examples, recall from [28, A.6] that for a natural transformation
¢: F — G between pullback-preserving functors F: B — C on categories with pull-
backs, the induced vertical transformation (]3: F — G between the induced strong functors
F,G: Span(B) — Span(C) has a strong conjoint if and only if it has a strong companion,
if and only if ¢ is a cartesian natural transformation.

We also have the following the result:

Lemma3.7 Let ¢: F — G be a vertical transformation of lax functors F,G: D — E, let
H: E — F be another lax functor. We assume E is conjoint closed, and that ¢ has a strong
conjoint.

H¢ has a strong conjoint if and only if m* o (id - of): HFr - (H¢y)* — H(Fr - ¢7)
is invertible for all x and all r.

Proof We shall verify that

) (H¢x)*> ) HFV> . . (H¢x)*> . HFr> )
[ A
S HGry - (He* - . mH@D» - —HETy
H e =0 me (3.4
S HGry - -H@D > - —— H(Frgh) — -
(IS
' H(¢:-Gr) > ' H($y HGr) a

for all r and x, from which our result follows as a consequence of Lemma 3.5. Note that
m# o(c - id) o N9 o(id - ) = m7 o(c® -id) o (n- Her) 0y~
=mf o(Hy- Hpy) o (e id) o 7!
=H(n-¢)om” oe id)yoy™!
=H(n-¢;) 0o HA o p,
Hn? omfo(id-o™)o(id-n) = Hn? om o(id- Hn) o (id - e)
= Hn? oH(id - n) om® o(id - e
= H(n~¢r) oHy™! omHo(id-eH)
=H®- ¢)oHr ' op,

so (3.4) holds by mate correspondence. O
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This invertibility condition is satisfied, for instance, by strong functors, and by Barr extensions
of monads on Set; see [44, 1.10.2(2)].

4 Double Categories as Pseudo-Algebras

We refer to [35, 4.4] for the notion of equivalence of double categories. This section is devoted
to proving the following result:

Proposition 4.1 We have an equivalence of double categories PsDbCat >~ Ps-§-Alg, where
F = (&, m,e) is the free internal category 2-monad on Grph(Cat), and Ps-§-Alg is the
sub-double category of Lax-§-Alg consisting of the pseudo-§-algebras.

The proof is laid out as follows:

I We recall the definition of §, verifying it is a 2-monad.
II We provide a construction of a pseudo-§-algebra from a given pseudodouble category.
IIT We provide a construction of (op)lax morphisms of pseudo-g-algebras from given (op)lax
functors of pseudodouble categories. Moreover, we verify this construction defines a
functor PsDbCatjax — Ps-3- Algy,, (and dually, PsDbCatop — Ps-§- Alggp)).
IV We prove the aforementioned functors are fully faithful.
V We prove the aforementioned functors are essentially surjective.
VI Let H: A — Band K: C — D be lax functors, andlet F: A — Cand G: B — D
be oplax functors, and consider the induced pseudo-§-algebra lax and oplax morphisms
(as in (4.3)). Given a 2-cell w: GH — K F of internal Cat-graphs, we prove that o is
a generalized vertical transformation if and only if w is a generalized 2-cell of pseudo
$-algebras.

Remark 4.2 To clarify how the statements I-VI give our desired result, we recall the charac-
terization of equivalence of double categories [35, Theorem 4.5]. Namely, this result states
that a strong functor F': D — E of pseudodouble categories is an equivalence if and only if
the underlying functor F;: D1 — [E; on horizontal 1-cells and 2-cells is an equivalence of
categories.

Items I, IIT and VI guarantee that we indeed have a strict functor PsDbCat — Ps-§- Alg
between double categories. The correspondence between generalized vertical transformations
and generalized 2-cells of pseudo-§-algebras is given by VI, and is the identity, which is
certainly (strictly) functorial both horizontally and vertically.

Indeed, we recall from Proposition 1.6 that we are taking the horizontal 1-cells to be the
lax functors. Let

F:A—- B, G:C—D,
be lax functors, and write
F:A—>B, G:C—>D,

for the associated pseudo F-algebra lax morphisms. Let 6 be a generalized 2-cell of pseudo-
§-algebras

A5 B
Pl 0 \LQ
@?E
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where P, Q are the underlying oplax morphisms of pseudo §-algebras. Since PsDbCatqp —
Ps-§- Alg,p is fully faithful by IV, there are unique oplax functors H : A - C, K : B — D
such that P = H, 0= K, respectively. Now, by VI, 6 is identical to a generalized vertical
2-cell

AL B
Hl %) lK

CTD

so the strict functor PsDbCat — Ps -F- Alg is full and faithful in the terminology of [35, 4.4].

Now, welet P: X — Y be alax §-morphism between pseudo-§-algebras X, Y. Since the
functor PsDbCatj;x — Ps-3- Alg,,, is essentially surjective by V, there exist pseudodouble
categories A, B and invertible pseudomorphisms of pseudo-F-algebras A = X, Y = B, and
by taking the composite we recover a lax functor F: A — B via IV. There is an invertible
generalized 2-cell F = P induced by the isomorphisms A = X and B = Y, thereby
confirming that the strict (double) functor PsDbCat — Ps-§- Alg is essentially surjective in
the terminology of [35, 4.4].

Step|

We begin by recalling that Grph(Cat) is the functor 2-category [ = -¢, Cat], whose 2-
cells 6: F — G are pairs of natural transformations 6;: F; — G; fori = 0, 1 such that
dj -6y =06p-djfor j =0, 1.

Since Cat is a lextensive category, we can define the free internal category monad § =
(§, m, e) on the underlying category of Grph(Cat); we can obtain an explicit description of
F(G) for each internal Cat-graph

Gy
G= dl/ \do
Go GO

by considering the free monoid monad on the monoidal category } = Span(Cat)(Gy, Go);
indeed, we apply [48, Theorem 23.4], noting that, by extensivity, the induced tensor product on
Vpreserves coproducts on both variables. See also the proof of Lemma 7.6 for the expression.

To extend § to a 2-monad, let 6: F — G be a 2-cell in Grph(Cat). We define §6 by
letting (§6)o = 6p and (F0)1: (§F)1 — (FG) is given at a composable string of horizontal
arrows ri, ..., ry by

(%9)” ..... m = (er LI ) Grn)’

which is a horizontally composable string of 2-cells, and is given at the empty string by

($8)¢ = bo.
We must check (§6) is natural; indeed, if ¢; : r; — s; is a horizontally composable string
of 2-cells, then 5, o F¢p; = G¢p; o 6, forall i, so

EDsi,cusy © FF)P1s - n) = Oy, .., 65,) 0 (Fou, ..., Fpy)
=(Go1,...,Gdy) 0o br,...,0;,)
= @FC) @1, ) 0 (FO)ry. s
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and since 0 is already natural, there is nothing to check for n = 0.

Finally, note thatdy - (§0),,,...r, = d1 6, ..., 0r,) = d16r) = Oayr, = Ody(r,....r,)> and
likewise dg - (§0)1 = 6o - dp.

To verify § is a 2-functor, we must prove we have strict preservation of vertical and
horizontal composition of 2-cells. Therefore, let w: G — H and§: K — L be 2-cells, with
K, L composable with F', G respectively. We have §(wof)o = §(w)go§(0)o and F(£-0)o =

F(&)o - §(0)o. Moreover, given a composable string of horizontal arrows r1, . . ., r,, we have
S@o )y, . ..r, = (@0 8)y,...,(w00)y)
= (wrls~--,0)rn)0(6r1,-~-79r,,)

= 5@y ecry ©FOr.ras
SE-Orery =(E -y (E-0)r,)

=i ) Ornenni0r)

=8Eri s = SOry,rys

as desired. Nothing needs to be done to verify that m, e are 2-natural transformations.

Step i

A pseudodouble category consists of a graph of categories D = (D = Dy), with vertical
domain and codomain functors. The algebra structure a: D — D is the identity on O-cells
and vertical 1-cells. We define a() = 1 (at O-cells), and if a is defined for D™ we define

a(rys . s Tutl) =rug1 - @1, ooy Th)e
We let n: id — a - e be the identity on idp,, and 1, : r — a(r) is given by
o lir—srl=r-a() =a(r).

We define p: a - §a — a - m to be the identity on idp,, and on FFD; — FD; by double
induction:

wo =id,

My dpr+1 = (- gy k) 0 @,
where
My ook s @@L T oo s FLk)s ooy @01y oo s Tnky)) = G(FLLs -y Tk, )-
To prove that (D, a, n, 1) is a pseudo-F-algebra, we must verify that

Mm © Na(ry,....,rm) = id,
wi.10a@e, ..., Nr,) =id,
M./l,l:ﬂ'ﬂjﬂ,kﬂ © H’kl ~~~~~ kn = Mj1<k| s'--vfn,kn o a(U] LEE) (7}1)7

where we use the following abbreviations:
ki
Jiki = Zji,p,
p=1
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Up = 'u’jp,lnusjp.kp'

For the first and second, we argue by induction. When m = 0, the first becomes A o ,ol_] =id,
and the second trivializes. If we assume the equations hold for some m, then

1

tmitop = (id - pum)oaop ™t =(id- py) o(id-p~ ") =id,

and

wi..110alp ... p”

Lo =(id-pi,_1)oGd-2)oao(p " -id)
o(id-a(p™t, ..., p7Y)
= (id-py,..1)o(id- a(pfl, el ,071))
= id-

For the third, we use triple induction. If n = 0, it trivializes, so we assume it holds for some
n. If k11 = 0, we have

Bttty © Mook kgt = 1 e jun © MKk © A

= M;l,kl veeosnen © a(o1,....on) 0 A
= M;lykl’"-yjn{knso Oa(U]7 .., 0Op, |d)
= s oa(or,...,0n, Opt1).

JUK s Jnkn s Jnt 1k 41

Now, we assume it holds for some k1. If j,11x,,,+1 = 0, we have

BEj1 e i 1k 20 © Pk g1 1 = M1t gy © A0 (D kg k) 0 @
= i tednt kg © Mkiekngr © Aoa

- Mfl.kl.,.-.,fnﬂ,k,,H 0a(ot, ..., ont1) 0 (1 -id)

= ’ufl.kl .,.-~,fn+|,k,,+]+1 °a(o1, ..., (Out1 0 1)),

and finally, if we assume it holds for some j,; 41k, ,+1, then we have

Ft 1ot ey g g +1

id - (id - sy, by )) 0@ 0 X
id - (

i (id - fiky,k ) 0 (id - ) 0 o (o - id)

WG LUy 1t gy gy 1 id - g .., kn+1+1) ocao (O[ . 'd)

i
id . jn+l.k,,+l> o(id-a(oy,...,0n41)) oo (a-id)

d- > o
d- /’le,lv-<~-jrx+l,kn+|+l> ° (
d. > o

d

id-pj 1-4-~_;n+l,k,,+l> oao((id oup1)-a(or,...,0n)) 0 (a-id)

(
(
(
(
(

Tk sty 1 a(al, ., O, (id . U,,+1) oa),

so the result holds by induction.

Remark 4.3 1t should be noted that the proof (so far) remains unchanged if we consider left-
biased double categories, in which case (D, a, 1, ) is a lax F-algebra instead. Respectively,
if D is right-biased double category, (D, a, n, ) is an oplax §-algebra.
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Step Il

If we have a lax functor F': D — [E between ordinary double categories, we define a pseudo
$-algebra lax morphism (F, yF): D, a,n,n)y — (E,b,n, pn), taking F to be the same
underlying graph morphism, and we define y7': b o §F — F o a inductively as follows:

F F
Yx =€,

F _ F : F
Vi prppr — M0 (Id ’ yrl,-u,rn) :

to confirm (F, y¥) is indeed a lax morphism, we will prove that
Fn=y,on
and
Vit dvrnky © Mk ooy = F iy ky © V.5 © D@01, s 00,
where
S =a (r,-,l, vy r,',k,.) 5
Oi = Vrilyutik; -

i

The first is just a restatement of the coherence diagram for the right unitor. For the second,
when n = 0, the equation is trivial; ef' = e . Now, we assume the equation holds for some
n. If k,11 = 0, then

Vritvesnky © MK kn,0 = Yttty © Mki,eky © A

= Fllky,...ky © Vs1rousy O D(O1, ..., 00) 0 A

=Ao(id- Fk,. k) o (id-ys. .5)o0Gd-blor,...,0n)

= Fromf ol id)o (id- Fiu,...x,) 0 (id - ys..5) 0 @d-b(or,...,00)
= FAo F(id- pix,..k,) om’ oid - y5,...5,) 0 (€ -b(o1, ..., 00))

= Fky,..n,0 © Vs1,oossuosurs ©D(O1, ooy Oy Ot

so, we assume the identity holds for some k4. We have

VPt ut L gy sTn Lk +1 © Mokt k k1 1
F . .
=m o ('d SV Pt Ly ) o (id - ik, .kyir) 0@
F B . .
=m O('d'Fl’”\'l ,,,,, k,,+|)0(|d')/s] ,,,,, S”,S,H,])O(Id'b(011~'~v(7n70'n+|))0a

,,,,, knsr) omE o(id - mF) o (id - (id - yy,,...5,)) o0 ((id - 0 41) - b (01, ..., 00))
= F(id - ptsy... ks ) © Fa omP o(mF id) o (id - yy,,...5,) © ((id - 0ys1) - b (01, ..., 00))

so, the result follows by induction.

This assignment preserves identities (trivially) as well as composition; that is, this defines
a functor PsDbCatj;x — Ps-§- Alg,,,. To see this, let G: E — C be another lax functor. We
have

(GyFoyG) = Gel oe?,

0
(G0 or®), = ofu-rf)o (4 )

Tlseesln+1
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Dually, we obtain a functor PsDbCatqp — Ps-3- Algop|.

Step IV

We claim the functor PsDbCatj;x — Ps-§- Alg,,, is fully faithful; if (F, yHY: M, a,n,p) —
(E, b, n, p) is a lax morphism between (the image of) double categories, we define

el =y,
mf = F(id-p)oyfo(id-p7").
We must confirm these satisfy the coherence conditions. First, we observe that
mf, o(id - e") = F(id - p) o yfy o (id- p~") o (id . eF)
= F(id-2) o F(p-id) oy, o (Fp~" id) o (id- (e id)) o (id-17")
= Fo,1 0 ¥y o b v ougy = vk,
mf oef id) = F(id - p) o y,F} o (id - p™") o (eF -id)
= F(id- p)o F(id - (p-id)) o yf,) o (id- (Fp~" -id)) o (e id) o (id - p~")
= F(id-p)o F(id-p) oyl ob(y . y)o(id -p~")o(id p")
= F(id-p)o F(id-p)o Fuygoy  oprgo(id -p')o(id-p~")
=F loFpoyfoplon
=Frlon,
which gives the unit comparsion coherences for F, and after calculating
12 =ao((id-p)- (p-id)),
p2,1 = (id - ) o (id - ((id - p) - id)) o (p - id),
we verify that
Faomf, o(mf, id)
= FaoF(id-p) oy, old-p~)o (Fiid-p)-id)o (1 id) o ((id-p™") id),
= Fao F(id- p)o F(d- p) - (p-id) 0 7 iy © (v - (Fo~ -id) ) o ((id-p7) - p7")
= F(id- (d- p)) o Fao F((id - p) - (p - id)) 0 ¥y asy @ b v 0 ((id . p*‘) - (p*‘ . id)) o(id-p™")
= F(id - (id- p)) o 55, oo (id- p7")

m’ olid-mF ) oa
=F(d-p)oy)  oGd-p~)o(id- F(id- p)) o (id : yfs) o (id . (id . p*l)) oa
= F(d-p) o F(p- ((d- p) - id) 015, 1) i © (Fp*‘ . (F (id . p*‘) - id)) o(d-p~Y) o (id- F(id- p))
o(id-yF)o (id . (id - p*‘)) e

=F(id-(id-p)oF(p-p)o yufzr,s),u(r) ob (yrﬂ, y,F) o(p ' pHo (id . (id . p’l)) oa
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= F(id- (id-p)) oy, 0o id- p7h),

which confirms coherence for the associator comparison. We further verify that, by induction,
Un,10 (p~'-pH=id (pattern matching), so that

= Vrivernsn

confirming that the functor PsDbCatj,x — Ps-3- Alg,,, is fully faithful.

Step V

We claim the functor PsDbCatj,x — Ps-§- Algy,, is essentially surjective; let (D, a, 1, ) be
a pseudo-§-algebra. We define
1 =a(),
s-r=a(r,s),
A =010 pr— 0aln,, id),
pr=n;"0opu_,oalid, ),
s =alid, n ') ousy, o e 0an,,id).
These endow D with the structure of a double category; to see this, we must verify the
coherence conditions hold. First, we have
(id - 2) 0015 =an; " id)oau, . id) oa(a(,.id).id) o a (id, n; ") oy o 15 0 alny. id)
=a(n "t n") o aGu,—id) o ala(,,id), id) o w0 i 15 0 alny, id)
= purs oa(i,, —,id) o u;(i)]“v oa(yy,id, id) o i, 15 0 a(n,, id)
= K5 © Ay~ 1) © Ky ags) © A0 1ds 1) 0 15 0 any, id)
= Wr,—s © Ra(r),la(s) © a(a(y), a(id, 1)) o a(yy, id)
= tr,s 0 a(r, p—s) o ala(r), a(id, ny)) o a(ny, id)
=a(n;" n;") oalid, - ) oa(id, a(id, ny)) 0 a(yy, id)
=a(id, ;Y oa(id, u_) o alid, a(id, ny)) = p; - id.
and for the associator pentagon, we have, on one hand
(id - 0oy 5.0) © @g.a(r.5).t © (@gr s - id)
=a(a(id, n;").id) 0 a(u, ;. id) o a(ug.rs. id) o a(a(ng. id), id)
oa(id, n;") © 14 o) 4 © Ra.atrsr 0 alg, id)
oa(id, a(id, n;")) o a(id, ') o a(id, pir ) 0 a(id, a(ny, id))
=a(a(id, n;"). 17" 0 aluy, s id) 0 alug,ry, id)
oa(a(ny,id), id) o el o), © g.atrsr 0 alid, a(id, n; "))
oa(id, uy,) oa(id, wr.s) 0 alng, a(ny, id))
=a(a(id, n;"), n; ") o auy s id) o a(ug s id)

o a(id, a(nt_l)) o M;(i;)a(r,s).a(t) O Ka(q),a(r,s)a(t) © a(a(flq), id)
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oa(id, iuyy),) 0 alid, iy 51) 0 a(ng. a(yy, id))
=a(a(id, n;"), ;") 0 a(ug, s, id) o aGug rs, 110)

° M;(;)a(r,x),a(t) O Ka(g),a(r,s)a(t)

oa(ug', uyyly) 0 alid, ur.) 0 (g, any, id))
=a(a(id, ng").n7") 0 a(ug, s id) o g,

O [q,rst © a(id, pr ) o a(ng, a(y, id)),

while on the other, we have

Qa(q,r),s,t © %q,r.a(s,) = a(id, ’7;1) ° Mt:(;,r)s,z ° Ka(g.r).st ©A(Ma(g.r), id)
o a(id, naf(i’t)) o M;rl,a(s,t) O Hg,ra(s,n ©a(ng,id)
=a(id, ;") o 1y pysr 0 alid 7' n ") 0 taggn.acsrae
oa(id, a(ns, ) o a(id, ng ;) 0 a(agg.r), id) 0 ala(ng, n,), id)
o I’La_(;)a(r),a(s,t) o a(’?q_lv ’7r_1’ id) 0 Uq,ra(s,n © a(ng, id)
= a(id. ") o sy, 0 alid g0
© Ua(g.r).a(s)a@) © A(Na(g.r)> a(Mss M)
oa(a(ng’ ;") nags) © Ha@at.at.n
o a(ng, nr,id) o g racs,n 0 a(ng, id)
= a(id, '7t_1) ° H’(;(z,r)s,t oa(id, 0 nr_l) © 'U‘q_rl,s,t
0 tg,rst 0 a(ng. nr,id) o ty racs,iy 0 a(ng, id)
= a(id, n;l) ) M;(lw)” o a(id, n;l, n;l)
oa(ig,r, Us, t) © M;(;)a(,),a(s),a(t)
© Ma(g).a(r).a(s)a(t) © a(“z;l’ “;1’ “:tl)
oa(ng, N, id) o fg ra(s.r) © a(ng, id)
= a(a(id, ’7;1)’ ’7;1) oa(id, pur) o “’a_(;,r)a(x),a(t)
0 a(lg.r- s, 1) © egra(r).a)a(o
° tatg).atry.atiam ©a(ig ' iyt 1)
0 Ra(g)a(rats,n © a(ig, id) o a(ng, a(yy, id)),

s0, our goal is to prove that

. N -1
a(llqu,sa 1293 ) O Kgrs,t © Mq,rst © a(llqy Mr,st) = ’ua(q,r)a(s),a(l) o a(llq,ry s Kt)

-1
° Kag)a(r).a(s).a(t) © Fal@).a).als)a() 4.1

1 -1
o a(ﬂq s My s /JLSJ) © Ka(q),a(r)a(s,t)-
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And to do so, we observe that the following diagrams

aaa(@). ata(r), a(s. 1)) —L2" o Gatq), atr. s, 1)

/La(qm(r)a(s,r)l lﬂq,r.\'t

aa(q),a(r),a(s,t)) Ra.r.st a(q,r,s,t)

alug 't M;})\L luq,\,
a(a(a(q)), a(a(r)), ala(s), a(1))), ——— ala(q),a(r), a(s), a(?))

a(q),a(r), a(s)a(t)

alpgon
aa(q,r,s),a(t)) ————— a(ala(q,r),a(s)),a(a(t))
Ml;rl.v.tT T#;(lq,r)a(x),a()‘)
a(q,r,s,t) g s a(a(g,r),a(s),a(t))
Mli,r,.\',tT Ta(ﬂq,rsﬂmﬂt)

a(a(q),a(r),a(S),a(l))lfl—> a(a(a(q),a(r)), ala(s)), a(a(r)))
a(gq)a(r),a(s).a(t)

are pastings of associativity squares for w, and are therefore commutative. Pasting these
diagrams along (4 r s, Will confirm (4.1), and we conclude that D has the structure of a
pseudodouble category.

Now, write (D, a, 17, ) for the pseudo-§-algebra induced by the above pseudodouble
category. We define y : @ — a to be the natural transformation inductively given by

)/() = id,
Vrtseestnstns1 = Mrpry,rpyy © a()/rl ..... Jno r]r,,+1)
We claim that (id, y): (D, a, n, ©) — (D, a, 17, ¢) is an invertible lax morphism of pseudo-
§-algebras. First, note that
Vr o, = s, oa(id, n,) oa(id, ny ') o uZl o = 1y,

and we shall prove that

Yritsrtur, © M, =u k W OV
L1 n-kn k... kn (rlj)[i]wu,(rn,i),'i]

a(r ,), Lo Y
OA(Yry 1eoeriy» -+ = > Ve tseosFanky ) (4.2)
by double induction. When n = 0, the above reduces to
id = ug oa(id),
which holds, so assume the above is true for some n. If k;, 1 = 0, the left-hand side of (4.2)

becomes

VritsooTndn © MR oo kn,0 = Yriteo ke © Py oA

.....

=2r0a(Vr . .rus, |d) oa(fy,. ..k, id),

.....

while the right-hand side of (4.2) becomes

Bt (0,0 © Yarri)sesa(ri) © Gry s oo Vi 1d)
= 1) )0 © HaGry)alrn )00 © AVa(ry ), .a(ri)s Ma() © @ WYry ;s -, ¥r, ), 1d)
= My gm0 © AU, () s (0)) © A(Va(r ), a(r)s Na() © @@ Yry s - Vi), 1)
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,,,,, ky id)7

= Uy g0 © Wy, Ty * id) o a (i,

so the equality holds by verifying that

Hrpery, 0 = }‘"
which is equivalent to proving that the following diagram commutes

ala(a(ry, ..., ), a())um;‘oa(a(rl, e )

Aty i) | i

a(a(ry, ... 1), a0) —p———0> a(ri, ..., )
r1-rns Q)

which is given by the coherence condition p o i = p o ug; recall that p(y = id.
Hence, for the final induction step, we suppose (4.2) holds for some k. For k41 + 1,
the left-hand side of (4.2) is given by
VrL et kg 4 +1 O Mk, kpp1 4]l = Hory vttt kg g sPnet kg +1 © a(yrl,lw-’rnJrl.k,,Jrl , nrn+l,kn+|+l)
oa(fly,, ... Konsr® id) o«
= Moyt gy T kg 41 © Ay ), i) 1)
0 a(Va(ry )ecalrngr,i)» nrn+l,kn+]+l) oo
= oyttt gy gy Pk +1 © A((ry )senns(rg1,0) - 1)
o a(fa(ry j-ryi)alrnsr,)s 1)
o a(a(Va(ry;),.arui)s Natrasr))s id)
0a(@@WVry ;s Vini)s Vrugri)s id)
oaf(id, ’lrn+1,k,,+,+1) o
= Kyt kg Tk g+ © Ayt ) (g1, )+ 1)
0 a(a(l(ry )....crn )5 H(ruyr ) 1d) o @
° a(Va(ry ).....alrn.i)» Na(rpyyr i)+ 19))
0 al@Wrys -+ Yrui)s AWrygr i Mg k1))
= M1 e g T Ky 1
O A(Lh(ry oty ) (rsr,)» 1) O X
0 a(Yry ...y » 1)

o a(id’ a(yrnJrl,i’ 77’"+1-kn+1+1 ))7

while the right-hand side is given by

@10 s ne i P Ly g 41D © Va1 )see@(rn,i)s@ (P 1Ttk +1)
0a(Yryjs s Vs Vrn+|,i,fn+14k”+]+1)
= 1) )y it i Pty +1) © @y ) e-a i), @(n1,i o kg g g +1)
0 a(Ya(ry i),.alra,i)s 77u(rn+1.i,rn+1,k,,+l+1))

o a(E()/rU, R Vrn,i)’ yrn+1.iv"n+1,k,,+1+1)
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= 1T nd)s Fn i Tt Lk g +1)
0 A(h(ry ). (ru) /"L(r)1+l,irn+l,kn+1+l))
0 a(Ya(ry i),.alra,i)s nu(rn+1.i,rn+1,k,,+l+1))
0a@WVry ;s -5 Vrgi)sid)
oa(id, M(rn+1,i)arn+l.k,,+1+l)

oa(id, a(Vr,,,,» Mrnt kg +1 )

= 1Ty Fn i Tk Lk g +1)
0 A(Vry 1.y id)
o a(ﬁkl ..... kn’ id)

oa(id, M(Vn+1,i),rn+1,kn+1+1)
oa(id, a(Vr, i1, Mrn kg +1 ),
and therefore, proving (4.2) reduces to verifying that
Hory ety g Tt Lk +1 © ALyt ) (a1 id) oo
= Btk ) Fne s Pn 1 gy +1) © a(id, I’L(rn+l,i)»rn+l,kn+|+l)'

Here, we have

. —1
= 1 o
o = a(id, M"’+1v"»z+1+') M“(rl,la~--vrn,kn)a(rn+l,i)qa("n+l,k"+1+l)

O Ha(ri, 1y ky )s@(Fnt1, )Tt kyy y +1)
-1 .
0a(ly) oy i),
so we just need to verify that
It et ey Pn gy 41 © G i ) G0 > Pt g +1)
-1
o
Ma(rl,l,-u,rn,kn)a(rn+1.i),a(rn+1.kn+1+1)
= BTk ) Ta LT 1 gy +1) © a(ibry y-ry M(rn+1,i),rn+1.kn+1+1)
—1
(o)
Fagry 1., Tk )s@ g1, g1k +1)°

which holds, since both sides of the above expression are equal to

I’Lrl,l T kp »(rn+1<i)arn+l,k,,+|+| ’

confirming that (id, y) is an invertible pseudo-morphism of pseudo-§-algebras.

Step VI

We consider double categories, lax (horizontal) and oplax (vertical) functors as in the fol-
lowing diagram, and the respective diagram in the double category Ps -§- Alg.

H (H,y™
A — ]B (A!asniu) — (B’ b, n, /’L)
F\L lG (F,SF)\L \L(G,gG) 4.3)
C—D C,c,n, D,d,n,

X ( U (ryg)( N, 1)
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Let w be a 2-cell GH — K F of internal Cat-graphs. We claim that w is a generalized
vertical transformation if and only if w is a generalized 2-cell of pseudo-§-algebras.

If w is a generalized vertical transformation, we wish to prove that the following diagram
commutes

Gb(Hry, ..., H

6grl ..... Hrp ( rl rn) GYrIiI ..... m
d(GHry,...,GHry) GHa(ry,...,ry)
d(wr .., 0p, )\L lw“(’l ,,,,, n)
d(KFry,...,KFry) KFa(ry,...,ry)

yl{"(r Fr /K‘Srﬁ....r”

ol Kc(Fry,...,Fry) ’
For all n and all horizontal 1-cells rq, ..., r,. We proceed by induction: when n = 0, the

above is just coherence of w for the unit comparsion. If true for some n, then

..... Tntl oo Pl

=K(id-85 . YoKm ow, .apm...ryoGmoG(id-y )
=K(id-s . )omXo(w,,, Do rn)) om%oG(d-yf )
=mKo(id- K8 ) o (o, (oo z,)) o(id -Gy ,)om®
=mo(id i, ) o (@ d(or. ... o)) o (id- 05, y,)om°
= )/I{'(rl ..... Frug © d(wrn’ s wrm) ° Sgrl ..... Hrpy1?

so w is a pseudo-F-algebra 2-cell as well.
Now, if w is a pseudo-F-algebra 2-cell, the coherence for the unit comparison holds by
definition, and

ME, py © (@5 - @) oMY, gy
= K(id-p)oyf, pyo(id-p o (w5 w)o(id-p)osf, 4 oG(d-p~)
= K(id - p) o yf py 0 (@5 (o -id) 085, 1y 0 G(id-ph)
= K(id - p) oy pg 0 d(wr, w5) 085, 0 G(id- p~h)
=K (id- p) o K8 0 wa(ry 0 Gy 0 G(id - p~1)
= K(id-p) o K8 o KF(id-p~™") o wyr o GH(id - p) 0 G(id - p 1)
= K(m") o wsr o G(MH),

verifies coherence for composition comparsion, completing our proof.
Now, as promised at the start of Sect.2, we obtain:

Proposition 4.4 We have a conjunction

—x1
=
V-Mat L Span(V)
~_

V(1.-)

in the double category PsDbCat.
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Proof Via the equivalence PsDbCat =~ Ps-§-Alg, we simply apply Proposition 3.1 to
the adjunction — %« 1 - V(1, —) in Grph(Cat), with the oplax functor structure of
—x 1: Span(}V) — V-Mat, all of which were described in Sect. 2. O

5 Horizontal Lax Algebras and Change of Base

We will review the notion of categories of horizontal lax algebras introduced in [28], and we
define the change-of-base functors between such categories, induced by an appropriate notion
of monad morphism. We begin by fixing monads S = (D, S, m,e) and T = (E, T, m, e) in
the 2-category PsDbCat,y.

We define the category H Lax -T- Alg of horizontal lax T-algebras, as follows:

— Objects are given by 4-tuples (x, a, v, u) where x is a O-cell, a: Tx - x is a horizontal
1-cell, and v, pu are 2-cells

1
X —> x TTx 1% Tx —%5 x
el v H ml P H
Tx7>x Tx%x

satisfying

no(v-eq) = A,
po(id- (Tvoeh)) =p,
po(id- (Trwom™)) = pwo(u-mg)oa™.

— A morphism (x, a, v, ) — (y,b, v, n) is a pair (f, ¢) where f: x — y is a vertical
1-cell and ¢ is a 2-cell

Tx %5 x

vl |y

Ty —=y

satisfying ov=volyand{ou=po (¢-T7).

It should be noted thatid = (id, id): (x, a, v, u) — (x, a, v, u) is ahorizontal lax T -algebra
morphism, and if (f, ¢), (g, &) are composable horizontal lax T -algebra morphisms, then
sois (g, &)o(f,¢) = (go f,&0(). Associativity and identity properties are inherited from
Eo and E{, making H Lax -T- Alg into a category.

Our work focuses on the cases E = Span(}), with T induced by a cartesian monad (also
denoted by T') on V, and D = V-Mat with S a lax monad. Then, H Lax -T- Alg = Cat(T, V)
is the category of internal T-categories of [42], while H Lax-S-Alg = (S, V)-Cat is a
generalization of the category of enriched S-categories introduced by [24], by not requiring
S to be normal.’

Let (F,¢): S — T be a monad oplax morphism, and we assume E is conjoint closed.
By Theorem 3.6, ¢ has a conjoint, given by a lax horizontal transformation ¢*: TF — F'S.

5 When Vis a quantale, this generalization is already present in [79].
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We define a 2-cell e?s for each O-cell x given by

Fx*l>Fx

€F. xl e¢: lF ex

TFx ? FSx

as the mate of the commutative square ¢ o Fey = efy o id, and a 2-cell mé: given by

17Fx T Trsy P Fssx

H n H
TTFx — (Térops)* — FSSx

m Fxl 1v ‘LF my

TFx * FSx
b

where 7 is given as in (3.2), and 1Y is the mate of the commutative square ¢, o Fm, =
mpy o (T, o ¢sy). To be explicit, via mate correspondence we have

goe? =1,,, and som® =1,, opo((lry, o¢)-&). (5.1)

Analogously, when ID is companion closed, we define 2-cells ez” and m y’ for a monad
lax morphism (G, ¢): T — S.

Lemma5.1 If (F,¢): S — T is a monad oplax morphism and E is conjoint closed, then
e?" and m?” are modifications, and the following relations hold:

(a) mi’ o€l v)=,\

(b) mx (¢* ‘”)—

T *
(c) m{ o(mf, -m ¢l)=m¢*‘0(¢;;-m§c oa,

where ed) andm _are the mates of the naturality squares of e and m at ¢y, and e(”)) mT)x
are respectively glven by the mate of the commutative square T, o T Fe, = Tepy oid, and
the mate of the commutative square Ty o T Fmy = Tmpy o (TT ¢y o T psy) composed with
7, satisfying properties similar to (5.1).

Proof Note that 7 is given as a 2-cell (modification) in Lax ;x(DD, E), and e?” and 1V are
mates of equations of vertical 1-cells. It follows that e?" and m®" are modifications.
We have

eom?"o (el ;) = Ly, ok o (19, o) -¢) o (5, ¢, )
= lmp, 02 o (I7g0ep5, * (legp,9s))

=1 ol ogo0A=¢c0A,

mprx €TFx

go mf* o (q}j ~e/(rT"’)*) =Ly, 0po((lrg, o) €)o (dbj . efrw)*)

= lp, 0 p 0 ((I7¢,0TFe, ©€) - 17ep,)

=lpp, 0lre,, 0€0p=¢c0p.

@ Springer



Generalized Multicategories: Change-of-Base , Embedding... Page 490f89 35

Now, we note that

gom? o (m‘g; mg)() =po ((lmhqubx ogo mq;:) : (lmh ogo m%)) . (52
and we note that
gom? = po((lupsoTos ©) - (Lnps ©8)),
and
gomy =l o8,
so that (5.2) becomes
gom? o(mf my)=po(p-id)o((A-B)-C),
where A = IA og, B = léoe,C= léos,and
— A=mpy0T¢yompse o Thsy,

— B=mpyx0T¢yompsx,
— C=mpx omrpy.

On the other hand, we have
gom® o(gr - mT? ) oa = po((lnpore, 0€ 08 - (Lny, 0eomTPT), (5.3)
and we note that
copy =1rpm, o¢,
and
go mf(Tqb)* =Ao ((leFXOTT¢x 0&) - (Irmp, o 8)),
so that (5.3) becomes
gom? o(gr -mTP ) oa=po(id-A)oao((X-Y)-2),

where X = lf(os,Y= lf,oe,Z= lzos,and

— X =mpyoTdyoTFmy,

— Y =mpyoTmpy o TTéhy,
— Z=mpxoTmpy.

We conclude the proof by observing that A = X, B =Y and C = Z. O
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Theorem 5.2 We suppose that (F, ¢): S — T is an monad oplax morphism and that E is
conjoint closed. If ¢ and T ¢ have strong conjoints (see Lemma 3.7), then (F, ¢) induces a
functor Fy: HLax-S-Alg — HLax-T-Alg.

Analogously, if we suppose that (G, y): T — S is a monad lax morphism and that D is
companion closed, then (G, V) induces a functor G,: HLax-T-Alg — H Lax-S-Alg.

Proof The functors F; and G are given on objects by
Fi(x,a,v,p) = (Fx, Fa- ¢y, Fv, Fp) and Gi(y, b, v, u) = (Gy, Gb - ¥ry1, Giv, G,

where Fiv, F\u are respectively given by the following 2-cells:

Fx 1>Fx 1>F)c
| e |

erx e Fx -r1» Fx

Feo Fu ||
TFx — FSx — Fx
¢_j Fa

TTFx T(F‘f’;) s TFx —of— FSx —ra— Fx

H % H H
TTFx -1¢)"» TFSx —TFa» TFx —¢; — FSx

H H (ng")~! H

TTFx -@¢)*> TFSx — 5, > FSSx —FSa> FSx —Fa— Fx

H mF H

M py m?" FSSx F(a-Sa) > Fx

| * O

TFx > FSx > Fx
¢: Fa
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where 8! is the inverse of m” o(id-o7), and G,v, G are respectively given by the following
2-cells:

1

Gy Ly Gy > Gy
| e |

€Gy ef’ Gy -G61» Gy
G:Ey Gvu H

SGy 1//y!> GTy T Gy

S(Ghy)
SSGy > SGy —vvw— SGy —c6b—> Fy

s
| i H H
SSGy -y SGTy —sGb—> SGy —¥w— GTy

| H ny’ H
SSGy -Syo> SGTy —vrm> GTTy —6ro+» GTy —Gb— Gy

| mé |
MGy m" GTTy G(b-Th) > Fy
| ’ G H
SGy " > GTy b > Gy

where 9;; is the inverse of m o(id - 5), given by Lemma 3.5.
If(f,¢): (w,a,v,u) - (x,b,v, ) is a horizontal lax S-algebra morphism, and if
(g,8): (y,c,v,u) = (z,d, v, n) is a horizontal lax T-algebra morphism, then we have

F(f.¢)=(Ff,F¢-¢}) and Gi(g.§) = (Gg, G§ - ¥p).

We observe that ¢ and T¢ are required to have strong conjoints only to guarantee the
existence of Fiu. All other things being equal, we conclude it is enough to verify that one of
Fi(x,a,v, n), Gi(y, b, v, n) is a horizontal lax algebra, and likewise for the morphisms.

Throughout the calculations, we will use the following abbreviations:

- v =Fvo eF,

- [LF =Fuo m?,

—a=(d-ea Hoa,

- 6=id- (0 -id) fora2-cell 0,

- N = alo (F\‘;)‘1 o & for a strong (lax) horizontal transformation w.

We begin by verifying that the following equalities hold:

07 o €Fa-¢r = €Fa -e;;x, 54
07 oT <UF : e;f*) oTp ' oel = (UTF : egT‘P)*) op . (5.5)
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We obtain (5.4), via mate correspondence, by noting that
m7 o(id - (TT) o (eFa - egx) o(d-mopl=ml ofid - UT) o (id-n) o (era - leps) o o !
=m’o(d-Tn)o(id-eM)op loer,
=T(@d-n)om! o(id-e")op ' oep,
=T(@{d-n)oTp 'oer,
= erag; o (id-n)op !,
and (5.5), directly, since
m’ o(id . O'T) o (UTF 'efcr‘i’)*) o ,o_l =mT o(id-Tn) o (id . eT) o (UTF . lTFex) o ,o_1
=T(@d-nom!od-eT)optov!F
=T(@d -noTp 'ov!F
=T(d-n)o T(UF . lpex) o T,o_1 oel
= T(‘UF . ef* )o Tp'loel.
Furthermore, since e%” is a modification and n®” is natural, we respectively obtain
()1 o (€ oepy) = (Feq- €2 ) 0y, (5.6)
n¢H Mo (d- Ty = WS g% oy. (5.7)
And lastly, we note that the following diagrams commute

1. Fa : s Fa

T oF id F)L){
el i 4 L P
Fl-Fa —— F(1-a)
vF.Fe, FU.IFea F(v.-ea) Fr
Fa-FSa —> F(a- Sa)
m
Fa-1 £ > Fa
h id-e” Fp){
* F -~
Fa-F1 —— F(a-1)
id-v"S id-FuS F(id-v5) F
Fa-FSa — F(a- Sa)
m
which respectively confirm that
uf o @ - Fey) = A, (5.8)
wF o (id- v = p. (5.9)
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By applying (5.4), (5.6), (5.8), and (a) from Lemma 5.1, we obtain
(MF . m?* ) o N:lp* ° (id . QT) o ((UF -ef*) -eFa.¢;) o1 id)
— (1" mf ) o N o (V7€) - (era-el,)) o 7 -id)
= (1" g ) o (0 Fea) - @ ef)) o NLo (i)
=(G-Mod 'ojodo (! id) =1,

verifying the left identity law, and by applying (5.5), (5.7), (5.9) and (b) from Lemma 5.1,
we obtain

(1F-m? ) o N o(id-6T) o (id- (T(vF-e? )oTa ' oel))
= uf-m?)o N o (id- WTF - elP))o(id ph
=" -m)o((id-vfS) - ()79 ))oNlo(id-ph
=(p-p)od oyoao(id-p7")=p,

verifying the right identity law.
Now, note that

0T o mrqg: = (mFa .m(;x) 06T (5.10)
holds via mate correspondence, since we have
mpagsom T o (id - aTT) o(id-mop~t =mpagrom! T olid-TTy) o (id-e 7)o p~!

=mpagp: o TT(d-m)om’ T oid-e'T)o o !
=T(d-n) ompg oTTp !
=T@{d-n)oTp ' ompy,

mTo<id-aT) ° (mpa -m(,V)X> od-nop ! = mTo(id-oT> oGd-n) o(mpy-1)op~]
=ml o(id-Tn)o(id-el)op L omp,
=T(d-nom! olid-el)op Lomp,
=TGd-n)oTp ' ompy,

and since m?” is a modification, we get

P5-(T)*

(nf*)_] o (mf* -mpa) = (Fmg - mb) o (g3 1971, (5.11)

Now, note that the following diagram commutes

. A S
(Fa-FSa)-FSSa -5 Fa-(FSa- FSSa) My pg . F(Sa - SSa) U By FSa

mF-id\L lmF s lmF
F id-
F(a-Sa)- FSSa —™— F((a- Sa)-SSa) —£%% F(a- (Sa - SSa)) 4 F(a - Sa)

FiuFmg | |FGema LFu
Fa-FSa—F>F(a-Sa) Fa
m

Fu
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which confirms
wF ot Fmy) =ufodd - uF5oa. (5.12)

Our next step is to confirm that

((id-m"S) -id) o (@ - @) o N7 o (N -id) = N, o (id - (7T -id)) o (id - NT9") o a.
(5.13)

First, we recall that
nZ);.(T(p)* =a o (id . nt(l”’)* ) owo (n?Z -id) oa !,
and
n?, o(mS.id) = (id - m ") oao (nf id)oa o (id-n%, )oa,
and note that by coherence, we have

G@odo(d id)=a"o(d @) o(d-a)oa,

! -1 lodo(id- ),

(x-a)od  oax=qQ oda
Go(id-a)oa'oalo(id &) =ao(d-al),
¢ ' ogo(d-@) ' =(@Gd-a Hoalol(id a)

e lo(id-a)o(id-&)oao (d-id) = (id-&)oa,

so that
((id - mFS) -id) o (@ - @) o N T 0 (N9 - id)
= ((id - m*S) .id)o (@-a)od oo (id- (N, -id)-id) ' oa™!
o(id- ((d-nT?").id)) ' o@odo @ " -id) o ((id- (nf" -id)) -id)"" o (@ - id)
=" o(id- (S .id) -id)) o0&~ o (id - ((id - n) - id)) !
odo(id-a)od ' oa" o (id &) o(id-(n¢ -id))~!
o(id- (id- (NP .id))) ™' o (id - &) o & 0 (& - id)

& "o (id- (MFS-id) -id)) oa" o (id- ((id-n%) -id) ™" o & o (id- ((n?" -id) - id))~"
o(id-&) " o (id- (id- (TP .id)) ™' o (id- &) o & o (& - id)
& "o (id- (nf;a id) "o (id - ((id-mTF) id)) o @ o (id - NTD) o o (& - id)

=N, oid-(m'F.id) o~ oo (id- N oao(a-id)

=N?, o(d- (m"F.id))o(id-a ") o(id AP ) oa " o(d a)o(id-&@)oao (&-id)

a-Sa

N
=N/,

a-Sa

o (id - (mTF .id)) o (id- NT9") o a.
Next, we observe that

(FSu-¢) 0 (00 s) ™ =) o (id - TFu) (5.14)
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holds by naturality of n?”, and lastly we must confirm that
(W mTD") o NTO" o (67 -0TT) =0T o T (uF - m?" ) o TNS o T(id - 67) omT,
(5.15)
which we reduce to proving the following relations:
TN oT(id-6T)om! o(m? -m™") o ((id-oT)- (id-oTT))
=m’o(m”-m")o(id-(c”-07))o N,
ol o m)(C”’)* =T mf* om? o(aT . UT).

For the first, we have the commutativity of the following diagram, omitting horizontal
1-cells

) T )
id-(m™ -id) ) id-m” - m” \
idhr | id-Ta ride
v T
- -id-(id-m”)> -+ —id.mT — - m—> .
a’l\l/ a’l \LTUFI
. N, . .
id-m” m” .id m”

then we observe that
T(id-67) om” o(m’ -m!T) o ((id - o7) - (id-o77))
=m"o(id-767) o (m" -m™") o ((id-o7)-(id-o'T))
=m"o(m”-m")o((id-o7)-(id-o7)),
and finally recall from (3.4) that
m” o(o7 -id) o nT?" = Tn?" om’ ofid - o7),
so that we may calculate
T(id-6")om” o(m?-m") o ((id-o7)-(id-o'T)) 0a™' 0 AT o
—m’ o(m’ -m)o((id-o7)(id-o7))oa~" o AT o
=m"o(m"-m")oa ' o(id ((¢7-id)-o ))on(M)
= Ta " om? ofid-mT Yo’ o (id- (o7 -id) -0 7)) 0 AT 0
=T& "om o(id-m")o(id- (T n¢ |d)) om0 (id-((id-o”) o)) oda
=T3¢ ' oTA? om” o(id - m ) m’ o0& o (id ( -oT))
Yo (id- (o7 -07)),

:T&_loTﬁ "oT&om! o(
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The second follows by applying the mate correspondence twice: we have

and

Tmff*omTo(aT-UT)o(n-(nol))o;fl :Tmf*omTo(TnAT(no]))o(eT- T)o/fl
p

Tom)((T‘P)*o(n-(nol))op*l:UTolvor;
=olopol
=Tnoel ol

=Tol)oel,

e
=Tm¢ oT(n-(o1)om’ ofid-el )op'oel
=T onoel

=Tol)oel.

We obtain (5.15) via the following calculation:

T - m¢ ) oTNg:oT(id-6T) om! o(m? -m’T)
o((id-aT) - (id-o7T)) o (NP~
= 7(u" - m¢" ) om” o(m”-m" )0 (id- (o7 7))
=m’ o(u"F-m? Yo (id-m’)o(id- (o7 -07))

ofid-oT) o (uIF - mT®").

Now, we apply (5.10), (5.11), (5.12), (c) from Lemma 5.1, (5.13), (5.14), (5.15) in suces-
sion, to obtain

(") o N o (- 07) o (4T ) - )

o

N¢ -id) o ((id - 67) - id)

= (1F ¢ o NG o (1 ¢} (mra i) o (NG -id) o ((1d-67) -677)

cm® ) o (1 Fmg) - (mle my.)) o N;”-’;‘(“’)* o (N#" -id) o ((id-67) - 67T)
cm® ) o ((id- uF5) - (¢ - my)) o (e @) o N0 (N -id) o ((id-67)-6T7)
-m¢ ) o ((id- FSu) - (¢ my)) o Na 500 (id- (m77.id)) o <id~Na(T¢).> ofid- (67 -67T)) 0w

-mf") o N o (id» (u” : mA(Td’)*)) o (id : N,,(Td))*) ofid- (67 - 67T)) ot

m ) o N o(id-07) o (id- T(1F -m¢ ))o(id-TNS ) o (id-T(id-67))o(id-m)oa

which confirms the associativity law.

We conclude the proof by confirming that (Ff, F¢ - ¢*) is a horizontal lax T-algebra
morphism, for any given horizontal lax S-algebra morphlsm (f, ¢): indeed, note that the
following diagrams commute
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*
vl ef

1 py L} lpy - 1lpy ———— Fa - (,ZS:

1Ffl llFf'lFf lFM/J?

lpy T> lpy-lpy W Fb(b;
vl.ef

(FE-¢7) T(FE-¢%)
(Fa-¢3)-T(Fa-¢}) > (Fb-¢7) - T(Fb- )

id‘eTi lid.gf
(Fa-¢}) - (TFa-(T¢);) — Fe¢p)-TFe-Td)p) = (Fb - ¢;<) -(TFb - (T¢);)
W] b
(Fa - FSa) - (¢5, - (Te)y) — FGFSO-@5p-Td)p) » (Fb - FSb) - (quéy . (Td))f’v‘)

* *
uFom? l Lﬁ.m?

Fa~¢x o 5 Fb.d)y

via pasting of naturality and modification squares.
Functoriality is confirmed componentwise. O

We close this section with a comparative analysis of Theorem 5.2 with the notions of
change-of-base for internal T -categories described in [58], and with the notions of change-
of-base for enriched T -categories described in [24, Sects. 5 and 6]; we confirm that our
setting generalizes both of these notions. The description of our main object of study, the
functor (7', V)-Cat — Cat(T, V) induced by — x 1: V-Mat — Span(V), must be postponed
to Sect. 8.

5.1 Internal T-categories

Let D, £ be categories with pullbacks, with respective cartesian monads S, T on D, £. We
consider the equipments D = Span(D) and E = Span(&), and, abusing notation, we denote
by S and T the induced strong monads on D and E.

Using the terminology of [58], we consider a cartesian monad oplax morphism
(P,¢): S — T and a cartesian monad lax morphism (Q, ¥): T — S. The underlying
data is given by

— pullback-preserving functors P, Q: D — €&,
— a cartesian natural transformation ¢: PS — T P,
— anatural transformation ¢: SQ — QT.

We note P and Q mduce strong functors P:D — E, Q E — D, and ¢> w induce
vertical transformations ¢ 1/[ which, in turn, define a monad oplax morphism (P cj)) and a
monad lax morphism (Q 1//)

We conclude, by Theorem 5.2 that (Q, 1&) defines a functor Qy :Cat(T, V) — Cat(S, V).
Moreover, since ¢ is cartesian, ¢ has a strong conjoint, and since Pis strong, Pé also
has a strong conjoint; therefore we may also conclude that (P, $) induces a functor
P: Cat(S, V) — Cat(T, V).
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In fact, this notion of change-of-base can be plainly extended to include Burroni’s T'-
categories [13]. This would require a notion of horizontal lax T-algebra for T an oplax
monad (which is possible, merely requiring a couple of adjustments), and a replacement of
lax functors with oplax functors in Theorem 5.2. We leave a pursuit of these results and
possible applications for future work.

5.2 Enriched T-categories

Two instances of change-of-base are constructed in [24]; we begin by fixing a distributive
monoidal category V, and let D = V-Mat. Therein, a lax extension of a Set-monad T to
V-Mat is a normal lax monad on D with underlying Set-monad 7.

First, we suppose we have two normal lax monads S and 7 on D, and let ¢: T — S be
a vertical transformation, so that (id, ¢): S — T defines a monad lax morphism. This is
precisely the data described in [24, Sect. 5], restated in a double categorical language. The-
orem 5.2 produces a functor (S, V)-Cat — (T, V)-Cat, which coincides with the algebraic
functor construction in the aforementioned work.

Now, let VWbe another distributive monoidal category, let E = WW-Mat,andlet F: V — W
be a normal lax monoidal functor, preserving the initial object. F' induces a normal lax functor
F: D — E with £ = idser.

We let T and S be a lax monads on D and on E, respectively, with the same underlying
monad on Set; in other words, S and T are lax extensions of the same Set-monad.

Given a vertical transformation ¢ : TF — FS, such that ¢o is the identity and such that
(F,$): S — T is a monad lax morphism, we may apply Theorem 5.2 to produce a functor
[:‘g 1 (S, V)-Cat — (T, W)-Cat; this is precisely the functor constructed in [24, Sect. 6].

We should highlight that all normality conditions can be omitted, as well as the preservation
of the initial object by F, and still obtain change-of-base functors. This normality-free setting
for both instances of change-of-base was already studied in [44, Sects. 3.4, 3.5], for thin
categories V.

6 Induced Adjunction

As observed in [58, Sect. 6.7], a suitable notion of adjunction between cartesian monads will
induce an adjunction on the categories of internal 7'-categories, which has proven fruitful in
their study. Moreover, in [44, Sect. 3], several change-of-base adjunctions between categories
of (monad, quantale)-categories are studied as well. Our aim is to extend these ideas to
arbitrary horizontal lax algebras, aiming to compare the enriched and the internal notions of
generalized multicategory.

Throughout this section, our setting is a conjunction

(F.¢)
~—

$.D)y L (T.E
Y —
G.¥)
in the double category Mnd(PsDbCat,y), such that D and [E are equipments, and ¢, T'¢ have
strong conjoints. We denote the unit and counit by 7, &, respectively.
We recall that

- (F,¢): (§,D) - (T, E) is a monad oplax morphism,
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- (G, ¥): (T,E) — (S,D) is a monad lax morphism,
— we have an adjunction F - G in PsDbCatj,4 with unit /) and counit &,
— and by doctrinal adjunction, F is strong, and ¢, i are mates,

so that by Theorem 5.2, we may construct functors

Fy: HLax-S-Alg — Hlax-T-Alg and G;: Hlax-T-Alg — HLlax-S-Alg
induced by (F, ¢*) and (G, V), respectively.
Theorem 6.1 We have an adjunction F, - G).

Proof To fix notation, for f: x — Gy and g: Fx — y, we let f = &y o Ff and g =
Gg o 7. This is similarly defined for 2-cells.
We claim that the hom-isomorphism and its inverse are given by

(f, 0 F (F5,0V%), and (g,8) > (g% &™), (6.1)

where we use (—)" and (—)” as short-hand for mates. To be explicit, these are respectively
given by

¢V =po(id-8)o¢ and £ =Eo(d-mop ',
0" =@ -(wol)op™ ! and x" =po(x (loe))

for suitable 2-cells ¢, 8 in D and 2-cells &, x in E.
To make sure that the horizontal composition for these mates of 2-cells is defined, note
that

éryo FYry o FSf =T&y 0¢gy o FSf = T8, 0 TFf o¢y = Tf* oy,
GTg oGy ofisy =GTgoyGy o Shy =y 0 SFg o Siy = 1y 0 Sg’.

Since V, A and b, {i are pairs of inverse operators, we find that the maps in (6.1) are each
others’ inverses.

To check these maps are natural, let (k, w): (w,d, v, u) — (x,a, v, u) be a horizontal
lax S-algebra morphism, and (%, x): (v, b, v, u) — (z, ¢, v, i) a horizontal lax T-algebra
morphism. We have

¢V o (Fo - ¢f) o (id - 1) op ' =tV o Fw = (tow)?,
(Gx - Ym) o) =GxotY, (Gxot") =8 oFGyoF¢¥=yxo0¢"",

and reach our desired conclusion via mate correspondence.

So we’re left with proving that (f%, ¢V*") and (g°, £Y"*) are horizontal lax algebra mor-
phisms. Since the proofs are similar, we omit the second one.

We must check the following identities hold:

V" oFv=volp and ¢V oFu=po V" -T¢).
Since (f, ¢) is a lax S-algebra morphism, we have
ov=Gwoly,
so that
Vo Fu=1¢"" o Fuoel

=(¢o U)Vti oef
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:éhoFGUoFeGoFlfoeF

=voéloeFGolpf

=U01f;,

which gives the unit law for (%, V&),
For the multiplication law, we first let

Y = (id- mT)o(id-(id-GT))ooAt_l o ﬁf*o&,
Z=(d-(n-(n-mo)o(id-p ")op!

and our goal is to confirm that
g.vﬁ/\ ° (MF . mf*) — o (Cvt/\ . T{vﬁ/\) oY

holds, via mate correspondence. First, we note that

YoZ:(id- mT>o(id-(id-aT))o((id-n)-(¢a-<nol)))o&*lo(id-(y*1 -id))o&
o(id-p_l)op_l
- (id : mT> o (id - (id : aT)) o ((id 1) - (¢a-(Mo1)))o (/r1 ~p71>
- (id- mT) o (id . (id-aT)) o(d - (id- ) o (id - p_l> o ((d- 1) -da) o (p_l -id)
- (id~ mT) oGd-(d-Tn))o (id . (id~ eT)) o (id . p_l) o ((id-n) - da) o <p_1 -id)
—(d-T(id-n)o (id- mT> o (id : (id- eT)) o (id-p71> o ((id-1) - da) o (,rl .id)
=(id 7 Gd-m)o (id-Tp~") o (ld-m) - ga) o (7" id),
from which we deduce that
wo (VN TtV oY o Z
= o @V -T¢Y) o (id - T(id-m) o (id-Tp~") o ((id-n) - ¢a)) o (07" -id)
= o (V- (T¢Y 0 )
=po((epoFgY) (TepoTFLY o¢y))
= 1o ((ep 0 FCY) - (Tep o pap 0 FSTV))
= o ((ep 0 FE¥) - (e 0 Fip 0 FS¢Y))
= o (e -erp) o (F£¥ - (Fyp o FSTY))
=ep0 Fuom? o(F¢Y - (Fyp 0 FSCY))
= (MG oY Wpo Sg“v)))tI om”,

and since we also have that

;\/]:I/\ o (/’LF . mf*) 07 — é,\/]jA ° (MF . (T)O 1)) Op_l
=Viopuf
=@ow¥omr, (6.2)
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we conclude it is sufficient to show that

ComwY =uno0 (Y- (YpoSEY)).

Indeed, we have

(GowY =po(id-8)oGuo(-St)
=po(d-8)oul -mYoa " on odo(d-x%) o (- S5C)
=u%opolid-p)odto(id (y-id)odo((id 8 (W (108))o(id-x5) o (- 5¢)
=puSo(p-p)o(lid-8)- Wy (108))o(id-x5) o St)
=1%o (p-id)o ((id-8)-Yp) o (id-p)o(id- (id-8) o (id- x5) o (¢ - 5¢)
:MGo(p‘id)o((id~5)‘1//b)o(id-Sp)o(id-S(id~8))o(§"S{)
=u0 (¥ (WpoSLY)),

which concludes the proof. O

For the purposes of applying this adjunction to the study of full faithfulness of F) and
subsequent applications to descent theory, it is useful to establish criteria for the invertibility
of the unit and counit of the adjunction F; - G\, which are provided by the following results:

Lemma 6.2 Let (y, b, v, ) be a horizontal lax T-algebra. If &, and Fry are invertible, then
&(y,b,u,p) 18 invertible if and only ifni* is invertible.

Proof We have &y 5 v,u) = (&y, idvﬁ/‘). We first observe that id"** = , where we have,
with the coherence isomorphisms omitted,

F(Gbry1)

TFGyﬁ)FSGy > FGy
| | « |

TFGy -9,- FSGy (Foy). FGTy r6b FGy

rh) 2 H H

Q= Ty &, > FGTy rGb FGy
H , |
Ty b >y —&—= FGy
| Loe s
Ty 5 >y Y

and @ = X o (8 - ¢) is the mate of ¢, which is in turn the mate of 7, o Fr, = T&, o ¢g,.
Indeed, we note that

QV:Ao(e-id)oni*o(idm)oao(XF-id)o(id-n)o,fl
:,oo(éb-(s)o(id~a))o(id~(id~n))ooco()(F-id>o,o_1
=po(-e)o(id-w o(id-(id-n)od-p~")ox",
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and since
cowo(id-nop =108,
we obtain
QY =po(éy-1)o(d-8)ox =8 0po(d-8)ox’,

and of course, p o (id-8) o x I is precisely F(p o (id-§8)), so we obtain Q¥ = id"¥, as desired.
Our claim follows by noting that if &, and F1/, are invertible, then so is ¢, and since
8: (Fyry) — 1is invertible, so is w.
The inverse of ¢ is given by the mate of ¢y o (Fl//y)_l = Téy_
by 6. We have

Lo £ry, which we denote

gotofd =1y, 0600 =1ligoe=¢ and cobor=1,-10c0t=1goe=c¢,
) y
finishing the proof. O

The analogous characterization for the unit is not quite the dual of Lemma 6.2; it requires
one more verification.
Lemma 6.3 Let (x, a, v, ) be a horizontal lax S-algebra. If ny, Gpy and nflGd))* are invert-
ible, then 1)(x q,v,y) is invertible if and only ifnZ’ is invertible.

Proof The only missing detail is that, if niGw* is invertible, then so is

mCo(id-0%): GFa-(Gp): — G(Fa-¢)).

To see this, we take (3.4), with H = G and r = a, and we recall that ¢ has a strong conjoint,
by hypothesis. O

As an immediate corollary, we obtain:

Corollary 6.4 F, : HlLax-S-Alg — HLax-T-Alg is fully faithful whenever F: D — E is
Sully faithful and G ¢ is invertible.

Proof If F: D — Eisfully faithful, then 7} is invertible, and therefore has a strong companion.
Likewise, G¢ has a strong conjoint. Thus, 7,, n) and nf,Gw are invertible for all x and all

a, so we apply Lemma 6.3. O

For the remainder of this section, we will compare Theorem 6.1 with [58, Sect. 6.7] and
[44, Section 3], confirming we have a common generalization of these results. Furthermore,
we provide some comments comparing our approach with the pseudofunctoriality ideas stated
in [28, 4.4].

6.1 Internal T-categories

We recall the setting described in Sect. 5.1. If P 4 Q and ¢ and ¢ are mates, we can
immediately apply Theorem 6.1 to obtain a suitable P, - Q) as claimed in [58, Sect. 6.7].

Likewise, with a suitable restatement of Theorem 6.1 for oplax monads and functors, we
can also obtain adjunctions between categories of Burroni’s T -categories.
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6.2 Enriched T-categories

We note that Theorem 6.1 is a generalization of [44, Proposition 3.5.1], however, we cannot
obtain the adjunction studied in [44, Sect. 3.4], using our result in the current form.

We will work out the same argument in our more general setting, to emphasize what
goes wrong. Given a monad T = (T, m, e) in E, note that ¢: id — T defines a monad lax
morphism (id, e): T — id, which, by Theorem 5.2, gives a functor

e: Hlax-T-Alg — HLax-id- Alg,

meaning every horizontal lax T-algebra has an underlying horizontal lax id-algebra (a
monad!). Moreover, e also defines a monad oplax morphism (id, ¢): id — T, but unless
e and Te have strong conjoints, Theorem 5.2 cannot be applied to construct a functor
H Lax -id- Alg — H Lax -T- Alg, which would guarantee e, has a left adjoint.

However, it is possible to expand our notion of change-of-base to rectify this issue: an
analogous version of Theorem 5.2 can be obtained for a monad oplax morphism (F, ¢): id —
T, without requiring either ¢ or T ¢ to be strong conjoints, by defining Fi(x, a, 1, i) so that
Fia = ¢} - TFa; note that this is precisely ay of [44, Sect. 3.4] when F = id, and is
isomorphic to the construction of Theorem 5.2 when ¢ and T ¢ do have strong conjoints.

This would also require an analogous version of Theorem 6.1 for this specialized change-
of-base construction, but since such results are outside of our scope, we leave them for future
work.

6.3 Pseudofunctoriality

Theorems 5.2 and 6.1 prompt one to view H Lax -(-)- Alg as a double pseudofunctor Ml —
CAT (see [80, Sect. 6]), for a suitable sub-double category M of Mnd(PsDbCat|,y). Since
double pseudofunctors preserve conjoints, we would obtain the conclusion of Theorem 6.1
as an immediate corollary, for those conjunctions which are in M.

We haven’t pursued this line of reasoning, as obtaining a suitable choice of M which
includes our main examples has proved to be elusive, as we briefly explain below.

We observe that the hypotheses required for Theorem 5.2 restrict us to a setting where
the vertical 1-cells (F,¢): S — T (monad oplax morphisms) of M are those such that ¢
and T'¢ have strong conjoints. Unfortunately, this property on its own doesn’t determine a
sub-double category, as it is not closed under vertical composition: if (G, ¥): T — U is
another vertical 1-cell, there is no reason for w = {r o G¢ nor Uw to have strong conjoints,
so this property doesn’t define a sub-double category.

This obstacle could be overcome, provided we can guarantee that G¢ and UG¢ have
strong conjoints. The first condition can be guaranteed if we require that the underlying
functor of every monad oplax morphism (H, x) is such that

Hr-(H)* 9% mr B ™ He - ) (6.3)

is invertible for all horizontal 1-cells r and vertical 1-cells f; note that this implies that H¢
has a strong conjoint whenever ¢ has a strong conjoint. This property is satisfied, for instance,
when H is strong. Therefore, this extra requirement is still within the setting of Theorem 6.1,
as the underlying functors of the left adjoints are necessarily strong.

The problem lies in guaranteeing that UG¢ has a strong conjoint; we would need to
guarantee that the underlying lax functors of the monads make (6.3) invertible. However, it
can be shown that this does not hold for our applications.

@ Springer



35 Page 64 0of 89 R. Prezado, F. Lucatelli Nunes

Lacking an alternative method to overcome this obstacle, we opted for the current ad-hoc,
yet more general, approach for obtaining an adjunction of change-of-base functors, instead
of going for the more attractive pseudofunctoriality argument.

7 Extensive Categories

Extensivity of Vis a crucial hypothesis to construct and study the comparison functor (7.1)
(see [62] and [26])

—x1: V-Cat — Cat(V), (7.1)

and therefore we shall devote this section to the study of extensive categories.
Let C be a category with coproducts. We say C is extensive if the functor

]‘[c¢x,~£>c¢2xi (7.2)

iel iel

is an equivalence for all families (X;);c; of objects in C. We refer to [14] for a comprehensive
introduction to these categories, and further material on the topic can be found in [11, 67,
69]. Extensive categories to keep in mind are Set, Top, Cat, any Grothendieck topos such as
Grph, and any free coproduct completion Fam(B3) of a category B.

The following characterization of extensivity in terms of Artin glueing [40, p. 465] is quite
consequential:

Lemma 7.1 LetC be a category with coproducts and a terminal object 1. Then Diagram (7.3)

Fam(C) £> C
R (7.3)
Set _—*“> C

is a comma diagram [83, Sect. 5] if and only if C is extensive, where 0.y cx* 2 vex Cx —
X x 1 is the coproduct over X of the morphisms ¢y — 1.

Proof 1f C is extensive, then for a morphism f: ¢ — X % 1 we consider the family (cy)yex
given by the following family of pullbacks:

cy —— 1
r

L b
CT>X>|<T]

The family is, by definition, indexed over X, and by extensivity, we have an isomorphism
> rex Cx = ¢, whose composition with f equals o(c,), x-

Let (cx)xex., (dy)yey be families of objects, let f: erx Cy —> Zer dy be a morphism

andlet f: X — Y be a function such that o o f = (f*1)oo.Foreachy € Y, we consider
the following diagram:
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erf*y Cx dy

~ —

fryxl —— 1
r A
LT e
erx Cx f Zye)’ d)'

The left, right and inner squares are pullbacks, hence the outer square must be a pullback; let
flei e — dx be the top morphism composed with the inclusion cx — 3 ¢+, Cx, and
consider the morphism (f, f|x) : (ex)xex — (dy)yey in Fam(C). It is the unique morphism
Y¥: (cx)xex — (dy)yey indexed by f such that Sy o= f, by extensivity. With this, we
conclude that (7.3) is a comma diagram.

Now, given that (7.3) is a comma diagram, we aim to confirm (7.2) is an equivalence.
First, full faithfulness: given a commutative triangle in C

¢
Ziel Y; Ziel Z;

Zifi\ /Zigi
Ziel Xi

we have

OXiier © Y fi = Oy, and 0(x;), 0 Y 8 = 0(Zpyes
iel iel
from which we obtain o(y,),., = 0(z,);.; ©¢. This implies the unique existence of a morphism
(id, ¢i) : (Yi)ier = (Zi)ier in Fam(C) such that ) ; ¢; = ¢, by the 2-dimensional universal
property of comma diagrams.

Now, if we have a morphism w: § — Zie[ X, we consider its composite with o(x,),; -
This yields, by the 2-dimensional universal property, a family (S;);c; and an isomorphism
v: Y i Si = S.By full faithfulness, we obtain a family w; : S; — X; suchthat ) ; w;ov =
w. O

If an extensive category C has all finite limits, we say it is lextensive [14, 4.4]. We have
the following corollary of Lemma 7.1:

Theorem 7.2 [fCisalextensive category, then Fam(C) is lextensive aswell and Y : Fam(C) —
C preserves finite limits.

Proof We recall that Fam(C) >~ C | (— % 1) is a weighted 2-limit [83]. By noting that the
2-category Catgnjim of categories with finite limits and finite limit preserving functors has all
weighted 2-limits, the comma diagram (7.3) lives in Catgnjim, Which proves our assertions. O

Moreover, it should be noted that the converse was also shown to hold in [15, Sect. 4.3]. See
also [67] for a proof, and applications of Theorem 7.2 in the study of lextensive categories.®
In this work, the following instance of limit preservation is extensively used:

6 Theorem 7.2 was instrumental in this extension of the work of [69].
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Theorem 7.3 Let C be an extensive category. If we have a commutative square in Fam(C)

. f)
(@w)wew % (bx)xex
@] Loy (7.4)
(cy)yey W (d))zez

such that

L,
(7.5)

~ &=
1
N < ™

k

is a pullback diagram, as well as

o
ay — bfw

wl L (7.6)
ng T> dZ
gw

foreach w € W, where z = kgw = hfw. Then

Y a2 Y0,

weW xeX
r

> Q lzh i (1.7)

ch h Zdz

yeY zeZ

is a pullback diagram.

Proof The hypotheses (7.5) and (7.6) guarantee that (7.4) is a pullback in Fam(C), by [37,
Sect. 4] (see also [43, Definition 4.7 and Corollary 4.9]). Since ) preserves limits, (7.7)
must be a pullback diagram, as desired. O

As corollaries, we obtain succinct proofs of a couple of results from [26, 62], which clarify
the role of the extensivity condition.

Lemma 7.4 IfVis extensive with finite limits, — = 1: V-Mat — Span()) is strong.

Proof Since — * 1 is normal, it is enough to prove that m~*! is invertible. Indeed, we have
the following pullback diagrams:

XxYXxZ—YxZ s2xrix,y) — s(2)
L | L !
XxY —Y rx,y) — 1
thus, applying Theorem 7.3, we conclude that the outer square of diagram (2.8) is a pullback,

verifying our claim. m}
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Remark 7.5 We observe that the above lemma can be restated in terms of a Beck-Chevalley
condition; see [64, Definition 1.4.13]. To wit, the lax functor V(1, —): Span(V) — V-Mat
satisfies the Beck-Chevalley condition if )V is extensive. Then, by [64, Theorem 1.4.14], we
conclude that — * 1 4 V(1, —) is an adjunction in the 2-category PsDbCat,.

We can also give a short proof that a considerable class of monads are cartesian:

Lemma7.6 Let V be a lextensive, monoidal category, whose tensor product @ preserves
coproducts and pullbacks. Then the free ®-monoid monad on V is cartesian.

Proof We let X° = I be the unit object, and X"*! = X" ® X. Recall that the underlying
functor of the free ®-monoid monad may be given by X — X* = > _u X" (see, for
instance, [48, Theorem 23.4]), and note that since pullbacks are preserved by ® (by hypothe-
sis) and by coproducts (as a corollary of Lemma 7.1), we conclude the free ®-monoid monad
preserves pullbacks. Moreover, note that

)& tn s X*
r
rLm L
Yn ” Y*
is a pullback diagram for all n € N, due to extensivity. Taking n = 1 confirms 7 is a cartesian

natural transformation.
Now, we consider the following pullback diagrams

ZNk sum, Ny
keN X' ®...Q X i XNtk
H f"1®...®f”ki lfn1+m+nk
ke Y...Q Y ynittng
ZN sum’ N ® ® ?
keN

to which we may apply Theorem 7.3, allowing us to conclude that p is a cartesian natural
transformation as well. O

Connected terminal objects

We recall that an object x in a category V with coproducts is said to be connected [11,
Definition 6.1.3] if the hom-functor V(x, —) preserves coproducts.

Under the hypothesis that V is lextensive, understading this condition turns out to be
helpful in our work on the enriched — internal embedding, particularly regarding the study
of certain monads on V; see Lemma 8.7.

Lemma 7.7 If V is lextensive, then its terminal object 1 is connected if and only if — *
1: Set — Vis fully faithful.

Proof Given a morphism p: 1T — »"._; X;, we consider the following diagram

iel

I/lr Xir 1
[ |
117>ZX1'7>1*11

iel
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which is a pasting of pullback squares.

It is clear that if — 1 is fully faithful, then u = [0 o p = i] % 1. Thus, by universality of
coproducts, p is uniquely determined by a morphism 1 — X;.

Conversely, since 1 is the terminal object we have V(1, X % 1) = X %« V(1, 1) = X, which
implies the unit of — % 1T 4 V(1, —) must be an isomorphism. m}

Lemma 7.8 IfVis a lextensive category and 1 is connected, then — x 1: V-Mat — Span(})
is fully faithful on 2-cells.

Proof The outer square of (2.4) is a pullback, due to extensivity. Then, since 7: X —
V(1, X 1) is an isomorphism for all X, the result follows. o

8 Fibrewise Discrete Morphisms

Let T be a cartesian monad on a lextensive category V, with terminal object denoted by 1.
We also denote by T the induced strong monad on Span()) [28, 42]. The Set-monad T
under study (as well as its lax extension to V-Mat, also denoted by T), is constructed via the
following consequence of Proposition 3.1:

Proposition 8.1 Let B be a 2-category, let (I, r,n, €): b — ¢ be an adjunction in B, and let
(t, m, e) be a monad on c. Then (rtl,r(m o tet)l, rel o n) is a monad on b, and we have a
conjunction
(etl)
—
(b, rtl) L (c,t)

<
(r,rte)

in Mnd(B).

Indeed, by Remark 7.5, we have an adjunction

—x1
/*\)

V-Mat L Span()) (8.1)
_

V(,-)

in the 2-category PsDbCatjay, thus, we may apply Proposition 8.1 to (8.1) with the monad T
on Span(V) to obtain a monad 7 = V(1, T (— * 1)) on V-Mat, and a conjunction

(—=*T1, é7(—s1))

_ - T
(T,V-Mat) L (T,Span())) (8.2)

V(1,-),V(1,T#)

where (—* 1, 7(_41)) is a monad oplax morphism and (V(1, —), V(1, T#)) is a monad lax
morphism.

The only remaining ingredient to place ourselves under the setting of Sect. 6 and therefore
apply Theorem 6.1 to (8.2), is the hypothesis that £7(_.q) has a strong conjoint’. The study

7 Note that, since 7 is strong, it follows that Té7 (_q) has a strong conjoint as well, by Lemma 3.7.
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and characterization of this hypothesis (when 1 is connected) is the central purpose of this
Section, culminating in Theorem 8.6.
Once this characterization is obtained, we get an adjunction (see Lemma 9.1)

—x1
_ T
(T, V)-Cat 1L Cai(T,V) (8.3)

V(1.-)

from (8.2), for pairs (7', V) where T is a cartesian monad on a lextensive category )} with 1
connected, such that &7 (1) has a strong conjoint.
We begin by establishing the following:

Lemma8.2 Let w: F — G be a vertical transformation of lax functors F, G: D —
Span(V). For a horizontal 1-cell a: s — t in D, the 2-cell nf;’* is invertible if and only

if

"Fa

Mp, — Ft
on, I (84)
Mg, — Gt

Ga

is a pullback diagram.

Proof We observe that n‘,;’* is uniquely determined by the dashed morphism below making
the triangles commute

MFa

N

I
I
Wq e TFa
/ / ~ \ \(
Mga Ft
- ~ -
lGa I'Ga @y \
k > K

Gs Gt Ft

which is invertible if and only if (8.4) is a pullback diagram. O

Lemma 8.3 The following are equivalent:

(a) &r(—s1) has a strong conjoint,
(b) &r(—s1) is a cartesian natural transformation.

Proof Instanciating (8.4) with @ = &r(_41), we find (a) holds if and only if

D) Ta)w.y) — Trx1

t€Ts yeTt

Braen] " STG1) (8.5)
T(Z Za(x’ y)> I'T(ax1) T(t * 1])

XEs yet

is a pullback diagram for all V-matrices a.
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If (8.5) is a pullback diagram for all such horizontal 1-cells, then when we have a = f
for a function f: s — ¢, we obtain a pullback diagram

Ts*1 %Tt*ﬂ

-
ET(S*]])\L J{ET(I*H)

T(s*1) oy T x 1)

thereby verifying (a) — (b).
Now, we assume (b). If the outer square of Diagram (8.6) below commutes:

Fy

v Tt 1
~
~y B /
Ts«1 — T1x1

n r
o ET(J-*H)\L l ET(tx1) (8.6)
T(sx1) —— T1

)
I7@x1) \

T(Zza(x’y)) TT(ax1) T(tx1)

xes yet

then an immediate calculation shows the diagram commutes. Since the square in the middle
is a pullback by assumption, there exists a unique morphism /,: v — T's * 1 such that the
left and top squares commute.

Thus, we conclude that the following diagram

v o) Tsx1xTtx*1

wl lgr(m]) XET (1x1)

T(ZZa(x,y)) — > TsxD)xT@E=*x1)

XES yet <ZT(H*11)~rT(a*1])>

commutes. We observe that Diagram (2.5) is a pullback square when V is extensive, by
Theorem 7.3, so there exists a unique morphism

oty — Z Z(Ta)(ﬁ’ )

reTs yelt

such that &7 g4y 00* = w, 17, 400" =ryand iz, 4 ow? = I,,, which, in particular, confirms
that Diagram (8.5) is a pullback square. O

Fibrewise discrete monads

The search for a more concrete notion of what it means for £7(_.y) to have a strong conjoint
led us to the notion of fibrewise discreteness.
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Let Vbe a lextensive category, and let f: x — y be amorphismin V. We say f is fibrewise
discrete if for every pullback diagram

the object f*p is discrete; that is, & s+, is an isomorphism. For instance, in VV = Top, local
homeomorphisms are fibrewise discrete.

We say an endofunctor F' on V is fibrewise discrete if for all sets X, the morphism
F!: F(X % 1) - F1 is fibrewise discrete.

Lemma 8.4 Let F be an endofunctor on a lextensive category V. If € (1) is cartesian, then
F is fibrewise discrete. The converse holds when 1 is connected.

Proof Let F = V(1, F(— % 1)). We consider Diagram (8.7)

FXx1 EF Q)

1y —2 FX#1) 8.7

! [

Flx1l —— F1
EF1

where the square in the lower right corner is a pullback. The outer square commutes by
naturality, so there exists a unique morphism 6y, depicted by a dashed arrow, making both
incident triangles commute. Note that & p(_q) is cartesian if and only if O is an isomorphism
for all X.

Now, consider the image of (8.7) via V(1, —), which preserves pullbacks. Note that since
1 is connected, V(1, £p1) = '717(111,F11) is an isomorphism, so we conclude that V(1, w,) is an
isomorphism as well.

Hence, we consider the following naturality square

VA, 1) % 1 2028 Ty pq

é,Xl l??ﬁ(x*u)

X w—X> F(X*]])

and we observe that Oy o V(1, wx) % 1 = &, holds, by the universal property. Thus, Oy is
invertible if and only if &, is invertible; that is, if and only if 7 is discrete. O

Remark 8.5 In Diagram (8.7), we have a morphism 7, — F1 * 1, which corresponds to a

family (v, p) ,c77- by extensivity (see Theorem 7.1); these are given via pullback

Te,p — FlxxT1)

l r lF’ (8.8)

HT>FT]

and we also have peF1 T.p = 1. Thus, 1, is discrete if and only if 1y , is discrete for all

objects p € F1.
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With this, we obtain the following characterization:

Theorem 8.6 If 1 is connected, the following are equivalent for an endofunctor F: Y — V:

(i) €p(—x1) has a strong conjoint.
(ii) EF(—x1) Is a cartesian natural transformation.
(iii) F is fibrewise discrete.
(iv) Ty, p, as given in (8.8), is discrete for all objects x and all p € F1.

Proof The equivalence (i) <= (ii) is given by Lemma 8.3, we have (ii) <= (iii) by
Lemma 8.4, and Remark 8.5 confirms (iii) <= (iv). O

Naturally, we are most concerned with cartesian monads 7 such that T is fibrewise dis-
crete, and, armed with Theorem 8.6, we can promptly verify that many familiar examples of
cartesian monads are fibrewise discrete. We begin with the following:

Lemma 8.7 Let V be a distributive monoidal category such that 1 is connected. The free
®-monoid monad on 'V is fibrewise discrete.

Proof Let X be a set, and let p: T — (X * 1)* be a morphism. Since 1 is connected, we
may apply Lemma 7.7 to confirm p factors uniquely through g: T — (X = 1)" for some
n € N. Now, note that (X  1)" = X" % 1 ifn > 0, (X % 1)° = I, and that we have pullback
diagrams

T —1 X1 — X" %1
H r H and, forn > 0, l r l
1T — 1 1] —/—/——— 1
whence Tx , = X" * 1 for some n € N; this concludes the proof, by Theorem 8.6. O

Lemma 8.8 Let S, T be endofunctors onV, and let «: S — T be a cartesian natural trans-
Sformation. If T is fibrewise discrete, then so is S.

Proof Consider the following composite of pullbacks:

Oy,

ox,p — Sx k1) — T(x 1)
r

l I

1 n S1 TT

o

We have 7, ¢,0p = 0y, p, Which is discrete for all x, p. O

8.1 Free Monoid Monad Set x Set
We will confirm this monad is not fibrewise discrete. Indeed, we have the following pullback
diagram
(XM, X") — (X, X¥)
L !
(Lmn W (N, N)

for each m,n € N and each set X. However, (X ™. X"y is not discrete in general, so we
cannot obtain a functor — x 1: (T, V)-Cat — Cat(T', V) via Theorem 5.2.
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8.2 Cartesian Monads on Slice Categories

If we have a pair (T, V) where T is a cartesian monad on a category V) with finite limits, and
% is an internal T'-category, we may construct [58, Proposition 6.2.1] a cartesian monad Ty
onV | %y, and we obtain an equivalence [58, Corollary 6.2.5] of categories

Cat(T¢,V | %) =~ Cat(T, V) | €,

which raises the question: can we obtain (8.3) for the pair (T, V | %0)?

Already when T = id, V = Set, we cannot generally guarantee an affirmative answer.
Indeed, let C be an ordinary small category. In this case, T¢ is the cartesian monad induced
by the monadic adjunction

Lan,c
VRS
[C,Set] L Set] obC
~_ 7

However, the terminal object of Set | obC = [(ob () * 1, Set] is connected precisely
when ob C = 1 or ob C = 0; in fact, we shall confirm that while it is true that T¢ is fibrewise
discrete, £7,(—«1) is not a cartesian natural transformation, and thus we cannot obtain (8.3)
for general C.

Let X = ob (. T is defined on objects by

(Ax)xeX = (Z A)’ X C(X, y))xex’
yeX

and the terminal object of Set | X is precisely the constant family 1 = (1)yex. In this case,
Tcl = (ob(x | C))xex, while Te1 = [, x ob(x | O).
More generally, for a constant family A x 1 = (A),cx, we have

Te(A* 1) = (A x ob(x | O))xex,
and T¢(A x 1) = AX x [[,cx ob(x | C). We have, for each x € X, a pair of pullback

diagrams

A — A xob(x | 0) A xJ]iex0ob(x { ©) — A xob(x | C)

l ! Lo l

T —— ob(x | 0 [Tiex ob(x | ) ——— ob(x | O)

which confirms that 7¢ is fibrewise discrete, but, since we cannot guarantee A = AX we
cannot guarantee £7,(—x7) to be cartesian as well.

In spite of this, we can obtain the adjunction (8.3) for the pair (7%, V | %p) when 6y = 1;
that is, when ¥ is a (T, V)-monoid. We will now treat the case T = (—)*, which are called
V-operads.

8.3 V-operadic Monads
An important corollary of Lemmas 8.8 and 8.7 is that for a cartesian monoidal category V,

V-operadic monads are fibrewise discrete; note that these are precisely the cartesian monads
on ) with a cartesian natural transformation to the free x-monoid monad.
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To be explicit, for a V-operad O [58, p. 44] the monad associated to £ is given on objects
by

Vi ZD" x V",
neN

and the projections O, x V" — V" induce a cartesian natural transformation to the free
x-monoid monad.

Thus, any pair (T, V) where T is an operadic monad over a lextensive category V such that
1 is connected induces an adjunction (8.3). Of special interest is the case where T = (—)* is
the free monoid monad on V. In this case, the induced Set-monad T is precisely the ordinary
free monoid monad.

8.4 Free Category Monad

The free category monad § on Grph is fibrewise discrete, since we have the following pullback
of graphs:

X x1 (Nx X)*1

=

X*1T — X %1

! !
ﬂ/ﬂ—ﬂl\

so, for the pair (§, Grph), we also obtain an adjunction (8.3). We note that F is a lax extension
of the N x — monad on Set, for the multiplicative structure of N.

Nx1

8.5 Free Finite Coproduct Completion Monad

Foracategory C, Famgy, (C) is the category of finite families of objects of C; itis given on objects
by (ob(C)*, and a morphism ¢ — v is a pair (f, ¢), consisting of a function f: [m] — [n],
where m and n are the lengths of ¢ and v, respectively, and for eachi = 1, ..., n, amorphism
i i — Vi

From [88, 5.16], we learn that Famg, is a cartesian (2-)monad on Cat. We proceed to
verify it is fibrewise discrete; first, observe that ob Famg, (X * 1) = X™*, and the hom-sets
are given by

Faman (X« D@m= > [ =vynl,

[ m]—[n]i=I
where m, n are the lengths of ¢, y respectively. Moreover, note that Famg, (1) =~ FinSet.

The fiber of Famg, (X * 1) — FinSet at (the identity on) # is given on objects by the set of
families of size n, and on morphisms by [r = y] = [];_,[r; = v;], which yields a discrete
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category; diagrammatically, we have

k=9l — > []m=vs
l T fell—h)i=I (8.9)
!

1 ——— FinSet([n], [])

as we desired. Thus, the pair (Famg;,, Cat) gives an adjunction (8.3) as well.
We note that Famg, is a lax extension of the free monoid monad on Set.

8.6 Free Finite Product Completion Monad

The functor (—)°P: Cat — Cat, taking each category to its dual, is its own adjoint, since we
have Cat(C°P, D) = Cat(C, D°P), so, via Proposition 8.1, we can promptly verify that the
functor

C +— Fam{, (C) = Famg, (C°P)°P

is a cartesian monad. For a category C, Fam;n(C) has the same set of objects as Famg, (C),
but a morphism ¢ — v is a pair (f, ¢) consisting of a function f: [n] — [m], where m, n
is the length of r, y respectively, and ¢; : ry; — b is a morphism foreachi =1, ..., m.

This monad is also fibrewise discrete; the only adjustment we need to make to the pullback
diagram (8.9) is to replace [r; = vs;] with [ry; = v;], so the pair (Fam;n, Cat) induces an
adjunction (8.3).

8.7 Free Symmetric Strict Monoidal Category Monad

For a category C, we let GC be the subcategory of Famg, (C) with the same set of objects,
and precisely those morphisms (f, ¢): ¢ — v such that f is a bijection.

This was shown to be a cartesian monad, for instance, in [58], or in [88, Example 7.5],
where it was shown that we have a cartesian (2-)natural transformation & — Famg,. For
this same reason, it is fibrewise discrete, by Lemma 8.8, giving us another example of an
adjunction (8.3), with the pair (S, Cat).

Furthermore, note that & is also a lax extension of the free monoid monad on Set.

9 Embedding

Throughout this section, we fix a lextensive category V, with terminal object 1 and a cartesian
monad T = (T, m, e) on V. Following the notation from Sect. 8, we denote by T the monad
on V-Mat induced by 7 on Span(}).

Via the tools developed throughout the paper, we shall verify that if 1 is connected, and
T is fibrewise discrete, then — % 1: (7, V)-Cat — Cat(T, V) is a fully faithful, pullback-
preserving functor. Moreover, among the pairs (7, V) satisfying the hypotheses at the end of
Sect. 8, we shall provide a description of (T, V)-Cat and Cat(T, V).
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Lemma 9.1 If &r(_y1) has a strong conjoint, then we have an adjunction

—x1

_ T
(T, V)-Cat L Cat(T, V) 9.1
~_

V(,-)

whose unit and counit are also denoted by 1) and &, respectively.

Proof By hypothesis, — * 1 is a strong functor, and £7(_.1) has a strong conjoint. Since T is
a strong functor, we also deduce that T €7 (_.q) has a strong conjoint as well. This places us
in the setting of Sect. 6, hence, we obtain (9.1) by applying Theorem 6.1 to the conjunction
(8.2). ]

Henceforth, we shall assume that the 1 is connected, and that 7 is fibrewise discrete.
Theorem 9.2 — x 1: (T, V)-Cat — Cat(T, V) is fully faithful.

Proof By Lemma 7.8, we know — % 1: V-Mat — Span()) is fully faithful, and since
V(1, &7 (—41)) is a natural isomorphism, the result follows by Corollary 6.4. ]

These results can be immediately applied to the last four examples in Sect. 8; we shall
describe both (7', V)-Cat and Cat(7T', V) for each such pair (T, V).

9.1 V-operadic Multicategories

Let T = To be a monad induced by a V-operad . When 1 is connected, we have shown that
T is fibrewise discrete, and therefore (7', V) induces an adjunction (9.1). So, we conclude
that — % 1: (T, V)-Cat — Cat(T, V) is fully faithful, by Theorem 9.2.

The induced monad T on Set is given on objects by

X Y W1, 9,) x X",
neN

and note that since V(1, —): V — Set is a strong monoidal functor (preserves products), it
follows that V(1, O) a Set-monad, so T is an operadic monad as well.

Letr: X - Y be a V-matrix, and let o € V(1, O,,),r € X", 1 € V(1,O,),y € Y". The
V-matrix T'r is given at (o, 1, T, ) by

B 0 if o ;é T,
T LT, D) =
(Tr)(o,x, 7, 9) {1—[;121 r(xi, y;) otherwise

thus, in practice, we just write (77)(c, ¢, 1) for the possibly non-initial values of T'r.

The objects of Cat(T, V) are (internal) operadic V-categories, and for this reason, we will
consider the objects of (T, V)-Cat to be the enriched operadic V-categories. Such an object
consists of

— aset X of objects,

— aV-matrixa: TX x X — V,

— a V-morphism T — a(ex, x) foreach x € X,

— aV-morphisma(o, ¢, x)xTa(o, (t1,91), - .., (T, V&), 1) = a0 (T1, ..., Tk), D1 -+ - P, X)
fort; € Oy, 0 € X", 0 € Oy, v € X", wherem =ny + ...+ ny.
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satisfying suitable identity and associativity conditions.
Of particular interest may be the T = (—)* free x-monoid monad on V; more generally,
monads induced by a discrete operad O and the M x — monad for M a V-monoid.

9.2 (F, Grph)-categories

As we have verified in Sect. 8, the pair (§, Grph) consists of a fibrewise discrete monad on
a lextensive category with 1 connected, so — * 1: (§, Grph)-Cat — Cat(§, Grph) is fully
faithful.

The objects of the category Cat(§, Grph) are precisely the virtual double categories [238,
58]. An enriched (3, Grph)-category X consists of

— aset Xg of objects,

— agraph X1(n,x,y) = (X11(n,x,y) = X10(n, x, y)) foreachn € Nand x, y € Xy,

— aloop 1 — X (1, x, x) for each x € X,

— a graph morphism X|(m, y,z) X §uX1(n,x,y) = X1(m-n, x,z) foreachx,y,ze X
and m, n € N, where §,,G is the graph of paths of length m of G.

satisfying suitable identity and associativity conditions.
Via the induced functor Grph(1, —): VDbCat — (§, Grph)-Cat, we can come across
examples of (§, Grph)-categories. If V is a virtual double category, Grph(1, V) consists of

— aset of objects Grph(1, V), that is, the set of loops in Vy,
— for each n € N and loops r, s of Vg, a graph V(n, r, s) has edges 6 : f — g consisting
of the 2-cells of the form

x x5 ... xTox
7| 0 b
y Yy

N

whose vertical domain has length n; we may simply write

i

oo |

Yy —>

as a shorthand,
— the unit 2-cell at r in V{ (1, r, r) is given by

x 4= x
I =
X ﬁ X
for each r € Grph(1, Vo),
— for 2-cells
Yy
gl ® lh fi—ll 0; lfi
7 —> Z y ﬁ y
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fori =1,...,n, the composite 2-cell is given by
X r)ﬂ'ﬂ X
woh| 0@ -0) ks
z - b4
9.3 Clubs

We begin by considering the pair (&, Cat). The category Cat(&, Cat) is the so-called category
of enhanced symmetric multicategories in [58, p. 212], first defined by [2] (therein, these are
called opetopes).

By analogy, we let

— Cat(Famgp, Cat) be the category of enhanced cocartesian multicategories, and
- Cat(Famg , Cat) be the category of enhanced cartesian multicategories.

As we shall verify in Sect.10, in each case T = Famgp, Famzn, &, the category

(T, Cat)-Cat is the full subcategory of Cat(T, Cat) with discrete categories of objects. There-
fore,

— (Famg,, Cat)-Cat is the category of cocartesian multicategories,
— (Fa m;n, Cat)-Cat is the category of cartesian multicategories,

- (8, Cat)-Cat is the category of symmetric multicategories.

10 Application to Descent Theory

Effective descent morphisms, introduced in [34], (see also [46], [59, Sect. 3]) are the funda-
mental object of study in Grothendieck’s descent theory, which has strong connections with
various fields [12, 73, 77]. Paired with their applicability to other fields, effective descent
morphisms are also important in their own right [65], since these morphisms formalize the
procedure of recovering data about their codomain from data about their domain, plus addi-
tional algebraic structure. Such algebraic structure is called descent data for the morphism.
For further aspects of descent theory, we refer to [45, 59, 62, 65].

In this work, we are concerned with effective descent morphisms with respect to the basic
bifibration of a category C with pullbacks, given at a morphism p: x — y by the following
change-of-base adjunction:

LA
C/y L CJx. (10.1)
~—

*

p

By the Bénabou-Roubaud theorem [8] ,3 we obtain the category of descent data for p, denoted
Desc(p), as the category of algebras for the monad induced by (10.1), which we denote by
TP?—that is, we have Desc(p) >~ TP?-Alg.

8 See also [65] for the “moral converse” of this result.
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Hence, we may consider the Eilenberg-Moore factorization of p* in the following form:

*

Cl L $x

y C
o~

Desc(p)

We say that

— p is an effective descent morphism if P is an equivalence,
— pis adescent morphism if ICP is fully faithful,
— p is an almost descent morphism if KC? is faithful.

For categories C with finite limits, descent morphisms are precisely the pullback-stable
regular epimorphisms, and almost descent morphisms are precisely the pullback-stable epi-
morphisms. If Cis Barr-exact [3] or locally cartesian closed, then effective descent morphisms
are precisely the descent morphisms. If C is a topos, then effective descent morphisms are
precisely the epimorphisms [45]. In the context of internal categorical structures, we have
the characterization of [57] for internal categories, as well as the work of the prequel [77].

Our results concern the effective descent functors between (enriched) (7, V)-categories.
When Vis a quantale, results in this direction can be traced as far back as the characterization
of [78] for effective descent morphisms between topological spaces—see [18, 21], which
reformulate the results of Reiterman-Tholen under the perspective of lax algebras. Further
advances are present in [17, 20, 22].

We shall fix a lextensive, cartesian monoidal category ) with 1 connected, and a fibrewise
discrete, cartesian monad 7 on V. In this setting, Theorem 9.2 provides us with the fully
faithful embedding — * 1: (T, V)-Cat — Cat(T, V). Now, we desire to apply this result
to study effective descent morphisms in (T, V)-Cat. We promptly review the fundamental
aspects of descent theory necessary to draw our desired conclusions. Afterwards, under a
suitable hypothesis, we confirm that (T, V)-Cat is the full subcategory of Cat(T, V) with
a discrete object-of-objects (Theorem 10.3), from which we deduce that (T, V)-Cat —
Cat(T, V) reflects effective descent morphisms, generalizing [62, 9.10 Lemma and 9.11
Theorem] to the multicategory setting.

Having fixed the terminology, we begin by recalling the following result of effective
descent morphisms for pseudopullbacks of categories:

Proposition 10.1 ( [62, Theorem 1.6]) If we have a pseudopullback diagram of categories
with pullbacks and pullback preserving functors

AL B
Gl 1u
C — D
and a morphism f of A such that

— Ff and Gf are effective descent morphisms, and
— KFf = HGf is a descent morphism,

then f is an effective descent morphism.

Lemma 10.2 If (X1, a, n, p) is aninternal (T, V)-category, then &, is a split epimorphism.
Moreover, if €1 is a monomorphism, then &, is an isomorphism.
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Proof We consider the unique morphism (X * 1, a,n, u) — (1, e}, n, u) to the terminal
(T, V)-category

zMa

T(X % 1) X 1

N

and we note that ey = &7 o (eq * 1), so that there there exists a unique fa ‘M, > TX %1
such that &7 (x«1) o lg =lgand T!x 1 ol, = (€7 * T)ol:

T!

T1

M, la

St ~
1 TX %1750 7(x % 1) (10.2)

Emﬂ*ﬂl ; \LT(!*II)

Tl+1 — T1
€T1

~

It follows that there is a unique @: M; — My, q)s1 such that &, o w = id and (l,, r4) =
(l(ls ra) o wa

la\Ta
M,
w\
e Ity VL) =
Myt M TX %1 x X %1 (10.3)

gal l@]‘(x*]]) xid
_—
M, o T(X*x1T)x X*1

thereby confirming &, is a split epimorphism.

Moreover, observe that when &7 is a monomorphism, it follows by the pullback square
in (10.2) that &7 (x«7) is a monomorphism, and by the pullback square in (10.3), we may
conclude that £, is a monomorphism. Thus, &, is an isomorphism. O

As a corollary, we obtain

Theorem 10.3 If &1 is a monomorphism, then we have a pseudopullback diagram

(T, V)-Cat =% caw(T, V)

L L (10.4)

SetTV

of categories with pullbacks and pullback-preserving functors.
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Proof We begin by observing that the objects of the pseudopullback are pairs (S, (X, a, n, 1), ®)
where S is a set, (X, a, n, p) is an internal (7', V)-category, and w: S * 1 — X is an isomor-
phism. Naturally, this implies that £x is an isomorphism, since £g. is invertible:

VA, S k1) %1 25 g1

V(ﬂ,w)*ﬂl lw

VA, X) %1 — X
£x

and conversely, for any internal (7', V)-category (Y, b, n, i) such that €y is invertible, the
triple

VA, Y), (Y, b, n, 1), &y)

is an object of the pseudopullback.

Hence, given a (T, V)-category (X, a, n, ) such that £x is invertible, we have by
Lemma 10.2 that &, is invertible, since €71 is a monomorphism by hypothesis. By Lemma 8.2,
it follows that ni* is invertible, so that we can apply Lemma 6.2 to conclude that (X, a, n, i)
is isomorphic to an enriched (T, V)-category, concluding the proof. O

From this, we can now apply Proposition 10.1 to conclude that

Lemma 10.4 If érq is a monomorphism, then — x 1: (T, V)-Cat — Cat(T, V) reflects
effective descent morphisms.

Proof Let p: C — D be a functor of enriched (T, V)-categories such that p x 1 is an
effective descent morphism. Since Cat(7", V) — V has fully faithful left and right adjoints,
we may apply [75, Lemma 2.3] to conclude that it preserves descent morphisms, so that
(p * 1)o = po * 1 is a descent morphism.

Since — * 1: Set — Vreflects epimorphisms, we conclude that pg is an epimorphism;
hence an effective descent morphism. Now, we apply Proposition 10.1 with the pseudopull-
back (10.4) to conclude p is effective for descent. ]

Via [77, Theorem 5.3], which provides sufficient conditions for effective deicent mor-
phismsin Cat(7", V) interms of effective descentin V, we can now do the same for (7', V)-Cat:

Theorem 10.5 Let p: C — D be a functor of (T, V)-categories. If £11 is a monomorphism,
and

— (p = 1)1 is an effective descent morphism,
— (p = 1), is a descent morphism,
— (p x 1)3 is an almost descent morphism,

then p is an effective descent morphism.

Proof The three above conditions guarantee that p *x 1 is an effective descent functor of
(internal) (T, V)-categories. Since 77 is a monomorphism, we can apply Lemma 10.4 to
obtain the promised conclusion. O

Now, the above work raises (at least) the following two questions:

— For which pairs (7', V) can we guarantee that £77 is a monomorphism?
— Is the requirement that £7¢ be a monomorphism “reasonable”?
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To answer the first, we note that this holds when

— 1 is a separator; that is, when V(1, —) is faithful, which implies & is a component-
wise monomorphism. This is the case when V = Set, Top, Cat, any hyperconnected
Grothendieck topos [47, A4.6], but not when V = Grph.

— T is discrete; that is, when &y is an isomorphism. This is the case when T is the free
x-monoid monad on V, but not when 7 = § is the free category monad on V = Grph.

And this, in a sense, answers the second question as well: from a practical perspective,
the above conditions are sufficient for nearly all of our examples. And while we haven’t
confirmed whether the condition “€77 is a monomorphism” is necessary or not, we can
provide a heuristic argument to convey the intuition that this condition correctly captures that
T1x11isa“good” discretization of T'1: a pair which satisfies neither of the above hypotheses
is the pair (§, Grph), as ob £z : N — 1; here, &1 = Grph(1, §1) has too many points to be
a “reasonable” discretization.

We now discuss the examples we have worked with so far.

10.1 V-operadic V-categories

Let O be a V-operad, so that the V-operadic monad T = Tg induced by O is given by

X — ZD,, x X",
neN

Since V(1, —) preserves coproducts, we have

VA, Y O =D VA, D),

neN neN

and therefore &1 = ), . €0, - Itis easy to verify that in an extensive category, a coproduct
of morphisms is a monomorphism if and only if every summand is a monomorphism, so we
may apply Theorem when ¢, is a monomorphism for all n € N.

Naturally, the result holds if we consider V-operads for categories V such that 1 is a
separator, such as Cat or Top, or if we consider discrete V-operads; that is, V-operads such
that £o, is an isomorphism for all n € N.

However, the above conditions are not necessary, if, for instance, one considers Grph-
operads O such that £, has at most one loop at each vertex for all n € N; this is precisely
the case when £o, is a monomorphism for all n € N.

When © is a discrete V-operad, we define (T, V)-Cat to be the category of enriched
O-categories.

10.2 V-multicategories

An important instance of the previous case is the case O = N x T; that is, when T is the free
x-monoid monad on V. In this case, Cat(7T, V) is the category of multicategories internal
to V. We note that T is a discrete monad, and the induced Set-monad T is the ordinary free
monoid monad.

Thus, we may define the objects of (T, V)-Cat to be the enriched V-multicategories,
and the morphisms are the respective enriched V-functors. An immediate application of
Theorem 10.5 provides criteria for such an enriched V-functor to be effective for descent.
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10.3 Clubs

We consider the pair (&, Cat); the free symmetric strict monoidal category monad & on Cat.
By Theorem 10.3, we recover the categories of (many-object) clubs considered in [49, 51]
by taking the fibers of the fibration (6, Cat)-Cat — Set (see [28, 4.19]).

In fact, this can be carried out for any fibrewise discrete monad 7 on Cat, as T € Catis a
separator.

11 Epilogue

We gave a general description of change-of-base functors between horizontal lax algebras
induced by monad (op)lax morphisms on the 2-category PsDbCat,,y, and with this description,
we made the dichotomy between enriched and internal generalized multicategories explicit.
As our main result we have shown that enriched generalized multicategories are internal gen-
eralized multicategories with a discrete object of objects, under suitable conditions. Moreover,
we applied this result to study the effective descent morphisms of (T, V)-Cat.

There is still a vast amount of open problems left to settle. For the remainder of this section,
we will state a couple of these problems, sketch a possible approach to their solution, and
highlight possible connections to other work.

11.1 Object-Discreteness

In [28, Sect. 8], the authors define and study the full subcategories of normalized and object-
discrete horizontal lax T -algebras. Inspired by our Theorem 9.2, we sketch an argument, for
an instance of [28, Theorem 8.7] for the equipment of modules of a suitable equipment, via
change-of-base.

If D is an equipment whose hom-categories of the underlying bicategory have all coequal-
izers, which are preserved by horizontal composition, then we have an equipment Mod(ID)
whose underlying category of objects is H Lax -id- Alg, and horizontal 1-cells are modules;
see [58, Section 5.3], [81, Theorem 11.5]. In fact, Mod defines a 2-functor defined on a
suitable full sub-2-category of equipments, hence if 7 is a monad on ID, then Mod(T) is a
monad on Mod(ID). We have an inclusion

J: D — Mod(D),

and the unit comparison 2-cell eT induces a monad oplax morphism (7, ely: T — Mod(T).
When T is a normal functor, we may apply Theorem 5.2 to obtain a change-of-base functor

J,: HLax-T-Alg — HLax-Mod(T)- Alg,

which identifies the full subcategory of “object-discrete” horizontal lax Mod(T)-algebras as
the category of horizontal lax T -algebras, so we partially obtain [28, Theorem 8.7], when T
is normal.

11.2 Monadicity of Horizontal Lax Algebras
Let T = (T, m, e) be a monad on an equipment D in PsDbCat),y, and let x be an object of

D. We define HKI(T, x) to be the category whose objects are horizontal 1-cellsa: Tx — x,
and morphisms are the globular 2-cells between them.
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If m has a strong conjoint, HKI(7', x) has a tensor product defined by
b®a=0b-(Ta-mj),

which makes it into a skew monoidal category [86]. If we let H Lax -T- Alg(x) be the category
of horizontal lax T -algebras with underlying object x, it can be shown that H Lax -T- Alg(x)
is the category of monoids of the skew monoidal category H KI(T', x).” Therefore, we have a
forgetful functor

H Lax -T- Alg(x) — HKI(T, x),

and we can study its monadicity, by studying free monoids in skew monoidal categories,
adapting the work of [30, 48, 53].

11.3 Categorical Properties of Generalized Multicategories

A possible approach to study the problem posed in Sect. 11.2 is to determine whether we
have a fibration

Hlax-T-Alg — Dy

for a pseudodouble category ID and a lax monad 7 on D, carving a path for the application
of techniques from fibred category theory to obtain categorical results about H Lax -T- Alg;
namely, as existence of (co)limits, distributivity, extensivity, monoidal closedness, and so
on—see [68]. This approach proved to be fruitful for other sorts of categorical structures, as
studied in [23, 25, 70].

Such fibrations certainly exist for enriched and internal 7'-categories:

(T, V)-Cat — Set, Cat(T, V) — V, (11.1)

and several results are obtained via fibrational techniques. For instance, [58, Appendix D]
approaches the monadicity of Cat(7', V) — KI(T') by studying the problem on fibres over V.

We also have the body of work [44], which explores various categorical properties of
(T, V)-categories when Vis a quantale, and the work of [16] further confirms that (7', V))-Cat
is an extensive category for an ample family of monoidal categories )V and suitable lax monads
on V-Mat.

11.4 2-Dimensional Structure and Descent Theory

If we consider the additional 2-dimensional categorical structure on the categories (7', V)-Cat
and Cat(T', V), we conjecture that we have double fibrations [27]

(T, V)-Cat — V-Mat, Cat(T, V) — Span())

with underlying fibrations respectively given by the functors (11.1). More generally, for a
suitable pseudodouble category D and lax monad T, we pose the problem of whether we
have a double fibration

Hlax-T-Alg — D,

9 This construction is analogous to the definition of H Lax -T- Alg in [28] as monoids in H KI(T), adapted to
the fixed-object case, and with D an equipment.
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and whether change-of-base (pseudo)functors are a suitable notion of morphisms between
such double fibrations.

It would also be interesting to inquire on whether there are any intersting descent-
theoretical problems in the context of the double fibrations of [27], akin to the work developed
in [41] for 2-fibrations.

11.5 Discrete Fibrations

Another interesting theme is the study of discrete fibrations in the context of generalized
multicategories, and their behaviour under change-of-base. In the context of (7', V)-categories
[19, 24], work in this direction has been pursued by [5, 6]. A pursuit of these ideas in
the generalized multicategory context would require studying the lax epimorphisms [1, 66]
in HLax-T- Alg with a suitable 2-dimensional structure, and their preservation/reflection
via change-of-base (pseudo)functors. This work has also has strong ties to descent theory,
particularly in regard with effective étale descent, as developed in [66, 82].

11.6 Other Notions of Change-of-Base

We have already mentioned two notions of change-of-base that are not covered by The-
orem 5.2 in Sects. 5.1 and 6.2. In fact, with an adequate notion of “monad morphism”
(F,¢): § — T for S alax monad on D, and T an oplax monad on E, we question if it is
possible to expand the scope of the dichotomy between enriched and internal multicategories.
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